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Abstract

Technological progress produces both positive amgjative economy wide
externalities. Although positive spillovers seem gevail most of the times, there is
evidence and logical arguments revealing that imest in R&D can exceed the
corresponding socially optimal level. Taking on tzbthe assumption that the two kinds of
externalities are possible and that, therefore, isnagble to define the pace of technical
progress required to maximize social welfare, weettgp a standard two-sector optimal
growth model with externalities in the productiohtechnology. The added assumption
allows for introducing endogenous business cycteshe Walrasian growth setup. The
undertaken stability analysis discusses the locapgrties of a difference equation two-
dimensional system, identifying the occurrence dfi@ bifurcation, and looks at global
dynamics, through a numerical example, in ordebdtier illustrate and describe the non
linear nature of the system.

Keywords: Technology, Externalities, Endogenousirmss cycles, Two-sector
growth models, Nonlinear dynamics and chaos.

JEL classification: C61, E32, 041

“ Orlando Gomes; address: Escola Superior de ComxacSocial, Campus de Benfica do IPL, 1549-
014 Lisbon, Portugal. Phone number: + 351 93 342189 fax; + 351 217 162 540. E-mail:

ogomes@escs.ipl.pt

Acknowledgements: Financial support from the Fu@daCiéncia e Tecnologia, Lisbon, is grateful
acknowledged, under the contract No POCTI/ECO/488R®, partially funded by the European
Regional Development Fund (ERDF).




Externalities in R&D: a Route to Endogenous Flutitues 2

1. Introduction

Typically, the decentralized economy invests Iésstwhat is socially optimal in
R&D activities. The properties of technology andWwhedge as public goods lead us
directly to the conclusion that innovators are u@ab capture all the consumer surplus
of their output, and therefore private investmemids to remain below the level needed
to guarantee the maximum degree of economy widéweelSuch an observation has
implied, since the first analytical work on growahd learning, as in Solow (1956) and
Arrow (1962), to the technology based endogenoawtlr framework of Romer (1986,
1990), Grossman and Helpman (1991), Aghion and Hdd®92) and Jones (1995),
that the social stimulus to invest in R&D will alygexist, independently of the pace of
technological progress and of the way the socgegble to absorb such progress.

Jones and Williams (2000) share this reasonablent pof view that the
decentralized economy generally under-invests inovation (that is, positive
externalities of technological progress are strand, hence, the private return to R&D
is lower than its social return). Nevertheless, tfigse authors it is also reasonable to
ask whether negative externalities that triggevaia investment above optimal levels
exist. Two arguments can be put forward at thipees first, distortions arise in terms
of patent races; second, the intertemporal renistes, provoked by the creative
destruction process, tends to be relevant as well.

The patent race issue is related to a congestigative externality, in the sense
that parallel R&D programs will take place; in thigy, the research effort towards a
given result will be simultaneously undertaken liffedent researchers and accordingly
the average productivity of the innovation investinis lowered. The appropriation of
monopoly rents is also a potential form of prodgcen over-incentive to generate
knowledge: for each innovation, there is a cleat distribution from earlier innovators
to newly arrived researchers, as the new reseanttome turns the previous results
obsolete; thus, the rent of the new innovator spoeds to his effort, but also to the
effort of previous producers, given the cumulatiagure of technology and knowledge.

Both, the congestion negative externalities and ¢heative destruction are
arguments in favour of the idea that the deceatdleconomy can over-invest in R&D,
as the private return becomes eventually highen tha social return (although, as
stated, the opposite is empirically the most plalesand frequent result).

Under the previous arguments, if the economy wheldrioy a social planner than

it would be possible to define, in each moment iofet a finite optimal level of
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technology in the economy. This level would cormegpto the degree of knowledge for
which positive spillovers and negative externaditigould exactly offset each other.
Below this level, the society is receptive to mioneestment in research and the various
agents will stimulate such creation of technicabwledge: the government may
attribute pecuniary rewards to innovators, conssmaill reveal their preferences
towards new goods and more technically sophisticg®ods, and other firms with
backward and forward linkages with the researckosedll make this sector know how
much it is relevant for the economic system as alehAbove the socially optimal
level, negative externalities introduce a penaltyerotechnological progress: the
government no longer contributes actively to tedbgical progress, consumers will
lose interest in new goods (since, e.g., they ategtting acquainted with the previous
waves of innovation), and related firms will aldwo® less interest, since they cannot
keep up with what the research sector is ablefey.of

The previous reasoning constitutes the main idegha way we introduce
technology in a standard growth setup along thewahg sections. We assume that it is
possible to define an optimal level of technologynd an optimal rate of technical
progress). If the available level of technology&ow this level, the research activity
will be subject to a positive social stimulus thetderived from the positive external
effect innovation has to offer. If the technologyex reflects a relatively higher weight
of the factors that induce investment in R&D abdive social benchmark, a negative
effect over the production of knowledge is introedidy the lack of social acceptance
of a too high efficiency of the research sectoricilis not accompanied either by other
productive sectors or by consumer preferences.

Basically, the usual two-sector competitive growtbhdel is developed, under the
new imposed assumption (the sectors are the finallg) production sector and a
technology sector that incorporates the referratufe). As a result, nonlinear dynamics
arise. The model will no longer be characterizedabgaddle-path equilibrium that
generally this framework precludes [see, for insgarihe two-sector growth models in
Barro and Sala-i-Martin (1995)], but periodic andaxiodic cycles can be observed for
particular values of the parameters. In this wag are able to put together an
endogenous growth setup and an explanation fornbssicycles with endogenous
foundations.

The proposed model contributes to the theory ofogadous business cycles
(EBCQ), initially proposed by Medio (1979), Stut48080), Benhabib and Day (1981),
Day (1982) and Grandmont (1985), to cite some efrtiost relevant. The fundamental
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concern in this literature relates to the idea thatles should be explained through
endogenous economic mechanisms that can be exgpresser nonlinear dynamic
relations between variables, rather than beingékalt of some external event. Thus,
one can think of EBC as an alternative interpretatof economic fluctuations,
relatively to the popular and meaningful explanatprovided by the Real Business
Cycles theory (RBC) of Kydland and Prescott (1982)ng and Plosser (1983) and
Christiano and Eichenbaum (1992). In RBC modelsvgraand cycles are combined,
under the usual utility maximization intertemporlthmework, through external
technology shocks or government expenditures diahaes. These shocks and
disturbances have a direct impact over the labarket, generating a decision process
relating the labour-leisure trade-off which leadsnion constant labour participation
through time, and therefore to a non linear evolubdf per capita income.

The EBC theory has is revival with the work of Gtiano and Harrison (1999),
who have found that once we introduce externalitigbe production of physical goods
into a deterministic RBC model (that is, an intemp®ral framework with labour-leisure
decisions but without external disturbances), ihigble to generate endogenous cycles.
Strong increasing returns to scale provide the ipiigg of achieving a system of
nonlinear difference equations where routes to ineat dynamics or chaos are
evidenced — a series of flip bifurcations or a NmikaSacker bifurcation allow, for
some parameter values, to transform fixed pointilt®sn cycles of various orders
(frequently through a period-doubling process),ludmng the possibility of finding
completely irregular time series, with no identifia order.

The result of Christiano and Harrison (1999) carstigject to criticism. In Coury
and Wen (2005), it is argued that the level of edkties, and therefore the level of
increasing returns to scale, needed to generatg riam cycles is unrealistically high,
and therefore although analytically appealing, thedel will hardly be adequate to
explain real phenomena. In this respect, EBC lotsly to RBC. On the other hand,
EBC gains in terms of encountering inside the eogosystem the roots of nonlinear
behaviour; no external source triggers the cycles.

Other work concerning EBC and increasing returnslugles Schmitt-Grohé
(2000), Guo and Lansing (2002), Goenka and Pou2ed4) and Weder (2004). An
interesting new approach as been proposed by @el{@006), who also searches for
endogenous business cycles in the standard comeadiowth setup, but focusing on
expectations and learning. Agents are rationaltheey do not have the ability to make

all lifetime decisions in a given initial momenthdy will make decisions as time
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unfolds and, thus, perfect foresight gives placeatonechanism of adaptation and
learning, that allow us to understand the behaviduihe agents as a boundedly rational
behaviour. The constant gain learning frameworkCeliarier (2006) brings to the EBC

literature the important work on expectations incmaconomics that has been
developed in the previous years [see, e.g., EvadsHonkapohja (2001), Kurz (1994,

1997), Kurz, Jin and Motolese (2003), Brock and Hwes (1997, 1998), Hommes

(2005, 2005%)].

Other approach is followed by Gomes (2006), whosmers that firms do not
predict optimally future demand. As a result, theirestment decisions will be biased.
The difference between optimal investment decisigtiee ones underlying the
benchmark growth model) and the effectively undeaones, gives rise to a distortion
in the capital accumulation process that leadsndogenous cycles (analytically, a
logistic equation regarding demand expectationadded to the conventional Solow
capital accumulation constraint).

The debate between EBC and RBC can be synthesiz#tkiwords of Diebolt
(2006), who states thatThere are two contrasting viewpoints concerning the
explanation of observed fluctuations in economdezzording to the first view the main
source of fluctuations is to be found in exogensasdom shocks to fundamentals.
According to the second view a significant partobserved fluctuations is caused by
non-linear economic laws. Even in the absence of external shocks, non-linear
market laws can generate endogenous businessdtianag (...) By the late 1970s and
early 1980s, the debate concerning the main sowfcéusiness cycle fluctuations
seemed to have been settled in favour of the egageshock hypothesis. An important
critique on this hypothesis has been that it daggonovide an economic explanation of
observed fluctuations, but rather attributes thgetuations to external, non-economic
forces. Due to the discovery of deterministic chhosvever, a renewed interest in
endogenous economic dynamics emeirggages 86 and 87).

The model to develop in the following sectionsti®mgly motivated by the idea
that cycles can be explained in the basis of ‘m@ar economic market laws’. It
furnishes a new candidate source of fluctuatiohg: ¢o-existence of positive and
negative externalities affecting the productiontexfhnology. The intuition behind the
proposed mechanism is as follows: if the generadibknowledge is below the social
optimal level there is a force that pushes techmolmmdexes upward; if negative

externalities dominate, the production of technglegforced to slowdown. These two
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contradicting effects push and pull in differentedtions generating the endogenous
cycles.

The remainder of the paper is organized as follo8ection 2 formalizes the
analytical structure under evaluation, giving spkattention to the novel features of the
technology sector. Sections 3 and 4 study the Igyaproperties of the model, both

locally and globally. Section 5 presents some freatarks.
2. The Growth Setup and Technology Dynamics

Consider a two-sector economy. The first sectodpees final goods, while the
second translates the way in which R&D activities @eveloped. Relatively to the final
goods sector, we assume that aggregate outputnsragjed through a production
function with labour augmenting technological pexg, Yi=F (uK;VvLA;), whereY;
respects to aggregate output, and the inkyts; andA; are, respectively, the amount of
physical capital, the aggregate labour input ane tkchnology level. Labour is
considered to evolve at a constant non negatienedl, over time. Variables<1 and
v<1 are positive shares of capital and labour, rasmdg, used in the final goods
production process (and, thereforey &nd 1v are the shares of capital and labour in
the R&D sector). Technology is non rival and, thihg, available level of this input can
be integrally used in both activity sectors.

Production functionF has standard neoclassical features, as described i

assumption 1.

Assumption 1 Production function F:R? - R, is twice continuously

differentiable and exhibits positive and diminighimarginal returns with respect to
each input. Furthermore, it yields constant retdonscale (it is homogeneous of degree
1) and the following conditions (Inada conditions)are satisfied:

IimF, =limF, =limF, =0 andlimF, =limF =IlimF, = 0.
Koo K Lo b aLo A Kow K Lo L Ale A

According to the aggregate production function prtips in assumption 1, one
may write the production function in intensive forme., y=f(uk,vA), with y;=Y,/L; and
k:=Ki/L:. The dynamics of the final goods sector are glwethe conventional definition

of capital accumulation, that iK;.1-K=I- K, with Iy aggregate investment ade 0 the
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depreciation rate of physical capital. Investmentdefined as the difference between
aggregate income and aggregate consumption, wregbr@sent a€;.

In intensive form, the capital accumulation coristraomes
1 :
ktﬂ:“—n[ﬁf(UK.VA)—Ct+(1—5)Eﬂq],kog|ven. 1)

with ¢, =Ci/L;. Equation (1) is the usual constraint of the repneative household
intertemporal problem (the Ramsey problem), reddgivo which it is well known that a
saddle-path equilibrium is obtainable [see Barra &@ula-i-Martin (1995), Romer
(2001) or Heer and Maussner (2005)]. Saddle-pa#bilgy means that a one-
dimensional stable trajectory exists in a two-disienal space, and therefore to
guarantee stability one has to consider that tiael lef consumption is chosen in an
initial moment in order to locate exactly over 8table trajectory, otherwise the system
will be unstable and the convergence process teaae unique steady state point will
not hold. Since we are interested in studying treachics and the stability properties of
the pair technology — capital stock, it is fruittolassume from the beginning that most

likely the convergence process will take place. ¢dgermssumption 2 is taken.

Assumption 2 Consumption grows in time at exactly the same aatthe stock of
capital; a constant valug=c/k; is considered. This assumption is equivalent totkal
a constant marginal propensity to consume holds tlaus we analyze a Solow (1956) —
type growth model rather than the Ramsey (1928kassG1965) — Koopmans (1965)

intertemporal optimization framework.

We now define the dynamics of the R&D sector. Aowsculation process similar
to the one characterized for physical capital can dstablished. First assume a

production function for technologyZ, = H[(l—u) K,,@-v) EI_tA]. FunctionH has

the same inputs &5 and their properties are also identical, as dta@assumption 3.

Assumption 3 The production function for technological good$,, R> - R,
is twice continuously differentiable and exhibitssfgive and diminishing returns with
respect to each input. The Inada conditions mussatisfied and constant returns to

scale hold.
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In intensive form,z = h[(1-u) Ik, ,(1-V) (A ], with z=Z,/L.
The process of technology accumulation is givenLhyA,, - LA =Z, - oL A,

with o>0 a depreciation / obsolescence rate of techniesburces. Note that the

difference equation concerning technological pregman also be presented in intensive
1 .
form: A, === h(1-u) k(=) CA) + (1= p) (A ], Ao given.

In the presented formulation, the R&D sector igaat a sector of human capital
accumulation, where it is easy to separate theulatmwce component (that we assumed
as growing exogenously) and the technological carapb(that we intend to study with
the considered dynamic rule).

So far, the displayed model is a simple two-segtowth model similar to the
ones proposed by Lucas (1988), Romer (1990) orsJ(f#95). The new feature arises

with assumption 4.

Assumption 4 The production of technology is subject to exadities. Given a
benchmark socially optimal level of technolods, positive externalities over the

production of knowledge arise fé¢<B:, while negative external effects will prevail if
A>B:.

To model the previous assumption, one considers Bhgrows at a constant
positive ratey. B..1=(1+))[B;. The externality will be associated to functibi(l)] and

translated in functiorf( A,B), in such a way that we replace, in the accumutatf

technology, functionH() by ﬁ([ﬂ:H(D]EE(A,Bt). When A=B;, the externality

function should vyield a value equal to 1, so th&)l= H (J; for A<B; we should
expect& )1 and forAc>B;, &J&1. The functional formé(A,B,) =&l 278l gs0,

serves the required purposes.
Figure 1 draws the relation between the technoleygl and the externality

component fon=0.
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S(ABY)

Figure 1 — Technology externalities function.

Assumption 4 and figure 1 translate the concerfsrned in the introduction.
There is an optimal level of technology, If the observable level of technology is
below the socially optimal benchmark, positive ex#t effects prevail; if the
technology level is abovB, then the economy will show that it is not preplai@ such
a high level of R&D, and negative external effesit rule.

Adding the external effect to the technology dymaequation, one gets
A :ﬁﬂﬁh«l—w k,,@-v) [A) 78] 41— ) TR ], Ao, Bo given. (2)

3. Steady State and Local Analysis

The system we are interested in studying is (1)-{Bg first result concerning this

system is presented in proposition 1.
Proposition 1 Variablesk andA; grow in the steady state at rgte

Proof The steady state is defined as the point in whariablesk, A; andB; grow

at constant rates (null or positive). From equatibn given the constant returns to scale

property, we find that f(u,v%]:(Hn)EE%jﬂ/l—Hé’. Accordingly, we

guarantee a constant long run growth rate for ppita capital if and only ifA/k is a

constant value. Likewise, for equation (2),
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h((l—u) % ;L—vj [@7@AB) = (14 ) [ﬁ%}—“ 0, and therefore the ratié/B must

assume a constant value as well. Varidhlevolves at a constant rate for all periods of
time, including the steady state, and herceshould grow too at ratg The constancy
of the technology — capital ratio in the steadyestaplies that also the per capita stock

of capital grows at ratgin the long rur

The dynamic analysis of the problem requires defjruariables that do not grow
in the steady state. Two ratios are defined: thi® fzetween the level of technology
generated by the decentralized economy and thenapsocial level of accumulated
techniquesG;=A/B;; for the case of absence of external effeGs,l. And the capital
stock by unit of accumulated skillgy=ki/As.

To transform system (1)-(2) in a system of endogenariablesG; and wp we

regard that Cis _ An, B and Y = K o A . The following stystem is
Gt A Bt+l a% kt A+l
accomplished,
G, = ; Eﬁh((l_ u) g 1-v) 7% +1- 10] (G,
@+n)+y)

f u, /CL% _l// +1_5
CL{+1 ( - )

[ h(@-u) g 1-v) 7S +1-p

E

The study of the dynamics of system (3) should laenin three phases: (i)
Analyze steady state properties; (i) Study theadyits in the vicinity of the steady
state; (iii) Through numerical simulation, investig global dynamic properties. The
first two points are the concern of the remaindethe section. Global dynamics are

addressed in section 4.
Proposition 2 The steady state of system (3) exists and inigue.

Proof Taking conditions Gu1=G; and @+i1=a over (3), we get

N\ B =_q.1 h((1-u) o 1-V)
fluvi@)= @+ mi+y)+4 -1+ andG 1+9mn{(1+n)ﬂl+y)—1+p}
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Sincef is continuous, positive and concaveRp there is one and only one value

& that satisfies the first condition. For a unigae the second condition clearly states
that a uniqueG exists, becaudeis also a continuous, positive and concave fundtio

R.. The values that parameters may possess aretsatghositiveaz andG values are

always guarantee
The steady state properties become clearer unéeifispfunctional forms forf

and h. The most common functions that obey to neoclakgcoperties are Cobb-

Douglas production functions. Take parameters [1 (0,1), such that
f (uk,vA) =aluk )’ [vA)", a>0. (4)

ha-u)k,@-v) (A ]= g fa-uv ok [ da-v) A, g>o0. (5)

For these specific production functions, it is igi&orward to find equilibrium

values:

o 1/(1-a)
_ au
W=V

EE(1+ n L+ y)+y -1+ 5}

and

G141 [ﬂn{g {@-u) @)™ [@-v)* }
6 @+n)@+y)-1+p

From the steady state results, it is possible ghlight in a straightforward way
that the higher are the valueswf andu, then the larger is the amount of accumulated
capital in the steady state per unit of technoldbg; opposite occurs far, ), ¢ ando.
Relatively to the technology ratio, we should Sréisat the higher is the value of
parametem, the lower is the relative value @ in terms of B . Other parameters have
also unambiguous effects ovér: positive changes ig, u andv contribute to a higher
G, and highen, y; ¢, dandplead to a lowelG . This implies that a high level @ is
attainable in the long run before negative extdiralset in if the rates of growth of
population, growth of the technological frontieepideciation and obsolescence are low.
The same is true for a low consumption — capitab rahd a low participation of rival
inputs in the production of technology.
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Let us look now to the dynamics in the steady stadi@ity.

Proposition 3. On a general evaluation of stability, one conetudhat fold,
transcritical or pitchfork bifurcations cannot occwvhile flip and Neimark-Sacker
bifurcations are possible. Furthermore, given t@tdition 17r(J)+Det(J)>0 always
holds [withJ the Jacobian matrix of system (3)], one veriftest the eigenvalues of the

Jacobian matrix are both higher than 1 or, altéraBt, they are both lower than one.

Proof In the steady state vicinity, the linearizatidn(®) allows for displaying the

system in the following matrix form,

— _ JL-G)
1_05(1+ n) [{1+ y) 1+pE(B h, (&

G..—-G — @+n)@+y) @L+n) @+ y)FB G -G
W, -~ @ plltnM@+y)-1+p - f,—h, @& Q-
@+n)@+y @+n)[@+ypy)

with f, <0 andh, > Q

The trace and determinant of the Jacobian makrexe respectively,

Tr(J) = 2—65(“ n) L+ y) -1+ p . f _h @00
@+nmd+y) L+ n) L+ p)

- a_ : _pltn)i@+y)-1+p
Det(J) =Tr(J) -1- x(J), with x(J) 05‘ [(1+n)ul+y)]2

O, [G o <O0.

Conditions for stability are: Det(J)>0, 1-Tr(J)+Det(J)>0 and 1r(J)+Det(J)>0.
The second condition always holds, becau3e(d)}+Det(J)=- x(J); this implies that the
eigenvalues ofl are both above the upper bound of the limit cimiethey are both
below 1. This result means that saddle-path caymelvail for an eigenvalue inside the
unit circle and the other eigenvalue below -1.

We observe that Det(J)=2-Tr(J)+x(J), which can be a positive or a negative
value [a Neimark-Sacker bifurcation occurs wHe(J)-x(J)=2; the particular case that
is presented in the end of this section and thbajlanalysis of the following section
show that it is unlikely to find this type of biktation for reasonable parameter values].
Relatively to the last condition, note thatTkJ)+Det(J)=2[Tr(J)-x(J), which can be a

positive or negative expression. A flip bifurcatioocurs when @r(J)=x(J); recall that



Externalities in R&D: a Route to Endogenous Flutitues 13

X(J)<0 butTr(J) can also be a negative value. The flip bifurcati@curs when one of
the eigenvalues is equal to -1, and thus it segsaizone of stability from the unstable
outcome region.

Synthesizing, computing trace and determinant @fJécobian matrix one realizes
that instability, saddle-path stability or a stahl®de outcome are all eventual results.
Bifurcations are possible for one or both eigengalequal to -1. The eigenvalues can
be, eventually, complex values, and if the moduiighe eigenvalues is equal to 1, a

Neimark-Sacker bifurcation occums

The result in proposition 3, although a generic, @iees little information about
the constraints over parameters that have to besetpto guarantee a given stability
result. To explore further local stability propesj we recover the Cobb-Douglas
particular case and impose the constrgiatl, that is, we exclude capital as a
technology sector input; this means also thet. We also assume=0 and)=0. In this

case, proposition 4 can be stated.

Proposition 4. For Cobb-Douglas production functions and absesfcphysical
capital as an input in the R&D sector, a flip bdation occurs for the following
combination of parametersﬁzz—ln(Mj. If 0<£—In(MJ a stable

P Y Y Y

node characterizes the model's dynamics in thedgtestate vicinity, while if

0>£—In(Mj then saddle-path stability prevails. These reduttisl for n=0

Y P
and )=0.

Proof The linearized system in the proof of propositbbecomes now

1-6p EE1+£EI]n[MH 0
_ 0 P

g O

|:Gt+1 -
Wy~

}_ a U(-a)
epvzﬁwdj 1- - a) [ +0)
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In this particular case, the eigenvaluesJotan be directly displayed; they are

simply the elements in the main diagonal, i&.=1-6p EEH%D]n(MH and
P

A, =1-(Q-a)dy +9). Clearly, A1<1 andA,<1. For both eigenvalues a bifurcation
can theoretically be found at the lower bound ef @init circle, for given combinations
of parameter values. However, for the second ew@emsvthe bifurcation is very
unlikely, because it would impose a level of conption several times higher than the
stock of accumulated capital. Thus, we take thersg@igenvalue as remaining inside
the unit circle.

Given the first eigenvalue’s expression, a flipubthtion occurs forA;=-1,
condition from which the relation between paransetarthe proposition is withdrawn;
similarly, A1<-1 means instability (in the case, saddle-path l#igbgiven the other
eigenvalue possible value) amd>-1 is the condition that allows for writing the

expression in the proposition that translates #se ©f stabilitym

Let us illustrate the previous result with a smatmple. Take the following
reasonable values for parametgsl andv=0.25. With these, one may draw the areas
of stability and instability, as well as a bifurcat line, in the space of parametersd).

Figure 2 identifies such areas. The bifurcatiore lia the representation of function

9=3—|n(ij.
p 4

Saddle

Stable

0

Figure 2 — Stability areas in the space of paramete (0,8).

Figure 2 indicates that stability holds for a loewel of either of the assumed
parameters — the externality parameter and / oraiieeof obsolescence of technology.
Only through severe constraints over parameteregalue were able to extract

explicit local stability results. Even in this ammstance, however, the results do not
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fully address the true properties of the dynamisteay. This is because endogenous
fluctuations are present, and the local analysisnable to capture them. A global
analysis is undertaken in the next section, consigezarious numerical examples and

providing a graphical characterization of the dyrem
4. Global Dynamics

The motivation for our discussion of positive arebative externalities in R&D
resides, as explained in the introduction, in tlesspbility of arising endogenous
fluctuations that, however, cannot be observed uadstudy of steady state vicinity
properties. Therefore, we now engage in a discnssiglobal dynamic properties.

Let us begin by the simple example addressed irfitiag part of the previous
section (takeu=1, u=1, n=0, =0, g=1 andv=0.25, as before; assume alasl,
a=0.25, ¢=0.5 and &=0.05). For the selected parameter values we majyn deg
drawing a figure similar to figure 2, that analyztability in the space of parameters
(0,0); this new figure is presented in order to underdtthat local and global dynamics
share the same stable node result [the area afitytétwo eigenvalues inside the unit
circle) is the same in both figures], but what lbces an area of saddle-path stability
corresponds in global terms to an area of cycldh warious periodicities and as we
depart from the line of bifurcation, complete aipéicity emerges. Figure 3 is drawn
after withdrawing the first 1,000 transient obséioses, and considering any reasonable
pair of initial valuesGy, ap (the basin of attraction for the system is a laagga around

the steady state, so that any reasonable initiaésare feasiblé).

! To draw figure 3, and all the following figuresgvhave used iDMC (interactive Dynamical Model
Calculator). This is a free software program avddaat www.dss.uniud.it/nonlinearand copyright of
Marji Lines and Alfredo Medio.
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Figure 3 — Stability area and cycles in the spacd parameters (p,6), under a global dynamics point

of view.

Bifurcation diagrams could be displayed for sevefathe assumed parameters.
To illustrate the type of bifurcation that occuwge takeo=0.5 and let the externality
parameterf, vary. We present bifurcation diagrams for botdagenous variables, and
in both cases one observes that a kind of periathldw flip bifurcation gives rise to a
zone of a-periodicity. Figures 4 and 5 are preskerite 1,000 iterations and after

excluding the first 1,000 observations.
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35 !

3.0

2,0 1
1.5 7

1.0 1

05

oo

Figure 4 — Bifurcation diagram for variable G, (with 0<&<10).
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Figure 5 — Bifurcation diagram for variable a (with 0<&<10).

Figures 4 and 5 confirm the nonlinear nature of thedel's dynamics for a
specific value of the technology obsolescence par@amOur main conclusion is that
endogenous fluctuations effectively arise when dkternality over R&D activities is
considered. The constant values that characteheesteady state of the effective
technology — potential technology ratio and of tagpital - technology ratio, tend to
give place, for strong externality effects, to flettions that indicate the presence of
long term business cycles generated endogenoughebgynamics of the model.

To emphasize the previous results, one presentigiuires 6 to 8, the time paths of
the endogenous variables and an attractor thatidesahe long run relation between
the two variables. These figures are drawn forstiteof parameters indicated above and
assumingé&=7.5. The first 1,000 transients are excluded aedattractor in figure 8 is

drawn with 100,000 observations.
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Figure 6 —Long run time path for variable G; .

1
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Figure 7 —Long run time path for variable &} .
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Figure 8 — Attractor (long run relation betweenG; and a) .

The presence of chaotic motion can be confirmedutjin the computation of
Lyapunov characteristic exponents (LCEs). These aammeasure of local average
asymptotic exponential divergence of nearby orhitd the presence of at least one
positive LCE implies sensitive dependence on ihdanditions (SDIC). SDIC, in turn,
can be interpreted as the lack of predictabilityaofdynamic system, which is an
essential feature of chaotic behaviour.

Figure 9 takes, once again, 840, and assumes the several benchmark values
considered before, revealing that chaotic motiandeed present for most of the values

of the externality parameter above 5.
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teta

Figure 9 — Lyapunov characteristic exponents (0&10).

The previous graphical analysis reveals that instmplest case, where population
and the benchmark level of technology do not grod @here no capital is used in the
R&D sector, endogenous fluctuations are found. Tpeticular result can be
generalized for many other combinations of parametkies. We present just one more
case to emphasize that endogenous fluctuations esenmon outcome of the proposed
theoretical framework.

Consider nowu=0.25,u=0.75,n=0.02 and)=0.05. The other parameter values
remain as in the first example. Figures 10 to Iérr® the same graphical analysis as
before: stability in the parameters space, bifuocadliagrams, long run time trajectories



Externalities in R&D: a Route to Endogenous Flutitues 20

and an attractor are drawn under the same assurapm@amely, that 1,000 transient
observations are taken into account).
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Figure 10 — Stability area and cycles in the spaa# parameters (p,6), under a global dynamics

point of view (example 2).
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Figure 11 — Bifurcation diagram for variable G;, with 0<&<10 (example 2).
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Figure 12 — Bifurcation diagram for variable a, with 0<8<10 (example 2).
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Figure 13 —Long run time path for variable G; (example 2).
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Figure 14 —Long run time path for variable @y (example 2).
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Figure 15 — Attracting set (example 2).

Comparing the two sets of figures, relating to eaththe examples, one
encounters no significant differences, and thuse#ms reasonable to conclude that,
qualitatively, the results found for the case ofpitysical capital in the production of
technology and absence of population growth andabpcoptimal technological
progress can be considered identical to the onesdféor the scenario where physical
capital is an input of the R&D sector and where tilie ratesn and y grow positively
through time.

We leave one final note regarding global dynami¢s.have define®; and w as
constant long run values; as observed, these aneecessarily constant after the fixed
point giving place to a series of bifurcations ioithg endogenous fluctuations. Thus, in
reality, the original variablegs andk; will not grow at the constant rate for the
combinations of parameters implying endogenousesydh this case, the steady state
will be given byA=B:G; andk=A:aw, whereB.;=(1+))[B; andG; and « are subject to
fluctuations in the conditions described aboveilllistrate thatA; andk; grow at a rate
aroundy (the model is an endogenous growth setup), butad@row exactly at ratg
(the model is an endogenous fluctuations setuppresent figures 16 and 17. Note that
the time series of; is much more volatile then the time serieskgfwhat is not a
surprising result given that it is variabdthat is directly influenced by the externality

effect.
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Figure 16 —Long run time trajectory for variable A; (the parameter values are the ones in the

second example; the trajectory is drawn for the 5@bservations after the first 100).
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Figure 17 —Long run time trajectory for variable k; (the parameter values are the ones in the

second example; the trajectory is drawn for the 5@bservations after the first 100).

5. Conclusions

Business cycles imply some kind of push and pultimaism that is hard to attach
to a competitive market clearing framework. Thendtad optimal growth model with
decreasing marginal returns and constant returnsctéde is unable to reveal the
existence of business cycles (at least for reasemavameter values), and, therefore, to
capture these, one has to search for market irefties that change the notion of
perfect allocation of resources. The literaturegpamted to some candidate sources of

perturbation over the optimal growth paradigm, nigmtechnological shocks that
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generate exogenous fluctuations and final gooddymtton positive externalities that
are able to reveal endogenous fluctuations.

We have identified and explored one additional piéé source of endogenous
business cycles. Externalities affecting the pddeahnological progress are assumed,
and these are either positive or negative extémeslidepending on the confrontation
between the effective level of technology and thmmant of R&D the society is able to
accept in each time moment. If one realizes thatrtelogy levels can evolve to a point
in which the society and the economic system at@repared to deal with them, then a
negative externality arises, which can be thoughtsgmmetric to the positive
externality that is associated to a research sed@re investment is typically below
optimal social levels.

The decentralized economy has in this way the pdwereate cycles, and their
magnitude and extent are associated essentiatlyetwalues of several parameters on
the technical progress equation, namely the exigrnparameter and the rate of
technological obsolescence. The cycles arise tlwoagflip bifurcation. A period
doubling process leads from a stability outcome Jdw levels of the cited parameters,
to chaotic motion that arises for relatively higlvéls of technology obsolescence and

strong externality effects.

References

Aghion, P. and P. Howitt (1992). “A Model of Growthrough Creative Destruction.”
Econometricavol. 60, n° 2, pp. 323-351.

Arrow, K. J. (1962). “The Economic Implications b&arning-by-Doing.”Review of
Economic Studiewol. 29, pp. 155-173.

Barro, R. J. and X. Sala-i-Martin (199&)conomic GrowthNew York: McGraw-Hill.

Benhabib, J. and R. H. Day (1981). “Rational Chaind Erratic BehaviourReview of
Economic Studiewol. 48, pp. 459-471.

Brock, W. A. and C. H. Hommes (1997). “A RationabuRe to Randomness.”
Econometricavol. 65, pp.1059-1095.

Brock, W. A. and C. H. Hommes (1998). “HeterogerseBeliefs and Routes to Chaos
in a Simple Asset Pricing ModelJournal of Economic Dynamics and Conirol
vol. 22, pp. 1235-1274.

Cass, D. (1965). “Optimum Growth in an Aggregatiddodel of Capital

Accumulation.”’Review of Economic Studjesl. 32, pp. 233-240.



Externalities in R&D: a Route to Endogenous Flutitues 25

Cellarier, L. (2006). “Constant Gain Learning andisBiess Cycles."Journal of
Macroeconomicsvol. 28, pp. 51-85.

Christiano, L. and M. Eichenbaum (1992). “CurreaRBusiness-Cycle Theories and
Aggregate Labor-Market Fluctuationg®merican Economic Reviewol. 82, pp.
430-450.

Christiano, L. and S. Harrison (1999). “Chaos, $ots and Automatic Stabilizers.”
Journal of Monetary Economigcgol. 44, pp. 3-31.

Coury, T. and Y. Wen (2005). “Global Indeterminaayd Chaos in Standard RBC
Models.” University of Oxford and Cornell University workipgpet

Day, R. H. (1982). “Irregular Growth Cycles®merican Economic Reviewol. 72,
pp.406-414.

Diebolt, C. (2006). “Comments on ‘Constant Gain foé@g and Business Cycles’.”
Journal of Macroeconomi¢sol. 28, pp. 86-89.

Evans, G. W. and S. Honkapohja (2001)earning and Expectations in
MacroeconomicsPrinceton, New Jersey: Princeton University Press

Goenka, A. and O. Poulsen (2004). “Factor IntenBigversal and Ergodic Chaos.”
Working paper 04-13Aarhus School of Business, Department of Econsmic

Gomes, O. (2006). “Local Bifurcations and Global nagnics in a Solow-type
Endogenous Business Cycles Modelhnals of Economics and Finanosl. 7,
pp. 91-127.

Grandmont, J. M. (1985). “On Endogenous CompetitiBeisiness Cycles.”
Econometricavol. 53, pp. 995-1045.

Grossman, G. M. and E. Helpman (199)novation and Growth in the Global
EconomyCambridge, Mass.: MIT Press.

Guo, J. T. and K. J. Lansing (2002). “Fiscal Pqliccreasing Returns and Endogenous
Fluctuations."Macroeconomic Dynamicsol. 6, pp. 633-664.

Heer, B. and A. Maussner (2005Rpynamic General Equilibrium Modelling —
Computational Methods and Applicatiogerlin: Springer.

Hommes, C. H. (20G§. “Heterogeneous Agent Models: Two Simple Caselisty”
Tinbergen Institute Discussion Pap&s-055/1, Tinbergen Institute.

Hommes, C. H. (200%. “Heterogeneous Agent Models in Economics andaide.”
Tinbergen Institute Discussion Pap&5-056/1, Tinbergen Institute.

Jones, C. I. (1995). “R&D-Based Models of Econo@iowth.” Journal of Political
Economyvol. 103, n° 4, pp. 759-784.



Externalities in R&D: a Route to Endogenous Flutitues 26

Jones, C. I. and J. Williams (2000). “Too Much oGaod Thing? The Economics of
Investment in R&D."Journal of Economic Growilvol. 5, n® 1, pp. 65-85.

Koopmans, T. C. (1965). “On the Concept of Optirg@bonomic Growth.” inThe
Econometric Approach to Development Plannidgisterdam: North Holland.

Kurz, M. (1994). “On the Structure and Diversity Bfational Beliefs.”Economic
Theory vol. 4, pp. 877-900.

Kurz, M. (1997) Endogenous Economic Fluctuations: Studies in treomhof Rational
Belief, Studies in Economic Theory, number 6, Berlin &elv York: Springer-
Verlag.

Kurz, M.; H. Jin and M. Motolese (2003). “Endogerdtluctuations and the Role of
Monetary Policy.” in Aghion, P.; R. Frydman; J.dghtz and M. Woodford (eds.)
Knowledge, Information and Expectations in Moderackbeconomicgin honor
of E. S. Phelps). Princeton, New Jersey: Princktowversity Press. pp. 188-227.

Kydland, F. and E. C. Prescott (1982). “Time to |Buand Aggregate Fluctuations.”
Econometricavol. 50, pp. 1345-1370.

Long, J. B. and C. I|. Plosser (1983). “Real Bussn€ycles.” Journal of Political
Economyvol. 91, pp. 39-69.

Lucas, R. E. (1988). “On the Mechanics of Economievelopment.”Journal of
Monetary Economigs/ol. 22, n° 1, pp. 3-42.

Medio, A. (1979).Teoria Nonlineare del Ciclo EconomicBologna: Il Mulino.

Ramsey, F. (1928). “A Mathematical Theory of Savingconomic Journalvol. 38,
pp. 543-559.

Romer, P. M. (1986). “Increasing Returns and LongESrowth.” Journal of Political
Economyvol. 94, n® 5, pp. 1002-1037.

Romer, P. M. (1990). “Endogenous Technological @ednhJournal of Political
Economyvol. 98, n° 5, part Il, pp. S71-S102.

Romer, D. (2001)Advanced Macroeconomic' edition. New York: McGraw-Hill.

Schmitt-Grohé, S. (2000). “Endogenous Business &yahd the Dynamics of Output,
Hours, and ConsumptionAmerican Economic Reviewol. 90, pp. 1136-1159.

Solow, R. M. (1956). “A Contribution to the Theooy Economic Growth."Quarterly
Journal of Economigs/ol.70, n° 1, pp.65-94.

Stutzer, M. J. (1980). “Chaotic Dynamics and Bifairens in a Macro-Model.Journal
of Economic Dynamics and Contrebl. 2, pp. 353-376.

Weder, M. (2004). “A Note on Conspicuous Leisur@imal Spirits and Endogenous
Cycles.”Portuguese Economic Journafol. 3, pp. 1-13.



