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ANALITICAL DERIVATION OF THE COBB-DOUGLAS FUNCTION BASED ON THE GOLDEN RULRE
OF CAPITAL ACCUMULATION

Petr Yashin

ABSTRACT

In this paper, the neoclassical model is extendedhe general case of economic growth, which
can be represented as the sum of cyclical and groarnponents. If the general formulation of
the golden rule of capital accumulation is satéfihe savings rate is equal to the capital income
share), the production function takes the form e Cobb-Douglas function. This function
governs theeconomic growth both when the economy is growirmgpglan equilibrium path and
when the economy is departing from it (the corretatoefficient between U.S. GDP changes
and calculated ones is equal to 0.91). When econBiutyuations are averaged along an
equilibrium path, the Cobb-Douglas function redut@gondition, which is similar to Harrod-
Domar one. The level of technology may be reasgnabhsidered to express in terms of the
wage level.
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. INTRODUCTION

The development of the neoclassical theory carrdsed from the Harrod-Domar model [1,2],
via the classical paper of Solow [3], to the goldele of Phelps [4]. Early conclusions of the
neoclassical growth model are received for thedstassate growing economy, when the level of
technology and labor productivity are stable, ahd economy growth rate is equal to the
population growth rate and is exogenous therefoduding non-zero technological progress is
very similar to the assumption of non-zero workéorgrowth, in terms of "effective” or
augmented labor: a new steady state is reachectwi$tant output per worker-hour required for
a unit of output. Within the Solow growth modelet8olow residual or total factor productivity
is an often used measure of technological progress.

An "effective” or augmented labor is not applied ttas paper, and the term is not
population or labor force, but hours worked. Hetieeintensive production functiomy(k,T) is
not static and continuously changes its magnitudeabse of variations in the level of
technologyT (wherey=Y/L is the output-to-labor ratio, and=K/(PxL.) is the capital-to-labor
ratio, P is the price index). Therefore the point represgnthe steady state growing economy in
the {y; k} plane moves with the intensive production funotimagnitude change. If the savings
rate s and the growth ratg are considered to be constants during stable longeconomy
growth, the points representing such economy in{thé&} plane are placed along the straight
line defined by an analytical expression derivegeation Il. Although this expression is very
similar to the Harrod-Domar condition [1,2], it has entirely different meaning. The Harrod-
Domar condition is a relation between the growtle k& total outputg, and the savings rats,
with a priori constant capital-output ratio, whesghe derived expression determines the limit
for the capital-output ratio when the mean valuegrowth rateg and savings rateare constant
with time. In this paperg is the summarized long-term economy growth rate tduboth labor
input growth and technological change.

The general formulation of the golden rule of calpgticcumulation is formulated in Section Il
households consume wages (include any return tw)laand the saving is equal to the capital
income (return to the proprietor(s) of capital &jodn another words, the savings rate is equal to
the capital income share. The growth rate of sucecmnomy is equal to the marginal product of
capital (MPK), and which is the same as that ofip¥p!].

The long-term MPK constancy during the economydtestate growths interpreted as a
result of the long-term interest rateonstancy. The long-term interest rate valueesnimimum
interest rate that is sufficient for householdsptefer saving to current consumption asd
considered to be a constant inherent to the inteaare of human beings (nearly 3%). On the
other hand, according to the golden rule of capmadumulation, the MPK is equal to the
economy growth rate. Consequently, the fact thatatverage growth rate of the real U.S. GDP
constitutes approximately 3%, takes on the natiobjctive laws if human beings inhere some
(about 3%) long-term interest rate.

In Section Ill, simultaneous analysis of trend #odtuations really does involve an integration

of long run equilibrium and short run disequilibriuThe neoclassical growth model is extended
to the general case of economic growth, which camdpresented as the sum of cyclical and
growth components. For such a model the ldbisrnot already smoothly varying, but shows the
considerable fluctuations during business cycles.

If the general formulation of the golden rule opital accumulation is always satisfied, the
intensive production function is analytically dexdsin Section 1ll and takes the form of the
Cobb-Douglas function. In this function, the sagmgte s, is the exponent of capital, and (¥)-
is the exponent of labor (hours worked), the lefdkechnology corresponds to the level of wage
raised to the power of (9); and consequently the augmenting labor corresptmthe wages.

Despite all these simplifications, the relationided shows perfect agreement with data. The
correlation coefficient between GDP changes in @&nomy and calculated one is equal to
0.91.



The equilibrium growth path of an economy is ddsaili by a straight line in the/{k} plane,
and business cycles are represented by deparametire equilibrium point along the intensive
production functiory= y(k,T).

Il. JOINT MODEL

Consider the standard neoclassical one-sector mie@dliring a constant-return production
function and perfectly competitive (domestic) maskeo that the MPK equals the interest rate,
r. The model invoked includes only a household seatd a business sector.

The model presented in this section is developetkuthe following simplifying assumptions.
The total outputY is assumed to be steadily growing at a constaet ga with a constant
depreciation ratej, and with the constant of the savings mteS(Y xP). Sis the gross saving,
which is equal to the gross investméeatong an equilibrium path.

Harrod-Domar Equilibrium Path

In an actual economy, the desire to invest is stablough. For instance, the data from the
NIPA Tables, which may be obtained on the World &/eb onhttp://www.bea.gov/show
that the ratio of the sample standard deviatiothefdesire to invest to its mean value amounts to
only 8.7% (Table I). It can be shown (Appendix A1 EAl)) that the ratio of capital stock,
accumulated over a long (greater thag) period of time to total output is equal to

K" s
YOxP g+d (1)

For an economy growing along an equilibrium pa#vels of capital and output carries the
meaning of the potential on¥,” andK ". Eq (1) corresponds to the conclusion followingir
the neoclassical growth model regarding the cowegtan the capital-output ratio. This point of
view finds many types of empirical evidence.

Although Eq (1) is very similar to the Harrod-Domewmndition [1,2], it has an entirely
different meaning. The Harrod-Domar condition ise&ation between the growth rate of total
output, g, and the savings rats, with a priori constant capital-output ratio, whas Eq (1)
determines the limit for the capital-output ratihem the mean values gfands are constant
with time because their oscillations are averagedhe course of a business cycles. So, the
constancy of the capital-output ratio is the c@mllof steadiness of the savings rate and the
output growth rate mean values. The reasons olotigeterm output growth rate constancy are
considered later.

Let's rewrite Eq (1) accordingly to the conventibmeeoclassical notation: k=K/(LxP),
y=YIL.

xk- )

The long-term constancy @, s and d implies the economy steady state growth with cépita
output ratio steadiness at the same level as aogpta the Harrod-Domar condition.

The point representing the equilibrium state of ékenomy on the graph of the production
function in the neoclassical growth model is detagd as that in which the saving done by
households equal the investment required for supypothe existing capital-to-labor ratio. If the
exogenous growth rate and the savings rate areiai@, the equilibrium point on the graph of
intensive production function is fixed (Figure 1lqudibrium k at point ¢ is determined:
sxy=(g+9)xk). During non-zero technological progress,new steady state is reached with
constant output per worker-hour required for a urfitoutput in terms of "effective” or
augmented labor.



In this paper,L is not effective labor force but total hours watkeHence the intensive
production function continuously changes its magiet because of variations in the level of
technology. Figure 1 illustrates the growth of thiensive production function due to the growth
in the level of technology, from curygk, T,) to y(k,Tp). The pointsa andb that correspond to the
equilibrium state of the economy during a phasstable long-run growth satisfy Eq (2), and
hence they are on the straight IRelefined by this equation. For the labor cost shafg and
the capital cost share, £0)xkly, to remain constant in total output, the MPK=must also be
constant, during a period when the economy is grgvalong an equilibrium path. The labor
cost share is stable enough in the U.S. total ougee Table 1). Long-term real interest rate
constancy is in practice observed in the develgmethomy also. This point of view is discussed
in detail below. Hence the MPKs is considered to be a constant, during a periodmthe
economy is growing along an equilibrium path,z. The constant is simply interpreted as the
minimum real interest rate that is sufficient foouseholds to prefer saving to current
consumption.

So the slope of tangent to the intensive produdtioetions for steady state growing economy is
a constant (and is equal te-d, Figure 1, pointa andb).

Sincey=w + (r +J) x k, substitution of Eq (1) into this relation givesetfollowing relation
between the capital-to-labor ratio and the levelafe in the economy during a phase of steady
growth at a constant rate:

S

O — O
k(T)—W(T)Xg+J_SX(T+5) (3)
And similarly the equilibrium labor productivity:is
O — ] g + 6
y_W(T)xg+5—sx(r+5) (4)

Eq (3) shows that during a period when the econ@mgrowing along an equilibrium path the
level of wagen =W /P is proportional to the capital-to-labor ratio sirtbe MPK, which is equal

to the interest rate, is a constant. Thereforthafeconomy is steadily growing at a constant rate,
then its state can be represented by the levelgkvinstead of by capital-to-labor ratio, and the
average labor productivity for such an economy lim@ar function of the real wage, according
to Eq (4). It is quite reasonable because in anah@&conomy the level of wage shows some
rigidity; it fluctuates weakly during business ay@s compared to the capital-to-labor ratio (see
standard deviations of real wage and real capotéddbor ratio in Table I).

The general formulation of the golden rule of capital accumulation.
Let’s recall the golden rule of capital accumulatioow. Phelps [4] shows that consumption
arrives at its maximum, when the MPK is equal ®élhonomy growth rate:

r=9 (5)

Eq (5) was derived for the steady state growingneot. For such economy the MPK is
constant during equilibrium growtin=7. The economy is considered to be competitive ab th
the MPK is equal to the interest rate. Long-terral riaterest rate constancy is observed in
practice in developed economies. It is commonlifelsed that high interest rates motivate
households to save and do not motivate businesses/ést; however, the data presented in
Table Il do not support this point of view. The &ation between the long-term interest rate
and the fluctuations in investment and saving seah It may be noted that the real long-term
interest rate is approximately equal to 3% in aqaeof stable long-run growth. For instance
(e.g. [5], Figure 21), the real interest rate wagligibly different from this value in Japan and



Germany in the 198b Adam Smith considered such a value to be a steridehis Wealth of
Nations.

The long term interest rate considered to be a constant inherent to thenatenature of
human beings (nearly 3%). It is the minimum intemade that is sufficient for households to
prefer saving to current consumption. On the ottzard, according to the golden rule of capital
accumulation (5), the MPK is equal to the economoywih rate. Consequently, the fact that the
average growth rate of the real U.S. GDP consttafgproximately 3%, takes on the nature of
objective laws if human beings inhere some (ab&tit IBng-term interest rate.

According to the neoclassical model the equilibrinapital-to-labor ratio for the steady state
growing economy is determined by following conditidthe saving done by households equal to
the investment required for supporting the existagital-to-labor ratio:

sxy=(g+ o)k,

combining this equation and Eq (5),
sxy = (r+d) Xk, or (6)
S =(r+o) xkly (6a)

The left side of Eq(6) is the saving and the rigiidie is equal to the capital income. Eq (6) (the
saving is equal to the capital income) is one ef possible formulations of the golden rule of
capital accumulation. In another words, the savinags is equal to the capital income share (Eq
6a). In this paper this statement is named “theeg@rformulation of the golden rule of capital
accumulation” since it will be extended for the geai case of economic growth, which can be
represented as the sum of cyclical and growth compis in the next section. The saving and
the capital income values equity during stable {oing economy growth is extra discussed in
Appendix B.

IV. THE ProODUCTION FUNCTION FOR AN ECONOMY DEPARTING FROM AN EQUILIBRIUM GROWTH
PATH

Let’'s examine the economy departing from an eqguilib growth path in this section. Here the
case when the economy shows cyclically deviatisomfsteady growth path during business
cycles is considered. Reasons of these deviatgow@al upheavals, incorrect expectations that
lead to short-term inequality of saving and investith are not regarded in this paper.

The average labor productivity and the capital-to-labor ratik are not equilibrium ones
during business cycles. A MPK4s not constant for such an economy either.

Under the assumption of constant returns to sdhke,intensive production function is a
function of the capital-to-labor ratio and the legttechnologyy = f(k,T). y can be considered to
be only a function of the capital-to-labor ratioeova period short enough for the level of
technology to remain unchanged.

Let the general formulation of the golden rule apital accumulation be met, i.e., let the
household’s saving be equal to the capital incohtren, at the production function point that
corresponds to the state of the economy, the saxigfk,T) must be equal to the capital income
(r +0)xk. In the plane ¥, k}, the value of the capital-to-labor ratio satisfyi the general
formulation of the golden rule of capital accumigiatis found at the intersection of the saving
per labor unit grapls x y(k,T) and the capital income per labor unit straighelif +d)xk in
accordance with Eq (6) (Figure 1, pooyt

The partial derivative of the intensive productimmction y(k,T) is equal to the slope of a
tangent to the graph of this function, i.e.,
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Having substituted valuereceived in last equation to the general formafatf golden rule (6),
we have:

oy(kT.) _ o, YkT)

(7)

oK) (k)
If savings rates does not depend on the capital-to-labor r&ti@s mentioned above, the U.S.
statistics show that the gross investment-to-GDi® ra fairly constant), the following relation
holds:

y(k,T) = B(T)xk°® 6)

wherefis an arbitrary constant which value depends endtiel of technology and determines
the magnitude of the intensive production function.

Sinces is less than unity, Eq (8) exhibits the diminighimarginal returns of capital, which
has been expected to be the case. Eq (8) is thé-Bobglas function. If we assume the
production function to be given by the Cobb-Dougkasction, then Eq (8) holds and
consequently (7) do. Thus, the production functivay be expressed in terms of the Cobb-
Douglas function only when the general formulatdrthe golden rule of capital accumulation is
satisfied. The magnitude of this intensive produrctfunction is determined by the level of
technology.

Savings rate and growth rate vary during busings$es, but their mean valuesand g
considered being a constant during the long-teme tperiod. This is justified because values
I/YxP andY/L have minor standard deviations (see Table I). &foee Eq (2) holds for the long-
term period.

The valueg is calculated for the equilibrium poiny [ k'] where the intensive production
function (8) and the condition (2) for steady grbwat a constant rate intersect. This intersection
is represented in Figure 1 (the poiatandb) by the intersection of the straight likeand two
intensive production functions. The constant isaoted by equating the right-hand sides of (2)
and (8), so that

BT) =k (T x 818

<

A capital-to-labor ratiok varies during business cycle due to labor oswmiat unlike the
equilibrium onek’, which is defined by the level of technolo@y In an actual economy, the
equilibrium capital-to-labor ratid can not been easily and directly measured. Thett\g it is
more convenient to use equilibrium wage level (in (8)) that characterizes the level of
technology. This is justified because the levelvafje exhibits rigidity and varies weakly in the
course of cyclic oscillations as compared to thaitakto-labor ratio (see Table ). Substitution
of the capital-to-labor ratik from Eq (3) into the relation fo8 yields:
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Since the golden rule of capital accumulation is, méollows thatg =r=r7, and Eq (8) can be re-
cast in the following form:

s g ks (9 F O)°
Y(va) =w (T) k sS x (l_ S)l—s (9)

Hodrick and Prescof6] represent time series as the sum of a smoetying trend component
and a cyclical component. They find that the natofethe co-movements of the cyclical
components of macroeconomic time series is verierdifit from the co-movements of the
slowly varying components of the corresponding afsles. The cyclical variations in output
arise principally as the result of changes in catlhours worked and not as the result of changes
in cyclical productivity or capital stocks. In coast, growth is characterized by roughly
proportional growth in capital stock and produdfivoutput per hour) and little change in the
hours worked. Similarly, in this paper, gross domeesroduct is determined by two groups of
economic factors (Table Il and Figure 5). Firses are investment and hours worked, with the
correlation coefficient between the investment gnass domestic product being equal to 0.70,
between GDP and the hours worked being equal ¥, @7d between the investment and the
hours worked being equal to 0.70. On the other h&idP is defined by the productivity of
labor and the level of wage, with the correlatiaefticient between average labor productivity
and gross domestic product being equal to 0.60vd®et the wage level and GDP being equal to
0.68, and between the average labor productivitythe wage level being equal to 0.79. These
two groups of factors are considered to be lineanjependent because they show weak
correlation between themselves (see Table Il). Weiak dependence can also be seen in Figure
5 where the variables causing changes in GDP (@&saimgthe hours worked, in the wage level,
and in the ratio of the change in investment to &M@ shown along with GDP. Since changes
in the labor productivity are determined by thevgito in the level of technology, the level of
wage in an actual economy is governed by the samterfand it does not depend upon labor
fluctuations during business cycles. Consequengyan change =w , then

y(k,T) =Axw(T) *xk® Of1

where

_ _(g+0)
SSX (l_S)l—s .

The capital-to-labor rati& oscillates strongly during business cycles duhorL fluctuations.
Therefore Eq (10) may be considered reasonablegoess in accordance with total variables
instead convention neoclassical notation. Let'sriteviEq (10)

YXP=AxW"Sx KSx ['° (11)

Despite all simplifications, the relation derivelosis generally good agreement with data.
Figure 4 depicts the U.S. GDP data and the caloakif the GDP from Eq (11) far= 0.3. It
can be seen that the calculations and the realadatim a remarkable agreement. The correlation
coefficient between nominal US GDP and calculateelis equal to 0.91.



The production function obtained is the Cobb-Dosdlanction whera\** turns out to be the
level of technology, andV x L the augmented labor. The value ®fchanges with the
coefficients weakly, and the operating valuehok equal to approximately 0.8 in a developed
economy.

Eq (10) is derived from the assumption that theeganformulation of the golden rule of
capital accumulation is satisfied, i.e., by assgrihmat saving is equal to the capital income (the
savings rate is equal to the capital income sh&teyvever, this equation takes account of both
business cycles and growth along an equilibriurh.patthe plane(k,T); k}, the steady growth
at a constant rate is described by the straight diefined in Eq (2), and the business cycle is
represented by departure of the economy from thelilegum point along the production
function, which is described by Eq (10).

In the absence of fluctuations in the rate of ecoicogrowth and in the MPK, when the
economy moves along an equilibrium path, the chmtéabor ratio is proportional to the level
of wage in accordance with Eq (3), and Eq (10) ceduo Eq (4), governing steady growth at a
constant rate.

So, the production function magnitude and the ldagiim point spacing can be represented
by the level of wage instead of by capital-to-labatio both if the economy is steadily growing
at a constant rate (4) and for the more genera¢ @dseconomic growth, which can be
represented as the sum of cyclical and growth compks (10). It is quite reasonable because in
an actual economy the level of wage shows somditygit fluctuates weakly during the course
of a business cycle as compared to the capitaHorl ratio. Moreover, the level of wage is
linearly independent from factors, which governremay during business cycle fluctuations
(investment and hours worked).

In an actual economy, data on the nominal averageuptivity of labor ¥ x P)/L and the
level of wageW demonstrate conclusively the excellent statistozatelation (e.g., the data in
Figure 2 and Table Il give a correlation coefficieh 0.79; however, the dependence of both
these nominal quantities mainly on inflation isaclg evident in this figure). Variations in the
real wage levelnd the real productivitgf labor also show a definite statistical correlati
between them (Figure 3, Table IlI: a correlationfiicient of approximately 0.50).

The way of finding the answer to the questionvbether the cause of an increase in the
average labor productivity is the capital-to-labatio or the level of wage is not evident. On the
one hand, an advance in the productivity of labibheut a corresponding growth in the capital-
to-labor ratio is impossible, but on the other handaccordance with the neoclassical growth
model, an increase in the level of wage when Igbortages occur gives the business motivation
for increasing the level of technology in ordeirtorease the labor productivity.

The theory of Cooley and Prescott [7] for the fmainess cycle states that technology shocks
produce impacts on labor productivity, and a risehie level of wage consequently occurs as
consequence of increase of the labor productivitgmthere is a labor force shortage.

However, Gomme, Kydland, and Rupf} have found twanomalies that have plaguald
household production models - thasitive correlation between investments by thanass and
household sectors, armusehold investment's leading busines®stment over the business
cycle. This contradiction disappears if an increese¢he level of wage and consequently an
increase in the wages occur first, because demanidlfor exceeds supply, and an increase in
the labor income compels the business sector tease investment to adequately increase labor
productivity. In practice (Figure 3), on the otlamnd, the changes in the real labor productivity
often outpace the changes in the real wage lenel9b7, 1970, and 1980). This occurs because
we deal with a self-consistent process when chaimgese factor (e.g., in the capital-to-labor
ratio) result in changes in other factors (the wiggel and labor productivity) that in turn affect
the first factor.

So the level of technology in the intensive producfunction may be considered reasonable
to express in terms of the level of wage, in acaocg with Eq (4) for growth along an
equilibrium path and Eq (10) and (11) for the mgeaeral case of economic growth, which can



be represented as the sum of cyclical and growthpoments. This does not mean that the
technological progress does not matter. This mehat technological progress provides an
economy with the choice of technology based orctst and efficiency. And since in the finally
developed economy there is a shortage of laborleted of wage tends to increase, which in
turn causes the application of the more and mopermsive machines, and consequently a rise in
the fixed capital per worker. Such scheme explansmooth increase of labor productivity
despite the fact that the level of technology ofteanges in leaps and bounds.

IVV. CONCLUSION

In this paper the neoclassical growth model isredee for the general case of economic growth,
which can be represented as the sum of cyclicalgaoith components. During business cycle
growth rate and MPK values have experienced shortfluctuations, but long-run averaged
valuesg andr = 7 are assumed to vary weakly. Savings rate is corezide be a constant also.
The general formulation of golden rule of capitet@mulation is considered to be satisfied, i.e.
saving is equal to the capital income (the savnagss is equal to the capital income share). The
consequence of fulfilling last condition is equitfylong-term averaged values of the growth rate
g and the MPK=. Then the g constancy is not independent conditopiesented model, but is
consequence of the general formulation of the goldge of capital accumulation fulfillment
and the long-term averaged MPK constancy. Consélguéme fact that the average growth rate
of the real U.S. GDP constitutes approximately 3&kges on the nature of objective laws if
human beings inhere some (about 3%) long-termasteate.

For presented model, the production function idyaically derived in Section Il and takes
the form of the Cobb-Douglas function (10) and (Mbreover, the Cobb-Douglas equation is
shown to be valid only when the general formulatdrthe golden rule of capital accumulation
Is satisfied. In this function, the savings ratas the exponent of capital, the level of technglog
corresponds to the level of wage raised to the poivEl-s).

Despite all these simplifications, the relationided shows generally good agreement with
data. It can be seen (Figure 4) that the calculatiand the real data are in a remarkable
agreement. The correlation coefficient between mair).S. GDP changes and calculated one is
equal to 0.91.

During long term growth path we can average theatiewns from equilibrium growth in the
MPK and in the rate of economic growth. Then thenemy will move along an equilibrium
path, and Cobb-Douglas Eq (10) reduces to Eq (@)4)» which are particular cases of Eq (10).
Although Eq (2) which governs the steadily growatig constant rate economy is very similar
to the Harrod-Domar condition [1,2], this equatias an entirely different meaning. In contrast,
the Harrod-Domar condition is a relation betweangdrowth rate of total outpug, and the
savings rates, with a priori constant capital-output ratio. Wéas Eq (2) determines the limit
for the capital-output ratio when the mean valueg @ands are constant with time because their
oscillations are averaged in the course of busiogses.

The level of technology in the production functioay be considered reasonable to express in
terms of the level of wage, in accordance with Egf¢r growth along an equilibrium path and
Eq (10) and (11) for the general case of economowth, which can be represented as the sum
of cyclical and growth components. This does noamnat the technological progress does not
matter. It does mean that technological progreswiges an economy with the choice of
technology based on the cost and efficiency. Amtesiin the developed economy there is a
shortage of labor, the level of wage tends to iasee which in turn causes the application of the
more and more expensive machines, and consequensy in the fixed capital per worker.



APPENDIX A

Let the price of any type of fixed capital at thedeof an intervalj, under consideration be
designated byA. Suppose that an annual increase in this fixedtatap proportional to total
output with the constant of proportionalgy, the total outpul x P grows at a constant rate gf
and its depreciation rate is equaldo ThenAi., is given by

A1 =A +SaXP XY - x A

whereP is a price index.

Further, we calculate the fixed capital-outputaaf,/(P % V). If this ratio converges for
largen, then the limitX is given by

An D An+1 :An+SAxYn+1xP_5AXAn_

>(=Yn><P Yn+1><P Yn+1><P
A x(1-0 -
:SA n ( A) — A+Xxl JA
Y, x@L+g)xP 1+g
and hence
X :sA+x><1_5A
1+g

Solving this relation foX gives

w2 SX0*9) s,

g+d,  g+o,-
Thus, we have
A _ s,
YXP g+d, (A1)

APPENDIX B

A society is assumed to be comprised of a housebeltor and a business sector (the
government and the external world are not takem agtount) and saving is equal to investment
therefore. Equating the aggregate income and therghtures yields the well-known equation
applicable to production on an enlarged scale:

WxL+(r+d)xK =C+1

whereC is households’ consumption expenditut&* L is wages (labor income), and+ 9)
x K is the capital income.

At the fictitious early beginning, when the accuatidn of a stock of capital was absent, the
income of labor was equal to consumption expenelitautomaticallyywxL=C. In a capitalist
economy, the aggregate income increases by thee \adided by capitalr (+J) x K. The
aggregate expenditures are correspondingly inctleagéhe value of a gross investmdnt,

The values of the rate of economic growghthe savings rates, are assumed to vary weakly,
hence Eq (1) holds. Substituting Eq (1) into lagtagion and taking into account that savifig
are equal to investmeht

WD><L—CD=S>< g-r
Y?x P g+0d° (B1)




or

w'-c¢” L9
yD =S g+5 (BZ)

To begin the accumulation a stock of capital, thlescimption expenditures must be less than the
wages, and the left-hand and right-hand sides dB&yand (B2) must be greater than zero.

Next, we analyze the behavior of the left-hand aglt-hand sides of these Equations over
long enough periods when the economy has a suffisick of capital and in a state of stable
long-run growth. If\W x L —C = 0, then this means that society continues to aatate capital
without consuming the capital income and only pdlsticonsuming wages. This case does not
conform to saving logic because the saving is n@gernn order to consume more later on. This
‘later on’ does not ensue ever if both sides of(Efj)) and (B2) are greater than zero, although
the rate of growthg = r) remains high. Here=r, is the long-term interest rate which is
considered to be a constant inherent to the inteatare of human beings.

Similarly, if Wx L —C < 0, then society relaxes and consumes not only svAge also the
capital income produced by capital, apd r, i.e., the rate of economic growth is lower thiaa t
MPK. This scenario may happen, and society haaslimg oneself to the lower output rates. The
United States manages to keep up this rate by asogesaving, but only by sharply increasing
its liabilities to foreign nations.

A conclusion may be reached regarding the equiegief the saving and the capital
income in an economy. Such a condition has the saralary as the golden rule of capital
accumulation derived by Phelps [4]: the growth mftesuch an economy is equal to the MPK.
However, we have arrived at this equality in aetéht way. Here, it is a corollary to the equality
between the saving and the capital income and noteaion for the savings rate to be optimal in
order to maximize consumption.

The above-mentioned considerations may be illledrat another way. If the value added by
capital £ x K) in excess of the capital depreciation were natsamed but invested (or
correspondingly, the wages were consumed complatetyboth sides of Eq (B1) were equal to
zero), then the capital would grow exponentiallfhaime, exp( x t), while for an economy
growing along an equilibrium path, according to (&} the capital grows proportionally to total
output, i.e., proportionally to exgé t).

If society would choose to consume more and inkesst and consequently the saving would
be less than the capital income, then the growtthwauld be less than the MP¥< r. And the
reverse is true, if investment were high, thenrttie of growth would be higher than the MRK,
> r. Symmetry considerations also lead to the capitime = investment (saving) parity over a
very long periodg =r.

APPENDIXC

DATA SOURCES

All the numerical data presented in this paperthesauthor’s calculations performed by using
the data from NIPA Tables that may be obtained &e World Wide Web on:
http://www.bea.gov(GDP and investment in Table 1.1.5, lines 1 antth&;price index in Table
1.1.4, line 1 for the GDP and line 2 for the peedooonsumption expenditures; the wage
accruals in Table 6.6A, line 1; the hours worked able 6.9B, line 1). The author has also used
the data that may be obtainedtdtp://www.federalreserve.ggwWlow of Funds Accounts of the
United States (wages in Table F.7, line 3; grostngain Table F.8, line 1; the capital equal to
the sum of business tangible assets in Table B.f@2,2 and in Table B.103, line 2). The
“interest rate current year” mean$iave been obtained dnttp://www.federalreserve.gg/US




government securities/ Treasury constant matufitidsminal; Maturity 1 year; Monthly”,
TCMNOMY1. The correlations presented in Table 2ehbeen calculated using the interest rates
values, and not their changes.

The labor cost share is the ratio of wages to GIbie. average labor productivity is the ratio
of GDP to the hours worked. Real GDP is the rati@DP to GDP price index. The real wage is
the ratio of the wage level to the personal congiompexpenditures price index. The real
average labor productivity is the ratio of real GidPthe hours worked. The tables and figures
show the increment of a variable divided by thisalale value that it has in the previous year.
The ratio of the change in investment to GDP isiticeement of the investment divided by GDP
value in the previous year. The magnitude of thenges in GDP shown in Figure 4 has been
computed by (12) fos = 0.3. It is equal to the GlYpower of the producdW/W x AL/L) and to
the 0.3h power of AK/K), where AW/W) designates the increment of the wage level diviole
the wage level value that it has in the previouaryand the designations for the rest of the
variables are given in a similar fashion.
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Figure 1. Two intensive production functions y(k, Ta) and y(k, T») of different magnitudes due to variations
in the level of technology.



0,14

0,12

0,1

0,08

0,06

0,04

0,02

0

-0,02

14

P48 1953 1958 1963 1968 1973 1978 1983 1988 1993 1998 2003

Figure 2. Changes in the wage levak |, the average productivity of labar)( and GDP
price index @) in the U.S. economy. For the data source, see@AgiRg B.
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Figure 3. Changes in the real level of wage &nd in the real average productivity of
labor (A) in the U.S. economy. For the data source, seeAqig B.
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Figure 4. Changes in U.S. GDPR) and changes in GDP calculated from the
Cobb-Douglas equation with savings rate vat®.3 (). For the data source, see
Appendix B.
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Figure 5. Changes in GDRoj, in the hours workeda(, in the wage level&), and in the
ratio of the change in investment to GO¥/(YP), o) in the U.S. economy. For the data
source, see Appendix B.



Table I. Standard deviations of U.S. economy variablesvanidble changes. Sample
period: 1948 — 2005

o g/X
Private investment/GDP, l/(Y*P) .014 .087
Labor cost share, W*L/(Y*P) .010 .019
GDP change, Y*P .031
Hours worked change, L .024
Wage accruals change, W .019
Average labor productivity change, Y*P/L .021
GDP price index change, P .024
Investment change, | A17
GDP real change, Y .025
Capital/labor ratio change, K/L .035
Real wage change, W/P .014
Real average labor productivity change, Y/L .012
Real capital/labor change, K/(L*P) .031
Gross savings change, S .095

SOURCE- See Appendix B.
NOTE. — o =sample standard deviation of a varialdéx = relative standard deviation, the
ratio of the sample standard deviation of the \deido its mean value.



Table Il. Correlations of U.S. economy variable changem@a period: 1948 — 2005

r
Y*P 537 Y*P
L 145 725 L
w .658 .681 .172 W
Y*P/L .535 .603 -.112 .785 Y*P/L

P 729 .612 .022 .837 .859
I .097 .702 .700 .230 .202
Y -114 639 .872 .032 -.090

K/L 247 110 -346 411 555

W/P -476 -164 .144 -123 -.404

Y/L -491 -157 -234 -281 .043

K/(L*P) -.366 -.529 -580 -.281 -.095
S .246

P

062 |

-217 812 Y
439 -.069 -.294 KIL
-.610 .181 .393 -.152 WI/P
-474 232 272 .099 495 Y/L
-373 -295 -292 .532 .349 .564

SOURCE - See Appendix B.

NOTE.-Table 2 shows the correlations between changdgiedonomy variables except for
the interest rate, r, for which interest rate valwe used instead of their changes. The
correlation coefficients are found at the interggcof the corresponding rows and columns. The
designations in this table are the same as in Thhle.,

GDP change, Y*P

Hours worked change, L

Wage accruals change, W

Average labor productivity change, Y*P/L
GDP price index change, P

Investment change, |

GDP real change, Y

Capital/labor ratio change, K/L

Real wage change, W/P

Real average labor productivity change, Y/L
Real capital/labor change, K/(L*P)

Gross savings change, S




