-

View metadata, citation and similar papers at core.ac.uk brought to you by .. CORE

provided by Research Papers in Economics

MPRA

Munich Personal RePEc Archive

Monetary Policy with Judgment:
Forecast Targeting

Svensson, Lars O

08. February 2005

Online at http://mpra.ub.uni-muenchen.de/819/
MPRA Paper No. 819, posted 07. November 2007 / 01:18


https://core.ac.uk/display/6799118?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://mpra.ub.uni-muenchen.de/
http://mpra.ub.uni-muenchen.de/819/

Monetary Policy with Judgment:
Forecast Targeting”

Lars E.O. Svensson
Princeton University

“Forecast targeting,” forward-looking monetary policy that
uses central-bank judgment to construct optimal policy pro-
jections of the target variables and the instrument rate, may
perform substantially better than monetary policy that dis-
regards judgment and follows a given instrument rule. This
is demonstrated in a few examples for two empirical models
of the U.S. economy, one forward looking and one backward
looking. A complicated infinite-horizon central-bank projec-
tion model of the economy can be closely approximated by a
simple finite system of linear equations, which is easily solved
for the optimal policy projections. Optimal policy projections
corresponding to the optimal policy under commitment in a
timeless perspective can easily be constructed. The whole pro-
jection path of the instrument rate is more important than the
current instrument setting. The resulting reduced-form reac-
tion function for the current instrument rate is a very complex
function of all inputs in the monetary-policy decision process,
including the central bank’s judgment. It cannot be summa-
rized as a simple reaction function such as a Taylor rule. For-
tunately, it need not be made explicit.
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On a general level, this paper is motivated by a desire to provide
a better theory of modern monetary policy, both from a descriptive
and a normative point of view, than much of the current literature
on monetary policy. The current literature to a large extent applies
a one-line modeling of monetary policy, such as when the instru-
ment rate is assumed to be a given function of a few variables—
for instance, “monetary policy is assumed to follow a Taylor
rule.”

I believe that the theory that I develop here is better from a
descriptive point of view, since it takes into account some crucial
aspects of monetary policy decisions, such as the collection, pro-
cessing, and analysis of large amounts of data, the construction of
projections of the target variables, the use of considerable amounts
of judgment, and the desire to achieve (mostly) relatively specific
objectives. The modern monetary policy process I have in mind can
be concisely described as “forecast targeting,” meaning “setting the
instrument rate such that the forecasts of the target variables look
good,” where “look good” refers to the objectives of monetary policy,
such as a given target for inflation and a zero target for the output
gap.! I believe this view of the monetary policy process is also help-
ful from a mormative point of view, for instance, in evaluating the
performance of and suggesting improvements to existing monetary
policy.?

On a more specific level, this paper is motivated by a de-
sire to demonstrate the crucial and beneficial role of judgment—
information, knowledge, and views outside the scope of a particular
model—in modern monetary policy and, in particular, to demon-
strate that the appropriate use of good judgment can dramati-
cally improve monetary policy performance, even when compared to

'Bernanke (2004) discusses and compares forecast targeting (which he refers
to as “forecast-based policies”) and simple instrument rules (which he refers to as
“simple feedback policies”). He states that “the Federal Reserve relies primarily
on the forecast-based approach for making policy” and cites Greenspan’s (2004)
speech entitled “Risk and Uncertainty in Monetary Policy” as evidence. He also
notes “that not only have most central banks chosen to rely most heavily on
forecast-based policies but also that the results, at least in recent years, have
generally been quite good, as most economies have enjoyed low inflation and
overall economic stability.”

2 See Svensson (2001a) and Svensson et al. (2002) for examples of evaluations
of monetary policy in New Zealand and Norway, respectively, with this perspec-
tive.
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policy that is optimal in all respects except for incorporating judg-
ment.? As will be explained in detail below, judgment will be rep-
resented as the central bank’s conditional mean estimate of arbi-
trary multidimensional stochastic “deviations”—*“add factors”—to
the model equations.* I also wish to demonstrate the benefits of
regarding the whole projection paths of the target variables rather
than forecasts at some specific horizon, such as eight quarters, as the
relevant objects in the monetary policy decision process. In particu-
lar, I believe that it is important to emphasize the whole projection
of future instrument rates rather than just the current instrument
rate. Furthermore, the modern view of the transmission mechanism
of monetary policy emphasizes that monetary policy actions have
effects on the economy and the central bank’s target variables al-
most exclusively through the private-sector expectations of the fu-
ture paths of inflation, output, and interest rates that these actions
give rise to; therefore, monetary policy is really the management
of private-sector expectations (Woodford 2003a). From this follows
that effective implementation of monetary policy requires the ef-
fective communication to the private sector of the central bank’s
preferred projections, including the instrument-rate projection. The
most obvious communication of these projections is to explicitly
announce and motivate them. Finally, I want to demonstrate the
benefits of the approximation of inherently rather complex infinite-
horizon central-bank projection models of the economy to much sim-
pler finite-horizon projection models that are much easier to use but
still arbitrarily close approximations to the infinite-horizon models.

The decision process of modern monetary policy has several
distinct characteristics (see Brash 2000, Sims 2002, and Svensson
2001a):

3 Svensson (2003) also emphasizes the role of judgment in monetary policy but
does not provide any direct comparision of the performance of monetary policy
with and without judgment.

Svensson and Tetlow (2005) show how central-bank judgment can be ex-
tracted according to the method of optimal policy projections (OPP). This is a
method to provide advice on optimal monetary policy while taking policymakers’
judgment into account. An early version of the method was developed by Robert
Tetlow for a mostly backward-looking variant of the Federal Reserve Board’s
FRB/US model. The resulting projections have been referred to (somewhat mis-
leadingly) at the Federal Reserve Board as “policymaker perfect-foresight pro-
jections.” The paper demonstrates the usefulness of OPP with a few example
projections for two Greenbook forecasts and the FRB/US model.
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1. Large amounts of data about the state of the economy and
the rest of the world, including private-sector expectations and
plans, are collected, processed, and analyzed before each major
decision.

2. Because of lags in the transmission process, monetary policy
actions affect the economy with a lag. For this reason alone,
good monetary policy must be forward looking, aim to in-
fluence the future state of the economy, and therefore rely
on forecasts—projections. Central-bank staff and policymak-
ers make projections of the future development of a number
of exogenous variables, such as foreign developments, import
supply, export demand, fiscal policy, productivity growth, and
so forth. They also construct projections of a number of en-
dogenous variables, quantities and prices, under alternative as-
sumptions, including alternative assumptions about the future
path of instrument rates. The policymakers are presented with
projections of the most important variables, including target
variables such as inflation and output, often under alternative
assumptions about exogenous variables and, in particular, the
instrument rate (such as the instrument rate being constant,
following market expectations, following some arbitrary reac-
tion function, or being optimal relative to a specific objective
function).

3. Throughout this process, a considerable amount of judgment is
applied to assumptions and projections. Projections and mone-
tary policy decisions cannot rely on models and simple observ-
able data alone. All models are drastic simplifications of the
economy, and data give a very imperfect view of the state of the
economy. Therefore, judgmental adjustments in both the use
of models and the interpretation of their results—adjustments
due to information, knowledge, and views outside the scope of
any particular model—are a necessary and essential component
in modern monetary policy.

4. Based on this large amount of information and analysis, the
policymakers decide on a current instrument rate, such that
the corresponding projections of the target variables look good
relative to the central bank’s objectives. Since the projections
of the target variables depend insignificantly on the current
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instrument-rate setting and mainly on the whole path of future
instrument rates, the policymakers, explicitly or implicitly, ac-
tually choose an instrument-rate projection—an instrument-
rate plan—and the current instrument-rate decision can be
seen as the first element of that plan.

5. Finally, the current instrument rate is announced and imple-
mented. In many cases, the corresponding projections for in-
flation and output or the output gap are also announced. In a
few cases, an instrument-rate projection is announced as well.?

This process makes the current instrument-rate decision a very
complex function of the large amounts of data and judgment that
have entered into the process. I believe that it is not very helpful
to summarize this function as a simple reaction function such as a
Taylor rule. Furthermore, the resulting complex reaction function is
a reduced form, which depends on the central bank’s objectives, its
view of the transmission mechanism of monetary policy, the data the
central bank has collected, and the judgment it has exercised. It is
the endogenous complex result of a complex process. In no way is
this reaction function structural, in the sense of being invariant to
the central bank’s view of the transmission mechanism and private-
sector behavior, or the amount of information and judgmental ad-
justments. Still, much current literature treats monetary policy as
characterized by a given reaction function that is essentially struc-
tural and invariant to changes in the model of the economy. Treating
the reaction function as a reduced form is a first step in a sensible
theory of monetary policy. But, fortunately, this complex reduced-
form reaction function need not be made explicit. It is actually not
needed in the modern monetary policy process.

However, there is a convenient, more structural representation
of monetary policy, namely in the form of a targeting rule, as advo-
cated recently in some detail in Svensson and Woodford (2005) and
Svensson (2003) and earlier (more generally) in Svensson (1999). An
optimal targeting rule is a first-order condition for optimal monetary
policy. It corresponds to the standard efficiency condition of equality
between the marginal rates of substitution and the marginal rates of

5The Reserve Bank of New Zealand has published an instrument-rate projec-
tion for many years. The Bank of Norway is increasingly providing more infor-
mation about the future path of the instrument rate.
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transformation between the target variables, the former given by the
monetary policy loss function, the latter given by the transmission
mechanism of monetary policy. An optimal targeting rule is invari-
ant to everything else in the model, including additive judgment and
the stochastic properties of additive shocks. Thus, it is a compact,
robust, and structural representation of monetary policy, and much
more robust than the optimal reaction function. A simple targeting
rule can potentially be a practical representation of robust monetary
policy, a robust monetary policy that performs reasonably well under
different circumstances.%

Optimal targeting rules remain a practical way of representing
optimal monetary policy in the small models usually applied for aca-
demic monetary policy analysis. However, for the larger and higher-
dimensional operational macromodels used by many central banks
in constructing projections, the optimal targeting rule becomes more
complex and arguably less practical as a representation of optimal
monetary policy. In this paper, it is demonstrated that optimal policy
projections, the projections corresponding to optimal policy under
commitment in a timeless perspective, can easily be derived directly
with simple numerical methods, without reference to any optimal
targeting rule.” For practical optimal monetary policy, policymak-
ers actually need not know the optimal targeting rule. They also
need not know any reaction function. They only need to ponder the
graphs of the projections of the target variables that are generated in
the policy process and choose the projections of the target variables
and the instrument rate that look best relative to the central bank’s
objectives.

The paper is organized as follows. Section 1 lays out a reasonably
general infinite-horizon model of the transmission mechanism and
the central bank’s objectives; defines projections, judgment, and op-
timal policy projections; and specifies how the optimal policy can be
implemented and what information the private sector needs from the

5 McCallum and Nelson (2004) have recently criticized the advocacy of tar-
geting rules in Svensson (2003). Svensson (2004) rebuts this criticism and gives
references to a rapidly growing literature that applies targeting rules to monetary-
policy analysis. Walsh (forthcoming) shows a case of equivalence between target-
ing rules and robust control.

" Nevertheless, a general form of an optimal targeting rule is derived in ap-
pendix F (available at www.ijcb.org), for the finite-horizon approximation of the
projection model.
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central bank. The section also presents a simple model of judgment,
when the deviation is a version of a finite-order moving average.
Then judgment can be seen as the accumulation of information over
time and allows for a recursive but high-dimensional representation
of the dynamics of the deviation and judgment. Finally, the section
represents the optimal policy projections as the solution to a some-
what complex system of difference equations, while taking judgment
into account. It also makes the point that, fortunately, the complex
reduced-form reaction function need not be made explicit. Section
2 presents a convenient finite-horizon model for the construction of
optimal policy projections, for both forward- and backward-looking
models. This finite-horizon model can be written as a simple finite
system of linear equations. Nevertheless, it is an exact or arbitrarily
close approximation to the infinite-horizon model and is easily solved
for the optimal policy projections taking judgment into account. Sec-
tion 3 discusses and specifies monetary policy that disregards judg-
ment and follows different instrument rules, such as variants of the
Taylor rule or more complex instrument rules that are optimal in
the absence of judgment. Section 4 gives examples of and compares
monetary policy with and without judgment for two different em-
pirical models of the U.S. economy: the backward-looking model of
Rudebusch and Svensson (1999) and the forward-looking New Key-
nesian model of Lindé (2002). In these examples, monetary policy
with judgment results in substantially better performance than mon-
etary policy without judgment. This is also the case when monetary
policy without judgment is represented as a Taylor rule where the
instrument rate responds to forward-looking variables that incorpo-
rate private-sector judgment (although, as emphasized below, there
are serious principal and practical problems in implementing such
an instrument rule). Section 5 presents conclusions.

A separate and extensive appendix contains numerous technical
details.® These include a general solution of the policy problem and
the related system of difference equations with forward-looking vari-
ables when the deviation is an arbitrary stochastic process; a spec-
ification of the model when the deviation and judgment are finite-
order moving-average processes and the application of the practical
method of Marcet and Marimon (1998) to that case; the precise

8 The appendix is available at www.ijcb.org.
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mathematical structure of the finite-horizon approximation model,
including the optimal targeting rule; and details on the empirical
backward- and forward-looking models.

1. A Model of the Policy Problem with Judgment

Consider the following linear model of an economy with a private
sector and a central bank,? in a form that allows for both predeter-
mined and forward-looking variables as well as judgment:

X, X, z
t+1 - A t +Bit—|— t+1

C$t+1|t Tt 0

(1)

Here, X; is a (column) nx-vector of predetermined variables (one
of these may be unity to conveniently incorporate constants in the
model) in period t; x; is an ng-vector of forward-looking variables;
iy is an n;-vector of central-bank instruments (the forward-looking
variables and the instruments are the nonpredetermined variables);
z¢ Is an exogenous nx-vector stochastic process and called the devi-
ation in period t; and A, B, and C are matrices of the appropriate
dimension. For any variable ¢, I let ¢, ;; denote private-sector ex-
pectations of the realization in period t + 7 of ¢;yr conditional on
private-sector information available in period t. I assume that the
private sector has rational expectations, given its information.

For increased generality, the model is formulated in terms of an
arbitrary number of instruments, n;. In most practical applications,
monetary policy can be seen as having only one instrument—a short
interest rate, the instrument rate—so then n; = 1.

The upper block of (1) provides nx equations determining the
nx-vector Xyy1 in period ¢t + 1 for given X;, xy, iy, and 2441,

X1 = Au Xy + Az + Biig + 241 (2)

where A and B are partitioned conformably with X; and z; as

A A B
A= 7" R2 B=|T1. (3)
Agr Ago By

9 For simplicitly, there is no explicit fiscal authority in the model, but such
an authority and its behavior can be included in the model (1).
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The realization of the deviation and the predetermined variables in
each period occurs and is observed by the private sector and the
central bank in the beginning of the period (the realization of 2z
can be inferred from X;,1, X;, 2; and i; and [2]).1°

The lower block of (1) provides n, equations determining the
ng-vector x; in period ¢ for given x; s, X, and iy,

Tt = A2_21(C$t+1|t - AQlXt - BQ%S)? (4)

I hence assume that the n, x n, submatrix Ags is invertible. The re-
alization of X; is observed by the private sector and the central bank
in the beginning of period t; the central bank then sets the instru-
ments, 7;; after observing the instruments, the private sector forms its
expectations, x;,|;; and this finally determines the forward-looking
variables ;.

To assume that the deviation appears only in the upper block
of (1) is not restrictive. Suppose that I have a model where the
deviation appears in both blocks:

XO 0] AO XO BO zO
t+1 11 12 t 1| . 1,t+1
= + 1+
(0] (0] (e} (0]
Cxt+1|t A9 A3 Tt B3 2ot

By adding the vector 2§ to the predetermined variables, I can always
form a new model of the form (1), where

- A3 0 A3, By
Xx="", A=|0 o o|, B=|o],
th (0] (o] (0]
21 0 A22 B2
. 2%
Zt: 5
25

and there is no deviation in the lower block.
As in Svensson (2003), the deviation represents additional
determinants—determinants outside the model—of the variables in

10See Svensson and Woodford (2003) for an analysis of optimal policy in a
model with forward-looking variables when the current state of the economy is
imperfectly observed and inferred from observed indicators.
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the economy, the difference between the actual value of a variable
and the value predicted by the model. It can be interpreted as model
perturbations, as in the literature on robust control.!' The central
bank’s mean estimate of future deviations will be identified with
the central bank’s judgment. It represents the unavoidable judgment
always applied in modern monetary policy. Any existing model is
always an approximation of the true model of the economy, and
monetary policymakers always find it necessary to make some judg-
mental adjustments to the results of any given model. Such judg-
mental adjustments could refer to future fiscal policy, productiv-
ity, consumption, investment, international trade, foreign-exchange
and other risk premia, raw-material prices, private-sector expecta-
tions, and so forth. The “add factors” applied to model equations in
central-bank projections (Reifschneider, Stockton, and Wilcox 1997)
are an example of central-bank judgment. Given this interpretation
of judgment and the deviation 241, it would be completely mislead-
ing to make a simplifying assumption such as the deviation being a
simple autoregressive process. In that case, it could just be incorpo-
rated among the predetermined variables. Thus, I will refrain from
such an assumption and instead leave the dynamic properties of 2411
unspecified, except in a special case when the deviation is a version
of a finite-order moving-average process. Generally, the focus will
be on the central bank’s judgment of the whole sequence of future
deviations.

More precisely, let the infinite-dimensional period-t random vec-
tor (" = (2],1,%,9,-..) (where ’ denotes the transpose) denote the
vector of the (in period t) unknown random vectors zii1, 242, ...
Let the central bank’s beliefs in period ¢ about the random vector
¢! be represented by the infinite-dimensional probability distribution
®; with distribution function ®;(¢*). The probability distribution ®;
may itself be time-varying and stochastic. The central bank is as-
sumed to know the matrices A, B, C, D, and W and the discount
factor § (D, W, and ¢ refer to the central bank’s objectives and are
defined below). The private sector is assumed to know the matrices
A, B, and C, but may or may not know the central bank’s objectives

'See, for instance, Hansen and Sargent (1998). However, that literature deals
with the more complex case when the model perturbations are endogenous and
chosen by nature to correspond to a worst-case scenario.
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(that is, D, W, and 0). The private sector may or may not have the
same beliefs about the future deviations as the central bank.

Let Y; be an ny-vector of target variables. For simplicity, these
target variables are measured as the difference from a fixed ny-vector
Y™ of target levels. This vector of target levels is held fixed through-
out this paper. In order to examine the consequences of shifting
target levels, one only needs to replace Y by Y* — Y* throughout
the paper. Let the target variables be given by

Xy
it

where D is an ny X (nx + ng; + n;) matrix.
Let the central bank’s intertemporal loss function in period ¢ be

Et Z 5TLt+T = /Z 5TLt+7-d(I)t(Ct) (6)
7=0

7=0

where 0 < § <1 is a discount factor, L; is the period loss given by
1
Q:§WWE, (7)

and W is a symmetric positive semidefinite ny X ny matrix. That
is, in period t the central bank wants to minimize the expected dis-
counted sum of current and future losses, where the expectation E;
is with respect to the distribution ®;.

Since this is a linear model with a quadratic loss function and
the random deviations enter additively, the conditions for certainty
equivalence are satisfied. Then, as shown in detail in appendix A,
the optimal policy in period ¢ need only consider central-bank
mean forecasts—projections—of all variables, including the infinite-
dimensional mean forecast, z¢, of the random vector (',

fzﬁdz/&@@%

The central-bank projection in period t of the realization of the devi-
ation in period t+7, 2¢4, is denoted 2+ 1,50 2 = (2f4 4, 2194 -+)-
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The projection 2! is identified with the central bank’s judgment. Un-
der the assumed certainty equivalence, the projection z! is, for op-
timal policy, a sufficient statistic for the distribution ®;. Although
there is genuine uncertainty about the future random deviations, ¢¢,
the only thing that matters for policy is the mean, the judgment, 2.
The second and higher moments of (!—the variance, skew, kurtosis,
and so forth—do not matter for policy.'> The judgment can itself
be seen as an exogenous infinite-dimensional random vector that is
realized in the beginning of each period and summarizes the central
bank’s relevant information in that period about expected future
deviations.

Let ¢ = (qf 4,4} ) denote a central-bank projection in pe-
riod ¢ for any vector of variables g;y, (7 > 0) (with the exception
of €' and Et+r.t, to be introduced below), a central-bank mean fore-
cast conditional on central-bank information in period ¢. (Thus, for
variables other than the deviation, the projection also includes the
current value, ¢;; = ¢¢.) The central bank then constructs various
projections of the endogenous variables to be used in its decision pro-
cess. These projections of endogenous variables may be conditional
on various assumptions. In order to keep private-sector expectations
and central-bank projections conceptually distinct, I denote the for-
mer by gy, and the latter by g¢y. ¢ for any variable g;.

For a given judgment, z!, the projection model of the central
bank for the projections (X, z%, i, Y?) in period t—the model the
central bank uses in the decision process to consider alternative
projections—will be

Xipri1 Xigrt 241t
=A + Bipyrp + ) (8)
Coirire Tifrt 0
Xigrt
Y;i+r,t =D T4t (9)
Ui yrt

for 7 > 0, where X;; satisfies
Xt = Xy, (10)

12 The variance of the future deviations will add a term to the intertemporal
loss, but that term is independent of policy.
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since the realization of the predetermined variables is assumed to be
observed in the beginning of period t.

In order to introduce more compact notation, let the (nx +ny +
n;)-vector s; = (X, x},4;)" denote the state of the economy in pe-
riod ¢, and let the vector sir¢ = (X{ ;4 Tpyrt,it4,,) denote the
projection in period t of the state of the economy in period ¢ + 7.
Finally, let the infinite-dimensional vector s = (s}, 5}, 1, St12,t, )
denote a projection in period ¢ of the (current and future) states of
the economy. By (9), I can write the projection of the target vari-
ables in a compact way, as a linear function of the projection of the
states of the economy, as

vt = Dst (11)

where D is an infinite-dimensional block-diagonal matrix with the
7 + 1-th diagonal block equal to D for 7 > 0.

The set of feasible projections of the states of the ecomomy in
period t, S;, can now be defined as the set of projections s* that
satisfy (8)—(10) for given X; and 2*.

The intertemporal loss function (6) with (7) induces an intertem-
poral loss function for the target-variable projection,

o
LN =D 0V Wiy (12)
7=0

The policy problem in period t is to find the optimal policy pro-
jection (§%,Y"), the projection that minimizes (12) over the set of
feasible projections of the states of the economy—that is, subject to
(8)—(11) for 7 > 0 for given X; and z!. More compactly,

' = arg min £(Ds"), (13)
steS;

Y* = D3; and the optimal policy projection (X*,it,it) of the prede-

termined variables, forward-looking variables, and instruments can
be extracted from &°.

¥ Note that minE;Y 2% 6 Ly, = min{L(Y") + E: > 6 (Yier —
Yiir )W (Yegr — Yigr )} = min{L(Y") + 22, 0 trace(WCov,Yiir)}. By cer-
tainty equivalence, Cov¢Yiyr = Ei(Yigr — Yigrt) (Yigr — Yigr ) = [(YVigr —
Yitrt)(Yigr — K+T,t)’d<1>t(§t) is independent of policy, so minimizing (12) in
period ¢ implies the same policy as minimizing (6) in period ¢. Furthermore, note
that, since trace(WCovY:+-) will normally be strictly positive, (6) will normally
converge only for 6 < 1, whereas (12) will normally converge also for § = 1.
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The policy problem will be further specified below to correspond
to commitment in a “timeless perspective,” in order to avoid any
time-consistency problems (see Woodford 2003b and Svensson and
Woodford 2005).

1.1 Implementation and What Information the Private Sector
Needs

The implementation of the optimal policy in period t involves an-
nouncing the optimal policy projection and setting the instruments
in period t equal to the first element of the instrument projection,

it = Zt,t~

In period ¢+ 1, conditional on new realizations of the predetermined
variables, X;, 1, and the judgment, z/T!, a new optimal policy projec-
tion, (X1 241 41 Y1+l s found and announced together with
a new instrument setting,

U1 = U1 t41-

In a forward-looking model, the private sector (including poli-
cymakers other than the central bank) will need to know at least
parts of the aggregate projections X, %!, and 7!, in order to make
decisions consistent with these and make the rational-expectations
equilibrium in the economy correspond to the central bank’s optimal
policy projection. If the private sector knows the matrices A, B, C,
D, and W and the discount factor § and has the same judgment
2! as the central bank, it can in principle compute the optimal pol-
icy projection itself—assuming that it has the same computational
capacity as the central bank.

However, the private sector actually needs to know less. An as-
sumption maintained throughout this paper is that the private sector
knows the model (1), in the sense of knowing the matrices A, B, and
C'. Furthermore, it observes X; (determined by X;_1, 241, and i;—1
in period t — 1 and the realization of z; in the beginning of period
t according to [2]) in the beginning period ¢, then observes i; = @+
set by the central bank, thereafter forms one-period-ahead expec-
tations )¢, and finally determines (and thereby knows) x; after
this, period ¢ ends. In order to make decisions in period ¢ consis-
tent with the optimal policy projection—that is, decisions resulting
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in xy = &4 from (4)—the private sector needs to be able to form
expectations @1y = Zt41+ The most direct way is if the central
bank announces 241+ and the private sector believes the announce-
ment. Formally, 241 is the minimum additional information the
private sector needs. However, the central bank may have to provide
the whole optimal policy projection, and also motivate the under-
lying judgment, in order to demonstrate that the optimal policy
projections are internally consistent with the model (1). In particu-
lar, the private sector may not believe #;1 unless it is apparently
consistent with the whole projection #‘. Furthermore, the private
sector will need to know the central bank’s loss function—D, W,
and 0—in order to judge whether the projections announced are re-
ally optimal relative to the central bank’s loss function and thereby
incentive-compatible, credible. Only then may the central bank be
able to convince the private sector to form expectations according
to the optimal policy projection.'® Indeed, the private sector com-
pletely trusting the central bank’s isolated announcement of %1
could invite misleading announcements, given the time-consistency
problem discussed below.!®

1.2 Judgment as a Finite-Order Moving Average

Consider the special case when the deviation is a version of a moving-
average stochastic process with a given finite order 7' > 0 (where T
could be relatively large):

T

2t41 = €41 + Z€t+1,t+1—j (14)

Jj=1
where &; = (g}, ") = (e}, Et41.4> -+ Eryy) 18 @ zero-mean iid random
(T 4+ 1)nx-vector realized in the beginning of period ¢ and called the

14 Being explicit about the loss function and announcing the optimal policy
projection also seem to take care of the criticism of real-world inflation targeting
expressed by Faust and Henderson (2004).

15 See Geraats (2002) for such examples.

In a much noted contribution, Morris and Shin (2002) and Amato, Morris,
and Shin (2002) have emphasized the possibility that public information may
be bad and reduce social welfare by crowding out private information. Svensson
(2005) scrutinizes this result and shows that, in the model considered by Mor-

ris and Shin, public information actually increases social welfare for reasonable
parameters.
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innovation in period ¢.!6 For T' = 0, 2,1 is a simple iid disturbance.
For T > 0, the deviation is a version of a moving-average process.

It follows that the central-bank judgment 21, (7 > 1) is also a
finite-order moving average and satisfies

T
2tprt = Eizepr = E Ettrttr—j = Ett1t
J=T
T
+ g Ettrittr—j = Et+rt T Zttrt—1-
Jj=7+1

Hence, €i4rt = 2447t — Zt4+7,—1 can be interpreted as the innovation
in period ¢ to the previous judgment 241, the new information
the central bank receives in period ¢ about the realization of z;y,
in period t + 7. Hence, the judgment z;y,; in period t is the sum
of current and previous information about zy,. For horizons larger
than T, the central-bank judgment is constant and, without loss of
generality, equal to zero:

Ri4rt = 0 (7' > T) (15)
The dynamics of the deviation z; and the judgment z!*! can then
be written as
2t+41 2t €t
=A, + (16)
Lt A 1

where the (T + 1)nx x (T'+ 1)nx matrix A, is defined as

OnXXnX Inx OnXX(T—l)nX
Az = [0r— 1y xny 0=y xny  L(T—1)ny
OnXXnX OnxXTLX OnXX(Tfl)nX

where 0,;,x, and I,,, denote an m xn zero matrix and an nxn identity
matrix, respectively. Thus, the dynamics of the deviation and the
judgment have a convenient linear and recursive representation.

' Note that €’ = (g} 41,,&l42,4s -, €1+7,)  here denotes a random vector re-

alized in the beginning of period ¢ and not the projection in period ¢ of the
random variables €i4+1, €142, ...,6t4+7. That projection is always zero under the
above assumption of €' being a zero-mean iid random variable.
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The modeling of the dynamics of the deviation, z;, and the addi-
tive judgment, 2!, in (16) allows for a relatively flexible accumulation
of information about future deviations. Whereas the stochastic pro-
cess for the deviation is not a simple Markov process in terms of
itself, but a finite-order moving-average process, it can be written
as a higher-dimensional AR(1) process. The restriction imposed is
that the innovation is zero-mean and iid across periods. There is no
restriction of the variance and covariance of the elements of &; within
the period. It follows that, for instance, €;4-; may have a variance
that is decreasing in 7, corresponding to a situation where there is
less information about the mean projection of deviations further into
the future; by assumption, there is no specific information about the
deviation for 7 > 7. For given t, there may be serial correlation
of €44+ across 7, corresponding to new information about serially
correlated future deviations.

1.3 Representing Optimal Policy Projections

Without the judgment terms (or, alternatively, with the deviation
being an iid zero-mean process or an autoregressive process with
iid shocks), the above infinite-horizon linear-quadratic problem with
forward-looking variables is a well-known problem, examined and
solved in Backus and Driffill (1986), Currie and Levine (1993), and
Soderlind (1999). The traditional way to find a solution to this prob-
lem is to derive the first-order conditions for an optimum and com-
bine the first-order conditions with the model (1) to form a system of
difference equations with an infinite horizon. The solution can then
also be expressed as a difference equation. Furthermore, Marcet and
Marimon (1998) have shown a new practical way of reformulating
the problem with forward-looking variables as a recursive saddle-
point problem (see appendix D).

A new element here is the solution with the judgment. For the
case when the deviation is a finite-order moving average, the dy-
namics of the deviation and the judgment, (16), can be incorporated
with (1), the vector of predetermined variables can be expanded to
include 2!, and the standard solution can be applied directly.!” The
details for this case are provided in appendices C and D. When the

17 Since z; is incorporated in X;, one does not need to add z; as a separate
predetermined variable.
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judgment is a realization of an infinite-dimensional random vector,
the standard solution has to be modified to take that into account.
The details of that solution in the form of a difference equation are
explained in appendices A and B. Here I shall first report the solu-
tion in the form of an infinite-horizon difference equation and later
develop a very convenient finite-horizon version of the model.

Under the assumption of optimization under commitment, one
way to describe the optimal policy projection is by the following
difference equations,

. T Xt+T,t
Tt4r,t
= F Zt+T’t ) (17)
U+t _
- Stdr—1,t
% T Xt+r,t
t+1+1,t
= M| pt+rt (18)
STt _
- Str—1,t

for 7 > 0, where Xt,t = X;¢. When the deviation is a finite-order mov-
ing average and the judgment is finite-dimensional, z*7¢ denotes the
Tn x-vector (z£+7+17t,z2+7+27t, ...,z£+T+T’t)’, where 244+ = 0 for
j-+7 > T. When the judgment is infinite-dimensional, z**7 denotes
the infinite-dimensional vector (2, .1 2j4r 94, ---)- In the former
case, I' and M are finite-dimensional matrices. In the latter case, F'
and M include a linear operator R on 2™ (an infinite-dimensional
matrix) of the form > 2% Rjz¢+ 14454, where {R;}32, is a sequence
of matrices. The matrices F', M, and {Rj}?io depend on A, B, C,
D, W, and 4, but they are independent of the second and higher
moments of the deviation. The nx-vector =y, consists of the La-
grange multipliers of the lower block of (8), the block determining
the projection of the forward-looking variables.

As discussed in appendix A, the value of the initial Lagrange
multiplier, Z;_14, is zero, if there is commitment from scratch in
period t—that is, disregarding any previous commitments. This re-
flects a time-consistency problem when there is reoptimization and
recommitment in later periods, as is inherently the case in practi-
cal monetary policy. Instead, I assume that the optimization is under
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commitment in a timeless perspective. Then, if the optimization, and
reoptimization, under commitment in a timeless perspective started
in an earlier period and has occurred since then, the initial value of
the Lagrange multiplier satisfies

Sttt = Zi-1,0-1 (19)

where Z;_1;—1 denotes the Lagrange multiplier of the lower block of
(8) for the determination of x¢_;;—; in the decision problem in pe-
riod t — 1. The dependence of the optimal policy projection in period
t on this Lagrange multiplier from the decision problem in the previ-
ous period makes the optimal policy projection depend on previous
projections and illustrates the history dependence of optimal policy
under commitment in a forward-looking model shown in Backus and
Driffill (1986) and Currie and Levine (1993) and especially examined
and emphasized in Woodford (2003b).

It follows from (17)—(19) and (11) that the optimal policy pro-
jection of the states of the economy, the target variables, and the
instruments will be linear functions of X, 2!, and E¢—1,t—1, which
can be written in a compact way as

Xy Xy
st =H 2t , Y'=DH 2t ;
Et1,-1 Et1,-1
Xy
it = H; Pl (20)
Ht—1,t-1

where H is an appropriately formed infinite-dimensional matrix and
H; is an infinite-dimensional submatrix of H consisting of the rows
corresponding to the instruments. In particular, the instrument set-
ting in period t will be given by

Xt

Zt1t-1
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where the finite- or infinite-dimensional matrix h consists of the n;
first rows of the matrix H,.

As explained in Svensson and Woodford (2005), a simple way of
imposing the timeless perspective is to add a term to the intertem-
poral loss function (12),

ﬁ(Yt) + Et,l’t,1%0xt7t. (22)
In the policy problem in period ¢t — 1, E;_1;—1C can be interpreted
as the marginal loss in period ¢ — 1 of a change in the one-period-
ahead projection of the forward-looking variables, x;;—1. The time-
consistency problem arises from disregarding that marginal loss in
the policy problem in period t. Adding the corresponding term to
the loss function in period ¢ as in (22) handles the time-consistency
problem, and the optimal policy under commitment in the timeless
perspective will result from minimizing (22) subject to (8)—(10) for
given Xy, 2¢, and Et_17t_1.18 Since x4 is an element of the projection
st, the optimal policy projection &' is then defined as

- 1
§t = arg min {E(Dst) +E2i-14-1-Cz¢ t} (23)
steS; ’ 4 7

for given Xy, 2!, and 1,1
From (18) it follows that the Lagrange multiplier Z; ¢, to be used
in the decision problem in period t 4 1, will be given by

Xy
Eir = Hs ot (24)
Hio1,-1

where H= is a finite- or infinite-dimensional matrix.

8 Alternatively, as discussed in Giannoni and Woodford (2002) and Svensson
and Woodford (2005), one can impose the constraint

X

t

Tt — F, z

St—1,t—1

where F in (17) is suitably partitioned. In the present context, it is more practical
to add the term to the intertemporal loss function as in (22).
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Let the set of feasible target-variable projections in period t, ),
be defined as the set of target-variable projections satisfying (11)
for projections s' in the set S; for given X; and z’. In the special
case where the forward-looking variables, z;, happen to be target
variables and elements in Y}, so x; is an element of Yt the optimal
target-variable projection, Yt can be defined as the target-variable
projection Y that minimizes (22) on the set ), for given Xy, 2%, and
St—1,t—1,

. 1
yi= in LYY +E5,_1,.1-C .

However, in the more general case when some or all forward-looking
variables are not target variables, z;+ is not an element of Y, and
the optimal policy projection has to be found by optimization over
the set S, as in (23).

1.4 Backward-Looking Model

In a backward-looking model, there are no forward-looking variables:
ng = 0. There is no lower block in (1) and (8), and there are no
forward-looking variables in (5) and (9). There are no projections
of forward-looking variables and Lagrange multipliers in (17), (18),
(20), and (21). There is no time-consistency problem and no need to
consider commitment in a timeless perspective.

Hence, for a backward-looking model, the optimal target-variable
projection can always be found by minimizing (12) over the set of
feasible target-variable projections,

vt = in £(Y*
arg min L(Y"),

for given X; and 2%
1.5 The Compler Reduced-Form Reaction Function Need Not
Be Made Ezxplicit

The compact notation for the determination of the period-t instru-
ment i; in (21) and the Lagrange multiplier Z;; in (24) may have
given the impression that optimal monetary policy is just a matter
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of calculating the finite- or infinite-dimensional matrices h and Hz
once and for all; then, in each period, first observe X;, form 2!, and
recall Z;_1 ;1 from last period’s decision; then simply compute, an-
nounce, and implement i; from (21); and finally compute Z;; to be
used in next period’s decision.

This is a misleading impression, though. First, h and Hz are
indeed high- or infinite-dimensional and therefore difficult to grasp
and interpret. Second, z' is also high- or infinite-dimensional. It is
difficult to conceive of policymakers or even staff pondering pages
and pages, or computer screens and computer screens, of huge arrays
of numbers in small print, arguing and debating about adjustments
of the numbers of 2, such as the numbers in rows 220-250 and 335
385. Third, no central bank (certainly no central bank that I have
any more thorough information about) behaves in that way, and is
ever likely to behave that way. Instead, the practical presentation
of information and options to policymakers is always in the form of
multiple graphs, modest-size tables, and modest amounts of text.

Fourth, the intertemporal loss function £(Y?) has the projections
of the target variables as its argument. What matters for the con-
struction of the target variables is the whole projection path of the
instruments, not the current instrument setting. The obvious con-
clusion is that the relevant objects of importance in the decision
process are the whole projection paths of the target variables and
the instruments, not the current instrument setting or projections of
the target variables at some fixed horizon. These projection paths
are most conveniently illustrated as graphs. Indeed, graphs of pro-
jections are prominent in the existing monetary policy reports where
projections are reported. The analytical techniques discussed in this
paper should predominantly be seen as techniques for computer-
generated graphs of whole projection paths. Pondering such graphs
is an essential part of the monetary policy decision process. Impor-
tantly, policymakers need not know the underlying detailed high-
or infinite-dimensional matrices behind the construction of those
graphs. Therefore, the complex reduced-form reaction functions em-
bedded in these matrices need not be made explicit.

Fifth, in the discussion in section 1.1, there was no reference to
the reaction function, only to the optimal policy projection. Given
X, and 44, the private sector needs to be able to form the expectations
Ty4q)¢ in order to make decisions in period ¢. The minimum for this
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is the central bank’s announcement of ;11 ;. In order to make that
announcement credible, the central bank may have to announce the
complete optimal policy projection and motivate its judgment. But it
does not need to announce any reaction function. In principle, given
the reaction function, the private sector could combine the reaction
function with the model and solve for the optimal policy projection,
but that is an overwhelmingly complicated and roundabout way.

2. A Finite-Horizon Projection Model

Regardless of whether the judgment is finite- or infinite-dimensional
(that is, whether [15] holds or not), the problem of minimizing the
intertemporal loss function is an infinite-horizon problem. From a
practical and computational point of view, it is convenient to trans-
form the infinite-horizon policy problem above to a finite-horizon
one. When the judgment satisfies (15), this can be done in a simple
and approximate, but arbitrarily close to exact, way for the forward-
looking model, and in a simple and exact way for the backward-
looking model. The finite-horizon model also makes it very easy to in-
corporate any arbitrary constraints on the projections—for instance,
a particular form of the instrument projection, such as a constant
instrument for some periods. Then, all the relevant projection paths
are computed in one simple step.

2.1 Forward-Looking Model

Suppose that the estimate of the deviation is constant beyond a fixed
horizon T'. Without loss of generality, assume that the constant is
zero.'? That is, I assume (15).

Start by writing the projection model (8) and (10) for 7 =
0,....,T—1 as

Xy = Xy, (25)

19 If the estimate of the deviation from horizon T on is constant but nonzero,
it can be incorporated among other constants in the model. If the estimate of
the deviation from horizon T on is not constant but follows an autoregressive
process (for instance, if it is assumed to gradually approach a constant), it can
be incorporated among the predetermined variables.
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- Xiar Zigr
Aspgg | ORI (r=0,...T—1) (26)

Criyri1y 0

where A is the (nx+ng)x (nx+ny+n;) matrix defined by A = [A B].
The first nx equations of the last block of nx + n, equations in (26)
determine Xy 7y for given Xyy7 14, Teyr—1,65 te4r-14, and 2414
The last n, equations of that block are

—An Xoyr—1 — Axiyr_1 — Batgyr—14 + Cayyry = 0.

They determine x; 71+ for given X; 71 ; and 44471, and, impor-
tantly, for given z;7;. A problem is that n, equations determining
Ti4r¢ are lacking. I will assume that x;y7; is determined by the
assumption that x4 741, is equal to its steady-state level. That is,
I assume that the optimal policy projection has the property that,
for (15), it approaches a steady state when T' — oo. This is true for
the models and loss functions considered here. Without loss of gen-
erality, I assume that the steady-state values for the forward-looking
variables are zero,

Tt4+TH1,t = 0. (27)

From this it follows that X; 74, 447, and 4447 must satisfy
—An Xii1t — ATt — Batgyry = 0, (28)

which gives me the desired n, equations for x4 1.

Let s', the projection of the states of the economy, now
denote the finite-dimensional (T + 1) X (nx + ng + n;)-vector
s = (84814100 -+ Styr) - Similarly, let all projections ¢* for
g = X, x, ¢+ and Y now denote the finite-dimensional vector
¢" = (@ 4> Q41,00 Ghyp,) - Finally, let z* be the Tnx-vector 2* =
(2410 220 -+ Zi4ry) (vecall that 2% does not include the compo-
nent z;).

The finite-horizon projection model for the projection of the
states of the economy, s’, then consists of (25), (26), and (28). It

can be written compactly as
Gs' = ¢ (29)

where G is the (T + 1)(nx + nz) X (T + 1)(nx + ng + n;) matrix
formed from the matrices on the left side of (25), (26), and (28), and
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gt is a (T + 1)(nx + ng)-vector formed from the right side of (25),
(26), and (28) as g* = (X{s 204160’ 2494, 05 oo 21y, 07, 07) (Where
zeros denote zero vectors of appropriate dimension).

Since Y! now denotes the finite-dimensional (T + 1)ny-vector
Vi= (Y, Y 0 Yy, T can write

Yt = Ds (30)

where D now denotes a finite-dimensional (T +1)ny x (T +1)(nx +
ng + n;) block-diagonal matrix with the matrix D in each diagonal
block.

The set of feasible projections, S;, is then defined as the finite-
dimensional set of s* that satisfy (29) and (30) for a given g'—that
is, for a given X; and 2’

It remains to specify the intertemporal loss function in the
forward-looking model in the finite-horizon case. In the forward-
looking model, under assumption (15), the minimum loss from the
horizon T'+1 on depends on the projection of the predetermined vari-
ables for period t + 7T + 1, Xy, 741+, and the Lagrange multipliers
Ei+7,t according to the quadratic form

15T+1[ ) = v X411t
9 T+t =Tt -
STt

where V' is a symmetric positive semidefinite matrix that depends
on the matrices A, B, C, D, and W and the discount factor § (see
appendix A). It follows from (18) and (15) that this quadratic form
can be written as a function Xy 7; and E4 71, as?0

Xyrt

M'VM (31)

1
_ T+1 / =/
2 5 [Xt+T,t _‘t+T*1,t]

ST —1,t

In principle, I could use (18) to keep track of Z;17_1 ;. However,
a simpler way is to extend the horizon T so far that X; r; and
Hi+1r—1, are arbitrarily close to their steady-state levels. Without
loss of generality, I assume that the steady-state levels are zero, in

20 The matrix M appearing in (31) is the matrix M in (18) with the columns
corresponding to z' deleted.
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which case the above quadratic form is zero, and the loss from hori-
zon T' can be disregarded. Checking that X7 is close to zero is
straightforward; I will show a practical way to check that = 7_q;
is also close to zero.?!

Under this assumption, it follows from (9), (12), and (30) that
the intertemporal loss function can be written as a function of s’ as
the finite-dimensional quadratic form

l t/Q t

s" Qs (32)
2
where  is a symmetric positive semidefinite block-diagonal (7" +
1)(nx + ny + n;) matrix with its (7 4+ 1)-th diagonal block being
0"D'WD for 0 < 7 < T. However, in order to impose the timeless
perspective, as explained in section 1.3, I need to add the term

Et—l,t—%cwt,t

to the loss function, where Z;_1 ;1 is the relevant Lagrange multi-
plier from the policy problem in period ¢t—1. This term can be written
w,_s', with the appropriate definition of the (T + 1)(nx +ng + n;)-
vector w1 as wy—1 = (0,0, (Et,lyt,l%C)’, 0',...,0") (where the ze-
ros denote zero vectors of appropriate dimension). Thus, the in-
tertemporal loss function with the added term is

14

ist Qs' + w5t (33)
Then, the policy problem is to find the optimal policy projec-

tion §' that minimizes (33) subject to (29). The Lagrangian for this

problem is

1 / ’
§st Qs' +w)_15: + A" (Gs' — ¢) (34)

where A? is the (T + 1)(nx + n,)-vector of Lagrange multipliers of
(29). The first-order condition is

s'Q+w  +A'G=0.

21 Appendix E presents an iterative numerical procedure that will provide a
projection arbitrarily close to the optimal policy projection without requiring
such a long horizon that X¢y7: and E;47-1,; are close to their steady-state
levels.
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Combining this with (29) gives the linear equation system

G 0 st _ gt (35)
Q | |A —wia |

The optimal policy projection §' and Lagrange multiplier A’ are
then given by the simple matrix inversion®?
t - t
K G 0
_ 7. (36)
At Q G — Wi—1

The optimal target-variable projection then follows from (30). The
optimal policy projection is a linear function of Xy, 2!, and Z;_1,_1,
and it can be written compactly as in section 1.3:

Xt Xt
d=H| , Yt=DH | .t ,
Etfl,tfl Etfl,tfl
Xt
i =H; 2t ;
Zto1t-1

except that the matrices H and H; and the vector 2! now are finite-
dimensional. The matrices can be directly extracted from (36). The
period-t instrument setting can be written

X
it = it,t =h zt (37)
Zt1t-1

where the finite-dimensional matrix h consists of the first n; rows
of the matrix H;. Under assumption (15) and a sufficiently long

22 Numerically, it is faster to solve the system of linear equations (35) by other
methods than first inverting the left-side matrix (see Judd 1998).
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horizon T, the finite-horizon projections here are arbitrary close to
the optimal infinite-horizon policy projections for 7 = 0,...,7T in
section 1.3.

The Lagrange multiplier A’ can be written A* = (%g;t, b1t St
0811245 01 g5 oons 5T52+T7t, 5TEQ+T71¢)', where &, , is the vector of
Lagrange multipliers for the block of equations in (25), (26), and (28)
determining X, ; and =41, is the vector of Lagrange multipliers
for the block of equations determining x¢;r_1 . Hence, extraction
of Zp4r—14 from A® allows me to check that the assumption made
above of ;71 being close to zero is satisfied. If the assumption
is not satisfied, the horizon T' can be extended until the assumption
is satisfied.?> Furthermore, Et+ can be extracted from Al in order
to form the vector w; to be used in the loss function for the policy
problem in period ¢t + 1, to ensure the timeless perspective. The
Lagrange multiplier needed in the loss function in period ¢ + 1, Z;,
can be written

Xy
Eir = H= 2t (38)

Hio1,-1

where the finite-dimensional matrix Hz can be extracted from (36).

Again, as noted above in section 1.3, in spite of the compact
notation for the instrument i; and Lagrange multiplier =;; in (37)
and (38), these analytical techniques should predominantly be seen
as techniques for computer-generated graphs to be pondered by
the policymakers, and the matrices never need be made explicit to
the policymakers. Although the matrices are now formally finite-
dimensional, they are still high-dimensional and somewhat difficult
to interpret.

2.2  Backward-Looking Model

Make the same assumption (15) as for the forward-looking model.
The projection in period t of the state of the economy in period t+7,
St1rt, is now defined as the (nx 4n;)-vector sy 7 = (X4 s 4,044 r4)

23 In practice, the horizon T is extended until the optimal projection & is
insensitive to variations in 7.
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for 7 > 0, in which case I can write, for the backward-looking model,

Xipri1t = Aspry (7 2>1T). (39)

The projection model with horizon T' can now be written
Xt = Xt, (40)
— Aspirt + Xipr i1t = Zt4riis 0<7<T-1) (41)

where X; and 2! are given. The projection of the state of the economy,
st,is now a (T + 1)(nx + n;)-vector. Then the projection model can
be written as (29), where G is a (T'+1)nx x (T'+1)(nx +n;) matrix
formed from the left side of (40) and (41), and g* is a (T+1)n x-vector
formed from the right side of (40) and (41) as ¢* = (X], 2"')".

It is a standard result for a linear-quadratic backward-looking
model that the minimum loss from the horizon T+ 1 on depends on
the projection of the predetermined variables for period t + T + 1,
Xi4+7+1,¢, according to the quadratic form

1
§6T+1X£+T+LtVXt+T+1,t (42)

where V' is a symmetric positive semidefinite matrix that depends
on the matrices A, B, D, and W and the discount factor § (see
appendix A). I could now (as for the forward-looking model) assume
that the predetermined variables approach a steady-state level for
large T', without loss of generality assume that the steady-state level
is zero, and extend the horizon T so far that the predetermined
variables are arbitrarily close to zero and the loss from period T on
is arbitrarily close to zero. I could then form the finite-horizon loss
function as for the forward-looking model, and this together with
(40) and (41) would form the finite-horizon model, which would be
an arbitrarily close approximation to the infinite-horizon model for
sufficiently large T.

However, the absence of the time-consistency problem and the
need to keep track of the Lagrange multiplier Z;,7_; ; allows a simple
approach, which is exact also for small 7', as long as assumption (15)
holds for that 7. I follow this approach here.

From (39) it follows that the quadratic form (42) can be written
as a function of s, 7 as

1 ~ ~
§5T+1 5;+T7tA,VA5t+T,t .
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The finite-horizon intertemporal loss function can then be written
1 1
5 Z 5T82+T7tD/WDSt+T7t + §6T+18;+T7tA/VASt+T7t.
7=0

The intertemporal loss function can now be written more compactly
as the quadratic form (32), where Q now is a symmetric positive-
semidefinite block-diagonal (T'+1)(nx +n;)-matrix, whose (7+1)-th
diagonal block is " D'W D for 0 < 7 < T — 1 and whose (T + 1)-th
diagonal block now is 67 (D'W D + A’V A). Thus, it differs from the
matrix §2 for the forward-looking model by the addition of that last
term, %5A’Vfl.

The finite-horizon policy problem is now to find the optimal
policy projection ' that minimizes (32) subject to (29), for given
g', that is, for given X; and zt. The corresponding optimal target-
variable projection Y then follows from (30).

The Lagrangian for this problem is

1 ’ ’
§8t Qs' + AV (Gs' — ¢)

where A! is a vector of Lagrange multipliers for (29). The first-order
condition is

s'Q 4+ A'G =0.
Combining this with (29) gives the linear equation system
G 0 st gt
QO G| A 0

The optimal policy projection &' is then given by the simple ma-

trix inversion,
-1

st G 0 t
- ap (43)
A Q G 0
The optimal target-variable projection then follows from (30).
The optimal policy projection is obviously a linear function of X
and 2!, and I can write
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where the finite-dimensional matrices H and H; can be extracted
from (43). The instrument setting for period ¢ can be written

. Xi
1t = Zt,t = h (44)
Zt

where the finite-dimensional matrix A consists of the first n; rows of
the matrix H;.

2.3 Other Considerations

A finite-horizon projection model has several advantages. One is that
it is very easy to incorporate any restrictions on the projections. Any
equality restriction on Xt 2f, i*, or Y can be written

Rs' =3 (45)

where the number of rows of the matrix R and the dimension of
the given vector 5° equal the number of restrictions. This makes it
easy to incorporate any restriction on the instrument projection—
for instance, a restriction that it shall be constant or of a particular
shape for some periods.

Transforming the model into a finite system of equations may
be particularly practical from a computational point of view for a
nonlinear model. It may then also be easy to handle commitment in
a timeless perspective for a nonlinear model.

3. Monetary Policy Without Judgment

Modern monetary policy inherently relies, to a large extent, on judg-
ment. Previous sections of this paper have attempted to model this
dependence on judgment in a simple but specific way. This section
attempts to specify monetary policy without judgment, in order to
compare monetary policy with and without judgment.

There are several alternatives in modeling monetary policy with-
out judgment. Above, monetary policy with judgment has been mod-
eled as forecast targeting, finding an instrument projection such that
the corresponding projection of the target variables minimizes a loss
function. This procedure uses all information available to the central
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bank, including central-bank judgment. This results in a complex
reduced-form reaction function, which fortunately never needs to be
made explicit. When modeling monetary policy without judgment,
however, the most obvious route is to consider monetary policy as
a more mechanical process—a commitment to a particular reaction
function, a commitment to a particular instrument rule.?*

Instrument rules can be divided into two categories: explicit in-
strument rules and implicit instrument rules (Svensson and Wood-
ford 2005; Svensson 2003). An explicit instrument rule is a reaction
function where the instrument responds to predetermined variables
only. Its implementation then consists of the central bank observ-
ing the predetermined variables in the beginning of the period, and
then calculating, announcing, and setting the instrument according
to this instrument rule. The implementation obviously requires that
the relevant predetermined variables must be observed by the central
bank, but since the predetermined variables in a particular period
are independent of the instrument setting in that period, no fur-
ther complications arise. An #mplicit instrument rule is a relation
between the current instrument and some of the current forward-
looking variables. Then, since the forward-looking variables depend
on the instrument setting, the instrument and the forward-looking
variables are simultaneously determined. Thus, an implicit instru-
ment rule is actually an equilibrium condition, a relation that holds
in equilibrium. The implementation of an implicit instrument rule
(that is, how to get to the desired equilibrium) is not trivial but a
complex issue. This fact has largely been overlooked in the literature,
except, for instance, in Svensson and Woodford (2005) and Svensson
(2003).

Here, I shall discuss how monetary policy without judgment can
be modeled as a commitment to an instrument rule—either an ex-
plicit instrument rule or an implicit instrument rule—with some dis-
cussion of the implementation of the latter. I will start from the
reduced-form reaction function for the instrument setting that fol-
lows from the forecast targeting modeled above. For simplicity, I
now consider the realistic case when there is only one instrument,
the instrument rate, so n; = 1.

24 This is an approach that a large part of the literature has taken—for instance,
most papers in the conference volume Taylor (1999). The approach is criticized
in Svensson (2003) and (2004).
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3.1 Ezplicit Instrument Rules

The construction of the optimal instrument projection, 2, in the
forward-looking model results in an optimal reduced-form reaction
function for the current instrument setting, (37) (or [21]), which is
repeated here as

it = hxXi +ho2' + heSi_141 (46)

where the row vector h is partitioned conformably with X;, 2, and
Ei_1t—1as h=[hx h, hz] (hisnow arow vector, since n; = 1). The
optimal reaction function implies a particular instrument response to
the predetermined variables, X;; the judgment, z*; and the Lagrange
multiplier for the equations for x;_1;—1 in the policy problem in
period t — 1, E;_14—1. The discussion here refers to the forward-
looking model; for the backward-looking model, I can simply delete
the term hEEt—l,t—l-

I want to model the central bank setting its instrument in a me-
chanical way, via a commitment to a particular instrument rule, while
disregarding judgment. Considering (46) as a potential instrument
rule, it is natural that disregarding judgment means that the central
bank behaves as if it believes that 2z = 0 and hence disregards the
judgment term in (46), h,zt. Thus, monetary policy without judgment
1s modeled as the central bank erroneously believing that the expected
future deviations equal zero—for instance, the central bank believing
that z; is a zero-mean iid process. A first possibility is then that the
central bank also disregards the term with the Lagrange multiplier
from the previous policy problem. For one thing, if the central bank
did set the instrument mechanically in period ¢t — 1 rather than by
explicit optimization, it may not be aware of the Lagrange multiplier
and its value. This leaves responding to the current predetermined
variables only,

iy = hx X;. (47)

Such a policy would be inefficient for two reasons, even if the
response coefficients to X; are those of the optimal reaction func-
tion (46). First, it disregards judgment, the term h,z!. Second, it
also disregards the response to lagged predetermined variables im-
plied by the response to the Lagrange multiplier, =;_1;_1, as indi-
cated in (19). Indeed, optimization under discretion would result in a
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reduced-form reaction function where the instrument responds only
to the current predetermined variables.?

The response to the Lagrange multipliers in (46) implies a re-
sponse to lagged predetermined variables. Disregarding judgment,
the Lagrange multiplier in (38) (or [24]) follows

Hic1p-1 = HzxXi 1+ H=sEi 249

0 .
= ZH%:HEXXt—l—j
=0

where H= is partitioned conformably with X;, 2!, and Zi—1,¢-1 as
H= = [H=x H=. H=zz]. A second possibility for policy disregarding
judgment is then that the policy responds with the optimal coeffi-
cients hz to these lagged predetermined variables, resulting in the
reaction function

00
i = hxXt + hE Z HéEHEXXt—l—j- (48)
j=0

This would seem to be an instrument rule corresponding to a rather
sophisticated policy, commitment to the reaction function resulting
from optimal policy under commitment in a timeless perspective,
while disregarding judgment.?5

25 The resulting reduced-form reaction function resulting from optimization
under discretion would have different coefficients than the optimal hx. Because
of this, and because of the missing response to lagged predetermined variables,
the response is suboptimal and results in so-called stabilization bias relative to
the commitment policy (Svensson and Woodford 2005).

Given a particular restricted class of instrument rules—for instance, simple
instrument rules with only a few arguments—one can find the optimal instrument
rule in that restricted class (see appendix G). The optimal instrument rule in a
restricted class will depend on the stochastic properties of the disturbances to
the economy. Many papers of Taylor (1999) provide examples of such optimal
restricted instrument rules.

26 Note that only if hz is invertible can this be written on the “instrument
smoothing” form

it = hxX:+hs=H=xXi_1 +h5H55h;1hEZHéEHEXXt71—j

j=0
= hxXi+h=H=xXi—1+ hEHEEhgl(it—l —hxXi_1)
hx Xi + h=(Hzx — Hzzhz'hx)Xi—1 + heHz=zhz ;1.
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3.2 Implicit Instrument Rules

Another apparent possibility would be an implicit instrument rule,
where the instrument responds to the forward-looking variables, x;.
This might seem advantageous, since, in a rational-expectations equi-
librium, the forward-looking variables might be affected by private-
sector expectations of future deviations. Then, by responding to
forward-looking variables, the central bank might indirectly take
judgment into account—although, in this case, private-sector judg-
ment. Thus, one might want to consider an ad hoc implicit instru-
ment rule of the form

it = fxXi+ famy (49)

where fx and f, are row vectors of given response coefficients.

As mentioned above, however, there is a specific problem with
the central bank responding to forward-looking variables, something
largely overlooked in the literature (except, for instance, Svensson
and Woodford 2005 and Svensson 2003). Since the forward-looking
variables depend on the central bank’s instrument setting, a simul-
taneity problem arises. The central bank cannot observe the forward-
looking variables before it sets the instrument, and the private sec-
tor needs to observe the instrument setting before it determines the
forward-looking variables. A relation such as (49) is actually an equi-
librium condition, where i; and x; are simultaneously determined.
The implementation of such an equilibrium condition is not straight-
forward.

A sophisticated way to implement (49) is for the central bank to
construct projections (X%, zt,i') that satisfy (49). The central bank
can amend the relation

btrrt = [xXivrt + foZiqri (50)

for 7 > 0 to its projection model (29) (or [28]). It can then solve
for the projection (X1, 7t,7') for given Xy, disregarding the judgment
(setting z¢1,¢ = 0 for 7 > 1). These projections will by construction

If there is only one instrument, hz is invertible only if Z;_1 ;1 is a scalar—that
is, if there is only one forward-looking variable. The point is that the optimal
reaction function under commitment usually cannot be written as an instrument
rule involving current predetermined variable and the lagged instrument, unless
it—1 happens to be one of the predetermined variables.
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satisfy (50). The corresponding instrument setting, i; = %, will then
be a linear function of X,

it - ]?XXt' (51)

The central bank can then set this instrument level according to the
reduced-form reaction function (51).%7

However, if the private sector understands that the central bank
is effectively implementing the reaction function (51); has rational
expectations of future variables; and, in particular, has expecta-
tions of future nonzero deviations, 2, ,; # 0 (7 > 1); the resulting
market-determined forward-looking variables, x;, will deviate from
the central-bank projection, Z; ;. Thus, although the instrument set-
ting will satisfy

i = fxXe + foZes

for the central-bank projection Z;;, it will not satisfy (49) for the
market-determined forward-looking variables x;.

For relation (49) to be satisfied for the market-determined
forward-looking variables, the central bank has to amend the re-
lation (50) for 7 > 0 to its production model (29) (or [28]) and solve

27 In the context of the finite-horizon projection model, relation (50) can be
written as (T + 1)n; equations,
Rs' =0,
where R is an (T + 1)n; x (T + 1)(nx + ne + n;) matrix. Combining these with
(29) for z* = 0 gives an equation system

i8]

where §' is the (T +1)(nx +n,)-vector (X;,0")’. Under the assumption that the
matrix on the left side has full rank, s’ is given by

B

Tt = Heo Xy

This results in

where the matrix H,o can be extracted from the right side of (52) and

e = [x Xt + foZer = (fx + fzﬁIO)Xt = fx X
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for the projection (Xt xt, at) for given Xy, taking the judgment into
account.?® This results in
Tt = FI&:XOXt + ﬁmzozt
= fXXt + fzxt,t = (fX + foxXO)Xt + f:cszOZt
= fxXi+ fzzt-

gy

Thus, the resulting reduced-form reaction function is
it = fxXi + f.2".

If the private sector understands that this is the reaction function fol-
lowed by the central bank and has rational expectations correspond-
ing to the same judgment, the market-determined forward-looking
variables, x;, will equal the central-bank projection, x;;, and the
relation (49) will be satisfied in equilibrium.

This is, of course, an example of a central bank explicitly taking
judgment into account, not an example of a central bank disregard-
ing judgment. But instead of finding the optimal policy projection,
(X t,ﬁ:t,it,)}t), that minimizes its loss function, it finds the projec-
tion (X!, 2%, 4t Y") that satisfies the ad hoc relation (49). Since the
latter is no easier than the former and, in particular, suboptimal,
this behavior seems a bit far-fetched.

Thus, I can model monetary policy without judgment as follow-
ing either the explicit instrument rule (47), where both judgment

A= 1)

where g is the (T + 1)(nx + ns)-vector (X{,z1:",0",2141.4,0, .0, 20 p4,0,0)
specified in section 2.1. Under the assumption that the matrix on the left side

has full rank, s is given by
B

[ [ t
Tt,t = HyxoX: + Hyz02

28 The equation system is then

This results in

where H,xo and H,.o can be extracted from the right side of (53) and

it,t - fXXf + fz‘xt,t = (fX + fI]::[’I‘O)Xf + fzﬁwzozt = fXXf + fzzt~
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and lagged predetermined variables are ignored, or the more sophis-
ticated explicit instrument rule (48), or perhaps some intermediate
case of (48) where the summation is over a finite past period. Us-
ing the implicit instrument rule (49) is somewhat problematic, since
its implementation is complex and open to alternative very different
interpretations, with very different resulting equilibria.

3.8  Taylor Rules

In the literature, a number of simple ad hoc instrument rules have
been used to discuss and evaluate monetary policy. The most com-
mon are variants of the Taylor rule.?? One variant of the Taylor rule
with instrument smoothing (meaning, in this context, a response to
the lagged instrument rate) is

iv = (1 — fi)(frme + fyye) + fite—

where 7; denotes a measure of the difference of inflation from a
given inflation target; y; denotes a measure of the output gap; f
and f, are given positive coefficients that can be interpreted as the
long-run response to inflation and the output gap, respectively; and
the coefficient f; satisfies 0 < f; < 1. If inflation and the output
gap are predetermined, this is an explicit instrument rule, and its
implementation only requires that the central bank can observe or
estimate current inflation and the output gap. If inflation and /or the
output gap are forward-looking variables, this is an implicit instru-
ment rule, where the instrument and the forward-looking variable
are simultaneously determined. As noted above, such an instrument
rule is somewhat problematic and its implementation may need to
be further specified.

One variant of the Taylor rule, a so-called forecast-based or
forward-looking Taylor rule, can be written

it = (1 - fi)[fﬂﬂ'tJrJ,t + fyytJrK,t] + fitr—1

where 74 7+ denotes a projection of the difference of inflation from
an inflation target at horizon J > 0 and y;4x; denotes a projection
of the output gap at horizon K > 0, where at least one of J or K is

29 Kozicki (1999) provides a discussion of the usefuleness of Taylor rules.
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positive. Such an instrument rule is an explicit or an implicit instru-
ment rule depending on how the projections are constructed. If the
projections are constructed with information that is predetermined
in period ¢, the projections are predetermined and the instrument
rule is explicit. If the projections are constructed with information
that includes simultaneously determined forward-looking variables,
the instrument rule is implicit and hence an equilibrium condition.
Again, the implementation of such an instrument rule is not trivial
and open to alternative interpretations.3%

4. Examples

In this section, I discuss examples of monetary policy with and with-
out judgment in two different empirical models of the U.S. economy:
a backward-looking model due to Rudebusch and Svensson (1999)
and a forward-looking model due to Lindé (2002).

4.1  Backward-Looking Model

The backward-looking empirical model of Rudebusch and Svensson
(1999) has two equations (with estimates rounded to two decimal
points):

Tt+1 = 0.70 Ty — 0.10 Ti—1 + 0.28 Ti—9 + 0.12 T¢—3 + 0.14 Yt + 2 t+1

(54)

1 ) 1
Y1 = 1.16 Yt — 0.25 Yt—1 — 0.10 (ZZ?:OZt_j — 12?207&_]‘> + Zyt+1-
(55)

The period is a quarter, m is quarterly gross domestic product in-
flation measured in percentage points at an annual rate, y; is the
output gap measured in percentage points, and ¢; is the quarterly
average of the federal funds rate, measured in percentage points at
an annual rate. All variables are measured as differences from their
means, their steady-state levels. The deviations zr ;41 and zy ;41 for
inflation and the output gap have been substituted for the shocks

30 Svensson (2001c) discusses additional serious problems with forecast-based
instrument rules.
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of the original Rudebusch-Svensson model. The predetermined vari-
ables are (¢, Tp_1, Tt—2 Tt—2, Yt, Yt—1, 91, 9—2,1t—3). See appendix H
for details.

The target variables are inflation, the output gap, and the first-
difference of the federal funds rate. The period loss function is

L, = [W? + MyZ + v(ip — it—l)z] (56)

1
2
where 7; is measured as the difference from the inflation target,
which is equal to the steady-state level. The discount factor, §, and
the relative weights on the output-gap stabilization, A\, and interest-
rate smoothing, v, are set so 6 =1, A=1, and v = 0.2.

Let me emphasize that there may be considerable uncertainty
about the future deviations, ¢!, in this case {&r 47, 2y, p4r 152 Con-
sider a simple case, when the distribution ®; is such that there is
uncertainty only about z; ;1 and only for a finite number of quar-
ters, 1 < 7 < T. Then, I can take ¢! to be the random T-vector
¢t = (Zr 4415 -y Zrt4+1). Suppose furthermore that there are only
four possible events with realizations ¢*(j) (j = 1,2,3,4), and that
these are as follows:

1. With probability 0.4, ¢/(1) = (0,0, ...)’, no deviation.

2. With probability 0.3, ¢*(2) = (0,1.0,1.0,0.0,0.0,0,...)", a short
sequence of large “cost-push” shocks.

3. With probability 0.2, ¢/(3) = (0,0.2,0.2,0.2,0.2,0,...)’, a long
sequence of small cost-push shocks.

4. With probability 0.1, ¢*(4) = (0,1.0,1.0,1.0,1.0,0,...)’, a long
sequence of large cost-push shocks.

The resulting judgment is the mean of the future deviations, the
T-vector 2! = 0.4¢'(1) + 03¢ (2) + 0.2¢(3) + 0.1¢(4) =
(0,0.44,0.44,0.14,0.14,0, ...)".

Note that the same judgment arises if the probabilities are the
same for the four events but the first event is that all components
7 =1,...T of ¢! have independent uniform distributions between
—1 and 1; the second event is that all components have the same
distributions as for the first event except that components 7 = 2
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Figure 1. Monetary Policy with and without Judgment:
Backward-Looking Model
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and 3 have independent uniform distributions between 0 and 2; the
third event is that all components have the same distributions as
for the first event except that components 7 = 2, 3, 4, and 5 have
independent uniform distributions between —0.8 and 1.2; and the
fourth event is that all components have the same distribution as
for the first event except that component 7 = 2, 3, 4, and 5 have
independent uniform distributions between 0 and 2. Thus, behind a
given judgment vector can be a distribution ®; involving considerable
uncertainty. Still, only the mean of that distribution matters.
Figure 1 shows a situation where the predetermined variables,
inflation and the output gap, and the deviations are assumed to
have been equal to their steady-state levels, zero, up to quarter 0.
Furthermore, in previous quarters, the central bank’s judgment, ¢
(t < 0), has been zero: The central bank’s expected future inflation
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and output-gap deviations have been zero (although possibly with
large variances).

In panel a, the central bank’s judgment in quarter 0, z°, changes
from that in previous quarters, such that the central bank’s expected
inflation deviation equals 1 percentage point for quarter 6, whereas
it is still zero in all other quarters; the expected output-gap devia-
tion is still zero for all quarters.3! Again, behind these means may
be a distribution ®( corresponding to considerable uncertainty. The
expected inflation deviation, denoted z,, is marked by circles with
no connecting line. The panel shows the optimal policy projection
in quarter 0, (7%,9°,i% %), of inflation, 7 (the dashed line); the out-
put gap, y (the dashed dotted line); the instrument rate, ¢ (the solid
line); and the short real interest rate,  (the dotted line).3?

Panel a has two main interpretations. The first interpretation is
that the panel just shows the judgment 2° and the optimal policy
projection (7%, 7°,i% #0) in quarter ¢ = 0 for the future quarters
7 > 1 and thereby the realization of zq, 7o, Yo, 20, and 7y in quarter 0.
Conditional on the actual realization of 71 and y; (in turn, depending
on the realization of z;1 and z,1) and the realization of 2% in quarter
t = 1, a new optimal policy projection (71, 7', ", 7°) has to be plotted
in quarter 1 for future quarters 7 > 2), and so forth for t = 2, 3, ...

The second interpretation is that the panel shows the probability-
zero event that the future realizations of the random deviation z;
for t > 1 are exactly equal to the judgment 2° in quarter 0. That
is, the realizations of z;; for ¢t > 1 are zero, except in quarter 6
when it is 1 percentage point, and the realizations of z,; for ¢ > 1
are all zero. In this interpretation, the panel also shows the opti-
mal policy projection (ﬁt,y]t,it,f’t) for each quarter ¢ > 1. These
optimal policy projections are then simply the continuation of the
optimal policy projection of the previous quarter. Furthermore, the
actual future realization of inflation, the output gap, the instrument
rate, and the real interest rate are then equal to the previous optimal
policy projections.

Thus, in the first interpretation, panel a just shows a particular
realization of the judgment 2° and the corresponding optimal pol-
icy projection (7 0 49,49, 7). In the second interpretation, panel a in

31 In terms of the modeling of the deviation as a moving average process in
section 1.2, panel a shows the impulse response to €.
32 The short real interest rate is defined as r, = 4, — Tyt1t-
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addition shows a time series of a particular realization of the future
deviation—namely the realization that is exactly equal to the judg-
ment in quarter 0—as well as the resulting realizations over time
of inflation, the output gap, the instrument rate, and the real in-
terest rate. Clearly, the probability of the future realizations of the
deviation being exactly equal to the previous judgment is generally
Z€ro.

Panel a shows that when the central bank expects a 1 percent-
age point inflation deviation in quarter 6, it chooses an optimal
instrument-rate projection such that the instrument rate is raised
to about 1 percentage point during the first few quarters and then
gradually lowered back to its steady-state level. As a result, the pro-
jected output gap gradually falls to about —0.5 percentage points
in quarter 7 and then very gradually rises back towards zero. The
inflation projection shows inflation falling slightly before it is hit by
the inflation-deviation in quarter 6, then rising to almost 1 percent-
age point, and finally falling back towards its steady-state level after
quarter 6. Thus, the optimal policy projection is a clear example of
preemptive monetary policy: the instrument rate is raised and the
output gap is reduced well before the expected inflation-deviation
shock, so as to efficiently control inflation and bring it back to target
after the shock. The optimal policy projection in quarter 0 results
in an intertemporal loss of 2.1 units.?3 In the second interpretation,
when panel a shows the actual realization of the deviation, the ac-
cumulated realized loss over time, discounted to quarter 0, is also
the same 2.1 units (since 6 = 1, the discounting does not affect the
loss).

Panel b shows the time series of the variables for the same par-
ticular realization of the future deviations when the inflation devi-
ation equals 1 percentage point in quarter 6 and is zero elsewhere.
However, in this panel, the central bank in each quarter disregards
judgment, while still responding optimally to the predetermined vari-
ables. That is, the central bank responds in the same way to the
predetermined variables as for the optimal policy, but it does not
respond to any expected future deviation. It behaves as if it believes

33 Given how the target variables are measured, with the loss function (56)
and § = 1, an expected difference of inflation from target of one (two) annualized
percentage point(s) for a single quarter gives rise to an intertemporal loss of one
(four) units.
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that the deviation is a serially uncorrelated zero-mean process, so
its expected future deviations are zero. This corresponds to a com-
mitment to the instrument rule (47) (recall that there is no optimal
response to Lagrange multipliers or lagged predetermined variables
for the backward-looking model). The central bank then keeps the
instrument rate at its steady-state level through quarter 5. Accord-
ingly, inflation and the output gap stay at the steady-state levels
through quarter 5. In quarter 6, the inflation shock hits and infla-
tion jumps to 1 percentage point, while the predetermined output
gap still stays at zero. In this situation, once the inflation shock
has hit, the optimal monetary policy response is to raise the instru-
ment rate substantially, to more than 1.5 percentage points above the
steady-state level during the following few quarters. This reduces the
output gap to almost —0.5 percentage points during the next eight
to nine quarters. The instrument rate is gradually lowered back to
the steady-state level, and inflation and the output gap return to
their steady-state levels very slowly. The absence of any preemption
requires a larger instrument-rate response when the shock occurs,
the output-gap is nevertheless reduced with a considerable lag, and
inflation stays above target for a long time. The resulting intertem-
poral loss is 3.2 units, 1.1 units higher than when monetary policy
relies on judgment.

Panel c is analogous to panel a, except that it shows a situ-
ation when the central bank’s judgment in quarter 0, 20, is such
that the central bank expects an output-gap deviation of 1 per-
centage point in quarter 6, whereas no other deviations are ex-
pected. The expected output-gap deviation, z,, is denoted by cir-
cle markers with no connecting line. Again, panel ¢ has two in-
terpretations: the first is that the panel just shows the judgment
and optimal policy projection in quarter 0; the second is that it
also shows the time series of the variables if the future realizations
of the output-gap deviation are exactly equal to the judgment in
quarter 0. For this expected output-gap deviation, the optimal pol-
icy projection shows a substantial increase in the instrument rate
to almost 2 percentage points above the steady-state level in quar-
ters 3—5 and then a rather quick reduction back to the steady-state
level. As a result, the output-gap projection shows output falling by
almost —0.5 percentage points before the expected output-gap de-
viation hits, after which it rises to less than 0.5 percentage points
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and then relatively quickly comes back to the steady-state level. The
resulting movements in the inflation projection are small. A mod-
est loss of 0.51 units results from this preemptive optimal policy
projection.

Panel d is analogous to panel b, except that it shows the time
series of the variables for the particular realization of the output-
gap deviation when it equals 1 percentage point in quarter 6 and
is zero in the other quarter. The central bank disregards judgment
and only responds to current and lagged inflation and the output gap
(although, again, optimally so, according to the instrument rule [47]).
Then the central bank keeps the instrument rate at its steady-state
level until the output-gap shock hits in quarter 6. Once the shock
has hit, it is optimal to raise the instrument rate even more, to more
than 2 percentage points for a few quarters, before it is lowered
back to the steady-state level. The output gap stays up around 1
percentage point for several quarters. This causes inflation to rise and
only very slowly return to target. The output gap has to undershoot
the steady-state level significantly in order to bring inflation back.
Clearly, inflation and the output gap deviate substantially more than
when the central bank uses its judgment. The resulting intertemporal
loss is 3.1 units, 2.6 units higher than the loss for the optimal policy
projection with judgment.

This example shows a substantial difference between monetary
policy with and without judgment, with substantial differences in the
development of the target variables and corresponding intertemporal
losses.

4.2 Forward-Looking Model

The forward-looking New Keynesian model of Lindé (2002) has two
equations. I use the following parameter estimates:

me = 045770 + (1 — 0.457)m 1 + 0.048y; + 2ny,
g = 0425y, 1, + (1 —0.425)y,1 — 0.156(is — myq1) + 2ge-

The variables are measured as for the backward-looking model. The
predetermined variables are (m¢—1, y¢—1,%—1, Zrt, 2yt) (the lagged in-
strument rate enters because it enters into the loss function, and the
two deviations are entered in order to write the model on the form
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Figure 2. Monetary Policy with and without Judgment:
Forward-Looking Model

a. Inflation deviationw/judgment, =1, v=0.2, Loss=25 b. Inflation deviationw/ojudgment, Loss=54

0 5 10 15 20
Quarter Quarter

c. Output—gap deviation w/judgment, Loss=0.56 d. Output—gap deviation w/o judgment, Loss=1.9

N= =< 3

%

0 é 1‘0 1‘5 20 0 é 1‘0 1‘5 20
Quarter Quarter
[1]; see section 1). The forward-looking variables are (7, y;). See ap-
pendix I for details. The loss function and its parameters used in the
experiment below are the same as for the backward-looking model.?*
Figure 2, panels a—d, shows the same experiments as figure 1, but
for the forward-looking model. Thus, before quarter 0, the variables
are equal to their steady-state levels, zero, and the central bank does
not expect any future inflation and output-gap deviations.
In panel a, in quarter 0, while the inflation and the output-gap
deviations in that quarter are still zero, the central bank’s judgment,

341 find it very unrealistic to consider inflation and output in the current quar-
ter as forward-looking variables. I believe it makes more sense to have current
inflation and the output gap predetermined, and to have one-quarter-ahead infla-
tion, output-gap, and instrument-rate plans be determined by the model above.
Such a variant of the New Keynesian model is used in Svensson and Woodford
(2005) and Svensson (2003).
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20, changes, such that the central bank expects an inflation devia-
tion equal to 1 percentage point in quarter 6, whereas it still expects
zero inflation deviations for all other quarters and zero output-gap
deviations for all quarters. Again, behind these expected deviations
could be a probability distribution ®y corresponding to substantial
uncertainty. As with figure 1, panel a in figure 2 has two interpre-
tations. In the first interpretation, it just shows the judgment 2°
and the optimal policy projection (ﬁo,@o,io,fo). In the second in-
terpretation, it shows the time series of inflation, the output-gap,
the instrument rate, and the real interest rate, for the particular
realizations of the future deviations that are exactly equal to the
central bank’s judgment in quarter 0. In this interpretation, I also
assume that the private sector has sufficient information—cf. the
discussion in section 1.1—to form expectations consistent with the
optimal policy projection.

The optimal policy projection in panel a shows that the central
bank plans to raise the instrument rate to about 2 percentage points
above the steady-state level in the quarters before and including the
time of the inflation shock. This makes the output-gap projection fall
to more than —2 percentage points at the time of the expected in-
flation deviation. The inflation projection rises before and up to the
expected inflation deviation, because private-sector expectations are
forward looking and consistent with the optimal inflation projection.
After the expected inflation deviation, the instrument rate, the out-
put gap, and inflation are projected to return to their steady-state
levels. Again, there is a considerable amount of preemption in the
optimal policy with judgment, with a projected positive real interest
rate and negative output gap before the expected inflation deviation.
A substantial intertemporal loss of 25 units results from the optimal
policy projection.

Panel b shows the realizations over time of these variables when
the realization of the inflation deviation is equal to 1 percentage
point in quarter 6 and zero in other quarters and the central bank
in each quarter disregards judgment while still responding optimally
to current and lagged inflation and output gap. In this case, the
central bank is assumed to respond optimally to both the predeter-
mined variables and the lagged predetermined variables, as if the cen-
tral bank had committed itself to the optimal policy under commit-
ment while ignoring its judgment. Hence, the central bank behaves
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according to instrument rule (48) and responds optimally to the
current deviation but expects zero future deviations. However, the
private sector is assumed to have rational expectations of the future
inflation shock. These expectations will increase inflation to more
than 4 percentage points at the time of the inflation shock. The cen-
tral bank’s optimal response to current and predetermined variables
induces it to raise the instrument rate in line with inflation, but it
is nevertheless behind the curve in the sense that the real interest
rate becomes negative and the output gap becomes positive in the
first few quarters. The central bank’s response eventually leads to
a high positive real interest rate, a negative output gap, and a fall
in inflation. In comparison with panel a, inflation rises earlier and
more, and the output gap falls later, than under the optimal mon-
etary policy with judgment. The intertemporal loss is 54 units, a
substantial increase of 29 units above the loss for monetary policy
with judgment.

Panel ¢ shows the situation where the central bank’s judgment
in quarter 0 is such that it expects an output-gap deviation of 1
percentage point in quarter 6 and otherwise zero deviations. The
optimal policy projection, taking this judgment into account, is to
raise the instrument rate before the expected output-gap deviation,
which moderates the expected impact on the output gap. The in-
flation projection remains very flat, and the projections of the real
interest rate and the instrument rate are almost identical. The re-
sulting intertemporal loss is small, 0.56 units.

Panel d shows the realizations over time of the variables in the
situation where the realization of the output-gap deviation is 1 per-
centage point in quarter 6 and zero in other quarters and the central
bank disregards judgment and only responds to current and lagged
predetermined variables, although again optimally so, corresponding
to the instrument rule (48). In comparison with the second interpre-
tation of panel ¢, when the panel shows the actual realization of the
variables for the same realization of the deviations, the central bank
ends up raising the instrument rate later and more, and there is more
movement in both the output gap and inflation. The intertemporal
loss is 1.9 units, 1.3 units above the loss for optimal policy under
judgment.

Again, there are substantial differences between monetary policy
with and without judgment and corresponding intertemporal losses.
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4.2.1 Taylor Rules

I also examine two variants of Taylor rules for the forward-looking
model, an explicit instrument rule for which the instrument rate
responds to lagged inflation and the output gap,

iy =1.5m 1 +0.5y-1,

and an implicit instrument rule for which the instrument rate re-
sponds to the forward-looking current inflation and output,

it =1.5 Tt + 0.5 Yt

As noted in section 3, the implementation of an implicit instrument
rule is somewhat complex. I disregard these complications here, and
just assume that it is somehow implemented. Figure 3 shows the
realizations over time of the variables when the central bank imple-
ments the two Taylor rules for the two cases of either an inflation
deviation or an output-gap deviation only in quarter 6.

Panels a and b show the result of the explicit and implicit Taylor
rule, respectively, when there is an inflation deviation in quarter 6
and the private sector has rational expectations of that deviation.
The resulting intertemporal losses are substantial, 43 and 38 units,
respectively—18 and 13 units, respectively, above the loss for optimal
monetary policy with judgment, 25 units. Interestingly, the intertem-
poral loss with either of the two Taylor rules is less than the policy
without judgment that responds optimally to current and lagged pre-
determined variables, panel b in figure 2, which has an intertemporal
loss of 54 units. One possible interpretation of this is that history
dependence in the form of responding to the Lagrange multipliers
is not always advantageous, when these multipliers do not take into
account the expected future deviations. The loss for the implicit Tay-
lor rule is lower than for the explicit one. One interpretation is that
the implicit Taylor rule takes private-sector expectations better into
account, and therefore indirectly takes the expected future deviation
better into account.

Panels ¢ and d show the result of the two Taylor rules when
there is an output-gap deviation in quarter 6. Here, the intertemporal
loss is substantially higher than the small loss for monetary policy
without judgment in panel d of figure 2. In this case, the optimal



50 International Journal of Central Banking May 2005

Figure 3. Monetary Policy with Taylor Rules:
Forward-Looking Model

a. Inflation deviation w/explicit Taylor rule, A=1, v=0.2, Loss=43 b. Inflation deviationw/implicit Taylor rule, Loss=38

0 5 10 15 20 0 5 10 15 20
Quarter Quarter

response to current and lagged predetermined variables does much
better than the two Taylor rules.

I conclude that the two Taylor rules perform considerably worse
than the optimal policy with judgment, especially when there are
expected future output-gap deviations.

5. Conclusions

The decision process of modern monetary policy that can be called
“forecast targeting”—finding a projection of the current and future
instrument rate such that the projection paths of the target vari-
ables “look good” relative to the central bank’s objectives—is for-
malized in this paper as a technique that provides projections of the
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instrument rate and the target variables that minimize an intertem-
poral loss function. The paper shows how this technique can easily
incorporate central-bank judgment, a necessary ingredient in mod-
ern monetary policy. In two empirical models of the U.S. economy, a
few examples are shown in which forecast targeting that incorporates
judgment provides significantly better monetary policy performance
than a policy that follows an instrument rule and disregards judg-
ment. The paper shows how the policy problem, normally treated
as an infinite-horizon problem, can be reformulated as a convenient
finite-horizon decision problem, which is either an exact or a very
close approximation to the infinite-horizon problem. This approxi-
mation makes the policy problem much easier to handle numerically.
The paper also shows how the time-consistency problem can be eas-
ily managed and the resulting projections made to be optimal under
commitment in a timeless perspective. In particular, the paper shows
that it is not necessary to be explicit about the underlying complex
reduced-form reaction function of monetary policy. The policymak-
ers only need to ponder the projections of the target variables and
the instrument rate under alternative assumptions, and these pro-
jections can be presented as graphs.

Several of the ideas and techniques presented here are already
applied to various extents by different central banks. I hope the
presentation here will be useful for attempts to apply them more
extensively and systematically.

If policymakers hesitate to make the parameters of their loss
function explicit (for instance, the weight on output-gap stabilization
relative to inflation stabilization), the techniques presented here can
still be very useful. For instance, the policymakers can ask the staff to
provide optimal policy projections of the target variables for a range
of loss-function parameters. These projections then provide one way
to illustrate the available trade-offs among the target variables, the
set of feasible projections of the target variables from which the
policymakers should choose their optimal policy projection.

The framework used here is one where mean projections are suffi-
cient for optimal decisions, what can be called mean forecast target-
ing, which is sufficient under the assumptions that result in certainty
equivalence. If these assumptions are not satisfied, the principal ideas
in this paper can be extended to a situation when the projections are
probability distributions rather than means, and the intertemporal
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losses can be computed by numerical integration over those distri-
butions. This I have previously called distribution forecast targeting
(Svensson 2001b). The details in such an undertaking remain to be
completed, and the practical differences between mean and distribu-
tion forecast targeting remain to be clarified. Svensson and Williams
(2005) examine distribution forecast targeting in a situation where
genuine model uncertainty implies that certainty equivalence does
not hold.
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Appendix to Monetary Policy with Judgment: Forecast Targeting

A. Optimal policy under commitment with the deviation being an arbitrary sto-

chastic process

Let the model equations for ¢ > 0 be (2.1). A common special case is when the matrix C' = I, but

in general C' need not be invertible. This system can be written

| Xen | X .
C Et$t+1 =A Tt + l: t(—]’—l :| s (Al)
Byt it

where Eg4r = [ Qi ++d®;(¢) for any variable g;1, (7 > 0), the matrices A and C are of dimension

(nx +ng) X (nx +ny; +n;) and given by

A=[A B]= [A” Az Bl], C

Ag1 Az Do

Il
| — |
o~
Qo
o o
| I

where A and B are partitioned according to (2.3).

The target variables are defined by (2.5). The intertemporal loss function in period 0 is

o0
Eo> 'Ly,
t=0
where the period loss function, (2.7), can be written as

Xt
[ X] af i |[DWD |
(2

Ly =

l\DI»—t

Consider minimizing this intertemporal loss function under once-and-for-all commitment in period
t = 0, for given X = Xy. For convergence, when the variance of z 1 is nonzero, I need 0 < § < 1.

Variants of this problem are solved in Backus and Driffill [2], Currie and Levine [5], and Séderlind
[20], when the deviation is an iid shock. The focus here is on the case when the deviation is an
arbitrary stochastic process.

Construct the Lagrangian,

| X | X -~
Lo = E025 L, + f;—f—l ug] Cl| Exipr | —A| x4 |: 0+ :|
Etir1 it
+£6(Xo — Xo0)/0
3 [ X1 | X -~
= EOZ5 Lt+ §;+1 E;] C 3’3t+1 - A x.t —[ 0 }
t+1 Ut

+ £5(Xo — X0) /9,
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where &, and Z; are vectors of nx and n, Lagrange multipliers of the upper and lower block,
respectively, of (A.1). The law of iterated expectations has been used in the second equality,
EoE; = Eg for t > 0. Note that =; is dated to emphasize that it depends on information available
in period t.

For t > 1, the first-order conditions with respect to Xy, x; and 4; can be written

[ X[ 4 ] DWD+[& =, ]sC-[E&y, = ]A=0. (A-2)

S| =

For ¢t = 0, the first-order condition with respect to Xg, xg, and ig can be written

[ X, a i, ] DWD+[¢ 0]-C—[Eg&,, = ]A=0, (A.3)

1
0
where Xog = Xg. In comparison with (A.2), a vector of zeros enters in place of Z_1, since there is

no constraint corresponding to the lower block of (A.1) for t = —1. By including a fictitious vector

of Lagrange multipliers, =_1, equal to zero,

[1]

1 =0, (A.4)

in (A.3), I can write the first-order conditions more compactly as (A.2) for ¢ > 0 and (A.4).

The system of difference equations (A.2) has nx + nz + n; equations. The first nx equations
can be associated with the Lagrange multipliers §,. Indeed, — &,/d can be interpreted as the total
marginal losses in period ¢ of the predetermined variables X; (for ¢ = 0, with given Xy, the equa-
tions determine £;). They are forward-looking variables: Lagrange multipliers for predetermined
variables are always forward-looking, whereas the Lagrange multipliers for the (equations for the)
forward-looking variables are predetermined. The middle n, equations are associated with the La-
grange multipliers =;. Indeed, Z;Aos can be interpreted as the total marginal losses in period ¢ of
the forward-looking variables, x;. Also, Z;C can be seen as the marginal loss in period ¢ of expec-
tations Eyz; 11 of the forward-looking variables. The last n; equations are the first-order equations
for the vector of instruments. In the special case when the lower right n; x n; submatrix of D'W D
is of full rank, the instruments can be solved in terms of the other variables and eliminated from
(A.2), leaving the first nx +n, equations involving the Lagrange multipliers and the predetermined
and forward-looking variables only.

Rewrite the nx + n, + n; first-order conditions as
Xi
A [ Eiki1 ] =DWD | = | +=C' [ & ] : (A.5)

=t .
27
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They can be combined with the model equations (A.1) to get a system of 2(nx +n,)+n; difference

equations for ¢ > 0,

Xit1 Xi ;

= | D 5 Tt bl
e e A, a || "
~ tht41 = ~ ¢ .

0 A ]|t DWD 3¢ | | 0

t+1 :t 0

= =1
Here, X; and =; are predetermined variables, and x4, i, and £; are non-predetermined variables.

This can be rearranged as the system

C[ Y1,t+1 }:/\4[,@175}_F [Ztgl] :

Etyo,t1

0
where
I 0 0 0 O
0O 0 C o0 o0
C=|0 A, 0 0 Ay |, (A.7)
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Yyit = [ =, ] ) Yot = 2
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Thus, y1+ is a vector of m; = nx + n, predetermined variables, and yo; is a vector of mo =
ng + n; + nx non-predetermined variables.
Under suitable assumptions (see appendix B), such a system has a unique solution, which can

be written

Yoo = Fiyn+ 2 (A.8)

2t41 — Brze ] (A.9)

Y141 = Myt + NEZy1 + PEzepq + { 0

where Z; is an mo-dimensional stochastic process given by

Zt = Z RTEtZt+1+T = RZt, (A].O)

=0

where I can interpret R as a linear operator on z' = E¢(2], 1, 21,9, ...)".
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In terms of the original variables, the solution for ¢ > 0, given Xy and Z_; = 0, can be written

Tt
i | = F1|::Xt ]+th
Xy
= F| 2 , (A.11)
Zi1
{ Xi—i—l } .Y { HXt ] + NRE 2! + PEiz + [ Zt+1 —OEtZt+1 ]
=t St—1
Xt 241 — Bz
= M| 2 +[ * 0 +], (A.12)

where I’ and M are linear operators. The details of the solution are derived in appendix B. The
matrices F1, My, N, P, and {R;}2° ,—and thereby the linear operators M and F—depend on A, B,
C, D, W, and 4, but are independent of the second and higher moments of the exogenous stochastic
process {2:}22,. This demonstrates the certainty equivalence of the commitment solution.3

If the commitment is once and for all and starts in period 0, Z_1 = 0. Commitment in a timeless

perspective can be seen as corresponding to a situation where the lower block of (A.12) is restricted

to apply also for previous periods. Then, Z;_1 is determined by

Hie1 = Mo X1+ Mi2oEi—o + NoEy 124 + PoEy 12

)
= Z Migo" (M1 Xi—1—7 + NoEy_1+Zi 7 + PoEy_1_724—1),
=0
where My, N, and P are partitioned conformably with X; and Z;_1.
Alternatively, the commitment in a timeless perspective can be generated as optimization under
commitment or discretion with a term added to the intertemporal loss function in period 0,
1

EOZ5tLt + 5_15

t=0

C.TJ(),

where =_; is the Lagrange multiplier for the block of forward-looking equations from the optimiza-
tion in period —1 (see Svensson and Woodford [30] and Svensson [25]).
In the standard case, when z; is a vector of iid zero-mean shocks, I have E;z;11 = 0, Z; =

EiZ;+1 =0, and 2! = 0. Thus, the terms involving Z; in (A.11) and (A.12) vanish.?® Consequently,

37 The middle block of (A.11) is the optimal eaplicit instrument rule for this problem, the instrument written as
a function of predetermined and exogenous variables. Eliminating the Lagrange multipliers from (A.2) results in
the optimal targeting rule for this problem, a consolidated optimal first-order condition for the target variables. See
Svensson [25] on instrument and targeting rules, as well as the lecture notes Svensson [AT].

38 In the case when {2} is an autoregressive process and can be written zi41 = Wz; + €441, where ¥ is a matrix
and €; an iid zero-mean process, z; can simply be included among the predetermined variable.

48



the effect of z; being an arbitrary exogenous stochastic process shows up only in the addition of the
terms involving Z; and the corresponding matrices N, P, and {R;}>° . Then, I can set M = M;
and F = Fp, and

Y141 = Myie + 2141
Let ¥ denote the variance-covariance matrix of the iid shocks z;,1. Define the matrices D and W

according to

X I 0
Yi=D| z | =D | Fuu Fio | yit = Dy,
it Fy1  Fy

1 1 _ _ 1 _
Ly = §Yt'WYt = Qy/uD'WDylt = §yitWy1t»

where W is symmetric and positive semidefinite. Then twice the minimum loss in period ¢ will
satisfy

e}
viVyu +w = E Z O Yt WYL tr
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= YWy +E Z 5Ty/1,t+TWy1,t+T

T=1
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= Y1Wyre + 0Bt (Y1 441V yrem1 + w)
— yitWylt + 5(yitM,VMy1t —+ Etz;.,t+1vzl,t+1 + w)

= YWy + Sy, M'V My, + Strace(VE) + dw.

It follows that

w trace(VY),

1=

and that the matrix V satisfies the Lyapunov equation
V=W+§MVM. (A.13)

It follows that when trace(V'Y) is nonzero, I must have § < 1 for the existence of an finite w.
I can use the relations vec(A + B) = vec(A) + vec(B) and vec(ABC) = (C' ® A) vec(B) on
(A.13) (where vec(A) denotes the vector of stacked column vectors of the matrix A, and ® denotes

the Kronecker product) which results in

vec (V) = vec(W)+ dvec (M'VM)

= vec(W)+6 (M @ M) vec(V).
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Solving for vec (V') gives

vee(V)=[I-6(M® M')]f1 vec(W). (A.14)

A.1. No forward-looking variables

If there are no forward-looking variables, so n, = 0, I have

é[ X ]—A [ X } T (A.15)
where the matrices A and C are of dimension n x X (nx +n;) and given by

A=[A B], C=[1 0].

The period loss function is

1 1 ) Xy
Ltziy},’WYt:§[Xt/ zQ]D’WD{Z.t].
The nx + n; first-order conditions can be written
- 1 -
A,Et§t+1 — D/WD |: )ift :| + Sclé-t' (A16)
t

Combined with the model equations, I get a system of 2nx + n; difference equations for ¢t > 0,

C 0 A A 0 Xt Ze41
0 A | |2 | = pwp e | |4 | T o0 |
Ei&i1 0 &t

Here, X; are predetermined variables, and i; and £; are non-predetermined variables.
Under suitable assumptions, this system will have a unique solution for ¢ > 0, given Xy, which

can be written

|:Zt] = FlXt—FRZt,

Xer1 = MiXi+ NoRz' + z41.

When there are no forward-looking variables, X;y1 is directly determined by Xj, i;, and 2441

according to (2.1), so M; and Ny are determined by A, B, and Fj as

My

A+ BF;,

No

(B 0],

where



is partitioned conformably with 4; and &;. In comparison with the general solution of (A.9), for the
backward-looking case,

NoRz! = NRE 2! + (P — IEyz¢41.

B. The solution of a system of difference equations with the deviation

In order to understand the term in the solution (A.10) and (A.11) that corresponds to the deviation,

consider the system

[ ]wz] [

Ety2,t+l Yot

for ¢ > 0; where y1; is a vector of m; predetermined variables (yi; = (X[, =Z]_;) and m1 = nx + n,
in the previous section); ya is a vector of mg non-predetermined variables (yor = (24,4}, ;) and
ma = ngy +n; +nx in the previous section); 6, is an my-vector of stochastic processes (6; = (z;,0")’
in the previous section); and 19 is given.

By defining the ma-vector of endogenous expectation errors, 7,, as

Ny = Yor — Biyot,

(B.1) can be written in the form used in Sims [A6],
Loyt = 'ye—1 + WO, + 1ny,

where y; = (y};,v5). Sims shows that, under suitable assumptions, this system has a unique

solution of the form

Yt = O1y1—1 + Oob; + O, Z OF00E0t 4147,

7=0

where ©g and ©; are real matrices, ©,, O, and Oy are complex matrices, and @yG}G)g for any
integer 7 > 0 is a real matrix. These matrices can be calculated by his Matlab program Gensys,
available at www.princeton.edu/~sims. An advantage with Sims’s approach is that one need not
keep track of what variables are predetermined or nonpredetermined. An arguable disadvantage is
that the determination of the expectational errors is somewhat complex.

Here, I prefer to keep close track of what variables are predetermined and nonpredetermined
and therefore choose to derive the solution to (B.1) following a route closer to Klein [A4] than

Sims [A6], but going beyond Klein in, as Sims, explicitly treating the case of ; being an arbitrary
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stochastic process rather than an autoregressive process. The solution will then be of the form

yor = Fiyu+ Z,

Y141 = Miyir + NEZi1 + PEOi1 + (0i41 — EiOry1),

o0
Zr = ZRTEt0t+1+T’

=0
where Fi, My, N, P, and R, are real matrices to be determined.
Take the expectation conditional on information in period t and write the system as
Ewy1t+1 ] [ Y1t ] [ Ei0i 11 }
C ’ =M + . B.2
[ Etyo 141 Y2t 0 (B.2)
Following Klein [A4], Sims [A6], and Soderlind [20], I use the generalized Schur decomposition.

This decomposition results in the square complex matrices @, S, T, and Z such that

cC = @87, (B.3)
M = QTZ, (B.4)

where Z’ for a complex matrix denotes the complex conjugate transpose of Z (the transpose of the
complex conjugate of Z).3* The matrices Q and Z are unitary (Q'Q = Z'Z = I), and S and T
are upper triangular (see Golub and van Loan [A2]). The decomposition is furthermore ordered so
the block consisting of the stable generalized eigenvalues (the jth diagonal element of T' divided
by the jth diagonal element of S, \; = t;;/s;;) comes first and the block of unstable generalized
eigenvalues comes last.0

More precisely, I assume the saddle-point property emphasized by Blanchard and Kahn [A1]:
The number of eigenvalues with modulus larger than unity equals the number of nonpredetermined
variables. Thus, I assume that |A;] > 1 for m;+1 < j <mj+mg and |A\;| <1 for 1 <j < my (for
an exogenous predetermined variable with a unit root, I can actually allow |A;| =1 for some 1 < j
< my).

Define
[ bt } =7 [ vt ] . (B.5)

U2t Y2t

I can interpret ¢1; as a complex vector of my transformed predetermined variables and ¢s; as a

complex vector of my transformed non-predetermined variables. Premultiply the system (B.2) by

9 Let the elements of the complex matrix Z be denoted z;; = Re(z;x) + iIm(z;;). Then the complex conjugate of
the matrix Z is the matrix of elements Z;r = Re(z;x) — ¢ Im(2;x).

10 The sorting of the eigenvalues is often done by two programs written by Sims and available at
www.princeton.edu/~sims, Qzdiv and Qzswitch.
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@ and use (B.3)-(B.5) to write it as

S11 Si2 E1,641 ] [ UATRRAT } [ U1t ] [ Qn }
LD | Y Eif11, B.6
[ 0 S } [ Eig2,t4+1 0 To Yot * Qo1 | ! (B-6)

where S, T, and @) have been partitioned conformably with #1; and go;.

Consider the lower block of (B.6),

S22 492,041 = To2 Y2t + Q21E:0s41. (B.7)

Since the diagonal terms of Sap and Thy (s;; and t;; for my+1 < j < my+ma) satisty |t;;/s;;] > 1,
the diagonal terms of Th9 are nonzero, the determinant of 759 is nonzero, and 15 is invertible. Note

that Soo may not be invertible. I can then solve for 3o; as

Yo = JEG2p41 + KEbi1 (B.8)
[ee]

= Y JKEbii14r (B.9)
7=0

for t > 0, where the complex matrices J and K (mg X mg and mg X my, respectively) are given by

J = TS, (B.10)

K = —T5'Qa. (B.11)

Here, I have exploited that the modulus of the diagonal terms of T{QISQQ is less than one. I also
assume that E;y2 4, and E;0;, - are sufficiently bounded. Then J"E;%2 ¢1- — 0 when 7 — oo, and
the infinite sum on the right side converges. Note that J may not be invertible, since Sz may not
be invertible.

I have, by (B.5),

yie = Znyu + 21292, (B.12)
Yor = Zabie + Z2Got, (B.13)
where
Z11 Z12
7 = B.14
[ Zo1 L ] (B.14)

is partitioned conformably with y1; and y9;. Under the assumption of the saddle-point property,

Z11 is square. I furthermore assume that Z1; is invertible. Then I can solve for g4 in (B.12),

Tt = Zii v — Zyg Zhadjor, (B.15)
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and use this in (B.13) to get
Y2 = Fiyie + Hyo, (B.16)

where the real mo x m; matrix F; and the complex mgy X mg matrix H are given by

P = ZnZ, (B.17)

H = Zy— ZonZ Z1a. (B.18)

I will show below that H is invertible.
By (B.9) and (B.16), I can then write the solution of yo; as

Y2 = Fiyue + Z, (B.19)

where Z; is a real exogenous ma-vector stochastic process (not to be confused with the unitary

matrix Z in the Schur decomposition) given by

Zt = Hth = ZRTEt9t+1+7—, (BQO)
7=0
R, = HJI'K  (r>0), (B.21)

where the matrices R, are real.

I note that the complex conjugate transpose of Z, Z’, satisfies

- Zil Zél
where the submatrices are given by (B.14). Since Z2'Z = ZZ' = I, 1 have

Zn Zi2 2y Zy | _ | ZuZn+ ZeZiy ZuZy+ZieZy | _ |10 (B.23)
Zn  Z APRAY Zon 74y + ZoaZyy  ZonZyy + ZaaZsy 0 1]’ '

By (B.22), I can write
ot = Zioy1t + Zaoyor.
Using this in (B.16) gives
yor = Fiyu + H(Ziay1e + Zaoyar)

= (Fl + HZ{2)y1t + HZéQy?t‘
It follows that

Fi+HZy = 0, (B.24)

HZh, = 1. (B.25)
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I can also show (B.24) by using (B.23),

Zon 7 + (Zog — Zon 211 Z12) 21y = ZnZi)t + ZoaZhe — Zon Z11 Z12 215
= ZonZ + ZoaZiy — Zon Z3H (I — Z1174,)
= ZonZ + ZoaZiy — Zon Z1 + Zn 71y

= 0.
Similarly, I can show (B.25) by

(Z22 — ZngﬁlZlg)Z§2 = ZQQZéQ - Z212;11Z12252
= ZnZyy — Zan 23 (— Z11Zyy)
= oo Zhe + Zo1Zh,

= I
It follows from (B.25) that H is invertible and that its inverse is given by
H™' =7, (B.26)
It remains to find a solution for y; +4+1. The upper block of (B.6) is
StE1,e41 + S12Ee92,041 = T1191¢ + Th202¢ + Q11E:0i41.

Since the diagonal terms of Si; and T1p satisfy |t;;/s;;] < 1, all diagonal terms of S1; must be

nonzero, so the determinant of S11 is nonzero, and 511 is invertible. I can then solve for E;y1 +41 as

Efiov1 = S (Tdne + Tiadar) — SiS12Eeioer1 + S5 Q11E0s 1.
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By (B.12),

Ewrirr = ZubBE@iio + Z12Ew2,041

= Zn[S;{H(Tiadae + Tiadr) — Si7 S12Eedo141 + S1tQ11Ee0i11] + Z12Eifip41

= ZuSH Tt + Z1 S5 Tiabar + (Z12 — Z11S7-S12)Eelia i1 + Z11S7 Q11Eibr 11

= ZuSq'Tu(Zit vie — Zii ZazGar) + Z1 Sy Tizbior + (Z12 — Z11S11 S12) Bz 1

+ Z11S1' Q1 Es0y 41
= ZuSq'TuZityie + Z1 Sy (T2 — T Zy Z12) o

+(Z12 — Z1151 S12) Exo i1 + Z11517 Q11Eebr 41

= ZuSE T Zit v + 21 S5 (Tha — Ty Z Z19) (JEas1 + KEfy11)

+(Z12 — Z11511 S12)Eefio i1 + Z11511 Q11 Eebr1
= ZuSH T Zi yu
+[Z1 S (The — T Z1 Z12) T + (Z12 — Z11S17S12) | Eefii41

+ Z11S7 Q11 + (Tha — T Zy,  Z12) KB40y 41,

where I have used (B.15) and (B.8).
It follows that I can use (B.27), (B.20), and (B.26) and write the solution as

Y141 = My + NE Zyy1 + PEOr 1 + (0141 — Ebi11),
where the real matrices M, N, and P are given by

M = lesl_llTHZl_ll,
N = [21151_11 (T12 — T1121_11Z12)J + (Z12 — Z11S1_11512)]Zé2,

P = ZuSiQu + (T — TuZi Z12)K].

(B.27)

(B.28)

(B.29)
(B.30)
(B.31)

Thus, the solution to the system (B.1) is given by (B.19) and (B.28) for t > 0. This results in

the solution (A.11)-(A.12) above, where the matrix P in (A.12) is the submatrix of the first ny

rows of the matrix P in (B.31) (since 6;41 = (2,,,0')).
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C. The model when judgment is a finite-order moving average

When the deviation is a finite-order moving-average process and the dynamics of the deviation and

judgment is described by (2.16), the model can be written as

X1 | X B Et+1
Plans =A| 2t | +Bi+ | e |, (C.1)
Cxt+1|t Tt 0

where the matrices A and B are given by

) Ann Ane Ar ~ By
A= 0 Azgg 0 ; B = 0 >
A1 0 A Bs

the matrix A, is partitioned conformably with z; and z! as
[ 0 Ao }
0 Auo |’

is zero-mean and iid. Thus, this results in the standard forward-looking linear-

A,

and &; = (&},'")
quadratic model, with the predetermined variables being X; and z!. The optimal policy projection
can then be described as (2.17) and (2.18), where F' and M are finite-dimensional matrices. The

intertemporal loss for the optimal policy projection can then be written as

/

) X, X,
— 2t %4 2t ,
2| - _

St—1,t—1 St—1,t—1

where the matrix V is the solution to the Lyapunov equation,
V=W+§MVM,

the symmetric and positive semidefinite matrix W is defined by

!/

I 00 I 00
w=| E | pwp| E |,
F; F;

and the matrix F' is partitioned conformably with z; and ; as
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D. The Marcet-Marimon method to solve the linear-quadratic optimization prob-

lem with forward-looking variables

Let X; = (Xy, 2!) and write the model (C.1) as

Xi1 = AnXe+ Avowy + Brip + Eqa, (D.1)

CEtZL‘H_l = Angt + Aggl‘t + Bgit. (D2>

Write the period loss function as

=/

! X, Xy
Lt = 5 €T WO Tt s (D3)
it it

where the symmetric positive semidefinite matrix W0 is defined by

/ !/

X X [ Xy Xt
Tt WO T = Tt D/WD Tt
1 it | U 1t
Consider the problem in period 0,
o0
min Eg Y 6Ly, D.4
{it}t>0 tz; ! ( )

subject to (D.1), (D.2) and Xy given. The minimization is taken to be under commitment.
Marcet and Marimon [14] show that this problem can be reformulated as a recursive saddlepoint

problem,

max  min E025tl~/t, (D.5)
=0

{7i}e>0 {253t }ezo0

where the modified period loss function satisfies

Lt = -Z/(Xt7 Etfl; Tt, it7 ’Yt)

- & = 1_
= L;+vi(— Aa1 Xy — Agpxy — Boiy) + S:Q_lcfﬂt,
and the optimization is subject to (D.1), to
Et = Y (DG)

and to Xy and =Z_1 = 0 given. The value function for the saddlepoint problem, starting in any

period t, satisfies

V(X4,Epo1) = max (min){i()_(t, Ee13 2,0, ) + OBV (Xps1, E0) ),
t Tt,lt

o8



subject to (D.1) and (D.6).

Define
SEINS
t=| = ) =1 % |,
-1
Vi
and define W, A, B, and C such that
- 10X X
Li=—=| " W " |, D.7
t 2 |: 1t :| |: (2 ( )
X1 = AX, + Biy + C&r41. (D.8)

The problem (D.5) subject to (D.8) and given X; is isomorphic to a standard backward-looking
linear-quadratic problem, except being a saddlepoint problem. However, the saddlepoint aspect
does not affect the first-order conditions. It is easy to show that the first-order conditions of the
saddlepoint problem are identical to those of the original problem, (D.4) subject to (D.1) and (D.2).

The value function for the saddlepoint problem is quadratic,

V(X)) = =(X[VX; + ),

DO | =

where V solves the Riccati equation,

V=Q+0AVA—-(6BVA+N')YBBVB+R) Y 6B'VA+N),

where

is partitioned conformably with X; and 7.

The optimal reaction function for the saddlepoint problem is linear,
Fr |
it = FXt = Fz Xt,
12

where F' is partitioned conformably with x4, 4, and v, and satisfies
F=—(0BVB+R) ' (6BVA+N.

This reaction function function is the optimal reaction function function for the original problem.
Optimization in a timeless perspective in period t corresponds to taking Z;_; from the previous

period’s decision problem as given, also in period O.
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The equilibrium dynamics will be given by

X1 = MX;+ Ceppa,
Ty = Fmen
i = FXi,
1~ o
L = XWX,
where
M = A+ BF,
107 I0
w=| F, | W°| F,
F; F;

The value function for the saddlepoint problem can be decomposed according to

| R 1w o
§(X,§VXt + W) = §(Xt’VXt + w) + §(X,§V1Xt +wl),
where
1, -0 = > 1o, -~ -
§(X£VXt tw)=E Y 5T—t§X,§ W X,

7=0
is the value function for the original problem starting in period ¢ with X; = (X},Z} ;) given. The

matrix V will satisfy the Lyapunov equation,
V=W+3MVM,
and, when § < 1, the constant w will satisfy

tr(é/VC'Egg),

YT

where Yzz is the covariance matrix for &;.

E. An alternative finite-horizon numerical procedure for forward-looking models

In the finite-horizon model in section 3.1, there is an obvious alternative numerical procedure that
will provide a projection arbitrarily close to the optimal policy projection without requiring such a
long horizon that X; 7 and Z;47_1; are close to their steady-state levels. It requires iterations,

though.
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Assume that iteration j — 1 has resulted in Egi}lzl ;- Start iteration j by using (2.17) and (2.18)

to replace (3.3) by

Teyr1e = Fe My

XerTt
o (j - 1) )
T

where the matrices F; and M; are defined by

Xt Xt

F 0 EFl[_Xt}, M 0 EMl[HXt},
- i1 - St—1
i1 —t—1
and F} is partitioned conformably with x; and i; as
_ | Fx
Consequently, replace (3.4) by
. Xetrt
— Ao Xiprp — Aoy — Boiyry + CFp My | _(j-1) = 0. (E.1)
ST —1,t

Use (3.1), (3.2), and (E.1) to construct G and g' (the left submatrix of the matrix C'F,M; will
enter the last block of G and the product of the right submatrix and Eﬁi}lll , will enter the last

block of g*). Furthermore, add the term (3.7) with Zp47_1; = Egi}lzlt to the loss function (that is,

modify the diagonal block of €2 that corresponds to X;;7; and add a linear term that corresponds

to the cross products of X; 7 and Egi}lll ;). Find the optimal policy projection §19) and Lagrange

multiplier A*Y) via the analogue of (3.12). This ends iteration j and results in EE{BT_M. Continue

until Egi)Tflt has converged.
Obviously this alternative procedure does not require that X; 7 and Z;7_1; are close to
their steady-state levels. Which procedure is fastest will depend on the number of variables in the

problem and the rate of convergence towards the steady state of the optimal policy projection.

F. The feasible set of projections of the states of the economy, the feasible set of

projections of the target variables, and the optimal targeting rule

In the finite-horizon projection model in section 3.1, the feasible set of projections in period ¢ of

the states of the economy, Sy, is the set of projections s® that satisfy (3.5), repeated here as
Gst = ¢'. (F.1)

That is, S; is the set of solutions to (F.1) for given G and g*. Define n = (T + 1)(nx + ng + n;),
m=(T+1)(nx +ng) <n,and p= (T + 1)n; =n — m. Note that G is m x n, s isn x 1, and ¢

is m x 1. Assume that G is of rank m.
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Since G is of rank m, the set of solutions to (F.1) is a linear manifold of R™ of dimension

p=n—m.* It can be written as the set of projections s* that satisfy
st=GTg" + (I -G G)¢ (F.2)

for any £ € R" (see Harville [A2, chapters 11 and 20]). Here, the n X m matrix G is the Moore-

Penrose inverse of G. When G is m x n and of rank m, the Moore-Penrose inverse is given by
Gt =G'(GG)™

(note that GG’ is m x m, of rank m, and hence invertible). Then, G*G = G'(GG")"'G is a
projection matrix that projects vectors in R™ on the m-dimensional column space of the n x m
matrix G’, the transpose of G.*> Denote the column space of G’ by C(G’). For any ¢ in R",
the vector GTG¢ lies in C(G’). Then I — GG is a projection matrix that projects vectors in R"
off the column space of G’, that is, on the p-dimensional subspace of R™ orthogonal to C(G'),
the orthogonal complement of C(G’) (relative to R"), denoted C+(G’). Hence, the solution set S;

consist of C+(G") shifted away from the origin by the vector G*gt,
S ={Gtg'} +cH Q).

Furthermore, the vector GTg' is the s' of minimum norm that satisfies (F.1). Then, GTg' is
orthogonal to the solution set S; and lies in the column space of G, C(G").*3

Figure F.1 provides an illustration of the above, when n = 2 and m = p = 1. The linear manifold
S;, the set of feasible projections of the states of the economy, s, is shown as the negatively sloped
line through the point s = GTg'. The column space C(G') is the positively sloped line through
the origin. The linear manifold S; is orthogonal to the column space. The orthogonal complement
of the column space, C+(G’), is the negatively sloped line through the origin. The linear manifold
is the orthogonal complement shifted away from the origin to the point GTg*. Furthermore, the
point GT gt is the point in the linear manifold with the shortest distance to the origin.

Let G- denote a p x n matrix with p linearly independent rows, each of which is orthogonal to

the m rows of G. Then C+(G') = C(G), where the latter expression denotes the column space of

*! Let V be a linear space. A subset S of V is a linear manifold of V' (also called a linear variety of V), if there is a
v in V such that the set S — {v} = {s—wv|s € S} is a subspace of V. The dimension of S is the dimension of S — {v}.
Hence, a linear manifold is a subspace that has possibly been shifted away from the origin (in the above case by the
vector v).

42 In this section, the word “projection” is used not only to refer to mean forecasts but also, depending on the
context, to refer to mathematical projections in linear space.

43 A vector is orthogonal to a linear manifold if it is orthogonal to the corresponding subspace.
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Figure F.1: The set of feasible projections of the state of the economy, S;

Qs'+w,
, R"
— aaG")
Svt
G'g!
0 S,
CH(G")

G, and S; can be written as the set of projections s* that satisfy
St — G+gt + GJ./&

for any € € R™.
The projection of the target variables, Y?, is a linear function of the projection of the states of

the economy according to (3.6), repeated here as
Yt = Ds'. (F.3)

Let ¢ = (T + 1)ny < n, note that Y is ¢ x 1 and D is ¢ x n, and take D to be of rank ¢. It follows
that the set of feasible projections of the target variables, ), consists of the set of projections Y
that satisfy
Y'=DG*tg' + DG¢

for any ¢ in R™. This is a linear manifold of R? of dimension at most min(p,q). If I take as the
normal case that the number of target variables is at least as large as the number of instruments,
ny > n; (typically, there are at least two target variables, inflation and the output gap, but only
one instrument, the instrument rate), I have ¢ > p, and the set of feasible projections of the target
variables, ), is a linear manifold of R? of dimension at most p < ¢. The matrix D simply maps

the p-dimensional linear manifold S; of R™ into the at most p-dimensional linear manifold ), of RY.
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Figure F.2: The set of feasible projections of the target variables, )

R4

Vi

C(DG*")

It follows that ); is the at most p-dimensional column space C(DG™') in RY shifted away from

the origin by the vector DGtgt,
YV, = {DG"g¢'} +C(DGH).

Figure F.2 provides an illustration of the above, when ¢ = 2 and p = 1. The linear manifold
Y, the set of feasible projections of the target variables, Y, is shown as the negatively sloped line
through the point Y = DG*gt. The column space of the matrix DG, C (DGJ-’ ), is shown as the
negative sloped line through the origin. The linear manifold )} is this column space shifted away

from the origin to the point DG ¢.

F.1. An optimal targeting rule for the forward-looking model

Consider the first-order condition for optimal policy under commitment in a timeless perspective

in the forward-looking model, (3.10), rewritten here as
Qs'+ w1+ G A =0 (F.4)

The optimal targeting rule is the first-order condition in terms of Y when the Lagrange multiplier
has been eliminated.

Let me interpret the first-order condition in terms of s?, eliminate the Lagrange multiplier, and
interpret the resulting targeting rule. Note that Q is n x n, s and w;_1 are n x 1, G' is n x m and

of rank m, and A! is m x 1.
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Write the first-order condition as
Qs' + w1 = G'(—AY). (F.5)

The term Qs’ 4+ w;_1 on the left side is the gradient of the loss function with respect to s, a vector
in R". The condition (F.5) can be interpreted as stating that the gradient of the loss function is an
element of the m-dimensional column space of the n x m matrix G, C(G’), with — A? providing the
coefficients of the corresponding linear combination of the column vectors of G’. This is equivalent
to the tangency of the loss function’s iso-loss surface in R™ with the feasible set of projections,
S;. The gradient of the loss function is orthogonal to the iso-loss surface. Tangency of the iso-loss
surface with &; is then equivalent to the gradient being orthogonal to S;. The subspace orthogonal
to S; is C(G'), as noted above.

This is illustrated in figure F.1 when n = 2 and m = p = 1. The curve shows part of the iso-loss
surface of the loss function that is tangential to the linear manifold S;. The tangency occurs at

. The gradient of the loss function at that point, Q3% + w;_1, is

the optimal policy projection, §
shown as the vector pointing northeast from that point. Tangency between the iso-loss surface and
the linear manifold is equivalent to the gradient being orthogonal to the linear manifold, or the
gradient being an element in the column space, C(G").

In order to eliminate the Lagrange multipliers, premultiply (F.5) by G,
G(Qs' +wi 1) = GG'(— AY). (F.6)
Exploit that GG’ is m x m, of rank m, and hence invertible, and solve for — A?,
— A= (GGG (st + wiq). (F.7)
(The matrix (GG’)™1G is actually the Moore-Penrose inverse of G, G'*, where G’ is n x m with
rank m.) Substitution of A in (F.4) gives

M(Qs' +wi_1) =0, (F.8)

where M is the n x n matrix (not to be confused with the matrix denoted M in other sections of
this paper)
M=1-G G 'G=1-G"G.

4 One might ask why multipliying with the matrix G with rank m < n rather than a matrix with full rank n does
not loose any information of (F.5). More formally, let Gt be a p x n matrix whose p rows are linearly independent
and orthogonal to the m rows of G. That is, the column space of G’ is the space in R™ orthogonal to the column

space of G'. Then the n x n matrix [ gi } is of full rank. Multiplying (F.5) by this matrix leads to the m equations

of (F.6) and p additional trivial equations of zero equals zero, since we know that the left and right sides of (F.5) lie
in the column space of G’.
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As noted above, M is the projection matrix that projects vectors in R"™ on the p-dimensional
orthogonal complement of the column space of G’, C*+(G"). Hence, (F.8) states that the projection
on C+(G") of the gradient of the loss function is zero. Of course, this follows directly from the
observation above that the gradient lies in C(G").

In any case, the optimal targeting rule in terms of s is equivalent to the statement that the
gradient is orthogonal to the feasible set of projections of the states of the economy, &;, which can
be expressed algebraically as (F.8).

However, (F.8) involves n equations, but only p independent equations. It is hence desirable to
condense (F.8) to only p equations. The projection matrix M is a symmetric idempotent matrix of
rank p. Then its spectrum consists of p eigenvalues equal to one and m eigenvalues equal to zero,

and it can be decomposed as
I 0 !’ —[ O ! — /
v=a|t ole=ia |t o[ & |=ee

Here @ is the orthonormal n x n matrix whose columns are the eigenvectors of M, I, is the p x p
identity matrix, and @), is the n x p matrix whose columns are the p eigenvectors corresponding to

the p nonzero eigenvalues. Then, pre-multiplying (F.8) by @’ gives the p nontrivial equations,
Q;(Qst +wi—1) =0, (F.9)

and m trivial equations of zero equals zero.
Furthermore, (F.9) is expressed in terms of the projection of the states of the economy, s'. In
order to express it in terms of the projection of the target variables, Y?, note that, by the definition

of 2 for the forward-looking model in section 3.1,
Qst = D'WDs! = DWY?,

where W is a symmetric positive semidefinite block-diagonal (7' + 1)ny matrix with the (7 + 1)-th
diagonal block being "W for 0 < 7 < T. Hence, I can write (F.9) as involving only the target
variables and, through the vector w;_1, the Lagrange multiplier Z;_; ;1 from the optimization in
period ¢t — 1,

QID'WY" +w; 1] = 0. (F.10)

This is one concise form of the targeting rule. The history-dependence of the optimal policy

under commitment in a timeless perspective enters via Z¢_1 ;1.
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By combining (F.9) with (3.5), I get

EOIRS
Q< —Qpui-1 |’

and
-1 Xt
R G ] [ gt ] -
‘_ [ _ .
S = ’ Y =H St—1,t—1 s (Fll)
QpQ prt—l Zt
Yt=Ds =DH | =141
i
From (F.7) and (F.11), I can extract
Xy
Eg=H= | S-10-1 |
St

to be used in the intertemporal loss function for the decision problem in period ¢ + 1.
If the forward-looking variables, x;, are target variables—elements of Y;—the intertemporal loss

function with the added term can be written
1 tI i/ vt / t
§Y WY" 4+ w,_,Y",

where w;_1 is a g-vector whose only nonzero elements contain the vector (Et—l,t—l%c)/ such that
wj_ Y = Et,l’t,l%me. Then, the optimal targeting rule can be expressed as the gradient,
WY?' + w,_1, being orthogonal to the linear manifold );. Suppose ), is of dimension p, and let
F = DG (not to be confused with the matrix denoted F in other sections of the paper). The
projection matrix that projects vectors in R? on the p-dimensional subspace V; — {DG+ g'} is then
F(F'F)7'F'  so the condition that the gradient is orthogonal to the linear manifold ) can be
written as the p equations.

F(F'F)YF'W(QY! +w;_1) = 0.

This is the optimal targeting rule for this case.

This case is illustrated in figure F.2. The curve in the figure shows a part of the iso-loss surface
of the loss function that is tangential to the linear manifold );. The tangency point is the optimal
policy projection of the target variables, Y. The gradient of the loss function at that point,
WY' 4+ w,_1, is shown as the vector at that point that points northeast. It is orthogonal to the
linear manifold.

Svensson [25] interprets optimal targeting rules in terms of the equality between the marginal

rates of transformation and marginal rates of substitution between the target variables. A vector
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of marginal rates of transformation between the target variables is a vector in the column space
C (DGL’ ), the subspace associated with );. A vector of marginal rates of substitution between the
target variables is a vector in the tangent space of the intertemporal loss function, the subspace
orthogonal to the gradient of the loss function. Equality between the marginal rates of transfor-
mation and substitution is equivalent to the gradient being orthogonal to ), that is, the iso-loss

surface being tangential to ).

G. An optimal restricted instrument rule

Add to the model (2.1) an explicit instrument rules of the form
’it - fXXt7 (Gl)

where the n; X nx matrix fy is restricted to be an element fx € F of a given class F of instrument
rules. Assume that the deviation z; is an iid zero-mean process with variance-covariance matrix X.

Let the loss function in period ¢ be
lim E 1—06)0" Ly = E[Ly],
s t; 0( )67 Ly [L+¢]

where L; is given by (2.7). By appendix A, for a given instrument rule fx, the conditional loss in

period ¢ is, for a given § (0 < § < 1), given by

By S (1= 0)07 Lyyr = %{(1 ) XIV(fx, 8)X; + Strace[V(fx, )5},
=0

where V(fx,d) is a symmetric positive semidefinite nx x ny matrix that depends on A, B, C, D,
W, fx, and §. It follows that
1
E[L:] = §trace[V(fX, 1)3].

The optimal restricted instrument rule, f X, is then given by
i in_ S trace[V/(fx, 1)
= arg min_—trace , .
X g EFD X

It depends on the class F and the variance-covariance matrix Y, in addition to 4, B, C, D, and
Ww.

Note that there is little point in considering implicit instrument rules here,

i = fxXi + foxs. (G.2)
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For any such implicit instrument rule f = [fx f;] for which a unique equilibrium exists,

zy = g(f) Xy,

where the matrix ¢g(f) depends on f. Then,

it = [fx + f29()] Xt = fx (f) Xe.

That is, for each implicit instrument rule f for which there is a unique equilibrium, there is a
unique explicit instrument rule fX( f) consistent with that equilibrium. Furthermore, for any
explicit instrument rule fx in (G.1) for which there is a unique equilibrium, there is a continuum
of implicit instrument rules consistent with that equilibrium. For any given instrument rule fx for
which there exists a unique equilibrium,z; = g(fx)X;, where the matrix g(fx) depends on fx. For

any arbitrary n; x n, matrix f, I can then write

Z‘t = fXXt + fx[xt _g(fX)Xt] = [fX - fzg(fX>]Xt + fxxt = fX(vafx>Xt + fx*xt-

The only reason for considering implicit instrument rules rather than an explicit instrument rule in
this context (when the deviation is an iid zero-mean shock) is when an explicit instrument rule has a
determinacy problem—multiple equilibria—in which case one may be able to find a corresponding
implicit instrument rule for which there is a unique equilibrium. Svensson and Woodford [30]

examine such issues further.

H. An empirical backward-looking model
The two equations of the model of Rudebusch and Svensson [18] are

T4l = QplT¢ + QpaTi—1 + Qr3Ti—2 + QraTe—3 + QY + 27 141 (H.1)

1 ) 1
Y1 = By + Byyi-1 — B, (Zzgzolt—j - Zz?zoﬁt—j) + 2y 41, (H.2)

where 74 is quarterly inflation in the GDP chain-weighted price index (p;) in percentage points at
an annual rate, i.e., 400(Inp — Inp;_1); 4; is the quarterly average federal funds rate in percentage
points at an annual rate; y; is the relative gap between actual real GDP (¢;) and potential GDP (g;)
in percentage points, i.e., 100(¢: — ¢;')/q;. These five variables were de-meaned prior to estimation,
S0 no constants appear in the equations.

The estimated parameters, using the sample period 1961:1 to 1996:2, are shown in table H.1.
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Table H.1

Qrl Qr2 Q3 Qg Qy Byl By2 Br

0.70 —-0.10 0.28 0.12 0.14 1.16 —-0.25 0.10
(0.08) (0.10)  (0.10) (0.08) (0.03) (0.08) (0.08)  (0.03)

The hypothesis that the sum of the lag coefficients of inflation equals one has a p-value of .16, so

this restriction was imposed in the estimation.*
The state-space form can be written
[ Tip1 ] Z?:l arjej + ayes [ ] 0 [ Zrtg1 ]
ur’ e1 -1 0 0
Tt—1 €2 Tt—2 0 0
T2 €3 m—3 0 0
Yir1 | = | Brera+ Byies + Byaee — Brerg ve || =B it | oz |
Yt es Yt—1 0 0
it €o -1 1 0
lt—1 er 1t—2 0 0
[ it—2 es L it-3 | 0 . 0

where ¢; (j = 0,1,...,9) denotes a 1x9 row vector, for j = 0 with all elements equal to zero, for
J = 1,...,9 with element j equal to unity and all other elements equal to zero; and where e,
(j < k) denotes a 1x9 row vector with elements 7,7 + 1, ...,k equal to i and all other elements
equal to zero. The predetermined variables are m;, m¢—1, Tt—2, Tt—3, Y, Y¢—1, Gt—1, bt—2, tt—9, and
i4—3. There are no forward-looking variables.

For a loss function (5.3) with 6 = 1, A = 1, and v = 0.2, and the case where z; is an iid zero-
mean shock; the optimal reaction function (2.21) is (the coefficients are rounded to two decimal

points),

1y =122m+043 71 +0.53m—2+0.18 1,3 +1.93y; —0.49y,—1 +0.3634—1 — 0.09%;_2 — 0.05 74 _3.

I. An empirical forward-looking model

An empirical New Keynesian model estimated by Lindé [13] is
Tt = Wiy + (1 —wf)Wt—l + VYt + 2t
Yo = Byt + (1= Bp)(Byryi—1 + Byayi—2 + Bysye—3 + Byayi—a) — By (it — Topap) + 2yt

where the restriction 2?21 B,; = 1is imposed. The estimated coefficients are (Table 6a in Lindé

[13], non-farm business output) are shown in table I.1.

45 This p-value was obtained by simulating the above inflation equation 1000 times and ranking the sum of
coefficients from the unrestricted Phillips curve estimated from the actual data (i.e., 0.969) in the set of unrestricted
sums estimated from the simulated data. This is in the spirit of Rudebusch [A5]. For comparison, the simple ¢-test
gives a p-value of 0.42.
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Table 1.1

wy Y Bf BT Byl ByQ 5@13
0.457 0.048 0.425 0.1566 1.310 —-0.229 —0.011
(0.065)  (0.007) (0.027) (0.016) (0.174) (0.279) (0.037)

For simplicity, I set 8,y =1, B2 = B3 = By4 = 0. Then the state-space form can be written as

Tt
Yt
27
2 t+1 =
Zyt+1
WrT4)t
L BrTir)e + BrYeyi)e

0 0 0 0 0 1 0 77 m-1] [0 ] [ 0 ]

0 0 00 0 0 1 Vi1 0 0

0 0 0 0 0 0 0 Tt—1 1 0

0 0 0 0 0 0 0 Zrt |+ | 0 i+ | Zreta

0 0 0 0 0 0 0 - 0 2yl
— (1 —wy) 0 0 -1 0 1 —x " 0 0

o —a-ppo o -10 1 Lw | lal L[ o |

The predetermined variables are m;_1, ys—1, %—1, 2rt, and zy, and the forward-looking variables
are m; and .

For a loss function (5.3) with § = 1, A = 1, and v = 0.2, and the case where z; is an iid zero-
mean shock; the optimal reaction function (2.21) is (the coefficients are rounded to two decimal

points),
1y = 0.58 11 +0.80y;—1 + 0.414;_1 + 1.06 24 + 1.38 Zyt + 0.02 E’mt—Lt—l +0.20 Eyﬂf—l,t—b

where Z;;_1:-1 and Sy ;11 are the Lagrange multipliers for the two equations for the forward-

looking variables in the decision problem in period ¢ — 1.
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