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of Internal Savings 

 
 
 
 

ABSTRACT 
 
 

Paper introduces mathematical models describing long-time effects of real savings on economic 

growth. Models are built for single-product and multiple-product economy with market forces presented 

through the system of ordinary differential equations. Modeling results show a limited long-run economic 

growth for occasional and constant-rate systematic internal savings, a steady long-run economic growth if 

acceleration rate of internal savings lies within the proper limit for every industry, and a steady long-run 

economic decline if acceleration rate of internal savings exceeds the suitable limit for certain industry. 

Modeling outcome also suggests that a long-run economic growth requires direct investment of internal 

savings into appropriate investment vehicles with exclusion from savings-investment chain the interest-

rate-bearing bank accounts with clear danger of suffering a long-run economic decline in case of violation 

of the requirement. 
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Introduction 
 

This paper is a continuation of my recent book [3] where I presented mathematical model 

describing economic forces acting on economic markets through the system of ordinary differential 

equations. Particularly in that book I built a dynamic model explaining the effect of economic forces on 

economic growth in market economy. The reason is that market participants withdraw some products from 

the markets as savings and use the withdrawn products in consecutive production as investments. That 

drives the products’ prices on the markets up and at the same time it drives the amounts of products on the 

markets down. When the effect of increase in the products’ prices exceeds the effect of decrease in the 

amounts of products one can observe the effect of economic growth whereas she can observe the effect of 

economic decline in the opposite situation. One important point is that products’ savings are used as 

consecutive investments in order to increase in the products’ quality. Thus increase in the products’ prices 

during periods of economic growth is accompanied by the continuous increase in the products’ quality. 

In the current paper I look into various effects that savings and investments exert on the economy. 

Firstly I investigate the concept by utilizing a simplified mathematical model of economy, which 

operates with single product. After concept becomes clear I extend the model on economy that operates 

with multiple products. As earlier in [2], [3] I describe the multi-product market economy with the help of 

Input-Output model of Wassily Leontief (see [4], [5]). Here I am using the Leontief model to describe how 

dynamic forces affecting supply and demand on the market for one particular product are influencing the 

markets for other products that are produced in multi-product economy. Technological factors in economy 

are assumed to be constant. 

 

1 Model of Single-Product Economy 
 

Here in this section I show how process of savings in a single-product economy affects the 

situation on the market of product, and creates an economic growth. 

The concept of economic growth is presented through dual impact of changes in the product’s 

prices and changes in the supply-demand equilibrium on the market of product. 
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After supply-demand equilibrium on the market of product is reached, the economic growth is 

achieved through continuous improvement in the product’s quality. To improve the product’s quality one 

has to make an appropriate investment of product (remember, we are dealing with a single-product 

economy). That is done by applying the product’s savings i.e. withdrawing an appropriate amount of 

product from the market. That process creates a temporal or permanent shortage of product on the market, 

which violates supply-demand equilibrium on the market of product, and drives the product’s price up. In 

other words, when one pays enlarged price for an improved-quality product, she compensates from 

economic point of view for an increase in the product’s price caused by withdrawal of appropriate amount 

of product from the market through the process of savings (and consecutive investment) in order to 

improve the quality of product. 

On the other hand, withdrawing the product from the market in form of savings decreases 

available amount of product there. The reduced amount of product on the market is offset through an 

increased product’ supply. Thus withdrawing the product from the market for investment and replenishing 

the product on the market by suppliers have opposite effects on the supply-demand equilibrium on market. 

As a result it could appear a surplus or shortage of product on the market at some point in time but market 

forces will try to bring market to new supply-demand equilibrium in the long term. Similarly withdrawing 

the product from the market in form of savings increases the product’s price in the long term. These dual 

impact drive the monetary value of product (equal to the product’s price multiplied by the product’s 

quantity) on market in opposite directions – an enlarged price drives the monetary value up, if the product’s 

quantity increases it drives the monetary value up, and if the product’s quantity decreases it drives the 

monetary value down. When the monetary value increases in time one can talk about economic growth, and 

when the monetary value decreases in time she can speak about economic recession. 

To turn to mathematical descriptions, when there are no disturbing economic forces, the market is 

in equilibrium position, i.e. the product’s supply and demand are equal, and they are developing with a 

constant rate and the product’s price is fixed. 

When the balance between the product’s supply and demand is broken, the product’s market is 

experienced the economic forces, which act to bring the market to a new equilibrium position. 
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These economic forces are described by the following ordinary differential equations regarding to 

the product’s supply , demand , and price  (see [3]), ( )tVS ( )tVD ( )tPR

( ) ( ) ( )( tVtV
dt

tdP
DSP

R −−= λ )        (1.1) 

( ) ( )
dt

tdP
dt

tVd R
S

S λ=2

2

        (1.2) 

( ) ( )
2

2

2

2

dt
tPd

dt
tVd R

D
D λ−=        (1.3) 

In Equations (1.1 – 3) above the values  are constants. 0,, ≥DSP λλλ

I assume that the market had been in equilibrium position until time , the volumes of 

product’s supply  and demand  on the market were equal, and they both were developing with 

constant rate . 

0tt =

( )tVS ( )tVD

0
Dr

( ) ( ) 0
0

0
DDD VttrtV +−=         (1.4) 

( ) ( )tVtV DS =          (1.5) 

where . ( ) 0
0 DD VtV =

I present few scenarios describing the situation with product’s saving. 

 

A One-Time Withdrawal of Product Savings from Market 

 

At some point in time  the equilibrium situation was broken, and the amount of product 

equal to  was removed from the market, 

0tt =

0>∆R

( ) ( )
⎩
⎨
⎧

=∆−
<

=
0

0
0

,
,

ttV
tttV

tV
RD

D
S        (1.6) 

where . 00 DR V≤∆<
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That scenario increases at time  the amount of savings  for the product, 0tt = ( )tSR

( )
⎩
⎨
⎧

=∆
<

=
0

0

,
,0

tt
tt

tS
R

R         (1.7) 

where  for . ( ) 0=tSR 0tt <

From Equations (1.1 – 3) the volume of product’s surplus (or shortage)  for 

 is described by, 

( ) ( )[ ]tVtV DS −

0tt >

( ) ( )( ) ( ) ( )( ) ( ) (( 02

2

=−+−+− tVtVtVtV
dt
dtVtV

dt
d

DSSPDSDPDS λλλλ ))  (1.8) 

with the following initial conditions, 

( ) ( ) RDS tVtV ∆−=− 00 , 

( ) ( )( ) 000 =− tVtV
dt
d

DS . 

Initial conditions for the product’s price  are  and ( )tPR ( ) 0
0 RR PtP =

( )
RP

R

dt
tdP

∆= λ0 . 

Similar to Equation (1.8) the product’s price  is described by the following second-order 

ordinary differential equation for , 

( )tPR

0tt >

( ) ( ) ( ) 02

2

=+++ CtP
dt

tdP
dt

tPd
RSP

R
DP

R λλλλ      (1.9) 

where ( )0
RSRDPP PC λλλλ +∆−=  is a constant. 

If one uses the new variable ( ) ( ) R
S

DP
RR PtPtP ∆−−=

λ
λλ0

1 , Equation (1.9) becomes, 

( ) ( ) ( ) 01
1

2
1

2

=++ tP
dt

tdP
dt

tPd
SPDP λλλλ      (1.10) 

Therefore the initial conditions for  are ( )tP1 ( ) R
S

DPtP ∆−=
λ
λλ

01  and 
( )

RPdt
tdP

∆= λ01 . 
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Equations (1.8) and (1.10) have the same characteristic equations. And the roots of these 

characteristic equations are, 

SP
DPDPk λλ

λλλλ
−±−=

42

22

2,1       (1.11) 

(a) If SP
DP λλ

λλ
>

4

22

 the solution of Equation (1.8) is (see [6] – [8]), 

( ) ( ) ( ){ } ({ 022011 expexp ttkCttkCtVtV DS −+−=− )},    (1.12) 

where 
21

2
1 kk

kC R −
∆=  and 

12

1
2 kk

kC R −
∆= . 

If inequality above holds, the solution of Equation (1.10) is 

( ) ( ){ } ({ 0240131 expexp ttkCttkCtP −+−= )},     (1.13) 

where 
( )

21

2
3

1
kk

kC SD
RP −

−
∆=

λλ
λ  and 

( )
12

1
4

1
kk

kC SD
RP −

−
∆=

λλ
λ  are constants. 

Since  and  it takes place  and  for . 01 <k 02 <k ( ) ( ) 0→− tVtV DS ( ) 01 →tP +∞→t

Then it follows from the change of variable, 

( ) ( ) R
S

DP
RR PtPtP ∆++=

λ
λλ0

1        (1.14) 

and it takes place for , +∞→t

( ) R
S

DP
RR PtP ∆+→

λ
λλ0        (1.15) 

Since  and ( ) 0
0 DD VtV =

( ) 00
D

D r
dt

tdV
=  it takes place from Equation (1.3), 

( ) ( ) ( )( ) R
S

DP
DRDPDDD VttrtPtV ∆−+−∆++−=

λ
λλ

λλλ
2

0
0

0
1    (1.16) 

Since  it takes place  for . ( ) ( ) 0→− tVtV DS ( ) ( )tVtV DS → +∞→t

I calculate now the effect of the product’s savings by comparing two monetary values of product 

quantity taken at the limit  i.e. when the market of product comes to a new equilibrium. The first +∞→t
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monetary value is the product  of the product’s price  and the product’s demand 

 at the limit after savings. The second monetary value is the product  of the 

product’s price  and the product’s demand  at the limit if there was 

no withdrawal of product from the market. 

( ) ( )tVtPv DRR ×= ( )tPR

( )tVD ( ) ( )tVtPv DRR
~~~ ×=

( ) 0~
RR PtP = ( ) ( ) 0

0
0~

DDD VttrtV +−=

Since 
( )
( ) 01~lim

RS

RDP

R

R

t PtP
tP

λ
λλ ∆

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

 and 
( )
( ) 01~lim

D

RDP

D

D

t rtV
tV ∆

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

λλ
, it takes place, 

( )
( )

( ) ( )
( ) ( ) ( )RDPDRS

DRS

RDP

DR

DR
t

R

R
t

rP
rPtVtP

tVtP
tv
tv ∆++

∆
+=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→+∞→

λλλ
λ
λλ 00

001~~lim~lim  (1.17) 

(b) If SP
DP λλ

λλ
=

4

22

 the solution of Equation (1.8) is (see [6] – [8]), 

( ) ( ) ( )( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ −−−+=− 0021 2

exp ttttCCtVtV DP
DS

λλ
,    (1.18) 

where  and RC ∆−=1 R
DPC ∆−=

22
λλ

. 

If equality above holds, the solution of Equation (1.10) is 

( ) ( )( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ −−−+= 00431 2

exp ttttCCtP DP λλ
,     (1.19) 

where R
S

DPC ∆−=
λ
λλ

3  and  are constants. RPC ∆−= λ4

Since  it takes place  and  for . 0>DP λλ ( ) ( ) 0→− tVtV DS ( ) 01 →tP +∞→t

Therefore it takes place for  as before, +∞→t

( ) R
S

DP
RR PtP ∆+→

λ
λλ0        (1.20) 

( ) ( ) ( )( ) R
S

DP
DRDPDDD VttrtPtV ∆−+−∆++−=

λ
λλ

λλλ
2

0
0

0
1    (1.21) 

and  for . ( ) ( )tVtV DS → +∞→t
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Since 
( )
( ) 01~lim

RS

RDP

R

R

t PtP
tP

λ
λλ ∆

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

 and 
( )
( ) 01~lim

D

RDP

D

D

t rtV
tV ∆

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

λλ
, it takes place, 

( )
( )

( ) ( )
( ) ( ) ( )RDPDRS

DRS

RDP

DR

DR
t

R

R
t

rP
rPtVtP

tVtP
tv
tv

∆++
∆

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→+∞→

λλλ
λ
λλ 00

001~~lim~lim  (1.22) 

(c) If SP
DP λλ

λλ
<

4

22

 the solution of Equation (1.8) is (see [6] – [8]), 

( ) ( ) ( ) ( ) ( )
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−

⎭
⎬
⎫

⎩
⎨
⎧ −−=− 0

22

20

22

10 4
sin

4
cos

2
exp ttCttCtttVtV DP

SP
DP

SP
DP

DS
λλ

λλ
λλ

λλ
λλ

           (1.23) 

where  and RC ∆−=1

4
2

222

DP
SP

RDPC
λλ

λλ

λλ

−

∆−
= . 

If inequality above holds, the solution of Equation (1.10) is 

( ) ( ) ( ) ( )
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−

⎭
⎬
⎫

⎩
⎨
⎧ −−= 0

22

40

22

301 4
sin

4
cos

2
exp ttCttCtttP DP

SP
DP

SP
DP λλ

λλ
λλ

λλ
λλ

 

           (1.24) 

where R
S

DPC ∆−=
λ
λλ

3  and ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−

∆
=

S

DP

DP
SP

RPC
λ
λλ

λλ
λλ

λ
2

1

4

2

224  are constants. 

Since  it takes place  and  for . 0>DP λλ ( ) ( ) 0→− tVtV DS ( ) 01 →tP +∞→t

Therefore it takes place for  as before, +∞→t

( ) R
S

DP
RR PtP ∆+→

λ
λλ0        (1.25) 

( ) ( ) ( )( ) R
S

DP
DRDPDDD VttrtPtV ∆−+−∆++−=

λ
λλ

λλλ
2

0
0

0
1    (1.26) 

and  for . ( ) ( )tVtV DS → +∞→t
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Since 
( )
( ) 01~lim

RS

RDP

R

R

t PtP
tP

λ
λλ ∆

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

 and 
( )
( ) 01~lim

D

RDP

D

D

t rtV
tV ∆

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

λλ
, it takes place, 

( )
( )

( ) ( )
( ) ( ) ( )RDPDRS

DRS

RDP

DR

DR
t

R

R
t

rP
rPtVtP

tVtP
tv
tv

∆++
∆

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→+∞→

λλλ
λ
λλ 00

001~~lim~lim  (1.27) 

Thus all cases to deduce the solutions of differential equations from the roots of related 

characteristic equation are covered. 

Therefore at the limit for  the withdrawal of product from the market causes both an 

increase of the product’s price and an increase of product’s demand. These actions raise the monetary value 

 of product on the market in the long run, 

+∞→t

( )tvR

( )
( ) 11~lim 0 >

∆
+=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+∞→

RS

RDP

R

R

t PtP
tP

λ
λλ

 

( )
( ) 11~lim 0 >

∆
+=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+∞→

D

RDP

D

D

t rtV
tV λλ

 

( )
( ) ( ) 11~lim 00

00 >∆++
∆

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ RDPDRS

DRS

RDP

R

R
t

rP
rPtv

tv
λλλ

λ
λλ

 

That concludes the first scenario. 

 

B Constant-Rate Continuous Withdrawal of Product Savings from Market 

 

According to this scenario I assume that amount of product’s savings  increases since time 

 according to following formula, 

( )tSR

0tt =

( ) ( )⎩
⎨
⎧

≥−
<

=
00

0

,
,0

tttt
tt

tS
R

R δ
       (1.28) 

where  for  and . ( ) 0=tSR 0tt < 0>Rδ
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Therefore taken into account the product’s withdrawal from the market in the form of product’s 

savings  described by Equation (1.28) the volume of product’s surplus (or shortage) on the market 

 in Equations (1.1 – 3) has to be replaced by the volume of product’s surplus (or shortage) 

on the market expressed as ; that produces for , 

( )tSR

( ) ( )[ tVtV DS − ]

( ) ( ) ( )( )tStVtVD RDSR −−≡ 0tt >

( ) ( ) ( ) 02

2

=++ tD
dt

tdD
dt

tDd
RSP

R
DP

R λλλλ      (1.29) 

with the following initial conditions, 

( ) 00 =tDR , 

( )
R

R

dt
tdD

δ−=0 . 

Initial conditions for the product’s price  are  and ( )tPR ( ) 0
0 RR PtP =

( ) 00 =
dt

tdPR . 

Similar to Equation (1.29) the product’s price  is described by the following second-order 

ordinary differential equation for , 

( )tPR

0tt >

( ) ( ) ( ) 02

2

=+++ CtP
dt

tdP
dt

tPd
RSP

R
DP

R λλλλ      (1.30) 

where ( )RRSP PC δλλ +−= 0  is a constant. 

If one uses the new variable ( ) ( ) R
S

RR PtPtP δ
λ
10

1 −−= , Equation (1.30) becomes, 

( ) ( ) ( ) 01
1

2
1

2

=++ tP
dt

tdP
dt

tPd
SPDP λλλλ      (1.31) 

Therefore the initial conditions for  are ( )tP1 ( ) R
S

tP δ
λ
1

01 −=  and 
( ) 001 =

dt
tdP

. 

Equations (1.29) and (1.31) have the same characteristic equations. And the roots of these 

characteristic equations are, 

SP
DPDPk λλ

λλλλ
−±−=

42

22

2,1       (1.32) 
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(a) If SP
DP λλ

λλ
>

4

22

 the solution of Equation (1.29) is, 

( ) ( ){ } ({ 022011 expexp ttkCttkCtDR −+−= )},     (1.33) 

where 
12

1 kk
C R

−
=

δ
 and 

21
2 kk

C R

−
=

δ
. 

If inequality above holds, the solution of Equation (1.31) is 

( ) ( ){ } ({ 0240131 expexp ttkCttkCtP −+−= )},     (1.34) 

where 
21

2
3 kk

kC
S

R

−
⋅=

λ
δ

 and 
12

1
4 kk

kC
S

R

−
⋅=

λ
δ

 are constants. 

Since  and  it takes place  and  for . 01 <k 02 <k ( ) 0→tDR ( ) 01 →tP +∞→t

Then it follows from the change of variable, 

( ) ( ) R
S

RR PtPtP δ
λ
10

1 ++=        (1.35) 

and it takes place for , +∞→t

( ) R
S

RR PtP δ
λ
10 +→         (1.36) 

Since  and ( ) 0
0 DS VtV =

( ) 00
D

S r
dt

tdV
=  it takes place from Equations (1.1 – 3), 

( ) ( ){ } ( ){ } ( )( ) R
S

D
DRDSSS Vttrttk

k
Cttk

k
CtV δ

λ
λ

δλλ −+−++−+−= 0
0

0
02

2

4
01

1

3 expexp  

           (1.37) 

and it follows from Equations (1.28), (1.33), (1.37) for , +∞→t

( ) ( )( ) R
S

D
DRDS VttrtV δ

λ
λ

δ −+−+→ 0
0

0       (1.38) 

( ) ( ) R
S

D
DDD VttrtV δ

λ
λ

−+−→ 0
0

0       (1.39) 

( ) ( )0tttS RR −= δ         (1.40) 
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Since 
( )
( ) 01~lim

RS

R

R

R

t PtP
tP

λ
δ

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

 and 
( )
( ) 1~lim =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tV

tV

D

D

t
, it takes place, 

( )
( )

( ) ( )
( ) ( ) 01~~lim~lim

RS

R

DR

DR
t

R

R
t PtVtP

tVtP
tv
tv

λ
δ

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→+∞→

    (1.41) 

(b) If SP
DP λλ

λλ
=

4

22

 the solution of Equation (1.29) is, 

( ) ( )( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ −−−+= 0021 2

exp ttttCCtD DP
R

λλ
,    (1.42) 

where  and . 01 =C RC δ−=2

If equality above holds, the solution of Equation (1.31) is 

( ) ( )( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ −−−+= 00431 2

exp ttttCCtP DP λλ
,     (1.43) 

where R
S

C δ
λ
1

3 −=  and R
D

C δ
λ
2

4 −=  are constants. 

Since  it takes place  and  for . 0>DP λλ ( ) 0→tDR ( ) 01 →tP +∞→t

Then it follows from the change of variable, 

( ) ( ) R
S

RR PtPtP δ
λ
10

1 ++=        (1.44) 

and it takes place for , +∞→t

( ) R
S

RR PtP δ
λ
10 +→         (1.45) 

Since  and ( ) 0
0 DS VtV =

( ) 00
D

S r
dt

tdV
=  it takes place from Equations (1.1 – 3), 

( ) ( ) ( ) ( )( ) R
S

D
DRD

DPDP

P

D
S VttrttttCCtV δ

λ
λ

δ
λλλλ

λ
λ

−+−++
⎭
⎬
⎫

⎩
⎨
⎧ −−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ +−−−= 0

0
0

0043 2
exp1

2
1

2
           (1.46) 

and it follows from Equations (1.28), (1.42), (1.46) for , +∞→t
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( ) ( )( ) R
S

D
DRDS VttrtV δ

λ
λ

δ −+−+→ 0
0

0       (1.47) 

( ) ( ) R
S

D
DDD VttrtV δ

λ
λ

−+−→ 0
0

0       (1.48) 

( ) ( )0tttS RR −= δ         (1.49) 

Since 
( )
( ) 01~lim

RS

R

R

R
t PtP

tP
λ
δ+=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+∞→

 and 
( )
( ) 1~lim =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tV

tV

D

D
t

, it takes place, 

( )
( )

( ) ( )
( ) ( ) 01~~lim~lim

RS

R

DR

DR
t

R

R
t PtVtP

tVtP
tv
tv

λ
δ

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→+∞→

    (1.50) 

(c) If SP
DP λλ

λλ
<

4

22

 the solution of Equation (1.29) is, 

( ) ( ) ( ) ( )
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−

⎭
⎬
⎫

⎩
⎨
⎧ −−= 0

22

20

22

10 4
sin

4
cos

2
exp ttCttCtttD DP

SP
DP

SP
DP

R
λλ

λλ
λλ

λλ
λλ

           (1.51) 

where  and 01 =C

4

222

DP
SP

RC
λλ

λλ

δ

−

−
= . 

If inequality above holds, the solution of Equation (1.31) is 

( ) ( ) ( ) ( )
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−

⎭
⎬
⎫

⎩
⎨
⎧ −−= 0

22

40

22

301 4
sin

4
cos

2
exp ttCttCtttP DP

SP
DP

SP
DP λλ

λλ
λλ

λλ
λλ

 

           (1.52) 

where R
S

C δ
λ
1

3 −=  and 

4
2

224

DP
SP

R

S

DPC
λλ

λλ

δ
λ
λλ

−

⋅−=  are constants. 

Since  it takes place  and  for . 0>DP λλ ( ) 0→tDR ( ) 01 →tP +∞→t

Then it follows from the change of variable, 

( ) ( ) R
S

RR PtPtP δ
λ
10

1 ++=        (1.53) 
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and it takes place for , +∞→t

( ) R
S

RR PtP δ
λ
10 +→         (1.54) 

Since  and ( ) 0
0 DS VtV =

( ) 00
D

S r
dt

tdV
=  it takes place from Equations (1.1 – 3), 

( ) ( )
( )

( )

( )( ) R
S

D
DRD

DP
SP

DPDP
SP

DP
SP

DP
SP

DP

DP

P
S

Vttr

ttCC

ttCC

tttV

δ
λ
λ

δ

λλ
λλ

λλλλ
λλ

λλ
λλ

λλ
λλ

λλ

λλ
λ

−+−++

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−⋅⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⋅−−⋅+

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−⋅⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−⋅+⋅−

×
⎭
⎬
⎫

⎩
⎨
⎧ −−⋅=

0
0

0

0

22

4

22

3

0

2222

43

0

4
sin

24

4
cos

42

2
exp1

           (1.55) 

and it follows from Equations (1.28), (1.51), (1.55) for , +∞→t

( ) ( )( ) R
S

D
DRDS VttrtV δ

λ
λ

δ −+−+→ 0
0

0       (1.56) 

( ) ( ) R
S

D
DDD VttrtV δ

λ
λ

−+−→ 0
0

0       (1.57) 

( ) ( )0tttS RR −= δ         (1.58) 

Since 
( )
( ) 01~lim

RS

R

R

R
t PtP

tP
λ
δ

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

 and 
( )
( ) 1~lim =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tV

tV

D

D
t

, it takes place, 

( )
( )

( ) ( )
( ) ( ) 01~~lim~lim

RS

R

DR

DR
t

R

R
t PtVtP

tVtP
tv
tv

λ
δ

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→+∞→

    (1.59) 

Thus all cases to deduce the solutions of differential equations from the roots of related 

characteristic equation are covered. 

Therefore at the limit for  the withdrawal of product from the market causes an increase 

of the product’s price and practically doesn’t change the product’s demand. These actions raise the 

monetary value  of product on the market in the long run, 

+∞→t

( )tvR
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( )
( ) 11~lim 0 >+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

RS

R

R

R

t PtP
tP

λ
δ

 

( )
( ) 1~lim =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tV

tV

D

D
t

 

( )
( ) 11~lim 0 >+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

RS

R

R

R
t Ptv

tv
λ
δ

 

That concludes the second scenario. 

 

C Constant-Accelerated Continuous Withdrawal of Product Savings from Market 

 

According to this scenario I assume that amount of product’s savings  increases since time 

 according to following formula, 

( )tSR

0tt =

( ) ( ) ( )⎪⎩

⎪
⎨
⎧

≥−+−

<
=

0
2

00

0

,
2

,0

tttttt

tt
tS R

R
R ε

δ
     (1.60) 

where  for , , and . ( ) 0=tSR 0tt < 0>Rδ 0>Rε

Therefore taken into account the product’s withdrawal from the market in the form of product’s 

savings  described by Equation (1.60) the volume of product’s surplus (or shortage) on the market 

 in Equations (1.1 – 3) has to be replaced by the volume of product’s surplus (or shortage) 

on the market expressed as ; that produces for , 

( )tSR

( ) ( )[ tVtV DS − ]

( ) ( ) ( )( )tStVtVD RDSR −−≡ 0tt >

( ) ( ) ( ) 02

2

=+++ RRSP
R

DP
R tD

dt
tdD

dt
tDd

ελλλλ     (1.61) 

with the following initial conditions, 

( ) 00 =tDR , 
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( )
R

R

dt
tdD

δ−=0 . 

If one uses the new variable ( ) ( ) R
SP

R tDtD ε
λλ

1
1 += , then Equation (1.61) becomes, 

( ) ( ) ( ) 01
1

2
1

2

=++ tD
dt

tdD
dt

tDd
SPDP λλλλ      (1.62) 

with the following initial conditions, 

( ) R
SP

tD ε
λλ

1
01 = , 

( )
Rdt

tdD
δ−=01 . 

Initial conditions for the product’s price  are  and ( )tPR ( ) 0
0 RR PtP =

( ) 00 =
dt

tdPR . 

Similar to Equation (1.61) the product’s price  is described by the following second-order 

ordinary differential equation for , 

( )tPR

0tt >

( ) ( ) ( ) ( )( 00
02

2

=++−−++ RSRRPRSP
R

DP
R PtttP

dt
tdP

dt
tPd

λδελλλλλ )  (1.63) 

If one uses the new variable ( ) ( ) ( ) R
S

D
R

S
R

S
RR ttPtPtP ε

λ
λ

ε
λ

δ
λ 20

0
1

11
+−−−−= , then 

Equation (1.63) becomes, 

( ) ( ) ( ) 01
1

2
1

2

=++ tP
dt

tdP
dt

tPd
SPDP λλλλ      (1.64) 

Therefore initial conditions for  are ( )tP1 ( ) R
S

D
R

S

tP ε
λ
λ

δ
λ 201
1

+−=  and 
( )

R
Sdt

tdP
ε

λ
101 −= . 

Equations (1.62) and (1.64) have the same characteristic equations. And the roots of these 

characteristic equations are, 

SP
DPDPk λλ

λλλλ
−±−=

42

22

2,1       (1.65) 
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(a) If SP
DP λλ

λλ
>

4

22

 the solution of Equation (1.62) is, 

( ) ( ){ } ({ 0220111 expexp ttkCttkCtD −+−= )} ,     (1.66) 

where 
12

2

1 kk

k
C SP

R
R

−

+
= λλ

ε
δ

 and 
21

1

2 kk

k
C SP

R
R

−

+
= λλ

ε
δ

. 

If inequality above holds, the solution of Equation (1.64) is 

( ) ( ){ } ({ 0240131 expexp ttkCttkCtP −+−= )},     (1.67) 

where 
21

22

3

11

kk

k
C

R
S

D
R

S
R

S

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+−

=
ε

λ
λ

δ
λ

ε
λ

 and 
12

12

4

11

kk

k
C

R
S

D
R

S
R

S

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+−

=
ε

λ
λ

δ
λ

ε
λ

 are 

constants. 

Since  and  it takes place  and  for . 01 <k 02 <k ( ) 01 →tD ( ) 01 →tP +∞→t

Then it follows from the change of variable, 

( ) ( ) R
SP

R tDtD ε
λλ

1
1 −=        (1.68) 

( ) ( ) ( ) R
S

D
R

S
R

S
RR ttPtPtP ε

λ
λ

ε
λ

δ
λ 20

0
1

11
−−+++=     (1.69) 

and it takes place for , +∞→t

( ) R
SP

R tD ε
λλ

1
−→         (1.70) 

( ) ( ) R
S

D
R

S
RR

S
R PtttP ε

λ
λ

δ
λ

ε
λ 2

0
0

11
−++−→      (1.71) 

Since  and ( ) 0
0 DS VtV =

( ) 00
D

S r
dt

tdV
=  it takes place from Equations (1.1 – 3), 
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( ) ( ){ } ( ){ } ( )

( ) R
S

D
R

SP
R

S

D
D

R

R
S

D
RDSSS

Vtt

ttrttk
k
Cttk

k
CtV

ε
λ
λ

ε
λλ

δ
λ
λε

ε
λ
λ

δλλ

2

2
02

0

0
0

02
2

4
01

1

3

1
2

expexp

+−−+−+

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−++−+−=

 

           (1.72) 

and it follows from Equations (1.60), (1.68), (1.72) for , +∞→t

( ) ( ) ( ) R
S

D
R

SP
R

S

D
D

R
R

S

D
RDS VttttrtV ε

λ
λ

ε
λλ

δ
λ
λε

ε
λ
λ

δ 2

2
02

00
0 1

2
+−−+−+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+→  

           (1.73) 

( ) ( ) R
S

D
R

S

D
DR

S

D
DD VttrtV ε

λ
λ

δ
λ
λ

ε
λ
λ

2

2
0

0
0 +−+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−→     (1.74) 

( ) ( ) ( 2
00 2

tttttS R
RR −+−=

ε
δ )        (1.75) 

Since 
( )
( ) +∞=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tP

tP

R

R

t
~lim  (as 

( )
( ) ( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−++−→ 02000 1~

RS

RD

RS

R

RS

R

R

R

PP
tt

PtP
tP

λ
ελ

λ
δ

λ
ε

, ) 

and 

+∞→t

( )
( ) 01~lim

DS

RD

D

D
t rtV

tV
λ
ελ

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

, it takes place, 

( )
( )

( ) ( )
( ) ( )

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

>∞−

=

<∞+

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→+∞→

0

0

0

,

,0

,

~~lim~lim

D
D

S
R

D
D

S
R

D
D

S
R

DR

DR
t

R

R
t

r

r

r

tVtP
tVtP

tv
tv

λ
λ

ε

λ
λ

ε

λ
λ

ε

   (1.76) 

(b) If SP
DP λλ

λλ
=

4

22

 the solution of Equation (1.62) is, 

( ) ( )( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ −−−+= 00211 2

exp ttttCCtD DP λλ
,     (1.77) 

where R
SP

C ε
λλ

1
1 =  and R

S

D
RC ε

λ
λ

δ
22 +−= . 
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If equality above holds, the solution of Equation (1.64) is 

( ) ( )( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ −−−+= 00431 2

exp ttttCCtP DP λλ
,     (1.78) 

where R
S

D
R

S

C ε
λ
λ

δ
λ 23
1

+−=  and R
S

R
D

C ε
λ

δ
λ

12
4 +−=  are constants. 

Since  it takes place  and  for . 0>DP λλ ( ) 01 →tD ( ) 01 →tP +∞→t

Then it follows from the change of variable, 

( ) ( ) R
SP

R tDtD ε
λλ

1
1 −=        (1.79) 

( ) ( ) ( ) R
S

D
R

S
R

S
RR ttPtPtP ε

λ
λ

ε
λ

δ
λ 20

0
1

11
−−+++=     (1.80) 

and it takes place for , +∞→t

( ) R
SP

R tD ε
λλ

1
−→         (1.81) 

( ) ( ) R
S

D
R

S
RR

S
R PtttP ε

λ
λ

δ
λ

ε
λ 2

0
0

11
−++−→      (1.82) 

Since  and ( ) 0
0 DS VtV =

( ) 00
D

S r
dt

tdV
=  it takes place from Equations (1.1 – 3), 

( ) ( ) ( ) ( )

( ) R
SP

R
S

D
D

R

R
S

D
RD

DPDP

P

D
S

Vtt

ttrttttCCtV

ε
λλ

δ
λ
λε

ε
λ
λ

δ
λλλλ

λ
λ

3
2

2
exp1

2
1

2

02
0

0
0

0043

+−+−+

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−++

⎭
⎬
⎫

⎩
⎨
⎧ −−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ +−−−=

           (1.83) 

and it follows from Equations (1.60), (1.81), (1.83) for , +∞→t

( ) ( ) ( ) R
SP

R
S

D
D

R
R

S

D
RDS VttttrtV ε

λλ
δ

λ
λε

ε
λ
λ

δ
3

2
02

00
0 +−+−+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+→  (1.84) 

( ) ( ) R
SP

R
S

D
DR

S

D
DD VttrtV ε

λλ
δ

λ
λ

ε
λ
λ 40

0
0 +−+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−→     (1.85) 
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( ) ( ) ( 2
00 2

tttttS R
RR −+−=

ε
δ )        (1.86) 

Since 
( )
( ) +∞=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tP

tP

R

R

t
~lim  (as 

( )
( ) ( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−++−→ 02000 1~

RS

RD

RS

R

RS

R

R

R

PP
tt

PtP
tP

λ
ελ

λ
δ

λ
ε

, ) 

and 

+∞→t

( )
( ) 01~lim

DS

RD

D

D

t rtV
tV

λ
ελ

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

, it takes place, 

( )
( )

( ) ( )
( ) ( )

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

>∞−

=

<∞+

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→+∞→

0

0

0

,

,0

,

~~lim~lim

D
D

S
R

D
D

S
R

D
D

S
R

DR

DR

t
R

R

t

r

r

r

tVtP
tVtP

tv
tv

λ
λ

ε

λ
λ

ε

λ
λ

ε

   (1.87) 

(c) If SP
DP λλ

λλ
<

4

22

 the solution of Equation (1.62) is, 

( ) ( ) ( ) ( )
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−

⎭
⎬
⎫

⎩
⎨
⎧ −−= 0

22

20

22

101 4
sin

4
cos

2
exp ttCttCtttD DP

SP
DP

SP
DP λλ

λλ
λλ

λλ
λλ

           (1.88) 

where R
SP

C ε
λλ

1
1 =  and 

4

2
222
DP

SP

R
S

D
R

C
λλ

λλ

ε
λ
λ

δ

−

+−
= . 

If inequality above holds, the solution of Equation (1.64) is 

( ) ( ) ( ) ( )
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−

⎭
⎬
⎫

⎩
⎨
⎧ −−= 0

22

40

22

301 4
sin

4
cos

2
exp ttCttCtttP DP

SP
DP

SP
DP λλ

λλ
λλ

λλ
λλ

 

           (1.89) 

where R
S

D
R

S

C ε
λ
λ

δ
λ 23
1

+−=  and 

4

1
22

22

2

2

4

DP
SP

R
S

R
S

DP
R

S

DP

C
λλ

λλ

ε
λ

ε
λ
λλ

δ
λ
λλ

−

−+−
=  are constants. 

Since  it takes place  and  for . 0>DP λλ ( ) 01 →tD ( ) 01 →tP +∞→t
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Then it follows from the change of variable, 

( ) ( ) R
SP

R tDtD ε
λλ

1
1 −=        (1.90) 

( ) ( ) ( ) R
S

D
R

S
R

S
RR ttPtPtP ε

λ
λ

ε
λ

δ
λ 20

0
1

11
−−+++=     (1.91) 

and it takes place for , +∞→t

( ) R
SP

R tD ε
λλ

1
−→         (1.92) 

( ) ( ) R
S

D
R

S
RR

S
R PtttP ε

λ
λ

δ
λ

ε
λ 2

0
0

11
−++−→      (1.93) 

Since  and ( ) 0
0 DS VtV =

( ) 00
D

S r
dt

tdV
=  it takes place from Equations (1.1 – 3), 

( ) ( )
( )

( )

( ) ( ) R
S

D
R

SP
R

S

D
D

R
R

S

D
RD

DP
SP

DPDP
SP

DP
SP

DP
SP

DP

DP

P
S

Vttttr

ttCC

ttCC

tttV

ε
λ
λ

ε
λλ

δ
λ
λε

ε
λ
λ

δ

λλ
λλ

λλλλ
λλ

λλ
λλ

λλ
λλ

λλ

λλ
λ

2

2
02

00
0

0

22

4

22

3

0

2222

43

0

1
2

4
sin

24

4
cos

42

2
exp1

+−−+−+−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−++

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−⋅⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⋅−−⋅+

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−⋅⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−⋅+⋅−

×
⎭
⎬
⎫

⎩
⎨
⎧ −−⋅=

           (1.94) 

and it follows from Equations (1.60), (1.92), (1.94) for , +∞→t

( ) ( ) ( ) R
S

D
R

SP
R

S

D
D

R
R

S

D
RDS VttttrtV ε

λ
λ

ε
λλ

δ
λ
λε

ε
λ
λ

δ 2

2
02

00
0 1

2
+−−+−+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+→  

           (1.95) 

( ) ( ) R
S

D
R

S

D
DR

S

D
DD VttrtV ε

λ
λ

δ
λ
λ

ε
λ
λ

2

2
0

0
0 +−+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−→     (1.96) 

( ) ( ) ( 2
00 2

tttttS R
RR −+−=

ε
δ )        (1.97) 
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Since 
( )
( ) +∞=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tP

tP

R

R

t
~lim  (as 

( )
( ) ( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−++−→ 02000 1~

RS

RD

RS

R

RS

R

R

R

PP
tt

PtP
tP

λ
ελ

λ
δ

λ
ε

, ) 

and 

+∞→t

( )
( ) 01~lim

DS

RD

D

D
t rtV

tV
λ
ελ

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

, it takes place, 

( )
( )

( ) ( )
( ) ( )

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

>∞−

=

<∞+

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→+∞→

0

0

0

,

,0

,

~~lim~lim

D
D

S
R

D
D

S
R

D
D

S
R

DR
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t
R

R

t

r

r

r

tVtP
tVtP

tv
tv

λ
λ

ε

λ
λ

ε

λ
λ

ε

   (1.98) 

Thus all cases to deduce the solutions of differential equations from the roots of related 

characteristic equation are covered. 

Therefore at the limit for  the withdrawal of product from the market causes a boundless 

increase of the product’s price. Here at the limit for  the withdrawal of product from the market 

increases or decreases the product’s demand depending on the acceleration rate. Savings withdrawal with 

moderate acceleration rate increases the product demand on the market in the long run. Savings withdrawal 

with intense acceleration rate decreases the product demand on the market in the long run. Thus savings 

withdrawal with moderate acceleration rate raises the monetary value  of product on the market in 

the long run, and savings withdrawal with intense acceleration rate declines the product demand on the 

market in the long run, 

+∞→t

+∞→t

( )tvR

( )
( ) +∞=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tP

tP

R

R

t
~lim , 

( )
( )

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

><

==

<>

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→

0

0

0

0

,0

,0

,0

1~lim

D
D

S
R

D
D

S
R

D
D

S
R
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RD

D

D

t

r

r

r

rtV
tV

λ
λ

ε

λ
λ

ε

λ
λ

ε

λ
ελ
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( )
( )

( )
( )

( )
( )
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⎪
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⎪
⎪
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=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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⎠
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,

~~lim~lim

D
D

S
R

D
D

S
R

D
D

S
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D
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R

R
t

R
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t

r
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tv
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That concludes the third scenario. 

 

D Exponential Continuous Withdrawal of Product Savings from Market 

 

According to this scenario I assume that amount of product’s savings  increases since time 

 according to following formula, 

( )tSR

0tt =

( ) ( ){ }⎩
⎨
⎧

≥−−
<

=
00

0

,exp
,0

tttt
tt

tS
R

R πρπ
     (1.99) 

where  for , , and . ( ) 0=tSR 0tt < 0>π 0>Rρ

Therefore taken into account the product’s withdrawal from the market in the form of product’s 

savings  described by Equation (1.60) the volume of product’s surplus (or shortage) on the market 

 in Equations (1.1 – 3) has to be replaced by the volume of product’s surplus (or shortage) 

on the market expressed as ; that produces for , 

( )tSR

( ) ( )[ tVtV DS − ]

( ) ( ) ( )( )tStVtVD RDSR −−≡ 0tt >

( ) ( ) ( ) ( ){ } 0exp 0
2

2

2

=−+++ tttD
dt

tdD
dt

tDd
RRRSP

R
DP

R ρρπλλλλ   (1.100) 

with the following initial conditions, 

( ) 00 =tDR , 

( )
R

R

dt
tdD

ρπ−=0 . 
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If one uses the new variable ( ) ( ) ({ }02

2

1 exp tttDtD R
SPRDPR

R
R −

++
+= ρ

λλρλλρ
ρπ ) , then 

Equation (1.100) becomes, 

( ) ( ) ( ) 01
1

2
1

2

=++ tD
dt

tdD
dt

tDd
SPDP λλλλ      (1.101) 

with the following initial conditions, 

( )
SPRDPR

RtD
λλρλλρ

ρπ
++

= 2

2

01 , 

( )
SPRDPR

R
Rdt

tdD
λλρλλρ

ρπ
ρπ

++
+−= 2

3
01 . 

Initial conditions for the product’s price  are  and ( )tPR ( ) 0
0 RR PtP =

( ) 00 =
dt

tdPR . 

Similar to Equation (1.100) the product’s price  is described by the following second-order 

ordinary differential equation for , 

( )tPR

0tt >

( ) ( ) ( ) ( ){ }( ) 0exp 0
02

2

=+−−++ RSRRPRSP
R

DP
R PtttP

dt
tdP

dt
tPd λρρπλλλλλ  (1.102) 

If one uses the new variable ( ) ( ) ( ){ }02
0

1 exp ttPtPtP R
SPRDPR

RP
RR −

++
−−= ρ

λλρλλρ
ρπλ

, 

then Equation (1.102) becomes, 

( ) ( ) ( ) 01
1

2
1

2

=++ tP
dt

tdP
dt

tPd
SPDP λλλλ      (1.103) 

Therefore initial conditions for  are ( )tP1 ( )
SPRDPR

RPtP
λλρλλρ

ρπλ
++

−
= 201  and 

( )
SPRDPR

RP

dt
tdP

λλρλλρ
ρπλ
++

−
= 2

2
01 . 

Equations (1.101) and (1.103) have the same characteristic equations. And the roots of these 

characteristic equations are, 
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SP
DPDPk λλλλλλ
−±−=

42

22

2,1       (1.104) 

(a) If SP
DP λλλλ
>

4

22

 the solution of Equation (1.101) is, 

( ) ( ){ } ({ 0220111 expexp ttkCttkCtD −+−= )} ,     (1.105) 

where constants  and  are equal to 1C 2C
SPRDPR

RR

kk
k

kk
C

λλρλλρ
ρπρπ

++
⋅

−
−

+
−

−= 2

2

21

2

21
1

1
 and 

SPRDPR

RR

kk
k

kk
C

λλρλλρ
ρπρπ

++
⋅

−
−

+
−

−= 2

2

12

1

12
2

1
. 

If inequality above holds, the solution of Equation (1.103) is 

( ) ( ){ } ({ 0240131 expexp ttkCttkCtP −+−= )},     (1.106) 

where 
SPRDPR

RPR

kk
kC

λλρλλρ
ρπλρ
++

⋅
−
−

= 2
12

2
3  and 

SPRDPR

RPR

kk
kC

λλρλλρ
ρπλρ
++

⋅
−
−

= 2
21

1
4  are 

constants. 

Since  and  it takes place  and  for . 01 <k 02 <k ( ) 01 →tD ( ) 01 →tP +∞→t

Then it follows from the change of variable, 

( ) ( ) ({ 02

2

1 exp tttDtD R
SPRDPR

R
R −

++
−= ρ

λλρλλρ
ρπ )}   (1.107) 

( ) ( ) ({ 02
0

1 exp ttPtPtP R
SPRDPR

RP
RR −

++
++= ρ

λλρλλρ
ρπλ )}   (1.108) 

and it takes place for , +∞→t

( ) ({ 02

2

exp tttD R
SPRDPR

R
R −

++
−

→ ρ
λλρλλρ

ρπ )}    (1.109) 

( ) ({ 02
0 exp ttPtP R

SPRDPR

RP
RR −

++
+→ ρ

λλρλλρ
ρπλ )}    (1.110) 

Since  and ( ) 0
0 DS VtV =

( ) 00
D

S r
dt

tdV
=  it takes place from Equations (1.1 – 3), 
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( ) ( ){ } ( ){ } ( )

( ){ } πρ
λλρλλρ

πλλ

λλ

−−
++

+

+−+−+−=
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0
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0
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4
01

1

3

exp

expexp

tt

Vttrttk
k
Cttk

k
CtV

R
SPRDPR

SP

DDSSS

  (1.111) 

and it follows from Equations (1.99), (1.109), (1.111) for , +∞→t

( ) ( ) ( ){ } πρ
λλρλλρ

πλλ
−−

++
++−→ 02

0
0

0 exp ttVttrtV R
SPRDPR

SP
DDS   (1.112) 

( ) ( ) ({ 02
0

0
0 exp ttVttrtV R

SPRDPR

RDP
DDD −

++
−+−→ ρ

λλρλλρ
ρπλλ )}

−

  (1.113) 

( ) ( ){ } πρπ −= 0exp tttS RR        (1.114) 

Since 
( )
( ) +∞=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tP

tP

R

R

t
~lim  (as 
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( ) ( ) ( ){ } 1exp~ 002 +−
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RSPRDPR
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R

R ρ
λλρλλρ

ρπλ
) 

and 
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( ) −∞=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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tV

D

D
t
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( ) ( )
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~
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02 +
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−
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−
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rtV
tV R

DSPRDPR

RDP

D

D ρ
λλρλλρ

ρπλλ
 when 

), it takes place, +∞→t

( )
( )

( ) ( )
( ) ( ) −∞=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→+∞→ tVtP

tVtP
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tv

DR

DR
t

R

R
t

~~lim~lim      (1.115) 

(b) If SP
DP λλ

λλ
=

4

22

 the solution of Equation (1.101) is, 

( ) ( )( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ −−−+= 00211 2

exp ttttCCtD DP λλ
,     (1.116) 

where 
SPRDPR

RC
λλρλλρ

ρπ
++

= 2

2

1  and 
( )

( )SPRDPR

RDSRPC
λλρλλρ
ρλλρπλ

++
+−

= 22 2
2

. 

If equality above holds, the solution of Equation (1.103) is 

( ) ( )( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ −−−+= 00431 2

exp ttttCCtP DP λλ
,     (1.117) 

where 
SPRDPR

RPC
λλρλλρ

ρπλ
++

−
= 23  and 

( )
( )SPRDPR

DPRRPC
λλρλλρ
λλρρπλ

++
+−

= 24 2
2

 are constants. 
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Since  it takes place  and  for . 0>DP λλ ( ) 01 →tD ( ) 01 →tP +∞→t

Then it follows from the change of variable, 

( ) ( ) ({ 02

2

1 exp tttDtD R
SPRDPR

R
R −

++
−=

λλρλλρ
ρπ )}ρ    (1.118) 

( ) ( ) ({ 02
0

1 exp ttPtPtP R
SPRDPR

RP
RR −

++
++=

λλρλλρ
ρπλ )}ρ    (1.119) 

and it takes place for , +∞→t

( ) ({ 02

2

exp tttD R
SPRDPR

R
R −

++
−

→
λλρλλρ

ρπ )}ρ     (1.120) 

( ) ({ 02
0 exp ttPtP R

SPRDPR

RP
RR −

++
+→

λλρλλρ
ρπλ )}ρ     (1.121) 

Since  and ( ) 0
0 DS VtV =

( ) 00
D

S r
dt

tdV
=  it takes place from Equations (1.1 – 3), 
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D
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S

 (1.122) 

and it follows from Equations (1.99), (1.120), (1.122) for , +∞→t

( ) ( ) ( ){ } πρ
λλρλλρ

πλλ
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++
++−→ 02

0
0

0 exp ttVttrtV R
SPRDPR

SP
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( ) ( ) ({ 02
0

0
0 exp ttVttrtV R

SPRDPR

RDP
DDD −

++
−+−→ ρ

λλρλλρ
ρπλλ )}

−

  (1.124) 

( ) ( ){ } πρπ −= 0exp tttS RR        (1.125) 

Since 
( )
( ) +∞=⎟⎟
⎠

⎞
⎜⎜
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⎛
+∞→ tP
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R
RSPRDPR
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R
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λλρλλρ

ρπλ
) 
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⎠

⎞
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⎝
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tV

D

D

t
~lim  (as 

( )
( ) ( )

( ){ }
( ) 1exp

~
0

0
02 +
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→
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 when 
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( )
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(c) If SP
DP λλ

λλ
<

4

22

 the solution of Equation (1.101) is, 
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⎟
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⎞
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⎜
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where 
SPRDPR
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2
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If inequality above holds, the solution of Equation (1.103) is 
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⎟

⎠

⎞

⎜
⎜
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           (1.128) 

where 
SPRDPR
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λλρλλρ
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2
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2224
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SPRDPR

DPRRPC
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λλρλλρ
λλρρπλ

−

⋅
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=  are 
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Since  it takes place  and  for . 0>DP λλ ( ) 01 →tD ( ) 01 →tP +∞→t

Then it follows from the change of variable, 
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2

1 exp tttDtD R
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R
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−=
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ρπ )}ρ    (1.129) 

( ) ( ) ({ 02
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and it takes place for , +∞→t
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R
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( ) ({ 02
0 exp ttPtP R
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ρπλ )}ρ     (1.132) 

Since  and ( ) 0
0 DS VtV =
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=  it takes place from Equations (1.1 – 3), 
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4

22

3

0

2222
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2
exp1

ttVttr

ttCC

ttCC

tttV

R
SPRDPR

SP
DD

DP
SP

DPDP
SP

DP
SP

DP
SP

DP

DP

P
S

           (1.133) 

and it follows from Equations (1.99), (1.131), (1.133) for , +∞→t

( ) ( ) ( ){ } πρ
λλρλλρ

πλλ
−−

++
++−→ 02

0
0

0 exp ttVttrtV R
SPRDPR

SP
DDS   (1.134) 

( ) ( ) ({ 02
0

0
0 exp ttVttrtV R

SPRDPR

RDP
DDD −

++
−+−→ ρ

λλρλλρ
ρπλλ )}

−

  (1.135) 

( ) ( ){ } πρπ −= 0exp tttS RR        (1.136) 

Since 
( )
( ) +∞=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tP

tP

R

R

t
~lim  (as 

( )
( ) ( ) ( ){ } 1exp~ 002 +−

++
→ tt

PtP
tP

R
RSPRDPR

RP

R

R ρ
λλρλλρ

ρπλ
) 

and 
( )
( ) −∞=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tV

tV

D

D
t

~lim  (as 
( )
( ) ( )

( ){ }
( ) 1exp

~
0

0
02 +

−
−

⋅
++

−
→

tt
tt

rtV
tV R

DSPRDPR

RDP

D

D ρ
λλρλλρ

ρπλλ
 when 

), it takes place, +∞→t

( )
( )

( ) ( )
( ) ( ) −∞=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→+∞→ tVtP

tVtP
tv
tv

DR

DR

t
R

R

t
~~lim~lim      (1.137) 

Thus all cases to deduce the solutions of differential equations from the roots of related 

characteristic equation are covered. 

Therefore at the limit for  the withdrawal of product from the market causes a boundless 

increase of the product’s price. Here at the limit for  the withdrawal of product from the market 

+∞→t

+∞→t
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causes a boundless decrease of the product’s demand. These actions causes a boundless decrease of the 

monetary value  of product on the market in the long run, ( )tvR

( )
( ) +∞=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tP

tP

R

R
t

~lim , 

( )
( ) −∞=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+∞→ tV

tV

D

D

t
~lim , 

( )
( )

( )
( )

( )
( ) −∞=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+∞→+∞→ tV

tV
tP
tP

tv
tv

D

D

R

R
t

R

R
t

~~lim~lim  

That concludes the forth scenario. 

 

2 Model of Multiple Product Economy 
 

Let me consider model with n  products. I denote ( ) 0≥tVS  as a non-negative vector of the 

products’ supply on the market, ( ) ≥t 0DV  as a non-negative vector of the products’ demand on the 

market, and ( ) 0≥tPR  as a non-negative vector of the products’ prices on the market. Each non-negative 

component  of the vector ( )[ ] 0≥iS tV ( ) 0≥tVS  represents the supply on the market for particular 

product; each non-negative component  of the vector ( )[ ] 0≥iD tV ( ) 0≥tVD  represents the demand on 

the market for particular product; and each non-negative component  of the vector ( )[ ] 0≥iR tP ( ) 0≥tPR  

represents the price on the market for particular product ( ). ni ,,1K=

As earlier, when there are no disturbing economic forces, the market is in equilibrium position for 

each position, i.e. the product’s supply and demand are equal for every individual product, and they are 

developing with constant rates and all the product’s prices are fixed. 

When the balance between the product’s supply and demand is broken for any particular product, 

the product’s market is experienced the economic forces, which act to bring the market to a new 

equilibrium position. 
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These economic forces are described by the following ordinary differential equations regarding to 

each individual product of vectors of the product’s supply ( )tVS , demand ( )tVD , and price ( )tPR . 

( )[ ] [ ] ( )[ ] ( )[ ]( iDiSiiP
iR tVtV

dt
tPd

−−= λ )      (1.138) 

( )[ ] [ ] ( )[ ]
dt

tPd
dt

tVd iR
iiS

iS λ=2

2

       (1.139) 

( )[ ] [ ] ( )[ ]
2

2

2

2

dt
tPd

dt
tVd iR

iiD
iD λ−=       (1.140) 

In Equations (1.138 – 140) above the values [ ]  are constants. [ ] [ ] 0,, ≥iiDiiSiiP λλλ

I assume that the markets had been in equilibrium position until time , the vectors of 

volumes of product’s supply 

0tt =

( )tVS  and demand ( )tVD  on the markets were equal, and they both were 

developing with vector of constant rates 0
Dr . 

( ) ( ) 0
0

0
DDD VttrtV +−=         (1.141) 

( ) ( )tVtV DS =          (1.142) 

where ( ) 0
0 DD VtV = . 

I present below two scenarios describing the situation with withdrawal of products’ savings. 

 

A Constant-Rate Continuous Withdrawal of Product Savings from Market 

 

According to this scenario I assume that vector of products’ savings ( )tSR  increases since time 

 according to following formula in vector form, 0tt =

( ) ( )⎩
⎨
⎧

≥−
<

=
00

0

,
,0

tttt
tt

tS
R

R δ
       (1.143) 
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where ( ) 0=tSR  for  and 0tt < 0≥Rδ . 

Hence taken into account the products’ withdrawal from the markets in the form of products’ 

savings ( )tSR  described by Equation (1.143) the vector of products’ surpluses (or shortages) on the 

markets ( ) ( )[ tVtV DS − ] expressed component-wise in Equations (1.138 – 140) has to be replaced by the 

vector of products’ surpluses (or shortages) on markets expressed as ( ) ( ) ( )( )tStVtVD RDSR −−≡ ; that 

produces the following matrix equation for , 0tt >

( ) ( ) ( ) 02

2

=ΛΛ+ΛΛ+ tD
dt

tDd
dt

tDd
RSP

R
DP

R      (1.144) 

with the following initial conditions, 

( ) 00 =tDR , 

( )
R

R

dt
tDd

δ−=0 . 

In matrix Equation (1.144) above the matrices  are non-negative diagonal matrices. DSP ΛΛΛ ,,

Initial conditions for the vector of products’ prices ( )tPR  are ( ) 0
0 RR PtP =  and 

( ) 00 =
dt

tPd R . 

Similar to Equation (1.144) the vector of products’ prices ( )tPR  is described by the following 

matrix equation for , 0tt >

( ) ( ) ( ) 02

2

=+ΛΛ+ΛΛ+ CtP
dt

tPd
dt

tPd
RSP

R
DP

R     (1.145) 

where ( )RRSP PC δ+ΛΛ−= 0  is a constant vector. 

If one uses the new vector ( ) ( ) RSRR PtPtP δ10
1

−Λ−−= , Equation (1.145) becomes, 

( ) ( ) ( ) 01
1

2
1

2

=ΛΛ+ΛΛ+ tP
dt

tPd
dt

tPd
SPDP      (1.146) 

Therefore the initial conditions for vector ( )tP1  are ( ) RStP δ1
01

−Λ−=  and 
( ) 001 =

dt
tPd

. 
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As was shown in the model of single product economy, each component of the vectors ( )tDR  and 

( )tP1  approaches zero with the passage of time, ( )[ ] 0→iR tD  and ( )[ ] 01 →itP  for . Thus it 

takes place  and  for . 

+∞→t

( ) 0→tDR ( ) 01 →tP +∞→t

Therefore from the change of vector it takes place for , +∞→t

( ) RSRR PtP δ10 −Λ+→         (1.147) 

Since ( ) 0
0 DS VtV =  and 

( ) 00
D

S r
dt

tVd =  it takes place for  from Equations (1.138 – 140) 

similar to the model of single product economy, 

+∞→t

( ) ( )( ) RSDDRDS VttrtV δδ 10
0

0 −ΛΛ−+−+→      (1.148) 

( ) ( ) RSDDDD VttrtV δ10
0

0 −ΛΛ−+−→       (1.149) 

( ) ( 0tttS RR −= δ )         (1.150) 

I calculate now the effect of the products’ savings by comparing two monetary values of vectors of 

products taken at the limit  i.e. when the markets of products come to a new equilibrium. The first 

monetary value is scalar product 

+∞→t

( ) ( ) ( )[ ] ( )[∑
=

=×=
n

i
iDiRDRR tVtPtVtPv

1

]  of the vector of products’ 

prices ( )tPR  and the vector of products’ demand ( )tVD  at the limit after savings. The second monetary 

value is scalar product  of the vector of products’ prices ( ) ( )tVtPv DRR
~~~ ×= ( ) 0~

RR PtP =  and the vector of 

products’ demand ( ) ( ) 0
0

0~
DDD VttrtV +−=  at the limit if there was no withdrawal of products from the 

markets. 

Therefore at the limit for  the withdrawal of product from the market causes an increase 

of that product’s price. 

+∞→t

( )[ ]
( )[ ]

[ ]
[ ] [ ] 11~lim 0 ≥+=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+∞→

iRiiS

iR

iR

iR

t PtP
tP

λ

δ
      (1.151) 
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Since at the limit for  the withdrawal of product from the market practically doesn’t 

change the vector of products’ demand, the monetary value  of the vector of products on the market 

will increase in the long run, 

+∞→t

( )tvR

( )
( )

( ) ( )
( ) ( )

( )[ ] [ ]

[ ] [ ]
1

lim
~~lim~lim

1

00

1

0

>
⎟
⎠

⎞
⎜
⎝

⎛

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×
×=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

∑

∑

=

=
+∞→

+∞→+∞→ n

i
iDiR

n

i
iDiRt

DR

DR

t
R

R

t
rP

rtP

tVtP
tVtP

tv
tv

  (1.152) 

as it takes place for each component, ( )[ ] [ ]iRiRt
PtP 0lim ≥

+∞→
 for [ ] , . 0>iRδ ni ,,1K=

That concludes the first scenario. 

 

B Constant-Accelerated Continuous Withdrawal of Product Savings from Market 

 

According to this scenario I assume that vector of products’ savings ( )tSR  increases since time 

 according to following formula in vector form, 0tt =

( ) ( ) ( )⎪⎩

⎪
⎨
⎧

≥−+−

<
=

0
2

00

0

,
2

,0

tttttt

tt
tS R

R
R ε

δ
     (1.153) 

where ( ) 0=tSR  for , 0tt < 0≥Rδ , and 0≥Rε . 

Hence taken into account the products’ withdrawal from the markets in the form of products’ 

savings ( )tSR  described by Equation (1.143) the vector of products’ surpluses (or shortages) on the 

markets ( ) ( )[ tVtV DS − ] expressed component-wise in Equations (1.138 – 140) has to be replaced by the 

vector of products’ surpluses (or shortages) on markets expressed as ( ) ( ) ( )( )tStVtVD RDSR −−≡ ; that 

produces the following matrix equation for , 0tt >

( ) ( ) ( ) 02

2

=+ΛΛ+ΛΛ+ RRSP
R

DP
R tD

dt
tDd

dt
tDd

ε     (1.154) 
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with the following initial conditions, 

( ) 00 =tDR , 

( )
R

R

dt
tDd

δ−=0 . 

In matrix Equation (1.154) above the matrices  are non-negative diagonal matrices. DSP ΛΛΛ ,,

If one uses the new vector of products ( ) ( ) RPSR tDtD ε11
1

−− ΛΛ+= , then Equation (1.154) 

becomes, 

( ) ( ) ( ) 01
1

2
1

2

=ΛΛ+ΛΛ+ tD
dt

tDd
dt

tDd
SPDP      (1.155) 

with the following initial conditions, 

( ) RPStD ε11
01

−− ΛΛ= , 

( )
Rdt

tDd
δ−=01 . 

Initial conditions for the vector of products’ prices ( )tPR  are ( ) 0
0 RR PtP =  and 

( ) 00 =
dt

tPd R . 

Similar to Equation (1.154) the vector of products’ prices ( )tPR  is described by the following 

matrix equation for , 0tt >

( ) ( ) ( ) ( )( ) 00
02

2

=Λ++−Λ−ΛΛ+ΛΛ+ RSRRPRSP
R

DP
R PtttP

dt
tPd

dt
tPd

δε  (1.156) 

If one uses new vector ( ) ( ) ( ) RSDSRSRSRR ttPtPtP εεδ 11
0

110
1

−−−− ΛΛΛ+−Λ−Λ−−= , then 

Equation (1.156) becomes, 

( ) ( ) ( ) 01
1

2
1

2

=ΛΛ+ΛΛ+ tP
dt

tPd
dt

tPd
SPDP      (1.157) 

Initial conditions for ( )tP1  are ( ) RSDSRStP εδ 111
01

−−− ΛΛΛ+Λ−=  and 
( )

RSdt
tPd ε101 −Λ−= . 
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As was shown in the model of single product economy, each component of the vectors ( )tDR  and 

( )tP1  approaches zero with the passage of time, ( )[ ] 0→iR tD  and ( )[ ] 01 →itP  for . Thus it 

takes place  and  for . 

+∞→t

( ) 0→tDR ( ) 01 →tP +∞→t

Therefore from the change of vectors it takes place for , +∞→t

( ) RPSR tD ε11 −− ΛΛ−→         (1.158) 

( ) ( ) RSDSRSRRSR PtttP εδε 1110
0

1 −−−− ΛΛΛ−Λ++−Λ→     (1.159) 

Since ( ) 0
0 DS VtV =  and 

( ) 00
D

S r
dt

tVd =  it takes place for  from Equations (1.138 – 140) 

similar to the model of single product economy, 

+∞→t

( ) ( )( ) ( )

RSDSDRPS

RSDD
R

RSDRDS VttttrtV

εε

δ
ε

εδ

1111

102
00

10

2
−−−−

−−

ΛΛΛΛ+ΛΛ−

ΛΛ−+−+−ΛΛ−+→
  (1.160) 

( ) ( )( ) RSDSDRSDDRSDDD VttrtV εδε 1110
0

10 −−−− ΛΛΛΛ+ΛΛ−+−ΛΛ−→   (1.161) 

( ) ( ) ( 2
00 2

tttttS R
RR −+−=

ε
δ )        (1.162) 

As before I calculate the effect of the products’ savings by comparing two monetary values of 

vectors of products taken at the limit  i.e. when the markets of products come to a new 

equilibrium. The first monetary value is scalar product 

+∞→t

( ) ( )tVtPv DRR ×=  of the vector of products’ 

prices ( )tPR  and the vector of products’ demand ( )tVD  at the limit after savings. The second monetary 

value is scalar product  of the vector of products’ prices ( ) ( )tVtPv DRR
~~~ ×= ( ) 0~

RR PtP =  and the vector of 

products’ demand  at the limit if there was no withdrawal of products from the markets. ( )tVD
~

Therefore at the limit for  the withdrawal of product from the market causes an 

unlimited increase of that product’s price, 

+∞→t

( )[ ]
( )[ ]

[ ]
[ ] [ ] ( ) +∞=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+∞→+∞→ 00lim~lim tt

PtP
tP

iRiiS

iR

t
iR

iR

t λ

ε
    (1.163) 

  Page 37 of 45 



 Mathematical Dynamics of Economic Growth  

when . [ ] 0>iRε

Thus at the limit for  the monetary value  of the vector of products on the market 

will increase unlimitedly in the long run (as long as each savings withdrawal is carried out with a moderate 

acceleration rate), 

+∞→t ( )tvR

( )
( )

( ) ( )
( ) ( )

[ ] [ ] [ ] [ ] [ ] [ ]( ) ( )

[ ] [ ]
+∞=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟

⎠

⎞
⎜
⎝

⎛
−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×
×

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

∑

∑

=

=

−−

+∞→

+∞→+∞→ n

i
iDiR

n

i
iRiiSiiDiDiRiiSt

DR

DR
t

R

R
t

rP

ttr

tVtP
tVtP

tv
tv

1

00

0
1

101lim

~~lim~lim
ελλελ

           (1.164) 

when it is fulfilled for each component, [ ]  for [ ] , . [ ] [ ] [ ]iDiiDiiSiR r01−< λλε 0>iRε ni ,,1K=

That concludes the second scenario. 

 

3 Applied Models of Multiple Product Economy 
 

I present here the continuous time mathematical models that are partially based on Input-Output 

model of Wassily Leontief (see [2] – [5]). 

As in [4], [5] I am going to use in the models a non-negative square matrix , which consists of 

non-negative elements  showing the amount of product  needed to produce a unit of product . 

In continuous time production processes employed in the models I suppose that changes in input and output 

vectors of products occur simultaneously i.e. production time periods are equal to zero. If one wants to 

build a model for practical applications, she probably has to introduce a production time delay into the 

model. 

A

0≥jia i j

Apart from Leontief’s approach, the continuous time model described below utilizes a non-

negative square matrix  additionally to matrix , which consists of non-negative elements . 

Matrix  is depreciation matrix and its elements  show the depreciation rate of product  

occurred during the production of product  with the unit rate. 

B A 0≥jib

B 0≥jib i

j
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I also use a mathematical fact that for inverse matrices  and (  where  is an 

identity matrix of size  to exist and be non-negative it is necessary and sufficient that Frobenius 

eigenvalues (i.e. eigenvalue with a maximum module) of non-negative matrices  and  are less than 

one [1]. 

( ) 1−− AI ) 1−− BI I

n

A B

I present situation describing the effect of depreciation expenses on the market dynamics and two 

scenarios illustrating effect of products’ supplies for external customers. 

 

A Continuous Depreciation Expenses and Market Dynamics 

 

Here I consider effect of depreciation expenses on market dynamics in multiple product economy. 

To solve the task I use the depreciation matrix  introduced above. 0≥B

Then depreciation vector ( )tVDP  is represented by formula, 

( ) ( )tVBtV SDP =         (1.165) 

where ( )tVS  vector of products’ supply. 

Since at the equilibrium point the vector of products’ supply ( )tVS  is equal to the vector of 

products’ demand ( )tVD  and vector of depreciation expenses ( )tVDP , 

( ) ( ) ( ) ( ) ( )tVBtVtVtVtV SDDPDS +=+=      (1.166) 

it takes place there, 

( ) ( ) ( )tVBItV DS
1−−=         (1.167) 

Thus if I assume that in equilibrium position the vector of products’ demand ( )tVD  on the 

markets is developing with vector of constant rates 0
Dr , 

( ) ( ) 0
0

0
DDD VttrtV +−=         (1.168) 

then vector of products’ supply ( )tVS  on the markets is also developing with the constant rates, 

  Page 39 of 45 



 Mathematical Dynamics of Economic Growth  

( ) ( ) 01
D

S rBI
dt

tVd −−=         (1.169) 

( ) ( ) ( ) 0
0

01
SDS VttrBItV +−−= −       (1.170) 

where ( ) ( ) 010
0 DSS VBIVtV −−== . 

Similarly the vector of depreciation expenses ( )tVDP  is developing with the constant rates, 

( ) ( ) ( ) 0
0

01
DPDDP VttrBIBtV +−−= −       (1.171) 

where ( ) ( ) 010
0 DDPDP VBIBVtV −−== . 

 

B Constant-Rate Continuous External Supply of Products 

 

Here I consider a task when multiple product economy has to provide a constant-rate continuous 

supply of products to external customers. I also care about the effect of depreciation expenses on market 

dynamics. To solve the task I use two matrices introduced above – input matrix  and depreciation 

matrix . 

0≥A

0≥B

According to this scenario the vector of products’ supply for external needs ( )tVC  and vector of 

totally produced products ( )tVT  are related via formula, 

( ) ( ) ( )tVAtVtV TCT +=         (1.172) 

therefore it takes place there, 

( ) ( ) ( )tVAItV CT
1−−=         (1.173) 

Since the total vector of products ( )tVT  is what economy is required to produce in order to satisfy 

external needs, the vector of products’ demand ( )tVD  is equal to the total vector of products ( )tVT  at the 

equilibrium point, 

( ) ( )tVtV TD =          (1.174) 
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As before the depreciation vector ( )tVDP  is represented by formula, 

( ) ( )tVBtV SDP =         (1.175) 

where ( )tVS  vector of products’ supply. 

Since at the equilibrium point the vector of products’ supply ( )tVS  is equal to the vector of 

products’ demand ( )tVD  and vector of depreciation expenses ( )tVDP , 

( ) ( ) ( ) ( ) ( )tVBtVtVtVtV SDDPDS +=+=      (1.176) 

it takes place there, 

( ) ( ) ( ) ( ) ( ) ( )tVAIBItVBItV CDS
111 −−− −−=−=     (1.177) 

Thus if I assume that in equilibrium position the vector of products’ supply for external needs 

( )tVC  is developing with vector of constant rates 00 ≥Cr , 

( ) ( ) 0
0

0
CCC VttrtV +−=         (1.178) 

then the total vector of products’ demand ( )tVD  is also developing with the constant rates, 

( ) ( ) ( ) 0
0

01
DCD VttrAItV +−−= −       (1.179) 

where ( ) ( ) 010
0 CDD VAIVtV −−== . 

Alike the vector of products’ supply ( )tVS  on the markets is developing with the constant rates, 

( ) ( ) ( ) ( ) 0
0

011
SCS VttrAIBItV +−−−= −−      (1.180) 

where ( ) ( ) ( ) 0110
0 CSS VAIBIVtV −− −−== . 

 

C Constant-Accelerated Continuous External Supply of Products 

 

At this time I consider a task when multiple product economy has to provide a constant-

accelerated continuous supply of products to external customers. 
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It means that it is assumed that in equilibrium position the vector of products’ supply for external 

needs ( )tVC  is developing with vector of constant accelerations 00 ≥Cε , 

( ) ( ) ( ) 0
0

02
0

0

2 CC
C

C VttrtttV +−+−=
ε

      (1.181) 

then the total vector of products’ demand ( )tVD  is also developing with the constant accelerations, 

( ) ( ) ( ) ( ) ( ) 0
0

012
0

01

2
1

DCCD VttrAIttAItV +−−+−−= −− ε    (1.182) 

where ( ) ( ) 010
0 CDD VAIVtV −−== . 

Correspondingly the vector of products’ supply ( )tVS  on the markets is developing with the 

constant accelerations, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) 0
0

0112
0

011

2
1

SCCS VttrAIBIttAIBItV +−−−+−−−= −−−− ε  (1.183) 

where ( ) ( ) ( ) 0110
0 CSS VAIBIVtV −− −−== . 

 

4 Summary 
 

Thus I described mathematical models describing long-time effects of real savings on economic 

growth in economy. 

First section contains research on long-term impact of real savings in single-product economy on 

dynamics of economic growth. There I presented models describing distinction of economic growths when 

savings are presented as either a one-time withdrawal of product, a constant-rate continuous withdrawal of 

product, a constant-accelerated continuous withdrawal of product, or an exponential continuous withdrawal 

of product from the market. 

Modeling provided the following conceptual results. In case of a one-time (or occasional) savings 

economy experiences a limited economic growth in the long run with minor increase in the product’s price 

and slight increase in the amount of product on the market. In case of a constant-rate continuous (or 

systematic) savings the effect is very similar – economy experiences a modest economic growth in the long 
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run with minor increase in the product’s price and stable amount of product on the market. And only in 

case of a constant-accelerated continuous (or systematic and increasing) savings economy can experience a 

steady economic growth in the long run. With constant-accelerated continuous savings there is an effect of 

continuous increase in the product’s price and continuous decrease in the amount of product on the market. 

It produces a limit in the acceleration rate of internal savings – when it doesn’t exceed the limit an economy 

experiences a continuous steady economic growth and when it exceeds the limit there is a continuous 

steady economic decline. Model showed that with an exponential continuous savings economy is exposed 

to an effect of continuous increase in the product’s price and continuous decrease in the amount of product 

on the market. However the mutual combination of these outcomes always produces a continuous steady 

economic decline. The last fact tells one that for an economic growth internal savings should be invested 

directly into appropriate investment vehicles with exclusion from this process the interest-rate-bearing bank 

accounts. The inclusion of interest-rate-bearing bank accounts into a savings-investment chain is forcing an 

economy to suffer economic decline. 

Second section contains a study of long-term impact of real savings in multiple-product economy 

on dynamics of economic growth. It has models describing distinction of economic growths when savings 

are presented as either a constant-rate continuous withdrawal of products or a constant-accelerated 

continuous withdrawal of products from the markets. 

Modeling was performed to verify with the model of multiple-product economy conceptual results 

obtained above for a single-product economy. Results confirmed that in case of a constant-rate continuous 

savings economy experiences a modest economic growth in the long run with minor increases in the 

products’ prices and stable amounts of products on the markets. Results showed that in case of a constant-

accelerated continuous savings economy would experience a continuous steady economic growth in the 

long run only if acceleration rate of internal savings for every product doesn’t exceed the appropriate limit 

for industry. Otherwise economy would undergo a continuous steady economic decline. 

Third section presents modification of the model of multiple-product economy above to include 

there the effect of depreciation expenses and the products’ supplies for external customers on the market 

dynamics. Modeling was done with the help of Input-Output model of Wassily Leontief [4], [5] where 

technological factors in economy were assumed to be constant. There were considered two scenarios for 
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situation with the products’ supplies for external customers – a constant-rate continuous supply of products 

and a constant-accelerated continuous supply of products to external customers. Third section is mostly 

technical in nature and shows what kind of adjustments can be made to theoretical mathematical model of 

multiple-product economy to make it more applicable to the practical needs. 
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