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Abstract

We study several aspects of the dynamic programming approach to
optimal control of abstract evolution equations, including a class of semi-
linear partial differential equations. We introduce and prove a verification
theorem which provides a sufficient condition for optimality. Moreover we
prove sub- and superoptimality principles of dynamic programming and
give an explicit construction of e-optimal controls.

Key words: optimal control of PDE, verification theorem, dynamic pro-
gramming, e-optimal controls, Hamilton-Jacobi-Bellman equations.

MSC 2000: 35R15, 49120, 49125, 49K20.

1 Introduction

In this paper we investigate several aspects of the dynamic programming ap-
proach to optimal control of abstract evolution equations. The optimal control
problem we have in mind has the following form. The state equation is

{ igg))::i?(t) +b(t7x(t)7u(t)>7 (1)
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A is a linear, densely defined maximal dissipative operator in a real separable
Hilbert space H, and we want to minimize a cost functional

T
J (s u(-)) =/O L(t, x(t), u(t))dt + h(z(T)) (2)
over all controls
u(-) €U[0,T) = {u: [0,T] — U : u is measurable},

where U is a metric space.

The dynamic programming approach studies the properties of the so called
value function for the problem, identifies it as a solution of the associated
Hamilton-Jacobi-Bellman (HJB) equation through the dynamic programming
principle, and then tries to use this PDE to construct optimal feedback controls,
obtain conditions for optimality, do numerical computations, etc.. There exists
an extensive literature on the subject for optimal control of ordinary differential
equations, i.e. when the HJB equations are finite dimensional (see for instance
the books [12, 26, 36, 37, 47, 55, 56] and the references therein). The situation
is much more complicated for optimal control of partial differential equations
(PDE) or abstract evolution equations, i.e. when the HJB equations are infinite
dimensional, nevertheless there is by now a large body of results on such HJB
equations and the dynamic programming approach ([2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
15,16, 17,18, 19, 20, 21, 22, 23, 24, 28, 29, 30, 31, 32, 38, 41, 45, 46, 50, 51, 53, 54]
and the references therein). Numerous notions of solutions are introduced in
these works, the value functions are proved to be solutions of the dynamic
programming equations, and various verification theorems and results on ex-
istence and explicit forms of optimal feedback controls in particular cases are
established. However, despite of these results, so far the use of the dynamic pro-
gramming approach in the resolution of the general optimal control problems in
infinite dimensions has been rather limited. Infinite dimensionality of the state
space, unboundedness in the equations, lack of regularity of solutions, and often
complicated notions of solutions requiring the use of sophisticated test functions
are only some of the difficulties.

We will discuss two aspects of the dynamic programming approach for a
fairly general control problem: a verification theorem which gives a sufficient
condition for optimality, and the problem of construction of e-optimal feedback
controls.

The verification theorem we prove in this paper is an infinite dimensional
version of such a result for finite dimensional problems obtained in [57]. It is
based on the notion of viscosity solution (see Definitions 2.4-2.6). Regarding
previous result in this direction we mention [21, 22] and the material in Chapter
6 §5 of [46], in particular Theorem 5.5 there which is based on [21]. We briefly
discuss this result in Remark 3.6.

The construction of e-optimal controls we present here is a fairly explicit
procedure which relies on the proof of superoptimality inequality of dynamic



programming for viscosity supersolutions of the corresponding Hamilton-Jacobi-
Bellman equation. It is a delicate generalization of such a method for the finite
dimensional case from [52]. Similar method has been used in [25] to construct
stabilizing feedbacks for nonlinear systems and later in [42] for state constraint
problems. The idea here is to approximate the value function by its appropri-
ate inf-convolution which is more regular and satisfies a slightly perturbed HJB
inequality pointwise. One can then use this inequality to construct e-optimal
piecewise constant controls. This procedure in fact gives the superoptimal-
ity inequality of dynamic programming and the suboptimality inequality can
be proved similarly. There are other possible approaches to construction of e-
optimal controls. For instance under compactness assumption on the operator
B (see Section 4) one can approximate the value function by solutions of finite
dimensional HJB equations with the operator A replaced by some finite dimen-
sional operators A,, (see [28]) and then use results of [52] directly to construct
near optimal controls. Other approximation procedures are also possible. The
method we present in this paper seems to have some advantages: it uses only
one layer of approximations, it is very explicit and the errors in many cases can
be made precise, and it does not require any compactness of the operator B.
It does however require some weak continuity of the Hamiltonian and uniform
continuity of the trajectories, uniformly in u(-). Finally we mention that the
sub- and superoptimality inequalities of dynamic programming are interesting
on their own.

The paper is organized as follows. Definitions and the preliminary material
is presented in Section 2. Section 3 is devoted to the verification theorem and an
example where it applies in a nonsmooth case. In Section 4 we prove sub- and
superoptimality principles of dynamic programming and show how to construct
e-optimal controls.

2 Notation, definitions and background

Throughout this paper H is a real separable Hilbert space equipped with the
inner product (-,-) and the norm || - |. We recall that A is a linear, densely
defined operator such that —A is maximal monotone, i.e. A generates a Cj
semigroup of contractions e%4, i.e.

esA <1 forall s>0 (3)
We make the following assumptions on b and L.
Hypothesis 2.1.
b: [0,T] x H x U — H is continuous
and there exist a constant M > 0 and a local modulus of continuity w(-,-) such
that

[6(t, z,u) = b(s,y,u)|| < Mz —y| +w(|t = s|, [lz]| vV [[yl])
forallt,s € [0, T, ueUz,ye™H
16(t,0,u)|| < M for all (t,u) € [0,T] x U



Hypothesis 2.2.
L:[0,T]xHxU—>R and h: H— R are continuous
and there exist M > 0 and a local modulus of continuity w(-,-) such that

|L(t, @, u) = L(s,y,u)|, [h(x) = h(y)| < w((|z =yl + [t = s|, =] V [ly]])
for allt,s € [0,T), ueUxz,yeH
|L(t,0,u)|,|h(0)] < M for all (t,u) € [0,T] xU

Remark 2.3. Notice that if we replace A and b by A=A—wl and b(t, x,u)
with b(t, z,u) = b(t, z,u)+wx the above assumptions would cover a more general

case
e < ev® for all s >0 (4)

for some w > 0. However such b does not satisfy the assumptions of Section
4 and may not satisfy the assumptions needed for comparison for equation (8).
Alternatively, by making a change of variables v(t,z) = v(t,e“*x) in equation
(8) (see [28], page 275) we can always reduce the case (4) to the case when A
satisfies (3).

Following the dynamic programming approach we consider a family of prob-
lems for every t € [0,T],y € H

{ F1,0(8) = Az 5 (s) + b(s, 21 4(5), u(s)) )

Tio(t) =

We will write x(-) for z;,(-) when there is no possibility of confusion. We
consider the function

T
J(t 7 () = / L(s, 2(s), u(s))dt + h(x(T)), (6)

where u(-) is in the set of admissible controls
Ut, T) = {u: [t,T] — U : u is measurable}.
The associated value function V': [0,T] x H — R is defined by

Vt,e) = inf  J(t, x;u(-)). 7

(ta)=  inf (i) (")

The Hamilton-Jacobi-Bellman (HJB) equation related to such optimal control
problems is

ve(t, ) + (Dvu(t, z), Ax) + H(t,z, Dv(t,z)) =0 8
(T, z) = h(z), (8)

where
{ H:[0,T) x HxH — R,

H(ta Iap) = infyey (<p7 b(tvxv u)> + L(t,x,u))



The solution of the above HJB equation is understood in the viscosity sense
of Crandall and Lions [28, 29] which is slightly modified here. We consider two
sets of tests functions:

testl = {o € C1((0,T) x H) : ¢ is weakly sequentially lower
semicontinuous and A*Dy € C((0,T) x H)}

and

test2 ={g € C1((0,T) x H) : 3Fgo, : [0,+00) — [0, +00),
and n € C*((0,T)) positive s.t.
go € C([0,+00)), gh(r) > 0Vr >0,

90(0) = 0 and g(t,z) = n(t)go(z]])
V(t,z) € (0,T) x H}

We use test2 functions that are a little different from the ones used in [28]. The
extra term 7(-) in test2 functions is added to deal with unbounded solutions.
We recall that Dy and Dg stand for the Frechet derivatives of these functions.

Definition 2.4. A function v € C((0,T] x H) is a (viscosity) subsolution of
the HJIB equation (8) if

o(T,z) < h(x) foralaxe™

and whenever v— o — g has a local mazimum at (¢,7) € [0,T) x H for ¢ € testl
and g € test2, we have

oi(t,T) + g:(t,7) + (A*D(t, %), Z) + H(t, &, Dp(t,Z) + Dg(t, %)) > 0. (9)

Definition 2.5. A function v € C((0,T] x H) is a (viscosity) supersolution of
the HIB equation (8) if

o(T,z) > h(z) foralaxe™

and whenever v+ o+ g has a local minimum at (t,z) € [0,T) x H for ¢ € testl
and g € test2, we have

_Spt(t_v ‘i‘) _gt(t_v "f) - <A*D@(t_a 7)7j> +H<£’£a —D(p(ﬂ ‘i‘) - Dg(ﬂ j)) <0. (10)

Definition 2.6. A function v € C((0,T] x H) is a (viscosity) solution of the
HJB equation (8) if it is at the same time a subsolution and a supersolution.

We will be also using viscosity sub- and supersolutions in situations where
no terminal values are given in (8). We will then call a viscosity subsolution
(respectively, supersolution) simply a function that satisfies (9) (respectively,

(10)).



Lemma 2.7. Let Hypotheses 2.1 and 2.2 hold. Let ¢ € testl and (t,z) €
(0,T) x H. Then the following convergence holds uniformly in u(-) € U[t, T):

i (5 (ol 00(5) = plt,2)) = (1, 2) = (4" Dl 2).2)

1
s—t

/ts (Dp(t, ), b(t, z,u(r))) dr) =0 (11)

Moreover we have for s —t sufficiently small

P(s,we,2(s)) — ot ) = / ei(r, 21,2 (r)) + (A" Dp(r, 24,0(r)), T2 (1))
t
+ (Dp(r, 2t,0(r)), b(r, 3,2 (1), u(r))) dr - (12)
Proof. See [46] Lemma 3.3 page 240 and Proposition 5.5 page 67. O

Lemma 2.8. Let Hypotheses 2.1 and 2.2 hold. Let g € test2 and (t,x) €
(0,T) x H. Then for s —t — 07

1
s—t

(9(s,2¢2(5)) — g(t,x)) < ge(t, )

+

/t C(Dg(t,2),b(t, 2, u(r)) dr +o(1)  (13)

s—t
where o(1) is uniform in u(-) € U[t, T)

Proof. To prove the statement when x # 0 we use the fact that, in this case
(see [46] page 241, equation (3.11)),

(o)) < ol + s <”§|,b<t,x7u<r>>>dr+o<s 1)
So we have
9(5,202(5)) — 9(t,2) = n(&)go (e ()]) — n(Ogo(llz])

< ()90 (naz # [ (b)Y dr + ofs = 0)) = n(Ogale])
< o/ (Bgo(l2l)(s — &) + ()b () ( I <§”,b<t,x,u<r>>> dr) Fols — 1)

=qgi(t,x)(s —t)+ /ts (Dg(t,z),b(t,x,u(r))ydr+o(s —t) (14)

where o(s —t) is uniform in u(-). When = = 0, using the fact that ¢{,(0) = 0, we
get

9(s,212(s)) — g(t, ) = gu(t, 2)(s — 1) + o(s =t + [[z1.2(s)]])
and (13) follows upon noticing that ||z, ;(s)|| < C(s—t) for some C independent
of u(-) e U[t, T). O



Theorem 2.9. Let Hypotheses 2.1 and 2.2 hold. Then the value function V
(defined in (7)) is a viscosity solution of the HJB equation (8).

Proof. The proof is quite standard and can be obtained with small changes
(due to the small differences in the definition of test2 functions) from Theorem
2.2, page 229 of [46] and the proof of Theorem 3.2, page 240 of [46] (or from
[29]). O

We will need a comparison result in the proof of the verification theorem.
There are various versions of such results for equation (8) available in the lit-
erature, several sufficient sets of hypotheses can be found in [28, 29]. Since we
are not interested in the comparison result itself we choose to assume a form of
comparison theorem as a hypothesis.

Hypothesis 2.10. There exists a set G C C([0,T] x H) such that:
(i) the value function V is in G;

(i1) if vi,v2 € G, vy is a subsolution of the HJB equation (8) and vy is a
supersolution of the HIB equation (8) then vy < vs.

Note that from (¢) and (i¢) we know that V is the only solution of the HIB
equation (8) in G.
We will use the following lemma whose proof can be found in [56], page 270.

Lemma 2.11. Let g € C([0,T];R). We extend g to a function (still denoted
by g) on (—oo, +00) by setting g(t) = g(T) fort > T and g(t) = g(0) fort < 0.
Suppose there is a function p € L*(0,T;R) such that

glt+h) —g(t)

liflzlip s <p(t) ae.tel0,T)].
Then
A t4h)—gl(t
g(ﬂ)—g(oz)g/ limstlpg(+—l?bg()dt Vo<a<p<T.
a h—0*t

We will denote by Bp the open ball of radius R centered at 0 in H.

3 The verification theorem

We first introduce a set related to a subset of the superdifferential of a function
in C((0,T) x H). Its definition is suggested by the definition of a sub/super
solution. We recall that the superdifferential DV *o(t, z) of v € C((0,T) x H) at
(t,x) is given by the pairs (¢,p) € R x H such that v(s,y) —v(t,x) — (p,y — x) —
q(s —t) < o(]|lx — y|| + |t — s|), and the subdifferential D''~v(¢,x) at (¢,) is
the set of all (¢,p) € R x H such that v(s,y) —v(t,z) — (p,y —x) —q(s — ) >
ol — yll + It — s1).



Definition 3.1. Given v € C((0,T) x H) and (t,z) € (0,T) x H we define
EYfo(t,z) as

EVto(t,z) = {(q,p1,p2) ER x D(A*) x H: 3Jp € testl, g € test2 s.t.
v — @ — g attains a local
mazimum at (¢, z),
(e +9)(t,z) = q,
D@(t,ﬂ?) = P1, Dg(fvT) = P2
and ’U(t, I) = w(tv x) + g(tv l’)}

Remark 3.2. If we define
El ot z) = {(¢,p) €ER X H : p=pi + ps with (q,p1,p2) € EXTu(t,z)}

then E%’Jrv(tw) C DYto(t,x) and in the finite dimensional case we have
ElTo(t,2) = DV Fo(t,x). Here we have to use BV o(t, x) instead of By o(t, )
because of the different roles of g and . It is not clear if the sets E>v(t, z) and
E}lTu(t,z) are convex. However if we took finite sums of functions 1(t)go(||z]|)
as test2 functions then they would be convex. All the results oblained are un-
changed if we use the definition of viscosity solution with this enlarged class of
test2 functions.

Definition 3.3. A trajectory-strategy pair (x(-), u(-)) will be called an admissi-
ble couple for (t,z) if u € U[t,T] and z(-) is the corresponding solution of the
state equation (5).

A trajectory-strategy pair (z*(-),u*()) will be called an optimal couple for
(t,x) if it is admissible for (t,x) and if we have

—00 < J(tv €5 U’*()) < J(t7 T u())
for every admissible control u(-) € U[t,T).

We can now state and prove the verification theorem.

Theorem 3.4. Let Hypotheses 2.1, 2.2 and 2.10 hold. Let v € G be a subsolu-
tion of the HJB equation (8) such that

v(T,x) = h(z) forall xinH. (15)

(a) We have v(t,z) < V(t,z) < J(t,z,u(-)) Y(t,z) € (0,T] x H, u(:) €
Uit, 7).

(b) Let (t,z) € (0,T) x H and let (x4 (-),u(:)) be an admissible couple
at (t,z). Assume that there exist ¢ € L'(t,T;R), py € L'(¢t,T; D(A*)) and
po € LY(t,T;H) such that

(q(s),p1(s),p2(s)) € E1’+U(S,Jit7w(3)) for almost all s € (¢t,T) (16)
and that

T
/t ((P1(5) + p2(5), b(s, 21,2(5), u(s))) + q(s) + (A"p1(s), Z1,2(s)))dt

T
< / —L(s,20.0(s),uls))ds.  (17)



Then (x4 (), u(:)) is an optimal couple at (t,x) and v(t,x) = V(t,x). Moreover
we have equality in (17).

Remark 3.5. It is tempting to try to prove, along the lines of Theorem 3.9,
p.243 of [56], that a condition like (17) can also be necessary if v is a viscosity
solution (or maybe simply o supersolution). However this is not an easy task:
the main problem is that EYt and the analogous object EV'~ are fundamentally
different so a natural generalization of a result like Theorem 3.9, p.243 of [56]
does not seem possible. Moreover our verification theorem has some drawbacks.
Condition (17) implicitly implies that < pa(r), Az, (1) >= 0 a.e. if the trajec-
tory is in the domain of A. This follows from the fact that we would then have
an additional term < pa(r), Az . (r) > in the integrand of the middle line of
(20) so (17) would also have to be an equality with this edditional term. There-
fore the applicability of the theorem is somehow limiled as in practice (17) may
be satisfied only if the function is “nice” (i.e. its superdifferential should really
only consist of p1). Still it applies in some cases where other results fail (see
Remarks 3.6 and 3.8). Many issues are not fully resolved yet and we plan to
work on them in the future.

Proof. The first statement (v < V) follows from Hypothesis 2.10, it remains to
prove second one. The function

s (b(s, ze,5(8),u(s)), L(s, . (s), u(s))

in view of Hypotheses 2.1 and 2.2 is in L'(¢,T;H x R) (in fact it is bounded).
So the set of the right-Lebesgue points of this function that in addition satisfy
(16) is of full measure. We choose r to be a point in this set. We will denote
Y= x4 4(7).

Consider now two functions ¢™¥ € testl and ¢g"¥ € test2 such that (we
will avoid the index ™¥ in the sequel) v < ¢ + g in a neighborhood of (r,y),
v(r,y) — @(r,y) — g(r,y) = 0,(0)(¢ + g)(r,y)) = q(r), Dé(r,y) = pi(r) and
Dy(r,y) = p2(r). Then for 7 € (r,T] such that (7 — r) is small enough we have
by Lemmas 2.7 and 2.8

{ [t,T] - H xR

v(T,22(7)) —v(ry) 90 2a(T) — 9(ry) | (7 240(7) — 01 y)

J7 (Dg(r,y),b(r, y,u(s))) ds

Sgt(rvy)"i_ r—r
+gufry) 4 S LDV | gepr ) gy or). 19)

In view of the choice of r we know that

Ji (Dg(r,y), b(r,y, u(s))) ds -,

T—T

(Dg(r,y),b(r,y,u(r)))



and
[T (De(r,y), b(r,y,u(s))) ds .,

(Dp(r,y),b(r, y,u(r))) .

Therefore for almost every r in [t,T] we have

ey 02 (7) = o020 (r))
Tlr T—T
<ADg(r, x4,2(r)) + Dop(r, 4,2 (7)), b(r, 24, (r), u(r)))
+ 9¢(r, e, (1)) + @e(r, 20,2 (1)) + (A" Do(r, 24,0(r)), Te.2(r))
= (p1(r) +p2(r), b(r, ¢ 2 (r), u(r))) + q(r) + (A"p1(r), ze2(r)) . (19)

We can then use Lemma 2.11 and (17) to obtain
(T, 2(T)) — v(t, z)

T
S/t ((p(r), b(r, 21.2(r), u(r)) + q(r) + (A"pr(r), 2¢.(r)))dr

T

< / —L(r, 20 (1), u(r))dr. (20)

Thus, using (a), we finally arrive at
V(T,2¢,(T)) = V(t,x) = bz (T)) — V(t,2) < h(ze(T)) —v(t, x)
T
=v(T,24(T)) —v(t,z) < /t —L(r,m . (r),u(r))dr (21)

which implies that (x¢ . (), u(-)) is an optimal pair and that v(¢,z) = V(¢t,z). O

Remark 3.6. In the book [46] (page 263, Theorem 5.5) the authors present a
verification theorem (based on a previous result of [22], see also [21] for similar
results) in which it is required that the trajectory of the system remains in the
domain of A a.e. for the admissible control u(-) in question. This is not required
here and in fact this is not satisfied in the example of the next section.

It is shown in [46] (under assumptions similar to Hypotheses 2.1 and 2.2)
that the couple x(-),u(+)) is optimal if and only if

u(s) € {u €U : lm V(s +9), z(s) + 8(Az(s) u b(s, x(s), w))) = V(s,2(s))

- L(s,x(s),U)} (22)

for almost every s € [t,T], where V is the value function.

10



3.1 An example

We present an example of a control problem for which the value function is
a nonsmooth viscosity solution of the corresponding HJB equation, however
we can apply our verification theorem. The problem can model a number of
phenomena, for example in age-structured population models (see [39, 1, 40]),
in population economics [35], optimal technology adoption in a vintage capital
context [13, 14].

Consider the state equation

{ z(s) = Ax(s) + Ru(s)

z(t) ==z (23)

whereA is a linear, densely defined maximal dissipative operator in H, R is a
continuous linear operator R: R — H, so it is of the form R: u — uf for some
B € H. Let B be an operator as in Section 4 satisfying (30). We will be using
the notation of Section 4.

We will assume that A* has an eigenvalue A with an eigenvector « belonging
to the range of B.

We consider the functional to be minimized

T
J(x,u(~)):/t ~ (o, 2(s)) | + guls)?ds. (24)

We define .
a(t) / e ads
t

and we take M supyeo, ] | (@(t), 3) [ We consider as control set U the
compact subset of R given by U = [-M — 1, M + 1]. So we specify the gen-
eral problem characterized by (1) and (2) taking b(t,z,u) = Ru, L(t,z,u) =
— o, z(s))| +1/2u(t)?, h=0,U = [-M — 1, M +1].

The HJB equation (8) becomes

{ vy + (Dv, Az) — [{a, )| + infuer ((u, R* Do)y + 3u*) =0

o(T,z) =0 (25)

Note that the operator R*: H — R can be explicitly expressed using 8 which
was used to define the operator R: R*x = (0, x).

Now we observe that for (o, ) < 0 (respectively > 0) the HIB equation is
the same as the one for the optimal control problem with the objective functional
ftT (a,z(s)) + 2u(s)?ds (respectively ftT — (o, z(s)) + u(s)?ds) and it is known
in the literature (see [34] Theorem 5.5) that its solution is

1

or(t ) = (@(t),z) - / 5 (R°a(s))* ds

(respectively



Note that on the separating hyperplane {a, z) = 0 the two functions assume the
same values. Indeed, since « an eigenvector for A*,

at) = G(t)a

where

So, if (o, z) = 0,
(a(t),zy =0 for all t € [0,T).

Therefore we can glue v; and ve writing

o vnitx) if (a,x) <0
Wt z) = { v;(t,x) if (a,z) >0

It is easy to see that W is continuous and concave in . We claim that W is a

viscosity solution of (25). For (o, z) < 0 and (a,z) > 0 it follows from the fact

that v; and vy are explicit regular solutions of the corresponding HJB equations.
For the points « where (a, z) = 0 it is not difficult to see that

{ DY W () = {(% (R*a(t))” ,vG(t)a) Ly e[~ 1]} C D(A%)
DY-W(t,z) =0

So we have to verify that W is a subsolution on (o, z) = 0. f W —p —g¢g

attains a maximum at (¢,z) with (o, 2) = 0 we have that p = (p1 + p2) =

D(p+g)(t,x) € {(yGt)a : v € [-1,1]} € D(A*). From the definition of test1
function py = De(t,x) € D(A”) so n(t)go(|z) 7 = p2 = Dg(t,z) € D(A").
W (-,z) is a C' function and then, recalling that (a(t),z), = (G'(t)a,z) = 0,
we have L

O(p+9)(t,2) =W (t,2) = 5 (R*a(t))*, (26)

and for p = ya(t) we have
inf ((Ru,p) + ~u2) = =242 (R*a(1))’ (27)
aev \\OPIT G 27

Moreover, recalling that g)(|z|) > 0 and —A* is monotone, we have

(A1, 2) = (A%(p — pa), ) = (A*C(t)a ) — 0T 4oy 1y >

|z
>vG(t) (A*a,z) =0 (28)

So, by (26), (27) and (28),
(e +9)(t,x) + (A"pr, ) — [, )| +

+inf (<Ru, Do+ g)(t.2)) + éu) > 21— ) (Ra(s)* 20 (29)
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and so the claim in proved.
It is easy to see that both W and the value function V for the problem are
continuous on [0, 7] x H and moreover ¢y = W and ¢ = V satisty

[W(t,z) =t y)| < Clle —yl|l-1 forallt€[0,T],z,y € H

for some C' > 0. In particular W and V have at most linear growth as ||z|| — oo.
By Theorem 2.9, the value function V is a a viscosity solution of the HJB
equation (25) in (0, 7] x H. Moreover, since & = By for some y € H, comparison
holds for equation (25) which yields W = V on [0, T] x H. (Comparison theorem
can be easily obtained by a modification of techniques of [29] but we cannot
refer to any result there since both V and W are unbounded. However the
result follows directly from Theorem 3.1 together with Remark 3.3 of [43]. The
reader can also consult the proof of Theorem 4.4 of [44]. We point out that our
assumptions are different from the assumptions of the uniqueness Theorem 4.6
of [46], page 250).

Therefore we have an explicit formula for the value function V given by
V(t,x) = W(t,x). We see that V is differentiable at points (¢, z) if («,z) # 0
e () if (o.2) <0

a if (o) <
DV(t,z) —{ —a(t) if {a.z) >0

and is not differentiable whenever («a,z) = 0. However we can apply Theorem
3.4 and prove the following result.

Proposition 3.7. The feedback map given by

iy oy [ —(B.6(0) if {a.z) <0
U )‘{ B.a)  if {az) >0

is optimal. Similarly, also the feedback map

—op ) = _<ﬂ7d(t)> Zf <Oé,517> <0
@, ){ B.at)  if (a,2)>0

is optimal.
Proof. Let (t,z) € (0,T] x H be the initial datum. If (o,z) < 0, taking the
t

(t
control — (3, a(t)) the associated state trajectory is

2% (s) = DAy - / " eGmIAR((8,a(r)))dr

t

and it easy to check that it satisfies (a,z°P(s)) < 0 for every s > t. Indeed,
using the form of R and the fact that a is eigenvector of A* we get

(@2 (e)) = X0 fa,0) — (0, 5) [ (B ar

= (a,2) — (o, B) /S TGy dr

t

13



Similarly if (o, x) > 0, taking the control (3, &(t)) the associated state tra-
jectory is

2P (s) = e~y 4 / " eS-IAR((8, a(r))dr

and it easy to check that it satisfies («, 2°P(s)) > 0 for every s > t.
We now apply Theorem 3.4 taking ¢(s) = 9;V (s, 2°P(s)),
(s) = a(s) if {a,z%(s)) <0
PISI= —a(s) if (a,z°P(s)) > 0
and po(s) = 0. It is easy to see that (q(s), p1(s),p2(s)) € ELTV (s, 2°P(s)). The
argument for u°P is completely analogous. O

We continue by giving a specific example of the Hilbert space H, the operator
A, and the data o and 8. This example is related to the vintage capital problem
in economics, see e.g. [14, 13]. Let H = L?(0,1). Let {e!4; t > 0} be the
semigroup that, if we identify the points 0 and 1 of the interval [0, 1], “rotates”
the function:

eAf(s)=f(t+s—[t+s])
where [-] is the greatest natural number n such that n <t + s. The domain of
A will be
D(A) = {f e W"*(0,1) : f(0)=f(1)}

and for all f in D(A) A(f)(s) = <L f(s). We choose a to be the constant
function equal to 1 at every point of the interval [0, 1]. (We can take for instance
B = (I — A)~2.) Moreover we choose 3(s) = X0,21(8) = X[0,21(s) (xq is the
characteristic function of a set ). Consider an initial datum (¢, ) such that
(a,x) = 0. In view of Proposition 3.7 an optimal strategy u°? is

u(s) = —(B,a(s)) =0
The related optimal trajectory is
xP(s) = e(s—D4y,

Remark 3.8. We observe that, using such strategy, (o, z°P(t)) = 0 for all s > t.
So the trajectory remains for a whole interval in a set in which the value function
is not differentiable. Anyway, applying Theorem 3.4, the optimality is proved.
Moreover x can be chosen out of the domain of A and so the assumptions of
the verification theorem given in [46] (page 268, Theorem 5.5) are not verified
in this case.

4 Sub- and superoptimality principles and con-
struction of e-optimal controls

Let B be a bounded linear positive self-adjoint operator on H such that A*B
bounded on H and let ¢y < 0 be a constant such that

((A*B+ ¢oB)x,z) <0  forall x € H. (30)
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Such an operator always exists [49] and we refer to [28] for various examples.
Using the operator B we define for v > 0 the space H_ to be the completion
of H under the norm

|zl = 1B |-

We need to impose another set of assumptions on b and L.

Hypothesis 4.1. There exist a constant K > 0 and a local modulus of conti-
nuity w(-,-) such that:

16(t, 2, u) = b(s,y, w)|| < Kz —yll-1 + w(|t = s|, =] V[lyl])

and
|L(t, z,u) — L(s,y,u)| < w(llz —yll—1 + [t = s[, [zl V [ly]])

Let m > 2. Modifying slightly the functions introduced in [29] we define for
a function w : (0,T) x H — R and ¢, 5, A > 0 its sup- and inf-convolutions by

2 2
— t —
w)"e’ﬁ(t,x) _ sup {w(87y) _ ||{,C y”fl . ( S) . )\e2mK(T—s)”y”m}7
(s,9)€(0,T)x H 2e 20
. e —ylZ: | (t—s)° 2mK (T—

et = f \e2m (T—s) ml
wneatto) = it S+ I Iyl
Lemma 4.2. Let w be such that

w(t,z) < C+ ||z||*)  (respectively, w(t,z) > —C(1 + ||z||*)) (31)

on (0,T) x H for some k > 0. Let m > k. Then:

(i) For every R > 0 there exists Mg . 5 such that if v = w™? (respectively,
v =wy,p) then

[o(t, 2) —v(s,y)| < Mp.ep(lt —s[ + [l —yl-2) on (0,T) x Br (32)

(i) The function

2 2
NeB (g =2, | #*
wr e+ 5=+ g

is convex (respectively,
[
Whe(t o) = =5 — %

is concave).

(i) If v = wNP (respectively, v = wy ) and v is differentiable at (t,7) €
(0,T) x Br then |v(t,x)| < Mg.g, and Dv(t,x) = Bg, where ||g| <
Mg

15



Proof. (i) Consider the case v = w™“#. Observe first that if |x|| < R then

wA’E’B(t,x) -
lz —yl2, (t—s)? mK(T—s) ||, (1m
I T e T 3
(5.9)€(0,T)xH, [ly| <N € B

(33)

where N depends only on R and .
Now suppose w™<?(t,z) > wMP(s,1). We choose a small o > 0 and (t, )

such that
Cle—#2, -2

w%ﬁ,ﬁ(t?m) <o +’LU(~, .’f) _ )\e2mK(T—f)Hi,||m.

2¢ 203
Then
A T P L= L
e, (Ba-paty  (Ba-9@)  @i-t-s)-s)
- 2¢ € 20
< (2R+ N)

2T
B(z — — |t - 34
< B -yl + Gl - s+ o (3)

and we conclude because of the arbitrariness of 0. The case of w) . g is similar.
(ii) It is a standard fact, see for example the Appendix of [27].
(iii) The fact that |v(t, z)| < Mg g is obvious. Moreover if a > 0 is small
and ||y|| = 1 then

aMpeplyll—2 = [v(t,z + ay) —v(z)| = a[ (Dv(t, z),y) | + o(a)
which upon dividing by « and letting o« — 0 gives

| (Du(t, 2),y) | < Mp,cpllyll-2

which then holds for every y € H. This implies that (Duv(t, ), y) is a bounded
linear functional in H_5 and so Du(t, ) = Bgq for some g € H. Since | (¢, By) | <
MR,E-ﬂ”By” we obtain ||q|| < MR,e.ﬂ- O

Lemma 4.3. Let Hypotheses 2.1, 2.2 and 4.1 be satisfied. Let w be a locally
bounded viscosity subsolution (respectively, supersolution) of (8) satisfying (31).
Let m > k. Then for every R,6 > 0 there exists a non-negative function

’YR,(S()‘v €, ﬁ)a where
lim lim sup limsupyg (A, €, 8) = 0, (35)

—0 -0 B—0

such that w™*? (respectively, Wxe,8) @S a viscosity subsolution (respectively,
supersolution) of

v (t, ) + (Dv(t,x), Ax) + H(t,z, Dv(t,x)) = —yrs (N, €, 8) in (§,T —9) X(BI;
36
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(respectively,

ve(t, ) + (Dvu(t, x), Az) + H(t,z, Dv(t,x)) = vrs(\ €, 8) in (6,7 —06) x Bg)
(37)
for B sufficiently small (depending on §).

Proof. The proof is similar to the proof of Proposition 5.3 of [29]. We notice
that w™<# is bounded from above.

Let (to, 7o) € (6,7 — &) x H be a local maximum of w»“? — ¢ —g. We
can assume that the maximum is global and strict (see Proposition 2.4 of [29])
and that w»%% — ¢ — g — —oo as ||z| — oo uniformly in ¢. In view of these
facts and (33) we can choose S > 2||xo||, depending on A such that, for all
llz|| + ||yl > S —1 and s,t € (0,7,

1 _ )2
- pla-ppz, - 57

< w(t, xo) — ANZ™ET =10 || 20(|™ — @(tg, 20) — g(to,z0) — 1. (38)

= ASEE |y ™ — (¢, x) — g(t, @)

w(s,y)

We can then use a perturbed optimization technique of [29] (see page 424 there)
which is a version of the Ekeland-Lebourg Lemma [33] to obtain for every oo > 0
elements p,q € H and a,b € R with ||p||, |l¢]| < @ and |a|, |b| < a such that the
function

def 1
w(t,x,&y) = w(say) - 276”(1; - y)Hal -

(t — 8)2 2mK (T —s) m
5 Ae [yl
—g(t,z) — ¢(t,x) — (Bp,y) — (Bg,z) —at — bs (39)

attains a local maximum (¢, Z, 5, §) over [§/2,T —6/2] x Bg x [6/2,T —6/2] x Bg.
It follows from (38) that if « is sufficiently small then ||Z|], ||7] < S — 1.

By possibly making S bigger we can assume that (0,7) x Bg contains a
maximizing sequence for

2 2
— to —
sup {w(s’y) . on y”—l N ( 0 S) . /\e2mK(Ts)||ym}'
(s;9)€(0,T), |lylI<N 2e 23
Then
P(t,,5,9) > wh(to, z0) — B(to, x0) — g(to, 20) — Cax

where the constant C' does not depend on « > 0, and

W(t,z,5,9) <whP(t,z) — ¢(t,2) — g(t,2) + Ca.

Therefore, since (tg, ) is a strict maximum, we have that (¢, ) o, (to,xo)
and so for small a t € (6,7 — ¢). It then easily follows that if 3 is big enough
(depending on A and ¢§) then § € (6/2,T — §/2).

Moreover, standard arguments (see for instance [41]) give us
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|5 — 1

lim lim su =0, 40
b T sup = 5 (40)
z—g*,
lim lim sup lim sup ———— = 0. (41)
e—0 B—0 a—0 2¢

We can now use the fact that w is a subsolution to obtain

t—35 _
_ ( 8) —2/\mK€2mK(T_S)||§Hm+b—

A" Bz —7).9)
g €

+ (A*Bp, 7))

1 _
(5,5, 1B~ 2) 4 <Oy Ly By) 20, (42
€

We notice that

and 1
which in particular implies that Dg(t,z) € D(A*), i.e. Z € D(A*), and so it

follows that (A*z, Dg(t,z)) < 0. Therefore using this, the assumptions on b and
L, and (40) and (41) we have

> 22mKe?ET=3)|1g(|™ — (A*Bp,5) —a —b

(0= 2.4 LBG - 2) ) - 5.4° Dy(t,0) + A"Ba)

o (“” W

1
B(p )~ Ba)~H (5.5, 1B~ 2) + A<yt L)
> 2m e KT=9) g™ — Oy o+ Lz - g2,
€

- ||B( ol - N L2mK (T—5) ||~ (| m—
- K|z —yl|-1 — e ([E = 5]) = Am(M + K||g]))e* KT ||g| ™
2 7CA,Ea - ’Y()‘vea ﬁaa) (43)

for some (A, ¢, 8, ) such that

lim lim sup lim sup limsup (A, ¢, 8, @) = 0.
A—0 e—0 B—0 a—0

We obtain the claim by letting o — 0. The proof for wy g . is similar. O

Remark 4.4. Similar argument would also work for problems with discounting
if w was uniformly continuous in |- | x || - ||=1 norm uniformly on bounded sets
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of (0,T) x H. Moreover in some cases the function yrs could be explicitly
computed. For instance if w is bounded and

jw(t, ) —w(s,y)| < olllz —yll-1) + ([t = sl; [[z]| V[lyl) (44)

for t,s € (0,T), |||, |lyll € H, we can replace A\e*™ S T=3)||5||™ by A\u(y) for
some radial nondecreasing function p such that Dy is bounded and u(y) — +oo
as |ly|| — oo (see [29], page 446). If we then replace the order in which we pass
to the limits we can get an explicit (but complicated) form for vr.s satisfying

lim lim sup lim sup yg s (€, A, 5) = 0.

=0 x—0  B—0

The proofs of Theorem 3.7 and Proposition 5.8 in [29] can give hints how to do
this.

Lemma 4.5. Let the assumptions of Lemma 4.3 be satisfied. Then:
(a) If (a,p) € DY =wheB(t,x) for (t,x) € (6,T — §) x Bg then
a+ (A'p,x) + H(t,2,p) = —vr.s(X €, 0) (45)
for B sufficiently small.

(b) If in addition H(s,y,q) is weakly lower-semicontinuous with respect to
the g-variable and (a,p) € DYV w, . 5(t,x) for (t,z) € (6, — ) X Bg
is such that Dwy ¢ g(tn,xn) — p for some (tn,zn) — (t,2), (tn,2n) €
(6,T — &) x Bpg, then

a+ <A*p7 l) + H(tv ‘Lap> < ’VR,J(Av €, 6)
for B sufficiently small.

Remark 4.6. The Hamiltonian H is weakly lower-semicontinuous with respect
to the q-variable for instance if U is compact. To see this we observe that thanks
to the compaciness of U the infimum in the definition of the Hamiltonian is a
minimum. Let now q, — q and let

H(57 Y, QTL) = <q7la b(S, Y, u7l)> + L(Sv Y, U")

for some u,, € U. Passing to a subsequence if necessary we can assume that
Uy — U, and then passing to the limit in the above expression we obtain

liminf H(s,y,qn) = {q,b(s,y,0)) + L(s,y, @) > H(s,y,q).

n—oo

We also remark that since H is concave in q it is weakly upper-semicontinuous
in q. Therefore in (b) the Hamiltonian H is assumed to be weakly continuous
nq.
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Proof. (of Lemma 4.5) Recall first that for a convex/concave function v its
sub/super-differential at a point (s, z) is equal to

conv{((a,p) : v:(Sn, 2n) — @, DU(Sn, 2n) = D, Spn — S, 2n — 2}

(see [48], page 319).

(a) Step 1: Denote v = w™*P. At points of differentiability, it follows from
Lemma 4.2(iii) and the “semiconvexity" (see Lemma 4.2(ii)) of w™%? that there
exists a testl function ¢ such that v — ¢ has a local maximum and the result
then follows from Lemma 4.3.

Step 2: Consider first the case Dv(t,, z,) — p with (¢,,z,) — (t,2). From
Lemma 4.2 (iii) Dv(t,, z,) = Bg, with ||¢,|| < Mg g, 80, it is always possible
to extract a subsequence ¢,, — ¢ for some ¢ € H. Then Dv(ty,, Tn,) = Ban, —
Bq and Bq = p. Therefore

(A" Ban,, s ) = (qny., (A" B) ", ) — (¢, (A"B)"z) = (A"Bq,z) = (A"p, z)
Moreover, since H is concave in p it is weakly upper-semicontinuous so we have

H(t,z,p) > limsup H (t,, , Tn,, Dv(tn,, Tn,))
k——+oo

and we conclude from Step 1.

Step 3: If p is a generic point of conv{p : Dv(t,,zn) — p, (tn, zn) — (t,2)},
Le. p=1lim, oo Y 1y APBq", where > 1 A" =1, ||¢!"|| < Mg, s, and the Bq}"
are weak limits of gradients. By passing to a subsequence if necessary we can
assume that Y. | A\'¢" — ¢ and p = Bq. But then

<A* (Z A:-?Bq?> x> - <A*B (Z A?qﬁ> x> — (4"Bq,z) = (A"p,2)
i=1 i=1
as n — 00. The result now follows from Step 2 and the concavity of
pr— (A*p,z) + H(t,x,p).

(b) Asin (a) at the points of differentiability the claim follows from Lemmas
4.2 and 4.3. Denote v = wx . If Dv(t,,x,) — p for some (t,,z,) — (¢, 2),
(tn,xn) € (6, T — ) x Br we have that

Ut(tn, xn) + <A*Dv(tn7 xn)7 xn> + H(t’na $n7 D'U(tn, (En)) S /VR,(S()V 67 /6) (46)
Observing as in Step 2 of (a) that
(A" Dv(ty, Tpn), Tn) — (A'p, )

we can pass to the limit in (46), using the weak lower semicontinuity of H with
respect to the third variable, to get

a+ (A*p,xz) + H(t,z,p) < vrs(\ € B3).
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Theorem 4.7. Let the assumptions of Lemma 4.3 be satisfied and let w be a
function such that for every R > 0 there exists a modulus or such that

lw(t, z)—w(s,y)| < or(t—s|+lz—yll-1) for t,s € (0,T),[z|,|lyll < R. (47)
Then:

(a) If w is a viscosity subsolution of (8) satisfying (31) for subsolutions then
foreveryO<t<t+h<T,zeH

o t+h
w(t,z) < u(.)gg[tﬂ {/t L(s,z(s),u(s))ds + w(t + h,z(t + h))} .
(48)

(b) Assume in addition that H(s,y,q) is weakly lower-semicontinuous in q
and that for every (t,x) there exists a modulus w; , such that

24,2 (52) = 21,2(s1)l] < wials2 = 1) (49)

for allt < s1 < sy <T and all u(-) € U[t,T], where x,(-) is the solution
of (5). If w is a viscosity supersolution of (8) satisfying (31) for superso-
lutions then for every 0 <t <t+h <T,x € H, and v > 0 there ezists a
piecewise constant control u, € U[t,T) such that

t+h
w(t,z) > /t L(s,x(s),u,(s))ds +w(t + h,z(t + h)) — v. (50)

In particular we obtain the superoptimality principle

t+h

w(t,z) >  inf / L(s,z(s),u(s))ds +w(t + h,z(t + h)) p (51)
u(eUlt, 7] | Jy

and if w is the value function V we have existence (together with the

explicit construction) of piecewise constant v-optimal controls.

Proof. We will only prove (b) as the proof of (a) follows the same strategy after
we fix any control u(-) and is in fact much easier. We follow the ideas of [52]
(that treats the finite dimensional case).

Step 1. Let n > 1. We approximate w by w)y g with m > k. We notice
that for any u(-) if z, ,(-) is the solution of (5) then

sup |[z.(s)|| < R = R(T, |[z]]).

t<s<T
Step 2. Take any (a,p) € DV"w, ( 5(t,z) as in Lemma 4.5(b) (i.e. p is the

weak limit of derivatives nearby). Such elements always exist because wjy ¢ g is
“semiconcave". Then we choose u; € U such that

1
a+ <A*p7 l'> + <p,b(t,m,u1)> + L(t7x7ul) S 7R>5<)\’67ﬁ) + ﬁ (52)
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By the “semiconcavity" of wj ¢ 3

z —yl|2 t—s)2
Wxes(s,y) Swreplt,z)+als—1t)+ (p,y—a)+ I 25” Ly ( 2;) . (53)

But the right hand side of the above inequality is a testl function so if s > ¢
and z(s) = x;,,(s) with constant control u(s) = u1, we can use (12) and write

() — |12 2
a(s — 1) + (p,a(s) — 2) + L2 4 o0
s—t

-%a+@wwwwﬁ%HA%w»’

< [t — s| [ (A, x(r) — z)dr
- 23 s—t
N fts (p,b(r,x(r),u1) — b(t,z,uy))dr N j;s (A*B(x(r) — x),z(r)) dr
s—1 (s —t)
ft —x),b(r,x(r),uy))dr
(s —1)
SwiL(ls =t + SI:ESHCC( r)—zf) < Gra(s —1) (54)

for some moduli w; , and &, that depend on (,z), ¢, 3 but not on u;. We can
now use (52), (53) and (54) to estimate

Wxes(t+ 2 x(t+ 1)) — wxep(t,2)
h/n

- h 1
< Wt x <7’Z> + '-YR,&()H Evﬂ) + ﬁ - L(ta 177“1) (55)

Step 3. Denote t; =t + (#=Dh L " for i = 1,...,n. We now repeat the above
procedure starting at x(tg) to abtain ug satlsfymg (55) with (2, x(t2)) replaced
by (ts,x(t3)), (t,x) = (t1,2(t1)) replaced by (t2,x(t2)), and uy replaced by us.
After n iterations of this process we obtain a piecewise constant control u(™,
where u(™ (s) = u; if s € [t;,t;41). Then if (1) solves (5) with the control u(™)
we have

w,\7€75(t + h, JJ(t + h)) — ’LU)\,eﬁ(t, JJ)
h/n

< Oty (Z)TL+’YR§()\ €, 6)n ZL i1, 2(ti—1),uq).
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We remind that (49) is needed here to guarantee that sup;, <.« [|#(r) —
x(t;—1)|| is independent of u; and x(t;—1) and depends only on x and t. We
then easily obtain

W8t + h,x(t+ h)) = wxep(t,x)
h h t+h (n) , h
- n ~
< Wtz <n) h +’7R,5()‘767ﬁ)h + E - /f L(r,x(r),u )d’l" + wt,m <n) h
(56)

for some modulus @; ,, where we have used Hypothesis 4.1 and (49) to estimate
how the sum converges to the integral. We now finally notice that it follows
from (47) that

[wxe,8(5,y) —w(s,y)| < r(A+ e+ B;R) for se€ (6,7 —9),|lyll <R,

where the modulus 6 can be explicitly calculated from og. Therefore, choosing
08, A, € small and then n big enough, and using (35), we arrive at (50). O

We show below one example when condition (49) is satisfied.

Example 4.8. Condition (49) holds for example if A = A*, it generates a
differentiable semigroup, and ||Aetd|| < C/t° for some § < 2. Indeed under
these assumptions, if u(-) € U[t,T] and writing x(s) = x,4(s), we have

MA+D%M$H§WA+Iﬁ4““%ﬂ+/)WA+Iﬁ4*”AMnxﬁ%MﬂHMT
t
However for everyy € H and 0 <7 <T
1 rA 12 TA Cl 2
ICA+Dze™ " < [[(A+ De™yll llyll < 5 llyl™
This yields

VCi

S
T2

I(A+Dzem™ <

and therefore

22(s _ s— )13 G
A+ 1) (H<@<@4ﬁ+( 0 ><@_ﬂ;

We will first show that for every € > 0 there exists a modulus o (also depending
on x but independent of u(-)) such that ||e®*2=5)4%(s1) — 2(s1)|| < oe(s2 — 51)
for allt 4+ e < s1 < s <T. This is now rather obvious since

S2—81
6(52*81)14%(51) —x(s1) = / AeSAar(sl)ds
0
S2—S81

:/ (A—FI)%GSA(A—FI)%JJ(Sl)dS—/ e (sy)ds

0 0

23



and thus

VC
s+ (52— s)lla(s)]
S?2

S2—S81
Jelo+ (o) — as2)]| < (4 + D ba(s)] [
0

s

< (SQ_Sl)l_%‘i‘Cf)(SQ_Sl).

™
[V

We also notice that there exists a modulus o, depending on x and independent
of u(-), such that
[z(s) =zl < o(s —1).

Let nowt < s1 < s9 <T. Denote s = max(s1,t+¢€). If s9 <t+ € then
[z(s2) — x(s1)[| < 20(e).

Otherwise

[2(s2) — 2(s1)]| < 20(€) + [l2(s2) — z(5)||
< 20(e) + ||~ (s1) — ()| +/ le®*==4b(r, 2(7), u(r))||dr

5

§ 20’(6)+O’E(82 781)+C’4(52 781) (57)

for some constant Cy independent of u(-). Therefore (49) is satisfied with the
modulus

wio(T) = 0<32fT—t {20(¢) + oe(1)+ C(7)}.
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