View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Research Papers in Economics

Market Games with Multiple Trading
Posts

Leonidas C. Koutsougeras*

School of Economic Studies, University of Manchester
and
Department of Econometrics, Tilburg University

This draft: April 29, 1999

Abstract

We study market games with multiple posts per commodity. We provide some facts
that characterize prices of commodities across posts and show the following results: (i)
As the number of agents increases, the price variability across posts for a commodity
becomes smaller and it becomes zero when the number of agents becomes infinite,
irrespectively of the distribution of characteristics in the economy. (ii) The set of
equilibrium prices and allocations of a market game is a subset of the set of equilibria
of another game with more trading posts per commodity. (iii) We demonstrate via an
example that the inclusion can be strict, as there are equilibria with price disparities
across posts for a commodity which cannot be captured with less trading posts. (iv)
One can pass from an equilibrium of a market game into an equilibrium of a game
with less trading posts per commodity, by consolidating posts where the price of a
commodity is uniform.

Keywords: Trading posts, law of one price.
JEL Classification Number: C72

*The financial support of TMR no ERB4001GT965374 grant of the Furopean Community
is gratefully acknowledged. I have benefited from discussions and comments by F. Germano,
J.J. Herings, P. Madden, J.F. Mertens, H. Polemarchakis and D. Talman. My thanks are
extended to all of the above individuals. I am responsible for any existing errors.


https://core.ac.uk/display/6794905?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

1 Introduction

The standard setup of market games -see [1] [7] [8] [3] [4]- is based on the
concept of trading posts where individuals submit orders for purchases and sales
of commodities. The orders that reach each trading post are aggregated and
commodities are distributed to individuals in proportion to their orders. Thus,
a structure of trading posts must be postulated at the outset of a market game,
so that we have a way to match orders for purchases and sales. In the absence of
some friction, such as transaction costs etc, the particular structure of trading
posts might at first seem irrelevant. However, as it has been demonstrated in
[2] the strategic market game is not robust with respect to the structure of
trading posts postulated at the outset of the game: with more trading posts
there are equilibrium profiles of strategies, allocations and prices that cannot
be captured by the single trading post model. Surprisingly enough this result
does not depend on liquidity constraints or any other structural elements of the
market game. It is clearly due to the lack of perfect competition, since such
phenomena never arise in the competitive framework. But why does the lack
of perfect competition, manifested by the small number of traders with non
negligible effects on price formation, render some relevance to the structure of
markets? This question has motivated the study in this paper.

In this paper we provide some general analysis of the multiple posts mod-
el. We first provide a simple characterization of equilibria with multiple posts,
which clarifies the reason for the relevance of the structure of trading posts:
equilibria are compatible with the presence of limited arbitrage opportunities
across posts. Thus, the introduction of additional posts is not redundant be-
cause it gives rise to further arbitrage opportunities. The concepts of 'arbitrage’
and ’equilibrium’ might perhaps sound like a contradiction in terms. However,
as we show via an example, as in [2], it is possible that arbitrage opportunities
exist in equilibrium but they cannot be profitably exploited by individuals. In
the example featured in this paper there is an equilibrium where commodities
are exchanged simultaneously in two posts at different prices. However, any con-
templated effort to exploit the price difference by shifting orders across posts
(e.g. from the expensive to the cheap) does not provide any benefit. The reason
for this is as follows: due to the imperfectly competitive nature of the model any
such effort to exploit arbitrage opportunities, induces changes in prices. The
key idea is that since agents are also sellers, the change in prices causes income
effects that are detrimental for the benefits of this shift. Hence, we conclude
that equilibria are indeed compatible with the presence of arbitrage.

The natural question that arises is what limits the extend of arbitrage that
can exist in equilibrium. In other words, is it possible to obtain an estimate of
the arbitrage opportunities that can occur in equilibrium as a function of the
data of the economy? Further, what can be said about arbitrage in equilibrium
asymptotically as the number of agents becomes large? The main result of this



paper is that ’large’ price disparities across posts for a commodity, are compat-
ible only with ’small’ sets of agents. In particular, when the number of agents
tends to infinity, prices across posts converge to a common limit regardless of
the characteristics present in the economy. We believe that this is the appropri-
ate result in this context because the relevance of the structure of trading posts,
which is only an institutional matter, should not hinge on the characteristics
of the economy. In this way we can conclude that in a frictionless context, the
lack of perfect competition is the only source of arbitrage in equilibrium. This
conclusion is important for yet another reason: in a way this constitutes a proof
that the correspondence one commodity-one price’ is indeed a law in the sense
that it obtains asymptotically irrespectively of the sequence of economies and
the corresponding limit. In order to keep things in perspective, our result has
no implication whatsoever regarding the nature of the common limit of prices.
In particular, this common limit need not be a competitive price. Indeed, in the
context of market games the common limit could be zero, which typically is not
compatible with competitive equilibria. In conclusion, our result shows that an
arbitrarily large number of agents implies that equilibria are characterized by no
arbitrage. However, the lack of arbitrage itself does not suffice to characterize
perfect competition. Apparently some further qualifications are necessary for
this. On the other hand, this result allows us to conjecture the possibility of
some asymptotic equivalence result between market games with multiple posts
and competitive equilibria.

Finally, we show two results regarding the number of trading posts in a
market game: First, that the equilibria of the single trading post model are
equilibria for the model with multiple posts and more generally, the set of equi-
libria of a model with any number of posts is embedded into any model with
more trading posts. Thus, by augmenting the number of trading posts we do
not ’lose” any equilibria. Second, by consolidating trading posts where prices of
a commodity are equal we can obtain an equilibrium for a model with less trad-
ing posts. In particular, every equilibrium in a model with many posts where
the "law of one price” holds (namely, prices are uniform across all posts for each
commodity) is an equilibrium for the single trading post model. However, as
our example shows, the inclusion of the set of equilibria of the standard game
into market games with more trading posts can be strict.

We proceed with our analysis as follows: Section two introduces a multi-
ple posts version of the model in [3] and in [4]. In section three we establish
some conditions that characterize the distribution of prices across posts for each
commodity. In section four we develop an example and provide a theorem on
the relationship between the numer of agents, the number of trading posts for
each commodity and the maximal possible price discrepancy across posts for
a commodity. Section five features some results on the structure of equilibria
where the law of one price is valid. Finally, some concluding remarks follow in
section six.



2 The model

Let H be a finite set of agents. There are [ commodity types in the economy
and the consumption set of each agent is identified with ®%. Each individual
is characterized by a preference relation, which is representable by a utility
function uy, ﬁﬁf_ — R, and an initial endowment ¢, € %f_ An economy is

defined as & = {(RY, up, e) : h € H}. Throughout the rest of the paper I will

employ the following assumptions:
Assumption 2.1 e, >> 0 for each h € H.

Assumption 2.2 Preferences are convex, C?, differentiably strictly monotone!
and indifference surfaces through the endowment do not intersect the axis.

Trade in this economy is organized via a system of trading posts where indi-
viduals offer commodities for sale and place bids for purchases of commodities.
A possible scenario for the rules of exchange which is attributed to [3] is pre-
sented below. The interested reader should consult the original source for a
detailed account of this formulation.

2.1 Trade via inside money

In this setup bids are placed in terms of a unit of account. Let A; be a positive
integer denoting the number of trading posts for each commodity:=1,2,.... L.
in this way the structure of the market game underlying this economy is char-
acterized by the vector k = (K;)L ;.
The strategy set of each agent consists of buy and/or sell actions in each

trading post:

L L Ki

SE ={(bp.qn) € JITRE < [T R - D qi° <€), i=1,2,... L}

i=1 i=1 s=1
Given a strategy profile let B = > oheH 62’5 and Q" = Y,cn qZ’S. Also for
each h € H define B} =3, 4, bis, QY = > onth ¢>*. Transactions in each
trading post clear through the price p* = B"*/@Q"*. A commodity allocation is
determined as follows: For each h € H and : = 1,2,..., L:

. K. '7 K. b’LVS . I K. . '7 I K. '7

th — € SV O T Vs pzh,s if 30l T P g = it et by
- L —Ki _is i L K i,

0 lf Zi:l stzll p275 . q;LS < Zi:l stzll bZhS

where it is postulated that all divisions by zero equal zero?.

Y e., if u represents > then for all z € §}E_|L_+, Oup/0x! > 0foreachi=1,2,... L

2Tt should be emphasized that this is a benchmark model. The restrictions on offer strate-
gies could be written differently. For example one might allow individuals to make offers up
to their whole endowment in each trading post. Other restrictions with different implications
are also conceivable.



Consumers are viewed as solving the problem:

L

ma Lo (o (e 55.009) ) ) 5 Ganest) )

An equilibrium is defined as a profile {(bh, qn) € S¥ 1 h € H} that forms a Nash
equilibrium.

Notice that, due to the bankruptcy rule above, in an equilibrium with posi-
tive bids and offers individuals can be viewed as solving the following problem:

) K, L K; L K;
max {uh((%”h(( ;stq;LS?Bliles) )) ) Zzpzs qzs>z bzs} 2
=1 s=1 =1 s=1

Given an economy & it will be useful to denote by £% the market game which
is characterized by k = {Ki}le trading posts. According to this notation &£,
where 1 is the I dimensional vector with coordinates equal to 1, is the standard
market game with a single trading post per commodity. Furthermore, we denote
by NE(E¥) the set of Nash equilibrium strategy profiles of the game ¥ and by
E(&¥) the set of consumption allocations that correspond to the elements of
NE(&X).

We report here two elementary facts that will be useful in the development.
In what follows we consider an equilibrium of our economy, where at least
two trading posts are active, i.e., prices are positive and there is trade. Let

Z’S = b,°/p"* <q;° denote the net trade in commodity i from trading post s for
an individual i € H.

Fact 2.1 Consider a budget feasible profile (b,q). If 62’5 : qz’s > 0, there is a
budget feasible (?)h,éh) with b ' ” * = 0 such that net trades and clearing price
remain unchanged Conversely, Zf bh i’s = 0 and b” + qzs > 0 there is a
budget feasible (bh,qh) with bh A” > 0 whzch results in the same net trades
and clearing price.

Proof:
See [5].

Fact 2.2 Consider a budget feasible proﬁle (b,q), where 625 = i’s = 0 and
p* > 0. Then there is a budget feasible (bh,qh) with b ' ” >0, whzch results
in the same net trades and clearing price.

Proof:
This is a simple consequence of the fact that every individual can be viewed
as making a 'wash’ sale in the trading posts where he is non-active. Suppose
7,8 7,8 . ; B3 .
that for some h € H we have b," = ¢;° = 0. Given p** = Qz,sh > 0, this agent

—h




B .
= —=2. Notice that
qh Qv
Bz,s Bz bz
in this way Zh = 0 and furthermore p"* = o e = hi . In other words the
h h h

allocation and price remain the same with this transformation in the strategy

can be viewed as using a strategy Zhs Q;LS > 0 such that

of individual h. It is easy to verify that the new strategy is also budget feasible
O

3 Characterization of equilibria

In this section we present some elementary facts about equilibria with many
trading posts. We begin with the following proposition that characterizes equi-
librium prices in two trading posts for a commodity:

Proposition 3.1 In equilibrium, the prices between every pair of trading posts
(s,r) of a commodity ¢, must satisfy the following (non-arbitrage) condition:

is) 2 B” Y (a2
(p ) Q”h BTZ (p ) , Vhe H

Proof:

Notice that the statement is trivially true if one or both prices are zero, so it
remains to prove it for the case where p* - p'" > 0.

Consider any individual 2~ € H. By facts 2.2 and 2.1 respectively, this agent
can be considered active on both trading posts r and s for commodity ¢ and
in particular, active on both sides in each post. Fix one such strategy (Eh, qh)

that is best response to (B_;,Q_;) and denote by B and Q the corresponding
aggregates. Taking the total differential of the distribution rule we obtain:

K; 5,5 A K; 1,8

) [ B LS 2,5 . U B ’ .

daj, =3 —=* ¢ -dby® &> B;if ~dg,’ (3)
s=1

s=1 (B”) ?

Also by totally differentiating the budget constraint we obtain:

K; BZ 5 . 7,8 K; 7 s
St d“"@z -dby® =0 (4)
s=1 (QZ 5)
Solving (4) for db," yields:
) K; BLS et 2 ) s e
by =" —— 0@ -dg;’ & 7@—5 < dby? (5)
s=1 (Q275) . le s#ET Q ) Q




Substituting (5) into (3) we further obtain:

) . . _ . 2 . . . 2 .

) Bz,s i,s 2_75 BZT QZ,T ) BZ,SQZ_VS Qz,r BZ’S
dl’Zh:Z _,}L,Qzéf,h »h(. )2 deh’S"'Z — 2h(» ) @B;Z
s#r (Bz,s) Qz,sQ_vh (BZ,T) s#r (Qz,s) Q_vth,T
The equation above describes the changes in the final holdings of commodity
1, for feasible ’shifts” in the bids and offers on the K; trading posts. Now, in

equilibrium it must be the case that dz' < 0 for all dbz’s and dqé’s where s # r.
Hence, it must be:

dgy’

Ty is it (Air) 2
BihQZ; @thB;h (Q )2 =0, Vs#r
(B-)  @weL, (Bv)

which is equivalent to:

() = o T () )
Zn bl

Furthermore, notice that the conclusion is independent of the best response
chosen for individual h. Since the same must be true for all individuals our

Sy

claim is proved a

Corollary 3.1 In equilibrium, for each pair of individuals h # k and each pair
BL, QU _ BLp QU

o B T en B

of trading posts s,r of commodity 1

Remark 3.1 Notice that the above condition implies that there are at most
H &1 independent equations per pair of trading posts for each commodity, that
must be satisfied in equilibrium.

Finally, we have the following conclusion regarding the relationship between
the prices in two trading posts for a commodity.

Corollary 3.2 In equilibrium, p* = p"”" & TR for some h € H.

s 2
QU QY

Remark 3.2 It should be clear from the above corollary that in an atomless
economy prices across all active posts would be uniform. However, if we consider
sequences of economies with an increasing number of agents, the asymptotic
convergence of price distributions across posts needs some careful consideration.

Corollary 3.3 If in equilibrium =" = zi* = 0 for some h € H then p»* = p'".

Notice that the above results do not guarantee the equality of prices in two
posts in general. In fact, we have the following result.
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Proposition 3.2 If in equilibrium we have 22’5 . 22’7“ <0, where ‘225‘ +
for some h € H, then p'" # p*.

Proof.

Suppose that z;* < 0 and z;” > 0. By fact (2.1) it can be assumed that b;" > 0,

qz’s > 0 and 62’5 = qz’T = 0. It follows that p"* < th and pt" > S[ﬁ Using
—h _hn

these two inequalities along with proposition (3.1) we obtain the following:

i7

Sy

o> 3

(pm)? _ By @ (pi,s)2 <L,

R 2 R R

2,5 .7 2,5
- - - (p) <pr-p’
o BY p*

>
—h

Q

Thus, we conclude that p'" < pi* O

Corollary 3.4 There is no equilibrium where for some pair of agents h,k € H
and some pair of posts r,s for a commodity i, we have that z;" - z;" < 0 and
2 =z"=0.

Proof:

Suppose that such an equilibrium exists and let p*”, p** be the clearing prices in
the two posts. Without loss of generality suppose that Z;L’T > 0 and fo < 0. An
application of proposition 3.2 to agent h implies p'” < p“*. A similar application
to agent k implies pi" > p"*, a contradiction a

Remark 3.3 The last corollary excludes the possibility of equilibria where two
disjoint subsets of individuals trade a commodity in different posts.

The proposition above gives a sufficient condition that guarantees the in-
equality of prices in two trading posts. It is not clear however that indeed there
exist equilibria where this condition holds. Therefore, in order to highlight the
significance of multiple trading posts, we provide an example in the next sec-
tion, which demonstrates the possibility of distinct equilibrium prices for some
commodities.

4 Equilibria with non-uniform prices

4.1 An example

The example that follows features an equilibrium with two distinct positive prices
for each commodity. In this way the idea of multiple trading posts becomes
meaningful.

Our example consists of three agents H = 1,2,3 and three goods L = 1,2, 3.
We postulate two trading posts for each commodity. The consumption set of
each agent is thus R3. For reasons that will become clear shortly we do not



specify the utility functions of agents at this point. Finally, endowments are
given as follows:

= (55/9,123/9,92/9) , e, = (123/9,92/9,55/9) , e5 = (92/9,55/9,123/9)

First consider the market for commodity 1. It can be verified that the
following strategy profile satisfies equation (6), so given the strategies of any
two agents it is impossible for the remaining agent to increase his net trade in
commodity 1 by bids and offers across posts:

)= () () )
54 97 \ 54 97 \ 54 9

4 4

b%zvbézvbéz) = (57075)

(bn pi bn
1°Y2
(91 792 7931 = (2,4,1)
(91 792 7Q3 = (1,2,3)

For this profile of orders in the two trading posts for commodity 1 we have:

5602 1 8
11
—(2) .2 and
P (54) 7 and g =2

Thus, the net trades of each agent in each trading post are as follows:

17 15 2
(41587 = (52) (31487) = (o e2)  (31.4) = (+5.0)
Hence, with this profile of bids and offers, the consumption allocation of
commodity 1 accruing to each agent is as follows:
(:1;%,:1;%,:1;3) (10,10, 10)

By rotating the indices in the strategy profile above we can do the same in
the markets for commodities 2 and 3. Thus, we have:
-For commodity 2:

(521 p21 521) — (@)2§ (@)21 (@)2§

torze 54/ 9°\54/) 9°\54/) 9
4 4

622 622 622 — (0 - _)

( 1> 2 ) 7979

(91 792 7Q3 ) = (47172)

(91 vQ2 793) = (27371)

The corresponding prices in the two trading posts for commodity 2 are:

5602 1 8
21 _ (20 1 d 22 =2
P (54) 7 P Ty

8



-For commodity 3:

2 1 2 2
(b:fl, b3, bgl) — (@) - (@) : 57 (@) 3
o4 9 \54 9 \54 9
(%
9

(632032, 65) = g 0)
(Qflvqglvqgl) = (17274)
(q?z,qu,qu) = (37172)

As before prices in the two trading posts for commodity 3 are:

5602 1 8
st (20 2 g 2= 2
P (54) 7 P Ty

Thus, each agent ends up with consumption:
X1 = X9 =X3 = (10, 10, 10)

Furthermore, from the way the strategies have been constructed, the proposed
strategy profile is budget feasible for each agent A = 1,2, 3:

2 3

3 3
Y2 P = Py g P g
=1 =1

s=11=1
= Pl a7 a

— pilQil _I_piZQiZ

3 3
= Db+ Y0
h=1 h=1
3 3

= Y b+ >0
2 3

= 220

s=11¢=1

It remains to find utility functions for each agent, so that the above profile of
strategies is a Nash equilibrium. To this end recall that the first order conditions
of (2) require that for each pair of commodities ¢ and j, we must have®:

duy /), — Qi_lh(Bﬂ)szlh(Qﬂ)z
auh/al’i Bilh(Qil)zQilh(le)z

(7)

auh/axz _ Qi—zh(Biz)zBilh(le)z
dup /Oy, B?h(QiQ)QQ]—Ih(Bﬂ)Z

(8)

31t can be shown (see [4] proposition 2.4) that those conditions are also sufficient.

9



(9)

(10)
B 2 B th ‘ Qi_?h‘ B2 2
(o) - a5 () "

g1\ 2 J1 J2 72\ 2
pyome ey
-n Bp
It easy to show that in view of (11) and (12), which the proposed profile of
strategies satisfies by construction, the marginal rate of substitution between
commodities ¢ and j that satisfies any one of the above equations, will automat-

ically satisfy the rest also. Hence, in order to determine the marginal utilities
we need only solve the following system:

auh/axz _ Qi—lh(Bil)zBilh(le)z
Oup 0z, B (Qi1)2Q7L (B1)?]

where ¢ # j.

However, only two of the three equations of this system are independent. Thus,
we can fix the marginal utility of, say, commodity 3 at an arbitrary level and
calculate the corresponding marginal utilities of commodities 1 and 2 that solve
the system. Certainly, the same can be done for each agent. In this way any util-
ity function which is concave and its gradient takes the values calculated above
at the point (10,10, 10), will be a solution to our problem. Upon substitution
of the values for bids and offers we have:

A t1 aul 5 aul 8u1 2 8u1
entl:—==--—, — =--—
& dxi 3 023 023 3 0z}
8u2 2 8uz 8uz 3 8uz

A t2:—:—-— P —
st dxz) 5 023 0x3 5 Oz}
8u3 3 8u3 8u3 5 8u3

Agent3: —=—-+ —, — == —
sen dzy 2 0x3 02 2 O}

Now, by assigning values to the marginal utility of commodity 3 as well as
the initial and final utility levels -taking care so that the final utility is higher
than the initial one- we have, for each agent, a system of three partial differ-
ential equations with three conditions, which characterizes the set of functions
that solves our problem. Thus, we have a characterization of the family of u-
tility functions for which the proposed allocation is a Nash equilibrium. This
fact also demonstrates in an informal way the robustness of our example. For
concreteness we report one solution:

10



up (v}, 28,27) = Slog(a}) + 2log(x?) + 3log(a?)
up (0}, 03,23) = 2log(x}) + 3log(w3) + Slog(23)
up (23, 23,23) = Blog(xh) + Slog(a3) + 2log(x?)

4.2 Asymptotic behavior of price disparities

Clearly price disparities are due to the finite number of traders and the presence
of multiple trading posts. It is natural then to wonder in which way price
disparities are related to the number of agents, the number of trading posts or
any other primitives of the economy. The following results are devoted to this
question.

Let (b,q) € NE(E¥) be any non-uniform equilibrium. It can be assumed
without loss of generality (see proposition 5.2 in the next section) that trading
posts with the same price have been consolidated. Thus, £, where k is such that
K; > 2forsomer=1,2,..., L, isthe game with the minimum number of trading
posts for which z(b, ¢) € E(E¥). We may further assume, by renumbering posts
if necessary, that p*!t = min {p*" : r=1,2,..., K;}. Define:

g (b,q) = Sup{p.71 Sl or= 1,2,...,[(2}
-

We have the following lemma:

. bi,l qi,r bi,l qi,r
Lemma 4.1 ¢’ (b,q) < su {—’Z—-I-—’ZT—I-—’Z—- b =12 ...

9'(b.g) < supq g + g + g g 2,
heH.

,KZ}, for all

Proof: Fix one h € H. By simple manipulation of 3.1 we have that:

pm Qm B”}L Zlh Bt
pi,l Bir Z_ﬂ;b BEL Qi,l
7,1 7,7 7,1 7,7 7,1 7,7
_Q—h_B—h_[l_l_bh_l_Qh_l_bh‘Qh]
o i1 ir 7,1 7 i1 ir
Q B B, T B QU
- . o .
S S L A
= + i1 T 1 AT
B B
—h —h —h —h

Since the same inequality is true for each h, we conclude that

2'77» bi,l i,T bi,l i,T
Yh e H, pi1<:>1§5up{ SR USSR :r:1,2,...,[x’i}.
b B, “n B “h

Finally, the conclusion of the lemma follows by taking the supremum of the
lefthand side of the last inequality a

11



Theorem 4.1 Let (b,q) € NE(EX), where k is such that K; > 2 for some
1=1,2,..., L. We have:

v
(1) Given € > 0, we have: #H > (K; + 1) ( e ) =

m gi(bﬂ) <e¢
(#H = K; 1)

(1) If #H > K;+1 then g'(b,q) <

Proof. We show the contrapositive of (i). Suppose that ¢'(b,q) > ¢
i1 i\ K
For each agent h € H let 0, = maX{ o (gﬁ)

Bz 10 -
From the lemma above we have that ¢ (b, q) < 20,403 for all h € H, from
which it follows that 0, > <l + /1 4+ ¢ = 77( ), Vh € H. From the definition

of 0; it follows that for each h € H either ’21 > 7€) or 5 > n(e€) for some

QY
r=1,2,..., K;. Thus, we have:
bi,l
Vh € H, either —— > n(e) or 2h n(e) for somer =1,2,..., K.
BT 14q(e) Qi T 1 4n(e)
Letvz{heH B,1> (()E)}andV:{heH o > 11(;())}.
We have: #VH_77 <D hev B B“ <1,s0 #V < 1+77 . Similarly #V, < 1—;;76()6).

Recall now that H = (UI" V)UV so #H < ZB’ #VT—I—#V < (K;+1) (1+77 ¢ )

n(e)
Thus, we have shown that: ¢'(b,q) > ¢ = #H < (K; + 1) (1:(—775()6))

Finally, the second claim of the theorem follows now directly by solving the
last inequality for €, taking into account the hypothesis #H > K; + 1. In this
way we have for any ¢ > 0:

gz(b,q)>6:>( I #, 5 )>6,
(#H <K, <1)
which implies the statement of claim (ii) O
The implication of the last theorem for the asymptotic behavior of price

disparities is crystalized in the corollary that follows?.

Consider a sequence of economies and associated market games ¥ where
#H" — oo and a sequence (b,,q,) € NE(Ex). Define z, = #H"/K" + 1,
where K" = max{K!":1=1,2,...,L}.

Corollary 4.1 2z, — 00 = ¢'(bn,¢,) — 0 foralli =1,2,... L.

Proof: Since z, — oo we have that eventually z, > 1, so according to the above

theorem
2z, <1

Vi, g (bnygn) < —2 T
SRACEED (2, 1)

4The statement of this corollary has been suggested to me by J-F Mertens.

12



Thus, as z, — oo we have ¢'(b,,q,) — 0 foreach : =1,2,..., [ O

We conclude that ’'large’ price disparities across posts of a commodity are
compatible only with a limited number of agents. As the number of agents
becomes large then price disparities across posts of a commodity tend to zero,
at a rate that depends only on the relative number of agents and trading posts,
provided that along the sequence there are more agents than trading posts.
In particular, the distribution of characteristics along the sequence is irrelevant!
Although this conclusion might seem odd, the intuition behind it is clear: ’small’
agents can take advantage of price disparities just as well as ’large’ agents.
Thus, the distribution of endowments and preferences should not be relevant
to the degree of price variability. This result seems encouraging for the study
of asymptotic convergence to the competitive model. Although from a formal
point of view the above theorem is not quite an equivalence result, it does
hint that the common limit of prices across all posts of a commodity will be
competitive.

5 Equilibria with uniform prices

It can be shown that every equilibrium allocation of the standard model with
a single post per commodity can be obtained as a uniform equilibrium of the
model with multiple trading posts®. This fact ensures that we do not 'miss’ any
equilibria by augmenting the number of trading posts. We provide here a proof
for a game with two trading posts per commodity. The proof can be extended
to the general case via an inductive argument.

Consider the market games £ and £2 (where 2 is the L dimensional vector
with all coordinates equal to 2). Let € E(E') be an equilibrium allocation
corresponding to the strategy profile {(bs,qn) € St : h € H}. For each index
t=1,2,..., L choose 0 < ; < 1 and consider the profile {(?)h,éh) €SZ:heH}
for the game £2, where for each h € H:

Sis aiss t;- (b, q, s=1
(b ):{ (h h)

non (1) - (b, q)) s=2

Notice that this strategy profile results in a uniform distribution of prices across
posts for each commodity and the same commodity allocation = as in the game

e

Claim 5.1 The profile of strategies (?)h,éh)heg constructed above is an equilib-
rium for the game E2. In particular x € E(E?).

Proof: See appendix.
Proceeding in the same way as above one can establish the following result:

>This fact is also an indirect existence proof for our model.
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Proposition 5.1 Given two vectors with positive integer coordinates k,t € R
where t >k, we have E(E¥) C B(EY).

Remark 5.1 This result gives an alternative view to the appearance of trivial
equilibria in this class of market games: If, according to our notation, we denote
by £° the market game with no trading posts (hence autarky is the only equilib-
rium) then E(E%) C E(EY) C E(E2) C ... In this way the no trade equilibrium
is ‘implanted’ into all subsequent models.

The next result establishes that the converse inclusion holds if one confines
attention the set of uniform equilibria.

Proposition 5.2 Let € E(EY) be uniform,i.e., there is a unique price that
clears all the trading posts where each commodity is traded. Then x € E(EX)
Jor all k < t. In particular, x € E(EY).

Proof: See appendix.

6 Conclusion

In summary we conclude that this much is true: Every equilibrium of the market
game with a single post can be obtained as an equilibrium of the market game
with multiple posts. Furthermore, given an equilibrium of a game with multiple
posts, the consolidation of strategies over all posts with equal prices is an equi-
librium for a model with fewer trading posts. In particular, the set of uniform
price equilibria is invariant with respect to the number of posts. On the other
hand there are equilibria of the game with multiple trading posts which cannot
be captured by the market game with one trading post. These are equilibria
where the 'law of one price’ fails. The appearance of such equilibria is entirely
due to the lack of perfectly competitive conditions in trade. As the number
of agents increases the price variation across posts for a commodity becomes
smaller.

Thus, imposing on the general exchange context any number of trading posts
seems to be the source of two problems: First, the appearance of trivial equilibria
which can be viewed as being inherited from the game with no trading posts.
This observation hints that trivial equilibria appear because trading posts are
imposed rather than evolve in the model. Second, that the set of equilibria
of the model depends on the structure of trading posts that one imposes. In
particular, the single trading post model excludes non-uniform equilibria.

The central message of this paper is that there is a need to elaborate on
the concept of trading posts. The structure of trading posts determines the
dimensionality of the strategy sets of agents in the underlying game. Thus,
alternative structures of posts give rise to a variety of games that differ in
their strategy spaces, so from an abstract game theoretic point of view it seems

14



natural that the set of equilibria depends on the structure of posts. However,
from an economic point of view this fact is extremely important because it
affects the outcomes predicted by the economic model in intriguing ways, as the
appearance of equilibria with non-uniform prices shows. In lack of a particular
structure of posts suggested by the economic model, it is not clear which is the
game underlying the economy. Thus, it is necessary to develop a foundation
of the structure of trading posts, which in turn will determine the underlying
game.
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7 Appendix

Proof of Claim 5.1 Suppose the claim is not true. Then for some agent h € H there
exists a strategy (G, 8) € S}, so that:

. 9 L . . 9 L
1,5 pt,S 25 7,8 1,5 Al,S 7,8 7,8
uh <$h (ﬁh 017 B _h)s—l)» 1 - (xh ( 0 B _h)s—l)' 1
- = - 1=

Without loss of generality we may assume that for each commodity ¢« = 1,2,..., L,

2’1 -02’1 = 0 and ﬁ;ﬁ . 02’2 = 0 (otherwise we can find another feasible strategy for
which this is true while, at the same time, prices, allocations and budget remain
unchanged). Note that, given our assumptions on preferences and endowments, the
bankruptcy rule ensures that:

L 2 s ) L 2 )
ZZ 7,8 = 7,8 02’5222%’5 (13)
=1 5= IQ h+0 =1 s=1

Given (1, 8}1,), consider the following sets of commodities: Ly = {Z : ﬁz’l > O,ﬁZ’Q > 0},
Ly = {2 00 > 0,607 > 0}, and Ly = {2 LB > 0,00 > 0,5 # 7‘}.

- Step I Consider the commodities ¢ € L3 (i.e., the commodities where the consumer
is a net buyer in one trading post and a net seller in the other).
In this case form a new strategy (ﬁh,Hh) € Sy, where for i ¢ Ly we have ﬁh = ﬁh,
= ¢, while, fori € Lz, 8;° = t;3;° =(1- t)ﬁ;bs,O”_tH;LT,HM—( t;)6,".
With this strategy the prices in the two posts of the ¢th commodity would become
equal:

B 4 BL 4t B0 (L—1) BL +(1—t) 8"
G0y Q0 (1=t)-Q, +(1—1)- 6"

. . . . 1,8 ei,r .
Thus, with this strategy the net trade of consumer h is: 3;° - (gﬁ%ﬁ’;) -6,
—h h

Notice that this net trade is at least as big as the net trade resulting from the initial

1,8 Qish + OZT _ Oi,r > 1,8 li 2—75h ' _ Oi,r
oAsh s T e

Therefore, by shifting a proportion of the bid (offer) from the first trading post to
the second and at the same time shifting the same proportion of the offer (bid) from

strategy, i.e.,

the second to the first, the consumer can achieve an allocation which is at least as
good as the original (keeping the strategy fixed in the other commodities). Notice
that doing so is budget feasible because:

gi,r'(Bzzw,z’S)MM( (118 )
h 7,8 7,7 = "h 7,8 7,7
QU5 + 0y (1—t:)-Q), + 0y
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We conclude then that if the consumer can improve over the first allocation by a
selling-buying strategy, then he can do so by either selling or buying in both trading
posts. Hence, we can assume without loss of generality that L3 = 0.

- Step II Consider now ¢ € L (i.e., the commodities where the consumer is a net
purchaser in both trading posts).
In this case the total net trade of commodity 7 is given by:

si1 “in .
Q7 QU ain QL

i 1—1t)- QZ_
Ayl 0,1 +ﬁh72' ) ,2 — Mh i 0,1 ( ) .
B2, + 8, B2y, + 8y ti- B, + 3y

(1—t:)- B, + 8

o -

In the game &' the same net trade could be achieved via a bid ﬁz that solves the
equation:

(1—1)-Q, '
(1—t:) B, + 8,

Y QZ_}L 7,1 ti'Qi_h
P =0
B}, + 5} li- By + By

+ 8,7

which can be solved to yield:

ot (=) BL (8 57 + 8- 5
i (U= ti) BL, + (L= 1) 5 + 85 - 3

L=

In other words the agent i could receive the same net trade of commodity ¢ in the
game &1 by adopting the above strategy. It can be easily verified that:

gt 4 By > B (14)

- Step III Now consider the commodities ¢ € Ly (i.e., those commodities for which
the consumer is a net seller in both trading posts).

In this case the consumer’s net trade is : —(02’1 + 02’2) and the receipts from those
sales are:
N i . :
il . B, 02 B, il . G- B, 2 (1-t:;)- B,
b AL L gid hpi2 gz T Uk — pirL h ; gir2
Q) +0, Q2 +0, ti - QLy + 0y (L=1)-QLy, + 6y

In the game £ the same revenue could be raised via the following offer:
B, _ g ti- B, ’ 0iv? . (1-t;)- B, ’
QL +0, " QL 46 " (1-1)-QL, 46

This equation can be readily solved to obtain:

6i, -

jio_ ti(1=t)- Q- (0 +6,°) + 6," - 6,
ti-(1—ti)'Qi_h‘|‘(1_ti)2'0;;1—I_tzz'ezz

L=

It can be verified that: ' ' .
0 + 602 > 6 (15)
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Therefore, this strategy would give the consumer a net trade in commodities ¢ € Ly
that would be at least as big as the one with offers in two trading posts.

-Step IV Consider now the strategy (ﬁh, éh) € 3?5_ which is defined as follows:

ti-(1=t)-BL (8, 48,748, 8,7 e

A . N5 T s e 0) i€ Ly
(ﬁ ¢ ) = tir(1=ti)-BL, #1126, 41,6,

h? h tl.(l_tl).Q'L_h.(ezS_l_eZT)+€ZS.€ZT )

Tt (1= t) QU +(1— )26, 417 0,7

—~
e}

1€ Lo

Using (13) and (14) from above, it turns out that this strategy is budget feasible in

the game £1:
BZ 1 .. BZ 1 .. BZ 1 .
i1 \QL, + 90, ier, \QL, + 0 iel, \QLy, T,
_ ( B, ) ;
- 7 i h
ier, \QL, T 0,
B - B, il (1-t;) B, 02
- i i1 -0y i ) -0,
= ti'Q_h‘|‘0h (1_ti)'Q_h‘|‘0h
il 02
> 3 (3 + )
1€l
> B,
1€l
L ~ .
= Y 5
=1

Recall that for each ¢ = 1,2,..., L:

o (3100 BL QL) 2 0 (.05, B55,0))

s=1

By the monotonicity of preferences we have that:
(A d pi o Y)Y ; is i Pis Ais )2 L
Up <($h (ﬁha hvB—th—h))izl) Up (9% ((ﬁh .0, 7B_h7Q_h)S:1))i:1

o (o (g 5.0 ) )
= u ((wzh (bz’qz’Bih’Qih))il)

which contradicts the fact that (by, g ),cp is a Nash equilibrium for the game £l So
our original hypothesis is ruled out and our claim is proved O

vV

Proof of proposition 5.2:
We prove that z € E(£1). The rest follows as a consequence of the previous result.
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Let (b,q) € NE(E%) be the profile of strategies which gives rise to the allocation =.

By assumption: p"® = p"” = p' for s # r. Recall that by corollary 3.2 this implies
that for each h € H:

gl pi2 BT
TS = oo (16)
Ql, @, Q1
For each h € H consider the strategy (I;h, (jh) € 3?5_ X 3?5_ defined as follows:
=D b=y (17)
s=1 s=1

Certainly, (I;h,(jh) € 51 for all h € H. Furthermore, it is easy to see that (l;h,(jh) is
budget feasible for each h € H. With this profile agent h obtains the net trade:

b . Yoner G i

7
Zh = ;
> hen by,
T; T; 2 T;
_ (i: bi’s) . DoheH 2st1 ‘Z;LS _ ~ s
= h Ti ;i In
s=1 ZhEH Zs:l bh s=1
. Z 1—1 Q ’ 1,5
= (W) S Ll
s=1 25121 B s=1
T; s T;
_ 25121 b;’bs - i75
= === q;
p s=1
T.
- h
s=1

Thus, with the profile (i)m(jh)heH in the game &' each individual obtains the same
consumption allocation as in the game &£*. It follows that:

(e Grai e ) o (s (o 0)7,)) o

We claim that (l;, q) € NE(&1).
Suppose not. Then there would exist & € H and a budget feasible (3, 6;,) € S} such
that:

un ( (2 (3165, B0, 05)) ) > w ( (e (b B 010)) (19)
( i=1 i=1

In this case consider the strategy, (ﬁh,éh) € S} for agent h defined as follows: for
eachi=1,2,....,Land s=1,2,...,7;

N Bi,s ' N Qz,sh '
B = = Bhs 0 = =5 O, (20)
>t B2 2t Q7
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By (17) and the fact that (35, 6;) has been assumed feasible, it follows that given
(ba, Ga)azh, the strategy defined in (20) is budget feasible for the individual h. Fur-
thermore, with that strategy in the game £t this agent would obtain the net trade:

Zé?f (21)

) 1,8 éi,s 3 é
Using (16) we have: gz::ﬁz - gl Th"‘ﬁzr for all s # r. It follows that:

QU 16" TL QN +6" QL 10
B+ YL BU B BL+5

Vs =1,2,....T;,

Substituting this into (21) above we conclude that:

y Qz 1+ 02 T; i T; s Qz + 02 )
z = B 0, Soh T h g 22
"B v ;ﬁh ; =3, - B, 5 (22)

But the last term is exactly the net trade that h receives with the strategy (5, 65)
in the game £!. Hence, we have:

o (e (.09 ) ) = o (o (ot o0 )

Combining the last equation with (18) and (19) from above we conclude that:

N . . : L , , ) L
(4 (i a) L)), ) > o (o (6 a) L)

which contradicts the hypothesis that (b,¢) € NE(EY) O
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