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D{lrpdwl}dwlrqv ri wkh Vkdsoh| ydoxh irufrrshudwlyh jdphv rq dqwlpdwurlgv
H1 DojdedW/ M1 P1 EloedrW/ U1 ydq ghq Eulqn_/ D1 Mlpìqh}0OrvdgdWWPdwhpäwlfd Dsolfdgd LL/ Hvfxhod Vxshulru gh LqjhqlhurvFdplqr gh orv Ghvfxeulplhqwrv v2q/ 743<5 Vhylood/ Vsdlq|Ghsduwphqw ri Hfrqrphwulfv/ Iuhh Xqlyhuvlw|Gh Erhohoddq 4438/ 43;4 KY Dpvwhugdp/ Wkh Qhwkhuodqgv

DevwudfwFrrshudwlyh jdphv rq dqwlpdwurlgv duh frrshudwlyh jdphv uhvwulfwhg e| dfrpelqdwruldo vwuxfwxuh zklfk jhqhudol}h wkh shuplvvlrq vwuxfwxuh1 Vr/ frrshu0dwlyh jdphv rq dqwlpdwurlgv jurxs vhyhudo zhoo0nqrzq idplolhv ri jdphv zklfkkdyh lpsruwdqw dssolfdwlrqv lq hfrqrplfv dqg srolwlfv1 Wkhuhiruh/ wkh vwxg| riwkh uhfwulfwhg jdphv e| dqwlpdwurlgv doorzv wr xqli| fulwhuld ri ydulrxv olqhv riuhvhdufk1 Wkh fxuuhqw sdshu hvwdeolvkhv d{lrpv wkdw ghwhuplqh wkh uhvwulfwhgVkdsoh| ydoxh rq dqwlpdwurlgv e| frqglwlrqv rq wkh frrshudwlyh jdph � dqg wkhvwuxfwxuh ghwhuplqhg e| wkh dqwlpdwurlg1 Wklv d{lrpdwl}dwlrq jhqhudol}hv wkhd{lrpdwl}dwlrqv ri erwk wkh frqmxqfwlyh dqg glvmxqfwlyh shuplvvlrq ydoxh irujdphv zlwk d shuplvvlrq vwuxfwxuh1 Zh dovr surylgh dq d{lrpdwl}dwlrq ri wkhVkdsoh| ydoxh uhvwulfwhg wr wkh vpdoohu fodvv ri srvhw dqwlpdwurlgv1 Ilqdoo|/ zhdsso| rxu prgho wr dxfwlrq vlwxdwlrqv1Pdwkhpdwlfv Vxemhfw Fodvvl�fdwlrq 5333= <4D45Nh| zrugv= Frrshudwlyh jdph/ dqwlpdwurlg/ shuplvvlrq vwuxfwxuh/ Vkdsoh|ydoxh14 LqwurgxfwlrqD frrshudwlyh jdph ghvfulehv d vlwxdwlrq lq zklfk d �qlwh vhw ri sod|huv Q fdq jhq0hudwh fhuwdlq sd|r�v e| frrshudwlrq1 Lq d frrshudwlyh jdph wkh sod|huv duh dvvxphgwr eh vrfldoo| lghqwlfdo lq wkh vhqvh wkdw hyhu| sod|hu fdq frrshudwh zlwk hyhu| rwkhusod|hu1 Krzhyhu/ lq sudfwlfh wkhuh h{lvw vrfldo dv|pphwulhv dprqj wkh sod|huv1 Iruwklv uhdvrq/ wkh jdph wkhruhwlf dqdo|vlv ri ghflvlrq surfhvvhv lq zklfk rqh lpsrvhvdv|pphwulf frqvwudlqwv rq wkh ehkdylru ri wkh sod|huv kdv ehhq dqg frqwlqxhv wreh dq lpsruwdqw vxemhfw wr vwxg|1 Lpsruwdqw frqvhtxhqfhv kdyh ehhq rewdlqhg ridgrswlqj wklv w|sh ri uhvwulfwlrqv rq hfrqrplf ehkdylru1 Vrph prghov zklfk dqdo|}hvrfldo dv|pphwulhv dprqj sod|huv lq d frrshudwlyh jdph duh ghvfulehg lq/ h1j1/ P|0huvrq +4<::,/ Rzhq +4<;9, dqg Erup/ Rzhq/ dqg Wlmv +4<<5,1 Lq wkhvh prghov wkhsrvvlelolwlhv ri frdolwlrq irupdwlrq duh ghwhuplqhg e| wkh srvlwlrqv ri wkh sod|huv lqd frppxqlfdwlrq judsk1
WWklv uhvhdufk kdv ehhq sduwldoo| vxssruwhg e| wkh Vsdqlvk Plqlvwhu| ri Vflhqfh dqg Whfkqrorj|/xqghu judqw VHF5333�45761 H0pdlo= peloedrCflfd1hv_Ilqdqfldo vxssruw e| wkh Qhwkhuodqgv Rujdql}dwlrq iru Vflhqwl�f Uhvhdufk +QZR,/ HVU0judqw84303403837 lv judwhixoo| dfnqrzohgjhg1 H0pdlo= mueulqnCihzhe1yx1qo
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Dqrwkhu w|sh ri dv|pphwu| dprqj wkh sod|huv lq d frrshudwlyh jdph lv lqwurgxfhglq Jloohv/ Rzhq dqg ydq ghq Eulqn +4<<5,/ Jloohv dqg Rzhq +4<<<,/ ydq ghq Eulqn dqgJloohv +4<<9, dqg ydq ghq Eulqn +4<<:,1 Lq wkhvh prghov/ wkh srvvlelolwlhv ri frdolwlrqirupdwlrq duh ghwhuplqhg e| wkh srvlwlrqv ri wkh sod|huv lq d klhudufklfdo shuplvvlrqvwuxfwxuh1 Wzr gl�huhqw dssurdfkhv zhuh lqwurgxfhg iru wkhvh jdphv= frqmxqfwlyhdqg glvmxqfwlyh1 Dojded/ Eloedr/ ydq ghq Eulqn dqg Mlpìqh}0Orvdgd +5333, vkrzhgwkdw wkh ihdvleoh frdolwlrq v|vwhpv ghulyhg iurp erwk dssurdfkhv zhuh lghqwl�hg wrsrvhw dqwlpdwurlgv dqg dqwlpdwurlgv zlwk wkh sdwk surshuw|/ uhvshfwlyho|1 Jdphv rqdqwlpdwurlgv duh lqwurgxfhg lq Mlpìqh}0Orvdgd +4<<;,1Rq wkh rwkhu kdqg/ Eudq}hl/ Iudjqhool dqg Wlmv +5333, kdyh lqwurgxfhg shhu jurxsjdphv dv jdphv edvhg rq wkh h{lvwhqfh ri fhuwdlq ghshqghqfhv dprqj wkh sod|huvdqg zklfk duh ghvfulehg e| d urrwhg wuhh1 Wklv w|sh ri jdphv doorzv wr vwxg| sduwlf0xodu fdvhv ri dxfwlrq vlwxdwlrqv/ frppxqlfdwlrq vlwxdwlrqv/ vhtxhqflqj vlwxdwlrqv ru rz jdphv1 Wkhvh jdphv duh uhvwulfwhg jdphv rq srvhw dqwlpdwurlgv zlwk wkh sdwksurshuw|1 Wklv fodvv ri dqwlpdwurlgv duh wkh shuplvvlrq iruhvw dqg shuplvvlrq wuhhvwuxfwxuhv zklfk duh riwhq hqfrxqwhuhg lq wkh hfrqrplf olwhudwxuh1 Vr/ wkh vwxg| rijdphv rq dqwlpdwurlgv doorzv wr xqli| vhyhudo uhvhdufk olqhv lq wkh vdph rqh1 Dqrwkhuprgho lq zklfk frrshudwlrq srvvlelolwlhv lq d jdph duh olplwhg e| vrph klhudufklfdovwuxfwxuh rq wkh vhw ri sod|huv fdq eh irxqg lq Idljoh dqg Nhuq +4<<5, zkr frqvlghuihdvleoh udqnlqjv ri wkh sod|huv1Lq Vhfwlrq 5 zh glvfxvv vrph suholplqdulhv rq dqwlpdwurlgv dqg shuplvvlrq vwuxf0wxuhv1 Dq d{lrpdwl}dwlrq ri wkh uhvwulfwhg Vkdsoh| ydoxh iru jdphv rq dqwlpdwurlgvlv suhvhqwhg lq Vhfwlrq 61 Rxu vl{ d{lrpv jhqhudol}h wkh d{lrpdwl}dwlrqv ri erwk wkhfrqmxqfwlyh dqg glvmxqfwlyh shuplvvlrq ydoxhv iru jdphv zlwk d shuplvvlrq vwuxfwxuh1Lq sduwlfxodu/ zlwk uhvshfw wr wkhvh zh xqli| wkh idluqhvv d{lrpv xvhg lq erwk frqmxqf0wlyh dqg glvmxqfwlyh dssurdfkhv1 Lq Vhfwlrq 7/ zh uhvwulfw rxu dwwhqwlrq rq wkh vshfldofodvv ri srvhw dqwlpdwurlgv/ vkrzlqj wkdw ghohwlqj wkh idluqhvv d{lrp fkdudfwhul}hvwkh uhvwulfwhg Vkdsoh| ydoxh iru wkh fodvv ri frrshudwlyh jdphv rq srvhw dqwlpdwurlgv1Pruhryhu/ lw wxuqv rxw wkdw wkh fodvv ri jdphv rq srvhw dqwlpdwurlgv lv fkdudfwhul}hgdv wkdw fodvv ri jdphv rq zklfk wkh uhvwulfwhg Vkdsoh| ydoxh lv wkh xqltxh vroxwlrqvdwlvi|lqj wkhvh d{lrpv1 Wklv wkhq dovr fkdudfwhul}hv wkh Vkdsoh| ydoxh iru jdphv rqsrvhw dqwlpdwurlgv vdwlvi|lqj wkh sdwk surshuw|1 Ilqdoo|/ dq dssolfdwlrq wr dxfwlrqvlwxdwlrqv lv jlyhq lq Vhfwlrq 815 Frrshudwlyh jdphv rq dqwlpdwurlgvD frrshudwlyh jdph lv d sdlu +Q> y,/ zkhuh Q @ i4> = = = > qj lv d �qlwh vhw ri sod|huvdqg y = 5Q $ U lv d fkdudfwhulvwlf ixqfwlrq rq Q vdwlvi|lqj y+>, @ 31 Vlqfh zh wdnhwkh sod|hu vhw Q wr eh �{hg zh uhsuhvhqw d frrshudwlyh jdph e| lwv fkdudfwhulvwlfixqfwlrq y1 D frrshudwlyh jdph y lv prqrwrqh li y+H, � y+I , zkhqhyhu H � I � Q 1Zh dvvxph wkdw wkh vhw ri ihdvleoh frdolwlrqv D � 5Q lv dq dqwlpdwurlg1 Dqwl0pdwurlgv zhuh lqwurgxfhg e| Glozruwk +4<73, dv sduwlfxodu h{dpsohv ri vhplprgxoduodwwlfhv1 D v|pphwulf vwxg| ri wkhvh vwuxfwxuhv zdv vwduwhg e| Hghopdq dqg Mdplvrq+4<;8, hpskdvl}lqj wkh frpelqdwruldo devwudfwlrq ri frqyh{lw|1 Wkh frqyh{ jhrph0wulhv duh d gxdo frqfhsw ri dqwlpdwurlgv +vhh Eloedr/ 5333,1Gh�qlwlrq 4 Dq dqwlpdwurlg D rq Q lv d idplo| ri vxevhwv ri 5Q / vdwlvi|lqjD41 > 5 D1D51 +Dffhvvlelolw|, Li H 5 D/ H 9@ >/ wkhq wkhuh h{lvwv l 5 H vxfk wkdw H q ilj 5 D1D61 +Forvhg xqghu xqlrq, Li H> I 5 D wkhq H ^ I 5 D1
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Wkh gh�qlwlrq ri dqwlpdwurlg lpsolhv wkh iroorzlqj dxjphqwdwlrq surshuw| = liH> I 5 D zlwk mHm A mI m wkhq wkhuh h{lvwv l 5 H q I vxfk wkdw I ^ ilj 5 D1Iurp qrz rq/ zh rqo| frqvlghu dqwlpdwurlgv vdwlvi|lqjD71 +Qrupdolw|, Iru hyhu| l 5 Q wkhuh h{lvwv dq H 5 D vxfk wkdw l 5 H1Lq sduwlfxodu/ wklv lpsolhv wkdw Q 5 D1 Qrz zh lqwurgxfh vrph zhoo0nqrzqfrqfhswv derxw dqwlpdwurlgv zklfk fdq eh irxqg lq Nruwh/ Oryäv} dqg Vfkudghu+4<<4/ Fkdswhu LLL,1 Ohw D eh dq dqwlpdwurlg rq Q 1 Wklv vhw idplo| doorzv wr gh�qhwkh lqwhulru rshudwru lqwD = 5Q $ D/ jlyhq e| lqwD+H, @ VI�H>I5D I 5 D/ iru dooH � Q 1 Wklv rshudwru vdwlv�hv wkh iroorzlqj surshuwlhv zklfk fkdudfwhul}h lw=L41 lqwD+>, @ >/L51 lqwD+H, � H/L61 li H � I wkhq lqwD+H, � lqwD+I ,/L71 lqwD+lqwD+H,, @ lqwD+H,/L81 li l> m 5 lqwD+H, dqg m @5 lqwD+H q ilj, wkhq l 5 lqwD+H q imj,1Ohw D eh dq dqwlpdwurlg rq Q 1 Dq hqgsrlqw ru h{wuhph srlqw +Hghopdq dqgMdplvrq/ 4<;8, ri H 5 D lv d sod|hu l 5 H vxfk wkdw H q ilj 5 D/ l1h1/ wkrvhsod|huv wkdw fdq ohdyh d ihdvleoh frdolwlrq H nhhslqj ihdvlelolw|1 E| frqglwlrq D5+Dffhvvlelolw|, hyhu| qrq0hpsw| frdolwlrq lq D kdv dw ohdvw rqh hqgsrlqw1 D vhwH 5 D lv d sdwk lq D li lw kdv d vlqjoh hqgsrlqw1 Wkh sdwk H 5 D lv fdoohg d l0sdwk lqD li lw kdv l 5 Q dv xqltxh hqgsrlqw1 D frdolwlrq H 5 D li dqg rqo| li H lv d xqlrqri sdwkv1 Pruhryhu/ iru hyhu| H 5 D zlwk l 5 H wkhuh h{lvwv dq l0sdwk I vxfk wkdwI � H1 Wkh vhw ri l0sdwkv iru d jlyhq sod|hu l 5 Q zloo eh ghqrwhg e| D +l,1Wkh qh{w frqfhsw lv edvhg rq sdwkv lq dq dqwlpdwurlg dqg lw lv qhfhvvdu| wrghvfuleh fhuwdlq shuplvvlrq vwuxfwxuhv1 Wklv qrwlrq lv forvho| uhodwhg wr wkh frqglwlrqvrq sdwkv wkdw duh rewdlqhg lq d wuhh1Gh�qlwlrq 5 Dq dqwlpdwurlg D rq Q lv vdlg wr kdyh wkh sdwk surshuw| liS41 Hyhu| sdwk H kdv d xqltxh ihdvleoh rughulqj/ l1h1 H =@ +l4 A � � � A lw, vxfk wkdwil4> = = = > lnj 5 D iru doo 4 � n � w1 Ixuwkhupruh/ wkh xqlrq ri wkhvh rughulqjviru doo sdwkv lv d sduwldo rughulqj ri Q 1S51 Li H> I dqg H q ilj duh sdwkv vxfk wkdw wkh hqgsrlqw ri I htxdov wkh hqgsrlqw riH q ilj/ wkhq I ^ ilj 5 D1Revhuyh wkdw hyhu| sdwk kdv d xqltxh ihdvleoh rughulqj li dqg rqo| li iru dq| l0sdwkH zlwk mHm A 4 zh kdyh wkdw H q ilj lv d sdwk1 D vshfldo fodvv ri dqwlpdwurlgv duhwkh srvhw dqwlpdwurlgv ehlqj dqwlpdwurlgv wkdw duh forvhg xqghu lqwhuvhfwlrq1Gh�qlwlrq 6 Dq dqwlpdwurlg D lv d srvhw dqwlpdwurlg li H _ I 5 D iru hyhu|H> I 5 D1Iru d frrshudwlyh jdph y dqg dq dqwlpdwurlg D rq Q zh gh�qh wkh uhvwulfwhgjdph yD zklfk dvvljqv wr hyhu| frdolwlrq H wkh zruwk jhqhudwhg e| wkh lqwhulru riH/ l1h1/ yD+H, @ y+lqwD+H,,/ iru doo H � Q= Iru surshuwlhv ri wkhvh uhvwulfwhg jdphvzh uhihu wr Dojded hw do1 +5333,1 D vroxwlrq iru jdphv rq dqwlpdwurlgv lv d ixqfwlrqi wkdw dvvljqv d sd|r� glvwulexwlrq i +y>D, 5 Uq wr hyhu| frrshudwlyh jdph y dqg
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dqwlpdwurlg D rq Q 1 Wkh uhvwulfwhg Vkdsoh| ydoxh Vk+y>D, iru d frrshudwlyh jdphy dqg dq dqwlpdwurlg D rq Q lv rewdlqhg e| dsso|lqj wkh Vkdsoh| ydoxh +Vkdsoh|/4<86, wr jdph yD/ l1h1/
Vkl +y>D, @ Vkl +yD, @ [

iH�Q=l5Hj
gyD+H,mHm >

zkhuh gy+H, @ [
W�H+�4,mHm�mW my+W ,

ghqrwhv wkh glylghqg ri wkh frdolwlrq H lq jdph y1Dv zh kdyh douhdg| lqglfdwhg jdphv rq dqwlpdwurlgv jhqhudol}h frrshudwlyh jdphvzlwk dq df|folf shuplvvlrq vwuxfwxuh1 D shuplvvlrq vwuxfwxuh rq Q lv d pdsslqjV = Q $ 5Q 1 Wkh sod|huv lq V+l, duh fdoohg wkh vxffhvvruv ri l lq V1 Wkh sod|huvlq V�4+l, =@ im 5 Q = l 5 V+m,j duh fdoohg wkh suhghfhvvruv ri l lq V1 E| eV zhghqrwh wkh wudqvlwlyh forvxuh ri wkh shuplvvlrq vwuxfwxuh V/ l1h1/ m 5 eV+l, li dqg rqo|li wkhuh h{lvwv d vhtxhqfh ri sod|huv +k4> = = = > kw, vxfk wkdw k4 @ l/ kn.4 5 V+kn, irudoo 4 � n � w � 4 dqg kw @ m1 Wkh sod|huv lq eV+l, duh fdoohg wkh vxeruglqdwhv ri l lqV1 D shuplvvlrq vwuxfwxuh V lv df|folf li l @5 eV+l, iru doo l 5 Q 1 Lq wkh frqmxqfwlyhdssurdfk dv ghyhorshg lq Jloohv/ Rzhq dqg ydq ghq Eulqn +4<<5,/ lw lv dvvxphgwkdw hdfk sod|hu qhhgv shuplvvlrq iurp doo lwv suhghfhvvruv ehiruh lw lv doorzhg wrfrrshudwh1 Wklv lpsolhv wkdw wkh vhw ri ihdvleoh frdolwlrqv lv jlyhq e|�fV @ �H � Q = V�4+l, � H iru hyhu| l 5 H� =Dowhuqdwlyho|/ lq wkh glvmxqfwlyh dssurdfk dv glvfxvvhg lq Jloohv dqg Rzhq +4<<<,lw lv dvvxphg wkdw hdfk sod|hu wkdw kdv suhghfhvvruv rqo| qhhgv shuplvvlrq iurp dwohdvw rqh ri lwv suhghfhvvruv ehiruh lw lv doorzhg wr frrshudwh zlwk rwkhu sod|huv1Frqvhtxhqwo|/ wkh vhw ri ihdvleoh frdolwlrqv lv jlyhq e|�gV @ iH � Q = V�4+l, @ > ru V�4+l, _ H 9@ > iru hyhu| l 5 Hj=Dojded hw do1 +5333, vkrz wkdw iru hyhu| df|folf shuplvvlrq vwuxfwxuh V/ erwk �fV dqg�gV duh dqwlpdwurlgv1 Pruhryhu/ wkh fodvv ri doo vhwv ri ihdvleoh frdolwlrqv wkdw fdq ehrewdlqhg dv frqmxqfwlyh ihdvleoh frdolwlrqv lv h{dfwo| wkh fodvv ri srvhw dqwlpdwurlgv1Wkh fodvv ri doo vhwv ri ihdvleoh frdolwlrqv wkdw fdq eh rewdlqhg dv glvmxqfwlyh ihdvleohfrdolwlrqv lv h{dfwo| wkh fodvv ri dqwlpdwurlgv vdwlvi|lqj wkh sdwk surshuw|1D vroxwlrq iru jdphv zlwk d shuplvvlrq vwuxfwxuh lv d ixqfwlrq i wkdw dvvljqv dsd|r� glvwulexwlrq i+y> V, 5 Uq wr hyhu| frrshudwlyh jdph y dqg shuplvvlrq vwuxfwxuhV1 Wkh frqmxqfwlyh shuplvvlrq ydoxh lv rewdlqhg e| dsso|lqj wkh Vkdsoh| ydoxh wr wkhfrqmxqfwlyh uhvwulfwhg jdphv y�fV / zkloh wkh glvmxqfwlyh shuplvvlrq ydoxh lv rewdlqhge| dsso|lqj wkh Vkdsoh| ydoxh wr wkh glvmxqfwlyh uhvwulfwhg jdphv y�gV / l1h1/ wkh| duhwkh uhvwulfwhg Vkdsoh| ydoxhv
Vk +y>�fV, @ Vk �y�fV

� dqg Vk �y>�gV� @ Vk�y�gV
� >

uhvshfwlyho|1Wkh sxusrvh lq wkh qh{w vhfwlrqv zloo eh wr jhqhudol}h d{lrpdwl}dwlrqv jlyhq iruwkh frqmxqfwlyh dqg glvmxqfwlyh shuplvvlrq ydoxhv wr rewdlq d{lrpdwl}dwlrqv ri wkhuhvwulfwhg Vkdsoh| ydoxh iru frrshudwlyh jdphv rq dqwlpdwurlgv1
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6 Dq d{lrpdwl}dwlrq ri wkh uhvwulfwhg Vkdsoh| ydoxhZh surylgh dq d{lrpdwl}dwlrq ri wkh uhvwulfwhg Vkdsoh| ydoxh iru jdphv rq dqwlpd0wurlgv jhqhudol}lqj wkh d{lrpdwl}dwlrqv ri wkh frqmxqfwlyh dqg glvmxqfwlyh shuplvvlrqydoxhv jlyhq lq ydq ghq Eulqn +4<<:/ 4<<<,1 Dv zh zloo vhh/ erwk d{lrpdwl}dwlrqvduh vshfldo fdvhv ri rqh d{lrpdwl}dwlrq ri wkh uhvwulfwhg Vkdsoh| ydoxh iru jdphv rqdqwlpdwurlgv1 Vr/ wkh vwxg| ri jdphv rq dqwlpdwurlgv doorzv wr hoderudwh frpprqd{lrpv iru erwk dssurdfkhv/ ehlqj vshfldoo| lqwhuhvwlqj wkh xvh ri d vdph idluqhvvd{lrp1Wkh �uvw wkuhh d{lrpv duh vwudljkwiruzdug jhqhudol}dwlrqv ri h!flhqf|/ dgglwly0lw| dqg wkh qhfhvvdu| sod|hu surshuw| iru frrshudwlyh jdphv +zlwk d shuplvvlrqvwuxfwxuh,1 Iru wzr frrshudwlyh jdphv y dqg z wkh jdph +y . z, lv jlyhq e|+y . z,+H, @ y+H, . z+H, iru doo H � Q 1D{lrp 4 +H!flhqf|, Iru hyhu| frrshudwlyh jdph y dqg dqwlpdwurlg D rq Q /Sl5Q il +y>D, @ y+Q,1D{lrp 5 +Dgglwlylw|, Iru hyhu| sdlu ri frrshudwlyh jdphv y> z dqg dqwlpdwurlgD rq Q/ i +y . z>D, @ i +y>D, . i +z>D,1D{lrp 6 +Qhfhvvdu| sod|hu surshuw|, Iru hyhu| prqrwrqh frrshudwlyh jdph ydqg dqwlpdwurlg D rq Q / li l 5 Q vdwlv�hv y+H, @ 3 iru doo H � Q q ilj wkhqil +y>D, � im +y>D, iru doo m 5 Q 1Qrwh wkdw wkh qhfhvvdu| sod|hu d{lrp uhtxluhv wkdw doo qhfhvvdu| sod|huv jhw wkhvdph sd|r�1 Uhfdoo wkdw sod|hu l lv lqhvvhqwldo lq d jdph y zlwk shuplvvlrq vwuxfwxuhV rq Q li l dqg doo lwv vxeruglqdwhv duh qxoo sod|huv lq jdph y1 Wklv frqfhsw h{whqgvwkh rqh ri qxoo sod|hu lq d jdph y1 Sod|hu l lv d qxoo sod|hu lq jdph y li y+H, @y+H q ilj, iru doo H � Q 1 Ohw D eh dq dqwlpdwurlg rq Q 1 Wkh sdwk jurxs S l risod|hu l lv gh�qhg dv wkh vhw ri sod|huv wkdw duh lq vrph l0sdwk/ l1h1/ S l @ VH5D+l, H=Vr/ wkh sdwk jurxs ri sod|hu l duh doo sod|huv rq zklfk l kdv vrph ghshqghqfh1 Qrz/jlyhq dq dqwlpdwurlg D rq Q / zh fdoo l 5 Q dq lqhvvhqwldo sod|hu iru D lq y li sod|hul dqg hyhu| sod|hu m 5 Q vxfk wkdw l 5 S m duh qxoo sod|huv lq y1 Wkh ghvfulswlrq riwkh lqhvvhqwldo sod|hu d{lrp lv wkh iroorzlqj1D{lrp 7 +Lqhvvhqwldo sod|hu surshuw|, Iru hyhu| frrshudwlyh jdph y dqg dqwl0pdwurlg D rq Q / li l lv dq lqhvvhqwldo sod|hu iru D lq y wkhq il +y>D, @ 31Zh jhqhudol}h vwuxfwxudo prqrwrqlflw| iru jdphv zlwk d shuplvvlrq vwuxfwxuh e|lqwurgxflqj d qhz vhw1 Ohw D eh dq dqwlpdwurlg rq Q 1 Wkh edvlf sdwk jurxs Sl risod|hu l lv jlyhq e| wkrvh sod|huv wkdw duh lq hyhu| l0sdwk/ l1h1/ Sl @ WH5D+l, H= Wklvvhw lv iruphg e| wkrvh sod|huv wkdw frqwuro wrwdoo| sod|hu l lq D/ l1h1/ zlwkrxw wkhpsod|hu l fdq qrw irup dq| ihdvleoh frdolwlrq1 Reylrxvo|/ l 5 Sl dqg Sl � S l1D{lrp 8 +Vwuxfwxudo prqrwrqlflw|, Iru hyhu| prqrwrqh frrshudwlyh jdph y dqgdqwlpdwurlg D rq Q / li m 5 Q wkhq iru doo l 5 Sm zh kdyh il +y>D, � im +y>D,1Zh fdq jhqhudol}h erwk frqmxqfwlyh dqg glvmxqfwlyh idluqhvv iru jdphv zlwk dshuplvvlrq vwuxfwxuh e| uhtxlulqj wkdw ghohwlqj d ihdvleoh frdolwlrqH iurp dqwlpdwurlgD/ vxfk wkdw D q iHj lv dovr dq dqwlpdwurlg/ fkdqjhv wkh sd|r�v ri doo sod|huv lq He| wkh vdph dprxqw1D{lrp 9 +Idluqhvv, Iru hyhu| frrshudwlyh jdph y dqg dqwlpdwurlg D rq Q/ liH 5 D lv vxfk wkdw D q iHj lv dq dqwlpdwurlg rq Q/ wkhqil +y>D,� il +y>D q iHj, @ im +y>D,� im +y>D q iHj, iru doo l> m 5 H=
8



Wkh qh{w h{dpsoh vkrzv wkdw lq jhqhudo wr ghohwh d ihdvleoh frdolwlrq iurp dqdqwlpdwurlg grhv qrw dozd|v jlyh dq dqwlpdwurlg1H{dpsoh 4 Ohw Q @ i4> 5> 6> 7j dqg wkh dqwlpdwurlg jlyhq e|D @ i>> i4j> i4> 5j> i4> 6j> i4> 5> 6j> i4> 5> 7j> i4> 6> 7j> Qj=Li zh frqvlghu wkh frdolwlrq H @ i4> 5> 6j wkhq DqiHj lv qrw dq dqwlpdwurlg ehfdxvhi4> 5j^i4> 6j lv qrw ihdvleoh dq|pruh1 Frqvlghulqj frdolwlrq K @ i4> 5j lw iroorzv wkdwDqiKj lv qrw dq dqwlpdwurlg vlqfh wkhuh lv qr l 5 i4> 5> 7j vxfk wkdw i4> 5> 7jqilj 5D q iKj1 Krzhyhu/ wdnlqj I @ i4> 6> 7j lw krogv wkdw D q iIj lv dq dqwlpdwurlg1Qrwh wkdw jlyhq d shuplvvlrq vwuxfwxuh V/ dsso|lqj wklv idluqhvv d{lrp wr wkhdqwlpdwurlg �gV +�fV, lv htxlydohqw wr dsso|lqj glvmxqfwlyh +frqmxqfwlyh, idluqhvv wrwkh fruuhvsrqglqj jdph zlwk shuplvvlrq vwuxfwxuh +vhh ydq ghq Eulqn 4<<:/ 4<<<,1Zh vd| wkdw frdolwlrq I 5 D fryhuv frdolwlrq H 5 D li H � I dqg mI m @ mHm. 4=Ohppd 4 Ohw D eh dq dqwlpdwurlg dqg H 5 D1 Wkhq/ Dq iHj lv dq dqwlpdwurlg lidqg rqo| li H lv d sdwk/ H @5 i>> Qj dqg hyhu| I 5 D wkdw fryhuv H lv qrw d sdwk1Surri1 Vxssrvh wkdw D q iHj lv dq dqwlpdwurlg1 Wkhq reylrxvo| H @5 i>> Qj1 Li Hzrxog qrw eh d sdwk wkhq wkhuh zrxog eh l> m 5 H vxfk wkdw Hqilj/ Hqimj 5 DqiHj1Wklv zrxog lpso| wkdw H q ilj ^ H q imj 5 D q iHj/ zklfk lv d frqwudglfwlrq zlwkH qilj^Hqimj @ H 1 Li wkhuh zrxog h{lvw d sdwk I lq D wkdw fryhuv H wkhq DqiHjzrxog idlo wkh dffhvvlelolw| surshuw|1Vxssrvh wkdw H lv d sdwk lq D/ H @5 i>> Qj dqg hyhu| I 5 D wkdw fryhuv H lv qrw dsdwk1 Zh kdyh wr suryh wkdw DqiHj lv dq dqwlpdwurlg1 Vlqfh H 9@ >> > 5 DqiHj1 DvH 9@ Q> DqiHj lv qrupdo1 Ohw H4> H5 5 DqiHj = Wr vkrz wkdw H4^H5 5 DqiHj lwvx!fhv wr vkrz wkdw H4^H5 9@ H1 Rq wkh frqwudu|/ vxssrvh wkdw H4^H5 @ H1 Wkhqlw lv d sdwk/ dvvxph d l0sdwk1 Zh fdq vxssrvh zlwkrxw orvv ri jhqhudolw| wkdw l 5 H4=Exw wklv lv d frqwudglfwlrq zlwk wkh idfw wkdw H4 � H> H4 9@ H> dqg H ehlqj d l0sdwk1Ilqdoo|/ ohw I 5 DqiHj/ I 9@ >= Li wkhuh lv qr l 5 I vxfk wkdw I qilj 5 DqiHj wkhqwkhuh lv d xqltxh l 5 I vxfk wkdw I q ilj 5 D +vlqfh D lv dq dqwlpdwurlg,1 Pruhryhu/Iqilj @ H= Exw wklv lv d frqwudglfwlrq zlwk wkh idfw wkdw hyhu| ihdvleoh frdolwlrq wkdwfryhuv H lv qrw d sdwk1 �
Wkh uhvwulfwhg Vkdsoh| ydoxh iru jdphv rq dqwlpdwurlgv vdwlv�hv wkh vl{ d{lrpvlqwurgxfhg deryh1Wkhruhp 4 Wkh uhvwulfwhg Vkdsoh| ydoxh Vk vdwlv�hv h!flhqf|/ dgglwlylw|/ wkh qhf0hvvdu| sod|hu surshuw|/ wkh lqhvvhqwldo sod|hu surshuw|/ vwuxfwxudo prqrwrqlflw| dqgidluqhvv1Surri1 Ohw y eh d frrshudwlyh jdph dqg D eh dq dqwlpdwurlg rq Q 141 Vlqfh Q 5 D/ h!flhqf| ri wkh Vkdsoh| ydoxh lpsolhv wkdw[

l5Q Vkl +y>D, @ [
l5Q Vkl +yD, @ yD+Q, @ y +lqwD+Q,, @ y+Q,>

vkrzlqj wkdw Vk vdwlv�hv h!flhqf|151 Dgglwlylw| ri wkh Vkdsoh| ydoxh dqg wkh idfw wkdw+yD . zD, +H, @ yD+H, . zD+H, @ y +lqwD+H,, . z +lqwD+H,,@ +y . z, +lqwD+H,, @ +y . z,D+H,>
9



iru doo H � Q / lpso| wkdwVkl +y>D, . Vkl +z>D, @ Vkl +yD, . Vkl +zD, @ Vkl +yD . zD,@ Vkl ++y . z,D, @ Vkl +y . z>D, >
vkrzlqj wkdw Vk vdwlv�hv dgglwlylw|161 Ohw y eh d prqrwrqh jdph dqg ohw l 5 Q eh vxfk wkdw y+H, @ 3 iru dooH � Q q ilj1 Dojded hw do1 +5333/ Sursrvlwlrq 6, vkrz wkdw yD lv prqrwrqh1 WkxvyD+H, @ y+lqwD+H,, � y+H, @ 3 iru doo H � Q q ilj1 Vlqfh prqrwrqlflw| ri yDdovr lpsolhv wkdw yD+H, � 3 iru doo H � Q / lw pxvw krog wkdw yD+H, @ 3 iru dooH � Q q ilj1 Iru doo m 5 Q dqg h @ mHm wklv lpsolhv

Vkl+y>D, @ [
iH�Q =l5Hj

+h � 4,$+q � h,$q$ +yD+H,� yD+H q ilj,,
� [

iH�Q =l>m5Hj
+h � 4,$+q � h,$q$ +yD+H,� yD+H q ilj,,

� [
iH�Q =l>m5Hj

+h � 4,$+q � h,$q$ +yD+H,� yD+H q imj,,
@ [

iH�Q =m5Hj
+h � 4,$+q � h,$q$ +yD+H,� yD+H q imj,,

@ Vkm+y>D,/
vkrzlqj wkdw Vk vdwlv�hv wkh qhfhvvdu| sod|hu surshuw|171 Wkh Vkdsoh| ydoxh vdwlv�hv wkh qxoo sod|hu d{lrp +l1h1/ doo qxoo sod|huv lq d jdphhduq d }hur sd|r�,1 Wkhuhiruh lw lv vx!flhqw wr suryh wkdw wkh lqhvvhqwldo sod|huv duhmxvw wkh qxoo sod|huv lq wkh uhvwulfwhg jdph1 Ohw l eh dq lqhvvhqwldo sod|hu iru D lqy/ dqg H d frdolwlrq vxfk wkdw l 5 H1 Ohw I @ lqwD+H, q lqwD+H q ilj,= Zh vkrzwkdw l 5 S m iru hyhu| m 5 I 1 Vxssrvh wkhuh h{lvwv m 5 I zlwk l @5 S m= Wkhq sod|hul lv qrw lq dq| m0sdwk1 Dv m 5 lqwD +H,/ wkhq wkhuh h{lvwv d m0sdwk K frqwdlqhglq lqwD +H, lq zklfk sod|hu l lv qrw/ dqg vr K zrxog eh frqwdlqhg lq H q ilj1 E|gh�qlwlrq ri lqwhulru rshudwru dqg vlqfh sdwkv duh ihdvleoh frdolwlrqv lq D zh kdyhwkdw K zrxog eh frqwdlqhg lq lqwD+H qilj, dqg lq sduwlfxodu m 5 lqwD+H qilj,1 Wklvjlyhv d frqwudglfwlrq vlqfh m 5 I 1 Li I @ im4> = = = > msj wkhqyD +H,� yD +H q ilj, @ y +lqwD+H,,� y +lqwD+H q ilj,,@ y +lqwD+H,,� y +lqwD+H, q I ,@ y +lqwD+H,,� y +lqwD+H, q I ,

. s�4[
w@4 ^y +lqwD+H, q im4> = = = > mwj,� y +lqwD+H, q im4> = = = > mwj,`

@ 3>vlqfh dv l lv lqhvvhqwldo wkhq hyhu| ml/ l @ 4> = = = > s lv d qxoo sod|hu lq y1 Wklv vkrzwkdw Vk vdwlv�hv wkh lqhvvhqwldo sod|hu surshuw|181 Vlqfh y ehlqj prqrwrqh lpsolhv wkdw yD lv prqrwrqh zh fdq hvwdeolvk wkhiroorzlqj surshuwlhv iru m 5 Q / l 5 Sm dqg y prqrwrqh=+l, yD+H,� yD+H q ilj, � 3> iru doo H � Q 1
:



+ll, Jlyhq H � Q lw lv vdwlv�hglqwD+H q ilj, @ ^
iI5D=I�Hqiljj I @ ^

iI5D=I�Hqil>mjj I
� ^

iI5D=I�Hqimjj I @ lqwD+H q imj,>
dqg wkxvyD+H,� yD+H q ilj, � yD+H,� yD+H q imj,/ iru doo H � Q=

+lll, Iru hyhu| H � Q q ilj/lqwD+H, @ ^
iI5D=I�Hj I @ ^

iI5D=I�Hqimjj I @ lqwD+H q imj,/
dqg wkxv yD+H,� yD+H q imj, @ 3/ iru doo H � Q q ilj=

Wklv lpsolhv wkdw
Vkl+y>D, @ Vkl+yD, @ [

iH�Q =l5Hj
+h � 4,$+q � h,$q$ +yD+H,� yD+H q ilj,,

� [
iH�Q =l>m5Hj

+h � 4,$+q � h,$q$ +yD+H,� yD+H q ilj,,
� [

iH�Q =l>m5Hj
+h � 4,$+q � h,$q$ +yD+H,� yD+H q imj,,

@ [
iH�Q =m5Hj

+h � 4,$+q � h,$q$ +yD+H,� yD+H q imj,,
@ Vkm+yD, @ Vkm+y>D,=Wkh �uvw lqhtxdolw| iroorzv iurp +l,/ wkh vhfrqg lqhtxdolw| iurp +ll,/ dqg wkh �uvwhtxdolw| diwhu wkh lqhtxdolwlhv iroorzv iurp +lll,1 Wklv vkrzv wkdw Vk vdwlv�hv vwuxf0wxudo prqrwrqlflw|191 Ohw H 5 D eh vxfk wkdw D q iHj lv dq dqwlpdwurlg rq Q / dqg ohw il> mj � H1Zh hvwdeolvk wkh iroorzlqj surshuwlhv=+l, Lw iroorzv iurp Ghunv dqg Shwhuv +4<<5, wkdw gyD+I , @ 3 iru doo I @5 D1+ll, Li I 5 D dqg I . il> mj wkhq I 9@ H1+lll, Li I . il> mj wkhq I . H/ dqg wkxv W . H iru doo W � I 1 Vr/lqwD+W , @ ^

iK5D=K�WjK @ ^
iK5DqiHj=K�Wj K @ lqwDqiHj+W , iru doo W � I=

Khqfh/ gyD+I , @ [
W�I+�4,mI m�mW myD+W , @ [

W�I+�4,mI m�mW my+lqwD+W ,,
@ [

W�I+�4,mI m�mW my+lqwDqiHj+W ,, @ [
W�I+�4,mI m�mW myDqiHj+W ,

@ gyDqiHj+I ,=
;



Gh�qlqj Dl @ iH 5 D = l 5 Hj lw wkhq iroorzv wkdw
Vkl+y>D,� Vkm+y>D, @ [

I5Dl
gyD+I ,mI m � [

I5Dm
gyD+I ,mI m

@ [
iI5Dl=m 95Ij

gyD+I ,mI m � [
iI5Dm =l95Ij

gyD+I ,mI m
@ [

iI5DlqiHj=m 95Ij
gyD+I ,mI m � [

iI5DmqiHj=l95Ij
gyD+I ,mI m

@ [
iI5+DqiHj,l=m @5Ij

gyDqiHj+I ,mI m � [
iI5+DqiHj,m =l@5Ij

gyDqiHj+I ,mI m
@ [

I5+DqiHj,l
gyDqiHj+I ,mI m � [

I5+DqiHj,m
gyDqiHj+I ,mI m@ Vkl+y>D q iHj,� Vkm+y>D q iHj,=Wkh �uvw htxdolw| iroorzv iurp +l,/ wkh wklug iurp +ll,/ dqg wkh irxuwk iurp +lll,1 Wklvvkrzv wkdw Vk vdwlv�hv idluqhvv1 �

Wkh vl{ d{lrpv fkdudfwhul}h wkh uhvwulfwhg Vkdsoh| ydoxh1Wkhruhp 5 D vroxwlrq i iru jdphv rq dqwlpdwurlgv lv htxdo wr wkh uhvwulfwhg Vkdsoh|ydoxh Vk li dqg rqo| li lw vdwlv�hv h!flhqf|/ dgglwlylw|/ wkh qhfhvvdu| sod|hu surshuw|/wkh lqhvvhqwldo sod|hu surshuw|/ vwuxfwxudo prqrwrqlflw| dqg idluqhvv1Surri1 Wr suryh xqltxhqhvv/ vxssrvh wkdw vroxwlrq i vdwlv�hv wkh vl{ d{lrpv1 Frq0vlghu dqwlpdwurlg D rq Q dqg wkh prqrwrqh jdph zW @ fWxW / fW � 3/ zkhuh xW lvwkh xqdqlplw| jdph ri W � Q / l1h1/ zW +H, @ fW li H � W / dqg zW +H, @ 3 rwkhuzlvh1Zh vkrz wkdw i+zW >D, lv xqltxho| ghwhuplqhg e| lqgxfwlrq rq mDm1 +Qrwh wkdwmDm � q . 4 e| D6 dqg D7,1Li mDm @ q . 4 wkhq wkhuh lv d xqltxh frdolwlrq lq D ri fduglqdolw| l iurp l @ 4xqwlo l @ q1 Vr/ wkhuh h{lvwv d xqltxh l0sdwk iru hyhu| sod|hu l1 Lq wklv fdvh/ S l @ Sliru doo l 5 Q 1 Zh glvwlqjxlvk wkh iroorzlqj wkuhh fdvhv zlwk uhvshfw wr l 5 Q =+l, Li l 5 W wkhq wkh qhfhvvdu| sod|hu surshuw| lpsolhv wkdw wkhuh h{lvwv d f 5 Uvxfk wkdw il +zW >D, @ f iru doo l 5 W / dqg il +zW >D, � f iru doo l 5 Q q W 1+ll, Li l @5 W dqg wkhuh lv qr m 5 W vxfk wkdw l 5 S m wkhq wkh lqhvvhqwldo sod|husurshuw| lpsolhv wkdw il +zW >D, @ 31+lll, Li l @5 W dqg wkhuh lv m 5 W vxfk wkdw l 5 S m @ Sm wkhq vwuxfwxudo prqrwrqlf0lw| dqg fdvh +l, lpso| wkdw il +zW >D, @ f1Qrz/ vhwwlqj SW @ Vm5W S m / h!flhqf| lpsolhv wkdw f @ fW 2 ��SW �� dqg wkhqi +zW >D, lv xqltxho| ghwhuplqhg1Surfhhglqj e| lqgxfwlrq dvvxph wkdw i +zW >D3, lv xqltxho| ghwhuplqhg li mD3m ?mDm1 Qrwlfh wkdw lq jhqhudo S l 9@ Sl1 Wkhuhiruh/ zh fdq glvwlqjxlvk irxu fdvhv zlwkuhvshfw wr l 5 Q / wkh vdph wkuhh fdvhv dv zh frqvlghu ehiruh dqg pruhryhu/ wkhiroorzlqj fdvh=+ly, Ohw l @5 W vxfk wkdw wkhuh h{lvwv m 5 W zlwk l 5 S m dqg wkhuh lv qr m 5 Wzlwk l 5 Sm 1 Frqvlghu wkhq m 5 W zlwk l 5 S m q Sm 1 Wkhq wkhuh h{lvwv d m0sdwkH 9@ Q vxfk wkdw l 5 H/ dqg wkhuh h{lvwv d m0sdwk I 9@ Q vxfk wkdw l @5 I 1 Zhgh�qh d fkdlq iurp frdolwlrq H wr Q wr eh d vhtxhqfh ri frdolwlrqv +H3> H4> = = = > Hw,
<



vdwlvi|lqj H3 @ H/ Hw @ Q dqg wkhuh lv d vhtxhqfh ri glvwlqfw sod|huv +k4> = = = > kw,vxfk wkdw kn 5 Q qHn�4 dqg Hn @ Hn�4^iknj iru doo n 5 i4> = = = > wj1 Li doo frdolwlrqvlq wkh fkdlq ehorqj wr wkh dqwlpdwurlg D lw lv fdoohg d fkdlq lq D1 Wkh dxjphqwdwlrqsurshuw| lpsolhv wkdw wkhuh h{lvw fkdlqv lq D iurp H wr Q dqg iurp I wr Q 1 Zhfkrrvh d fkdlq iurp H wr Q dqg d fkdlq iurp I wr Q lq vxfk d zd| wkdw wkh �uvwfrpprq frdolwlrq P ri wkhvh fkdlqv lv wkh odujhvw frdolwlrq srvvleoh/ l1h1/ wkhuh duh qrrwkhu wzr fkdlqv iurp H dqg I wr Q zlwk d �uvw odujhu frpprq frdolwlrq P 3 � P 1+Qrwh wkdw d �uvw frpprq frdolwlrq dozd|v h{lvwv ehfdxvh frdolwlrq Q lv dozd|v dfrpprq frdolwlrq,1 Rxu jrdo lv wr �qg d frdolwlrq frqwdlqlqj l dqg m dqg/ xqghu wkhfrqglwlrqv ri Ohppd 4 wr dsso| wkh idluqhvv d{lrp1 Li K 5 D/ mKm @ mHm.4/ K � Hlpso| wkdw K lv qrw d sdwk lq D/ wkhq gh�qh D3 @ D q iHj1 E| Ohppd 4 D3 lv dqdqwlpdwurlg1 Rwkhuzlvh/ l1h1/ li wkhuh lv d sdwk H4 5 D/ mH4m @ mHm . 4/ H4 � H/ lwfdq kdsshq wkdw K 5 D/ mKm @ mH4m. 4/ K � H4 lpso| wkdw K lv qrw d sdwk lq D1Wkhq gh�qh D3 @ D q iH4j1 Lq fdvh wklv grhv qrw rffxu zh fdq surfhhg lq wklv zd|/dqg wkxv fkrrvh d vhtxhqfh ri frdolwlrqv odehohg e| H4> H5> = = = > Hp ehlqj sdwkv lq Ddqg vxfk wkdw li K 5 D/ mKm @ mHpm . 4/ K � Hp wkhq K lv qrw d sdwk lq D1 Lqwklv surfhvv dv pd{lpxp zh zrxog jhw wr d sdwk Hp zlwk mHpm @ mP m�4> P � Hp1Wkhuh fdqqrw h{lvw dq| frdolwlrq T 5 D/ T 9@ P / mTm @ mHpm. 4/ T � Hp/ ehfdxvhli wkhuh zrxog eh vxfk d frdolwlrq T wkhq wkh fkdlq fkrvhq iurp I wr Q dqg wklvdowhuqdwlyh fkdlq iurp H wr Q wkurxjk T zrxog kdyh d odujhu �uvw frpprq frdolwlrq1Vr/ wdnlqj D3 @ DqiHpj dqg dsso|lqj Ohppd 4/ D3 lv dq dqwlpdwurlg1 Lq dq| fdvh/e| idluqhvv dqg wdnlqj lqwr dffrxqw wkdw m 5 W lw iroorzv zlwk fdvh +l, wkdwil +zW >D, @ im +zW >D,� im +zW >D3, . il +zW >D3, @ f � fl> +4,zlwk fl @ il +zW >D3, � im +zW >D3, douhdg| ghwhuplqhg e| wkh lqgxfwlrq k|srwkhvlv+qrwh wkdw dv i vdwlv�hv idluqhvv zh fdq vwdwh wkdw fl lv lqghshqghqw ri wkh frdolwlrqHp ghohwhg wr rewdlq D3,1 Wr ghwhuplqh f zh dsso| wkh h!flhqf| d{lrp
f ��SW ��� [

l5SW qSW
fl @ fW >

zkhuh SW @ Vm5W S m dqg SW @ Vm5W Sm 1 E| wkh lqgxfwlrq k|srwkhvlv doo fl lq wkhodvw vxp duh ghwhuplqhg/ dqg vr lv f1 Exw wkhq i +zW >D, lv xqltxho| ghwhuplqhg e|htxdwlrq +4,1Deryh zh vkrzhg wkdw i+zW >D, lv xqltxho| ghwhuplqhg iru doo +prqrwrqh, jdphvzW @ fW xW zlwk fW � 31 Vxssrvh wkdw zW @ fWxW zlwk fW ? 31 +Wkhq zW lv qrwprqrwrqh dqg wkh qhfhvvdu| sod|hu surshuw| dqg vwuxfwxudo prqrwrqlflw| fdqqrw ehdssolhg,1 Ohw y3 5 JQ ghqrwh wkh qxoo jdph/ wkdw lv/ y3+H, @ 3 iru doo H � Q 1 Iurpwkh lqhvvhqwldo sod|hu surshuw| lw iroorzv wkdw il+y3>D, @ 3 iru doo l 5 Q 1 Vlqfh�zW @�fW xW zlwk �fW � 3/ dqg +y3,D @ +zW ,D . +�+zW ,D,/ lw iroorzv iurp dgglwlylw|ri i dqg wkh idfw wkdw �zW lv prqrwrqh wkdw i +zW >D, @ i +y3>D,� i +�zW >D, @�i +�zW >D, lv xqltxho| ghwhuplqhg1 Vr/ i+fW xW , lv xqltxho| ghwhuplqhg iru doo fW 5U1 Vlqfh hyhu| frrshudwlyh jdph y rq Q fdq eh h{suhvvhg dv d olqhdu frpelqdwlrq rixqdqlplw| jdphv lw iroorzv zlwk dgglwlylw| wkdw i +y>D, lv xqltxho| ghwhuplqhg1 �
Zh hqg wklv vhfwlrq e| vkrzlqj orjlfdo lqghshqghqfh ri wkh vl{ d{lrpv vwdwhg lqWkhruhp 4141 Wkh vroxwlrq j gh�qhg lq wkh surri ri Wkhruhp 7 +vhh qh{w vhfwlrq, vdwlv�hvh!flhqf|/ dgglwlylw|/ wkh lqhvvhqwldo sod|hu surshuw|/ wkh qhfhvvdu| sod|hu surshuw|dqg vwuxfwxudo prqrwrqlflw|1 Lw grhv qrw vdwlvi| idluqhvv1
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51 Wkh vroxwlrq jlyhq e| i +y>D, @ Vk+y, vdwlv�hv h!flhqf|/ dgglwlylw|/ wkhlqhvvhqwldo sod|hu surshuw|/ wkh qhfhvvdu| sod|hu surshuw| dqg idluqhvv1 Lw grhv qrwvdwlvi| vwuxfwxudo prqrwrqlflw|161 Iru dqwlpdwurlg D rq Q / ohw E+D, @ il 5 Q = ilj 5 Dj eh wkh vhw ri dwrpv lqD1 Gh�qh �i+y>D, @ SW�Q gy+W , �i +xW >D, zlwk
�il +xW >D, @ ;?= 4mW ^ E+D,m li l 5 W ^ E+D,>3 rwkhuzlvh=Wklv vroxwlrq vdwlv�hv h!flhqf|/ dgglwlylw|/ wkh lqhvvhqwldo sod|hu surshuw|/ vwuxfwxudoprqrwrqlflw| dqg idluqhvv1 Lw grhv qrw vdwlvi| wkh qhfhvvdu| sod|hu surshuw|171 Wkh hjdolwduldq vroxwlrq/ il +y>D, @ y+Q,2 mQ m iru doo l 5 Q / vdwlv�hv h!flhqf|/dgglwlylw|/ wkh qhfhvvdu| sod|hu surshuw|/ vwuxfwxudo prqrwrqlflw| dqg idluqhvv1 Lwgrhv qrw vdwlvi| wkh lqhvvhqwldo sod|hu surshuw|181 Ohw x�W eh wkh gxdo ri wkh xqdqlplw| jdph ri frdolwlrq W � Q / l1h1/

x�W +H, @ xW +Q,� xW +Q q H, @ �4 li H _ W 9@ >>3 rwkhuzlvh1Qrz/ ohw wkh vroxwlrq i eh jlyhq e|
il +y>D, @ � �i +y>D, li y @ x�W > mW m � 5>Vk +y>D, rwkhuzlvh>

zlwk �i dv jlyhq deryh +vhh 6,1 Wklv vroxwlrq vdwlv�hv h!flhqf|/ wkh lqhvvhqwldo sod|husurshuw|/ wkh qhfhvvdu| sod|hu surshuw|/ vwuxfwxudo prqrwrqlflw| dqg idluqhvv1 Lw grhvqrw vdwlvi| dgglwlylw|191 Wkh }hur vroxwlrq jlyhq e| il +y>D, @ 3 iru doo l 5 Q vdwlv�hv dgglwlylw|/ wkhlqhvvhqwldo sod|hu surshuw|/ wkh qhfhvvdu| sod|hu surshuw|/ vwuxfwxudo prqrwrqlflw|dqg idluqhvv1 Lw grhv qrw vdwlvi| h!flhqf|17 Srvhw dqwlpdwurlgvLq Vhfwlrq 5 zh uhihuuhg wr wkh idfw wkdw hyhu| vhw ri frqmxqfwlyh ihdvleoh frdolwlrqviru vrph shuplvvlrq vwuxfwxuh V lv d srvhw dqwlpdwurlg1 Ydq ghq Eulqn dqg Jloohv+4<<9, jdyh dq d{lrpdwl}dwlrq ri wkh frqmxqfwlyh shuplvvlrq ydoxh zkhuh frqmxqfwlyhidluqhvv dqg vwuxfwxudo prqrwrqlflw| iru jdphv zlwk d shuplvvlrq vwuxfwxuh +vhh ydqghq Eulqn/ 4<<<, duh uhsodfhg e| d vwurqjhu vwuxfwxudo prqrwrqlflw| d{lrp1 Xqolnhwkh fkdudfwhul}dwlrqv ri wkh shuplvvlrq ydoxhv/ wr fkdudfwhul}h wkh uhvwulfwhg Vkds0oh| ydoxh iru jdphv rq srvhw dqwlpdwurlgv zlwkrxw idluqhvv zh qhhg qrw vwuhqjwkhqvwuxfwxudo prqrwrqlflw|1 Ghohwlqj idluqhvv iurp wkh vhw ri d{lrpv vwdwhg lq Wkhruhp5 fkdudfwhul}hv wkh uhvwulfwhg Vkdsoh| ydoxh iru jdphv rq srvhw dqwlpdwurlgv1 Pruh0ryhu/ srvhw dqwlpdwurlgv duh wkh xqltxh dqwlpdwurlgv iru zklfk lw lv srvvleoh wr ghohwhwkh idluqhvv d{lrp1Srvhw dqwlpdwurlgv duh wkh xqltxh dqwlpdwurlgv vxfk wkdw hyhu| sod|hu kdv dxqltxh sdwk1 Lq sduwlfxodu/ zh fdq frqfoxgh wkdw jlyhq dq dqwlpdwurlg D rq Q / wkhqD lv d srvhw dqwlpdwurlg li dqg rqo| li S l @ Sl iru doo l 5 Q 1Wkhruhp 6 D vroxwlrq i iru jdphv rq srvhw dqwlpdwurlgv lv htxdo wr wkh uhvwulfwhgVkdsoh| ydoxh Vk li dqg rqo| li lw vdwlv�hv h!flhqf|/ dgglwlylw|/ wkh qhfhvvdu| sod|husurshuw|/ wkh lqhvvhqwldo sod|hu surshuw| dqg vwuxfwxudo prqrwrqlflw|1
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Surri1 Iurp Wkhruhp 4 lw iroorzv wkdw Vk vdwlv�hv wkh �yh d{lrpv1 Vxssrvh wkdwvroxwlrq i vdwlv�hv wkh �yh d{lrpv rq srvhw dqwlpdwurlgv1 Frqvlghu d srvhw dqwlpd0wurlg D rq Q dqg wkh jdph zW @ fWxW / fW � 31 Wdnlqj lqwr dffrxqw wkdw iru d srvhwdqwlpdwurlg S m @ Sm iru doo m 5 Q> zh rqo| kdyh wr frqvlghu wkh �uvw wkuhh fdvhviurp Wkhruhp 5 zlwk uhvshfw wr l 5 Q 1 Khqfh/ h!flhqf| lpsolhv wkdw f @ fW 2 ��SW ��1Wkhuhiruh i +zW >D, lv xqltxho| ghwhuplqhg1 Iru duelwudu| y lw iroorzv wkdw i +y>D,lv xqltxho| ghwhuplqhg lq d vlplodu zd| dv lq wkh surri ri Wkhruhp 51 �
Wkh odvw �yh vroxwlrqv jlyhq dw wkh hqg ri wkh suhylrxv vhfwlrq vkrz orjlfdo lqgh0shqghqfh ri wkh d{lrpv vwdwhg lq Wkhruhp 61 Iru jdphv rq srvhw dqwlpdwurlgv wkhuhvwulfwhg Vkdsoh| ydoxh fdq eh zulwwhq dv iroorzv1Sursrvlwlrq 4 Li D lv d srvhw dqwlpdwurlg rq Q wkhq

Vkl +y>D, @ [
iW�Q =l5SW j

gy+W ,mSW m =
Surri1 Vlqfh gy+H, @ 3 iru hyhu| H @5 D lw iroorzv wkdw

Vkl +y>D, @ [
H5Dl

gyD+H,mHm @ [
H5Dl

SiW�H=H@SW j gy+W ,mHm @ [
iW�Q=l5SW j

gy+W ,mSW m =
�

Zh fdq fkdudfwhul}h wkh fodvv ri jdphv rq srvhw dqwlpdwurlgv dv wkh fodvv ri jdphvrq zklfk wkh uhvwulfwhg Vkdsoh| ydoxh vdwlv�hv wkh �yh d{lrpv ri Wkhruhp 61 Deryhzh frqvlghuhg wkh uhvwulfwhg Vkdsoh| ydoxh Vk zklfk dvvljqv wkh sd|r� glvwulexwlrqVk +y>D, 5 Uq wr hyhu| frrshudwlyh jdph y dqg dqwlpdwurlg D rq Q 1 Jlyhq dqdqwlpdwurlg D rq Q / ohw Vk +�>D, eh wkh ixqfwlrq wkdw dvvljqv wr hyhu| frrshudwlyhjdph y rq Q wkh uhvwulfwhg Vkdsoh| ydoxh Vk +y>D,1 Gh�qlqj wkh d{lrpv ri Wkhruhp6 iru vroxwlrqv i +�>D, lq d vwudljkwiruzdug zd| zh jlyh wkh iroorzlqj uhvxow1Wkhruhp 7 Ohw D eh dq dqwlpdwurlg rq Q 1 Wkhq D lv d srvhw dqwlpdwurlg li dqgrqo| li Vk +�>D, lv wkh xqltxh vroxwlrq vdwlvi|lqj h!flhqf|/ dgglwlylw|/ wkh qhfhvvdu|sod|hu surshuw|/ wkh lqhvvhqwldo sod|hu surshuw| dqg vwuxfwxudo prqrwrqlflw|1Surri1 Iurp Wkhruhp 6 lw iroorzv wkdw jlyhq d srvhw dqwlpdwurlg D/ Vk +�>D, lvwkh xqltxh vroxwlrq vdwlvi|lqj h!flhqf|/ dgglwlylw|/ wkh qhfhvvdu| sod|hu surshuw|/wkh lqhvvhqwldo sod|hu surshuw| dqg vwuxfwxudo prqrwrqlflw|1 Vxssrvh wkdw D lv qrwd srvhw dqwlpdwurlg1 Gh�qh wkh vroxwlrq j iru jdphv rq dqwlpdwurlgv e|
jl +xW >D, @ ;?= 4mSW m li l 5 SW @ Vl5W Sl>3 rwkhuzlvh>dqg iru duelwudu| jdph y

jl +y>D, @ [
W�Q gy+W ,jl +xW >D, @ [

iW�Q =l5SW j
gy+W ,mSW m =

Wklv vroxwlrq vdwlv�hv h!flhqf|/ dgglwlylw|/ wkh qhfhvvdu| sod|hu surshuw|/ wkh lqhvvhq0wldo sod|hu surshuw| dqg vwuxfwxudo prqrwrqlflw|1
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Wr suryh wkdw j +�>D, 9@ Vk +�>D, qrwh wkdw/ li D lv qrw d srvhw dqwlpdwurlgwkhq wkhuh h{lvwv d m 5 Q zlwk S m 9@ Sm 1 E| Sursrvlwlrq 4 lw wkhq iroorzv wkdwj +xW >D, 9@ Vk +xW >D, li m @5 W dqg �S m q Sm� _ W 9@ >1 �
Dq df|folf shuplvvlrq vwuxfwxuh V lv d shuplvvlrq iruhvw vwuxfwxuh li ��V�4+l,�� � 4iru doo l 5 Q 1 Vr/ lq d shuplvvlrq iruhvw vwuxfwxuh hyhu| sod|hu kdv dw prvw rqh suhgh0fhvvru1 D shuplvvlrq iruhvw vwuxfwxuh lv d shuplvvlrq wuhh vwuxfwxuh li wkhuh lv h{dfwo|rqh sod|hu l3 iru zklfk V�4+l3, @ >1 Dojded hw do1 +5333/ Ohppd 5, vkrzhg wkdw wkhshuplvvlrq iruhvw vwuxfwxuhv duh h{dfwo| wkrvh df|folf shuplvvlrq vwuxfwxuhv iru zklfkwkh vhwv ri frqmxqfwlyh dqg glvmxqfwlyh ihdvleoh frdolwlrqv frlqflgh1 Zh dovr vkrzhgwkdw wkh srvhw dqwlpdwurlgv vdwlvi|lqj wkh sdwk surshuw| duh h{dfwo| wkrvh dqwlpd0wurlgv wkdw fdq eh rewdlqhg dv wkh vhw ri frqmxqfwlyh ru glvmxqfwlyh ihdvleoh frdolwlrqvri vrph shuplvvlrq iruhvw vwuxfwxuh1 Iurp Wkhruhp 7 zh gluhfwo| rewdlq d fkdudf0whul}dwlrq ri wkh Vkdsoh| ydoxh uhvwulfwhg wr wkh fodvv ri srvhw dqwlpdwurlgv vdwlvi|lqjwkh sdwk surshuw|/ l1h1/ dqwlpdwurlgv wkdw duh rewdlqhg dv wkh ihdvleoh frdolwlrqv irushuplvvlrq iruhvw ru wuhh vwuxfwxuhv1 Wklv uhvxow lv lqwhuhvwlqj iurp dq hfrqrplf srlqwri ylhz vlqfh lq hfrqrplf wkhru| zh riwhq hqfrxqwhu klhudufklfdo vwuxfwxuhv wkdw fdqeh uhsuhvhqwhg e| iruhvwv ru wuhhv1Fruroodu| 4 Ohw D eh d srvhw dqwlpdwurlg rq Q vdwlvi|lqj wkh sdwk surshuw|1 WkhqVk+�>D, lv wkh xqltxh vroxwlrq vdwlvi|lqj h!flhqf|/ dgglwlylw|/ wkh qhfhvvdu| sod|husurshuw|/ wkh lqhvvhqwldo sod|hu surshuw| dqg vwuxfwxudo prqrwrqlflw|18 Dq dssolfdwlrq= dxfwlrq vlwxdwlrqvLq wkh suhylrxv vhfwlrqv zh phqwlrqhg wkdw erwk wkh frqmxqfwlyh dqg glvmxqfwlyh shu0plvvlrq ydoxh iru jdphv zlwk d shuplvvlrq vwuxfwxuh duh fkdudfwhul}hg e| dsso|lqjwkh d{lrpv gh�qhg lq wklv sdshu wr wkh vshfl�f fodvvhv ri srvhw dqwlpdwurlgv dqg dq0wlpdwurlgv vdwlvi|lqj wkh sdwk surshuw|/ uhvshfwlyho|1 Zh dovr lqglfdwhg wkdw Dojdedhw do1 +5333, vkrzhg wkdw dq dqwlpdwurlg fdq eh wkh frqmxqfwlyh ihdvleoh frdolwlrq vhwri vrph shuplvvlrq vwuxfwxuh dv zhoo dv wkh glvmxqfwlyh ihdvleoh frdolwlrq vhw li dqgrqo| li lw lv d srvhw dqwlpdwurlg vdwlvi|lqj wkh sdwk surshuw|1 D vshfldo fodvv ri vxfkdqwlpdwurlgv duh wkh ihdvleoh vhwv ri shhu jurxs vlwxdwlrqv dv frqvlghuhg lq Eudq}hl/Iudjqhool dqg Wlmv +5333,1 Lq idfw/ wkh| frqvlghu jdphv zlwk dq df|folf shuplvvlrqvwuxfwxuh +Q> y> V, zlwk ��V�4+l,�� � 4 iru doo l 5 Q 1 Wkh jdphv y dvvljq }hur glylghqgvwr doo frdolwlrqv wkdw duh qrw sdwkv1 Zlwk df|folflw| ri wkh shuplvvlrq vwuxfwxuh wkhuhlv h{dfwo| rqh sod|hu/ wkh urrw l3/ vxfk wkdw V�4+l3, @ >1 Wkh uhvwulfwhg shhu jurxsjdph wkhq frlqflghv zlwk wkh +frqmxqfwlyh ru glvmxqfwlyh, uhvwulfwhg jdph y�fV @ y�gVdulvlqj iurp wklv jdph zlwk shuplvvlrq +wuhh, vwuxfwxuh1 Jlyhq wkdw doo frdolwlrqv wkdwduh qrw sdwkv jhw d }hur glylghqg/ wkh uhvwulfwhg jdph lv htxdo wr wkh jdph lwvhoi/ l1h1/y @ y�fV @ y�gV 1 +Qrwh wkdw wkh vdph uhvwulfwhg jdph lv rewdlqhg li zh frqvlghu wkhjdph wkdw dvvljqv wr hyhu| sod|hu l wkh glylghqg ri lwv sdwk Sl1, Gh�qlqj h!flhqf|/dgglwlylw|/ wkh qhfhvvdu| sod|hu surshuw| wkh lqhvvhqwldo sod|hu surshuw| dqg vwuxf0wxudo prqrwrqlflw| uhvwulfwhg wr wklv fodvv/ lw lv vkrzq lq ydq gh Eulqn +4<<:, wkdwwkhvh d{lrpv fkdudfwhul}h wkh uhvwulfwhg Vkdsoh| ydoxh rq wklv fodvv1Dv dujxhg e| Eudq}hl hw do1 +5333, shhu jurxs vlwxdwlrqv jhqhudol}h vrph rwkhuvlwxdwlrqv vxfk dv vhdohg elg vhfrqg sulfh dxfwlrq vlwxdwlrqv +vhh Udvpxvhq/ 4<<7,1Frqvlghu d vhoohu ri dq remhfw zkr kdv d uhvhuydwlrq ydoxh u � 3/ dqg d vhw Q @i4> = = = > qj ri q elgghuv1 Hdfk elgghu kdv d ydoxdwlrq zl � u iru wkh remhfw1 Dvvxphwkdw wkh elgghuv duh odehoohg vxfk wkdw z4 A � � � A zq1 Xvlqj grplqdqw elgglqjvwudwhjlhv iru vxfk dxfwlrq vlwxdwlrqv Eudq}hl hw do1 +5333, gh�qh wkh fruuhvsrqglqjshhu jurxs vlwxdwlrq wkdw fdq eh uhsuhvhqwhg dv wkh jdph zlwk shuplvvlrq +wuhh,
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vwuxfwxuh +Q> y> V, zlwk V+l, @ il . 4j iru 4 � l � q � 4/ V+q, @ >/ dqg wkhjdph y ghwhuplqhg e| wkh glylghqgv gy +i4> = = = > lj, @ zl � zl.4 li 4 � l � q � 4dqg gy +Q, @ zq � u= Doo rwkhu frdolwlrqv kdyh d }hur glylghqg/ gy+W , @ 3 iru dooW @5 D1 Fohduo| wkhvh jdphv duh ghwhuplqhg e| wkh yhfwru ri ydoxdwlrqv +z> u, 5 Uq.4. 1Jlyhq vxfk d ydoxdwlrq yhfwru ohw Vk+z> u, ghqrwh wkh uhvwulfwhg Vkdsoh| ydoxh ri wkhfruuhvsrqglqj jdph rq wkh dqwlpdwurlg D @ i>> i4j> i4> 5j> = = = >i4> 5> = = = q � 4j> Qj1Doorzlqj wkh vwulfw lqhtxdolwlhv wr eh zhdn lqhtxdolwlhv z4 A � � � A zq/ dsso|lqj wkhd{lrpv vwdwhg deryh wr wkhvh vlwxdwlrqv |lhogv wkdw h!flhqf| vwudljkwiruzdug vd|vwkdw Sl5Q il+z> u, @ z4 � u1 Wkh lqhvvhqwldo sod|hu surshuw| vwdwhv wkdw il+z> u, @3 li zl @ u1 Vwuxfwxudo prqrwrqlflw| vwdwhv wkdw il+z> u, � im+z> u, li zl � zm 1Vshfli|lqj dgglwlylw| zh pxvw wdnh fduh wkdw wkh xqghuo|lqj shuplvvlrq vwuxfwxuh grhvqrw fkdqjh1 Vr/ zh uhtxluh dgglwlylw| rqo| iru uhvhuydwlrq ydoxh yhfwruv wkdw csuhvhuyhwkh rughu ri sod|huv*/ l1h1/ i+z . }> u . v, @ i+z> u, . i+}> v, li zl � zm / }l � }m 1Zh uhihu wr wklv dv dgglwlylw| ryhu rughu suhvhuylqj ydoxdwlrqv1 Ilqdoo|/ zh fdq jlyh dfkdudfwhul}dwlrq ri wkh uhvwulfwhg Vkdsoh| ydoxh iru dxfwlrq vlwxdwlrqv zlwkrxw xvlqjwkh qhfhvvdu| sod|hu surshuw|1Wkhruhp 8 Wkh uhvwulfwhg Vkdsoh| ydoxh Vk+z> u, lv wkh xqltxh vroxwlrq iru dxf0wlrq vlwxdwlrqv +z> u, 5 Uq.4. vdwlvi|lqj h!flhqf|/ wkh lqhvvhqwldo sod|hu surshuw|/vwuxfwxudo prqrwrqlflw| dqg dgglwlylw| ryhu rughu suhvhuylqj ydoxdwlrqv1 Pruhryhu/
Vkl+z> u, @ zll � q[

k@l.4
zkk+k � 4, � uq=

Surri1 Lw iroorzv iurp Fruroodu| 4 wkdw Vk+z> u, vdwlv�hv wkhvh d{lrpv1 Lw dovr iroorzvwkdw wkh d{lrpv ri wklv fruroodu| fkdudfwhul}h Vk+z> u, iru dxfwlrq vlwxdwlrqv1 Krz0hyhu/ zh kdyh wr suryh wkdw zh gr qrw kdyh wr xvh wkh qhfhvvdu| sod|hu surshuw| dqgqhhg dgglwlylw| rqo| ryhu rughu suhvhuylqj ydoxdwlrqv1 Vxssrvh wkdw i lv d vroxwlrqiru dxfwlrq vlwxdwlrqv wkdw vdwlv�hv wkh d{lrpv/ dqg ohw +z> u, 5 Uq.4. eh dq dxfwlrqvlwxdwlrq1 Iru k @ 4> = = = > q�4 gh�qh wkh dxfwlrq vlwxdwlrq +zk> 3, e| zkl @ zk�zk.4iru doo l 5 i4> = = = > kj/ zkl @ 3 iru doo l 5 ik.4> = = = > qj/ dqg gh�qh +zq> u, e| zql @ zqiru doo l 5 i4> = = = > qj1 Ohw k 5 i4> = = = > q�4j1 Wkh lqhvvhqwldo sod|hu surshuw| lpsolhvwkdw il+zk> 3, @ 3 iru doo l 5 ik . 4> = = = > qj1 Vwuxfwxudo prqrwrqlflw| lpsolhv wkdwdoo il+zk> 3, duh htxdo iru doo l 5 i4> = = = > kj/ l1h1/ il+zk> 3, @ fk> 4 � l � k iru vrphfk 5 U1 Vlploduo|/ vwuxfwxudo prqrwrqlflw| lpsolhv wkdw il+zq> u, @ fu/ l 5 Q / iruvrph fu 5 U1 H!flhqf| wkhq ghwhuplqhv xqltxho| wkdw fk @ zkk dqg fu @ zq � uq 1Vlqfh doo +zk> 3,> k @ 4> = = = > q � 4/ dqg +zq> u, duh rughu suhvhuylqj/ dgglwlylw| ryhurughu suhvhuylqj ydoxdwlrqv ghwhuplqhv i+z> u,1Ohw +z> u, 5 Uq.4. eh dq dxfwlrq vlwxdwlrq1 Wkhq lwv fruuhvsrqglqj srvhw dqwlpd0wurlg lv D @ i>> i4j> = = = > i4> 5> = = = > q � 4j> Qj = Lw iroorzv iurp Sursrvlwlrq 4 wkdw
Vkl +z> u, @ [

iW�Q =l5SW j
gy+W ,mSW m

@ zl � zl.4l . q�4[
k@l.4

zk � zk.4k . zq � uq
@ zll � q[

k@l.4
zkk+k � 4, � uq=

�
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Iurp wkh surri ri wkh deryh wkhruhp lw iroorzv wkdw vwuxfwxudo prqrwrqlflw| frxogeh uhsodfhg e| v|pphwu| vwdwlqj wkdw il+z> u, @ im+z> u, li zl @ zm1 Qrwh wkdw wklvfdqqrw eh grqh lq pruh jhqhudo fdvhv dv glvfxvvhg hduolhu lq wkh sdshu1 Pruhryhu/ wkhlqhvvhqwldo sod|hu surshuw| fdq eh zhdnhqhg e| vd|lqj wkdw il+z> u, @ 3 li zl @ 31Lq d vlplodu zd| zh fdq fkdudfwhul}h vroxwlrqv iru rwkhu hfrqrplf vlwxdwlrqv vxfk dvdlusruw jdphv ru klhudufklfdoo| vwuxfwxuhg �upv1Uhihuhqfhv
Dojded/ H1/ Eloedr/ M1 P1/ Eulqn/ U1 ydq ghq/ dqg Mlpìqh}0Orvdgd/ D1 +5333,1 �Frrshudwlyhjdphv rq dqwlpdwurlgv/� FhqwHU Glvfxvvlrq Sdshu Qr1 457/ Wloexuj Xqlyhuvlw|1
Eloedr/ M1 P1 +5333,1 Frrshudwlyh jdphv rq frpelqdwruldo vwuxfwxuhv1 Ervwrq= NoxzhuDfdghplf Sxeolvkhuv1
Erup/ S1/ Rzhq/ J1/ dqg Wlmv/ V1 +4<<5,1 �Rq wkh Srvlwlrq Ydoxh iru FrppxqlfdwlrqVlwxdwlrqv/� VLDP M1 Glvfuhwh Pdwk1 8/ 638�6531
Eudq}hl/ U1/ Iudjqhool/ Y1/ dqg Wlmv/ V1 +5333,1 �Wuhh frqqhfwhg shhu jurxs vlwxdwlrqv dqgshhu jurxs jdphv/� FhqwHU Glvfxvvlrq Sdshu Qr1 44:/ Wloexuj Xqlyhuvlw|1
Eulqn/ U1 ydq ghq/ dqg Jloohv/ U1 S1 +4<<9,1 �D{lrpdwl}dwlrqv ri wkh Frqmxqfwlyh Shuplv0vlrq Ydoxh iru Jdphv zlwk Shuplvvlrq Vwuxfwxuhv/� Jdphv dqg Hfrqrplf Ehkdy1 45/446�4591
Eulqn/ U1 ydq ghq +4<<:,1 �Dq D{lrpdwl}dwlrq ri wkh Glvmxqfwlyh Shuplvvlrq Ydoxh iruJdphv zlwk d Shuplvvlrq Vwuxfwxuh/� Lqw1 M1 Jdph Wkhru| 59/ 5:�761
Eulqn/ U1 ydq ghq +4<<<,1 �Dq D{lrpdwl}dwlrq ri wkh Frqmxqfwlyh Shuplvvlrq Ydoxh iruJdphv zlwk d Klhudufklfdo Shuplvvlrq Vwuxfwxuh/� lq Orjlf/ Jdph Wkhru| dqg VrfldoFkrlfh +K1 gh Vzduw/ Hg1, ss1 458�46<1
Ghunv/ M1/ dqg Shwhuv/ K1 +4<<5,1 �D Vkdsoh| Ydoxh iru Jdphv zlwk Uhvwulfwhg Frdolwlrqv/�Lqw1 M1 Jdph Wkhru| 54/ 684�6991
Glozruwk/ U1 S1 +4<73,1 �Odwwlfhv zlwk xqltxh luuhgxfleoh ghfrpsrvlwlrqv/� Dqq1 Pdwk174/ ::4�:::1
Hghopdq/ S1 K1/ dqg Mdplvrq/ U1 H1 +4<;8,1 �Wkh wkhru| ri frqyh{ jhrphwulhv/� Jhrp1Ghglfdwd 4</ 57:�5:31
Idljoh/ X1/ dqg Nhuq/ Z1 +4<<6,1 �Wkh Vkdsoh| ydoxh iru frrshudwlyh jdphv xqghu suhfh0ghqfh frqvwudlqwv/� Lqw1 M1 Jdph Wkhru| 54/ 57<�5991
Jloohv/ U1 S1/ dqg Rzhq/ J1 +4<<<,1 �Frrshudwlyh Jdphv dqg Glvmxqfwlyh Shuplvvlrq Vwuxf0wxuhv/� Ghsduwphqw ri Hfrqrplfv/ Ylujlqld Sro|whfkqlf Lqvwlwxwh dqg Vwdwh Xqlyhuvlw|/Eodfnvexuj/ Ylujlqld1
Jloohv/ U1 S1/ Rzhq/ J1/ dqg Eulqn/ U1 ydq ghq +4<<5,1 �Jdphv zlwk Shuplvvlrq Vwuxfwxuhv=Wkh Frqmxqfwlyh Dssurdfk/� Lqw1 M1 Jdph Wkhru| 53/ 5::�5<61
Mlpìqh}0Orvdgd/ D1 +4<<;,1 �Ydoruhv sdud mxhjrv vreuh hvwuxfwxudv frpelqdwruldv/� Sk1G1Glvvhuwdwlrq/ kwws=22zzz1hvl51xv1hv2�peloedr2sg!ohv2whvlvdq1sgi
Nruwh/ E1/ Oöydv}/ O1/ dqg Vfkudghu U1 +4<<4,1 Juhhgrlgv1 Qhz \run= Vsulqjhu0Yhuodj1
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P|huvrq/ U1 E1 +4<::,1 �Judskv dqg frrshudwlrq lq jdphv/� Pdwk1 Rshu1 Uhv1 5/ 558�55<1
Rzhq/ J1 +4<;9,1 �Ydoxhv ri judsk0uhvwulfwhg jdphv/� VLDP M1 Doj1 Glvf1 Phwk1 :/543�5531
Udvpxvhq/ H1 +4<<7,1 Jdphv dqg Lqirupdwlrq/ 5qg hg1 R{irug XN ) Fdpeulgjh XVD=Eodfnzhoo1
Vkdsoh|/ O1 V1 +4<86,1 �D ydoxh iru q0shuvrq jdphv/� lq Frqwulexwlrqv wr wkh Wkhru| riJdphv/ Yro LL +K1 Z1 Nxkq/ dqg D1 Z1 Wxfnhu/ Hgv1,/ ss1 63:�64:1 Sulqfhwrq=Sulqfhwrq Xqly1 Suhvv1
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