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Abstract

In this paper we will derive an exact expression for the cumulative distribution
function (cdf) of the first time that the number of customers in an M/D /oo queue
reaches a given level K. This problem is equivalent to finding the cdf of the first
entrance time into state K of the process {N(t)— N(t— D)}, with {N(¢)} a Poisson
process and D > 0 the constant service time. The main difficulty arises from the fact
that this process is non-Markovian. The motivation for this problem stems from a
logistic model that assumes a producer must satisfy every demand within a constant
lead time D. We start with the simple case K = 2. Next we derive the cdf at integer
multiples of D for general K, by using a combinatorial result on lattice path counting.
From this analysis we infer the cdf at arbitrary time points. It turns out that the tail
of this cdf can be closely approximated by an exponential function, and we exploit this
fact to obtain good and efficient approximations for the expected first entrance times.

M/D/OO, DELIVERY, FIRST ENTRANCE TIMES, LATTICE PATH COUNTING

AMS 1991 SUBIECT CLASSIFICATION: PRIMARY 60C05
SECONDARY 60K25; 90B06; 90B22

1 Introduction

Throughout this paper we will be concerned with the M/D /oo queueing system: Markovian
arrivals, deterministic service times and infinitely many servers. Let {N(¢),t¢ > 0} be a
Poisson arrival process with parameter A and let 4; (¢ = 0,1,...) denote the interarrival
time between the (i —1)*® and :** arrival, i.e. {4;}is a sequence of i.i.d. exponential random
variables with mean % Define S; := 2221 A; (the arrival epoch of the *® customer), and let
D > 0 be the constant service time. Now note that, since the number of servers is infinite,
any customer leaves the system exactly time D after arriving. Therefore the number of
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customers in the system at any given time is just the number of customers that arrived
during the last D time units. Let X(t) denote the number of customers in the system at
time ¢ (¢ > 0), then
[ N@t) (0 <t < D)
X(t) = { N(t)— N(t— D) (t> D). (1)

Since N(t) is Poisson(At) distributed, it follows immediately from (1) that the distribution
of X(t) is given by

k
e_At()\t) (k=0,1,...; 0<t < D);

Pr{X(t) = k} = K (2)
_yp(AD
eAD( k!) (k=0,1,...; t > D).
Define the first entrance times of the process {X(¢)},
Tg = inf{t>0:X()> K} (K=1,2,...).

The rest of the paper will focus on the distribution function Fr,(t) := Pr{Tx < t} and
the mean E(Tk).

The application that motivated this research is the following. Consider a producer of
durable consumer goods (e.g. cars), where demands for the good occur according to a
Poisson process {N(t)}. The producer is subject to a service contract which obliges him
to satisfy the demand within a constant lead time of D, the so-called delay limit. The
producer now has the choice between two types of delivery. Firstly, at any point in time
he can do a batch delivery (e.g. a shipment) that accommodates all waiting demand,
incurring a cost of ap + bps if the batch size is 2. Secondly, when a demand has reached its
delay limit of D, besides doing an immediate batch delivery he can also do an immediate
- relatively costly - individual delivery (e.g. by plane) for that demand only, incurring a
cost of by (> bp). The problem is to determine at which point in time the producer should
initiate a batch delivery, in order to minimize the average delivery costs. Now we restrict
ourselves to the following policy: do a batch delivery when the number of demands waiting
for delivery reaches the level K for the first time.

It is easily seen that the number of waiting demands at time ¢, starting with an empty
system at time 0 and before a batch delivery is done, is given by X (¢) in (1). Therefore,
the time to a batch delivery for the given policy is just Tx. Define g(K) as the average
costs per unit of time as a function of the policy parameter K. Then, since a batch delivery
regenerates the system, we can apply the Renewal Reward Theorem to obtain

ap + bBK + bIE(N(TK — D))
9(K) : (3)
E(Tk)
Minimizing (3) with respect to K gives the optimal policy within the subclass of policies
considered here (this is not necessarily the global optimal policy).

In fact, this model is a continuous time version of an original discrete time model
extensively studied in [Berg et al. 1995]. In that model the time axis is discretized into
intervals of length %, where n is the dimension of the state space that determines the
accuracy of the model.



2 Some preliminary results

First note that 77 = A;, and hence
1
FTl(t) =1- e_At (t > O)a E(Tl) = X (4)

In general, we have that

Fr (t) = Pr{Tx >t}
= Pr{X(s)< K, 0<s<t}
= Pr{N(S;))< K, :i=1,...,N(t)}
= Pr{Sxk >S5+ D,.. .,SN(t) > Sn)-k+1 + D}

Obviously,
)\t)

Fr (t) = Pr{N(t) < K} = Kzl el (0 <t < D). (6)

Conditioning on {N(t) = k} and Si,..., Sk, and using the fact that

k!
Tsisun@=k(te, - ste) = — (0 <ty <o <y < ),

it follows from (5) that

K- k o0 pYAL: k!
Fr(t) Z B 3 el k') t*
=0 k=K Tt ety
Ostlf'"gktkgt
Pr{S; > Sk + D, i=K,...,k [ N(t)=k; Si=t1,...,5 =t} dis---dby
K-1 )\t) 51D
= D e + Z e AR / 1dtg---t, (¢> D). (7)
k=0 £150eny tk:

0<ty <o <tp <t
ti>ti_K+1+D,i:K,...,k
Note that the maximal number of arrivals in [0,¢] for which probability (5) is nonzero

consists of K — 1 arrivals in each of the intervals [(¢ — 1)D,iD) (¢ = 1,...,|%]) and

[|%]D,t), or a total of [£](K — 1) arrivals. In the next section we will elaborate (7) for
K = 2, but this turns out to be extremely difficult for K > 2 (if at all possible). Therefore,

we will use an alternative combinatorial approach in section 4.
Next we turn to the mean of Tx. To this end we define the discrete r.v. Ng by

{NK:k} < {TK:Sk}
At {Si>SZ'_K_|_1—|-D,’i:K,...,k—l; SkSSk_K+1—|—D}

i k
At { Z Aj>D,’i:K,...,k—1; Z AJSD}, (8)
j=i—K 42 j=k—K+2



so that Nx is the index of the first customer that increases the number of customers in the
system to K. Note that Pr{Ng = k} = 0 for k£ < K. It easily follows from (8) that Ng
is a stopping time for the sequence {4;; ¢ = 1,2,...} for any K, and hence we can apply
Wald’s theorem to obtain

1
E(Tk) = E(Sng) = ZA Ng)E(A1) = y E(Nk). (9)
It remains to find E(Ng), and we can write
E(Ng) = Y Pr{Ng >k}

= K+ > Pr{do+...+ Ak > D,..., Ap_k42+ ...+ Ax > D}

k=K
= K+ Z Pr{ mln > 4;> D} (10)
k=K ¥ i K42

Again, (10) is hard to elaborate except for K = 2.

In terms of the delivery application, it is important to note that the number of individual
deliveries in a cycle equals N(Tx — D) = Nx — K. Hence the cost function in (3) reduces
to

—bB)K—(LB B _ (bI—bB)K—(LB
] ) = Ab E(Tx) , (11)

and this only requires the computation of E(Tk).

3 The case K =2

For K = 2 it is possible to simplify (7), and we will use the following lemma.
Lemma 1 Foranyj=0,1,...and k=7+ 1,7 +2,... we have

(t-t - (k—3)p)""
k=3

1(j, k) := / dby, - - dt; e

t]'+1 ..... tk:
t;_1+D<t;<t—(k—i)Di=j+1,....k

Proof.
We use induction on j. For j = k — 1 (12) trivially holds. Suppose that (12) holds for
j =3 + 1. It follows that

t—(k—j'—1)D
I(jlak) = / Iz(jl + 1ak) dtj’-l-l

t. ’+1_t a+D



—(k—j§'—1)D .
P i — (k= j — 1))

tjrgr=tjr+D
t—t;—(k—3')D k—j'—1

t.
+1
- g 1) Y

I

t14,=0
(t—ty — (k—j")D)*7
G
and hence (12) holds for j = j'. O
Theorem 1 (7)

Fr,(t) = kze o (t >0). (13)
(%)

E(Ty) = %% (14)
Proof.

It follows from lemma 1 with 7 = 1 that

/ Ldty---t, = /ldtk---dtl

L. tk: L. tk:
0<ty < <tp <t 0<¢; <t—(k—-1)D;
t;>t;_1+D,i=2,....k ti_1+D<t;<t—(k—i)D,i=2,...k

t—(k—1)D (t (k- l)D) k-1
-/ (k1) dh

t1=0

t—(k—1)D)"
_ ( (k! )D) (t > (k —1)D). (15)

Substituting (15) into (7) yields (13).
(ii) Integrating (12) over t gives

0 51 (At —(k=1)D))"
E(TZ) — /(eAt_l_kE:eAt(( (k' ) )) )dt

t=0
k

3 oo 3 At—(k—1)D
RO

£=0 k=1{—(k-1)D ’

o X k

_ 1.y / ~Aut(e-np) M)

' a Kl



B l i _}\D 1 o0 Aet1gke—Au p

=37 S k! “
k=1 u=0

_ 1 Z —AD

B 12— e‘AD

X 1D

A second proof of (14) exploits relation (9). It follows from (8) that Ny — 1 is geomet-
rically distributed with parameter 1 — e™*?, so that E(N, — 1) = —55. Applying (9)
then yields

1 1 1 12—¢e?P
BT) = 3B = 5 (14 1) = 5 1= oo

A third proof of (14) is by conditioning on the arrival epoch of the second customer,
which leads to

D
1
BT, = 5+ / thedt + e *P(D + ETy)
t=0
1 1 —-AD —-AD

and solving (16) for ET,. O

4 A combinatorial approach

In this section we will use a combinatorial approach to derive Fr,(nD) (n = 1,2,...),
the distribution function of Tk at integer multiples of D. To this end we divide the time
interval [0,nD] into n periods of length D. Define

I; := timeinterval [(: —1)D,tD) (i= T
N;(t) := number of arrivals in [(z — 1)D, (z — l)D +t)
= N((GE-1)D+t)—N((z—-1)D) (0<t<D;i=1,...,n);
N(t) := (Ni(t),...,Nu(t)) (0<t< D)

R; = inf{0<t<D:N(t)=3} (¢e=1,...,n; 7=1,2,...);
M(t) = N()+...+ N.(¢) (0<t< D)

R, := inf{0<t<D:M@t)=k} (k=12,...);

Xei = Ni(Rp) (E=1,2,...;1=1,...,n);

Xr = (Xety---,Xin) (B=1,2,...).



Note that Xj; is the number of arrivals in I; upto the time of the k" arrival of {M(t)}, so
that > | Xz; = k. Conditioning on N(D) we have

FTK(’I’LD)

) (f[ e—AD(AD)k") Pr{X(t) < K, 0 <t <nD | N(D) =k}. (17)

.l
K —1; =1 kl'
1,...,

k;

i

=

Next observe that every arrival in I;_; corresponds to a departure in I;. Therefore,

Pr{X(t) < K, 0 <t <nD | N(D) = k}

= Pr{X((i—-1)D+t)<K,0<t<D,i=1,...,n|N(D) =k}

= Pr{N;_y(D) — Niy(t) + Ni(t) < K,0<t < D,i=1,...,n | N(D) = k}
= Pr{Ni(t)— Ni1(t) < K —ki_y, 0<t<D,i=1,...,n| N(D) = k}

= PI‘{‘X]‘,Z _Xk,i—l < K—ki_l, k= 1,...,2]91', 1= 1,...,’]’L | N(D) = k}, (18)
=1

with No(t) = Xgo = ko := 0. Probability (18) is completely determined by the sample
paths of the n-dimensional finite discrete stochastic process {Xy; k= 1,...,3 7, k}. In
the appendix we prove that every sample path of {X} is equally likely. This implies that
probability (18) is equal to the number of paths from (0,...,0) to (ki,...,k,) that satify
the conditions

z, — w1 < K — k;_4 (’L: 1,...,’]’L) (19)

for every point (z1, ..., z,) on the path, divided by the total number of paths from (0, ...,0)
to (kl, [ ,kn).

To illustrate this point, we first consider the case n = 2. In this case probability (18)
reduces to

PI'{XkZ — Xkl < K — kl, k= ]_,. .o ,kl + kz | Nl(D) == kl,Ng(D) == kz} (20)

Now every sample path of {(Xg,,Xk2)} corresponds to a lattice path from (0,0) to
(k1,ks) (see Figure 1). More specifically, a horizontal step corresponds to an arrival in
I, or a departure in I, and a vertical step to an arrival I,. Therefore, the number of
customers in the system at the point (z1,z2) equals k; — z; + 22, and this must be smaller
than K for any z; and z,, or &3 — z; < K — k;. Since every sample path of {( Xy, , Xz2)}
is equally likely, probability (20) equals the number of lattice paths that remain below the
line 23 — z; = K — k;, divided by the total number of paths (kllzkz) (see Figure 1). We
can count the number of paths remaining below this line by using the so-called principle
of reflection (see e.g. [Feller 1968], p.72, Lemma).

Proposition 1 The number of minimal paths from (a1, as) to (b1,by) which touch or cross
the line 1 is equal to the number of paths from (ai,a}) to (b1, bs), with (a},ay) the mirror
image of (a,b) with respect to l.



e ° ° ° ° ° °
(0,0)

Figure 1: An example of a sample path of {(Xk1, Xk2)} (K =8, k1 =6 ,ky = 5)

So according to this principle, the number of paths from (0,0) to (.1, k2) which touch or
cross the line 3 — #; = K — k; equals the number of paths from (k1 — K, K — k;) to

(K1, k), or (kl}kz) (see Figure 1). Hence the number of paths remaining below this line

equals (kllzkz) — (kl}kz) (if k1 + k2 > K;if k1 + ks < K then all paths automatically remain
below this line), and it follows from (18) and (20) that

(kl-l-kz)
K . .
PI{TK>2D|N1(D):k1,N2(D):k2}: 1_W 1fk1—|—k22K,

k1
1 Hk +k <K.

(21)

Returning to the case of general n, we can use the following result from combinatorics,
which can be seen as a generalisation of the principle of reflection; see e.g. [McMahon 1915]

(p. 133), [Mohanty 1979] (p. 39, Theorem 3), or [B6hm et al. 1993] (Proposition 1).

Proposition 2 The number of paths from a := (ay,...,a,) to b := (by,...,b,) such that
every point on the path satisfies €1 > ©3 > --+ > z, s given by

(i(bi . ai))! det(Cn(a, b)),

=1



with

Now using the transformation
Y1 = T1;
y2 = 23— (K—1—k))=23+k — K +1;
Ys = mg—(K—l—kl)—(K—l—kZ):$3+k1—|—k2—2(K—1),

(22)
Yo = on— (K—1—k)—- —(K—-1—kn1)=
= mn+§ki—(n—1)(K—1),

the conditions (17) reduce to y; > y» > -+- > y,. As a result, we can now apply the
proposition by setting

1—1
a; = ij — (’L — 1)(K — 1), bZ =
J=1 J
It follows that probability (18) is equal to
(i k)' det(Cn(a, b))
i=1

kit+etka
Ei,.rkn

Zlkj—(i—l)(K—l) (i=1,...,n).  (23)

_ (f:[l k') det(Ci(a, b)), (24)

with
1 . . .
, (i=1,...,m; j=1,...,1);
glz'kl_(i_j)K)!
=j
(Cn(a,b))ij: ﬁ (izl,...,n—l;j:i—l—l); (25)
' 1
- (i=1,...,n—=2; 7 =1+42,...,n),
((J—i)K— > kl)'
1=t

where (Cp(a,b));; = 0 if the argument of the factorial is negative.
Finally, combining (17), (18) and (24) we find

n

_ Yok
Fro(nD) = €™ Y (AD)S " det(C,(a, b)), (26)

i=1,...,m

with a and b defined as in (23). For numerical purposes, (26) requires the computation of
K™ determinants of order n.



5 The complete distribution function

In this section we will derive an expression for FTK(nD +t) = Pr{Tx > nD + t}. Define

Ji(t) = [—-1)D,:—1)D+¢t) (:=12,...; 0<t < D)
Ki(t) = [(i— l)D—I—tzD) (i1=1,2,...; 0 <t < D)
Ba = {N() =1, N(D)~ N(t) = m, Nusa(t) = lnys}
(we omit the dependency of E,, on 1 and m for ease of notation). Note that I; = J;(¢)UK;(t)
(i =1,2,...; 0 <t < D),ie. we chop every interval I; into a left hand part of length

t and a right hand part of length D — {. Now conditional on FE,, since customers that
arrive in J;(t) (K;(t)) depart in J;11(¢) (Kit1(t)), we can decompose the process {X(s)}
on [0,nD + t) into two independent parts: one on UZ''J;(¢) and one on U?_, K;(¢). More
formally, we have

Pr{X(s) < K; 0<s<nD+t|E,}
= Pr{X(s) < K; s € (U () U(UEi Ka(8)) | B}
= Pr{X(s) < K; s c UM Ji(t) | E.} - Pr{X(s) < K; s € U, Ki(t) | En}. (27)
Both probabilities on the right hand side of (27) can be computed in a similar fashion as
probability (18). Consider the left hand intervals J;(¢t) (: = 1,...,n + 1). Given E,, the
number of customers at the start of J;(¢) is equal to l;_; + m;_1, during J;(¢) there are I;_;

departures and /; arrivals, and hence the number of customers at the end of J;(t) is equal
to m;_1 + l;. Therefore, the left hand probability in (27) can be written as

Pr{X(s) < K; s € UM Ji(t) | En}
n+1
= Pr{lii+mi1+Xpi —Xpisn<K; k=1,...,) li,i=1,...,n| E,}
nj—l

= PI‘{in—Xk,i_l < K-1,_4 — m;_q, k= 1,...,2[1', = 1,...,’]’L | En} (28)

Since every sample path of {X} is equally likely (see the Appendix), we see that prob-
ability (28) equals the number of paths from (0,...,0) to (l1,...,l,+1) that satify the
conditions

;i —x; 1 < K — (li—l —I—mi_l) (’L = 1,...,’]’L—|— 1) (29)

for every point (z1,...,Zn41) on the path, divided by the total number of paths from
(0,...,0) to (!1,...,lnt1). The transformation

—%—I—Z i+mj)—(—-1)(K-1) (¢=1,...,n+1),

10



enables us to apply Proposition 1, and it follows that (28) equals

(3 1) det(Crpa(al, b)) /nis
= (Hz )det (Crya(al,bh)), (30)

ll+"'+ln+1)
I, ilnta

with (for:=1,...,n+ 1)

i1 i
dhim S0 4 mg) — (i - DK — 1), b= Y(my + 1)~ - DK -1, (3)
7=1 7=1
Analogously, using the transformation
Yi = Ti + Z(mj—l + lJ) - ('L - 1)(K - 1) ('L =1,... an)a (32)
7=1

it follows that the right hand probability in (27) equals

(é m;)! det(C(a”, b"))

(o) (H my ) det(Cafa, b)), (33)

with (for : =1,...,n)

7 7

af i= ) (mjo1 +1;) — (i — 1)(K — 1), 8 == > (I + my) — (i — 1)(K — 1). (34)

j=1 j=1
Conditioning on E, and using (27), (30) and (33) we obtain
FTK(’I’LD + t)

n m!
;=0,.... K—1—m;_;i=1,..., =1 =1 2
m;=0,...,K—1-1I;; i=1,...,n

n+1 n
: (H li!) det(Cpy1(a', bh)) - (1‘[ mi!) det(Cn(a",b"))
=1 =1
n+1 n
nAD+At >k > mi [ vl S
= e Z (05 (A(D — ) det(Cna (o', b)) det(Cala’, b)), (39)
1;=0,. K 1— '”"z 1'1 1,. 'n.-|-1

with a' and b’ defined as in (31), and a” and b" as in (34). In computing E(Tk) from (35)

we use the following lemma.

Lemma 2 Define f(I,m) := [P e (At} (A(D — t))™, then for l,m = 0,1,...

L (Sem (7)o - s smin(fooy). e

=0

m

£(t,m)

11



It follows from (35) and (36) that

(o) n+1 n
E(TK):Ze—"f_l’ 2_:_. _f(gli,gmi)det(0n+l(a’,bl))det(on(ar,br)). (37)

i=1,...,n+1

m;=0,...,K—1-1I;; i=1,...,n

This expression is obviously not suited for numerical purposes, since the number of terms
in the second summation grows exponentially with n. However, in the next section we
will see that (35) can be closely approximated by an exponential function, and already for
small values of n. In this way we obtain good and efficient approximations for E(Tk).

6 Numerical results

We will conclude the paper with some computational results. In all the calculations to
follow we will assume w.l.o.g. that D = 1, so that A denotes the mean number of arrivals
during the unit service time. Tables (1) and (2) below give Fr,(t) at ¢t = 1 (from (6)),
t = 2,3,4 (from (26)) and ¢ = 23 (from (35)) for K = 2,...,10, for A = 3 and X = 5,

respectively.

K FTK(]‘) FTK(z) FTK(z%) FTK(?’) FTK(4) FTK(S)
21 0.19195 | 0.02851 | 0.01061 | 0.00401 | 0.00057 | 0.00008
31 0.42319 | 0.12332 | 0.06642 | 0.03612 | 0.01067 | 0.00315
41 0.64723 | 0.30597 | 0.21187 | 0.14729 | 0.07119 | 0.03440
5| 0.81526 | 0.53164 | 0.43307 | 0.35318 | 0.23494 | 0.15627
6 | 0.91608 | 0.73160 | 0.65793 | 0.59177 | 0.47881 | 0.38741
7 1 0.96649 | 0.86820 | 0.82561 | 0.78511 | 0.71000 | 0.64207
8 | 0.98810 | 0.94379 | 0.92366 | 0.90396 | 0.86581 | 0.82926
91 0.99620 | 0.97889 | 0.97081 | 0.96279 | 0.94695 | 0.93138

10 | 0.99890 | 0.99293 | 0.99010 | 0.98728 | 0.98165 | 0.97605

Table 1: Fr, (t) for different values of K and ¢ (A = 3)

The computation time for Fr,,(5) already lies in the order of hours on a 486 PC. How-
ever, tables (3) and (4) reveal that the tail of the distribution function can be approximated
by an exponential function, even for moderate values of K and t (we omit the index Tk
for ease of notation).

Based on this observation we propose the following approximation for Fr, (¢):

Fry(t) = C1(K)e 5" (¢ > 3D), (38)
with

Cy(K) :=In Fr,(3D) —In Fr, (4D), Cy(K):= FTK(4D)64DCZ(K). (39)

12



K FTK(]‘) FTK(z) FTK(2%) FTK(?’) FTK(4) FTK(S)
2 | 4.0428-1072 | 1.0669-10~2 | 1.6483-10~* | 2.6563-10~° | 6.7237-10~7 | 1.7099-10~8
3| 0.12465 8.9173-1072 | 2.2954.1072 | 6.1420-10~* | 4.3114-107° | 3.0349-10°©
41 0.26503 4.0090-102 | 1.5332-10-2 | 6.0199-10~2 | 9.1783-10~* | 1.4011-10~*
5 | 0.44049 0.11738 6.0597-10~2 | 3.1756-1072 | 8.6782-10~3 | 2.3726-10~2
6 | 0.61596 0.25112 0.16183 0.10505 4.4191-1072 | 1.8592-10~2
7 10.76218 0.42496 0.32106 0.24327 0.13963 8.0141.102
8 | 0.86663 0.60381 0.50913 0.42969 0.30608 0.21803
9 |0.93191 0.75522 0.68461 0.62073 0.51033 0.41956
10 | 0.96817 0.86385 0.81924 0.77694 0.69882 0.62855
Table 2: Fr, (t) for different values of K and t (A = 5)

K InF(1)-InF(2) |InF(2) —In F(3) | In F(3) —In F(4) | In Fr,(4) — In F(5)

2| 1.94395 1.96111 1.94999 1.94955

31 1.23306 1.22782 1.21968 1.21967

41 0.74921 0.73106 0.72713 0.72723

5| 0.42755 0.40900 0.40765 0.40771

6 | 0.22487 0.21211 0.21181 0.21183

7 10.10725 0.10059 0.10056 0.10057

8 | 0.04588 0.04312 0.04312 0.04313

9 | 0.01752 0.01658 0.01659 0.01659
10 | 0.00599 0.00572 0.00572 0.00572

Table 3: In Frr, (n) —In Fr, (n + 1) converges to a constant (A = 3)

Using (38) we approximate E(Tk) by

ﬁ+/?
3D

where the three integrals are computed as in (37). In tables (5) and (6) we compare
approximation (40) with the simulation value and its 95% confidence interval after 10°
runs for A = 3 and A = 5, respectively.

Ci(K) o—3DCs(K)
C(K) ’

E(Tx) = [ Fre(t) (40)

0

9 D
:Z/ «(nD +t) dt +
n=0y

The approximation performs very well, and always falls within the 95% confidence
interval. However, the width of the confidence interval increases strongly with K, due to
the strongly increasing variance of Tk (see e.g. K =9 and K = 10 in table 5).

We now apply the results to the delivery application by evaluating the cost function (11)
for the case ap = 5, bp = 1 and by = 3 (see the last column of tables 5 and 6). We find
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K| InF(1)—=InF(2) [ InF(2) —1n F(3) | In F(3) —In F(4) | In Fr,(4) —In F(5)
2 | 3.63476 3.69301 3.67645 3.67178
3|2.63753 2.67542 2.65648 2.65367
4 | 1.88869 1.89606 1.88082 1.87955
51 1.32246 1.30735 1.29727 1.29684
6 | 0.89725 0.87152 0.86589 0.86582
71 0.58420 0.55781 0.55518 0.55521
8 | 0.36135 0.34020 0.33921 0.33924
91 0.21022 0.19612 0.19584 0.19585

10 | 0.11401 0.10603 0.10597 0.10598

Table 4: In Fr,(n) —In Fr,(n + 1) converges to a constant (A = 5)

K Eim(Tk) | E(Tk) | 9(K) K Eim(Tk) | E(Tk) | §(K)
2 | 0.68417+£0.00053 | 0.68413 | 10.47 21 0.40147+0.00016 | 0.40136 | 17.50
3 1.113940.0013 | 1.1139 | 8.10 3| 0.61082+0.00029 | 0.61104 | 13.36
4 1.7607+£0.0036 | 1.7599 | 7.30 4| 0.8477240.00053 | 0.84789 | 11.47
5 2.913440.0117 | 2.9131 | 7.28 5 1.1497+0.0011 1.1499 | 10.65
6 5.251940.0436 | 5.2513 | 7.67 6 1.585940.0025 | 1.5853 | 10.60
7 10.537+£0.193 | 10.541 | 8.15 7 2.278940.0062 | 2.2786 | 11.05
8 23.824+1.064 | 23.850 | 8.54 8 3.472740.0169 | 3.4724 | 11.83
9 60.9524+7.082 | 61.012 | 8.79 9 5.67484+0.0507 | 5.6790 | 12.71

10 175.51+£59.73 | 175.76 | 8.91 10 10.051+£0.174 | 10.055 | 13.51

Table 5: Em(Tk), E(Tk) and §(K) (A = 3) Table 6: Eqm(Tx), E(Tx) and §(K) (A = 5)

that the optimal control limit K* equals 5 for A = 3 and 6 for A = 5 (recall that K is the
number of waiting demands triggering a batch delivery).

Appendix: Proof of sample path result

In this appendix we will prove that every sample path of the process {X;} (defined in
section 4) has equal probability. In order to do so, we need the following results.

Lemma 3 Let {U;; j =1,...,5} (1 = 1,...,n) be n finite sequences of mutually inde-
pendent and identically distributed random variables with a uniform distribution over (a,b).

Then

) 1
Pr{U,, = min Uy} = = : (r=1,...,n; s =1,...,7);
i=Lrerdi > T
i=1

14



Pr{._IPin_Uij:,min,Urj} = = (r=1,...,n).
i It S g
i=1
Proof.
(i) Define
E,, = {U,= lzrlnlnn Uy (r=1,...m58=1,...,5);
F=1,...,3;
E. = {.IPiIl U;; = ,I{ﬁn, U} (r=1,...,n).
i=1,0,m5 i=1,...dr
3=1,.0335

Conditioning on U,, yields

Pr{E,} = /bbl

—a

B /b 1 b—=z i:Elji—ld
 Jab—al\b—a v
1

(r=1,...,n; s=1,...,7.).

Pr{Uj; >z,i=1,...,n, j=1,...,5; | Ups = 2z} dz

(ii) Since E, = UZT:1 E,, and ﬂzrzl E,, = 0, it follows that

Ir Jr .
Pr{E,} = Pr{|J B} =Y Pr{E,.} = -7 (r=1,...,n). O
s=1 s=1

> Ji
1=1
Theorem 2 Forz; <k, (1=1,...,n) with ¥ ;= k, and any t > 0, we have
kr_ r
Pr{Xp=x+e |Xp=x; Nt)=k} = —— = r=1,...,n).
2 (ki — )

Proof.
Define f(z) := %Pr{Rk <z | Xy = x; N(¢t) = k}. By conditioning with respect to f(z)
and using Lemma (3) it follows that

Pr{X1 =x+ e, | Xp =x; N(¢) = k}
t
= /0 f(u)Pr{Xpi1 =x+ e, | Ry = u; X =x; N(¢) =k}

¢
= / f(w)Pr{ min R;;= min R,;| R =1u; X =x; N(¢t) =k}
0 Ci=l,,mg )

1,. =
J=zi 4l kg J=@rtLoeenshor
k. — z,
= n
> (ki — ;)
=1

15



since
Pr{R;; <z |Rr=u; Xg=x; N{t) =k} =Pr{U <z} (u<z<t)

with U uniformly distributed over [u,t]. O
Corollary 1 Forz; <k; (1 =1,...,n) with 3> , ®; = k, and any t > 0, we have

Pr{X, =x|N(t) =k} = w

55
i=1
k

Proof.
We use induction on k. For £ = 1 the corollary reduces to
k,
Pr{X; =e, | N(t) =k} = - (r=1,...,n),
>k
i=1

and this is true by Theorem (2) with £ = 0 and x = 0. Conditioning on X;_; and then
using the induction hypothesis together with Theorem (2) yields

Pr{X; = x| N(¢) = k}
= 2": Pr{Xs_1 =x—e,. | N(t) = k} Pr{X; = x | X4_1 = x—e,; N(¢t) =k}

(o)1)
n A2 1) A k., —z, +1

i#£r

=3

=1
k—1

n le
~11(2)

: : n : n
=1 (E kz) (ki —z)+1
=1

since }.n_, z, = k. O
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The following theorem proves that every sample path {Xy; £ =1,..., i k;} is equally
i=1
likely.

Theorem 3 For zp; < k; (1 =1,...,n) with X" 2 = k and xp — X1 € {e1,...,€,}
(k=1,...,>" ki), and any t > 0, we have

n By 4o+ k\ "
Pr{Xy = xi; k=1,....,3 ki | N(t) =k} = (1k+ +k ) .
=1 1geseyKn

Proof.

Since X — Xp_1 = e, iff the k* event is an arrival in I, it follows that

PI‘{Xk = Xk, k= 1,,2]91 | N(t) :k}
=1

= H PI‘{Xk = Xpg | Xk—l = Xk—1; N(t) = k}
k=1
n ki n
25 5 Inyonseny (ke — 20r)
= [ =2—— : (41)
k=1 > (ki — ki)
=1

where in the first equality we use the Markov property

PI'{Xk = Xpg | Xl = X1y -an—l = Xg—1, N(t) = k}
= PI‘{Xk = Xpg | Xk—l = Xg—1, N(t) = k}

Now observe that in the nominator of (41) every factor k; — 5 (j = 0,...,k — 1) occurs
exactly once for allz = 1,...,n, so that the product of these Y}, k; factorsis just k;!-- - k,!.

The denominator of (41) obviously equals (k1 + --- + kn)!, and hence the desired result
follows. O
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