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Abstract

In this paper we study the connection between matrix measures and random walks with
a tridiagonal block transition matrix. We derive sufficient conditions such that the blocks
of the n-step transition matrix of the Markov chain can be represented as integrals with
respect to a matrix valued spectral measure. Several stochastic properties of the processes
are characterized by means of this matrix measure. In many cases this measure is supported
in the interval [—1, 1]. The results are illustrated by several examples including random walks
on a grid and the embedded chain of a queuing system.
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1 Introduction

Consider a homogeneous Markov chain with state space

(1.1) Ca={(i,j) eNg xN|1<j<d}



and block tridiagonal transition matrix

By A 0
C’IT Bl A1

(1.2) pP= CI By, A, )
0 L

where d € N, Ay, A1, ..., By, By,...,C1,C5, ... are d x d matrices containing the probabilities of
one-step transitions (here and throughout this paper C?" denotes the transpose of the matrix C).
If the one-step transition matrix is represented by

(1.3) P = (Pi)ii=o,,.

with d x d block matrices P;, the probability of going in one step from state (i, ) to (¢, 7') is
given by the element in the position (7, j’) of the matrix P;,. Some illustrative examples will be
given below. Block tridiagonal matrices of the form (1.2) typically appear in the analysis of the
embedded Markov chains of continuous-time Markov processes with state space (1.1) and block
tridiagonal infinitesimal generator [see e.g. the monographs of Neuts (1981) and Neuts (1989) or
the recent work of Marek (2003) and Dayar and Quessette (2002) among many others] and these
models have significant applications in the performance evalutation of communication systems [see
e.g. Ost (2001)].

Matrices of the form (1.2) are also closely related to a sequence of matrix polynomials recursively

defined by

(1.4) 2Qn(z) = ApnQpir(x) + BoQn(z) + C’an_l(:p), n € Ny,

where QQ_1(z) = 0 and Qo(z) = I; denotes the d x d identity matrix. If A, = C,;; and B, is
are signed measures such that for any Borel set A C R the matrix ¥(A) is nonnegative definite),
such that the polynomials );(x) are orthonormal with respect to a left inner product, i.e.

(15) Q@) = / Qu(a)dS(2)QT (x) = 6,1,

[see e.g. Sinap and Van Assche (1996), or Duran (1995)]. In recent years several authors have
studied properties of matrix orthonormal polynomials [see e.g. Rodman (1990), Duran and Van
Assche (1995), Duran (1996, 1999), Dette and Studden (2001) among many others].

In the present paper we are interested in the relation between Markov chains with state space C,4
defined in (1.1) and block tridiagonal transition matrix (1.2) and the polynomials Q);(x) defined
by the recursive relation (1.4). In the case d = 1 this problem has been studied extensively in
the literature [see Karlin and McGregor (1959), Whitehurst (1982), Woess (1985), Van Doorn and
Schrijner (1993, 1995), Dette (1996) among many others|, but the case d > 1 is more difficult,
because in this case a system of matrix polynomials {Q;(x)},>o satisfying a recurrence relation of
the form (1.4) is not necessarily orthogonal with respect to an inner product induced by a matrix
measure. In Section 2 we characterize the transition matrices of the form (1.2) such that there
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exists an integral representation for the corresponding n-step transition probabilities in terms of
the matrix measure and corresponding orthogonal matrix polynomials, i.e.

Py = ([ @@is@el @) ([ @ @iswel@)

where P} denotes the d x d block of the n-step transition matrix P" in the position (i,j). In
other words: the element in the position (k,[) in the expression on the right hand side is an
integral representation for the probability of going in n steps from state (i, k) to (j,1). We also
derive a sufficient condition such that the spectral (matrix) measure ¥ (if it exists) is supported
on the interval [—1, 1]. In Section 3 we discuss several illustrative examples where this condition is
satisfied including some examples from queuing theory. Section 4 continues our more theoretical
discussion and some consequences of the integral representation are derived. In particular we
present a characterization of recurrence by properties of the blocks of the transition matrix, which
generalizes the classical characterization of recurrence of a birth and death chain [see Karlin and
Taylor (1975)].

2 Random walk matrix polynomials

A matrix measure ¥ is a d X d matrix ¥ = {0y;}; j=1..q4 of finite signed measures o;; on the Borel
field of the real line R or of an appropriate subset. It will be assumed here that for each Borel set
A C R the matrix ¥(A) = {0,;(A)}ij=1,..4 is symmetric and nonnegative definite, i.e. ¥(A) > 0.
The moments of the matrix measure ¥ are given by the d x d matrices

(2.1) Sp = /t"“dE(t) k=0,1,---,

and only measures for which all relevant moments exist will be considered throughout this paper.
Let A; (i = 0,...,n) denote d x d matrices, then a matrix polynomial is defined by P(t) =
>or o Aitt. The inner product of two matrix polynomials, say P and @, is defined by

(2.2) (P.Q) = / POSANQT () .

where Q7 (¢) denotes the transpose of the matrix Q(¢). Sinap and Van Assche (1996) call this
the ’left” inner product. Orthogonal polynomials are defined by orthogonalizing the sequence
I,,t1,,t*I,, - - - with respect to the above inner product. If Sp, Sy, .. . is a given sequence of matrices
such that the block Hankel matrices

So -+ Sm
(2.3) Hy,, = | :
S .. Som

are positive definite, it is well known [see e.g. Marcelldn and Sansigre (1993)] that a matrix
measure > with moments S; (5 € Ny) and a corresponding infinite sequence of orthogonal matrix
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polynomials with respect to d¥(x) exist. Moreover, these matrix polynomials satisfy a three term
recurrence relation.

Let {Q;(x)};>0 denote a sequence of matrix polynomials defined by the recurrence relationship
(1.4), where the matrices C; (j € N), 4; (j € Np) in (1.2) are assumed to be non-singular. The
following results characterizes the existence of a matrix measure ¥ such that the polynomials
Q;(x) are orthogonal with respect to dX(x) in the sense (2.2).

Theorem 2.1. Assume that the matrices A, (n € Ny) and C,, (n € N) in the one-step transition
matriz (1.2) are non-singular. There exists a matriz measure 3 on the real line with positive
definite Hankel matrices H,,, (m € Ny) such that the polynomials {Qn(x)}nen, defined by (1.4)
are orthogonal with respect to the measure dX(x) if and only if there exists a sequence of non-
singular matrices { Ry, }nen, Such that the following relations are satisfied

R,B,R;" is symmetric V n € Ny,
(2.4)
R'R,=C ' CTYRYR)Ay--- A1 VnEN.,

Proof. Assume that the polynomials {Q,(x)},en, are orthogonal with respect to the measure

d>(z), that is

(25) [ @@iE@al@ -0

whenever ¢ # j and
(2.6) [ Qaas@al @) =R >0 (ieN),

where we use the notation F; > 0 for a positive definite matrix F; € R¥¢ (the fact that the matrix
F; is positive definite follows from a straightforward calculation using the assumption that H,,, is
positive definite for all m € Ny). Define R,, = F,'/? and Qn(z) = R,Qn(z), then it is easy to see
that the polynomials {Q,(z) }nen, are orthonormal with respect to the measure d¥(z). Therefore
it follows from Sinap and Van Assche (1996) that there exist d x d non-singular matrices { D, }nen
and symmetric matrices { £, }nen, such that the recurrence relation

(2.7) 2Qu() = Dus1Qus(2) + BnQu(2) + Dy Qua(2)

is satisfied for all n € Ny, (Q_1(z) = 0,Qo(z) = Ry). On the other hand we obtain from (1.4) and
the representation @Q,(x) = R,Q,(z) the recurrence relation

(2.8) 2Qn(7) = RyAu Ry Quit () + RuBo R, Qu() + RyCER, Y Qo (2),
and a comparison of (2.7) and (2.8) yields
(2.9) Dy = R,AR, L, E,=R,B,R,", DI =R,CI'R;!

n—1>
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where the matrix F,, is symmetric. Now a straightforward calculation gives
RnAnR;il = (Rn—l—lC;{HR;l)T = (Rg)_lcn-i—lRZHa
or equivalently
RZHRTLH = C;il(Ran)An'

This yields by an induction argument
RI'R,=C ' C7'RYRyAg--- A1, n €N

and proves the first part of Theorem 3.1.

For the converse assume that the relations in (2.4) are satisfied and consider the polynomials
Qn(r) = R,Qn(x). These polynomials satisfy the recurrence relation (2.8) and from (2.4) it follows
that the matrices

E,=R,B,R;"

are symmetric (n € Ny), while
Dn+1 = RnAnRr_LJlrl = (Rn-l-ng;Jrer_Ll)T

by the second assumption in (2.4). Therefore the recurrence relation for the polynomials Qn(x)
is of the form (2.7) and by the discussion following Theorem 3.1 in Sinap and van Assche (1996)
these polynomials are orthonormal with respect to a matrix measure d¥(x). This also implies the
orthogonality of the polynomials Q,(x) = R, 1Qn(z) with respect to the measure d¥(z).

Because the polynomials Qn(t) = R,'D; .. .Dn@n(t) have leading coefficient I; we obtain that
the matrix

(2.10) @Q.Q )= /Qn(t)dE(t)Q:(t) =R,'Dy...D, DL ... DT(R)™!

is non-singular. On the other hand it follows from Dette and Studden (2001) that the left hand
side of (2.10) is equal to the Schur complement, say Ss, — S5, of Sa, in H,,. Because the matrix
H,, is positive definite if and only if H,, 5 and the Schur complement of Sy, in H,, are positive
definite it follows by an induction argument that all Hankel matrices obtained from the moments

of the matrix measure Y are positive definite. a

Remark 2.2. Throughout this paper a matrix measure > with corresponding orthogonal matrix
polynomials @;(x) is called a random walk matrix measure or spectral measure and the polynomials
Q;(x) will be called random walk matrix polynomials if the assumptions of Theorem 2.1 are
satisfied. Because the polynomials Q;(z) = R;Q;(x) defined in the proof of Theorem 2.1 are
orthonormal with respect to the measure d¥(z) it follows that

(211) 1= Q0. Qo) = [ Q=@ = RoSoR],
or equivalently

(2.12) Ry ((Rg)™) = (BoRo)™" =S,

bt



where Sy is the Oth moment of the matrix measure ¥ [see (2.1)]. We finally note that the ma-
trices R, in Theorem 2.1 are not unique. If {R,},en, is a sequence of matrices satisfying (2.4),
these relations are also fulfilled for the sequence {Rn}neNo = {U, R, }nen, where U, (n € Ny) are
arbitrary orthogonal matrices.

Before we present some examples, where the conditions of Theorem 2.1 are satisfied we derive some
consequences of the existence of a random walk measure. For this let Q(z) = (QF (z), Q¥ (z),...)T
denote the vector of matrix polynomials defined by the recursion relation (1.4), then it is easy to
see that the recurrence relation (1.4) is equivalent to

(213) #Q(r) = PQ(w)
which gives (by iteration)

(2.14) z"Q(x) = P"Q(x).

Therefore

(2.15) [a"a@is@Ql @ =P [ Qs @)

and from the orthogonality of the random walk polynomials we obtain the representation

-1
(216) Py = ([ @u@is@el @) [ @@l @)
for the block in the position (i, 7) of the n-step transition matrix P™.

of the n-step transition matriz P" of the random walk can be represented in the form (2.16), where

Y denotes a random walk measure corresponding to the one-step transition matriz P.

Theorem 2.3. If the assumptions of Theorem 2.1 are satisfied, the block Pj; in the position (i, j)

Remark 2.4. Note that the random walk measure is not necessarily uniquely determined by the
random walk on the grid C4. However, using the case i = j = 0 in (2.16) it follows for the moments
of the random walk measure

where B is the first block in the n-step transition matrix of the random walk. Therefore the
moments of a random walk measure are essentially uniquely determined. In the following we will
derive a sufficient condition such that the random walk measure (if it exists) is supported on the
interval [—1, 1]. In this case the measure is determined by its moments.

Theorem 2.5. Assume that the conditions of Theorem 2.1 are satisfied and define the block
diagonal matriz R = diag (Ry, R1, R, . ..). If the matriz R is symmetric and the matriz

(2.18) P =R'PR™!



has non-negative entries then the random walk matriz measure ¥ = {0;}i j=1,..a corresponding to
the polynomials in (1.4) is supported on the interval [—1,1], that is

supp(oi;) C [-1,1] Vi, j=1,...,d.

Proof. Note that the matrix in (2.18) is symmetric (because the assumptions of Theorem 2.1

are satisfied) and that the entries of P are non-negative, by the assumptions of the theorem.
According to Schur’s test [see Halmos and Sunder (1978), Theorem 5.2 | it follows that

(2.19) 1P]2 <1,
if we can find two vectors, say v, w, with positive components such that
Pv <w and Puw <w
(where the symbol < means here inequality in each component). If
R = diag (R, Ry, .. .)

denotes the infinite dimensional diagonal block matrix with d x d blocks from Theorem 2.1 we
obtain from the representation (2.18) with v = w = R1 (here 1 denotes the infinite dimensional
vector with all elements equal to one) that

Pv = PR1=R"P1<R"1,
which shows that (2.19) is indeed satisfied. Now let
I; =C;'...Ci'R{RyAy ... Aj_1 = R R,
and consider the inner product

(z,y)n = Zfﬂjrﬂjyj
j=0
with z = (28, 2T, .. )5y = (v, yT,...);2; € RY y; € R and its corresponding norm, say || - ||

Define

oo
° ={ov= (5, 2T,..) | |zl = Zx’fﬂlxl < oo}
i=0

From the definition of P and II; it is easy to see that 1L, P;; = Pﬁﬂj (for all 7,7 € Ny), which
implies that P is a selfadjoint operator with respect to the inner product (-, -)r;. Moreover, we
have for any x

|Pz|lpy = 2" PTIPz = 2" RTPTPRx = ||PRxl|;
< ||P||2]|Rzll2 < 2" R" Rx = 2"z = ||z||n,

where we used the representation IT = RTR and (2.19). Consequently, ||P||gx < 1, which proves
the theorem. a



We note that there are many examples, where the assumptions of Theorem 2.5 are satisfied and
we conjecture in fact that a random walk measure is always supported in the interval [—1,1]. In
the case d = 1 this property holds because in this case the assumptions of the Theorem 2.1 and 2.5
are obviously satisfied. This was shown before by Karlin and McGregor (1959), and an alternative
proof can be found in Dette and Studden (1997), Chap. 8.

Our next result gives a relation between the Stieltjes transforms of two random walk measures,
say 3 and I, where only the matrices By and By differ in the corresponding one-step transition

matrices P and P.

Theorem 2.6. Consider the one-step transition matriz P in (1.2) and the matrix

By A 0
~ OiT Bl A1
(2.20) P = T By, A, :
0 L

and assume that there exists a random walk measure 3 corresponding to the one-step transition
matriz P such that the matriz ROBORal is symmetric, where Ry is a matriz such that (2.4) is
satisfied. Then there exists also a random walk measure & corresponding to the matriz P. If
and X are determinate, then the Stieltjes transforms of both matriz measures are related by

22 [EE= 15D sy

Proof. Because the matrix ROBORJ !is symmetric and the matrices P and P differ only by the
element in the first block, the sequence of matrices Ry, Ry,... can be used to symmetrize the
matrices P and P simultaneously [see the proof of Theorem 2.1]. Consequently, there exists a
random walk measure corresponding to the random walk with one-step transition matrix P. Let
{Qn () }nen, denote the system of matrix orthogonal polynomials defined by the recursive relation
(1.4) and define {Q,(2)}nen, by the same recursion, where the matrix By has been replaced by

By. A straightforward calculation shows that the difference polynomials
R;(z) = Qj(x) — Qy(x)

also satisfy the recursion (1.4) with initial conditions Ry(z) = 0, Ry(z) = Ay (By — By). In partic-
ular these polynomials are “proportional” to the first associated orthogonal matrix polynomials

(2.22) ) = [ L= Was) e,
that is
(2.23) R () = QU (2) B Ro(By — D).



Recall from the proof of Theorem 2.1 that the systems of polynomials {R,Q,(7)Ry"}nen, and
{R,Q,(x)Ry '} en, are orthonormal with respect to the random walk measures dy(z) = Rod%(z)RY
and dji = Rodi(x)Rg, respectively, and that p and i are determinate. Therefore we obtain from
Markov’s theorem for matrix orthogonal polynomials [see Duran (1996)] that

z—1 z—1

= lim Ry'(RQu(2)Ry") ™ (RaQP (2)RE)(RE) ™

n—oo

= lim (Qu(2)) QY (2)

n—oo

= lim {Qu(2) + Q" (2) Rf Ro(By — Bo)} Q) (2)
= lim {{(Qu(=) QY (=)} + By Ro(Bo — Bo)} ™

= lim {R{{(RaQn(2) Ry ") RaQ\V (2)RG} ™ Ro + Ri Ro(B — Bo)} ™!

_ {ROT </ d“_(t))_lRo + RTRy(By — BO)}_1

z—1

= {(/ @)1 + RTRo(Bo — Bo)}1

z—1

SRS

where QS) (x) denotes the first associated orthogonal matrix polynomial obtained by the analogue
of (2.22) from Q,(z) and we have used the fact that Qg)(m) = Qfll)(x) for the third equality (note

that this identity is obvious from the definition of P and P in (1.2) and (2.20), respectively).
]

3 Examples

In this section we present several examples where the conditions of Theorem 2.1 are satisfied.

3.1 Random walks on the integers

Consider the classical random walk on Z [see e.g. Feller (1950)] with one-step up-, down- and
holding transition probabilities p;, ¢; and r; (respectively), where p; + ¢; +r; < 1; i € Z. By the



one-to-one mapping
7 — CQ
(S : (i,1) if i € Ny
L (—i—1,2) else

this process can be interpreted as a process on the grid Cs, where transitions from the first to the
second row are only possible if the process is in state (0, 1). The transition matrix of this process
is given by (1.2) with 2 x 2 blocks

o Qo Tn 0
( ) 0 (pl 7“1) ( 0 Tnl)
Pn O T dn O
3.2 A, = ;o O = .
( ) ( 0 q—n—l) ( 0 p—n—l)

It is easy to see that the conditions of Theorem 2.1 are satisfied with the matrices

1 0 PO---Pn—1 O
(3.3) RO:( >; R, = |V #™

a0

p-1

and consequently there exist a random walk matrix measure corresponding to this process, say 3,
which is supported in the interval [—1, 1] (see Theorem 2.5). For the calculation of the Stieltjes
transform of this measure we use Theorem 2.6 and obtain

(3.4) 0 = [T = {57(2) = RERo(Bo - )}

z—1

-1

Here ® is the Stieltjes transform of a random walk measure ¥ with transition matrix (1.2), where
the matrix By in (3.1) has been replaced by

o To 0
BO N ( 0 T_l) ’
and the matrix By — By is given by

oo 0 q
mon (0.
Note that the matrix @ is diagonal and if & and @~ denote the corresponding diagonal elements,
we obtain from (3.4) the representation

_ (42 _ (1Y) a0 )
®(2) = /z—t B ( —qo 1/5)_(2))
_ 1 ( ot (2) 9@ (2)07(2) )
1— @0+ ()P (2) \ 0P (2)@7(2) 7 (2) '
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In particular for the classical random walk (p; = p,q¢; = ¢q,7, =0 V i € Z) we have

(e = VI gy Py

Y

2pq q

and a straightforward calculation gives the result

—1 1 . z
O(z) = V22 —4pg 2q <1 \/22—4pq>
1(1_-__= p__—1 ’
2 (1 V z274pq> 9 \/22—4pq

which was also obtained by Karlin and McGregor (1959) by a probabilistic argument.

3.2 An example from queuing theory

In a recent paper Dayar and Quessette (2002) considered a system of two independent queues,
where queue 1 is an M /M /1 and queue 2 is an M /M/1/d — 1. Both queues have a Poisson arrival
process with rate A; (i = 1,2) and exponential service distributions with rates p; (i = 1,2). It is
easy to see that the embedded random walk corresponding to the quasi birth and death process
representing the length of queue 1 (which is unbounded) and the length of queue 2 (which varies
between 0,1,...,d — 1) has a one step transition matrix of the form (1.2), where the blocks B;, A;
and C; are given by

A2 _)‘2
0 A1+A2 0 Y—H2
M2 0 Ao 2 0 &
Y—H1 Y—H1 v v
M2 O Ao ©2 0 &
Y—H1 Lo Y—H1 v L v
_H2 2
A1+p2 0 Y—A2 0
(1 >1),
)\1 /\1
A1+A —
1+ A2 a Y2 n
v—m 2!
(3 6) AO = 5 Az = )
A1 A
YK
' A1 K A1
A1+p2 Y—A2
(¢ >1) and
p1
Y—p2
258
Y
(3.7) Ci = (> 1)
J5
il
_H1
Y—A2

11



respectively, and v = A\ + Ay + pq + po, Ay < p1. A straightforward calculation shows that the
assumptions of Theorem 2.1 are satisfied, where the matrices R, are diagonal and given by

(A1 + A2)pto 1 Vs & \//\_2)6173 (M +,u2)/\g_2
V (7_/*61))\2 \/M_Q"MQ’ \/'M_Q ’ (ﬂ)/_,ul),ugfz

d—3 d—2
VA = ) e VAN \ YALAS \/ (7 = A2)A
R, = diag

Va0 —pm = \/(7 ) \/(7 — )

Ry = diag(

M
Ri - ( —l)lilRl,’l’ Z 2
M1
It also follows from Theorem 2.5 that the corresponding random walk matrix measure is supported
in the interval [—1,1].

3.3 The simple random walk on the grid

Consider the random walk on the grid C4, where the probabilities of going from state (,j) to
(t,7+ 1), (4,7 —1),(i—1,7),(:+1,7) are given by u, v, ¢, r, respectively, where u+v + ¢ +r = 1.
In this case it follows that A; =7l (i > 0), C; = 01, (i > 1),

0
v

< O

U
0 wu

v 0 wu
v 0

and it is easy to see that the conditions of Theorem 2.1 are satisfied with

. u ju? [ud—1 T ,
Ry = diag(1, \/;, 52 ,Ud—l)’ R, = (\/%) Ry, 1 > 1.

It now follows from Theorem 2.5 that the corresponding random walk matrix measure is supported
in the interval [—1,1]. For the identification of the Stieltjes transform of the spectral measure
we note that the orthonormal polynomials defined by (2.7) have constant coefficients given by
D =D, =Vrlly,

(3.8) E=E, =

12



Therefore it follows from the work of Duran (1999) that the Stieltjes transform of the random
walk measure is given by

/ 4x(1) = {z[d - F— {(z[d — E)? — 4r€[d}1/2}.

z—t:2—r€

From the same reference we obtain that the support of the random walk measure is given by the
set

(3.9) supp(X) = {x € R| zI; — F has an eigenvalue in [—2v/7¢, 2V/r(]}.

It is well known [see Basilevsky (1983)] that the eigenvalues of the matrix E in (3.8) are given by

2\/uvcos(djfl) J=1,....,d,

with corresponding normalized eigenvectors

2 ) 77 \¢
= e

Therefore it follows from (3.9) that

wd
d+1

supp(X) = [—2@ + 2y/uv cos( ), 2Vl 4 2v/uw cos( il )]

d+1

(note that supp(X) C [—1, 1]). For the calculation of the random walk measure we determine the
spectral decomposition of the matrix

—H(z) = 4I;— D Y?*(zly— E)D Y (21, — E)D™/?
1
— —{4r€[d ~(aly— E)2}.

rl
The eigenvalues of this matrix are given by
1 .
Aj(z) = ﬁ{élrﬁ — (z — 2\/vucos(d7zl))2},

and by the results in Duran (1999) the weight of the matrix measure is given by
1

d¥(z) = S

UN(z)U" da,

where the matrix A(z) is defined by

Alr) = { diag(max(Xi(2),0), ..., max(A(r), 0))}1/ "

.....

2 gm
Ujp = ”d—f—lsm(gd—l—l)'
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3.4 A random walk on a graph

Consider a graph with d rays which are connected at one point, the origin. On each ray the
probability of moving away from the origin is p and moving in one step towards to the origin is ¢,
where p+ ¢ = 1. From the origin the probability of going to the ith ray isd; > 0(i =1,...,d) [see
Figure 1, where the case d = 4 is illustrated]. It is easy to see that this process corresponds to a

Figure 1: A random walk on a graph

random walk on the grid C; with block tridiagonal transition matrix P in (1.2), where B; = 0 if
i>1,Ci=qlyVi>1 A =diag(dy,p,...,p), A =ply Vi>1, and

0 ds dg
BOZ q . . 9

where Zle d; = 1. Moreover, this matrix clearly satisfies the assumptions of Theorem 2.1 with

d d d|d d 1
R, = diag (1, 2 —d> , Rlzdiag< Y Lf) R = <\/§) Ry, i>2.
Va7V g Va7V ¢ \ q

By an application of Theorem 2.6 and the inversion formula for Stieltjes transforms we obtain for
the corresponding random walk measure

by () bs(x) ...  ba(x)
by(x)  fal)

eas(zr) ... egq(x)
I5(z) = bg(:l') 6273:(.%) f3§l’) . 637d: x) i,
ba-1(z) esa-1(x) eza(z) ... es-14(¥)
ba(z) e.q(x) esalr) ... fa(x)
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where functions a, b;, e, ¢ and fj, are given by
a(z) = (Zz 2 d?dl + dlq — (dy — ) 2) V4pq — 2
2pm((0, & + diq)? — (1, &2 + (di — p)g)a?)
drpx+/4pg — x2
be(z) = — Vi B Ck=2,....d
2 (i, @2 + d1q)? — (i, @2 + (dh — p)g)z?)
dpder/4pq — 22 (pa® — ZZ L d3dy — diq)

) (PN (C Bt g — (T + (b — PO
k=2...,d—1,0=3,.. . d,
o) = (di(3y 2 + dig) (3 i 2 +d1q)\/4pq—w2

2m(d3q — (dy — p)a?) (L, d? + dig)? — (XL, &2 + (i — p)g)a?)
(X, d?(dy = p) + Xy d2p + di(dy — p)g ) )/ 4pq — a2
2 (d3q — (dy — p)a®)(XCiLy &2 + drg)* — (g &2 + (dy — p)g)a?)’
k=2, . .d

Note that the random walk measure is supported in the interval [—2,/pq, 2,/pq].

4 Further discussion

In the present section we derive further consequences of the existence of a random walk measure
corresponding to the transition matrix (1.2). Throughout this section we assume that the condi-
tions of Theorem 2.1 are satisfied and that the corresponding random walk measure is supported
in the interval [—1,1].

4.1 Recurrence

We denote by

an e =Y e = ([COEISEN (o maswere)

— Xz
n=0

the (matrix) generating function of the block (7, j), where the last identity follows from Theorem
2.3 and Lebesgue’s Theorem. Therefore we obtain that a state (7,¢) € C4 is recurrent if and only

if

[e.e]
E el Ple, = lirr%e;tpHii(z)eg
zZ—
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(4.2)

/Q =0Q /Q JAZ()Q! (1)) e = oo,

where el = (0,...,0,1,0,...0)” denotes the ¢th unit vector in R?. We summarize this observation
in the following Lemma.

Corollary 4.1. Assume that the conditions of Theorem 2.1 are satisfied for the transition matrix
P in (1.2) corresponding to a random walk on Cy4 and that the corresponding spectral measure is
supported in the interval [—1,1]. A state (i,0) € Cy4 is recurrent if and only if condition (4.2) is
satisfied. Moreover, if the random walk is irreducible it is recurrent if and only if the condition

1
(4.3) e;r/ d%() Syte; = oo

1 1l—x

is satisfied for some j € {1,...,d} (in this case it is satisfied for any j € {1,...,d}).

Corollary 4.2. Assume that the conditions of Theorem 2.1 are satisfied for the matriz P in (1.2)
corresponding to an irreducible random walk on Cq and that the corresponding spectral measure is
supported in the interval [—1,1]. The random walk is positive recurrent if and only if one of the
measures dry(x) = el dX(z)Sy 'e, (€ =1,...,d) has a jump at the point 1. In this case all measures
dr(x) (0 =1,...,d) have a jump at the point 1.

Proof. Let dry(z) = el'd%(x)S; 'es, then the probability of returning from state (0, £) to (0, /) in
k steps is given by

1 1

2*dY () Sy ey :/ a*dry(z).

1

on =l (Ph)ec =t [

-1
The random walk is positive recurrent if and only if o = lim;,_ ., oy, exists and is positive. Con-
sidering the sequence s, it follows by the dominated convergence theorem that this is the case if
and only if 7, has a jump at x = —1 or x = 1. If 7, has no jump at x = 1 we obtain

1 1
7(—=1) = Jingo{—/lx%ﬂdn(x)—i-/ :CQ"HdTg(:C)}

—1-
= — lim Pyt <0
n—oo
and consequently 7, has no jump at x = —1. Therefore the random walk is positive recurrent if
and only if 7, has a jump at x = 1.
O

Remark 4.3. For an irreducible random walk with a random walk measure X satisfying Sy = I

the properties of recurrence and positive recurrence are characterized by the diagonal elements of
the corresponding random walk measure X .
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4.2 Canonical moments and random walk measures

In this section we will represent the Stieltjes transform of a random walk matrix measure ¥ which is
supported in the interval [—1, 1] in terms of its canonical moments, which were recently introduced
by Dette and Studden (2001) in the context of matrix measures. We will use this representation
to derive a characterization of recurrence of the process in terms of blocks of the matrix P.

Theorem 4.4. The Stieltjes transform of a random walk measure X which is supported in the
interval [—1, 1] has the following continued fraction expansions
dy
/ﬂ — lim Sé/Q{zId I —2cT - {z]d + I — 2T — 2T — {z]d w1 — 2T 2T

Z—X n—00

—1 —1 —1 —1
e -2 - o adid ) add) g d) s

e n-agn) ey ) ) s,

where the quantities (; € R are defined by (o = 0, ¢ = Uy, G = V;4U; if 7 > 2 and
the sequences {U;} and {V;} are the canonical moments of the random walk measure ¥. The
convergence is uniform on compact subsets of C with positive distance from the interval [—1,1].
In particular the following representation holds

— lim 53/2{(2 Y1) — {Id - {(z Y1) —

dX(x 1 >
(4.4) / (2) _ 5501/2 [Id+Z(V1T)‘1...(VlT)‘lUlT...UlT Sa2.

1—2z
=1

Proof. Let P,(t) denote the nth monic orthogonal polynomial with respect to the matrix measure
d>(t), then it follows from Dette and Studden (2001) that P, (¢) can be calculated recursively as

(45) Pt = {0+ DI =28, — 268, L, (1) — 4¢P (1),

where Py(t) = I, P_,(t) = 0, the quantities ¢; € R¥? are defined by ¢y =0, ¢; = Uy, ¢; = V;_1U;
if j > 2 and the sequences {U;} and {V;} are the canonical moments of the random walk measure
Y. Note that Dette and Studden (2001) define the canonical moments for matrix measures on
the interval [0,1], but the canonical moments are invariant with respect to transformations of
the measure. More precisely, it can be shown that measures related by an affine transformation
t — a+ (b—a)t (a,b € R, a < b) have the same canonical moments. The results for the
corresponding orthogonal polynomials can also easily be extended to matrix measures on the
interval [—1, 1]. The quantities

(46) Agn =< Bn,Bn > = 22n(S0C1...C2n)T
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are positive definite [see Dette and Studden (2001)] and consequently the polynomials
Pa(2) = 85,7°P, (2)

are orthonormal with respect to the measure d¥(z). Now a straightforward calculation shows that
these polynomials satisfy the recurrence relation

(4.7) tPy(t) = A1 Pogr(t) + BrPe(t) + AL P (1), k=0,1, ...

with initial conditions

(4.8) P_i(t) =0, Py(t) =S, '

and coefficients

(4.9) A = 85700,

(4.10) B, = =021y —2¢ — 28 A,

(4.11) AL = 40, GG A

(note that the matrix As, = 409, 2(s,_1(2, is symmetric and therefore the two representations

n (4.9) and (4.11) for the matrix A,, are in fact identical). If P )( ) denotes the first associated
orthogonal polynomial corresponding to P,(z) we obtain from Zygmunt (2002) the representation

(4.12) Fo(2) = (Poya(2)) ' P (2) = Sofzly— By — Ay{zly — By — Ay{zl; — By —
o= Azl - B,y PATV AT

Now a straightforward application of (4.9) - (4.11) yields
(4.13) Fu(2) = S0 [edy+ Iy —2¢F — [2Iy+ Iy — 2¢F — 2¢F — [ady + 1y — 2¢7 — 2¢F .
= [eda+ Iy = 2G5, = 265, ) MGG AT G TG TS,
and an iterative application of the matrix identity
Ij+A'B=(I;—(B+A)™'B)™!

and Markov’s theorem [see Duran (1996)] give

/iz—(xx) = ,}E“Eosé/g{(zﬂ)ld—{ld—{(z+1)1d_
{(z + 1) 2€2n+1} 12@2}_1 N '}_12@?}_1%?}_15&/?

(note that this transformation is essentially a contraction). This proves the first part of the
theorem. For the second part we put z = 1 and use formula (1.3) in Fair (1971) to obtain

(4.14) /OF_(Z) = n_)oo§51/2{fd - {Id - {Id — .= {[d - CzTTLJrl}_lCzTn}_l x -}_1C1T}_1501/2

n+1
= Jm g 51/22 G X XX X XX Sy
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where Xog = 14, X1 = 1,
Xp1 =X, — X1 (n2>1).

Now a straightforward induction argument shows that X, ; = V.I...V]I and (4.14) reduces to
(4.4), which proves the remaining assertion of the theorem.

O

Our next result generalizes the famous characterization of recurrence in an irreducible birth and
death chain to the matrix case.

Theorem 4.5. Assume that the conditions of Theorem 2.1 are satisfied for the transition matriz
of a random walk and that the corresponding spectral measure is supported in the interval [—1,1].
The state (0,£) is recurrent if and only if

er Sy TAAT O T T AT N O T T T AT CT T A T Sy e = oo,
i=0
where T; = Q;(1) (i € Ny) and Q;(x) denotes the ith random walk polynomial defined by (1.4). In

particular, an irreducible random walk on the grid Cy is recurrent if and only if one of the diagonal
elements of the matrix

7

Sg/QZTZ;lA VOTT, (T A N CE T T VT AT CT Ty T A M T S, 2

is infinite (in this case all diagonal elements of this matriz have this property).

Proof. A combination of Corollary 4.1 and Theorem 4.4 shows that the state (0,¢) is recurrent
if and only if

(4.15) = —eg TSV, + Z VL) TUT U1y e = o0,

7j=1

where Uy, Us, . . . are the canonical moments of the random walk measure ¥ and V; = I;,—U; (7 > 1).
In the following we express the right hand side in terms of the blocks of the one-step transition
matrix P corresponding to the random walk. For this consider the recurrence relation (1.4) and
define T}, = @, (1). Note that the polynomials @ (¢) = Ay ... A,_1Q,(t) are monic and satisfy the
recurrence relation a

Q. ., 1)=tQ 1) — A.. A, 1B A L .Aglgn(t)
— A A CTA, AT'Q ().

Therefore a comparison with (4.5) yields

(4.16) Ao . Ay 1B AL LAY = =1+ 200, + 2000
Ag... A, 1CFA, 5. Ay = 4¢CL .
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Using these representations and the fact UpVy, = Vi Uy [see Dette and Studden (2001), Theorem
2.7] it is easy to see that

T, = Qn(l) = 2nAri1 . -Aal‘/zﬂlvzﬂz cee V1T )

and it follows from the same reference that these matrices are non-singular for all n € Ny. Therefore
we can define

(4.17) Qn() = T, ' Qu(x),

and it is easy to see that these polynomials satisfy the recurrence relation
(4.18) 2Qn(®) = ApQui1(2) + BuQu(@) + O Quoa (),
where

(4.19) A, =T A T,.1, B,=T7'B,T,, C'=17'C'T,_,

(note that A, + B, + CT = I,;). Combining (4.16) with (4.19) we obtain

0o = —1I;+ 2€27;z + 2€27;z+1a
51 = 4C2Tng27;zfla

P UL | = AO...An_l CTAZY AGY,
2‘/2’17;+1‘/2’1;L = 1210 ‘e AnflAnijil e Aal
Finally, we obtain for the left hand side of (4.15)
1 - -
t o= 565501/22{(%)—1...(1@?)—1(/2@...U1T+(1/1T)—1...(1/2§+1)—1U2Tj+1...UIT}SO V2,
j=0
= el SyP Y ATICTATY L ATVCTAGS, e
j—O
= TSWZT]HA VOTT (T AL O Ty T Ty AT CT T T A T Sy e

with Ty = Q¢(1) (¢ € Np), which proves the assertion of the theorem.
]

Remark 4.6. It is interesting to note the condition in Theorem 4.5 simplifies substantially if the
matrices T;, A;, C; are communicating. In this case a irreducible random walk is recurrent if and
only if

TSI/2 Z ZJrl . CZ)T(AQ e Ai)_lso_l/2€g = 0
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for some ¢ € {1,...,d}.

Example 4.7. Consider the random walk on the graph introduced in Section 3.4. By Corollary
4.1 the state (0,1) (which corresponds to the origin) is recurrent if and only if

o= ([T ([anw) = [T g

/B 1—=x

where the functions a is defined in Section 3.4 and we have used the fact that [d¥(z) = Sy =
(RTRy)™! [see Remark 2.2]. Because the support of the spectral measure is given by the interval
[—v/4pq, —/4pg] it follows that the condition p = ¢ = 3 is necessary for the recurrence of the
random walk. Now a straightforward calculation shows that the state (0,1) (i.e. the center of the
graph) is recurrent if and only if the condition 2 3% , d? = S°7, d; is satisfied (in all other cases
the integral is finite).
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