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Abstract Consider a semimartingale of the form Y; = Yy + fot asds + fot os— dWs,
where a is a locally bounded predictable process and o (the “volatility”) is an
adapted right—continuous process with left limits and W is a Brownian motion. We

. . . c e n o __ rts _q [nt]
consider the realised bipower variation process V(Y;r,s)y =n"2 Y " |YVi —
o

Yio1|"|Yiz1 —Y. |°, where r and s are nonnegative reals with r+s > 0. We prove that
V(%/; T, s)f con\;Lerges locally uniformly in time, in probability, to a limiting process
V(Y;r,s): (the ”bipower variation process”). If further o is a possibly discontinuous
semimartingale driven by a Brownian motion which may be correlated with W and
by a Poisson random measure, we prove a central limit theorem, in the sense that
vn (V(Y;r,s)" = V(Y;r,s)) converges in law to a process which is the stochastic
integral with respect to some other Brownian motion W', which is independent of
the driving terms of Y and 0. We also provide a multivariate version of these results,
and a version in which the absolute powers are replaced by smooth enough functions.
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1 Introduction

For a wide class of real-valued processes Y, including all semimartingales, the
“approximate (or, realised) quadratic variation processes”

[nt]
V(Y;2)p =) (Vi —Yia) (1.1)

i=1

where [z] denotes the integer part of 2 € R4, converge in probability, as
n — oo and for all ¢ > 0, towards the quadratic variation process V(Y’;2),
(usually denoted by [Y,Y];).

This fact is basic in the "general theory of processes” and is also used
in a large variety of more concrete problems, and in particular for the sta-
tistical analysis of the process Y when it is observed at the discrete times
i/n i = 0,1,... (sometimes V(Y;2)7 is called the “realised” quadratic
variation, since it is explicitly calculable on the basis of the observations).
In that context, in addition to the convergence in probability one is inter-
ested in the associated CLT (Central Limit Theorem), which says that the
Vr(V(Y;2)7 — V(Y;2):)’s converge in law, as processes, to a non—trivial lim-
iting process. Of course, for the CLT to hold we need suitable assumptions on
Y. This type of tool has been used very widely in the study of the statistics
of processes in the past twenty years. References include, for example, the
review paper [10] in the statistics of processes and [1], [2], [3], [6] in financial
econometrics. [2] provides a review of the literature in econometrics on this
topic.

Now, when Y describes some stock price, with a stochastic volatility possi-
bly having jumps, a whole new class of processes extending the quadratic vari-
ation has been recently introduced, and named “bipower variation processes”:
let 7, s be nonnegative numbers. The realised bipower variation process of order
(r,s) is the increasing processes defined as:

[nt]
V(Yirs)F=n"= ! SV =Y | [Yin = Y%, (1.2)
=1

with the convention 0° = 1. Clearly V(Y;2)" = V(Y;2,0)". The bipower
variation process of order (r,s) for Y, denoted by V(Y;r, s)¢, is the limit in
probability, if it exists for all ¢ > 0, of V(Y;r,s)P. It has been introduced
in [4] and [5], where it is shown that the bipower variation processes exist
for all nonnegative indices r, s as soon as Y is a continuous semimartingale
of “Itd type” with smooth enough coefficients. These papers also contain a
version of the associated CLT under somewhat restrictive assumptions and
when r =s=1.

The aim of this paper is mainly to investigate the CLT, and more precisely
to give weaker conditions on Y which ensure that it holds and which cover
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most concrete situations of interest, and also to precisely describe the limiting
process. We prove the existence of the bipower variation process for a wide
class of continuous semimartingales (extending the results of [4] and [5]). We
establish the CLT in a slightly more restricted setting. The restriction is that
the volatility of Y (that is, the coefficient in front of the driving Wiener process
for Y') is a semimartingale driven by a Lévy process, or more generally by a
Wiener process (possibly correlated with the one driving Y') and a Poisson
random measure.

We also investigate the multidimensional case, when Y = (Y7);< <4 is d—
dimensional. Tt is then natural to replace (1.2) by the realised “cross—bipower
variation processes”:

[nt]

V(Y7 YY" rs)

Yi A |YZ+1 Y§|5. (1.3)

We state the results in Section 2, and the proofs are given in the other
sections. The reader will notice that we replace the powers like |Y% — Y% |
in (1.2) by an expression of the form g(f(YZ Yi-1)) for a suitable function
g: this can prove useful for some apphcatlonb and it is indeed a simplification
rather than a complication for the proof itself. Written in this way, our results
also extend some of the results of Becker in [7], and of the unpublished paper
8]

It is also worth observing that, apart from the notational complexity, the
proofs when r > 0 and s > 0 are not really more difficult than when r» > 0
and s = 0, that is when we have only one power in (1.2). That means that,
obviously, the same types of results would hold for the ”realised multipower
variation processes” which are defined by

VY9, YN )R
[nt]
— 12\5/31 YR YN YN LY, (14)

for any choice of r; > 0 and any fixed N. We do not prove those more general
results here, but simply state the results.

2 Statement of results

We start with a filtered space (£2, F, (F¢)i>0, P), on which are defined various
processes, possibly multidimensional: so we systematically use matrix and
product—matrices notations. The transpose is denoted by *, all norms are
denoted by ||.||. We denote by My 4 the set of all d x d'—matrices, and by
M qv the set of all arrays of size d x d’ x d”, and so on. For any process
X we write AT X = X/, — X(i—1)/n-
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Our basic process is a continuous d-dimensional semimartingale ¥ =
(Y%)1<i<qa. We are interested in the asymptotic behavior of all finite fami-
lies of processes of type (1.3), that is for all j,k € {1,...,d} and all finite
families of pairs (r,s). So in order to simplify notation (which will neverthe-
less remain quite complicated, sorry for that !), we introduce the following
processes:

[nt

]
X"(g, )=+ 3 g(vn ARV AL Y), (21)
i=1

where ¢ and h are two maps on R, taking vakues in Mg, .4, and My, 4,
respectively. So X" (g, h), takes its values in My, 4,. Note that, letting

fin(@) =12"]", (2.2)

we have V (Y7, Y*;r )" = X"(f;,, fr.s), and any finite family of processes
like in (1.3) is a process of the type (2.1) with the components of g and h
being the various f;,.

2.1 Convergence in probability

We start with the convergence in probability of the processes X" (g, h). We
need the following structural assumption on Y:

Hypothesis (H): We have

t ¢
Y, =Yy + / asds —|—/ oo AW, (2.3)
0 0

where W is a standard d’—dimensional BM, a is predictable R% valued locally
bounded, and o is Mg ¢-—valued cadlag.

Below pyx denotes the normal law A (0, XX"), and ps(g) is the integral of
g w.r.t. ps.

Theorem 2.1. Under (H) and when the functions g and h are continuous
with at most polynomial growth, we have

X"(g, k) — X(g,h) = / Do (00, (h)ds, (2.4)

where the convergence is local uniform in time, and in probability.

If we apply this with the functions g = f;, and h = fi s, we get a result
of existence for the bipower variation processes. We denote by p, the rth
absolute moment of the law N(0,1).
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Theorem 2.2. Under (H), and if r,s > 0, we have
t

VY7, YR — VY, Y rs), = urus/ oo™ |° du,  (2.5)
0

where the convergence is local uniform in time, and in probability.

This result is essentially taken from [4]. The assumption (H) could be
weakened, of course, but probably not in any essential way. For instance the
cadlag hypothesis on ¢ can be relaxed, but we need at least the functions
u — |037]" to be Riemann—integrable, for all (or P—almost all) w. The fact
that the driving terms in (2.3) are t and W; is closely related to the fact that
the discretization in time has a constant step 1/n. If we replace (2.3) by

t t
Vi =Y +/ asdAs +/ os—dM,
0 0

where A is a continuous increasing process and M a continuous martingale,
then a result like (2.5) can hold only for discretization along increasing se-
quences of stopping times, related in some way to A and to the quadratic
variation of M. If further Y is discontinuous, this type of result cannot pos-
sibly hold (with the normalizing factor n%sfl), as is easily seen when Y is
a simple discontinuous process like a Poisson process. As a matter of fact,
this observation was the starting point of the papers [4] and [5] for intro-
ducing bipower variations, in order to discriminate between continuous and
discontinuous processes.

Finally, we state the multipower variation result: the processes of (1.4)
converge (under (H)) towards

t
VY L YIN e N ) = ey ...uTN/ |gdrit|rL | |gININ TN gy,
0
(2.6)

2.2 The central limit theorem

For the CLT we need some additional structure on the volatility . A relatively
simple assumption is then:

Hypothesis (HO0): We have (H) with

" ¢ ¢
oy = 0y —I—/ alds +/ ol _dW, —l—/ ve_dZs, (2.7)
0 0 0

where Z is a d”~dimensional Lévy process on (£2, F, (F¢)i>0, P), independent
of W (and possibly with a non—vanishing continuous martingale part). Fur-
thermore the processes ¢’ and v, and a of (2.7), are adapted cadlag, with val-
ues in My o ¢ and Mg g ¢ and Mg 4 respectively, and a' is My g—valued,
predictable and locally bounded.
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This assumption is in fact not general enough for applications. Quite often
the natural ingredient in our model is the "square” ¢ = oo™ rather than o
itself, and it is this ¢ which satisfies an equation like (2.7). In this case the
7square-root” o of ¢ does not usually satisfy a similar equation. This is why
we may replace (HO) by the following assumption:

Hypothesis (H1): We have (H) with
¢ ¢ ¢
oy = ao+/ a;ds+/ a;_dWSJr/ vs—dVy +
0 0 0

/Ot/E pow(s—,x)(u—v)(ds,dz) +/Ot/E(w — pow)(s—,x)u(ds,dz). (2.8)

Here o' and ¢’ and v are like in (H0); V is a d”’~dimensional Wiener process
independent of W, with an arbitrary covariance structure; p is a Poisson ran-
dom measure on (0, 00) x E independent of W and V, with intensity measure
v(dt,dz) = dtF(dx) and F is a o—finite measure on the Polish space (F, £);
@ is a continuous truncation function on Rdd’ (a function with compact sup-
port, which coincides with the identity map on a neigbourhood of 0); finally
w(w, s, ) is a map 2 x [0,00) x E — Mgy 4 which is Fy; ® £-measurable
in (w,x) for all s and cadlag in s, and such that for some sequence (Sy) of
stopping times increasing to 400 we have:

sup [l s,2)] < nle), where [ (1 Av(@)) Flds) < oo

wEN,5<Sk(w) ( )
2.9

This hypothesis looks complicated, but it is usually simple to check. The
conditions on the coefficients imply in particular that all integrals in (2.8) are
well defined. It is weaker than (HO): indeed if (HO) holds, we also have (H1)
with £ = RY" and V being the Wiener part of Z if it exists, and u being the
random measure associated with the jumps of Z (so F' is the Lévy measure of
Z), and w(w,t,z) = v(w)x (note that v is the same in (2.7) and in (2.8); the
processes @’ in the two formulae are different, depending on the drift of 7).

We also sometimes need an additional assumption:

Hypothesis (H’): The process oo* is everywhere invertible.

Set once more ¢ = oo*. If the processes ¢ and c_ are invertible, (H1)
holds if and only if the process c satisfies an equation like (2.8), with the same
assumptions on the coefficients. This is not longer true if we replace (H1) and
(2.8) by (HO) and (2.7).

As for the functions g and h, we will suppose that their components satisfy
one of the following assumptions, which we write for a real-valued function
f on RY if f is differentiable at x, we write V f(z) for the row matrix of its
partial derivatives:
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Hypothesis (K): The function f is even (that is, f(—z) = f(x) for all
r € R%) and continuously differentiable, with partial derivatives having at
most polynomial growth.

Hypothesis (K’): The function f is even, and continuously differentiable on
the complement B¢ of a closed subset B C R? and satisfies

Iyl <1 = [flz+y) - f@)] <COA+[lz]") Iyl (2.10)

for some constants C > 0, p > 0 and r € (0, 1]. Moreover:
a) If » = 1 then B has Lebesgue measure 0.
b) If » < 1 then B satisfies

for any positive definite d x d matrix C and any
N(0, C)—random vector U the distance d(U, B)

from U to B has a density )¢ on R, such that (2.11)
SUPzeR ||+ |C-1 <A Yo() < oo for all A < oo,
and we have
C z||P
. d(z, B) IVf (@)l < G,
reB Wl=IATS= = Ct =)yl
(2.12)

The additional requirements when r < 1 above are not “optimal”, but
they accomodate the case where f equals f;,, as defined in (2.2): this function
satisfies (K) when r > 1, and (K’) when r € (0, 1] (with the same r of course).
When B is a finite union of hyperplanes it satisfies (2.11). Also, observe that
(K) implies (K’) with » = 1 and B = . For the concept of “stable convergence
in law”, introduced by Renyi in [11], we refer to [9] for example; it is a kind
of convergence which is a bit stronger than the ordinary convergence in law.

Theorem 2.3. Under (H1) (or (H0)) and either one the following assump-
tions:

(i) all components of g and h satisfy (K),

(i) (H’) holds, and all components of g and h satisfy (K’),
the processes v/n (X™(g,h) — X(g,h)) converge stably in law towards the lim-
iting process U(g, h) given componentwise by

di ds

. t . AN AN
Ulg.h)F=>" > / a(os, g, h)IFIE g’k (2.13)
0

j=1k'=1

where
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oy oy @D, g, bR (D, g, b EIm = A, g, h)TRIH
and  A(Z, g, h)TRIH =8, (Pz(gjlgj'l')ﬂz(hlkhl"“')
+o5(g7)ps (W) ps(g”" h%) + ps(g” ) ps (') ps (g h'F)

~3p2(™)ps ("o (F)ps (W),

(2.14)

and W' is a d1d3—dimensional Wiener process which is defined on an extension
of the space (2, F,(Fi)i>0,P) and is independent of the o—field F.

The first formula in (2.14) means that « is a square-root of the dyds xd;ds—
matrix A, which is symmetric semi-definite positive. Observe that the right
sides of (2.4) and (2.13) always make sense, due to the fact that ¢ — oy is
cadlag and thus with all powers locally integrable w.r.t. Lebesgue measure.

Under (H) and if both g and h are even and continuous, the processes

[nt]
% > (o ATV (Vi A7Y)

~E(g(V ATY)h(Vi AL Y)|Fen))  (215)

Un(fa g)t =

still converge stably in law to U(g, h) provided a and o have some integra-
bility properties in connection with the growth rate of g and h (so that the
conditional expectations above are meaningful): see Theorem 5.1 below for a
version of this when a and o are bounded. But such a CLT is probably of
little practical use.

Remarks: For simplicity we state the remarks when all processes are 1-
dimensional and when h(z) = 1.

1. When g is not even we still have a limiting process which is the process
U(g,1) plus a process which has a drift and an integral term w.r.t. W:
for example if g(z) = x, then X(g,1) = 0 and of course v/n X"™(g,h); =
Yint)/n, 50 the limit is Y itself (in this case U(g, 1) = 0). For more details,
see [8].

2. In view of the result on (2.15), when h = 1 the CLT is essentially equiva-
lent to the convergence of

[nt]

= (E(gwﬁ a)F)-n [ pn, <g>du>
i=1

n

to 0 (locally uniform in ¢). This in turn is implied by the convergence to
0 of the following two processes:
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[nt]
223 (BlWm AV~ Bla(vi 0 ATW)IF)) - (216)

[nt]

% Z <p0'in1 (9) — n/f1 Po, (g)du) . (2.17)

n

3. For (2.17) we need some smoothness of o: e.g. u — o, is Hoélder with
some index > 1/2. Hypothesis (H1) is of this kind (although o can have
jumps, (2.8) sort of implies that it is ”Holder” of order 1/2 and further
some compensation arises).

4. The differentiability of ¢ is in fact used for the convergence of (2.16).
Another natural idea would be to compare the transition densities of Y
and W for small times, provided of course the former ones exist: that
allows to get the results for functions g and h which are only Borel—
measurable, in Theorem 2.3 and in Theorem 2.1 as well, but it necessitates
quite stringent assumptions on Y (like a Markov structure, and non—
degeneracy).

2.3 Applications to bipower variations

Let us now explain how the general CLT above writes for bipower variations.
The most general form is given below, but for simplicity we first consider the
1-dimensional case for Y, with a single bipower process.

Theorem 2.4. Let r,s > 0 and assume that d = d' = 1. Under (H1) and
if either r,s € {0} U (1,00) or (H’) holds, the processes (v/n (V(Y;r,s)" —
V(Y;r,s))) converge stably in law towards a limiting process U(r,s) of the
form

t
U0, 8)0 = Vitariizs + i e~ 382 [ Joul"* dWl, (219
0

where W' is a Wiener process which is defined on an extension of the space

(02, F,(Fi)e>0,P) and is independent of the o—field F.

For the general case we consider simultaneously all cross—bipower varia-
tions for any finite family of indices. We need some more notation: we de-
note by u(X;r,s;j, k) the expected value of |U;|"|Uk|® when U = (U;)1<<d
is an NV(0, X X*)-distributed random variable, and also by u(X;7;7) the ex-
pected value of |U;|" (so u(X;r; j) = p(X;r,0;4, k) for any k, and p(X;r; j) =
|C37|"/? .., where C' = X 5*).

Theorem 2.5. Let (1, s;) be a family of nonnegative reals. Under (H1) and
either one of the following assumptions:

(i) ri, s € {0} U (1, 00),

(i) (H’) and ri, s; € [0,00),
the L x d x d—dimensional processes
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(Vn (VY Y*r,s)" = VY, Y*rs): 1<I<L, 1<j,k<d)

converge stably in law towards a limiting process (U(ry, s;,7,k) : 1 <1< L1 <
J, k < d) having the form

L d d

t
U(Tl7sl7j7k)t = Z Z Z/ Oé(ou)ljk7llj/k/ dW,;l/j/k/, (219)
0

I'=1j'=1k'=1
where
DDTIRD DTS SRR 03) L L ALCT0 7 LEARUE I CLLE A
and  A(Z)IRIE = (Do s g, (S s s kLK)
Fu( 25 ) p(Es s K (s 7, 80557, F) (2.20)
F( X5 s 5 (X s k) (X510, 8005 5, K)
=3p( sy ) p(Es s ) (Es s k) (X5 5 k)

and where W' is an L x d x d—dimensional Wiener process which is defined
on an extension of (2, F,(Fi)i>0, P) and is independent of the o—field F.

This result readily follows from Theorem 2.3, upon taking d; = Ld, dy = L,
ds = d, g(x)!9" = |27 |" ey (e is the Kronecker symbol) and h(x)b7 = |z]5.
Apart from Theorem 2.4, several particular cases are worth being mentioned
(recall that ¢ = o0™):

1. If j = k then \/n (V(Y7;r,5)" — V(Y7;r,s)) stably converges to

r+
2

t
\/M2rl/«2s + 2 prs s — 3#7%/‘3/ 2|2 awy,.
0

This is also, of course, a consequence of Theorem 2.4.

2. The bivariate processes with components \/n (V(Y7;7,0)" — V(Y7;7,0))
and /n (V(Y*;0,5)" —V(Y*;0,s)) stably converge to a continuous mar-
tingale with (matrix—valued) bracket C given by

CH = (o — 4i2) Jy el | du

Ci2 = [y (ulouiry 5, k) = gl 772 eER112) du o - (2.21)

CP = (2 = 12) Jy ||
The same is true for the processes with components /n (V(Y7;r,0)" —
V(Y7;7,0) and /n (V(Y*;5,0)" — V(Y*;5,0)). When j = k we get
Ctl2 = (Hrys — Hrfhs) fg |Cij|% du.
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Finally we state the multipower variation result, in the 1-dimensional case
only for simplicity. We consider the processes of (1.4) and (2.6), which are
written V(Y;ry,...,ry)" and V(Y;r1,...,rn) here. For any choice of r; > 0,
and under (H1) and also under (H’) if any of the 7 is in the set (0,1], the
processes \/n (V(Y;ri,...,ry)" =V (Y;r1,...,rN)) converge stably towards
a limiting process of the form

t
Ulrn, . rx)s = \/A/ (TN AW
0

where W’ is a Wiener process independent of the o—field F, and where

N-1 N—k

N N N
A= H,UQm - (2N - 1) H,U/?«l +2 Z H:ur‘z H Hory H Koyt -
=1 =1

k=1 1=1 I=N—-k+1 =1

~

2.4 Outline of the proof

The remainder of this paper is devoted to proving Theorems 2.1 and 2.3:

1. In Section 3 we replace the ”local” assumptions (H), (H1) and (H’) by
"global” ones called (SH), (SH1) and (SH’): these stronger assumptions
are likely to be satisfied in many practical applications, and the ”local-
ization techniques” using stopping times are standard: so the reader can
very well skip most of that section and read only the assumptions and
(3.6).

2. The idea of the proof is simple enough. First, replace the increments A?Y
of the process (2.3) by o(i—1)/n A7 W: then the CLT is a simple conse-
quence of the convergence of triangular arrays of martingale differences,
and the convergence in probability follows from the CLT: this is basi-
cally the content of Section 4. In Section 5 we prove the CLT for the
processes of (2.15): this easily follows from Section 4. Hence proving The-
orems 2.1 and 2.3 amounts to control of the differences X™ (g, h)—U"(g, h)
or v/n (X"™(g,h)—U"(g,h)): for Theorem 2.1 this is simple, see Section 6.
For Theorem 2.3 it is done in Section 8: we have to split the above differ-
ences into a large number of terms, which are estimated separately. So we
gather the necessary (very cumbersome) notation and technical estimates
in Section 7.

3 Some stronger assumptions

Under (H) we have a sequence Ty of stopping times increasing to +o0o and
constants ', such that

s < T = las| + |os—| < Ch.
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Setas)—as/\Tk,andcr():crslfs<Tkandos): _1fs>Tk We

o,
associate Y %) with a®®) and o(®) by (2.3), and X™*) (g, h) with Y *) by (2.1),
and similarly X*)(g, h) and U*) (g, h) with o(®) by (2.4) and (2.13) (and the
same process W' for all k).

Suppose that we have proved Theorem 2.1 for X" (%) (g,h), for each k.
Observing that X™®)(g,h); = X™(g,h); and X*) (g, h); = X(g,h); and
U®) (g, h)y = U(g, h), for all t < T}, and since T}, increases to oo as k — o0, it
is obvious that the result of Theorem 2.1 also holds for X™(g, h). So, instead
of (H), it is no restriction for proving Theorem 2.1 to assume the following
stronger hypothesis:

Hypothesis (SH): We have (H), and further the processes a and o are

bounded by a constant.

Now we proceed to strenghten (H1) in a similar manner. Assume (H1) and
recall the sequence (Si) in (2.9): it is no restriction to assume in addition that
S < k. Set for k,1 > 1:

Ek,l = {CL‘ S ’lﬁk(x) > l}, Rk,l = inf(t : ,u((07t] X Ek,l) > 1)
Then we have
P(RkJ S Sk) S E(p((O, Sk] X Ek,l)) = F(EkJ) E(Sk) S k F(EkJ).

In view of (2.9) we have lim;_,o, F'(Ex;) = 0. Hence we find I} such that
P(Ry., < Sk) < 27F, and obviously the sequence of stopping times S, =
Sk A Ry1, has sup, Sj, = oo a.s.

Next, just as above, we find a sequence S}/ of stopping times increasing to
400 and constants C}, such that

s<S = Mlasl + llos—Il + llagll + o[l + llvs - < Ci.
Then if T}, = S}, A S}/, we still have sup;, Ty, = oo a.s., and further
s<Tp = |lasll + llos—|l + llagll + llot_[| + [los—|| < Ck,}
1((0, Tx) X Ejy,) = 0. '

Set

0 if s> 1T}
(as, 0%, vs,w(s,x)) if s <Ty

(@, 6! ®) ) ®) (s, 7)) =
(0,0,0,0) if s> Ty,

~—

u(k)(ds,dx) = p(ds,dz) 1E,gvlk (),
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v ¥)(ds, dz) = ds ® Fj,(dz), where Fy(dz) = F(dx) 1E£,zk (z).

Then ;) is a new Poisson measure, still independent of W and V, with
compensator ¥ and 1, is square-integrable w.r.t. Fi,. We then put

t t t
0 0 0

t
+/ / pow® (s—,2)(u® — ™)) (ds, dr)
0 E

t
+ [ [ @ oo w5, a)u® ds, da) (3:2)
0
t t
= 09 +/ (a®) + a{P)ds +/ oM aw, —1—/ vPay,
0 0
t
+ / w® (s, 2)(u®) — 1)) (ds, d), (3.3)
provided ! = [p(w ) —pow®))(s—, z) Fj,(dx). Then o¥) = o, when s < T},

and [|as k)H < C}, for all s, for some constant Cj,.

We associate Y *) with a(*) and ¢ by (2. 3) and X™*) (g, h) with Y(*)
by (2.1), and similarly X *)(g, h) and U*) (g, h) with ¢*) by (2.4) and (2.13)
(and the same process W' for all k). We clearly have X™*) (g, h); = X™(g, h);
and X (g,h); = X(g,h); and UF) (g, h); = U(g, h); for all t < Tj.

Hence, exactly as for (H), for proving Theorem 2.3 it is no restriction to
replace (H1) by the following stronger assumption (recall (3.3)):

Hypothesis (SH1): We have (SH) with

t t t ¢
O't:0'0+/ a;ds+/J;7dWS—|—/US,st—ﬁ—//w(s—,x)(,u—l/)(ds,dx)
0 0 0 0JE

(3.4)
with V, g and v as in (H1), and o/, o', v and a are like in (HO) and uniformly
bounded. Finally w is like in (H1), with further

sup |lw(w, s, )| < ¢(x), where /w F(dz) < oo, 9(x)<C.
we 2,520
(3.5)

In a similar way, under (H’) we find a sequence T} of stopping times
satisfying (3.1) and also ||(cs0%)7!|| < Cj if s < Tj. So the same argument as
above allows to replace (H’) in Theorem 2.3 by

Hypothesis (SH’): We have (H’) and further the process (oo*)~! is
bounded.

Finally, let us denote by M’ the closure of the set {7, (w) : w € 2,u > 0}
in Mg 4. Then there is a constant Ay such that:
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under (SH) we have Y e M’ = || X < Ay (36)
under (SH’) we have Y e M’ = [[(ZX*)7! < A,. .

In view of the previous results, we can and will assume in the sequel either
(SH), or (SH1), and sometimes (SH’).

. . P
Let us also fix some conventions. We write V" — V for a sequence (V™)
of processes and a continuous process V when sup ., ||[V?* — Vs|| goes to 0

in probability for all ¢ > 0. When V™ takes the form V;* = [

= i:] ¢l for an
array of variables (¢I"), and when V" 2, 0, we say that this array is AN, for
Asymptotically Negligible.

The constants occuring here and there may depend on the constants in
(SH) or (SH1) and on the functions g and h and are all denoted by C' and
change from line to line; if they depend on another external parameter p, we

write them C)p.

4 A first simplified problem

In this section we prove the CLT in a slightly different setting: in some sense,
we pretend that at stage n, o is constant over the interval [(i — 1)/n,i/n).
More precisely, we introduce the following R*valued random variables:

Bl = oo AMW, BT =i o AT W, (4.1)

and we write pi' = po, I To begin with, we consider an My, 4,—valued
adapted cadlag and bounded process § and an My, 4,—valued function f on
R Then we introduce the Mg, 4,—valued process (recall (4.1)):

[nt]

U = = > e (F(B) = pia (). (42)

=1

In a similar way, for g and h like in (2.1), we set

[nt]
U = % > (BAE) = oo a(h). (4.3)

Our aim in this section is then to prove the following two CLT’s:

Proposition 4.1. Under (SH), if f is at most of polynomial growth, the se-
quence of processes U™ in (4.2) is C-tight. If further f is even, then it con-
verges stably in law to the process U defined componentwise by

dq ds

. t . AN AN
vt =3 /0 SRR Q' (4.4)

j'=1k'=1



CLT for bipower variations 15

where
di  ds da
>0 a s = 37 (ol () = o () o, (1) )86
=1 m=1 Li'=1

(4.5)
and W' is a didz—dimensional Wiener process defined on an extension of
(2, F,(Fi)i>0,P) and which is independent of the o—field F.

Proposition 4.2. Under (SH) and if g and h are continuous with at most
polynomial growth, the sequence of processes U™ is C-tight. If further g and
h are even, then it converges stably in law to the process U(g,h) described in
(2.13).

Before proceeding to the proofs, let us mention the following estimates,
which are obvious under (SH):

E([87117) + E(l5"[1) < Cq. (4.6)

Next, saying that f is of at most polynomial growth means that for some
constants C' > 0 and p (we can always choose p > 2),

reR' = |f(2) < OO+ le|?). (4.7)

Observe also that Propositions 4.1 and 4.2 imply respectively

[nt] t
1
30 1) [ 6 pa () du (4.8)
i=1 0
1 [nt] p [t
> 9ME) o [ b (@0, () du (49)
i=1 0
Proof of Proposition 4.1. We have U]’ = yﬂ 7, where (' =

0i—1 (f(B) — p_1(f))/+/n. Recalling (4.6) and (4.7), we trivially have

C
B((|Fr) =0, B(IHFm) < (4.10)

27

"k 1‘/k/ 1 .k7 _lk/
B 1P = Al

where A7k 'K is the right side of (4.5). Moreover since o is cadlag we deduce
from (4.7) that s — p,, (f) also is cadlag. Thus by the Riemann integrability

we get
[nt]

; aNg t . N
SRR | Fo) — / AR gy, (4.11)
i=1 " 0
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Then (4.10) and (4.11) are enough to imply the tightness of the sequence
um™).

Now, assume further that f is even. Since the variables A?W and —A?W
have the same law, conditionally on Fi-1, we get

do
BT AW i) = Y SN EAIW f(Vi o AYW) | Fia) = 0.
m=1 " " "

(4.12)
Next, let N be any bounded martingale on (2, F, (F¢)¢>0, P), which is orthog-
onal to W. For j and k fixed, we consider the martingale M; = E(g(82)7*|F,),
for t > =1, Since W is an (F;)-Brownian motion, and since 87" is a function
of o(;—1y/n and of A}W, we see that (M;);>(i—1)/n is also, conditionally on
F(i-1)/n,» a martingale w.r.t. the filtration which is generated by the process
Wy — WL% By the martingale representation theorem the process M is thus

of the form My = Mi—1 + [ f;l 1sdW for an appropriate predictable process 1.
It follows that M is orthogonal to the process N/ = Ny — Ni—1 (for ¢ > %),
or in other words the product M N’ is an (F;), i—1 —martingale. Hence

E(APN g(v/n 0is AFWPH i) = B(AFN' M| Fics)
=E(A?N'APM|Fi-1) = 0,

and thus
E((APN|Fi-1) = 0. (4.13)

If we put together (4.10), (4.11), (4.12) and (4.13), we deduce the result
from Theorem IX.7.28 of [9]. O

Proof of Proposition 4.2. A simple computation shows that U™ =
1
S 4 A — A, Where

¢ = % (9B ) (R(BIL) = pa(W) + (9(B1) = Pis()Pia (1)),

n 1 mn n n
Yi = % (9(B") — pi—1(9)) pi1(h).

We trivially have (4.10), while (4.12) and (4.13) (for any bounded martin-
gale N orthogonal to W) are proved exactly as in the previous proposition. We
will write p}* 5, 1(9,h) = [ g(oi1x)h(0i-2x)p(dx), where p is the N'(0, Ia)
law. An easy computation shows that
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(90817 g (87" (22 (WEHH) = o (W) (0 )

+9(5?—1)jl P?—l(hl F ) (p?—Q,i—l(gj ! ,hlk) - P?—z(hlk)l)?—l(gj ! )
+9( ?71)j ! P?A(hlk) (9?72,1'71(9]'[7 h'k ) — P?ﬁ(hl F )P?A(Qﬂ))
+o (W) () (e (979" ") = o a(9"Pia (671)) )

and thus by (4.8) and since the components of g and h satisfy (4.7) and are
continuous and ¢ is cadlag (hence in particular pi' 5 ; (g, h) — pi_5(gh) goes
to 0, uniformly in ¢ < [nt] 4+ 1), we get

[nt]+1 +
S BT | Fi) - / A(0u, g, h)y** " du.
i—2 " 0
Then exactly as in the previous proof we deduce that the processes Zyg ¢l
are C—tight, and that they converge stably in law to the process U(g, h) of
(2.13) when further g and h are even.

On the other hand ~}* is the transpose of the jump at time i/n of the
process U™ of (4.2) when 6, = p,, (h*) and f = g*, so Proposition 4.1 yields

SUP; <[y 177"l £, 0 for any t: hence the results. O

5 A second simplified problem

So far Y has played no role, but it will come in this section. Recalling (4.1),
we set

€= AYY — 87, "= ARLY - B (5.1)

Observe that
&'=+vn (/W audu+/n (Ou- —Ui—l)qu> ;
i—1 i—1 n

and a similar equality for £, with the integrals between i/n and (i + 1)/n.

Then under (SH) we have for any ¢ € [2, 00), by Burkholder Inequality:

E(|vn ATY(7) + E(IE ) + B(IE") < Cq. (5:2)

We can now consider the processes U™ (g, h) of (2.15): in view of (5.2), the
conditional expectations in (2.15) are finite as soon as g and h have polynomial
growth.
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Theorem 5.1. Under (SH) and if g and h are continuous with at most poly-
nomial growth, the sequence of processes U™ (g, h) of (2.15) is C—tight. If fur-
ther g and h are even, it converges stably in law to the processes U(g,h) of
(2.13).

We first prove three lemmas. The first one is very simple:
Lemma 5.2. Let (¢") be an array of random variables satisfying for all t:

[nt]

S E(I¢H P F ) = 0. (5.3)
=1

If further each (I is F i+1 —measurable, the array (¢ — E(('|Fi-=1)) is AN.

Proof. Of course the result is well known when (I is F;/,—measurable. Oth-
erwise, we set n;' = E((]'|F;/n). This new array satisfies also (5.3) and now
ni' is F;/,—measurable: so the array (n;' — E(n'|Fiz1)) is AN.

Next, (5.3) and Lenglart’s inequality (see g.g. I-3.30 in [9]) yield
Zyﬂ E(|¢]P1Fi/m) 2,0, so the afore mentionned well known result also
yields that the array (¢ —n!) is AN, and the result follows. O

Lemma 5.3. Under (SH) we have for all t > 0:

[nt]

STE(IE + 1188 — B I7) — 0. (5.4)

i=1

1
n

Proof. First, the boundedness of a yields

1 =
E(|¢'1P) < C <n +nE (/1 llow— — Ji—n1||2du>> .

We also trivially have

E(|81 = B7I1°) < CE(los — oia[)

< CnE (/nl (loue = iz ||* + [|oue — g£||2)du> .

n

Hence the left side of (5.4) is smaller than

¢ t
¢ (L4 [ Bllow- ool + 190 = ougraynl?) ).

Since o is cadlag, the expectation above goes to 0 for all u except the fixed
times of discontinuity of the process o, that is for almost all u, and it stays
bounded by a constant because of (SH): hence the result by Lebesgue’s theo-
rem. O
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For further reference, the third lemma is stated in a more general setting:

e f and k are functions on R? satisfying (4.7);
o 1, 4m A are R%-valued variables, (5.5)
o Z =1+l + 7"l + [l satisties BE((Z])F) < Cp.

Lemma 5.4. Under (5.5) and if further k is continuous and

[nt]
- ZE ||’7m //n” ) 0, (5.6)
then we have for all t > 0:
[nt]
- ZE M) = k(y™))?) — 0. (5.7)

Proof. Set 0 = (f(77)(k(/") = k(3{™)))” and ma(e) = sup(|k(z) — k(y)| :
|z —yll <e, ||x|| < A). For all ¢ € (0,1] and A > 1 we have

0; <C (A2pmA(5)2 + A4p1{\|v£"—'y£’"l\>e}
H(ZI P (> Ay + L 154y + Lirm>ay)

APy — i (zp)rtt
< A2p 2 i 7 7 .
< C’( ma(e)” + = R}
Then in view of (5.5) we get
1 [nt] 1 [nt]
B <o [armaer s L Z (R
i=1

This holds for all € € (0,1] and A > 1. Since ma(e) — 0 as € — 0, for every
A, (5.7) readily follows from (5.6). O

Proof of Theorem 5.1. In view of Proposition 4.2, it is clearly enough to
prove that U™(g,h) — U™ £,0. Set

1
G = = (9VRATY (Vi A, Y) = g(BR(BM) (5.8)
and observe that ¢ is ]—"i%l—measurable and that U™ (g, h),—U" = ;" [nt] (¢ —
E(("|Fi=1)). Then by Lemma 5.2 it suffices to prove that

[nt]

ZE IGH11%) (5.9)
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For proving (5.9) it is clearly enough to consider the case where both g
and h are 1-dimensional. Recalling /n A?Y = 2 + £, we then have

G < (b B2, Y (908 + €) — 9(57)?
U2 (BB + €0) — h(G)) + 05 (h(8Er) — (A

Then (5.9) immediately follows from (4.6) and (5.2) and from Lemmas 5.3
and 5.4. a

6 Proof of Theorem 2.1

As stated in Section 2, we can and will assume (SH). We use the notation ¢
of (5.8), and set

mi =EB(g(Vn AY)h(Vn ALY Fiza), 0" = pia(g)pia (h)

and V;* = Eyﬂm" and V/" = Zygn;" Theorem 5.1 implies (X" (g, h) —
vm) £, 0, and Riemann integrability yields = V'™ — X (g, h) pointwise in w
and locally uniformly in time. So we need to prove that =(V" — V'™) .o
Since n* — ™ = /n E(C*|Fi=1), it clearly suffices to prove that

[nt]

%ZE(HG‘II) —0. (6.1)
=1

By the Cauchy—Schwarz inequality, the left side of (6.1) is smaller than
1/2
(t soled E(||Ci"||2)) , and thus (6.1) follows from (5.9). 0

7 Technical preliminaries for Theorem 2.3

As said before, for proving Theorem 2.3 we can and will assume (SH), and also
(SH’) when at least one of the components of g or h satisfies (K’) instead of
(K). In fact, this theorem is deduced from Theorem 5.1, provided we can show
that v/n (X™(g,h): — U™(g,h):) goes to 0 in probability, locally uniformly in
t. This amounts to proving that the array

1

Vn

is AN. Obviously, we can work componentwise, and so we will assume w.l.0.g.
that both g and h are 1-dimensional (they still are functions on R%, though).

CTL_
i =

E(g(v/i APY)(vit AL YIF) = Vi [ b (0)0a, ()
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We have (' = (" + (/'", where
1
G = 7 (Blo(va A1V )h(/n ALY Fi)

~E(g(80)|Fiz) B((A")|Fi)), (T.1)

=i [ (pr@)pa, () = o2 (9)07 1 (1) d (7.2)

So we are left to prove that both arrays (¢/™) and (¢/™) are AN. For the second
one this is relatively simple, but for the first one it is quite complicated, and
we need to split the difference in (7.1) into a large number of terms, which are
treated in different ways: this section is devoted to estimates for these various

terms.

7.1 Some notation

First, we fix a sequence of numbers &, € (0,1] (which will be chosen later
and satisfy e2n > 1), and we set E, = {z € E : ¢(z) > e, }. Then, recalling
the product—matrix notation, under (SH1) we can introduce a (long) series of

R%valued random variables:

cm%ﬁ/” (aufag)duﬁ/ﬁ/“ (/ ods

n

i—1
n n

+/ (U;_ - U/z;l)dwe +/ (vs— - Ull)dve> qu;
i—1 ™ n

C) = va </ " alds + / (a;_ — a;,l) AW,

n

+[_1 (vs— — vin1)st> AW,

1 W
C(2)? =Vn (TL ai-1 + 0, / (Wu - W 171)dwu
n n i—1 n

n

Ui / " (Vie - Vu>dwu> ,
n i 1 n

@)™ = v (aa;l AW + vﬂAgv) AW,

(/ul /f«; w(s—, x)(p— V)(ds,dz)) AW,

)" = vn ( / / wls ) v)(ds,dw) AW,

@ =i [
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A

n

cay = —van ( /ﬁ [ =) = w2 u(dadw)) AW,

B =-vn [ </u : w( ;1795) y(ds7dx)> AWy,

o) = —\/ﬁ( et u(ds,dm) A,

@)= [ (/ [ (w2 = w( =) u(ds,dx)> W,

n

(= v / ( o[ wtte u(ds,dm) aw,

(T =V ( [ ] wtra u(d&dm)> AW,

o) = v ( Lo [ ) == u(ds,dm) AW,

We also set
& =C)F +CE) + AP +CO)F, & =@ +CB)P + (D7
& = C(1)" + ¢ + ¢ + ¢(6)n,
gm = <<2>'—" + ¢+ (T
é\z{n _ z+1 +€//n gz(n _ H—l +€//n

In view of (5.1), a tedious but simple computation shows that

\/ﬁA?Y—ﬁl‘=£?=€7‘+§”, Vi ALY - Bt =g = gy e,

Next, we put ¢(e f{l\w(w)ll<6} ¥(x)?F(dx), so that
eld = p)—0
0€(0,2] = [y Y@ F(d2) < 5,
022 = [< @) F(dz) < p(e) 72

Finally, set

(7.3)

(7.4)

(7.5)
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i

1 n
ot = p+E (( / (llaw = @it |2 + o = s I+ [0 = vzt |
-

[t ) = o2 )l Fe) ) ) W) L)

7.2 Estimates for ((k)} and ((k)7"

Here we estimate moments of the variables ((k)! and ((k);". A repeated use
of the Hélder and Burkholder inequalities gives us for ¢ > 2, and under (SH1):

E([[¢(DF ) +E(I¢)i"9) < Cq a?’q/”qﬂ’} (7.7)
E([¢@)7119) + E(I¢2);"9) < Cg/n?/2.
Lemma 7.1. Under (SH1), and for any even integer g > 2, we have
n m 6;11_2
E(CE)TI) +ECB) ) < Cq plen) =—. (7.8)
Proof. Apply the Holder and Burkholder inequalities repeatedly to get
B 2 (I/2
E(IC)1 < G [0 [ w(s, z)(u - v)(ds, da)|| du
<C /7 <| (s,z)(n — v)(ds, dz) du>
i q/2
<Cyn </ / ||wsa:|udsdx)> du
i q/2
<C,E ( [ ] v u(ds,d:r)>
i-1 Ec
=E((Z! - 2.)"?),
where Z}' = fo f EC 2u(ds,dz) is an increasing pure jump Lévy process,

whose Laplace transform is
A — E(e 220y = exp t/ (e_’\w(””)2 —1) F(dz).

We compute the ¢/2-moment of Z7,, — Z7 by differentiating ¢/2 times the
Laplace transform at O: this is the sum, over all choices uq, ..., u of positive
. . k . .
integers with > . ; u; = ¢/2, of suitable constants times the product for all
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i = 1,...,k of the terms ¢ [, ¥(x)** F(dz); moreover this term is smaller
than te24i=2p(g,,). Since further &, < 1 and ¢(1) < oo, we deduce that

q/2

E((Z, — 22)"?) < Cyplen) Y t7ed™F < Cyplen)(ti? +172).
k=1

We deduce (7.8) for (3)7 (recall ne2 > 1), and the same holds for ((3)/*. O

?

Lemma 7.2. Under (SH1), for any q > 2 we have

E([CA?I) +EC@ 1) + ECG)TN) + B(UIC(G)" 1) < 6;2q~

(7.9)

Proof. Applying the Holder and Burkholder inequalities and |Jw(s,z)| <
Y(x) yields for j =4, 5:

E(ICO 1 + 1<) 1) <

< C,E n/i (/u /EHQ/J(:C)V(ds,dx))Q du
<c, (/ ds/Enz/)(x)F(dx)>q < % (/Enz/)(x)F(dm))q. (7.10)

n

q/2

The result readily follows from (7.5). O

For ((5)} and ¢(j) with j = 6,7 the analogous estimates are noy quite
enough for our purposes, and we need a bit more. Below, we consider a pair
(r, B), where r € (0,1] and B is a closed subset of R?, with Lebesgue measure

0, and such that (2.11) holds when r < 1 and that r = 1 if B = (). Let also
r=1 = Ar=1

_ . (7.11)
r<l = AP =1+ gowp, witheither ' =g or 7' = §"
Lemma 7.3. Under (SH1) and the previous assumptions, and if further
(SH’) holds whenever r < 1, for any q € (1,2) and l € [0,1) we can find
u > 1 (depending on q and ) such that

nilg (An\l milqg (An\l Clq (0‘?72)1/“
E (||C(6)z || (%‘ ) ) +E (||C(6)Z || (%‘ ) ) < — gz

E (<7l (G)) +E (sl (7)) < -

(7.12)
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Proof. We set MM = supse[(Z V) /nyiyn) [Ws — Wiz 1H and wy(s,x) =
w(s—,x) —w(*=t z) for =1 < s < L and

zp_// ¥(z) p(ds,dz), Z" = // wn (s, 2)|| j(ds, dz).

Observe that Z™ and Z'™ are nondecreasing, piecewise constant, and Z;" —
Z"™ < 2(Z} — Z7') whenever s < t. Then

IO)21 < Cv M (2T - Z2).

Set v/ = 1 (1 +1A q_%), which satisfies v’ > 1 because [ < 1 and ¢ € (1, 2).
With 67 = (y/n M™)*' (37)*t we then have (since v/ > 1 and u/'g—u/+1 > 0):

1

ICO)11 G < Cy (37 (22 = Ziy) o+ ) (2 -zt

n

1

)

and Holder’s inequality yields
E ([lK@)717(M)")
1 w'—1

<Cy (B0 (22 = zia) o)) (B2 - Zim)) (113

Now, if we combine (2.11) and (3.6), we see that when r < 1 (so (SH’)
holds) the variable d(v}*, B) has a conditional law knowing Fi—1 which has
a density which is bounded uniformly in n, ¢ and w, so E((ﬁl”)ﬂ}"g) is
bounded by a constant Cy for all s € [0,1), whether r = 1 or r < 1.nAlso,
E((vn M»”)p|.7-'ﬂ) < C, for all p > 0. Then by Hélder’s inequality we get

E (5 | Fizs 1) < Cy,1- Since further the variable Z%7 — Z7_, is independent of

n

07, conditionally on Fi-1 1, We deduce
E (07 (22 = Z2L,)" 07 ) < Cou B((Z2 - Zi) 7). (1.4)

Next, we estimate the moments of Z™ and Z'™. Observe that Z'" = A'™ +
N'™ where

A :/ / lwn (s, z)||v(ds,dz), N™ = / / [wn (s, 2)||(k — v)(ds, dz).

On the one hand, since F(E,,) < C/e2 by (7.5) and ne2 > 1,

i

St ([ F(dx>)2

m

/ as F(5,) [ (o, )

< / ds/ lwn (s, 2)||2 Flda).
7—1 En

(AP — AT )2 <

n

S|

3

<

S|
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On the other hand N’ is a square—integrable martingale, and thus

E ((N;-" — Nﬁ’il)Q) <E </ ds/ ||wn(s,x)||2F(da;)> ,
n n i—1 E,

and thus

m m\2 c a’z(l’2
E ((Zi —zn,) ) < i (7.15)
If we replace ||w, (s, )| by ¥(z), we obtain in a similar fashion
C
E((z:-278)%) <~ (7.16)

Then if we combine (7.13), (7.14), (7.15) and (7.16), and since v'g—u'+1 < 2,

we obtain the result for (6)%, with u = f,’i/ > 1, and the proof for {(6)/™ is

1
similar. Finally if we replace w,, by w (then a?’Q is replaced by a constant),

we get the result for ¢(7)! and ¢(7)}"™. O

7.3 Estimates for the variables of (7.3)

Here we derive estimates on the variables defined in (7.3). Below, the pair
(B,r) and the variable 7 are like in Lemma 7.3. We also consider positive
random variables Z* which satisfy

B(Z))<C, Va>2. (7.17)

Observe that £ and £™ do not depend on the sequence &, but @ and 57”
do. Remember also the variables ;"7 defined ibn (7.6).

Lemma 7.4. Assume (SH1) and (SH’) and (7.11) with v < 1 and (7.17).
Let p>2 andl € (0,1). Then if 0 € (1,2) we have

o~ m ~n C )
E((Z)P 181”1 + E(ZDP 1€01° G < n’;fgl, (7.18)

Moreover one can find a sequence €, > 0 with ne2 > 1 and a sequence z, > 0
with z, — 0, both sequences depending on | only, and also two numbers q,q >
1 depending on I only, such that

B((Z0 ) < G on + (@)Y + (o 2)1),
B2 I (37)) < S + (0 )9 + (o) Ve (7.19)

vn
+ )Y+ (af ) V).
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Proof. We prove (7.18) and (7.19) for £ and @” only, the proofs for £/ and
&™ being similar. We have seen in the proof of Lemma 7.3 that, by (7.11),

sel0,1) = E(F")<C.. (7.20)

Although & does not depend on the sequence ¢, we need to introduce a
suitable sequence ¢, to prove (7.18): so we prove (7.18) and (7.19) simulta-
neously, with some fixed 6 € [1,2) for the first result, and with § = 1 for the
second one. If t = 3 (14 + A\ 2), by (7.17) and Hélder’s inequality we get

~ ~ 1/t
E((Z0) €717 ()Y < Cpoa (B(IENI G2)4)" "
(7.21)

Bz 181 G < Coa (BOE Gym)

Next, let s be the biggest number in (1,1/tl) such that its conjugate
exponent s is of the form s = 2m/tf for some m € N with m > 2
and put ¢ = s’tf. Note that s’ and g depend on 6 and [ only. The set
{y > 0 : y?o(y//n) < 1} is an open or semi-open interval whose left end
point is 0, and whose right end point is denoted by al,, and since ¢(y) — 0
as y — 0 it is clear that a], — oco. At this point, we set a,, = 1\/(a,, — 1/n):
then a,, — oo, and for all n big enough a,, < a,, and thus aly(a,//n) < 1.
Then we choose the sequence ¢, as &, = a,/y/n, thus ne2 > 1. Observe that
both sequences ¢, and a, only depend on # and .

Now we apply (7.8) and (7.9) with ¢ and &, as above, plus (7.20) and

Holder’s inequality, to get

" ~n 1/t Co. tn 1/s't ai—Q/s/t C Co.
(Bl ()" < Crslead, < o Sl
N 1/t ~ 1/t Cy. Ch. ’
(EIC@ I @MY + EUCE?I? Gmn)" < S5ty < St

In a similar way, (7.20) and (7.7) and Hélder’s inequality give (with the same
q as above):

n on 1/t Coyu (]! 8/a
(E(lc(n)z]|® Fryt)Y* < o lal DL

(7.23)
(B(IC@PI? G < Sot
Finally applying (7.12) and t0 < 2 yields
n||t ~n /t Co,1 (‘3‘7'L’2)1/q/
ECGZ_fO%_tllgez i )
(E(IC@)P1* MY = — (7.2

n ~n 1/t >
(E(HC(’?)Z ||t0 (71’ )tl) no/2

for some ¢’ > 1 depending on tf and tl, hence on # and [ only.
Then if we put together (7.21), (7.22), (7.23) and (7.24), and in view of
(7.3) and (7.4), we readily get (7.18), and also (7.19) with z,, = an?/¥t 4 a;t
(note that for (7.19) we take 6 = 1). O

IN
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7.4 Final estimates

The previous subsection gave us estimates on the variables of (7.3), which in
view of (7.4) are the building blocks for obtaining the difference occuring in
(7.1). Now we procees to give estimates for this difference itself. We start with
a lemma about the variables of (7.6).

Lemma 7.5. Under (SH1) we have for all ¢ > 2 and ¢ > 1 and t > 0:

[nt]
o < >(ap i — o, (7.25)
=1

Sl

Proof. We can of course forget about the term 1/n9/2 in (7.6), whereas the
first part of (7.25) is obvious. For the second part we set

Yn(u) = [lay — a[nu]/n||2 + ||U;7 - Ufnu]/n||2 + [|vu— — U[HU]/nHZ

+ [ =) = u

7 —

L )| (d).

Then the Holder inequality yields

[nt] [nt /4

] i q/2
% Z(a;z,q)l/q’ < @ ﬁ E (’n /ﬂ 'yn(u)du>

i=1 i=1 n

(] 1/q

2 (g Son (- )

n

S ¢ 1/q'
<t (E </ vn(u>q/2du>> ~
0

Since 7, is uniformly bounded and converges pointwise to 0, we get the result.
O

IN

Let us now introduce a list of growth or smoothness assumptions on a real—
valued function f on R?, with complement (4.7). Below, C' > 0 and p > 2
are suitable constants, and the pair (B, r) is given, with the properties stated
before (7.11). We list some conditions, for which we assume that f is differ-
entiable on the complement B€. Below, each ¥4 is an increasing continuous
function on Ry with ¥4(0) = 0.

z€B® = |Vf(x)<CO+|z|P) (1 + W) , (7.26)

zyeRY = |[fle+y) — f@) <CO+Iz]? +ylI?) Iyll",  (7.27)
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[zl <A, 0 <yl e <d(xz,B) = [[Vf(z+y) - V()| <Pale) (7.28)

0< ) < 222
— IVH ot 9) = VI < O+ P + olP) g G (129)

The connections with our assumptions (K) and (K’) are as follows (with B
and r identical in (K’) and above, or B = ) and r = 1 in the case of (K)):

(K), or (K') with r = 1 = (4.7), (7.26), (7.27) and (7.28), (7.30)

(K') with r < 1 = (4.7), (7.26), (7.27) and (7.29) (7.31)

Next, we consider the setting of (5.5), with k is differentiable on B¢. We
let 4™ be either B or 3/, and we introduce the following subsets of (2:

A7 = A" =" > d(v™, B)/2}, (7.32)

(observe that A? = () when B = (}). Let also 7} be an auxiliary variable which
for each w is on the segment joining /" and /", and let 37" be 1 when r =1
and 1+ 1/d(v/™, B) when r < 1. Then we set

@ = O (R = k(™) Lay = VRO () = 2™ La
H(VEE) = VOO0 = " apye)  (7.33)
& = f(71) V(™) (1" = i") (7:34)

(by the fact that B has Lebesgue measure 0, we see that k is a.s. differentiable
at the point v}™, which is either 87 or 3/, so (7.33) and (7.34) make sense).

?

Lemma 7.6. Assume the following:
(i) (SH1) and (5.5) and k satisfies (7.26) and (7.27);
(i) if r =1 then k satisfies (7.28);
(iii) if B # 0 then (SH’) holds;
() if r < 1 then k satisfies (7.29).
(a) If vi'™ = B and ™ — /™ = &P, orif vI'™ = B" and 4" — /™ = €7, we
have for allt > 0:
¢

3

E(27)) — 0. (7.35)

Si-
(]

i=1

(b) If /™ = BT and /" — /™ = €0, or if 4/ = B and A" — 4 = €M, we

% i i i

have for allt > 0:

)

Kl
=

E(|9}]) — 0. (7.36)

Elk

.
Il
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Proof. 1) We first prove the two results when r = 1. We choose ¢, = 1 for
all n and putting together all estimates in (7.7), (7.8), (7.9) and (7.12) (with
1 =0, so this estimate holds for ¢ = 2 as well) to get

=22 = E(|y" "7 < (7.37)

) 318

Then (4.7) and (7.26) and the property A? C {d(v}"™, B
g/2} yield for all A >0, e > 0:

< epU{|lvim =i >

m
o1 +1811] < c(z (wate) + L7

™ =™l m_m
EE— + L py<ey 10" ="l (7.38)

If B = ) the indicator function above vanishes. Otherwise, the variable v,
has a conditional law knowing Fi-1 which has a density (on R?) that is

smaller than some (non-random) Lgbesgue integrable function ¢ (see (3.6)),
so it also has an unconditional density smaller than ¢. Therefore

P(d({",B) <e¢) < a. ::/ o(x)dz,
{z:d(z,B)<e}

and lim. o e = 0. Then (5.5), (7.37), (7.38) and the multivariate Holder
inequality yield

. o C 11
B(erl) + B8 < - (Wale) 4+ iy +allt).

Hence (7.35) readily follows: choose A big, then € small.

2) Now we suppose that r < 1, hence B # ). We have
@51 < (2% (I = A" Lag + " = 27" Lay

i IO il
i By A i gy o

< C(ZPV |l =™ 1M G, (7.39)

where the first inequality follows from (7.26), (7.27) and (7.29) for k, while
the second one is obtained by using the definition of the set A}'. We also have

7| < C(Z) ||y =~ () (7.40)

Therefore, Lemma 7.4 readily gives (7.35), and also (7.36) if we further use
Lemma 7.5. a
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8 Proof of Theorem 2.3

1) As said at the beginning of the previous Section, we can assume that g
and h are 1-dimensional, and that (SH1), and also (SH’) when either g or h
satisfies (K’) instead of (K), and we need to prove that the arrays defined in
(7.1) and (7.1) are AN.

2) Let us prove first that (¢/") is AN. If f is continuously differentiable, and f
and V f have polynomial growth, we readily deduce from Lebesgue’s theorem
that X — px(f) = E(f(XU)) (where U is an N(0, I;)-random vector) is
bounded, continuously differentiable and with bounded derivatives over the
set M’ defined in connection with formula (3.6). Hence if both g and h satisfy
(K) we have (recall the notation (3.6), and set ¢(X) = px(g)px(h)):

DN +1Ve(Z) < C
(&) —o(2) <Ol =2
) =

(&) = o(&") = V() (X = 21|
<w([|X = 2PIX =27

1%
. YeM = | (8.1)
%

for some constant C' (depending on Ay in (3.6)) and some increasing function
¥ on R, continuous and null at 0 (here, V¢ is Mg g—valued, and Vo(X') (X —
X"} is R—valued).

If g or h (or both) satisfy (K’) only we also have (SH’), and since

1 1 1
pZ(f) :/ (27T)d/2det(22*)1/2 f(x) exXp <—2 x*(ZZ*)— {L') dx

we see that as soon as f has polynomial growth the function X' — px(f) is
C* with bounded derivatives of all orders on the set M’. Hence we also have
(8.1), which thus holds in all cases.

Since we can write (7.2) as /™ = ff(i/nl)/n ou) — $(0(i—1)/m)du, we
have ;'™ = ni* 4+ n;" where

=V velr) [ oo du

a
n

"= \/ﬁ/ (¢(0) = dl121) = Volo i) (0w — 011) ) du

n

and we need to prove that the two arrays (n}*) and (7,™) are AN.
We decompose further n}* as n)* = u? + p;*, where

:\/ﬁV(ﬁ(ag)/n du/ alds
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i

/Ag":\/ﬁqu(atl)/; (/adW—l—/ v,
// = 2) (i — v)(ds, dx))du

On the one hand, we have || < C/n3/? by (8.1) and the boundedness of a’,
so the array (u]') is AN. On the other hand, we also get by (SH1) and (8.1)
and Cauchy—Schwarz applied twice:

E(u"|Fia) =0, Bl w;l)sng

Then the array (u;") is AN, as well as the array (nl).
Finally, using (8.1) once more, we see that for all £ > 0,

" < v / (low =il low— o] du

C
<f@()/ ||0u—071Hdu+ f - ||Uu—071||2du

n n

Since E(|loy, — 0i-1||?) < C/n when u € ((i — 1)/n,i/n], we deduce that

[nt]

>R < Ct (96 + =)

i=1

From this we deduce the AN property of the array (n/") because € > 0 is
arbitrarily small and lim._o ¥ () = 0. Hence, finally, the array (¢/™) is AN.

3) Now we start proving that the array (¢;") also is AN. Since ¢(o(;—1)/n) =
E(g(87)h(B{")|Fiz1), we have ¢;* = E(6]"| Fiz1), where

57 = % (9(v/n APY)R(v/a A7,,Y) — g(BP)R(B))

Let us set
={llVn A}Y = 37| > d(5; B)/Q},
A7 =AllVn A%LY = 57 > d(B;", BY)/2},
where B (resp. B’) is either empty or is the set associated with g (resp. h),
according to whether that function satisfies (K) or (K’). We can express the

difference g(v/n A'Y) — g(3%) using a Taylor expansion if we are on the set
(A)¢, and we can thus write



CLT for bipower variations 33

g(Vn AFY) — g(B}")
= (g(Vn ATY) — g(B7))1an — Vg(B])(Vn ATY — 37" 1an
+(Vg(77) = Va(B))(Vn ATY — B') Lian)e
+Vg(B1) (v AFY — 61, (8.2)

where 77 is some (random) vector lying on the segment between /n AY
and G7': recall that Vg(77) is well defined because on (A?)¢ we have 7' € B¢,
while Vg(8) is a.s. well defined because either B is empty, or it has Lebesgue
measure 0 and 37 has a density. Analogously, h(y/n A}, ,Y) — h(5{™) can be
written likewise, provided we replace A}Y, g, A%, 7' by A}, Y, gi*, A",
yi

Now observe that

57 = % g/ APY) (h(v A%, Y) — h(B"))
1

% (g(

Therefore we deduce from the decomposition (8.2) and the analogous one for
h, and also from (7.3) and (7.4), that §7 = 22:1 0" (k), where

+ Vi ATY) = g(B7)) h(B"),

0P (1) = —= g(Vn APY)VR(B)E™,

g(Vn APY)Vh(BME

57(3) = % h(B")Vg(BrEn,
1

61(4) = = (o(va ATY)VR(EE" + (5 a(BE )

57(2) =

Sl= gl-

7(5) = = a(Vi A1) (VT ALLY) = (B La
V(B (VA Al Y = B L
+(VA(") = VR(BM) (VA ALY = B Liam: )
Z= hE) (o ATY) = 3710y
V(B ALY — By
+(Vg(7) = V(B (VA ATY = B7) Lape )-

57(6) =
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If we combine (5.2) with Lemma 7.6, we readily get 21" E(||67(k)[|) — 0
when k = 4,5,6. So we are left to proving that

the array (p;' (k) = E(6]' (k)| Fiz1)) is AN. (8.3)
for k=1,2,3.
4) Let us introduce the My g—valued martingales

0 if ¢ <=1
M(nai)t:

n

vies (Ve = Viea ) + [is [, w5t @)(1 — v)(ds, dz) otherwise.

We see that §;L =C2)r+COB)F+ (N =/n (nf +ni™), where
1 =
W= +/ (W = Wit )W,
n 1 n

i—
n

= 71 M(n, i) dW, = AMM (n, i) APW — /1 AM (n, i)y W

Now we can write
17 (3) = pi 1 (ME(Vg(Vn o ATW) (0 + 11| Fiza ).

g is even, so Vg is odd; hence the variable Vg(y/n oi—1 A?W)n? is multiplied

by —1 if we change the sign of the process (Ws —W_1)/n)s>(i—1)/n, and this
sign change does not affect the Fi—1—conditional distribution of this process.
Hence we get /

E (vg(\/ﬁ ai;lA;lW)nmfg) =0.
On the other hand, the processes M (n,i) and Wy — Wi-1 are independent,
conditionally on Fi-1, when the times goes through ((¢ — 1)/n,i/n]. So if
F? denotes the ofield generated by Fi1 and by (W, — Wiz1)(i—1)/n<u<s

we get that M (n,i) is an (F°)-martingale for s € ((i — 1)/n,i/n], and thus
E(ng’L|.7-'?/n) = 0. By successive conditioning, we immediately deduce that

E (Vo(Vit o0t ATW)n"|Fis ) =0,

and therefore p(3) = 0.
In a similar way, Vh is odd and §;" is the product of an F(;_1)/,—
measurable variable, times A7, ;W. So exactly as above we have

E(VA(B") €11 Fijn) = 0,

and so a fortiori pf(2) = 0.
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5) It remains to study p!*(1). With the previous notation M (n, ), it is easy
to check that
Z Z B (Vi ATY ) (0 AW+ ATM (n,0)™ | Fit )

n
=1 m=1

where 2/ = [Oph(0i=12) 2y, p(dx) and p is N(0, 1) (the law of W1), so
|27 || < C. Recalling once more /i ATY = 3" + £ + £, we see that

d
ZZ (E (1) | Fir) + B (1) | Fia 1)),
=1 m=1

where

prm) = —= 2 (987 + &+ €)= g(BD)) (0's ATW + AT M (n, )™

%\H

) = = 2Oy ATV 4+ AT M (1)
Use (5.2) and (7.37) and the property E(]|AZW]|9) + E(||ATM (n,)||?) <
Cq/n for all ¢ > 2 to get that Zyg E(Jju?(l,m)|) — 0. Finally, since ¢ is
even and A?W and APM(n,i) are independent conditionally on Fi-1 and
E(A?M (n,i)|Fiz1) = 0, we find that indeed E(u;™(l, m)|Fiz=1 1) = 0.'So we
get (8.3) for k :nl, and we are done.
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