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Abstract: This paper presents tractable and efficient numerical solutions to general equilibrium models
of asset prices and consumption where the representative agent has recursive preferences. It provides a
discrete-time presentation of the approach of Fisher and Gilles (1999), treating continuous-time
representations as approximations to discrete-time “truth.” First, exact discrete-time solutions are derived,
illustrating the following ideas: (i) The price-dividend ratio (such as the wealth-consumption ratio) is a
perpetuity (the canonical infinitely lived asset), the value of which is the sum of dividend-denominated bond
prices, and (ii) the positivity of the dividend-denominated asymptotic forward rate is necessary and
sufficient for the convergence of value function iteration for an important class of models. Next, continuous-
time approximations are introduced. By assuming the size of the time step is small, first-order
approximations in the step size provide the same analytical flexibility to discrete-time modeling as Ito’s
lemma provides in continuous time. Moreover, it is shown that differential equations provide an efficient
platform for value function iteration. Last, continuous-time normalizations are adopted, providing an
efficient solution method for recursive preferences.
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$EVW U DF W � 7 KLV SD SH U SUH VH QWV WUD F WD EOH D QG H rF LH QW QXPH ULF D O VR OXWLR QV WR
J H QH UD O H T XLOLEULXP PR GH OV R I D VVH W SULF H V D QG F R QVXPSWLR Q Z KH UH WKH UH SUH VH Q�
WD WLY H D J H QW KD V UH F XUVLY H SUH IH UH QF H V� ,W SUR Y LGH V D GLVF UH WH �WLPH SUH VH QWD WLR Q
R I WKH D SSUR D F K R I ) LVKH U D QG *LOOH V �� � � � �� WUH D WLQJ F R QWLQXR XV�WLPH UH SUH VH QWD �
WLR QV D V D SSUR [ LPD WLR QV WR GLVF UH WH �WLPH ? WUXWK�� ) LUVW� H [ D F W GLVF UH WH �WLPH VR �
OXWLR QV D UH GH ULY H G� LOOXVWUD WLQJ WKH IR OOR Z LQJ LGH D V� �L� 7 KH SULF H ^ GLY LGH QG UD WLR
�VXF K D V WKH Z H D OWK^ F R QVXPSWLR Q UD WLR � LV D SH USH WXLW\ �WKH F D QR QLF D O LQpQLWH O\ �
OLY H G D VVH W�� WKH Y D OXH R I Z KLF K LV WKH VXP R I GLY LGH QG�GH QR PLQD WH G ER QG SULF H V�
D QG �LL� WKH SR VLWLY LW\ R I WKH GLY LGH QG�GH QR PLQD WH G D V\ PSWR WLF IR UZ D UG UD WH LV
QH F H VVD U\ D QG VXrF LH QW IR U WKH F R QY H UJ H QF H R I Y D OXH IXQF WLR Q LWH UD WLR Q IR U D Q LP�
SR UWD QW F OD VV R I PR GH OV� 1 H [ W� F R QWLQXR XV�WLPH D SSUR [ LPD WLR QV D UH LQWUR GXF H G�
%\ D VVXPLQJ WKH VL] H R I WKH WLPH VWH S LV VPD OO� pUVW�R UGH U D SSUR [ LPD WLR QV LQ WKH
VWH SVL] H SUR Y LGH WKH VD PH D QD O\ WLF D O qH [ LELOLW\ WR GLVF UH WH �WLPH PR GH OLQJ D V ,WR 
V
OH PPD SUR Y LGH V LQ F R QWLQXR XV WLPH � 0 R UH R Y H U� LW LV VKR Z Q WKD W GLoH UH QWLD O H T XD �
WLR QV SUR Y LGH D Q H rF LH QW SOD WIR UP IR U Y D OXH IXQF WLR Q LWH UD WLR Q� /D VW� F R QWLQXR XV�
WLPH QR UPD OL] D WLR QV D UH D GR SWH G� SUR Y LGLQJ D Q H rF LH QW VR OXWLR Q PH WKR G IR U UH �
F XUVLY H SUH IH UH QF H V�

�� ,QW U RGXF W LRQ

7KLV SDSHU SUHVHQWV WUDFWDEOH DQG HrFLHQW QXPHULFDO VROXWLRQV WR JHQHUDO HTXL�
OLEULXP PRGHOV RI DVVHW SULFHV DQG FRQVXPSWLRQ ZKHUH WKH UHSUHVHQWDWLYH DJHQW KDV
UHFXUVLYH SUHIHUHQFHV DQG XWLOLW\ LV GHULYHG VROHO\ IURP FRQVXPSWLRQ� 0RGHOV RI WKLV
W\SH KDYH EHHQ GHYHORSHG LQ ERWK GLVFUHWH�WLPH DQG FRQWLQXRXV�WLPH VHWWLQJV� 7KLV
SDSHU KLJKOLJKWV WKH EHQHpWV_DQDO\WLFDO DQG QXPHULFDO_RI XVLQJ FRQWLQXRXV�WLPH
PRGHOV UHODWLYH WR GLVFUHWH�WLPH PRGHOV� 7KH DQDO\WLFDO DGYDQWDJHV RI FRQWLQXRXV�
WLPH PRGHOLQJ DUH DWWULEXWDEOH WR ,WR
V OHPPD� ZKLFK SURYLGHV FRQWLQXRXV�WLPH
PRGHOLQJ ZLWK JUHDW qH[LELOLW\ ZLWK UHVSHFW WR WUDQVIRUPLQJ H[SUHVVLRQV� (YHQ VR�
&DPSEHOO ������ S� ���� FRPSDUHV FRQWLQXRXV�WLPH WHFKQLTXHV XQIDYRUDEO\ ZLWK

'DWH� -XQH � � � � � � �
-( / & ODV V LpFDWLRQ� *� � �
.H\ ZRUGV DQG SKUDV HV � 5H F XUVLY H SUH IH UH QF H V� J H QH UD O H T XLOLEULXP� R SWLPD O F R QVXPSWLR Q� WH UP
VWUXF WXUH R I LQWH UH VW UD WH V� D VVH W SULF LQJ � %H OOPD Q
V H T XD WLR Q�
) LUVW D QG IR UH PR VW , WKD QN & KULVWLD Q *LOOH V IR U KLV F R OOD ER UD WLR Q R Q ) LVKH U D QG *LOOH V �� � � � �� IUR P
Z KLF K WKLV SD SH U KH D Y LO\ GUD Z V� D QG IR U D GGLWLR QD O F R QY H UVD WLR QV Z LWK KLP D V Z H OO� , WKD QN ' D Q
:D J J R QH U IR U KH OSIXO F R QY H UVD WLR QV� 7 KH Y LH Z V H [ SUH VVH G KH UH LQ D UH WKH D XWKR U
V D QG GR QR W UH qH F W
WKR VH R I WKH ) H GH UD O 5H VH UY H %D QN R I $ WOD QWD R U WKH ) H GH UD O 5H VH UY H 6\ VWH P�

�
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GLVFUHWH�WLPH WHFKQLTXHV IRU DQDO\]LQJ DVVHW SULFLQJ PRGHOV RI WKH VRUW GLVFXVVHG LQ
WKLV SDSHU�

� � � 5REHUW &� 0HUWRQ � � � VXJJHVWHG UHIRUPXODWLQJ WKH FRQVXPSWLRQ
DQG SRUWIROLR�FKRLFH SUREOHP LQ FRQWLQXRXV WLPH� 'RLQJ WKLV LQ HoHFW
OLQHDUL]HV E\ WDNLQJ WKH GHFLVLRQ LQWHUYDO LQpQLWHO\ VPDOO� VR WKDW
WKH PRGHO EHFRPHV OLQHDU RYHU WKLV LQWHUYDO� +RZHYHU� WKLV NLQG RI
OLQHDULW\ LV RQO\ ORFDO� VR LW GRHV QRW DOORZ RQH HDVLO\ WR VWXG\ ORQJHU�
UXQ DVSHFWV RI LQWHUWHPSRUDO DVVHW SULFLQJ WKHRU\�

&DPSEHOO LQVWHDG ORJ�OLQHDUL]HV D GLVFUHWH�WLPH LQWHUWHPSRUDO EXGJHW FRQVWUDLQW DQG
GHULYHV DQ LPSUHVVLYH DUUD\ RI LQWHUHVWLQJ UHVXOWV� 1HYHUWKHOHVV� LW WXUQV RXW WKDW
FRQWLQXRXV�WLPH PRGHOLQJ LV TXLWH ZHOO�VXLWHG WR WR GHDO ZLWK WKHVH SUREOHPV� ,Q
SDUWLFXODU� )LVKHU DQG *LOOHV ������ QHVW &DPSEHOO
V UHVXOWV LQ D PRUH JHQHUDO G\�
QDPLF VHWWLQJ LQ D FRQWLQXRXV�WLPH PRGHO� ,Q GRLQJ VR WKH\ DUH DEOH WR GHOLPLW WKH
VFRSH RI WKH DSSOLFDELOLW\ RI &DPSEHOO
V UHVXOWV� ,Q OLJKW RI WKH ZRUN RI )LVKHU DQG
*LOOHV� FRQWLQXRXV�WLPH PRGHOLQJ LV VHHQ WR SURYLGH SRZHUIXO DQDO\WLFDO WRROV IRU WKH
PRGHOV FRQVLGHUHG KHUH�
(YHQ WKRXJK FRQWLQXRXV�WLPH PRGHOLQJ RoHUV JUHDW qH[LELOLW\ WR WUDQVIRUP H[�

SUHVVLRQV� LQ VRPH ZD\V LW LV PRUH UHVWULFWLYH� ,Q SDUWLFXODU� QRW DOO GLVFUHWH�WLPH
QRUPDOL]DWLRQV FDQ EH LPSOHPHQWHG GLUHFWO\ LQ FRQWLQXRXV WLPH� 'LVFUHWH�WLPH PRG�
HOHUV FDQ UHO\ RQ WKH ?WRGD\�WRPRUURZ� GLVWLQFWLRQ RI GLVFUHWH WLPH DQG QHHG QRW
QHFHVVDULO\ FRQVLGHU ZKDW KDSSHQV LQ WKH OLPLW DV WKH VL]H RI WKH WLPH VWHS JRHV WR
]HUR� 2Q WKH RWKHU KDQG� LW LV RIWHQ VWUDLJKWIRUZDUG WR WUDQVODWH D QRUPDOL]DWLRQ
WKDW ZRUNV LQ FRQWLQXRXV WLPH LQWR GLVFUHWH WLPH� ,W WXUQV RXW WKDW PDQ\ LQWHUUH�
ODWLRQV DUH PRUH WUDQVSDUHQW LQ WKH FRQWLQXRXV�WLPH UHSUHVHQWDWLRQV WKDQ LQ WKRVH
RI GLVFUHWH�WLPH� )RUWXQDWHO\� WKHVH FRQWLQXRXV�WLPH UHSUHVHQWDWLRQV FDQ EH EURXJKW
WR EHDU RQ GLVFUHWH�WLPH PRGHOV E\� IRU H[DPSOH� WUHDWLQJ WKH FRQWLQXRXV�WLPH UHS�
UHVHQWDWLRQV DV DSSUR[LPDWLRQV WR WKH GLVFUHWH�WLPH ?WUXWK��
<HW HYHQ LI RQH JUDQWV WKH DQDO\WLFDO DGYDQWDJHV RI FRQWLQXRXV�WLPH PRGHOLQJ�

LW LV QRW FOHDU ZKDW DGYDQWDJHV� LI DQ\� LW RoHUV IRU QXPHULFDO VROXWLRQV� 2Q WKLV
IURQW� FRQWLQXRXV�WLPH PRGHOV VHHP WR EH GLVDGYDQWDJHG� )RU H[DPSOH� FRQVLGHU WKH
VROXWLRQ WHFKQLTXH RI YDOXH�IXQFWLRQ LWHUDWLRQ IRU G\QDPLF SURJUDPPLQJ SUREOHPV�
-XGG ������ S� ���� VWDWHV WKH DSSDUHQW GLrFXOWLHV ZLWK FRQWLQXRXV�WLPH PRGHOV LQ
WKLV UHJDUG�

9DOXH IXQFWLRQ LWHUDWLRQ LV DQ LPSRUWDQW PHWKRG IRU VROYLQJ GLVFUHWH�
WLPH G\QDPLF SURJUDPPLQJ SUREOHPV� 8QIRUWXQDWHO\� WKH VWUXFWXUH
RI YDOXH IXQFWLRQ LWHUDWLRQ LV LWVHOI WLHG WR WKH GLVFUHWH QDWXUH RI WLPH
LQ WKRVH PRGHOV� DQG FDQQRW EH XVHG IRU FRQWLQXRXV�WLPH SUREOHPV�
VLQFH WKHUH LV QR WRGD\�WRPRUURZ GLVWLQFWLRQ LQ FRQWLQXRXV WLPH�
2QH DSSURDFK LV WR UHSODFH WKH FRQWLQXRXV�WLPH VWUXFWXUH ZLWK D

GLVFUHWH�WLPH VWUXFWXUH ZLWK VKRUW SHULRGV DQG WKHQ XVH GLVFUHWH�WLPH
PHWKRGV� 8VLQJ VKRUW SHULRGV ZLOO PDNH WKH GLVFRXQW IDFWRU� p� FORVH
WR XQLW\� DQG LPSO\ YHU\ VORZ FRQYHUJHQFH�

)RU FRQFUHWHQHVV� FRQVLGHU D FDVH ZKHUH YDOXH IXQFWLRQ LWHUDWLRQ FDQ EH UHGXFHG
WR VROYLQJ IRU D p[HG SRLQW E\ LWHUDWLYHO\ VROYLQJ D V\VWHP RI GLoHUHQFH HTXDWLRQV�
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V SRLQW LV WKDW� JLYHQ D SUHVSHFLpHG FRQYHUJHQFH FULWHULRQ� GHFUHDVLQJ WKH VL]H
RI WKH WLPH VWHS KDV WKH HoHFW RI LQFUHDVLQJ WKH QXPEHU RI VWHSV UHTXLUHG WR UHDFK
FRQYHUJHQFH�
<HW D GLoHUHQW PRUDO FDQ EH GUDZQ IURP WKH REVHUYDWLRQ WKDW WKHUH LV QR WRGD\�

WRPRUURZ GLVWLQFWLRQ LQ FRQWLQXRXV WLPH� 7KH DEVHQFH RI WKLV GLVWLQFWLRQ OLEHUDWHV
RQH IURP WKH W\UDQQ\ RI D XQLIRUP VWHS VL]H� ,Q WKH OLPLW� D V\VWHP RI GLoHUHQFH
HTXDWLRQV EHFRPHV D V\VWHP RI RUGLQDU\ GLoHUHQWLDO HTXDWLRQV �2'(V�� 0RGHUQ
2'( VROYHUV FKRRVH WKH VWHS VL]H DGDSWLYHO\� DFFRUGLQJ WR YDULRXV HUURU FULWHULD
FRPSXWHG DV SDUW RI WKH VROXWLRQ SURFHVV� $V 3UHVV� 7HXNROVN\� 9HWWHULQJ� DQG
)ODQQHU\ ������ VWDWH LQ WKHLU FKDSWHU RQ WKH LQWHJUDWLRQ RI 2'(V��

$ JRRG 2'( LQWHJUDWRU VKRXOG H[HUW VRPH DGDSWLYH FRQWURO RYHU
LWV RZQ SURJUHVV� PDNLQJ IUHTXHQW FKDQJHV LQ LWV VWHSVL]H� 8VXDOO\
WKH SXUSRVH RI WKLV DGDSWLYH VWHSVL]H FRQWURO LV WR DFKLHYH VRPH SUH�
GHWHUPLQHG DFFXUDF\ LQ WKH VROXWLRQ ZLWK PLQLPXP FRPSXWDWLRQDO
HoRUW� 0DQ\ VPDOO VWHSV VKRXOG WLSWRH WKURXJK WUHDFKHURXV WHUUDLQ�
ZKLOH D IHZ JUHDW VWULGHV VKRXOG VSHHG WKURXJK VPRRWK XQLQWHUHVWLQJ
FRXQWU\VLGH� 7KH UHVXOWLQJ JDLQV LQ HrFLHQF\ DUH QRW PHUH WHQV RI
SHUFHQWV RU IDFWRUV RI WZR� WKH\ FDQ EH IDFWRUV RI WHQ� D KXQGUHG� RU
PRUH�

$V D UHVXOW� WKH DPRXQW RI FRPSXWDWLRQDO HoRUW UHTXLUHG WR UHDFK FRQYHUJHQFH ZLWK
D JLYHQ DFFXUDF\ FDQ EH IDU OHVV IRU D GLoHUHQWLDO HTXDWLRQ WKDQ IRU D GLoHUHQFH
HTXDWLRQ� :KHQ WKLV SUREOHP LV VHHQ LQ WKLV OLJKW� HrFLHQW QXPHULFDO VROXWLRQV
EDVHG RQ FRQWLQXRXV�WLPH OLPLWV HPHUJH�
7KLV SDSHU SURYLGHV D GLVFUHWH�WLPH SUHVHQWDWLRQ RI WKH DSSURDFK RI )LVKHU DQG

*LOOHV ������ WR PRGHOLQJ DQG VROYLQJ JHQHUDO�HTXLOLEULXP DVVHW�SULFLQJ SUREOHPV� ,W
FRPSDUHV WKHLU DSSURDFK WR H[LVWLQJ DSSURDFKHV IRU VROYLQJ PRGHOV ZLWK ERWK UHFXU�
VLYH DQG VWDQGDUG WLPH�VHSDUDEOH SUHIHUHQFHV� ,Q RUGHU WR KLJKOLJKW WKH DGYDQWDJHV
RI WKHLU DSSURDFK� WKHLU PRGHO LV SUHVHQWHG DV DQ DSSUR[LPDWLRQ WR GLVFUHWH�WLPH
PRGHOV� 0DQ\ SUHVHQWDWLRQV RI GLVFUHWH�WLPH PRGHOV LPSOLFLWO\ WDNH WKH VL]H RI WKH
WLPH VWHS WR EH XQLW\ DQG DGRSW QRUPDOL]DWLRQV WKDW UHO\ RQ WKH WRGD\�WRPRUURZ
GLVWLQFWLRQ ZLWK WKH UHVXOW WKDW WKH FRQQHFWLRQ WR FRQWLQXRXV�WLPH PRGHOV LV QRW
WUDQVSDUHQW� ,Q WKLV SDSHU WKH VL]H RI WKH WLPH VWHS� c� LV H[SOLFLW� 7KH FRQWLQXRXV�
WLPH UHVXOWV DUH DOO VHHQ WR EH pUVW�RUGHU DSSUR[LPDWLRQV DURXQG c  ��
, DGRSW WKH (XOHU DSSUR[LPDWLRQ WR FRQWLQXRXV�WLPH ,WR SURFHVVHV DV WKH WUXH

GLVFUHWH�WLPH SURFHVV� 7KH (XOHU DSSUR[LPDWLRQ FRQYHUJHV WR DQ ,WR SURFHVV ERWK
SDWKZLVH DQG LQ GLVWULEXWLRQ DQG FRQVHTXHQWO\ LW FDQ EH XVHG WR VROYH VWRFKDVWLF
GLoHUHQWLDO HTXDWLRQV �6'(V��� 1HYHUWKHOHVV� IRU VRPH SXUSRVHV WKH PRVW QDWXUDO
GLVFUHWH�WLPH PRGHO LV WKH ELQRPLDO PRGHO� 1RW RQO\ GRHV LW FRQYHUJH RQ DQ ,WR
SURFHVV LQ WKH OLPLW� EXW LW DOVR PDLQWDLQV FRPSOHWHQHVV RI PDUNHWV� $ VWRFN DQG D
ERQG DUH VXrFLHQW WR VSDQ PDUNHWV LQ HLWKHU D ELQRPLDO PRGHO RU D FRQWLQXRXV�WLPH

�-XGG �� � � � � GR H V QR W GLVF XVV Y D ULD EOH VWH S VL] H V�
� . OR H GH Q D QG 3OD WH Q �� � � � � SUR Y LGH D WKR UR XJ K GLVF XVVLR Q R I 0 R QWH & D UOR VR OXWLR QV WR 6' (V
XVLQJ WKH (XOH U D SSUR [ LPD WLR Q D V Z H OO D V PR UH VR SKLVWLF D WH G D SSUR [ LPD WLR QV WKD W F R QY H UJ H PR UH
UD SLGO\ � ) R U D EULH I LQWUR GXF WLR Q WR WKH VH LVVXH V� VH H WKH LU VH F WLR Q WLWOH G ? $ EULH I VXUY H \ R I VWR F KD VWLF
QXPH ULF D O PH WKR GV� �SS� [ [ LLL ^ [ [ [ Y��
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PRGHO ZLWK D VLQJOH %URZQLDQ PRWLRQ� %\ FRQWUDVW� IRU WKH (XOHU DSSUR[LPDWLRQV
DGRSWHG KHUH� WKH PDUNHW LV LQFRPSOHWH IRU DQ\ pQLWH VWHSVL]H DQG DQ\ pQLWH QXPEHU
RI VHFXULWLHV� 6LQFH WKH PDLQ FRQFHUQ KHUH LV ZLWK HTXLOLEULXP DVVHW SULFLQJ� WKLV
GRHV QRW SRVH D SUREOHP� +DYLQJ SURYLGHG WKLV QRWH RI FDXWLRQ� , ZLOO QHYHUWKHOHVV
UHIHU WR YDULRXV ?DEVHQFH�RI�DUELWUDJH FRQGLWLRQV� WKDW DUH QRW VWULFWO\ VXFK LQ WKH
GLVFUHWH�WLPH VHWWLQJ�
)RU WHFKQLFDO LVVXHV UHJDUGLQJ WKH FRQWLQXRXV�WLPH GHULYDWLRQV RI WKH FRQWLQXRXV�

WLPH IRUPXODV LQ WKLV SDSHU� VHH )LVKHU DQG *LOOHV ������ DQG WKH UHIHUHQFHV WKHUHLQ�
HVSHFLDOO\ 6FKURGHU DQG 6NLDGDV ������� 7KH GHULYDWLRQV RI WKH FRQWLQXRXV�WLPH
IRUPXODV LQ WKLV SDSHU DUH LQWHQGHG WR EH KHXULVWLF� &RQWLQXRXV�WLPH UHVWULFWLRQV
DUH GHULYHG E\ pQGLQJ D pUVW�RUGHU DSSUR[LPDWLRQ LQ WKH VWHSVL]H WKDW DOORZV RQH WR
FDQFHO RXW WKH VWHSVL]H��

7KH DEVHQFH RI WKH WRGD\�WRPRUURZ GLVWLQFWLRQ LQ WKH OLPLW DV WKH VWHSVL]H JRHV
WR ]HUR UHTXLUHV WKH DGRSWLRQ RI QRUPDOL]DWLRQV WKDW DUH QRW W\SLFDO RI GLVFUHWH�WLPH
PRGHOLQJ� )LUVW� H[SOLFLW UHIHUHQFH WR QH[W SHULRG
V DVVHW SULFH LV UHSODFHG E\ WKH
JURZWK�UDWH G\QDPLFV RI WKH DVVHW SULFH� 6HFRQG� FXP�GLYLGHQG DVVHW SULFHV WKDW LQ�
FOXGH WKH FXUUHQW GLYLGHQG qRZ DV XVHG� UDWKHU WKDQ H[�GLYLGHQG SULFHV WKDW H[FOXGH
LW� $V D UHVXOW� WKH GLYLGHQG WKDW DSSHDUV LQ WKH SULFLQJ HTXDWLRQ LV NQRZQ DW WKH
EHJLQQLQJ RI WKH SHULRG DQG ]HUR�FRXSRQ ERQG SULFHV KDYH D YDOXH RI RQH DW PDWX�
ULW\ UDWKHU WKDQ ]HUR� 7KH WKLUG QHFHVVDU\ PRGLpFDWLRQ UHODWHV WR WKH ZD\ LQ ZKLFK
VWDWH YDULDEOHV HQWHU WKH PRGHO� ,Q GLVFUHWH�WLPH PRGHOV� VWDWH YDULDEOHV DUH RIWHQ
OLQNHG WR EDFNZDUG�ORRNLQJ UHDOL]HG JURZWK UDWHV� %XW LQ VWRFKDVWLF FRQWLQXRXV�WLPH
PRGHOV EDVHG RQ %URZQLDQ PRWLRQ� LQVWDQWDQHRXV UHDOL]HG JURZWK UDWHV GR QRW H[�
LVW� ,QVWHDG� VWDWH YDULDEOHV FDQ EH OLQNHG ZLWK IRUZDUG�ORRNLQJ H[SHFWHG JURZWK
UDWHV� ZKLFK GR H[LVW LQ WKH OLPLW� 2Q SXUHO\ HFRQRPLF JURXQGV� H[SHFWHG JURZWK
UDWHV DUH PRUH DSSURSULDWH DV KLWFKLQJ SRVWV IRU VWDWH YDULDEOHV WKDQ UHDOL]HG JURZWK
UDWHV� $V LV ZHOO�NQRZQ� YDULDWLRQ LQ UHDOL]HG JURZWK UDWHV WKDW LV XQUHODWHG WR H[�
SHFWHG IXWXUH JURZWK UDWHV LV LUUHOHYDQW� $V D UHVXOW� ZKHQ DFWXDO JURZWK UDWHV DUH
QRW SHUIHFWO\ FRUUHODWHG ZLWK H[SHFWHG JURZWK UDWHV� LW LV PRUH SDUVLPRQLRXV WR XVH
H[SHFWHG JURZWK UDWHV DV VWDWH YDULDEOHV�
7KH pQDO LVVXH KDV WR GR ZLWK WKH VL]H RI WKH WLPH VWHS DQG WKH TXDOLW\ RI WKH

FRQWLQXRXV�WLPH DSSUR[LPDWLRQV� 2EYLRXVO\� FRQWLQXRXV�WLPH DSSUR[LPDWLRQV ZLOO
ZHOO DSSUR[LPDWH D GLVFUHWH�WLPH PRGHO ZKHQ WKH VL]H RI WKH WLPH VWHS LV VPDOO� ,Q
RWKHU ZRUGV� LI WKH VL]H RI WKH WLPH VWHS LV WKUHH PRQWKV RU RQH \HDU� FRQWLQXRXV�WLPH
DSSUR[LPDWLRQV PD\ GR SRRUO\� +RZHYHU� IRU WKH DVVHW SULFLQJ PRGHOV FRQVLGHUHG
LQ WKLV SDSHU� , EHOLHYH WLPH VWHSV RI WKH PDJQLWXGH RI D GD\ RU D ZHHN DUH PRUH
DSSURSULDWH� ,W LV FHUWDLQO\ WUXH WKDW DW WKLV IUHTXHQF\� WKH WLPH VWHS ZLOO QRW PDWFK
WKH VDPSOLQJ IUHTXHQF\ RI WKH GDWD� $V WKH VWHSVL]H GHFUHDVHV� WKH SDUDPHWHUV LQ
WKH SURFHVVHV IRU WKH VWDWH YDULDEOHV ZLOO QHHG WR EH DGMXVWHG LQ RUGHU WR PDWFK WKH
PRPHQWV RI WKH OHVV�IUHTXHQWO\ VDPSOHG GDWD�

&RQFHSWXDO RYHUYLHZ� $ SHUSHWXLW\ LV WKH FDQRQLFDO LQpQLWHO\�OLYHG DVVHW� 7KH
DEVHQFH�RI�DUELWUDJH FRQGLWLRQ IRU WKH SULFH RI D SHUSHWXLW\ LV D IXQFWLRQDO HTXD�
WLRQ IRU ZKLFK WKH SHUSHWXLW\ SULFH LV WKH p[HG SRLQW� =HUR�FRXSRQ ERQG SULFHV

� $ Y H UVLR Q R I ,WR 
V OH PPD IR U WKH GLVF UH WH �WLPH SUR F H VVH V LQ WKLV SD SH U LV SUH VH QWH G LQ $ SSH QGL[ $ �



& 21 6 8 03 7 ,21 $ 1 ' $ 6 6 ( 7 3 5,& ( 6 � ',6 & 5( 7 ( 7 ,0( �

IRUP WKH QDWXUDO EDVLV IRU WKH YDOXH RI D SHUSHWXLW\� DQG WKH SRVLWLYLW\ RI WKH DV�
\PSWRWLF IRUZDUG UDWH LV QHFHVVDU\ DQG VXrFLHQW IRU WKH FRQYHUJHQFH RI DQQXLW\
SULFHV WR D SHUSHWXLW\ SULFH� 7KH IXQFWLRQDO RSHUDWRU LQ WKH SHUSHWXLW\ HTXDWLRQ
FDQ EH GHFRPSRVHG LQWR D ?ERQG�VKLIW� RSHUDWRU SOXV D GLYLGHQG DFFXPXODWRU� $Q\
LQpQLWHO\�OLYHG DVVHW ZLWK D VWULFWO\ SRVLWLYH GLYLGHQG qRZ FDQ EH WUDQVIRUPHG LQWR
D GLYLGHQG�GHQRPLQDWHG SHUSHWXLW\ ZKLFK FDQ EH DQDO\]HG LQ WHUPV RI LWV DVVRFL�
DWHG GLYLGHQG�GHQRPLQDWHG ]HUR�FRXSRQ ERQGV DQG GLYLGHQG�GHQRPLQDWHG DV\PS�
WRWLF IRUZDUG UDWH�
,Q DQ HTXLOLEULXP VHWWLQJ ZLWK DQ LQpQLWHO\�OLYHG UHSUHVHQWDWLYH DJHQW� ZHDOWK

LV WKH DVVHW IRU ZKLFK FRQVXPSWLRQ DV WKH VWULFWO\ SRVLWLYH GLYLGHQG qRZ� PDNLQJ
WKH ZHDOWK^FRQVXPSWLRQ UDWLR D GLYLGHQG�GHQRPLQDWHG SHUSHWXLW\� ,I WKH DJHQW KDV
WLPH�VHSDUDEOH SUHIHUHQFHV� WKH GLYLGHQG�GHQRPLQDWHG LQWHUWHPSRUDO PDUJLQDO UDWH
RI VXEVWLWXWLRQ FDQ EH H[SUHVVHG LQ WHUPV RI HTXLOLEULXP FRQVXPSWLRQ JURZWK� 7KLV
DOORZV RQH WR LGHQWLI\ WKH GLYLGHQG�GHQRPLQDWHG LQWHUHVW UDWH �DQG WKH SULFH RI
ULVN� DQG DSSO\ WKH VROXWLRQ WHFKQLTXHV EDVHG RQ WKH SHUSHWXLW\ DSSURDFK� 0RUH�
RYHU� E\ VWUXFWXULQJ WKH PRGHO VR WKDW WKH GLYLGHQG�GHQRPLQDWHG ERQG SULFHV DUH
H[SRQHQWLDO�DrQH� WKH FXUVH RI GLPHQVLRQDOLW\ FDQ EH HOLPLQDWHG VLQFH WKH IXQFWLRQDO
IRUP RI WKH VROXWLRQ LV NQRZQ� 7KH YDOXH RI WKH ZHDOWK^FRQVXPSWLRQ UDWLR DW DQ\
SRLQW LQ WKH PXOWLGLPHQVLRQDO VWDWH VSDFH FDQ EH HYDOXDWHG E\ D XQLYDULDWH VXP RI
GLYLGHQG�GHQRPLQDWHG ERQG SULFHV�
:LWK UHFXUVLYH SUHIHUHQFHV� KRZHYHU� WKH GLYLGHQG�GHQRPLQDWHG LQWHUWHPSRUDO

PDUJLQDO UDWH RI VXEVWLWXWLRQ LV QRW GHWHUPLQHG VROHO\ E\ FRQVXPSWLRQ JURZWK LQ
JHQHUDO� DQG VR WKH GLUHFW DSSOLFDWLRQ RI WKH DSSURDFK RXWOLQHG DERYH LV QRW SRVVLEOH�
)RU UHFXUVLYH SUHIHUHQFHV� WKH pUVW SUREOHP LV VLPSO\ WR FRPSXWH WKH XWLOLW\ RI D JLYHQ
FRQVXPSWLRQ SURFHVV� +RPRWKHWLFLW\ JXDUDQWHHV WKDW XWLOLW\ GHSHQGV RQ WZR VWDWH
YDULDEOHV� FRQVXPSWLRQ �ZKLFK GHOLPLWV FXUUHQW RSSRUWXQLWLHV� DQG DQ ?LQIRUPDWLRQ�
YDULDEOH WKDW VXPPDUL]HV ZKDW LV NQRZQ DERXW IXWXUH RSSRUWXQLWLHV� 7KH NH\ WR
FRPSXWLQJ XWLOLW\ LV WR pQG DQ H[SUHVVLRQ IRU WKH LQIRUPDWLRQ YDULDEOH LQ WHUPV RI WKH
JURZWK UDWH RI FRQVXPSWLRQ �WKURXJK ZKLFK WKH VWDWH GHSHQGHQFH RI XWLOLW\ HQWHUV��
7KH VHFRQG SUREOHP LV WR VROYH IRU RSWLPDO FRQVXPSWLRQ JLYHQ D VWRFKDVWLF UHWXUQ
SURFHVV� 7KLV SUREOHP LQYROYHV PD[LPL]DWLRQ� ZKLFK ZDV DEVHQW IURP WKH SUHYLRXV
UHFXUVLYH XWLOLW\ SUREOHP� 0DULJDO XWLOLW\ SURYLGHV WKH OLQN WR RSWLPL]DWLRQ�

2XWOLQH RI WKH UHVW RI WKH SDSHU� 7KH SDSHU LV GLYLGHG LQWR IRXU PDLQ SDUWV�
,Q 6HFWLRQ �� DVVHW SULFLQJ LV LQWURGXFHG LQ D JHQHULF VHWWLQJ� , LQWHUSUHW WKH SULFH^
GLYLGHQG UDWLR DV WKH YDOXH RI D GLYLGHQG�GHQRPLQDWHG SHUSHWXLW\ DQG GHULYH H[DFW
FORVHG�IRUP VROXWLRQV DV LQpQLWH VXPV RI GLYLGHQG�GHQRPLQDWHG ]HUR�FRXSRQ ERQG
SULFHV� $EVHQFH�RI�DUELWUDJH FRQGLWLRQV SURGXFH V\VWHPV RI GLoHUHQFH HTXDWLRQV IRU
ERQG SULFHV� 7KH LQpQLWH VXPV FDQ EH WKRXJKW RI DV JHQHUDWHG E\ UHSHDWHG DSSOL�
FDWLRQ RI D FRQWUDFWLRQ RSHUDWRU UHODWHG WR %HOOPDQ
V HTXDWLRQ� :H VKRZ KRZ WKH
DV\PSWRWLF GLYLGHQG�GHQRPLQDWHG IRUZDUG UDWH FDQ EH XVHG WR GHWHUPLQH ZKHWKHU
WKH LWHUDWLYH SURFHGXUH ZLOO FRQYHUJH� HYHQ ZKHQ %ODFNZHOO
V VXrFLHQW FRQGLWLRQV
DUH QRW VDWLVpHG�
,Q 6HFWLRQ �� ZH SUHVHQW VROXWLRQV EDVHG RQ FRQWLQXRXV�WLPH DSSUR[LPDWLRQV IRU

PRGHOV ZLWK VWDQGDUG SUHIHUHQFHV� 7KH VROXWLRQ PHWKRG SURSRVHG IRU WKHVH PRGHOV
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DPRXQWV WR WKH LQWHJUDO RI ERQG SULFHV DQG FDQ EH WKRXJKW RI DV WKH UHVXOW RI D
FRQWLQXRXV�WLPH FRQWUDFWLRQ� %RQG SULFHV DUH FKDUDFWHUL]HG E\ D V\VWHP RI RUGL�
QDU\ GLoHUHQWLDO HTXDWLRQV �2'(V�� $V QRWHG DERYH� RQH RI WKH DGYDQWDJHV RI WKH
FRQWLQXRXV WLPH IRUPXODWLRQ LV WKDW WKH QXPHULFDO VROXWLRQ WR GLoHUHQWLDO HTXDWLRQV
LV YHU\ qH[LEOH� 2'( VROYHUV DUH IUHH WR DGDSW WKH VWHS VL]H WR WKH IHDWXUHV RI WKH
VROXWLRQ� ZKLFK DOORZV FRQWLQXRXV�WLPH IRUPXODWLRQV WR FRQYHUJH PXFK PRUH UDSLGO\
WKDQ FRUUHVSRQGLQJ GLVFUHWH�WLPH IRUPXODWLRQV�
,Q 6HFWLRQ �� UHFXUVLYH SUHIHUHQFHV DUH LQWURGXFHG� $ PHWKRG RI VROYLQJ IRU XWLOLW\

�JLYHQ D FRQVXPSWLRQ SURFHVV� LV SUHVHQWHG WKDW SDUDOOHOV WKH VROXWLRQ PHWKRG IRU
DVVHW SULFLQJ SUHVHQWHG HDUOLHU� 7KH VXSSRUWLQJ SULFH V\VWHP DQG UHWXUQV SURFHVV DUH
GHULYHG� DQG WKH UROH RI WKH LQIRUPDWLRQ YDULDEOH DV D ZHLJKWHG IRUHFDVW LV H[SODLQHG�
,Q 6HFWLRQ �� WKH VROXWLRQ PHWKRG RI XQGHWHUPLQHG FRHrFLHQWV LV DSSOLHG WR WKH

UHFXUVLYH SUHIHUHQFH SUREOHP� 5HJLRQV LQ WKH SUHIHUHQFH�SDUDPHWHU VSDFH ZKHUH QR
VROXWLRQ WR WKH LQpQLWH�KRUL]RQ SUREOHP DUH LGHQWLpHG�

�� $VVHW SU LF LQJ

7KH FXP�GLYLGHQG YDOXH RI DQ DVVHW LV WKH SUHVHQW YDOXH RI WKH IXWXUH GLYLGHQGV
SOXV WKH YDOXH RI WKH FXUUHQW GLYLGHQG�

S�W�  G�W�c �(W

� �;
L �

v
P�W� Lc�

P�W�

w
G�W� Lc�c

�

 G�W�c �(W

xv
P�W�c�

P�W�

w
S�W�c�

y
�

�����

(W> c @ LV WKH FRQGLWLRQDO H[SHFWDWLRQ RSHUDWRU� c LV WKH VL]H RI WKH WLPH VWHS �WKH
OHQJWK RI WKH SHULRG�� G�W� Lc� LV WKH UDWH RI GLYLGHQG qRZ DW WLPH W� Lc� P�W�
Lc� P�W� LV WKH GLVFRXQW IDFWRU� DQG S�W� LV WKH FXP�GLYLGHQG DVVHW SULFH� 7KH
H[�GLYLGHQG SULFH LV VLPSO\ S�W� b G�W�c� 7KH H[LVWHQFH RI D ZHOO�GHpQHG SULFH LQ
����� GHSHQGV RQ WKH FRQYHUJHQFH RI DQ LQpQLWH VXP� ,I GLYLGHQGV JURZ WRR IDVW
DV\PSWRWLFDOO\ UHODWLYH WR WKH GLVFRXQW IDFWRU� WKH VXP ZLOO QRW FRQYHUJH� )RU WKH
WLPH EHLQJ� OHW XV DVVXPH WKH LQpQLWH�KRUL]RQ SUREOHP GRHV KDYH D VROXWLRQ� ,Q
WKH VHFRQG OLQH RI ������ WKH LQpQLWH�KRUL]RQ SUREOHP KDV EHHQ FRQYHUWHG WR D RQH�
SHULRG SUREOHP ZKHUH S�W � c� FDSWXUHV WKH YDOXH RI DOO RI WKH IXWXUH GLYLGHQGV�
6LQFH DEVROXWH WLPH SOD\V QR UROH LQ ������ WKH QRWDWLRQ FDQ EH VWUHDPOLQHG�

S  Gc�(W

d
�P� P� S�

e
� �����

ZKHUH XQSULPHG YDULDEOHV UHSUHVHQW EHJLQQLQJ�RI�SHULRG YDOXHV DQG SULPHG YDULDEOHV
UHSUHVHQW HQG�RI�SHULRG YDOXHV�

%RQG SULFHV� WKH LQWHUHVW UDWH� DQG WKH VWDWH^SULFH GHqDWRU� 7KH VLPSOHVW
DVVHW LV D ]HUR�FRXSRQ ERQG WKDW SD\V RQH XQLW ZKHQ LW PDWXUHV DW WLPH W�� � ZKHUH
� y � LV WKH ERQG
V WHUP WR PDWXULW\ PHDVXUHG LQ XQLWV RI WLPH�� �,W PDWXUHV LQ

� 7 KH GH ULY D WLR Q R I GLVF UH WH �WLPH ER QG SULF H V SD UD OOH OV WKD W R I %D F N XV D QG =LQ �� � � � ��
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� c SHULRGV�� ,WV FXP�GLYLGHQG YDOXH DW WLPH W LV

%�W� W� ��  (W

x
P�W� ��

P�W�

y
� �����

&RPSDULQJ ����� ZLWK ������ ZH VHH WKDW WKH GLYLGHQG qRZV IRU D � �PDWXULW\ ]HUR�
FRXSRQ ERQG DUH

G�W� Lc�  

�
� IRU L � � c

� c IRU L  � c�

7R VWUHDPOLQH ERQG�SULFH QRWDWLRQ� OHW %� EH WKH FXUUHQW SULFH RI D � �PDWXULW\ ]HUR�
FRXSRQ ERQG� 1H[W SHULRG WKH � �PDWXULW\ ERQG ZLOO KDYH EHFRPH D ��bc��PDWXULW\
ERQG� VR LWV YDOXH WRGD\ FDQ EH H[SUHVVHG DV

%�  (W>�P
� P�%�

�bc @� �����

8SRQ PDWXULW\ ZH KDYH %�  �� UHJDUGOHVV RI WKH VWDWH RI WKH ZRUOG� 7KXV WKH YDOXH
RI WKH VKRUWHVW �QRQ]HUR� PDWXULW\ ERQG LV

%c  (W>P
� P@�

7KH VKRUW�WHUP LQWHUHVW UDWH FDQ EH GHpQHG LQ WHUPV RI %c �

U � b ORJ�%c � c  b ORJ�(W>P
� P@� c�

7KH FRQGLWLRQDO GLVWULEXWLRQ RI WKH VWDWH^SULFH GHqDWRU� 7KH GLVFRXQW IDFWRU� P� P�
LV WKH JURZWK UDWH RI WKH VWDWH^SULFH GHqDWRU�� ,Q HTXLOLEULXP� P� P LV WKH LQ�
WHUWHPSRUDO PDUJLQDO UDWH RI VXEVWLWXWLRQ PHDVXUHG LQ WKH FKRVHQ QXPHULDUH� :H
ZLOO DVVXPH WKDW WKH VWDWH^SULFH GHqDWRU LV FRQGLWLRQDOO\ ORJ�QRUPDOO\ GLVWULEXWHG�
,Q SDUWLFXODU� ZH ZLOO GHFRPSRVH WKH JURZWK UDWH RI WKH VWDWH^SULFH GHqDWRU LQWR
H[SHFWHG DQG XQH[SHFWHG FRPSRQHQWV DV IROORZV�

ORJ�P� P�  HzPc� �P c �
S
c� �����

ZKHUH HzP LV D �SRVVLEO\ VWDWH�GHSHQGHQW� VFDODU� �P LV D �SRVVLEO\ VWDWH�GHSHQGHQW�
YHFWRU� � LV D YHFWRU RI LQGHSHQGHQW VWDQGDUG QRUPDO VKRFNV� DQG \ c ] LV WKH LQQHU
�GRW� SURGXFW RI WZR YHFWRUV \ DQG ]� :H UHIHU WR HzP DV WKH GULIW DQG �P DV WKH
GLoXVLRQ RU WKH YRODWLOLW\� (TXDWLRQ ����� LPSOLHV

ORJ�P�� | 1 �ORJ�P� � HzPc� N�PN
S
c�� �����

ZKHUH N]N � S
] c ] DQG ] | 1 �z� �� VLJQLpHV WKDW ] LV D UDQGRP YDULDEOH WKDW LV

QRUPDOO\ GLVWULEXWHG ZLWK PHDQ z DQG VWDQGDUG GHYLDWLRQ �� *LYHQ ����� ZH VHH
WKDW HzP DQG �P KDYH EHHQ QRUPDOL]HG WR PHDVXUH WKH PHDQ DQG WKH YDULDQFH RI WKH
JURZWK UDWH RI WKH VWDWH^SULFH GHqDWRU SHU XQLW RI WLPH�
*LYHQ ����� DQG XVLQJ WKH IDFW WKDW (>H]@  H[S�z � �� �� IRU ] | 1 �z� ��� ZH

KDYH %c  H[S
bjHzP � �

� N�PN�kcc
� DQG WKHUHIRUH

U  bHzP b �

�
N�PN�� ����D�

�6H H ' XrH �� � � � � IR U D Q H [ WH QVLY H GLVF XVVLR Q R I WKH VWD WH ^ SULF H GH qD WR U�
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,Q DGGLWLRQ� LW LV FRQYHQLHQW WR DGRSW WKH IROORZLQJ UHQRUPDOL]DWLRQ RI WKH YRODWLOLW\
RI P�

y  b�P� ����E�

ZKHUH y LV FDOOHG WKH SULFH RI ULVN� *LYHQ WKHVH H[SUHVVLRQV IRU U DQG y� ZH FDQ ZULWH
WKH FRQGLWLRQDO G\QDPLFV RI WKH VWDWH^SULFH GHqDWRU DV

ORJ�P� P�  b
v
U �

�

�
NyN�

w
cb y c �

S
c� �����

7KH WHUP VWUXFWXUH RI LQWHUHVW UDWHV� /HW XV FRQVLGHU ORQJHU�WHUP ERQG SULFHV� :H
FDQ UHZULWH ����� DV

(W

d
�P� P� �%�

�bc  %� �
e
 �� �����

:H QRZ DVVXPH WKDW WKH FRQGLWLRQDO JURZWK UDWH RI D ERQG
V SULFH LV DOVR ORJ�
QRUPDOO\ GLVWULEXWHG�

ORJ�%�
�bc  %� �  Hz%� c� �%� c �

S
c�

,QVHUWLQJ WKH H[SUHVVLRQV IRU P� P DQG %�
�bc  %� LQWR ������ ZH KDYH

H[S

v~
bU b �

�
NyN� � Hz%� �

�

�
N�%� b yN�

�
c

w
 ��

7DNLQJ ORJV� GLYLGLQJ E\ c� DQG UHDUUDQJLQJ SURGXFHV

z%�  U � y c �%� � ������

ZKHUH z%� � Hz%� �
�
� N�%� N�� (TXDWLRQ ������ H[SUHVVHV WKH ZHOO�NQRZQ UHODWLRQ

EHWZHHQ ULVN DQG UHWXUQ� 7KH H[SHFWHG UHWXUQ z%� HTXDOV WKH ULVN�IUHH UDWH U UDWH
SOXV WKH FRYDULDQFH�EDVHG ULVN SUHPLXP y c �%� �
,Q RUGHU WR GHULYH H[SOLFLW H[SUHVVLRQV IRU ERQG SULFHV� ZH LQWURGXFH 0DUNRYLDQ

VWDWH YDULDEOHV� 7KLV DOORZV XV WR WXUQ ������ LQWR D V\VWHP RI GLoHUHQFH HTXDWLRQV
E\ WKH PDWFKLQJ XQGHWHUPLQHG FRHrFLHQWV� 2XU JRDO LV WR pQG D 0DUNRYLDQ ERQG
SULFLQJ IXQFWLRQ %�[� �� VXFK WKDW %�  %�;� �� IRU VRPH 0DUNRYLDQ VWDWH YDULDEOHV
;� ,Q RUGHU WR DFKHLYH WKLV JRDO� KRZ PXVW WKH VWDWH YDULDEOHV HQWHU WKH PDUJLQDO
UDWH RI VXEVWLWXWLRQ" ([DPLQLQJ ������� ZH VHH WKDW U DQG y PXVW EH 0DUNRYLDQ� ,Q
RWKHU ZRUGV� ZH ZLOO QHHG IXQFWLRQV 5�[� DQG e�[� WKDW GHWHUPLQH KRZ WKH LQWHUHVW
UDWH DQG WKH SULFH RI ULVN GHSHQG RQ WKH VWDWH RI WKH ZRUOG� U  5�;� DQG y  e�;��
1RWH KRZHYHU WKDW P� P LWVHOI QHHG QRW EH 0DUNRYLDQ� 0DUNRYLDQL]LQJ P� P LV DW
EHVW XQQHFHVVDU\ DQG DW ZRUVW UHVWLFWLYH��

/HW [ EH D VFDODU VWDWH YDULDEOH WKDW LV FRQGLWLRQDOO\ QRUPDOO\ GLVWULEXWHG�

[� b [  z; c� �; c �
S
c� ������

ZKHUH z; DQG �; FDQ WKHPVHOYHV EH VWDWH�GHSHQGHQW� )RU WKH PRPHQW� KRZHYHU�
ZH ZLOO OHDYH XQVSHFLpHG WKH ZD\ LQ ZKLFK z; DQG �; GHSHQG RQ [� 6XSSRVH WKH
VROXWLRQ IRU ERQG SULFHV FDQ EH ZULWWHQ DV IROORZV�

%�[� ��  H[S�D� � E� [�� ������

�,W LV H Y H Q PR UH UH VWULF WLY H WR 0 D UN R Y LD QL] H WKH VWD WH ^ SULF H GH qD WR UP� 6H H ) LVKH U D QG *LOOH V �� � � � ��
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6LQFH %�  �� ZH PXVW KDYH D�  E�  �� 7KH FRHrFLHQWV ID�J DQG IE�J IRU
�  �� �� �� � � � DUH DV \HW XQGHWHUPLQHG�
,W LV FRQYHQLHQW WR LQWURGXFH IRUZDUG UDWHV KHUH� )RUZDUG UDWHV DUH GHpQHG DV

I� � b ORJ�%� %��c � c� ������

ZKHUH WKH LQGLFHV KDYH EHHQ FKRVHQ VR WKDW I�  U� ,Q OLJKW RI ������� IRUZDUG UDWHV
FDQ EH H[SUHVVHG DV
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6LQFH I�  U� LW IROORZV WKDW U  �Dc  c� � �Ec  c�[�
7R UHFRYHU DOO RI WKH FRHrFLHQWV ID�J DQG IE�J� ZH SURFHHG DV IROORZV� *LYHQ

������ DQG ������� ZH FDQ ZULWH
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DQG WKHUHIRUH
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�%�  E�bc �; � �����E�

,Q �����D� ZH VHH WKDW WKH H[SHFWHG UHWXUQ RQ D ERQG LV FRPSRVHG RI WKUHH SDUWV�
LQGXFHG E\ �L� WKH IRUZDUG UDWH �VROHO\ IURP WKH SDVVDJH RI WLPH�� �LL� WKH H[SHFWHG
FKDQJH LQ WKH VWDWH YDULDEOH� DQG �LLL� WKH QRQOLQHDU UHODWLRQVKLS EHWZHHQ ERQG
SULFHV DQG WKH VWDWH YDULDEOH �WKH -HQVHQ
V LQHTXDOLW\ SDUW�� 8VLQJ ������ ZH FDQ
ZULWH ������ DV

bI�bc � E�bc Az; � E��bc
�

�
N�;N� b U  �� ������

ZKHUH

Az; � z; b y c �;
LV WKH VR�FDOOHG ULVN�DGMXVWHG GULIW RI [�
:H QRZPDNH VSHFLpF DVVXPSWLRQV DERXW KRZ WKH VWDWH YDULDEOH HQWHUV WKH V\VWHP�

:H VSHFLI\ KRZ HDFK RI U� y� Az; � DQG �; GHSHQG RQ [� ,Q RUGHU WR PDLQWDLQ
FRQVLVWHQF\ ZLWK RXU SUHYLRXV DVVXPSWLRQV� U� Az; � DQG N�;N� PXVW EH DrQH LQ [��

)RU WKLV H[DPSOH� DVVXPH U  [� z;  x �z[ b [�� DQG �;  V; DQG y DUH VFDODU
FRQVWDQWV� ,Q WKLV FDVH ZH KDYH Az;  x � z; b [�� ZKHUH z; � z[ b y�; x� *LYHQ
WKLV VSHFLpFDWLRQ ������ EHFRPHVv
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� 7 KH F R QGLWLR QV D UH VLPLOD U IR U F R QWLQXR XV�WLPH PR GH OV� 6H H ' XrH D QG . D Q �� � � � ��
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%\ PDWFKLQJ FRHrFLHQWV� D SDLU RI GLoHUHQFH HTXDWLRQV LV SURGXFHG�v
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VXEMHFW WR D�  E�  �� 7KH VROXWLRQ WR ������ LV
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7KH ERQG�SULFH VROXWLRQ LV REWDLQHG E\ VXEVWLWXWLQJ ������ LQWR �������

7KH YDOXH RI D SHUSHWXLW\� $ SHUSHWXLW\ LV WKH FDQRQLFDO LQpQLWHO\�OLYHG DVVHW�
,W SD\V GLYLGHQGV DW WKH FRQVWDQW UDWH RI RQH� G�W� Lc�  � IRU DOO L LQ ������ )RU D
SHUSHWXLW\� ����� EHFRPHV

S  c�(W

d
�P� P� S�

e
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7KH YDOXH RI D SHUSHWXLW\ LV WKH OLPLWLQJ YDOXH� LI WKH OLPLW H[LVWV� RI WKH YDOXH RI
DQ DQQXLW\ DV WKH KRUL]RQ JRHV WR LQpQLW\� 7KH YDOXH RI DQ DQQXLW\ LV WKH VXP RI
]HUR�FRXSRQ ERQG SULFHV�

S� � 

� c;
L �

%L c c� ������

ZKHUH S� GHQRWH WKH YDOXH RI D DQQXLW\ WKDW PDWXUHV LQ � XQLWV RI WLPH� VR WKDW
S  OLP��� S� LI WKH OLPLW H[LVWV� :H DGGUHVV WKH TXHVWLRQ RI H[LVWHQFH LQ WHUPV RI
WKH DV\PSWRWLF IRUZDUG UDWH�
$ QHFHVVDU\ FRQGLWLRQ IRU FRQYHUJHQFH LV WKDW ERQG SULFHV JR WR ]HUR DV WKH PD�

WXULW\ JRHV WR LQpQLW\� OLP��� %�  �� )URP �����E� ZH KDYH OLP��� E�  b� x�
7KHUHIRUH� ZH QHHG OLP��� D�  b�� RU HTXLYDOHQWO\ OLP��� D� b D�bc � ��
)URP �����D� ZH VHH WKDW

OLP
���

D� b D�bc
c

 OLP
��� E�bc x z; � E��bc NV;N�  b z; �

NV;N�
�x�

�

7KHUHIRUH� ERQG SULFHV ZLOO JR WR ]HUR LI DQG RQO\ LI z; b �
� �NV;N x�� ! �� $W WKH

VDPH WLPH� LQVHUWLQJ ������ LQWR ������� ZH KDYH

I� � OLP
��� I�  z; b �

�

vNV;N
x

w�
�

7KXV ERQG SULFHV ZLOO JR WR ]HUR LI DQG RQO\ LI I� ! �� $VVXPLQJ ERQG SULFHV GR JR
WR ]HUR� ZH FDQ DSSO\ WKH UDWLR WHVW IRU FRQYHUJHQFH� 7KH UDWLR RI VXFFHVVLYH WHUPV
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LV %��c  %�  HbI� c � 7KXV ZH KDYH

OLP
��� %��c  %�  OLP

��� HbI� c  HbI� c � ��

)RU WKLV H[DPSOH ZH FRQFOXGH WKDW WKH SRVLWLYLW\ RI WKH DV\PSWRWLF IRUZDUG UDWH LV
ERWK QHFHVVDU\ DQG VXrFLHQW IRU WKH FRQYHUJHQFH RI DQQXLW\ SULFHV WR WKH SULFH RI D
SHUSHWXLW\ DV WKH KRUL]RQ JRHV WR LQpQLW\��

)XQFWLRQDO LWHUDWLRQ DQG p[HG SRLQWV� :H FDQ WKLQN RI ������ DV H[SUHVVLQJ D IXQF�
WLRQDO UHODWLRQ� S  7 �S��� ZKHUH 7 � c �  c � 7%� c �� DQG 7% LV WKH ?ERQG�VKLIW�
RSHUDWRU� 7%�%� � UHWXUQV %��c � :H DUH ORRNLQJ IRU WKH p[HG SRLQW S VXFK WKDW
S  7 �S�� :H FDQ FRQpUP RXU VROXWLRQ LQ WHUPV RI ERQG SULFHV�

7
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0RUHRYHU� WKLV VXJJHVWV WKDW ZH FDQ VROYH IRU WKH p[HG SRLQW E\ VWDUWLQJ ZLWK S�  
c DQG LWHUDWLQJ DFFRUGLQJ WR S��c  7 �S� ��

� %RQG SULFHV SURYLGH FORVHG�IRUP
H[SUHVVLRQV IRU WKH LQFUHPHQWV� %��c  �S��c b S� � c�
%ODFNZHOO
V VXrFLHQW FRQGLWLRQV IRU 7 WR EH D FRQWUDFWLRQ DUH �L� PRQRWRQLFLW\

DQG �LL� GLVFRXQWLQJ� /HW I DQG J EH WZR IXQFWLRQV LQ WKH VSDFH 7 RSHUDWHV RQ�
DQG OHW I b J y �� 7 VDWLVpHV WKH PRQRWRQLFLW\ FRQGLWLRQ LI 7 �I� b 7 �J� y ��
,Q RXU FDVH 7 �I� b 7 �J�  7%�I b J� y �� /HW F y � EH D VFDODU FRQVWDQW� 7
VDWLVpHV WKH GLVFRXQWLQJ FRQGLWLRQ LI 7 �I � F� b 7 �I� x F r� ZKHUH r � ��� ��� 7R
VHH WKDW WKLV FRQGLWLRQ LV QRW VDWLVpHG LQ JHQHUDO� OHW I  � DQG F  �� 7KHQ
7 �I � F�b 7 �I�  7%���b 7%���  HbU c � 1RWH WKDW HbU c y � ZKHUH U x �� ZKLFK
YLRODWHV WKH GLVFRXQWLQJ FRQGLWLRQ� :H KDYH VHHQ� KRZHYHU� WKDW LW LV SRVVLEOH WR
GHULYH QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQV IRU FRQYHUJHQFH LQ WHUPV RI WKH DV\PSWRWLF
IRUZDUG UDWH�

$ pUVW FRQWLQXRXV�WLPH DSSUR[LPDWLRQ� (TXDWLRQ ������ H[HPSOLpHV WKH UH�
VWULFWLRQV ZH ZLOO GHULYH DV FRQWLQXRXV�WLPH DSSUR[LPDWLRQV� ,Q WKLV FDVH� RI FRXUVH�
QR DSSUR[LPDWLRQV ZHUH UHTXLUHG� 7KH UHVWULFWLRQ LQYROYHV LQ WKH SDUDPHWHUV RI
IRUZDUG�ORRNLQJ JURZWK UDWH SURFHVVHV� 7KH LQWURGXFWLRQ RI 0DUNRYLDQ VWDWH YDUL�
DEOHV WXUQV WKH UHVWULFWLRQ LQWR D V\VWHP RI GLoHUHQFH HTXDWLRQV�
,W LV VWUDLJKWIRUZDUG WR FRQVWUXFW D FRQWLQXRXV�WLPH DSSUR[LPDWLRQ WR WKH VROXWLRQ

IRU WKH YDOXH RI D SHUSHWXLW\ JLYHQ WKH 0DUNRYLDQ VWUXFWXUH RI WKH H[DPSOH DERYH�
$VVXPH WKDW ERQG SULFHV PDLQWDLQ WKHLU H[SRQHQWLDO�DrQH IRUP DV LQ ������� 7KH
SDLU RI GLoHUHQFH HTXDWLRQV WKDW FKDUDFWHUL]H WKH ERQG�SULFH VROXWLRQ� ������� EHFRPH
D SDLU RI RUGLQDU\ GLoHUHQWLDO HTXDWLRQV LQ WKH OLPLW DV c� �� 7KH VROXWLRQ WR WKH

� 7 KLV D QD O\ VLV H [ WH QGV WR WKH F OD VV R I H [ SR QH QWLD O�D rQH D QG H [ SR QH QWLD O�T XD GUD WLF PR GH OV D V OR QJ
D V WKH VWD WH Y D ULD EOH V D UH VWD WLR QD U\ �
�:H F R XOG MXVW D V Z H OO VWD UW Z LWK Sbc  � �
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GLoHUHQWLDO HTXDWLRQV LV WKH OLPLW RI WKH VROXWLRQ WR WKH GLoHUHQFH HTXDWLRQV���
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7DNLQJ WKH OLPLW DV WKH VWHS VL]H JRHV WR ]HUR� ZH KDYH S�  
5 �
V �%V GV� DQG S  

OLP��� S� LI WKH OLPLW H[LVWV� 7KH FRQGLWLRQ IRU WKH SRVLWLYLW\ RI WKH DV\PSWRWLF
IRUZDUG UDWH LV WKH VDPH LQ WKH FRQWLQXRXV�WLPH OLPLW DV LQ GLVFUHWH�WLPH� WKH LQWHJUDO
FRQYHUJHV LI DQG RQO\ LI z;b�NV;N x�� � ! �� 7KH DGYDQWDJH RI WKH FRQWLQXRXV�WLPH
DSSUR[LPDWLRQ OLHV LQ WKH HrFLHQF\ JDLQV IURP HYDOXDWLQJ LQWHJUDOV XVLQJ DGDSWLYH
TXDGUDWXUH LQVWHDG RI HYDOXDWLQJ VXPV���

:H FDQ HDVLO\ GHWHUPLQH WKH PDJQLWXGH RI WKH DSSUR[LPDWLRQ HUURU ZKHQ WKH
LQWHUHVW UDWH LV FRQVWDQW� 7KH YDOXH RI WKH FRQWLQXRXV�WLPH SHUSHWXLW\ LV VLPSO\
S  � U� ZKHUHDV WKH YDOXH RI WKH GLVFUHWH�WLPH SHUSHWXLW\ LV S  c �� b HbU c ��
7KH FRQWLQXRXV�WLPH DSSUR[LPDWLRQ XQGHUVWDWHV WKH GLVFUHWH�WLPH VROXWLRQ E\ DERXW
�� Uc SHUFHQW� )RU c  � �� DQG U  ����� WKH XQGHUVWDWHPHQW LV DERXW ����
SHUFHQW�

'LYLGHQG�GHQRPLQDWHG SHUSHWXLWLHV� :H QRZ FRQVLGHU DVVHWV ZLWK PRUH JHQ�
HUDO GLYLGHQG SURFHVVHV� ZKHUH WKH GLYLGHQG qRZ LV DOZD\V SRVLWLYH� :H REVHUYH WKDW
IRU DVVHWV ZLWK VXFK GLYLGHQG VWUHDPV� WKH SULFH^GLYLGHQG UDWLR LV LWVHOI WKH YDOXH
RI D SHUSHWXLW\ PHDVXUHG LQ WHUPV RI WKH GLYLGHQG SURFHVV� ,Q SDUWLFXODU� ����� LV
KRPRJHQHRXV LQ SULFHV DQG GLYLGHQG� 2QH LV IUHH WR PXOWLSO\ HDFK RI S� G� DQG S� E\
D FRQVWDQW o ! �� :H FDQ UHPRYH WKLV GHJUHH RI IUHHGRP E\ QRUPDOL]LQJ ����� E\
WKH GLYLGHQG G� DVVXPLQJ LW LV QRW ]HUR� WR SURGXFH

}  c�(W

d
�P�

G PG�}
�e � ������

ZKHUH }  S G LV WKH SULFH^GLYLGHQG UDWLR DQG P�
G PG  �P

� G�� �PG� LV WKH GLV�
FRXQW IDFWRU PHDVXUHG LQ WHUPV RI WKH GLYLGHQG SURFHVV� (TXDWLRQ ������ VKRZV WKDW
WKH SULFH^GLYLGHQG UDWLR LV LWVHOI WKH YDOXH RI DQ DVVHW ZKHQ PHDVXUHG LQ WHUPV RI
WKH GLYLGHQG SURFHVV� ,WV GLYLGHQG LV LGHQWLFDOO\ RQH �L�H�� RQH XQLW RI WKH GLYLGHQG
SURFHVV SHU XQLW RI WLPH�� WKH DVVHW LV D GLYLGHQG�GHQRPLQDWHG SHUSHWXLW\�
/HW WKH JURZWK�UDWH IRU GLYLGHQGV EH JLYHQ E\

ORJ�G� G�  HzGc� �G c �
S
c�

�� 7 KLV LV H VVH QWLD OO\ WKH 9 D VLF H N �� � � � � PR GH O R I WKH WH UP VWUXF WXUH R I LQWH UH VW UD WH V� 6H H ' XrH
D QG . D Q �� � � � � IR U WKH J H QH UD O H [ SR QH QWLD O�D rQH F D VH �
��3UH VV� 7 H XN R OVN \ � 9 H WWH ULQJ � D QG ) OD QQH U\ �� � � � � GR QR W GLVF XVV D GD SWLY H T XD GUD WXUH GLUH F WO\ LQ
WKH LU F KD SWH U R Q WKH LQWH J UD WLR Q R I IXQF WLR QV� ,QVWH D G WKH \ UH IH U WKH UH D GH U WR WKH LU F KD SWH U R Q
WKH LQWH J UD WLR Q R I 2' (V IR U D GD SWLY H VWH SVL] H D OJ R ULWKPV� -XGG �� � � � � EULH q\ GLVF XVVH V D GD SWLY H
T XD GUD WXUH � + H VH H PV WR VXJ J H VW WKD W H Y H U\ VXELQWH UY D O J H WV VXEGLY LGH G� UD WKH U WKD Q MXVW WKR VH
WKD W QH H G LW� Z KLF K Z R XOG LQGH H G PD N H WKH PH WKR G T XLWH F R VWO\ WR XVH LQ J H QH UD O� $ Q H OH PH QWD U\
LQWUR GXF WLR Q WR D GD SWLY H T XD GUD WXUH F D Q EH IR XQG LQ 6N H H O D QG . H LSH U �� � � � �� Z KH UH WKH D XWKR UV
SUH VH QW ? D Q D OJ R ULWKP WKD W DX WRPDWLFDOO\ GH WH UPLQH V D Q Hr FLHQW SD UWLWLR Q WKD W LV pQH H QR XJ K IR U
WKH GH VLUH G D F F XUD F \ �� >(PSKD VLV LQ WKH R ULJ LQD O�@ ) R U D WH [ WER R N GLVF XVVLR Q R I D GD SWLY H *D XVVLD Q
T XD GUD WXUH � VH H %XF KD Q D QG 7 XUQH U �� � � � ��
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VR WKDW

HzPG
 HzP � HzG DQG �PG

 �P � �G�

7KH H[SUHVVLRQV IRU WKH LQWHUHVW UDWH DQG WKH SULFH RI ULVN LQ ����D� DQG ����E� LQ
WHUPV RI WKH GULIW DQG GLoXVLRQ RI WKH VWDWH^SULFH GHqDWRU DUH QRW QXPHUDLUH�VSHFLpF�
,Q SDUWLFXODU� WKH\ DSSO\ WR P�

G PG�

UG  bHzPG
b �

�
N�PG

N� DQG yG  b�PG
� ������

:H UHIHU WR UG DQG yG DV WKH GLYLGHQG�GHQRPLQDWHG LQWHUHVW UDWH DQG SULFH RI ULVN�
*LYHQ WKH G\QDPLFV RIP DQG G� ZH FDQ VROYH IRU GLYLGHQG�GHQRPLQDWHG ERQG SULFHV�
%�
G � DQG WKHUHE\ VROYH IRU YDOXH RI WKH DVVHW� WKH SULFH^GLYLGHQG UDWLR�

}  
�;
L �

%L c
G c�

(TXLOLEULXP DVVHW SULFLQJ� 6WDQGDUG SUHIHUHQFHV� +HUH ZH DSSO\ VRPH RI WKH LGHDV
DOUHDG\ GHYHORSHG WR HTXLOLEULXP DVVHW SULFLQJ��� :LWK VWDQGDUG WLPH�VHSDUDEOH
SUHIHUHQFHV� XWLOLW\ KDV WKH IROORZLQJ UHFXUVLYH VWUXFWXUH�

9  X�F�c � Hbp c (W

d
9 �e � ������

ZKHUH p LV WKH UDWH RI WLPH�SUHIHUHQFH DQG X�[�  �[~ b �� ~� $V LV ZHOO�NQRZQ�
WKH PDUJLQDO UDWH RI VXEVWLWXWLRQ LV Hbp c �F� F�~b�� )RU RSWLPDO FRQVXPSWLRQ�
WKH LQWHUWHPSRUDO PDUJLQDO UDWH RI VXEVWLWXWLRQ HTXDOV ZLWK WKH RQH�SHULRG GLV�
FRXQW IDFWRU DV JLYHQ E\ WKH JURZWK UDWH RI WKH VWDWH^SULFH GHqDWRU� P� P  
Hbp c �F� F�~b�� ,Q WKLV VHWWLQJ� WKH GLYLGHQG LV FRQVXPSWLRQ LWVHOI� WKH YDOXH RI
WKH DVVHW LV ZHDOWK� WKH SULFH^GLYLGHQG UDWLR LV WKH ZHDOWK^FRQVXPSWLRQ UDWLR� DQG
WKH GLYLGHQG�GHQRPLQDWHG LQWHUWHPSRUDO PDUJLQDO UDWH RI VXEVWLWXWLRQ LV P�

G PG  

Hbp c �F� F�~�
/HW WKH FRQGLWLRQDO JURZWK UDWH RI FRQVXPSWLRQ EH JLYHQ E\

ORJ�F� F�  HzFc� �F c �
S
c�

VR WKDW

UG  p � ~ HzF b ~�
�

�
N�FN� DQG yG  ~�F�

$Q\ VWDWH�GHSHQGHQFH LQ } PXVW HQWHU WKURXJK HLWKHU HzF RU �F� 7KHUHIRUH� WR FRP�
SOHWH WKH PRGHO� OHW HzF  [ ZKHUH WKH HYROXWLRQ RI WKH VFDODU VWDWH YDULDEOH [ LV
GHWHUPLQHG E\

[� b [  x �z[b [�c � �V; � �� c �
S
c� ������

��%H OR Z Z H Z LOO H T XLOLEULXP D VVH W SULF LQJ LQ WKH PR UH J H QH UD O VH WWLQJ R I UH F XUVLY H SUH IH UH QF H V WKD W
LQF OXGH V VWD QGD UG SUH IH UH QF H V D V D VSH F LD O F D VH �



�� 0$ 5. ),6 + ( 5

ZKHUH x� z[� DQG V; DUH FRQVWDQW� $OVR OHW �F  �V�� V��� ZKHUH V� DQG V� DUH FRQVWDQW�
:LWK WKHVH G\QDPLFV�

UG  p � ~ [� ~�
�

�

b
V�� � V��

c
DQG yG  

�#~ V�

~ V�

�$ � ������

$V QRWHG LQ WKH LQWURGXFWLRQ� WKH VWDWH YDULDEOH LV UHODWHG WR EH WKH H[SHFWHG
JURZWK UDWH RI FRQVXPSWLRQ� UDWKHU WKDQ WKH UHDOL]HG JURZWK UDWH DV LV W\SLFDO LQ
GLVFUHWH�WLPH PRGHOV� ,Q WKH W\SLFDO IRUPXODWLRQ� ORJ�F� F� IROORZV DQG $5���� $V
IRUPXODWHG KHUH� ORJ�F� F� IROORZV DQ $50$������ VLQFH [� b [ LV QRW SHUIHFWO\ FRU�
UHODWHG ZLWK ORJ�F� F��
7KH VROXWLRQ WR WKLV HTXLOLEULXP DVVHW SULFLQJ PRGHOV FDQ IROORZ WKH VDPH VWHSV

DV WKH VROXWLRQ WR WKH SHUSHWXLW\ SUREOHP� 6ROYH IRU �GLYLGHQG�GHQRPLQDWHG� ERQG
SULFHV DQG DGG WKHP XS� ,I ~  �� WKHQ UG  p� WKH YDOXH RI D GLYLGHQG�GHQRPLQDWHG
]HUR FRXSRQ ERQG LV %�

G  Hbp � � DQG WKH ZHDOWK^FRQVXPSWLRQ UDWLR LV c �� b
Hbp c � } � p� )RU ~ � �� WKH ������ FRQVWLWXWH D *DXVVLDQ PRGHO RI WKH WHUP VWUXF�
WXUH WKDW LV HVVHQWLDOO\ WKH VDPH DV WKH ERQG H[DPSOH VROYHG DERYH� 7KH D\PSWRWLF
GLYLGHQG�GHQRPLQDWHG IRUZDUG UDWH LV JLYHQ E\

p � ~ z[� ~�
�

�

v
V�� � V�� b

� V� V;
x

b V�;
x�

w
�

�� & RQW LQXRXV�W LP H DSSU R[LP DW LRQV

,Q WKH SUHYLRXV VHFWLRQ� WKH FRQQHFWLRQ EHWZHHQ WKH FDQRQLFDO SHUSHWXLW\ PRGHO
DQG JHQHUDO HTXLOLEULXP DVVHW SULFLQJ PRGHOV ZLWK VWDQGDUG SUHIHUHQFHV ZDV HVWDE�
OLVKHG��� ,Q WKLV VHFWLRQ� FRQWLQXRXV�WLPH DSSUR[LPDWLRQV WR WKH GLVFUHWH�WLPH PRG�
HOV DUH GHYHORSHG� 7KH FRQWLQXRXV�WLPH DSSUR[LPDWLRQV DUH EDVHG RQ pUVW�RUGHU
DSSUR[LPDWLRQV DURXQG c  �� ZKHUH c LV WKH VL]H RI WKH WLPH VWHS� 7KLV DOORZV XV
WR WUHDW� IRU H[DPSOH� ERWK ] DQG ]� DV QRUPDOO\ GLVWULEXWHG��� 7KLV UHVXOW SURYLGHV
FRQWLQXRXV WLPH �DQG GLVFUHWH�WLPH DSSUR[LPDWLRQV EDVHG RQ LW� JUHDW DQDO\WLFDO
qH[LELOLW\�
7KH DSSURDFK WR FKDUDFWHUL]LQJ DVVHW SULFHV GHVFULEHG KHUH� ZKLFK LV ERUURZHG

IURP WKH FRQWLQXRXV�WLPH VHWWLQJ� HOLPLQDWHV H[SOLFLW UHIHUHQFH WR }� LQ ������ VLQFH
LQ FRQWLQXRXV WLPH WKHUH LV QR ?QH[W SHULRG�� ,Q LWV SODFH DUH WKH G\QDPLFV RI WKH
JURZWK UDWH ORJ�}� }�� :H SURFHHG E\ GLYLGLQJ ������ E\ } DQG UHDUUDQJLQJ�

c } �(W>t@b �  �� ZKHUH t � �P�
G PG� �}

� }�� �����

/HW ORJ�t� | 1 �Hzt c� �t
S
c�� VR WKDW (W>t@  Hzt c � ZKHUH zt � Hzt � �

� N�tN��
6LQFH

c } � Hzt c b �  �� } � zt�c �2�c���
��2QO\ WKH F D VH Z KH UH WKH IR UF LQJ Y D ULD EOH LV F R QVXPSWLR Q� D V LQ D Q H QGR Z PH QW H F R QR P\ � Z D V
WUH D WH G� 7 KH F D VH Z KH UH WKH IR UF LQJ Y D ULD EOH LV D VWR F KD VWLF UH WXUQ SUR F H VV LV WUH D WH G EH OR Z D V D
VSH F LD O F D VH R I R SWLPL] D WLR Q Z LWK UH F XUVLY H SUH IH UH QF H V�
��,I ]� | 1 �] � zc� �

S
c�� WKH Q� WR D pUVW�R UGH U D SSUR [ LPD WLR Q LQ c� �]��� | 1 �]� � �� ] z �

���c� � ] �
S
c�� 6H H $ SSH QGL[ $ �
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ZH FDQ ZULWH ����� DV

� } � zt  � �����

WR D pUVW�RUGHU DSSUR[LPDWLRQ� ZKHUH ZH KDYH GLYLGHG WKURXJK E\ c � ��
:H QRZ DVVXPH WKH JURZWK UDWHV RI PG DQG } LV ORJ�QRUPDOO\ GLVWULEXWHG�

ORJ�}� }�  Hz}c� �} c �
S
c ����D�

ORJ�P�
G PG�  HzPG c� �PG c �

S
c� ����E�

7KLV DVVXPSWLRQ LQYROYHV DQ LPSOLFLW DSSUR[LPDWLRQ� VLQFH DV ZH VDZ LQ WKH H[DPSOH
DERYH� } LV QRW H[DFWO\ ORJ�QRUPDOO\ GLVWULEXWHG IRU pQLWH c� *LYHQ ������ ZH KDYH

ORJ�t�  �Hz} � HzPG
�c � ��} � �PG

� c �
S
c�

DQG WKXV Hzt  Hz} � HzPG DQG �t  N�} � �PGN� �����

7KHUHIRUH� zt  Hz} � HzPG
� �
� N�} � �PG

N�� DQG ZH FDQ ZULWH ����� DV

� } � Hz} � HzPG
�
�

�
N�} � �PG

N�  �� �����

,Q RUGHU WR VROYH ����� IRU }� ZH QHHG WR VSHFLI\ VWDWH YDULDEOHV DORQJ ZLWK WKHLU
G\QDPLFV DQG KRZ HzPG DQG �PG GHSHQG RQ WKRVH VWDWH YDULDEOHV�
*LYHQ ������� ZH FDQ UHZULWH ����� DV

� } � z}  UG � yG c �}� �����

ZKHUH z} � Hz} � �
� N�}N� LV WKH H[SHFWHG FDSLWDO JDLQ� (TXDWLRQ ����� H[SUHVVHV

WKH ULVN�UHWXUQ FRQGLWLRQ IRU D SHUSHWXLW\� 7KH H[SHFWHG UHWXUQ �UHODWLYH GLYLGHQG
SOXV UHODWLYH FDSLWDO JDLQ� HTXDOV WKH ULVN IUHH UDWH SOXV D ULVN SUHPLXP� 6LQFH } LV
WKH YDOXH RI D SHUSHWXLW\� ZH VHH LPPHGLDWHO\ WKDW LI UG LV FRQVWDQW WKHQ }  � UG�
UHJDUGOHVV RI WKH EHKDYLRU RI yG� 7KH H[DFW VROXWLRQ WR WKH GLVFUHWH�WLPH SUREOHP
ZKHQ UG LV FRQVWDQW LV }  c �� b HbUG c �� 7KH PDJQLWXGH RI WKH DSSUR[LPDWLRQ
HUURU FDQ EH GHWHUPLQHG E\ FRPSDULVRQ�

0DUNRYLDQ DVVHW SULFH IXQFWLRQV� 7R SXW VRPH 0DUNRYLDQ PHDW RQ WKH ERQHV
RQ ������ W\SLFDOO\ RQH DVVXPHV WKHUH LV DQ XQNQRZQ IXQFWLRQg VXFK WKDW }  g�[�
DQG }�  g�[�� IRU VRPH YHFWRU RI VWDWH YDULDEOHV [ WKDW HYROYH DFFRUGLQJ WR VSHFLpHG
ODZV RI PRWLRQ�

[� b [  z;�[�c � �;�[� �
S
c� �����

ZKHUH z;�[� DQG �;�[� DUH �UHVSHFWLYHO\� YHFWRU DQG PDWUL[ IXQFWLRQV RI [� 7KH
GHSHQGHQFH RI WKH VROXWLRQ g RQ WKH VWDWH YDULDEOHV [ DULVHV VROHO\ WKURXJK WKH
GHSHQGHQFH RI zPG DQG �PG RQ WKH VWDWH YDULDEOHV� DV LOOXVWUDWHG E\ WKH H[DPSOH DW
WKH HQG RI 6HFWLRQ ��
)RU RXU SXUSRVH KHUH� LW LV FRQYHQLHQW WR ZULWH ����� DV

� � zz}  UG } � yG c z�}� �����
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ZKHUH zz}  z} } DQG z�}  �} }� DV LQ }�b}  zz}c� z�} c �
S
c� 7KH GLVFUHWH�WLPH

YHUVLRQ RI ,WR
V OHPPD �VHH $SSHQGL[ $� GHOLYHUV

zz}  z;�[�g[�[� �
�

�
g[[�[� N�;�[�N�

z�}  �;�[�g[�[�

WR D pUVW RUGHU DSSUR[LPDWLRQ LQ c� 7KXV ZH FDQ ZULWH ����� DV

� � Az; g[ �
�

�
g[[ N�;N� b5Gg  �� �����

ZKHUH Az; � z; b eG c �; �

6ROXWLRQ PHWKRGV� /HW WKHUH EH D VLQJOH VWDWH YDULDEOH [ ZLWK WKH IROORZLQJ ULVN�
DGMXVWHG G\QDPLFV� Az;  x � z; b [� DQG �;  V; � ZKHUH x� z;� DQG V; DUH
FRQVWDQWV� DQG OHW 5G�[�  [� ,Q WKLV H[DPSOH� GLYLGHQG�GHQRPLQDWHG ERQG SULFHV
DUH JLYHQ E\ %G�[� ��  HD����E���[� ZKHUH D���  D� DQG E���  E� DUH JLYHQ LQ
������� 7KHUHIRUH WKH VROXWLRQ LV JLYHQ E\ g�[�  

5�
� � H

D����E���[ G� � LI WKH LQWHJUDO
FRQYHUJHV�
,Q RUGHU WR LQWURGXFH D VROXWLRQ PHWKRG WKDW ZLOO SURYH TXLWH XVHIXO IRU VROY�

LQJ PRGHOV ZLWK UHFXUVLYH SUHIHUHQFHV� ZH ZLOO DSSO\ WKH VHPL�DQDO\WLF PHWKRG RI
XQGHWHUPLQHG FRHrFLHQWV WR ������ )LUVW� LQVHUW WKH SRZHU�VHULHV UHSUHVHQWDWLRQ
g�[�  

3�
Q � rQ [

Q LQWR ������

� � x � z; b [�
�;
Q �

Q rQ [
Qb� �

�

�
V�;

�;
Q �

Q �Qb �� rQ [Qb� b [
�;
Q �

rQ [
Q  ��

1H[W� FROOHFW WKH FRHrFLHQWV RI SRZHUV RI [ WR SURGXFH D V\VWHP RI OLQHDU HTXDWLRQV
LQ WKH XQNQRZQ r FRHrFLHQWV�

brQ b �Q� ��x rQ�� � �Q� ��x z; rQ�� � �Q� �� �Q� ��
�

�
V�; rQ��  ��

IRU Q y b� ZKHUH rb� � b�� 7KH pUVW 1 HTXDWLRQV �IRU 1 y �� FRQWDLQ 1 � �
FRHrFLHQWV� r� WKURXJK r1��� 7R VROYH WKLV XQGHU�GHWHUPLQHG V\VWHP� ZH UHSODFH
WKH WUXH FRHrFLHQWV rQ ZLWK DSSUR[LPDWLRQV r

1
Q DQG VHW r11  r11��  �� SURGXFLQJ

D V\VWHP RI 1 HTXDWLRQV LQ 1 XQNQRZQV� r1� WKURXJK r11b�� %\ LQFUHDVLQJ 1 � RQH

FDQ H[DPLQH WKH FRQYHUJHQFH RI r1Q IRU VSHFLpF Q� 2I FRXUVH LQ WKLV H[DPSOH ZH FDQ
FRPSXWH WKH FRHrFLHQWV LQ WKH SRZHU VHULHV GLUHFWO\ IURP ERQG SULFHV� 7KH 7D\ORU
VHULHV IRU ERQG SULFHV LV

%G�[� ��  
�;
Q �

HD��� E���Q

Q�
[Q�

VR WKDW rQ  
�
Q�

5�
� � H

D��� E���Q G� �
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�� 5HF XU VLYH SU HI HU HQF HV

7KH pUVW SUREOHP RQH IDFHV ZKHQ GHDOLQJ ZLWK UHFXUVLYH SUHIHUHQFHV LV VLPSO\
HYDOXDWLQJ WKH XWLOLW\ RI D JLYHQ FRQVXPSWLRQ SURFHVV� 5HFXUVLYH XWLOLW\ LQ GLVFUHWH
WLPH KDV WKH IROORZLQJ IRUP���

9  $
b
F� &�9 ��

c
� �����

ZKHUH &� c � LV WKH FHUWDLQW\ HTXLYDOHQW RSHUDWRU DQG $� c � c � LV WKH LQWHUWHPSRUDO
DJJUHJDWRU� ,Q SDUWLFXODU�

$�F� ]�  

�bb
�b Hbp c

c
F~ � Hbp c ]~

c� ~
� � � ~ x ��

F�bHbpc
]H

bpc
� ~  �

����D�

DQG

&�[�  

�
(W >[

o@� o � � � o x ��
H[S

j
(W >ORJ�[�@

k
� o  ��

����E�

ZKHUH p ! � LV WKH UDWH RI WLPH SUHIHUHQFH� u  �� b ~�b� LV WKH HODVWLFLW\ RI
LQWHUWHPSRUDO VXEVWLWXWLRQ� DQG q  �b o LV WKH FRHrFLHQW RI UHODWLYH ULVN DYHUVLRQ
IRU VWDWLF ZHDOWK JDPEOHV� 7KH FHUWDLQW\ HTXLYDOHQW IRU WKH ORJQRUPDO GLVWULEXWLRQ

KDV D VLPSOH H[SUHVVLRQ� ( >[o@� o  H[S�z�o�� �� IRU ORJ�[� | 1 �z� ��� ,QVHUWLQJ
����� LQWR ����� SURGXFHV �IRU ~ � � DQG o � ��

9  
tt
�b Hbp c

u
F~ � Hbp c (W

db
9 �coe~ ou� ~ � VXEMHFW WR 97  t F7 � �����

ZKHUH t F7 LV WKH WHUPLQDO UHZDUG DQG t ! ���� (TXDWLRQ ����� KDV WKH UHFXUVLYH
VWUXFWXUH RI WKH %HOOPDQ HTXDWLRQ� EXW ZLWKRXW RSWLPL]DWLRQ� 6LQFH 9 LV KRPR�
JHQHRXV LQ FRQVXPSWLRQ RI GHJUHH RQH� ZH FDQ ZULWH 9  F �� 9 �  F� ��� DQG
97  F7 �7 IRU VRPH SURFHVV �� DQG ZH FDQ UHSODFH F� F

�� DQG F7 ZLWK C F� C F�� DQG
C F7 IRU C ! �� %\ FKRRVLQJ C  �F ��b� ZH FDQ ZULWH ����� DVtt

�b Hbp c
u
�b~ � Hbp c (W

d
�F� F�o��� ��o

e~ ou� ~ b �  ��
VXEMHFW WR �7  t� �����

(TXDWLRQ ����� LV VFDOH�IUHH� ,W LQYROYHV FRQVXPSWLRQ RQO\ WKURXJK LWV JURZWK UDWH�
1RWH WKDW WKH VLPLODULW\ EHWZHHQ ����� DQG ������
:H PRGHO WKH FRQGLWLRQDO JURZWK UDWHV RI F DQG � DV ORJ�QRUPDOO\ GLVWULEXWHG�

ORJ�F� F�  HzFc� �F c �
S
c ����D�

ORJ��� ��  Hz�c� �� c �
S
c� ����E�

��6H H (SVWH LQ D QG =LQ �� � � � ��
�� ) LVKH U D QG *LOOH V �� � � � � WUH D W WKH F D VH Z KH UH t  � �



�� 0$ 5. ),6 + ( 5

*LYHQ ������ ZH FDQ ZULWH ����� DVvt
�b Hbp c

u
�b~ � Hbp c H[S

~
~

vHzF � Hz� � o
�

�
N�F � ��N�

w
c

�w� ~
b �  ��

�����

7DNLQJ WKH pUVW�RUGHU DSSUR[LPDWLRQ WR ����� DURXQG c  � DQG FDQFHOLQJ c SUR�
GXFHV

HzF � Hz� � o
�

�
N�F � ��N� � p X�� ��  �� VXEMHFW WR �7  t� �����

ZKHUH

X�[�  
[~ b �

~
�

(TXDWLRQ ����� LV YDOLG IRU DOO SDUDPHWHU YDOXHV LQFOXGLQJ o  � DQG ~  �� ZKHUH
X�[�  ORJ�[� LQ WKH ODWWHU FDVH� *LYHQ WKH G\QDPLFV RI FRQVXPSWLRQ� WKH SURFHVV
� WKDW VROYHV ����� SURYLGHV WKH VROXWLRQ IRU XWLOW\� :H GLVFXVV KRZ WR VROYH �����
EHORZ�

0DUJLQDO XWLOLW\ DQG WKH VXSSRUWLQJ SULFH V\VWHP� 0DUJLQDO XWLOLW\ SURYLGHV
WKH OLQN WR RSWLPDOLW\�
:H FDQ XVH ����� WR H[SUHVV KRZ XWLOLW\ LV H[SHFWHG WR FKDQJH RYHU WLPH� 'HpQH

j�]�  
]o b �

o
�

DQG OHW z9W  j�9W�� :H FDQ ZULWH ����� DV

z9  

tb
�b Hbp c

c
F~ � Hbp c (W

d
� � o z9 �e~ ouo ~ b �

o
�

7KH pUVW�RUGHU DSSUR[LPDWLRQ DURXQG c  � SURGXFHV

z9
�
 zI�F�(W> z9

�@�c �(W> z9
�@

�
 zI�F� z9 �c �(W> z9

�@� VXEMHFW WR 97  j�t F7 ��
�����

ZKHUH

zI�F� Y�  ] p X
t
F ]b� o

u
� ZKHUH ]  � � oY�

1RWH WKDW GLVFRXQWLQJ� LQWHUWHPSRUDO VXEVWLWXWLRQ� DQG ULVN DYHUVLRQ DUH DOO LQ LP�
SRXQGHG LQ zI � :H FDQ ZULWH ����� DV

z9W
�
 (W

�
7bc;
V W

zI�FV� z9V�c � j�t F7 �

�
�

7R JHW DQ H[SUHVVLRQ IRU PDUJLQDO XWLOLW\� WDNH WKH WRWDO GHULYDWLYH RI ��������

r z9  zIF�F� z9 �c rF� zI9 �F� z9 �c r z9 �(W>r z9
�@� �����

�� 1 R WH WKD W r9 LV WKH F XUUH QW Y D OXH R I PD UJ LQD O XWLOLW\ � QR W WKH F KD QJ H LQ XWLOLW\ D V WLPH F KD QJ H V�
Z KLF K LV z9 � b z9 � 7 KH F KD QJ H LQ PD UJ LQD O XWLOLW\ D V WLPH F KD QJ H V LV r z9 � b r z9 �
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ZKHUH zIF DQG zI9 DUH WKH SDUWLDO GHULYDWLYHV RI zI � 6ROYLQJ ����� IRU r z9 � ZH KDYH�

r z9  
zIF�F� z9 �c rF�(W>r z9

�@
�b I9 �F� z9 �c

�
 zIF�F� z9 �c rF� H

zI9 �F� z9 � c (W>r z9
�@� ������

ZKHUH WKH DSSUR[LPDWLRQ LV pUVW�RUGHU LQ c� )URP ������� ZH VHH WKH PDUJLQDO XWLOLW\
RI FXUUHQW FRQVXPSWLRQ SHU XQLW RI WLPH LV zIF�F� z9 � DQG WKH UDWH DW ZKLFK XWLOLW\ LV
GLVFRXQWHG LV b zI9 �F� z9 �� 6LQFH ������ KROGV IRU PDUJLQDO XWLOLW\ QH[W SHULRG DV ZHOO�
ZH FDQ ZULWH

r z9  zIF�F� z9 �c rF� H
zI9 �F� z9 � c (W

x r z9 �] `_ ^
zIF�F

�� z9 ��c rF� � H
zI9 �F

��z9 �� c (W�c

d
r z9 ��e y�

������

6HWWLQJ r z9  r z9 ��  � LQ ������� UHDUUDQJLQJ� DQG FDQFHOLQJ c� ZH KDYH

brF  (W

xv
H
zI9 �F� z9 � c

zIF�F
�� z9 ��

zIF�F� z9 �

w
rF�

y
IRU DQ\ IHDVLEOH LQWHUWHPSRUDO UHDUUDQJHPHQW RI FRQVXPSWLRQ EHWZHHQ F DQG F��
7KHUHIRUH� ZH FDQ H[SUHVV WKH RQH�SHULRG LQWHUWHPSRUDO PDUJLQDO UDWH RI VXEVWL�
WXWLRQ * � * DV * � *  H

zI9 �F� z9 � c zIF�F
�� z9 �� zIF�F� z9 ���� *LYHQ z9  j�9 �  j�F ��  

��F ��o b ��  o DQG ������ ZH FDQ ZULWH
zIF�F� z9 �  p Fob� �ob~ �����D�

zI9 �F� z9 �  bp � �ob ~�p X�� ��

 bp b �ob ~�

vHzF � Hz� � o
�

�
N�F � ��N�

w
�

�����E�

*LYHQ ������ ZH FDQ ZULWH

* � *  H[S
~
b
v
p � ��b ~� HzF b o �~b o�

�

�
N�F � ��N�

w
c

b b
��b o��F � �~b o���

c c �Sc�
� ������

*LYHQ WKH G\QDPLFV RI FRQVXPSWLRQ� WKH RQO\ XQNQRZQ LQ WKH PDUJLQDO UDWH RI
VXEVWLWXWLRQ LV WKH YRODWLOLW\ RI WKH LQIRUPDWLRQ YDULDEOH�
7KH VXSSRUWLQJ SULFH V\VWHP VDWLVpHV P� P  * � * � 8VLQJ ������ ZKLFK H[SUHVVHV

WKH LQWHUHVW UDWH DQG WKH SULFH RI ULVN LQ WHUPV RI WKH G\QDPLFV RI WKH ORJ RI WKH
VWDWH^SULFH GHqDWRU� ZH KDYH

U  p � ��b ~� HzF b o �~b o�
�

�
N�F � ��N� b �

�
NyN� �����D�

y  ��b o��F � �~b o���� �����E�

%HIRUH SURFHHGLQJ ZH FDQ XVH �����D� WR FRQpUP WKH LQWHUSUHWDWLRQV RI p DQG u� /HW
�F  � DQG HzF EH FRQVWDQW� 6LQFH WKHUH LV QR VWDWH YDULDWLRQ LQ WKLV FDVH� ��  � DQG
�� ' XrH D QG 6N LD GD V �� � � � � GH ULY H WKLV UH VXOW LQ D VH PL�PD UWLQJ D OH VH WWLQJ WKD W LQF OXGH V ER WK
GLVF UH WH WLPH D QG F R QWLQXR XV WLPH D V VSH F LD O F D VH V�
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�����D� EHFRPHV U  p � �� b ~� HzF� )RU FRQVWDQW FRQVXPSWLRQ� U  p� WKH UDWH RI
WLPH SUHIHUHQFH� ,Q DGGLWLRQ� GHzF GU  �� b ~�b�  u� FRQpUPLQJ WKDW u PHDVXUHV
WKH HODVWLFLW\ RI LQWHUWHPSRUDO VXEVWLWXWLRQ�

:HDOWK DQG WKH VXSSRUWLQJ UHWXUQV SURFHVV� :HDOWK N LV WKH SUHVHQW YDOXH RI
FRQVXPSWLRQ�

N  Fc�(W>�P
� P� N�@� ������

7KH G\QDPLFV RI ZHDOWK DUH JLYHQ E\

N�  �N b Fc� ��� ��� ������

ZKHUH �� � LV WKH UHWXUQ RQ ZHDOWK� :H FDQ LQWHUSUHWH � DV WKH YDOXH RI DQ DVVHW
WKDW HDUQV WKH UHWXUQ RQ ZHDOWK ZLWK QR GUDZGRZQV IRU FRQVXPSWLRQ� $V VXFK� ZH
UHIHU WR � DV WKH YDOXH RI WKH FDSLWDO DFFRXQW� (OLPLQDWLQJ N� IURP ������ DQG ������
SURGXFHV WKH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ IRU ��

(W>�P
� P� ��� ��@  �� ������

(TXDWLRQ ������ SURYLGHV D OLQN IURP WKH FDSLWDO DFFRXQW WR WKH SULFH V\VWHP DQG
KHQFH WR SUHIHUHQFHV� 1H[W ZH HVWDEOLVK D VHFRQG OLQN IURP WKH FDSLWDO DFFRXQW WR
SUHIHUHQFHV�
$V )LVKHU DQG *LOOHV ������ VKRZ� WKH ZHDOWK^FRQVXPSWLRQ UDWLR FDQ EH H[SUHVVHG

DV WKH PDUJLQDO XWLOLW\ RI D SHUPDQHQW LQFUHDVH LQ FRQVXPSWLRQ QRUPDOL]HG E\ WKH
PDUJLQDO XWLOLW\ RI FXUUHQW FRQVXPSWLRQ� 7KH PDUJLQDO XWLOLW\ RI D SHUPDQHQW LQ�
FUHDVH LQ XWLOLW\ FDQ EH H[SUHVVHG DV

# z9

#F
 

#

#F

�F ��o b �
o

 Fob� �o�

DQG WKH PDUJLQDO XWLOLW\ RI FXUUHQW FRQVXPSWLRQ LV JLYHQ LQ �����D�� 7KHUHIRUH�

}  �~ p� ������

ZKHUH } LV WKH ZHDOWK^FRQVXPSWLRQ UDWLR LQ WKLV VHWWLQJ� 7RJHWKHU ������ DQG ������
SURYLGH WKH VHFRQG OLQN�

�� �  
�F� F� ��� ��~

�b F Nc
� ������

*LYHQ WKH G\QDPLFV RI WKH VWRFKDVWLF UHWXUQ�

ORJ��� ��  Hz�c� �� c �
S
c� ������

(TXDWLRQV ������ DQG ������ LPSO\

Hz�  U � y c �� b �

�
N��N� �����D�

��  �F � ~ ��� �����E�

1RWH WKDW WKH UHWXUQV SURFHVV LV LQGHSHQGHQW RI ZHDOWK� 7RJHWKHU ������ DQG ������
HVWDEOLVK WKH UHODWLRQV DPRQJ WKH G\QDPLFV RI FRQVXPSWLRQ� WKH VXSSRUWLQJ SULFH
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V\VWHP� DQG WKH VXSSRUWLQJ UHWXUQV SURFHVV� )RU H[DPSOH� ZH FDQ XVH �����E� WR
HOLPLQDWH �F IURP �����E� DQG H[SUHVV WKH SULFH RI ULVN DV

y  q �� � ��b q�

v
��
u

w
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(YLGHQWO\ ULVN SUHPLD GHSHQG RQ WKH FRYDULDQFH ZLWK WKH UHWXUQV SURFHVV DQG ZLWK
WKH LQIRUPDWLRQ YDULDEOH� &DPSEHOO ������ GHULYHV DQ HTXLYDOHQW H[SUHVVLRQ IRU
ULVN SUHPLD �KLV (TXDWLRQ ������ ZKLFK KH UHIHUV WR DV WKH ?FURVV�VHFWLRQDO DVVHW
SULFLQJ IRUPXOD WKDW PDNHV QR UHIHUHQFH WR FRQVXPSWLRQ�� :H FDQ REWDLQ &DPSEHOO
V
SDUDPHWHUL]DWLRQ ZLWK D FKDQJH RI YDULDEOHV� 'HpQH � � �� u� 7KHQ ��  u ���
DQG ������ EHFRPHV y  q �� � ��b q����

7KH LQIRUPDWLRQ YDULDEOH DV D ZHLJKWHG IRUHFDVW� *LYHQ ������ ZH KDYH

A9 � b A9  b zI�F� z9 �c � �z9 c �
S
c�

IRU VRPH � z9 � /HW
A9  J� z9 �� 8VLQJ WKH GLVFUHWH�WLPH YHUVLRQ RI ,WAR
V OHPPD� ZH FDQ

FRPSXWH

A9 � b A9  zA9 c� �A9 c �
S
c�

ZKHUH

zA9  bJ�� z9 � zI�F� z9 � � J��� z9 �
�

�
N� z9 N� DQG � A9  J�� z9 �� z9 � ������

:H FDQ XVH WKH H[SUHVVLRQ IRU � A9 DQG WKH LQYHUVH IXQFWLRQ Jb�� A9 � WR HOLPLQDWH �z9
DQG z9 IURP zA9 �

zA9  bJ�
t
Jb�� A9 �

u
zI
t
F� Jb�� A9 �

u
�

J��
t
Jb�� A9 �

u
J�
t
Jb�� A9 �

u� �� N�A9 N�
%\ FKRRVLQJ J�[�  ����o[�~ ob �� ~� ZH FDQ PDNH WKH pUVW WHUP LQ z A9 OLQHDU LQ
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zA9  bp �X�F�b A9 �b ob ~
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�

�
N� A9 N��

7KXV ZH FDQ ZULWH

A9  
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p �X�F�b A9 � �

ob ~

� � ~ A9

�

�
N� A9 N�

w
c�(W> A9
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ZKLFK LV HTXLYDOHQW WR
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ob ~

� � ~ A9

�

�
N� A9 N�

w
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(TXDWLRQ ������ VKRZV WKDW WKH FXUUHQW qRZ RI XWLOLW\ LV FRPSRVHG RI WZR SDUWV�
7KH pUVW SDUW LV WKH VWDQGDUG ?IHOLFLW\� RI FRQVXPSWLRQ� p X�F�� 7KH VHFRQG SDUW
GHSHQGV RQ WKH FRQGLWLRQDO YDULDQFH RI XWLOLW\ LWVHOI� 7KH VLJQ RI WKH VHFRQG SDUW LV
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GHWHUPLQHG E\ WKH VLJQ RI o b ~� ,I o b ~ � �� WKHQ DQ LQFUHDVH LQ WKH FRQGLWLRQDO
YDULDQFH RI XWLOLW\ UHGXFHV FXUUHQW XWLOLW\� 7KLV FDQ EH LQWHUSUHWHG DV D SUHIHUHQFH
IRU HDUO\ UHVROXWLRQ RI XQFHUWDLQW\� 6LPLODUO\� o b ~ ! � LQGLFDWHV D SUHIHUHQFH IRU
ODWH UHVROXWLRQ RI XQFHUWDLQW\� 6WDQGDUG SUHIHUHQFHV �ob ~  �� GLVSOD\ LQGLoHUHQFH
WR WKH WLPLQJ RI WKH UHVROXWLRQ RI XQFHUWDLQW\�
5HSHDWHG UHFXUVLYH VXEVWLWXWLRQ IRU H[SHFWHG IXWXUH XWLOLW\ LQ ������ SURGXFHV

A9W  (W

�
7bc;
V W

Hbp �VbW�

~
p X�FV� �

ob ~

� � ~ A9V

�

�
N�A9VN�

�
c� Hbp �7bW� X�t F7 �

�
�
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x= 7

V W
Hbp �VbW�

~
p X�FV� �

ob ~

� � ~ A9V

�

�
N�A9VN�

�
GV� Hbp �7bW� X�t F7 �

y
�

������

ZKHUH ZH KDYH DSSUR[LPDWHG WKH VXP ZLWK DQ LQWHJUDO DQG ZH KDYH XVHG WKH IDFW
WKDW A9  X�9 � LQ ZULWLQJ WKH WHUPLQDO UHZDUG� 8VLQJ A9  X�F ��� N� A9 N� ���~ A9 �  
9 ~ N�9  9 N�� DQG X�[� \~ � X�� \�  X�[ \�� ZH FDQ ZULWH ������ DV

X���  

= 7

V W
p Hbp �VbW�(W

x
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V W
Hbp �VbW�(W
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�
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y
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)RU ~  � ������ EHFRPHV

ORJ���  
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x
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GV� Hbp �7bW�(W
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t
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�
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= 7

V W
Hbp �VbW�(W
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�

�
N�FV � ��VN�

y
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(TXDWLRQ ������ H[SUHVVHV WKH LQIRUPDWLRQ YDULDEOH DV D ZHLJKWHG IRUHFDVW RI FRQ�
VXPSWLRQ JURZWK UDWHV SOXV D ZHLJKWHG IRUHFDVW RI FRQGLWLRQDO YDULDQFHV� ,I WKH
FRQGLWLRQDO YDULDQFHV DUH FRQVWDQW� WKHQ YDULDWLRQ LQ WKH LQIRUPDWLRQ YDULDEOH ZLOO
FRPH VROHO\ IURP YDULDWLRQ LQ WKH ZHLJKWHG IRUHFDVWV RI FRQVXPSWLRQ JURZWK�
:H FDQ HDVLO\ FRQYHUW ������ LQWR D ZHLJKWHG IRUHFDVW RI JURZWK UDWHV RI WKH FDSLWDO

DFFRXQW� )RU ~  �� HzF  Hz� b p DQG �F  ��� VR ZH FDQ ZULWH ������ DV

ORJ���  

= 7
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p Hbp �VbW�(W

x
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u
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V W
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�
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y
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7KH DSSUR[LPDWLRQV LQ &DPSEHOO ������ DUH LPSOLFLWO\ EDVHG RQ �������

2SWLPDO FRQVXPSWLRQ� 8S WR WKLV SRLQW� ZH KDYH WUHDWHG WKH FRQVXPSWLRQ SURFHVV
DV JLYHQ� &XUUHQW RSSRUWXQLWLHV KDYH EHHQ JLYHQ E\ FXUUHQW FRQVXPSWLRQ DQG IX�
WXUH RSSRUWXQLWLHV KDYH EHHQ GHWHUPLQHG E\ WKH G\QDPLFV RI FRQVXPSWLRQ� 1RZ ZH
FKDQJH SHUVSHFWLYH� &RQVXPSWLRQ LV QR ORQJHU JLYHQ H[RJHQRXVO\� ,QVWHDG� FXUUHQW
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RSSRUWXQLWLHV DUH JLYHQ E\ FXUUHQW ZHDOWK DQG IXWXUH RSSRUWXQLWLHV DUH GHWHUPLQHG
E\ VWRFKDVWLF LQYHVWPHQW UHWXUQV_HLWKHU GLUHFWO\ YLD WKH LQYHVWPHQW WHFKQRORJ\ RU
LQGLUHFWO\ YLD WKH SULFH V\VWHP�
7KH G\QDPLFV RI ZHDOWK HPERG\ WKH FRQVXPSWLRQ^LQYHVWPHQW WUDGH�Ro� :H FDQ

LQWHUSUHW G� � DV WKH UHWXUQ RQ RSWLPDOO\ LQYHVWHG ZHDOWK DQG �� DV WKH YRODWLOLW\ RI
WKH RSWLPDO SRUWIROLR� :H UHIHU WR � DV WKH YDOXH RI WKH FDSLWDO DFFRXQW� 7KH FDSLWDO
DFFRXQW WUDFWV WKH YDOXH RI D PDUJLQDO LQYHVWPHQW� 7KH VRXUFH RI UHWXUQV FRXOG EH
D SRUWIROLR RI VHFXULWLHV� RU LW FRXOG EH D VLQJOH VWRFKDVWLF LQYHVWPHQW WHFKQRORJ\� ,Q
HLWKHU FDVH� WKH YDOXH RI WKH FDSLWDO DFFRXQW UHSUHVHQWV WKH RXWFRPH RI WKH IROORZLQJ
LQYHVWPHQW VWUDWHJ\� LQYHVW RQH XQLW RI WKH FRQVXPSWLRQ JRRG LQ WKH UHWXUQV SURFHVV
DW WLPH ]HUR DQG WKHUHDIWHU FRQWLQXRXVO\ UHLQYHVW WKH SURFHHGV�
,Q WKH FXUUHQW VHWWLQJ� WKH LQIRUPDWLRQ YDULDEOH ZLOO VXPPDUL]H DOO UHOHYDQW LQ�

IRUPDWLRQ DERXW IXWXUH RSSRUWXQLWLHV DV UHqHFWHG LQ WKH G\QDPLFV RI HLWKHU WKH
VWDWH^SULFH GHqDWRU RU WKH FDSLWDO DFFRXQW� ,Q RWKHU ZRUGV� WKH LQIRUPDWLRQ YDULDEOH
PXVW FRQIRUP WR WKH G\QDPLFV RI WKH IRUFLQJ YDULDEOH� 3UHYLRXVO\� LQ WKH HQGRZPHQW
VHWWLQJ� WKH IRUFLQJ YDULDEOH ZDV FRQVXPSWLRQ� :H QRZ DOORZ WKH IRUFLQJ YDULDEOH
WR EH WKH VWDWH^SULFH GHqDWRU RU WKH FDSLWDO DFFRXQW� 7KH UHVWULFWLRQ � PXVW VDWLVI\
ZKHQ WKH IRUFLQJ YDULDEOH LV WKH VWDWH^SULFH GHqDWRU LV REWDLQHG E\ HOLPLQDWLQJ HzF
DQG �F IURP ����� XVLQJ ������� 6LPLODUO\� WKH UHVWULFWLRQ � PXVW VDWLVI\ ZKHQ WKH
IRUFLQJ YDULDEOH LV WKH FDSLWDO DFFRXQW LV REWDLQHG E\ HOLPLQDWLQJ HzF DQG �F IURP
����� XVLQJ ������ DQG �������

7 DEO H � � &RHrFLHQWV IRU (TXDWLRQ �������

\ D� D� D�

F � � �b q

� bp u u ��b q� u

� P bp u u ��b q� �u q�

7KXV WKHUH DUH WKUHH YHUVLRQV RI ������ WKH FHQWUDO UHVWULFWLRQ RQ WKH LQIRUPDWLRQ
YDULDEOH� HDFK GHSHQGLQJ RQ D GLoHUHQW FKRLFH IRU WKH IRUFLQJ YDULDEOH� ,W LV FRQYH�
QLHQW WR IRUPDOO\ XQLI\ DOO WKUHH UHVWULFWLRQV� 7R WKDW HQG� ZH GHQRWH WKH JHQHULF
IRUFLQJ YDULDEOH \ DQG LWV G\QDPLFV G ORJ�\�W��  Hz\�W� GW � �\�W�

!G: �W�� ZKHUH \
LV HLWKHU FRQVXPSWLRQ �F�� WKH FDSLWDO DFFRXQW ���� RU WKH LQYHUVH RI WKH VWDWH^SULFH
GHqDWRU �� P�� :H FDQ ZULWH DOO WKUHH UHVWULFWLRQV DV

D� � D� Hz\ � Hz� � D�
�

�
N�� � D� �\N� � p X�� ��  �� VXEMHFW WR ��7 �  t�

������

ZKHUH WKH FRHrFLHQWV DL DUH JLYHQ LQ 7DEOH �� *LYHQ WKH G\QDPLFV RI WKH IRUFLQJ
YDULDEOH DQG WKH VROXWLRQ WR ������� ZH FDQ XVH ������ DQG ������ WR FRPSXWH WKH
G\QDPLFV RI WKH UHPDLQLQJ YDULDEOHV�
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:HDOWK^FRQVXPSWLRQ UDWLR� DJDLQ� )RU u � �� D FKDQJH RI YDULDEOH IURP � WR
}  N F DOORZV XV WR H[SUHVV ������ DV ������ 8VLQJ }  �~ p� ~ Hz�  Hz}� ~ ��  �}�
DQG Hz}  z} b �

� N�}N�� ZH FDQ UHZULWH ������ DV ������ ZKHUH

UG  G� � G� Hz\ � G� G�
�

�
N�\N� b �� G���

�
N�}N� �����D�

yG  bG� �\ � �� G���}� �����E�

7KH FRHrFLHQWV GL DUH JLYHQ LQ 7DEOH �� $V ORQJ DV u � �� (TXDWLRQV ������ DQG �����
DUH HTXLYDOHQW LQ WKH VHQVH WKDW WKH UHODWLRQ EHWZHHQ � DQG } FDQ DOVR EH LQYHUWHG�
+RZHYHU� ZKHQ u  �� ����� GHYROYHV WR � }  p� DQG � FDQQRW EH UHFRYHUHG IURP
}� ,Q WKLV FDVH� RQH PXVW DWWDFN �������

7 DEO H � � 7KH FRHrFLHQWV RI (TXDWLRQ ������ LQ WHUPV RI WKH SUHIHU�
HQFH SDUDPHWHUV �FROXPQV �^���

\ G� G� G� �  G� � G�

F p � u b � �b q � u b q

� u p �b u �b q �b u b q

� P u p �b u � q b � � q b u

,Q ������� WKH GLYLGHQG�GHQRPLQDWHG LQWHUHVW UDWH DQG SULFH RI ULVN DUH QRW H[RJH�
QRXV XQOHVV HLWKHU �}  � �LQ ZKLFK FDVH UG PXVW EH GHWHUPLQLVWLF� RU �  �� 7KH
ODWWHU FDVH GHSHQGV RQ WKH SDUDPHWHU YDOXHV DQG WKH IRUFLQJ SURFHVV� )RU H[DPSOH�
LI WKH IRUFLQJ YDULDEOH LV FRQVXPSWLRQ� WKHQ VWDQGDUG SUHIHUHQFHV LPSO\ �  �� %\
FRQWUDVW� LI WKH FDSLWDO DFFRXQW LV WKH IRUFLQJ YDULDEOH� WKHQ VWDQGDUG SUHIHUHQFHV
LPSO\ � � ��

�� 1XP HU LF DO VRO XW LRQV I RU U HF XU VLYH XW LO LW \

6ROYLQJ WKH PRGHO DPRXQWV WR VROYLQJ IRU WKH LQIRUPDWLRQ YDULDEOH JLYHQ WKH
G\QDPLFV RI D IRUFLQJ YDULDEOH� ,Q WKLV VHFWLRQ ZH VROYH ������ IRU WKH LQIRUPDWLRQ
YDULDEOH LQ D FRQWLQXRXV�WLPH 0DUNRYLDQ VHWWLQJ�

0DUNRYLDQ VWUXFWXUH� :H VXSSRVH WKHUH DUH G0DUNRYLDQ VWDWH YDULDEOHV; GULYLQJ
WKH IRUFLQJ SURFHVV \� ZKHUH \  F� RU � P� RU �� 7KH MRLQW G\QDPLFV RI ; DQG \
DUH JLYHQ E\�# G;�W�

G ORJ�\�W��

�$  

�#z;�;�W��Hz< �;�W��
�$ GW�

�#�;�;�W��
!

�< �;�W��
!

�$ G: �W��

ZKHUH:!  
b
:!

[ �:\

c
LV D O�GLPHQVLRQDO YHFWRU RI RUWKRQRUPDO %URZQLDQ PRWLRQV�

ZLWK :[ �O b ���GLPHQVLRQDO DQG :\ VFDODU� 7KH GLPHQVLRQV RI �;�[� DQG �< �[�
DUH UHVSHFWLYHO\ O d G DQG O d �� :H DVVXPH WKDW WKH ODVW FROXPQ RI �;�[�! LV
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D YHFWRU RI ]HURV� VR WKDW WKH VWDWH YDULDEOHV DUH QRW DoHFWHG E\ :\� �;�[�
!  b

h;�[�
! �

c
� ZKHUH h;�[� LV �Ob ��d G��� 1RWH WKDW HYHQ LI WKH VWDWH YDULDEOHV DUH

GHWHUPLQLVWLF ��;�[� u ��� \ FDQ EH VWRFKDVWLF� D FRPSOHWHO\ GHWHUPLQLVWLF HFRQRP\
ZRXOG UHTXLUH �< �[� u � DV ZHOO� 7KH IROORZLQJ IXQFWLRQV RI WKH VWDWH YDULDEOHV DUH
FDOOHG FROOHFWLYHO\ WKH GDWD�

z;�[�� Hz< �[�� �;�[�
!�;�[�� �;�[��< �[�� DQG �< �[�

!�< �[�� �����

)RU WKH PRVW SDUW� ZH ZLOO WDNH t ! � VR WKDW WKH LQIRUPDWLRQ YDULDEOH LV VWULFWO\
SRVLWLYH DQG pQLWH� ,Q DGGLWLRQ� VLQFH ZH KDYH DVVXPHG WKH GDWD GR QRW GHSHQG RQ
WLPH� WKH VROXWLRQ ZLOO EH WLPH�KRPRJHQHRXV� $V D FRQVHTXHQFH� LW LV FRQYHQLHQW WR
PRGHO ORJ���W��  n�;�W�� 7 b W�� *LYHQ WKH IXQFWLRQ n�[� ��� ZH FDQ FRPSXWH WKH
IXQFWLRQV IRU WKH GULIW DQG GLoXVLRQ Hz��W�  zn�;�W�� W� DQG ���W�  �n�;�W�� W��
LQ WHUPV RI WKH SDUWLDO GHULYDWLYHV RI n�

zn�[� ��  n[�[� W�
!z;�[� �

�

�
WU
K
�;�[�

!�;�[�n[[�[� ��
L
bn� �[� �� ����D�

�n�[� ��  n[�[� ���;�[�� ����E�

7KH GDWD WXUQ ����� LQWR D TXDVL�OLQHDU SDUWLDO GLoHUHQWLDO HTXDWLRQ �3'(� LQ WHUPV
RI WKH XQNQRZQ IXQFWLRQ n�

Hz< �[� � zn�[� �� � o N�< �[� � �n�[� ��N� � p X
t
Hbn�[���

u
 �� �����

VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQ n�[� ��  ORJ�t���� ,W FDQ EH VKRZQ WKDW LI
WKH GDWD DUH UHDO DQDO\WLF� D XQLTXH UHDO DQDO\WLF IXQFWLRQ n�[� �� H[LVWV LQ WKH
QHLJKERUKRRG RI �  ���� 7KH WKHRUHP GRHV QRW JXDUDQWHH WKH H[LVWHQFH RI D VROXWLRQ
IRU DQ DUELWUDU\ pQLWH KRUL]RQ� ,Q 6HFWLRQ � ZH ZLOO HQFRXQWHU DQ H[DPSOH WKDW IDLOV
WR KDYH VXFK D VROXWLRQ� +RZHYHU� LI VROXWLRQV H[LVW IRU DOO pQLWH KRUL]RQV� WKHQ WKH\
FRQYHUJH WR DQ LQpQLWH�KRUL]RQ VROXWLRQ LI DQG RQO\ LI OLP��� n� �[� ��  ��

6ROXWLRQ PHWKRG� :H SUHVHQW D PHWKRG IRU QXPHULFDOO\ VROYLQJ ������ 2XU QX�
PHULFDO VROXWLRQ WHFKQLTXH FDQ EH WKRXJKW RI DV WKH PHWKRG RI XQGHWHUPLQHG FR�
HrFLHQW IXQFWLRQV� ,W LV EDVHG RQ WKH H[DFW VROXWLRQV GHVFULEHG LQ WKH SUHYLRXV
VHFWLRQ IRU ~  �� 7R LOOXVWUDWH RXU PHWKRG DQG WR UHGXFH WKH QRWDWLRQDO EXUGHQ�
ZH VXSSRVH WKHUH LV D VLQJOH VWDWH YDULDEOH� *LYHQ UHDO DQDO\WLF GDWD� n�[� �� KDV
WKH SRZHU�VHULHV UHSUHVHQWDWLRQ H[SDQGLQJ DURXQG [  [� DQG WUHDWLQJ � DV D SD�
UDPHWHU� n�[� ��  

3�
Q � rQ��� �[ b [��

Q� 7KH FRQGLWLRQ IRU FRQYHUJHQFH WR DQ

�� 7 KLV D VVXPSWLR Q LV Z LWKR XW OR VV R I J H QH UD OLW\ � ,W VLPSO\ D OOR Z V IR U WKH SR VVLELOLW\ WKD W WKH UH H [ LVWV
D VKR F N � :\� WKD W D oH F WV \ EXW QR W ;�
�� ' XrH D QG /LR QV �� � � � � D GGUH VV WKH H [ LVWH QF H D QG XQLT XH QH VV R I 9 LQ D VLPLOD U VH WWLQJ �
�� 7 KLV LV GXH WR WKH PD LQ H [ LVWH QF H WKH R UH P IR U 3' (V� WKH & D XF K\ ^ . R Z D OH VN D \ D WKH R UH P� 6H H
5D XF K �� � � � � & KD SWH U � �� IR U H [ D PSOH �
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LQpQLWH�KRUL]RQ VROXWLRQ LV n� �[� ��  �� 7KH SDUWLDO GHULYDWLYHV DUH JLYHQ E\

n� �[� ��  
�;
Q �

r�Q��� �[b [��
Q

n[�[� ��  
�;
Q �

Q rQ��� �[b [��
Qb�

n[[�[� ��  
�;
Q �

Q �Qb �� rQ��� �[b [��
Qb��

7KH ERXQGDU\ FRQGLWLRQ� n�[� ��  ORJ�t�� LPSOLHV r����  ORJ�t� DQG rL���  � IRU
L y �� 7KH VROXWLRQ PHWKRG EHFRPHV RSHUDWLRQDO E\ DSSUR[LPDWLQJ n�[� �� DV

n1 �[� �� � 
1;
Q �

r1Q ��� �[b [��
Q�

ZKLFK LV LQVHUWHG LQWR ����� DQG WKH UHVXOW LV LQVHUWHG LQWR ������ XSRQ ZKLFK WKH
1 �WK RUGHU 7D\ORU DSSUR[LPDWLRQ LV FRPSXWHG� 7KH UHVXOW FDQ EH VHSDUDWHG LQWR
D V\VWHP RI QRQOLQHDU RUGLQDU\ GLoHUHQWLDO HTXDWLRQV� ,Q WKH SUHYLRXV VHFWLRQ ZLWK
~  �� ZH VDZ WKUHH H[DPSOHV ZKHUH WKLV UHSUHVHQWDWLRQ SURYLGHG H[DFW VROXWLRQV
ZLWK pQLWH 1 �
)RU FRPSDULVRQ ZLWK &DPSEHOO ������ DQG &DPSEHOO DQG .RR ������� ZH WUHDW

WKH FDVH ZKHUH WKH IRUFLQJ YDULDEOH LV WKH UHWXUQ RQ RSWLPDOO\ LQYHVWHG ZHDOWK� :H
DGRSW WKH IROORZLQJ G\QDPLFV�

G[  x �z[b [� GW� V; G:� ����D�

G ORJ�\�  �D\ � E\ [� GW� V� G:� � V� G:�� ����E�

,Q RUGHU WR GLUHFWO\ FRPSDUH ZLWK WKHLU UHVXOWV� ZH DGRSW D FKDQJH RI YDULDEOHV�
'HpQH � � �� u� :H FDQ ZULWH ������ LQ WHUPV RI � IRU \  ��

p � u

vHz� � Hz� � ��b q�
�

�
N�� � ��N�

w
� p X�� �u�  �� �����

VXEMHFW WR ��7 �  t� u� 1RZ ZH OHW ORJ���W��  n�;�W�� 7 b W�� *LYHQ ����� ZH
KDYH

zn�[�  x �z[b [�n[�[� �� � V�;
�

�
n[[�[� ��bn� �[� �� ����D�

�n�[�  

�#V; n[�[� ��

�

�$ � ����E�

:H DUH QRZ VHW WR DSSO\ RXU WUXQFDWHG VHULHV UHSUHVHQWDWLRQ WR WKH 0DUNRYLDQ
YHUVLRQ RI ������ /HW t  � VR WKDW n�[� ��  �� )RU H[DPSOH� ZLWK 1  � DQG
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[�  z[� ZH KDYH
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t
x� p H��bu� r�����
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VXEMHFW WR r�����  r�����  �� )RU 1  �� ZH PXVW DGG WHUPV WR WKH ULJKW�KDQG VLGHV
RI ����� �FKDQJLQJ r�L WR r�L �� V

�
; r����� WR ����D� DQG V; ��b q� �V� � V; r������ r

�
����

WR ����E�� ZKHUH

r��
�
���  b�

�
p H��bu� r����� ��b u� r�����

� bt
�x� p H��bu� r�����

u
r����� � � ��b q� V�; r�����

�� �����

VXEMHFW WR r����  ��

6SHFLDO FDVHV� 7KHUH DUH WZR FDVHV ZKHUH ����� SURYLGHV DQ H[DFW VROXWLRQ� %RWK
FDVHV LQYROYH D OLQHDUL]DWLRQ RI ������ 7KHVH FDVHV FDQ EH XQGHUVWRRG LQ WHUPV RI WKH
GLYLGHQG�GHQRPLQDWHG DV\PSWRWLF IRUZDUG UDWH� IG���� 8VLQJ WKH UHODWLRQV DOUHDG\
HVWDEOLVKHG DERYH� ZH FDQ ZULWH WKH GLYLGHQG�GHQRPLQDWHG LQWHUHVW UDWH DQG SULFH
RI ULVN DV��

UG  u p � ��b u�

~Hz� � ��b q�
�

�
N��N� b ��b u b q�

�

�
N��N�

�
����D�

yG  �q b ���� b ��b u b q���� ����E�

$ SRWHQWLDO GLrFXOW\ ZH IDFH LQ XVLQJ ����� LV WKH SUHVHQFH RI ��� ZKLFK LV SDUW
RI WKH VROXWLRQ� LQ WKH H[SUHVVLRQV IRU ERWK UG DQG yG� +RZHYHU QRWH WKDW ZKHQ
u � q  �� WKH WHUPV LQYROYLQJ �� GURS RXW RI ������ OHDYLQJ �LQ WKLV H[DPSOH� DQ
H[SRQHQWLDO�DrQH PRGHO RI WKH GLYLGHQG�GHQRPLQDWHG WHUP VWUXFWXUH�
)RU WKH pUVW FDVH� FRQVLGHU u  �� ,Q WKLV FDVH� UG  p� 7KHUHIRUH IG���  p� )RU

p ! �� FRQYHUJHQFH WR DQ LQpQLWH�KRUL]RQ LV JXDUDQWHHG� ,Q WKLV FDVH� ����� EHFRPHV

r��
�
���  z[b p b p r����� � ��b q�
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V� � V; r�����
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� V��
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�����D�
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�
���  �b �x� p� r������ �����E�

0RUHRYHU� WKH ULJKW�KDQG VLGH RI ����� LV SURSRUWLRQDO WR r���� ZKHQ u  �� ZKLFK
PDNHV LW LGHQWLFDOO\ ]HUR� JLYHQ LWV VWDUWLQJ YDOXH� $OO KLJKHU�RUGHU WHUPV DUH VLPL�
ODUO\ ]HUR� 6LQFH FRQYHUJHQFH LV JXDUDQWHHG� r��

�
���  r��

�
���  �� 7KHUHIRUH ZH FDQ

UHH[SUHVV ����E� IRU WKH LQpQLWH�KRUL]RQ SUREOHP DV D V\VWHP RI DOJHEUDLF HTXDWLRQV�

�  z[b p b p r���� � ��b q�
�

�

t
�V� � V; r������ � V��

u
�����D�

�  �b �x� p� r����� �����E�

��6H H ) LVKH U D QG *LOOH V �� � � � � IR U D XQLpH G WUH D WPH QW R I D OO WKUH H IR UF LQJ Y D ULD EOH V�
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ZLWK WKH XQLTXH VROXWLRQ
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x� p
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� V��
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�����D�

r����  �

p � x
� �����E�

)RU WKH VHFRQG FDVH� OHW IG��� x �� ,Q WKLV FDVH WKHUH LV QR LQpQLWH�KRUL]RQ
VROXWLRQ� 7KH ZHDOWK^FRQVXPSWLRQ UDWLR� ZKLFK LV WKH YDOXH RI DQ DQQXLW\� JURZV
ZLWKRXW ERXQG� DQG LWV LQYHUVH� WKH FRQVXPSWLRQ^ZHDOWK UDWLR� VKULQNV WR ]HUR DV
WKH KRUL]RQ JRHV WR LQpQLW\� 5HFDOO WKDW F N  p ��bu� �&RQVHTXHQWO\ � � � IRU

u � � DQG � � � IRU u ! ��� 7KH WHUP p H��bu� r1� ��� FDSWXUHV WKH VFDOH RI F N� DQG
VR LW JRHV JRHV WR ]HUR� WKHUHE\ OLQHDUL]LQJ WKH V\VWHP RI 2'(V� )RU ODUJH � � �����
EHFRPHV
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)RU 1 ! �� DOO KLJKHU�RUGHU FRHrFLHQWV DUH DV\PSWRWLFDOO\ ]HUR� VR WKDW WKH PRGHO
LV DV\PSWRWLFDOO\ pUVW�RUGHU LQ WKH UHJLRQ RI QRQFRQYHUJHQFH� 8VLQJ �����E�� ZH FDQ
FRPSXWH OLP��� r����  � x� ,QVHUWLQJ WKLV LQWR �����D� SURGXFHV

OLP
��� r�

����  z[b p �
p

�b u
� ��b q�

�

�

t
�V� � V; x�� � V��

u
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%HFDXVH WKH PRGHO LV DV\PSWRWLFDOO\ pUVW�RUGHU LQ WKH UHJLRQ ZKHUH LW GRHV QRW
FRQYHUJH� ZH KDYH OLP��� ��  �V; x� ����� $V D UHVXOW� ZH FDQ XVH ����� WR
LGHQWLI\ WKH UHJLRQV RI QRQFRQYHUJHQFH� )RU WKH UHJLRQV RI QRQFRQYHUJHQFH LQ WKLV
H[DPSOH� ZH FDQ ZULWH UG  o� � o� [ DQG yG  �C�� C��� ZKHUH

o�  u p � ��b u�
�

�

j
��b q� �V�� � V���b ��b u b q� �V; x��

k
o�  �b u

C�  �q b �� V� b ��b u b q� �V; x�

C�  �q b �� V��
DUH VFDODU FRQVWDQWV� 7KH DV\PSWRWLF IRUZDUG UDWH LV

IG���  o� � o�

v
z[b V; C�

x

w
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v
o� V;S
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1RWH WKDW WKH FRQGLWLRQ IG���  � LV HTXLYDOHQW WR WKH FRQGLWLRQ OLP��� r�
����  �

LQ �������

��,Q H VVH QF H Z KD W KD SSH QV LV WKLV� $ V WKH KR UL] R Q LQF UH D VH V� WKH D QQXLW\ Y D OXH F R PH V WR EH GR P�
LQD WH G E\ OLPLWLQJ Y D OXH V R I WKH XQGH UO\ LQJ GLVF R XQW ER QGV� ,I WKH GD WD D UH VWUXF WXUH G WR GH OLY H U
H [ SR QH QWLD O�D rQH GLY LGH QG�GH QR PLQD WH G GLVF R XQW ER QGV D EVH QW WKH �� WH UPV LQ UG D QG yG� WKH
VWD WH �GH SH QGH QF H R I WKH D QQXLW\ Z LOO LQKH ULW WKD W VWUXF WXUH LQ WKH QR QF R QY H UJ H QW F D VH � J XD UD QWH H LQJ
WKD W UG D QG yG LQF OXGLQJ WKH �� WH UPV Z LOO GH OLY H U WKH VD PH IR UPD O VWD WH �GH SH QGH QF H D V\ PSWR WLF D OO\ �
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/HW K��� u ��b u� r����� DQG I � IG���� )RU I x � DQG � ODUJH� ZH ZULWH ����D�
DV

K����  I b p HK���� ������

7KH VROXWLRQ WR ������ VXEMHFW WR K���  K� LV

K���  

�
b ORJ bp I � HbI �

b
HbK� b p I

cc
IRU I � �

b ORJ bHbK� � p �
c

IRU I  ��
������

7KHUHIRUH� IRU I x �� ZH KDYH OLP��� HK���  � DQG OLP��� K����  I � 6LQFH
OLP��� ��b u� r�����  b� IRU I x �� ZH KDYH LQ WKLV FDVH

OLP
��� r�����  

�
b� IRU u � �

�� IRU u ! ��

1RWZLWKVWDQGLQJ WKH LOO EHKDYLRU RI WKH VFDOH RI WKH HFRQRP\ LQ WHUPV RI WKH
ZHDOWK^FRQVXPSWLRQ UDWLR� WKH G\QDPLFV RI FRQVXPSWLRQ JURZWK DQG RI WKH VWDWH^
SULFH GHqDWRU �L�H�� WKH LQWHUHVW UDWH DQG WKH SULFH RI ULVN� DUH ZHOO�EHKDYHG DV WKH
KRUL]RQ JRHV WR LQpQLW\ LQ WKH QRQFRQYHUJHQW FDVH� 8VLQJ WKH UHODWLRQV DOUHDG\
HVWDEOLVKHG� ZH FDQ ZULWH WKH SURFHVV IRU WKH VWDWH^SULFH GHqDWRU DQG IRU RSWLPDO
FRQVXPSWLRQ DV IROORZV�

U  Hz� �v
��b q�b �

�

w
N��N� � �q b ���!

� �� �����D�

y  q �� � �q b ���� �����E�

HzF  u
bHz� b p

c
� ��b u� �q b �� �

�
N�� � ��N� �����F�

�F  �� � ��b u���� �����G�

7KH G\QDPLFV LQ ������ GHSHQG RQO\ RQ �� ZKLFK LQ WXUQ GHSHQGV RQO\ RQ r�  � x�

1XPHULFDO LQYHVWLJDWLRQ� )RU D QXPHULFDO LQYHVWLJDWLRQ� OHW

p  ����� x  ����� V;  ������ z[  ������ V�  ����� DQG V�  �����

7KH SDUDPHWHU YDOXHV DUH DOO PHDVXUHG SHU DQQXP� DQG KDYH EHHQ FKRVHQ WR �URXJKO\�
PDWFK WKH PRQWKO\ PRPHQWV LQ &DPSEHOO ������� 1XPHULFDO VROXWLRQV IRU YDULRXV
FRPELQDWLRQV RI u DQG q DUH VXPPDUL]HG LQ 7DEOHV �^�� 7KH pUVW FROXPQ LQGLFDWHV
WKH RUGHU RI WKH DSSUR[LPDWLRQ� 1 � ZKLFK UXQV IURP � WR �� ,Q WKH VHFRQG FROXPQ�
f1
� �[�� �� LV FRPSXWHG DV D PHDVXUH RI ZKHWKHU WKHUH KDV EHHQ FRQYHUJHQFH� ,Q WKH
WDEOHV� [�  ���� DQG �  ��� \HDUV��� 1XPEHUV OHVV WKH ��b�� LQ DEVROXWH YDOXH DUH
UHSRUWHG DV ]HUR�
7DEOH � SUHVHQWV WKH UHVXOWV IRU u  � DQG q  �� 7KH UHVXOWV LQ WKH WDEOH FRQpUP

RXU DQDO\VLV LQ WKLV FDVH� 7KH YDOXH RI WKH WLPH GHULYDWLYH LQ FROXPQ � LQGLFDWHV
WKDW DQ LQpQLWH�KRUL]RQ VROXWLRQ GRHV LQGHHG H[LVW� 7KH pUVW�RUGHU VROXWLRQ DSSHDUV
WR EH H[DFW� VLQFH KLJKHU�RUGHU WHUPV FRQWULEXWH QRWKLQJ� (YHQ DEVHQW DQDO\WLFDO
SURRI� ZH FDQ DOZD\V LQVHUW WKH VROXWLRQ LQWR WKH 3'(V� DQG HYDOXDWH WKH DEVROXWH
YDOXH RI WKH UHVLGXDO DV D IXQFWLRQ RI WKH VWDWH YDULDEOH DW WKH KRUL]RQ LQ TXHVWLRQ�

�� 7 KH LQLWLD O VWH SVL] H WD N H Q LQ VR OY LQJ WKH 2' (V LV � � b� \ H D UV �} � � �� VH F R QGV��
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� V LJQ Lp HV OHV V WK DQ ��b �� LQ DE V ROX WH YDOX H� Q�G� � Q d ��G�

7 DEO H � � u  �� q  �� �  ���� DQG [�  ������

)RU u  �� WKH UHVLGXDO LV LQGLVWLQJXLVKDEOH IURP ]HUR IRU DOO YDOXHV RI q DQG DW DOO
KRUL]RQV�
,Q 7DEOH � ZH PRYH DZD\ IURP WKH DQDO\WLFDOO\ DYDLODEOH VROXWLRQV WR u  � DQG

q  �� ,Q WKLV FDVH WKH VROXWLRQ KDV LQpQLWH RUGHU� +HUH ZH VHH WKDW WKH FRHrFLHQWV
FRQYHUJH TXLWH UDSLGO\ RI D IXQFWLRQ RI 1 � r11b� KDV FRQYHUJHG WR pYH VLJQLpFDQW
GLJLWV� $OVR QRWH WKDW WKH FRHrFLHQWV GLH Ro UDSLGO\ DV D IXQFWLRQ RI RUGHU� 7KH VDPH
REVHUYDWLRQV KROG IRU WKH FRHrFLHQWV LQ 7DEOHV � DQG �� 1RWH WKDW LQ 7DEOHV �^��
r1� UHPDLQV FORVH WR � �p � x��
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� V LJQ Lp HV OHV V WK DQ ��b �� LQ DE V ROX WH YDOX H� Q�G� � Q d ��G�

7 DEO H � � u  �� q  �� �  ���� DQG [�  ������

(YHQ WKRXJK WKH FRHrFLHQWV LQ 7DEOHV �^� KDYH FRQYHUJHG� ERWK DV IXQFWLRQV RI �
DQG 1 � WKHUH UHPDLQV WKH TXHVWLRQ DV WR KRZ ZHOO f1 �[��� pWV WKH GHpQLQJ UHVWULF�
WLRQ� 6LQFH WKH VROXWLRQ PHWKRG LV ORFDO LQ QDWXUH� WKH pW ZLOO EH SHUIHFW DW [� DQG
GHFD\ DV ZH PRYH DZD\��� 7KHUH DUH WZR UHODWHG LVVXHV KHUH� )LUVW� ZKDW LV WKH UDQJH
RYHU ZKLFK ZH GHVLUH D JRRG pW� DQG� VHFRQG� KRZ JRRG D pW VKRXOG WKH pW EH" 7R KHOS
GHWHUPLQH WKH DSSURSULDWH UDQJH� ZH FDQ FRPSXWH WKH XQFRQGLWLRQDO GLVWULEXWLRQ RI
WKH VWDWH YDULDEOH� ,Q RXU H[DPSOH� [ | 1 b

z[� V; 
S
�x

c
 1 ������� ���������� $

UDQJH FHQWHUHG RQ z[ WKDW LQFOXGHV PRUH WKDQ ���� SHUFHQW RI WKH 3') LV �b����� ������
7DEOH � VKRZV WKH HUURUV DW WKH HQGSRLQWV IRU WKH SDUDPHWHUV LQ 7DEOH �� (YHQ WKH
pUVW�RUGHU DSSUR[LPDWLRQ LV UHDVRQDEO\ DFFXUDWH RYHU WKH UHJLRQ�
7DEOHV � VKRZV UHVXOWV IRU u  � DQG q  �� :LWK WKHVH SDUDPHWHU YDOXHV WKHUH

LV QR FRQYHUJHQFH� 7KH WLPH GHULYDWLYH LV FOHDUO\ QRW ]HUR� HYHQ DW D KRUL]RQ RI ���

\HDUV� 0RUHRYHU� DOO RI WKH FRHrFLHQWV KLJKHU WKDQ pUVW�RUGHU DUH HoHFWLYHO\ ]HUR

��,Q J H QH UD O� WKH GH F D \ QH H G QR W EH PR QR WR QLF LQ M[b [�M� D OWKR XJ K LW LV IR U WKLV H [ D PSOH �
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7 DEO H � � (UURUV DW WKH HQG SRLQWV IRU u  � DQG q  ��

DW WKLV KRUL]RQ� 7KH UHVLGXDO IURP WKH 3'( LV LQGLVWLQJXLVKDEOH IURP ]HUR DW WKLV
KRUL]RQ� $OVR QRWH WKDW r1�  � x  ������� DV H[SHFWHG�
7KH UHJLRQV RI QRQ�FRQYHUJHQFH FDQ EH LGHQWLpHG E\ H[DPLQLQJ WKH GLYLGHQG�

GHQRPLQDWHG DV\PSWRWLF IRUZDUG UDWH� 8VLQJ WKH H[SUHVVLRQ IRU IG��� LQ ������� ZH
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FDQ PDS RXW WKH UHJLRQV RI QRQFRQYHUJHQFH� 3DQHO �D� RI )LJXUH � VKDGHV WKH UHJLRQV
ZKHUH IG��� x �� 6WDQGDUG SUHIHUHQFHV DUH SORWWHG DV WKH UHFWDQJXODU K\SHUEROD
u q  �� 1RWH WKDW WKHUH LV QR LQpQLWH�KRUL]RQ VROXWLRQ IRU VWDQGDUG SUHIHUHQFHV
XQOHVV ���� � q � ����� 7KLV UXOHV RXW WKH OHYHO RI ULVN�DYHUVLRQ WKDW KDV SUHYLRXVO\
EHHQ IRXQG FRQVLVWHQW ZLWK WKH PRPHQWV RI DVVHW UHWXUQV DQG FRQVXPSWLRQ JURZWK�
3DQHO �E� RI )LJXUH � LOOXVWUDWHV WKH HoHFW RI ORZHULQJ WKH UDWH RI WLPH SUHIHUHQFH
WR p  ���� RQ WKH UHJLRQV RI QRQFRQYHUJHQFH� :H VHH WKDW D VL]DEOH IUDFWLRQ RI
WKH UHJLRQ &DPSEHOO VWXGLHG LV QRQFRQYHUJHQW LQ WKLV FDVH� ,Q WKH OLPLW DV p � ��
WKH UHJLRQV RI QRQFRQYHUJHQFH IRUP D FKHFNHUERDUG� DSSURDFKLQJ WKH SRLQW �u� q�  
��� ��������
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) LJXU H � � 3UHIHUHQFH SDUDPHWHU VSDFH� 7KH HODVWLFLW\ RI LQWHUWHP�
SRUDO VXEVWLWXWLRQ �u� RQ WKH KRUL]RQWDO D[LV DQG WKH FRHrFLHQW RI
UHODWLYH ULVN DYHUVLRQ �q� RQ WKH YHUWLFDO D[LV� $UHDV RI QRQFRQYHU�
JHQFH DUH VKDGHG� 7KH GDVKHG OLQH GHOLPLWV WKH UHJLRQ VWXGLHG E\
&DPSEHOO ������� 7KH SDQHOV GLoHU RQO\ LQ WKH UDWH RI WLPH SUHIHU�
HQFH �p�� 3DQHO �D� XVHV p  ���� IURP &DPSEHOO� ZKLOH SDQHO �E�
XVHV p  �����

&RQYHUJHQFH DQG LWV DEVHQFH FDQ EH YLHZHG IURP WKH SHUVSHFWLYH RI VROYLQJ D
V\VWHP RI QRQOLQHDU HTXDWLRQV� ,Q SDUWLFXODU� VHWWLQJ WKH WLPH GHULYDWLYHV WR ]HUR�
����� EHFRPHV D V\VWHP RI QRQOLQHDU DOJHEUDLF HTXDWLRQV LQ WKH XQNQRZQ YDULDEOHV r��
DQG r��� )RU HDFK RI WKH SDUDPHWHU FRPELQDWLRQV LQ 7DEOHV �^�� WKHVH HTXDWLRQV DUH
SORWWHG LQ )LJXUH �� ZKHUH WKH DEVHQFH RI D VROXWLRQ �DW OHDVW LQ WKH QHLJKERUKRRG RI
WKH RULJLQ� LV HYLGHQW LQ WKH ODVW IUDPH� 2QH DGYDQWDJH RI WKH 2'( DSSURDFK LW WKDW
LW SURYLGHV D VROXWLRQ PHWKRG WKDW pQGV WKH FRQYHUJHQW VROXWLRQ LI LW H[LVWV� HYHQ LQ
WKH SUHVHQFH RI PXOWLSOH VROXWLRQV WR WKH QRQOLQHDU HTXDWLRQV�
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) LJXU H � � &RQWRXU SORWV DVVRFLDWHG ZLWK 7DEOHV �^�� r�� LV PHDVXUHG
RQ WKH KRUL]RQWDO D[LV DQG r�� LV PHDVXUHG RQ WKH YHUWLFDO D[LV�

1RZ FRQVLGHU D PRGHO ZLWK WZR VWDWH YDULDEOHV� $XJPHQW WKH SUHYLRXV PRGHO
ZLWK VWRFKDVWLF YRODWLOLW\� ,Q SDUWLFXODU� OHW

G ORJ���  [GW� V� G:� �
S
\ G:�

G[  x �z[b [� GW� V; G:�

G\  x< �z\ b \� GW� V<
S
\ G:��

:H NHHS WKH YDOXHV IRU V�� z[� x� DQG V; IURP WKH SUHYLRXV H[DPSOH� DQG OHW z\  ����
�

VR WKDW
S
z\  ��� � V� IURP WKH SUHYLRXV H[DPSOH�� )LQDOO\ OHW x<  � DQG V<  

������ 7DEOH � VKRZV VRPH UHVXOWV IRU u  � DQG q  �� 7KHUH DUH �1 ��� �1 ��� �
FRHrFLHQWV rLM��� IRU ZKLFK L � M x 1 � 7KH XSSHU�OHIW QXPEHU LQ HDFK EORFN LV
WKH FRQVWDQW WHUP r������ 7KH UHPDLQLQJ QXPEHUV LQ WKH pUVW URZ RI HDFK EORFN
DUH WKH FRHrFLHQWV RQ SRZHUV RI [ b z[� ZKLOH WKH UHPDLQLQJ QXPEHUV LQ WKH pUVW
FROXPQ RI HDFK EORFN DUH WKH FRHrFLHQWV RQ SRZHUV RI \ b z\� 7KH WLPH GHULYDWLYHV
DUH HVVHQWLDOO\ ]HUR� LQGLFDWLQJ WKH H[LVWHQFH RI DQ LQpQLWH�KRUL]RQ VROXWLRQ IRU WKHVH
SDUDPHWHU YDOXHV� $V LQ WKH RQH�IDFWRU H[DPSOH� WKH FRHrFLHQWV FRQYHUJH UDSLGO\ DV
D IXQFWLRQ RI 1 � 1RWH WKDW WKH FRHrFLHQWV IRU [ DUH OLWWOH FKDQJHG IURP WKH SUHYLRXV
H[DPSOH� ZKLOH DW WKH VDPH WLPH \ HQWHUV WKH VROXWLRQ ZLWK DQ LPSDFW RI WKH VDPH
PDJQLWXGH DV [� ,Q 7DEOH ��� WKH FRHrFLHQW RI UHODWLYH ULVN DYHUVLRQ LV VHW WR RQH�
ZKLFK LV WKH &$30� ,Q WKLV FDVH� WKH PRGHO UHYHUWV WR D RQH�IDFWRU PRGHO� 7KH
YRODWLOLW\ RI WKH UHWXUQ RQ WKH PDUNHW SOD\V QR UROH� ,Q 7DEOH ��� WKH SDUDPHWHUV

�� 7 KH VH Y D OXH V KD Y H EH H Q F KR VH Q D UELWUD ULO\ �
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DUH u  � DQG q  �� ,Q WKLV FDVH� WKH FRHrFLHQWV IRU \ GR QRW GHFD\ DV UDSLGO\ DV
SUHYLRXVO\ ZLWK UHVSHFW WR WKH RUGHU�

[

1 f1
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� � �� � � � �b� �

� VLJ QLpH V OH VV WKD Q � � b�� LQ D EVR OXWH Y D OXH �

7 DEO H � � u  �� q  �� �  ���� [�  ������ \�  �������

$SSHQGL[ $� ,W R
V O HP P D LQ GLVF U HW H W LP H

,Q FRQWLQXRXV WLPH� ,WR
V OHPPD SURYLGHV D UXOH IRU FRPSXWLQJ WKH ,WR SURFHVV IRU
I�[� W� JLYHQ WKH ,WR SURFHVV IRU [� ,W UHTXLUHV I EH WZLFH FRQWLQXRXVO\ GLoHUHQWLDEOH
LQ [ DQG RQH FRQWLQXRXVO\ GLoHUHQWLDEOH LQ W� +HUH ZH GHULYH D YHUVLRQ RI ,WR
V OHPPD
IRU WKH GLVFUHWH�WLPH SURFHVVHV LQ WKLV SDSHU DV D pUVW�RUGHU DSSUR[LPDWLRQ DURXQG
c  ���� /HW

[� b [  z; c� �; c �
S
c DQG W� b W  c� �$���

:H VHHN H[SUHVVLRQV IRU zI DQG �I VXFK WKDW

I�[�� W��b I�[� W�  zI c� �I c �
S
c �$���

��6H H IR U H [ D PSOH + XOO �� � � � � IR U D VLPLOD U GH ULY D WLR Q�
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� � � �

� � �

� �

� � � � �� � � � �b� � � �� � � � �b� � � �� � � � �b� � b� �� � � � �b� � � �� � � � �b� �
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� VLJ QLpH V OH VV WKD Q � � b�� LQ D EVR OXWH Y D OXH �

7 DEO H � � � u  �� q  �� �  ���� [�  ������ \�  �������

WR D pUVW�RUGHU DSSUR[LPDWLRQ LQ c QHDU ]HUR� *LYHQ �$��� ZH FDQ ZULWH

I�[�� W��b I�[� W�  I�[� z; c� �; c �
S
c� W�c�b I�[� W�

 

v
IW � I[ z; �

�

�
I[[ N�;N� ����

w
c� I[ �; �

S
c�2�c� ��� �$���

ZKHUH IW� I[� DQG I[[ DUH WKH REYLRXV SDUWLDO GHULYDWLYHV RI I ZLWK UHVSHFW WR W DQG
[� 1RWH WKH SUHVHQFH RI ����c LQ �$���� /HWWLQJ ] � I�[�� W�� b I�[� W� DQG XVLQJ
(W>���

�@  �� ZH FDQ FRPSXWH IURP �$���

(W >]@  

v
IW � z; I[ �

�

�
I[[ �;

w
c�2�c� ��

DQG

(W

K
�] b(W >]@�

�
L
 I[�[�

� N�;N�c�2�c���
7KHUHIRUH� ZH KDYH HVWDEOLVKHG� WR D pUVW�RUGHU DSSUR[LPDWLRQ LQ c�

zI  IW � z; I[ �
�

�
I[[ N�;N� DQG �I  �; I[�
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� b� �� � � � � � � b� �� � � � �b� �
� � �� � � � �b� �
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� b� �� � � � � � � b� �� � � � �b� � � �� � � � �b� �
� � �� � � � �b� � b� �� � � � �b� �
� � �� � � � �b� �

� � � b� �� � � � �b� � � �� � � � �b� � � �� � � � �b� � b� �� � � � �b� � � �� � � � �b� �
� b� �� � � � � � � b� �� � � � �b� � � �� � � � �b� � b� �� � � � �b� �
� � �� � � � �b� � b� �� � � � �b� � � �� � � � �b� �
� � �� � � � �b� � b� �� � � � �b� �
� b� �� � � � �b� �

� VLJ QLpH V OH VV WKD Q � � b�� LQ D EVR OXWH Y D OXH �

7 DEO H � � � u  �� q  �� �  ���� [�  ������ \�  �������

*HQHUDOL]LQJ WR D YHFWRU RI VWDWH YDULDEOHV SURGXFHV� OHW

[� b [  z; c� �; �
S
c�

ZKHUH [ DQG z; DUH YHFWRUV DQG �; LV D PDWUL[� ,Q WKLV FDVH ZH KDYH

zI  IW � z; c I[ � �
�
WU
K
I[[ �; �!

;

L
DQG �I  �; c I[�

ZKHUH I[ LV WKH JUDGLHQW YHFWRU� I[[ LV WKH +HVVLDQ PDWUL[� WU>]@ LV WKH WUDFH RI PDWUL[
] DQG ]! LV WKH WUDQVSRVH RI ]�

$SSHQGL[ %� * DXVVLDQ TXDGU DW XU H

*DXVVLDQ TXDGUDWXUH FDQ EH WKRXJKW RI DV D JULG�EDVHG PHWKRG RI VROXWLRQ� )RU
D UHYLHZ RI JULG�EDVHG PHWKRGV LQ JHQHUDO� VHH 5XVW ������� 7KH JULG�EDVHG PHWKRG
SXUVXHG KHUH LV WKH *DXVVLDQ�TXDGUDWXUH DSSURDFK RI 7DXFKHQ DQG +XVVH\ �������
7KH TXDGUDWXUH�EDVHG DSSURDFK SHUVXHG KHUH LV WKDW RI 7DXFKHQ DQG +XVVH\ �������
7KH\ WDNHV ����� DV WKHLU VWDUWLQJ SRLQW� XVLQJ H[�GLYLGHQG SULFHV� ,Q WKLV DSSHQGL[�
WKH PHWKRG LV DSSOLHG WR WKH FRQGLWLRQDO H[SHFWDWLRQ XQGHU WKH HTXLYDOHQW PDUWLQJDOH
PHDVXUH ZKHUH DVVHW SULFHV DUH PHDVXUHG FXP�GLYLGHQG�
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7KH )H\QPDQ^.DF WKHRUHP VXJJHVWV ZH FDQ DSSUR[LPDWH WKH VROXWLRQ WR ����� LQ
WHUPV RI D GLVFUHWH�WLPH RQH�VWHS DKHDG H[SHFWDWLRQ�

g�[�  c� Hb5G�[� c A(>g�[�� M [@� �%���

ZKHUH WKH FKDQJH LQ [ KDV EHHQ ULVN�DGMXVWHG�

[� b [  �z;�[�b �;�[� c eG�[��c � �;�[� c A�
S
c�

7KH FRQGLWLRQDO H[SHFWDWLRQ LQ �%��� FDQ EH H[SUHVVHG DV DQ LQWHJUDO

A(>g�[�� M [@  
=

g�[�� AI�[� M [� G[  
=

g�[��
AI�[� M [�
��[��

��[�� G[

ZKHUH AI�[� M [� LV WKH ULVN�DGMXVWHG FRQGLWLRQDO 3') RI [� JLYHQ [� DQG ��[�� LV
VRPH VWULFWO\ SRVLWLYH ZHLJKWLQJ IXQFWLRQ �WR EH FKRVHQ�� $ SRSXODU FKRLFH IRU WKH

ZHLJKWLQJ IXQFWLRQ LV ��[�  AI�[� M z[�� ZKHUH z[ LV WKH XQFRQGLWLRQDO PHDQ RI [� $ VHW
RI DEVFLVVDV I[�� [�� � � � � [1J DQG D FRUUHVSRQGLQJ VHW RI ZHLJKWV IZ�� Z�� � � � � Z1J
WKDW DUH FKRVHQ IRU ��[� E\ *DXVVLDQ TXDGUDWXUH� 7KHQ ZH FDQ DSSUR[LPDWH WKH
SUHFHHGLQJ LQWHJUDO E\ D ZHLJKWHG VXP�=

g�[��
AI�[� M [�
��[��

��[�� G[ �
 

1;
M �

g�[M��M�[��

ZKHUH WKH ZHLJKWV DUH JLYHQ E\

�M�[�  
AI�[M M [�

V�[���[M�
ZM � ZKHUH V�[�  

1;
M �

AI�[M M [�
��[M�

ZM �

7KH ZHLJKWV KDYH EHHQ QRUPDOL]HG VR WKDW�M�[L� FDQ EH LQWHUSUHWHG DV WKH WUDQVLWLRQ
SUREDELOLW\ IURP [L WR [M LQ D GLVFUHWH 0DUNRY FKDLQ� 7DNLQJ HDFK DEVFLVVD LQ WXUQ
DV D FRQGLWLRQLQJ YDULDEOH ZH KDYH

g1 �[L�  c� Hb5G�[L� c
1;
M �

g1 �[M��M�[L�� L  �� � � � � 1� �%���

ZKHUH g1 �[L� LV DQ DSSUR[LPDWLRQ WR g�[� DW [  [L� (TXDWLRQV �%��� FRPSULVH
D V\VWHP RI 1 OLQHDU HTXDWLRQV LQ WKH 1 XQNQRZQV g1 �[L�� 7KH VROXWLRQ FDQ EH
H[WHQGHG WR RWKHU YDOXHV RI [ YLD

g1 �[�  c� Hb5G�[� c
1;
M �

g1 �[M��M�[��

*UHDWHU DFFXUDF\ FDQ EH DFKLHYHG E\ LQFUHDVLQJ 1 �

(TXLYDOHQW PDUWLQJDOH PHDVXUH� *LYHQ RXU UHSUHVHQWDWLRQ IRU P� P ZH FDQ XVH
����D� DQG ����E� WR ZULWH

P� P  HbU c ��� ��� �%���
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ZKHUH � LV WKH 5DGRQ^1LNRG\P GHULYDWLYH IRU WKH HTXLYDOHQW PDUWLQJDOH PHDVXUH��

DQG
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S
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1RWH WKDW � LV DQ H[SRQHQWLDO PDUWLQJDOH� (W>�
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ZKHUH WKH VWDQGDUG QRUPDO VKRFNV A� DUH FRQFHSWXDOO\ GLVWLQFW IURP � DQG ZKHUH
A(W> c @ LV WKH FRQGLWLRQDO H[SHFWDWLRQ RSHUDWRU DVVRFLDWHG ZLWK WKRVH VKRFNV� (TXD�
WLRQ �%��� VKRZV WKDW ZH FDQ FRPSXWH WKH FRQGLWLRQDO H[SHFWDWLRQ RI ��� �� �]� ]�
E\ LQVWHDG FRPSXWLQJ WKH FRQGLWLRQDO H[SHFWDWLRQ RI ]� ] ZKHUH WKH H[SHFWHG FKDQJH
LQ ] KDV EHHQ DUWLpFDOO\ PRGLpHG� )URP D SXUHO\ IRUPDO VWDQGSRLQW� ZH KDYH
FKDQJHG WKH PHDVXUH IURP WKH SK\VLFDO PHDVXUH WR WKH HTXLYDOHQW PDUWLQJDOH PHD�
VXUH DQG FRPSXWHG WKH H[SHFWDWLRQ RI WKH ?ULVN�DGMXVWHG� SURFHVV IRU ]� ORJ�]� ]�  
�Hz] b y c �]�c � �] c A�

S
c� :H KDYH HVWDEOLVKHG WKH UHVXOW WKDW

(W>��
� �� �]� ]�@  A(W>�]

� ]�@� �%���

IRU D ORJQRUPDO SURFHVV ]� *LYHQ �%��� DQG �%���� ZH FDQ UHH[SUHVV ������

HbU c A(W>%
�
�bc  %� @  ��

ZKHUH WKH ULVN�DGMXVWHG SURFHVV IRU ERQG SULFHV LV JLYHQ E\ ORJ�%�
�bc  %� �  �Hz%� b

y c �%� �c � �%� c A�
S
c� ,Q WHUPV RI WKH 0DUNRYLDQ ERQG IXQFWLRQ� ZH FDQ ZULWH

%�[� ��  Hb[ c A(
d
%�[�� � bc� M [e � �%���

ZKHUH WKH GULIW RI [ KDV EHHQ ?ULVN�DGMXVWHG��

[� b [  
b
z; b y c �;

c
c� �; c A�

S
c� �%���

:H FDQ DSSO\ *DXVVLDQ TXDGUDWXUH WR �%��� EHFDXVH ZH KDYH UHPRYHG WKH H[SOLFLW
GHSHQGHQFH RQ WKH VKRFNV�

��6H H ' XrH �� � � � � IR U GLVF XVVLR QV R I WKH 5D GR Q̂ 1 LN R G\ P GH ULY D WLY H D QG WKH H T XLY D OH QW PD UWLQJ D OH
PH D VXUH
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4XDGUDWXUH XQGHU WKH SK\VLFDO PHDVXUH� ,I ZH ZDQW WR DSSO\ *DXVVLDQ TXDGUDWXUH
XQGHU WKH SK\VLFDO PHDVXUH� ZH PXVW UHPRYH WKH H[SOLFLW GHSHQGHQFH RQ WKH VKRFNV�
:H FDQ GHFRPSRVH WKH PDUJLQDO UDWH RI VXEVWLWXWLRQ LQWR WZR IDFWRUV� RQH ZKLFK
LV LQGHSHQGHQW RI WKH VWDWH YDULDEOH DQG KDV XQLW FRQGLWLRQDO H[SHFWDWLRQ DQG WKH
RWKHU IURP ZKLFK WKH VKRFNV FDQ EH HOLPLQDWHG� 'HFRPSRVH y  y� � y�� ZKHUH
y�  & �; DQG y�  y b & �; DQG ZKHUH & LV FKRVHQ VR WKDW y� c �;  �� L�H��
&  y c �; N�;N�� ,Q WKLV FDVH ZH FDQ ZULWH

(W

d
�P� P�%�bc

e
 Hb[ c (

d
���
� ��� ��

�
� ���%�[�� � bc� pp[e

 Hb[ c (
d
���
� ���%�[�� � bc� pp[e � �%���

ZKHUH

��
L �L � H[S

~
b�
�
NyLN�cb yL c �

S
c

�
�

7KH VHFRQG OLQH LQ �%��� IROORZV IURP WKH IDFW WKDW �L� �� LV FRQGLWLRQDOO\ LQGHSHQGHQW
RI WKH RWKHU WZR IDFWRUV LQ WKH H[SHFWDWLRQ DQG �LL� WKDW (>��
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ZKLFK DOORZV XV WR ZULWH
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,QVHUWLQJ WKLV H[SUHVVLRQ LQWR �%��� SURYLGHV WKH UHSUHVHQWDWLRQ VRXJKW�

5HI HU HQF HV

%DFNXV� '� DQG 6� =LQ ������� 5HYHUVH HQJLQHHULQJ WKH \LHOG FXUYH� :RUNLQJ SDSHU�
1HZ <RUN 8QLYHUVLW\�

%XFKDQ� -� /� DQG 3� 5� 7XUQHU ������� 1XPHULFDO PHWKRGV DQG DQDO\VLV� 1HZ
<RUN� 0F*UDZ�+LOO� ,QF�

&DPSEHOO� -� <� ������� ,QWHUWHPSRUDO DVVHW SULFLQJ ZLWKRXW FRQVXPSWLRQ GDWD�
7KH $PHULFDQ (FRQRPLF 5HYLHZ ��� ���^����

&DPSEHOO� -� <� DQG +� .� .RR ������� $ FRPSDULVRQ RI QXPHULFDO DQG DQD�
O\WLF DSSUR[LPDWH VROXWLRQV WR DQ LQWHUWHPSRUDO FRQVXPSWLRQ FKRLFH SUREOHP�
-RXUQDO RI (FRQRPLF '\QDPLFV DQG &RQWURO ��� ���^����

'XrH� '� ������� '\QDPLF $VVHW 3ULFLQJ 7KHRU\ �VHFRQG HG��� 3ULQFHWRQ� 1HZ
-HUVH\� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV�

'XrH� '� DQG 5� .DQ ������� $ \LHOG�IDFWRU PRGHO RI LQWHUHVW UDWHV�0DWKHPDWLFDO
)LQDQFH � ���� ���^����

'XrH� '� DQG 3��/� /LRQV ������� 3'( VROXWLRQV RI VWRFKDVWLF GLoHUHQWLDO XWLOLW\�
-RXUQDO RI 0DWKHPDWLFDO (FRQRPLFV ��� ���^����

'XrH� '� DQG &� 6NLDGDV ������� &RQWLQXRXV�WLPH VHFXULW\ SULFLQJ� $ XWLOLW\
JUDGLHQW DSSURDFK� -RXUQDO RI 0DWKHPDWLFDO (FRQRPLFV ��� ���^����

�� 7 KLV VWH S KD V QR D QD OR J LQ F R QWLQXR XV WLPH �



5HIHU HQ FHV ��

(SVWHLQ� /� *� DQG 6� (� =LQ ������� 6XEVWLWXWLRQ� ULVN DYHUVLRQ� DQG WKH WHPSRUDO
EHKDYLRU RI FRQVXPSWLRQ DQG DVVHW UHWXUQV� $Q HPSLULFDO DQDO\VLV� -RXUQDO RI
3ROLWLFDO (FRQRP\ �� ���� ���^����

)LVKHU� 0� DQG &� *LOOHV ������� &RQVXPSWLRQ DQG DVVHW SULFHV ZLWK UHFXUVLYH
SUHIHUHQFHV� )LQDQFH DQG (FRQRPLFV 'LVFXVVLRQ 6HULHV ����^��� %RDUG RI *RY�
HUQRUV RI WKH )HGHUDO 5HVHUYH 6\VWHP� :DVKLQJWRQ� '&�

)LVKHU� 0� DQG &� *LOOHV ������� 0RGHOLQJ WKH VWDWH^SULFH GHqDWRU DQG WKH WHUP
VWUXFWXUH RI LQWHUHVW UDWHV� 0DQXVFULSW� )HGHUDO 5HVHUYH %DQN RI $WODQWD� $W�
ODQWD� *$�

+XOO� -� &� ������� 2SWLRQV� )XWXUHV� DQG RWKHU 'HULYDWLYH 6HFXULWLHV �VHFRQG HG���
(QJOHZRRG &OLoV� 1-� 3UHQWLFH�+DOO�

-XGG� .� /� ������� 1XPHULFDO PHWKRGV LQ HFRQRPLFV� &DPEULGJH� 0$� 0,7 3UHVV�
.ORHGHQ� 3� (� DQG (� 3ODWHQ ������� 1XPHULFDO VROXWLRQ RI VWRFKDVWLF GLoHUHQWLDO

HTXDWLRQV� 1HZ <RUN� 6SULQJHU�9HUODJ� 6HFRQG FRUUHFWHG SULQWLQJ �����
3UHVV� :� +�� 6� $� 7HXNROVN\� :� 7� 9HWWHULQJ� DQG %� 3� )ODQQHU\ ������� 1X�

PHULFDO 5HFLSHV LQ &� 7KH DUW RI VFLHQWLpF FRPSXWLQJ �VHFRQG HG��� &DPEULGJH�
(QJODQG� &DPEULGJH 8QLYHUVLW\ 3UHVV�

5DXFK� -� ������� 3DUWLDO GLoHUHQWLDO HTXDWLRQV� 1HZ <RUN� 6SULQJHU�9HUODJ�
5XVW� -� ������� 1XPHULFDO G\QDPLF SURJUDPPLQJ LQ HFRQRPLFV� ,Q +� 0� $PPDQ�
'� $� .HQULFN� DQG -� 5XVW �(GV��� +DQGERRN RI FRPSXWDWLRQDO HFRQRPLFV�
9ROXPH �� SS� ���^���� $PVWHUGDP� 7KH 1HWKHUODQGV� (OVHYLHU 6FLHQFH�

6FKURGHU� 0� DQG &� 6NLDGDV ������� 2SWLPDO FRQVXPSWLRQ DQG SRUWIROLR VHOHF�
WLRQ ZLWK VWRFKDVWLF GLoHUHQWLDO XWLOLW\� :RUNLQJ 3DSHU ���� .HOORJJ *UDGXDWH
6FKRRO RI 0DQDJHPHQW� 1RUWKZHVWHUQ 8QLYHUVLW\� )RUWKFRPPLQJ -RXUQDO RI
(FRQRPLF 7KHRU\�

6NHHO� 5� '� DQG -� %� .HLSHU ������� (OHPHQWDU\ QXPHULFDO FRPSXWLQJ ZLWK 0DWK�
HPDWLFD� 1HZ <RUN� 0F*UDZ�+LOO� ,QF�

7DXFKHQ� *� DQG 5� +XVVH\ ������� 4XDGUDWXUH�EDVHG PHWKRGV IRU REWDLQLQJ
DSSUR[LPDWH VROXWLRQV WR QRQOLQHDU DVVHW SULFLQJ PRGHOV� (FRQRPHWULFD ���
���^����

9DVLFHN� 2� ������� $Q HTXLOLEULXP FKDUDFWHUL]DWLRQ RI WKH WHUP VWUXFWXUH� -RXUQDO
RI )LQDQFLDO (FRQRPLFV �� ���^����

5HVHDU F K 'HSDU W P HQW � ) HGHU DO 5HVHU YH %DQN RI $W O DQW D� � � � 0 DU LHW W D 6W �� $W �
O DQW D� * $ � � � � �

( �PDLO DGGUHV V � PDUN�ILVKHU#DWO�IUE�RUJ


