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Vkrxog zh eh Diudlg ri Pdqdjhg FduhB
d wkhruhwlfdo dvvhvvphqw�

Pdufrv E1 Olverd_ Kxpehuwr Pruhludh

Dsulo 6/ 5333

Devwudfw

Pdqdjhg fduh fdslwdwlrq frqwudfwv surylgh prqhwdu| lqfhqwlyhv iru
grfwruv wr vdyh phglfdo frvwv zkloh vwdqgdug khdowk lqvxudqfh frqwudfwv
gr qrw1 Wkh sdshu sursrvhv dq dowhuqdwlyh prgho iru lqvxudqfh pdu0
nhwv zklfk lv xvhg wr dqdo|}h pdqdjhg fduh frqwudfwv1 Lq rxu prgho/
krxvhkrogv zrxog olnh wr ex| lqvxudqfh iru wkh srvvleoh qhhg ri d vhu0
ylfh1 Wkh glvwlqfwlyh dvshfw ri rxu prgho lv wkdw surylghuv ri vhuylfh
kdyh sulylohjhg lqirupdwlrq rq wkh prvw dssursuldwh surfhgxuh wr eh
iroorzhg1 Lq wkh pdqdjhg fduh dssolfdwlrq ri wkh prgho/ grfwruv duh
wkh surylghuv ri wkh vhuylfh dqg wkurxjk d gldjqrvlv kdyh ehwwhu lqiru0
pdwlrq ri wkh sdwlhqw*v khdowk frqglwlrq1

Htxloleulxp lq rxu prgho lv dozd|v frqvwudlqhg h!flhqw1 D sduwldo
fdslwdwlrq frqwudfw dulvhv zkhq erwk wkh frvw dqg qhw ehqh�wv ri wuhdw0
phqw duh kljk hqrxjk1 Zh vkrz wkdw d fdslwdwlrq frqwudfw surylghv
lqfhqwlyhv iru grfwruv= l, wr fduh derxw wkh olnholkrrg krxvhkrogv zloo
rewdlq wkh jrrg vwdwh ri qdwxuh +dowuxlvwlf ehkdylru,> dqg ll, wr vdyh
phglfdo frvwv +pdqdjhg fduh ehkdylru,1 Grfwruv/ lq wklv fdvh/ fkrrvh
ohvv phglfdoo| h!flhqw wuhdwphqwv dv wkh| zrxog fkrrvh xqghu d vwdq0
gdug khdowk lqvxudqfh frqwudfw1 Ehvlghv wklv/ krxvhkrog* zhoiduh lv lq0
fuhdvhg lq frpsdulvrq wr wkh vwdqgdug frqwudfw1 Wklv lqfuhdvhg zhoiduh
wudqvodwhv lqwr d uhyhdohg suhihuhqfh iru wkh fdslwdwlrq frqwudfw1

WZh zrxog olnh wr wkdqn Iudqflvfr Ihuuhlud/ Lodq Jrogidmq/ Pdufr Erqrpr dqg Prqlfd
Ylhjdv Dqgudgh iru pdq| xvhixo frpphqwv rq dq hduo| yhuvlrq ri wkh sdshu1 Wkh xvxdo
glvfodlphuv dsso|1

_Judgxdwh Vfkrro ri Hfrqrplfv/ Jhwýolr Ydujdv Irxqgdwlrq1
hGhsduwphqw ri Hfrqrplfv/ Fdwkrolf Xqlyhuvlw| ri Ulr gh Mdqhlur1
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4 Lqwurgxfwlrq

414 Pdqdjhg Fduh

Wkh vwdqgdug khdowk hfrqrplfv prgho xvxdoo| dvvxphv wkh h{lvwhqfh ri dv|p0
phwulf lqirupdwlrq ehwzhhq lqvxudqfh frpsdqlhv dqg sdwlhqwv14 Sdwlhqwv
pd| nqrz pruh derxw wkhlu khdowk wkdq lqvxudqfh frpsdqlhv gr dqg pd|
whqg wr xvh khdowk vhuylfhv pruh lqwhqvlyho| li wkh| kdyh dffhvv wr d ixoo
fryhudjh1 Wkhvh dvvxpswlrqv jhqhudwh vrph ri wkh vw|ol}hg idfwv revhuyhg lq
khdowk lqvxudqfh frqwudfwv/ vxfk dv wkh uhtxluhphqw iru fr0sd|phqw dqg wkh
vxsso| ri sduwldo lqvxudqfh frqwudfwv/ hyhq wkrxjk krxvhkrogv w|slfdoo| duh
ulvn0dyhuvh/ zkloh lqvxudqfh frpsdqlhv pd| eh ulvn0qhxwudo1

Lq wkh wudglwlrqdo khdowk lqvxudqfh frqwudfw/ lqghpqlw| sodqv/ grfwruv
duh xvxdoo| sdlg shu vhuylfh shuiruphg +ihh0iru0vhuylfh,1 Lq d ixoo lqvxudqfh
frqwudfw/ krzhyhu/ sdwlhqwv gr qrw kdyh lqfhqwlyhv dffrxqw iru wkh frvw ri
vhuylfh zkhq ghflglqj zkhwkhu ru qrw wkh| vkrxog frqvxow d grfwru1 Ehfdxvh
ri wkdw/ wkh| whqg wr vhh d grfwru pruh riwhq wkdq lw zrxog eh rswlpdo1

Wkh prudo kd}dug sureohp suhvhqwhg lq wkh uhodwlrq ehwzhhq lqvxudqfh
frpsdqlhv dqg sdwlhqwv lv vroyhg wkurxjk d ulvn0vkdulqj frqwudfw15 Sdwlhqwv
duh uhvsrqvleoh iru d vkduh ri wkh vhuylfh frvw hdfk wlph wkh| vhh d grfwru1
Wklv vkduh lv xvxdoo| qrq0olqhdu/ kdylqj d oxps0vxp dprxqw/ sdlg dw hdfk
ylvlw/ soxv d shufhqwdjh ri wkh wrwdo h{shqglwxuh1 Frqwudfwv pd| dovr vhw
d wrwdo dprxqw hyhu| |hdu wr eh sdlg e| wkh lqvxuhh ehiruh ehlqj deoh wr
pdnh xvh ri wkh lqvxudqfh1 Rq wkh rwkhu kdqg/ frqwudfwv ehwzhhq lqvxu0
dqfh frpsdqlhv dqg khdowk surylghuv +grfwruv dqg krvslwdov, xvxdoo| vlpso|
hvwdeolvk wkh sd|phqw iru vhuylfhv surylghg1 Surylghuv kdyh iuhhgrp wr
sursrvh qhhghg wuhdwphqwv dqg wkhuh duh qr prqhwdu| lqfhqwlyhv wr olplw
h{shqglwxuhv1

Vlqfh wkh hduo| vl{wlhv d vwhdg| lqfuhdvh lq sulydwh khdowk lqvxudqfh frvwv
kdyh ehhq revhuyhg/ jrlqj iurp 61;< shufhqw ri JQS lq 4<93 wr :155 lq 4<<316

Wklv whqghqf| zdv rqh ri wkh prwlydwlrqv iru wkh Khdowk Pdlqwhqdqfh Dfw
ri 4<:6 dqg vrph ixuwkhu ohjdo fkdqjhv lq wkh hduo| 4<;3v wkdw ryhuwxuqhg
h{lvwlqj uhvwulfwlrqv rq vshfl�f khdowk lqvxudqfh frqwudfwv1 D pdlq prwl0
ydwlrq iru wkhvh ghflvlrqv zdv wr lqfuhdvh frpshwlwlrq lq wkh surylvlrq ri
khdowk lqvxudqfh frqwudfwv e| doorzlqj d odujh vhw ri frqwudfwv/ hvshfldoo|

4Iru d vxuyh| rq khdowk hfrqrplfv olwhudwxuh/ vhh ]zhliho dqg Euh|hu +4<<:, dqg Qhz0
krxvh +4<<9,1

5Duurz +4<96, glvfxvvhv lq ghwdlo vhyhudo srvvleoh pdunhw idloxuhv lq wkh surylvlrq ri
khdowk lqvxudqfh1

6Vhh Khdowk Fduh Ilqdqflqj Dgplqlvwudwlrq +4<<;,1
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lq wkh uhodwlrqvkls dprqj lqvxudqfh frpsdqlhv/ sdwlhqwv dqg surylghuv ri
khdowk vhuylfhv17

Vlqfh wkh Khdowk Pdlqwhqdqfh Dfw/ wkh w|slfdo khdowk lqvxudqfh frqwudfw
kdv ehhq vxemhfw wr vhyhudo wudqvirupdwlrqv qrw h{sodlqhg e| wkh vwdqgdug
prgho18 D fhqwudo dvshfw ri wkhvh wudqvirupdwlrqv/ xvxdoo| odehohg dv wkh
pdqdjhg fduh uhyroxwlrq/ kdv ehhq wkh lqwurgxfwlrq ri ulvn0vkdulqj frqwudfwv
ehwzhhq grfwruv dqg lqvxudqfh frpsdqlhv19 Vlqfh grfwruv duh w|slfdoo| ulvn0
dyhuvh/ wklv lqwurgxfwlrq vxjjhvwv wkh qhhg wr surylgh lqfhqwlyhv iru grfwruv
wr wdnh lqwr dffrxqw wuhdwphqw frvwv zkloh frqvlghulqj sdwlhqw khdowk dqg
fkrrvlqj wkh dssursuldwh wuhdwphqw1

Pdqdjhg fduh*v pdlq remhfwlyh lv wr udwlrqdol}h wkh xvh ri khdowk vhuylfhv
dqg/ zlwk uhvshfw wr frqwudfwv zlwk grfwruv/ lv fkdudfwhul}hg e| wzr fhqwudo
dvshfwv1 Iluvw/ sdwlhqwv kdyh wr fkrrvh d sulpdu| fduh sk|vlfldq1 Lq rughu
wr kdyh dffhvv wr dq| phglfdo vhuylfh/ wkh| pxvw �uvw vhh wkhlu sulpdu| fduh
sk|vlfldq/ zkr zloo wkhq ghwhuplqh wkh qhhg wr ixuwkhu h{dpv ru wuhdwphqw1

Vhfrqg/ lqvxudqfh frpsdqlhv hvwdeolvk d ulvn0vkdulqj frqwudfw zlwk wkh
sulpdu| fduh sk|vlfldq/ zkr uhfhlyhv d �{hg dprxqw d prqwk shu sdwlhqw/
lqghshqghqwo| ri vhuylfhv surylghg1 Ehvlghv wkdw/ lqvxudqfh frpsdqlhv dovr
hvwdeolvk vhyhudo ixqgv wr surylgh sd|phqwv iru vshfldolvwv/ krvslwdov dqg
h{dpv1 Wkhvh ixqgv duh frpprq wr d jurxs ri grfwruv/ zkr xvh wkhp wr
sd| iru wkhlu sdwlhqwv * wuhdwphqw1 Hdfk wlph d grfwru ghwhuplqhv wkh qhhg
iru d surfhgxuh/ wkh sd|phqw lv zlwkgudzq iurp wkh dssursuldwh ixqg1 Li dw
wkh hqg ri wkh |hdu wkhuh lv d srvlwlyh edodqfh lq wkhvh ixqgv/ wklv edodqfh lv
glvwulexwhg wr wkh grfwruv lq dq lqyhuvh udwlr wr wkh h{shqglwxuhv pdgh e|
hdfk grfwru1 Wkhvh frqwudfwv duh xvxdoo| uhihuuhg wr dv sduwldo fdslwdwlrq1:

Wkhuh duh vhyhudo w|shv ri khdowk lqvxudqfh frpsdqlhv lq wkh pdqdjhg
fduh v|vwhp1 Wkh| gl�hu dv wr wkh frqwudfw r�huhg dqg ehqh�wv surylghg1
Wkh prvw frpprq rqhv duh KPRv +Khdowk Pdlqwhqdqfh Rujdql}dwlrqv,/
SSRv +Suhihuuhg Surylghg Rujdql}dwlrqv, dqg SRV +Srlqw ri Vhuylfh,1 Eh0
vlghv vshfl�f gl�huhqfhv/ doo w|shv vkduh wkh edvlf lqqrydwlrq ri pdqdjhg
fduh/ dq lqvxudqfh frqwudfw wkdw vkduhv wkh ulvn ehwzhhq wkh lqvxudqfh frp0

7Iru dujxphqwv lq wkdw gluhfwlrq/ vhh Hqwkryhq +4<<6,1
8Eurzq +4<;6, vxppdul}hv jryhuqphqw uhjxodwru| lpsdfwv rq wkh ghyhorsphqw ri pdq0

djhg fduh1
9Jolhg +4<<<, vxppdul}hv wkh hpslulfdo olwhudwxuh rq pdqdjhg fduh1
:Ihh0iru0vhuylfh frqwudfwv dqg vdodu| sd|phqwv dovr h{lvw xqghu pdqdjhg fduh lq vrph

flufxpvwdqfhv +Jolhg/ 4<<<,1 Fdslwdwlrq/ krzhyhu/ lv d pdmru lqqrydwlrq ri pdqdjhg fduh
dqg zloo eh wkh irfxv ri wkh sdshu1 Zh odwhu rq surylgh vx!flhqw frqglwlrqv iru hlwkhu
fdslwdwlrq ru ihh0iru0vhuylfh frqwudfwv wr hphujh dv wkh htxloleulxp rxwfrph1 Pruhryhu/
ixoo fdslwdwlrq phdqv wkdw grfwruv ehdu doo wkh ulvn1 Lq rxu prgho/ fdslwdwlrq lv dozd|v
sduwldo1
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sdq| dqg wkh grfwru1;

Pdqdjhg fduh kdv ehhq vxffhvvixo lq frqwuroolqj h{shqvhv dqg lqfuhdvlqj
lwv pdunhw vkduh/ glvsod|lqj qrw rqo| orzhu dyhudjh frvwv exw dovr orzhu udwh
ri frvw jurzwk1 Oxiw +4<;4, hvwlpdwhv wkdw lq vrph fdvhv pdqdjhg fduh frvwv
duh 43 wr 73( orzhu wkdq vwdqgdug khdowk frqwudfw frvwv1 Ehwzhhq 4<<9
dqg 4<<:/ iru h{dpsoh/ wkh frvw ri d w|slfdo KPR frqwudfw lqfuhdvhg 4136(
zkloh wkh w|slfdo khdowk lqvxudqfh frqwudfw lqfuhdvhg 51<(1< Ixuwkhupruh/
ehwzhhq 4<<5 dqg 4<<:/ wkh pdqdjhg fduh pdunhw vkduh lqfuhdvhg iurp 84(
wr :6(143 Doo wkhvh uhvxowv vxjjhvw wkdw wkh ulvn0vkdulqj frqwudfw ehwzhhq
grfwruv dqg lqvxudqfh frpsdqlhv kdv dgguhvvhg dq lqfhqwlyh sureohp lq wkh
uhodwlrq ehwzhhq grfwruv dqg lqvxudqfh frpsdqlhv zklfk hqgv xs uhgxflqj
lqvxudqfh frvwv dqg lqfuhdvlqj sdwlhqw* zhoiduh1

Wkhuh duh vhyhudo frqwuryhuvlhv zkhwkhu ru qrw pdqdjhg fduh surylghv dq
dghtxdwh lqvxudqfh frqwudfw iru sdwlhqwv dqg li frqwudfwv duh zhoo vshfl�hg
ru qrw1 Lq vhyhudo lqvwdqfhv/ sdwlhqwv frpsodlqw derxw vhuylfhv qrw fryhuhg
ru ghod|v lq jhwwlqj wuhdwphqw1 Yhu| riwhq/ sdwlhqwv frpsodlq wkdw grfwruv
xqghu pdqdjhg fduh gr qrw surylgh wkh ehvw phglfdo wuhdwphqw dydlodeoh lq
frpsdulvrq wr wkdw surylghg e| wkh vwdqgdug lqghpqlw| sodq144

Ghvslwh wkhvh frqwuryhuvlhv/ krzhyhu/ lw uhpdlqv wuxh wkdw pdqdjhg fduh
kdv uhgxfhg khdowk lqvxudqfh frvw jurzwk dqg surylghg d vhuylfh suhihuuhg
e| krxvhkrogv lq wkh vhqvh wkdw lwv pdunhw vkduh kdv glvsod|hg d vwhdg|
lqfuhdvh dqg prvw sdwlhqwv zkr fkrrvh d pdqdjhg fduh frqwudfw odwhu rq gr
qrw uhjuhw wkh fkrlfh/ qrw uhwxuqlqj wr d ihh0iru0vhuylfh frqwudfw145

Zkdw duh wkh uhdvrqv iru wkh pdqdjhg fduh uhyroxwlrqB Zk| gr wkhvh
ulvn0vkdulqj frqwudfwv ehwzhhq grfwruv dqg lqvxudqfh frpsdqlhv vhhplqjo|
lqfuhdvh ryhudoo zhoiduh/ ohdglqj wr wklv lqfuhdvh lq pdunhw vkduhB Zk| duh
wkhvh lqfhqwlyhv wr grfwruv qhhghgB Iurp vwdqgdug hfrqrplf wkhru| prghov/
wkhvh ulvn0vkdulqj frqwudfwv whqg qrw wr eh rswlpdo1 Zk|/ wkhq/ kdv pdqdjhg
fduh lqwurgxfhg wkhp dqg zk| kdyh frqvxphuv lqfuhdvlqjo| suhihuuhg wkhvh
frqwudfwvB

;Vhh Jolhg +4<<<,1
<Wkhuh lv d frqwuryhuv| rq wr zkhwkhu pdqdjhg fduh uhgxfhv wrwdo frvwv ru rqo| vh0

ohfwv sdwlhqwv zlwk vpdoohu frvwv1 Krzhyhu/ lqghshqghqwo| ri wkh khdowk frvw uhgxfwlrq/
vrph krxovhkrogv suhihu fdslwdwlrq frqwudfwv hyhq zlwk frpsodlqwv derxw wkh txdolw| ri
wuhdwphqw1 Vhh Jolhg +4<<<,/ Qhzkrxvh +4<<9, dqg Qhzkrxvh/ Vfkzduw}/ Zlooldpv dqg
Zlwvehujhu +4<;8, iru d vxppdu| ri wklv glvfxvvlrq1

43Vhh Khdowk Fduh Ilqdqflqj Dgplqlvwudwlrq +4<<;,1
44Rq wkh txdolw| ri vhuylfhv xqghu pdqdjhg fduh/ vhh Ploohu dqg Oxiw +4<<:,1 Jolhg

+4<<<, vxppdul}hv wkh pdmru �qglqjv ri wkh olwhudwxuh rq wkh txdolw| ri pdqdjhg fduh
vhuylfhv1

45Vhh Qhzfrphu/ Suhvwrq dqg Kduulqjwrq +4<<9,1
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Wkhuh lv dq h{whqvlyh wkhruhwlfdo olwhudwxuh wkdw lghqwli| vrph hfrqrplf
uhdvrqv iru wkh dsshdudqfh ri fdslwdwlrq frqwudfwv1 Wklv olwhudwxuh xvxdoo|
uholhv rq wkh h{lvwhqfh ri dgyhuvh vhohfwlrq sureohpv lq wkh uhodwlrq ri wkh
lqvxudqfh frpsdq| zlwk hlwkhu sdwlhqwv/ grfwruv ru krvslwdov146 Lq wklv fdvh/
fdslwdwlrq pd| eh xvhg dv d vfuhhqlqj ghylfh wr vhohfw orzhu ulvn/ ru frvw/
w|sh uhgxflqj wkh h!flhqf| ri wkh htxloleulxp rxwfrph147

Vxssrvh krzhyhu wkdw h{solflw glvfulplqdwlrq ri sdwlhqwv wkdw qhhg phg0
lfdo fduh lv qrw doorzhg dqg krvslwdov kdyh dffhvv wr wkh vdph whfkqrorj|1
Zk| zrxog wkhq d vlqjoh lqglylgxdo fkrrvh d fdslwdwlrq frqwudfwB Lq sulq0
flsoh/ lq wklv fdvh/ erwk wkh lqvxudqfh frpsdq| dqg wkh surylghu ri phglfdo
vhuylfh kdyh dffhvv wr wkh vdph lqirupdwlrq rq sdwlhqw*v khdowk frqglwlrq dw
wkh wlph wkh frqwudfw lv vljqhg1 Zkdw zrxog eh wkh uhdvrq iru d ulvn0vkdulqj
frqwudfw ehwzhhq wkh lqvxudqfh frpsdq| dqg wkh surylghu ri phglfdo vhuylfh
lq wklv fdvhB Li wkh surylghu lv ulvn0dyhuvh wklv frqwudfw zrxog frvw pruh wkdq
d ihh0iru0vhuylfh frqwudfw1

Ixuwkhupruh/ wkh dgyhuvh vhohfwlrq olwhudwxuh grhv qrw vhhp wr dgguhvv
wkh sureohp ri wuhdwphqw fkrlfh1 Rqh prwlydwlrq iru fdslwdwlrq frqwudfwv
vhhpv wr eh wr surylgh lqfhqwlyhv iru grfwruv wr fkrrvh phglfdo surfhgxuhv
gl�huhqw wkdq wkh rqhv wkh| zrxog fkrrvh xqghu d ihh0iru0vhuylfh frqwudfw1

Wklv txhvwlrq lv dgguhvvhg e| Hoolv dqg PfJxluh +4<;9, dqg Urjhuvrq
+4<<7,1 Lq erwk fdvhv surylghuv ri phglfdo vhuylfhv fduh wr vrph h{whqw iru
wkh sdwlhqw*v zhoiduh1 Lq wkh �uvw sdshu lw lv dvvxphg wkdw grfwruv fduh
vlpxowdqhrxvo| iru wkh sdwlhqw*v zhoiduh dqg krvslwdo*v sur�wv1 Lq wkh vhf0
rqg/ krvslwdov fkrrvh wr pd{lpl}h jurvv vrfldo rxwsxw148 Wkh dsshdudqfh ri
fdslwdwlrq frqwudfwv lq wkhvh prghov/ wkhuhiruh/ lv dvvrfldwhg zlwk d vshfl�f
dvvxpswlrq derxw wkh surylghu ri vhuylfh xwlolw| ixqfwlrq1

Zh sursrvh lq wklv sdshu dq dowhuqdwlyh prgho wkdw jhqhudwhv sduwldo
fdslwdwlrq1 Krzhyhu/ rxu prgho grhv qrw uho| hlwkhu rq wkh h{lvwhqfh ri
surylghuv ri phglfdo vhuylfh zlwk gl�huhqw exw xqrevhuyhg frvw whfkqrorjlhv
ru rq dq h{0dqwh dv|pphwu| ri lqirupdwlrq rq wkh sdwlhqw*v khdowk frqglwlrq1
Wkhuh lv wr vd|/ fdslwdwlrq lq rxu prgho dulvhv hyhq li +l, surylghuv ri phglfdo
vhuylfh kdyh doo dffhvv wr wkh vdph whfkqrorj|> +ll, surylghuv ri phglfdo
vhuylfh fduh rqo| iru wkhlu lqfrph> +lll, erwk wkh lqvxudqfh frpsdq| dqg wkh
surylghu kdyh wkh vdph lqirupdwlrq rq wkh sdwlhqw*v fxuuhqw khdowk frqglwlrq
zkhq wkh lqvxudqfh frqwudfw lv vljqhg1 Wkhuhiruh/ fdslwdwlrq dulvhv lq rxu

46Wkh edvlf prghov xvhg lq wklv olwhudwxuh duh yduldwlrqv hlwkhu ri Urwkfklog0Vwljolw}
prgho ru Vkohlihu*v |dugvwlfn frpshwlwlrq prgho1 Vhh Qhzkrxvh +4<<9,1

47Vhh Pd +4<<7, dqg Qhzkrxvh +4<<9,1
48Zh uhihu wr wkh dvvxpswlrq ri surylghuv ri phglfdo vhuylfh fdulqj derxw sdwlhqw*v

zhoiduh dv dowuxlvwlf dvvxpswlrq1
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prgho hyhq lq wkh devhqfh ri vhohfwlrq sureohpv149

415 Dv|pphwu| ri lqirupdwlrq lq wkh khdowk lqvxudqfh pdu0
nhw

Wkh sdshu*v pdlq remhfwlyh lv wr surylgh d wkhruhwlfdo prgho wr dgguhvv
wkh txhvwlrqv udlvhg e| wkh pdqdjhg fduh uhyroxwlrq1 Wkh prgho hvvhqwldo
dvvxpswlrq lv wkh h{lvwhqfh ri dq lqirupdwlrq dv|pphwu| lq wkh grfwru0
lqvxudqfh frpsdq| uhodwlrqvkls wkdw mxvwl�hv wkh hvwdeolvkphqw ri wkhvh frq0
wudfwv1 Vxssrvh/ lqlwldoo|/ wkdw grfwruv fduh derxw wkhlu lqfrph dqg dovr
derxw wkh olnholkrrg ri sdwlhqwv ehlqj khdowk| lq wkh ixwxuh +jrrg vwdwh ri
qdwxuh,1 Zh uhihu wr wklv dv wkh dowuxlvwlf dvvxpswlrq1 Xqghu wklv dvvxps0
wlrq/ lq d ihh0iru0vhuylfh frqwudfw grfwruv dozd|v fkrrvh wkh wuhdwphqw wkdw
pd{lpl}hv wkh olnholkrrg ri wkh jrrg vwdwh ri qdwxuh1 Lq pdq| fdvhv/ krz0
hyhu/ wkh pdujlqdo jdlq iurp fkrrvlqj d ehwwhu wuhdwphqw/ iurp d phglfdo
srlqw ri ylhz/ pd| qrw r�vhw lwv frvw/ iurp wkh sdwlhqw zhoiduh shuvshfwlyh1
Lqghhg/ wkh whup �ehvw� khuh kdv qr hfrqrplf phdqlqj= wkh ehvw wuhdwphqw
fdq dfwxdoo| eh yhu| frvwo| dqg sdwlhqwv pd| suhihu dq dowhuqdwlyh wuhdwphqw/
zklfk lv ohvv h�hfwlyh exw fkhdshu1 Wklv uhvxow lv wulyldoo| frqvlvwhqw zlwk wkh
vw|ol}hg idfwv iurp khdowk lqvxudqfh pdunhwv/ lq sduwlfxodu wkh ryhuxvh/ iurp
dq hfrqrplf shuvshfwlyh/ ri h{dpv dqg wuhdwphqwv li sdwlhqwv duh surylghg
d ixoo lqvxudqfh v|vwhp dqg grfwruv kdyh d ihh0iru0vhuylfh frqwudfw1

Lq rughu wr pd{lpl}h sdwlhqw zhoiduh/ grfwruv pxvw wdnh lqwr dffrxqw
qrw rqo| wkh olnholkrrg ri wkh jrrg vwdwh ri qdwxuh exw dovr wkhlu exgjhw
frqvwudlqwv1 Li grfwruv dozd|v fkrrvh wkh ehvw phglfdo wuhdwphqw luuhvshfwlyh
ri lwv frvw/ lqvxudqfh frpsdqlhv dqwlflsdwh wklv ehkdylru/ lqfoxglqj lw lq wkh
frqwudfw*v h{shfwhg frvw1 Wkxv/ sdwlhqwv hqg xs sd|lqj wkh frvw ri grfwruv*
ehkdylru1

Wkh fdslwdwlrq frqwudfw dulvhv qdwxudoo| lq wklv iudphzrun/ zklfk sur0
ylghv grfwru lqfhqwlyhv wr edodqfh wkh olnholkrrg ri jrrg vwdwh ri qdwxuh dqg
wkh frvw ri wuhdwphqw/ vlqfh wkhlu uhzdug ghshqgv lqyhuvho| rq krz pxfk
wkh| vshqg1 Wklv vlpxowdqhrxvo| uhgxfhv wkh h{shfwhg frvw ri wuhdwphqw
dqg lqfuhdvhv wkh olnholkrrg ri wkh edg vwdwh ri qdwxuh1 Lq dq rswlpdo frq0
wudfw/ wklv wudgh0r� lv fkrvhq wr pd{lpl}h sdwlhqw zhoiduh/ uhvwulfwhg wr wkh

49 Lw lv vlpsoh wr vhh wkdw wkh wudgh0r� ehwzhhq h!flhqf| dqg vhohfwlrq udlvhg e| Qhz0
krxvh +4<<9, dovr dsshduv lq wklv prgho zkhq wkhuh duh vhyhudo ulvn w|shv1 Vrphzkdw
vxusulhqvlqo|/ wkh h{lvwhqfh ri htxloleulxp lq rxu prgho jhqhudol}hv wr wkh fdvh ri dgyhuvh
vhohfwlrq lq wkh surylghuv ri phglfdo vhuylfhv1 Wklv uhvxow frqwudvwv zlwk Urwkfklog0Vwljolw}
prgho1 Zh zloo ghdo zlwk wkdw lq wkh vhtxho ri wkh sdshu1
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uhtxluhg grfwru*v lqfhqwlyhv1 Wkhuhiruh/ lq wklv iudphzrun wkh frqwudfw rswl0
pdoo| jhqhudwhv wkuhh edvlf dvshfwv ri pdqdjhg fduh= l, lqfhqwlyhv iru grfwruv
wr frqwuro frvwv> ll, wkh rswlpdo ehkdylru ri grfwruv lq vrph flufxpvwdqfhv
lv qrw wr fkrrvh wkh ehvw phglfdo wuhdwphqw dv wkh| zrxog fkrrvh xqghu
ihh0iru0vhuylfh frqwudfwv> dqg lll, lqfuhdvhg sdwlhqw zhoiduh/ zklfk wudqvodwhv
lqwr d uhyhdohg suhihuhqfh iru wkdw frqwudfw1

Wkh dowuxlvwlf dvvxpswlrq/ krzhyhu/ lv yhu| vwurqj1 Zk| zrxog grf0
wruv kdyh gluhfw suhihuhqfhv iru sdwlhqwv dfklhylqj wkh jrrg vwdwh ri qdwxuhB
Zh vkrz lq wkh sdshu wkdw wklv dvvxpswlrq fdq eh hqgrjhqrxvo| jhqhu0
dwhg lq pdq| flufxpvwdqfhv1 Iluvw/ zh frqvwuxfw d vlpsoh h{dpsoh zkhuh
grfwruv pd| eh vxhg dqg sxqlvkhg lq fdvh edg vwdwh ri qdwxuh kdsshqv1
Wkh h{lvwhqfh ri olwljdwlrq frvwv ohdgv doprvw lpphgldwho| wr wkh dowuxlvwlf
dvvxpswlrq +ghihqvlyh phglflqh,14:

Wkh prvw lqwhuhvwlqj fdvh/ krzhyhu/ zklfk lv wkh irfxv ri wkh sdshu/ dulvhv
zkhq wkhuh lv dq dgglwlrqdo prudo kd}dug sureohp lq wkh grfwru0lqvxudqfh
frpsdq| uhodwlrqvkls14; Vxssrvh wkh txdolw| ri wkh gldjqrvhv shuiruphg e|
wkh grfwru ghshqgv xsrq dq h�ruw ohyho zklfk lv qrw gluhfwo| revhuydeoh1
Wkdw h�ruw ohyho pd| eh uhodwhg zlwk wkh grfwru*v h�ruw lq nhhslqj xs zlwk
wkh phglfdo uhvhdufk olwhudwxuh ru wkh dwwhqwlrq kh jlyhv wr wkh sdwlhqw lq klv
r!fh1 Lq dq| fdvh/ lq rughu wr surylgh lqfhqwlyhv iru wkh grfwru wr fkrrvh
kljk h�ruw/ wkh rswlpdo frqwudfw pxvw r�hu ehwwhu uhzdugv lq fdvh sdwlhqwv
dfklhyh wkh jrrg vwdwh ri qdwxuh/ zklfk jhqhudwhv suhflvho| wkh dowuxlvwlf
ehkdylru1 Lq grlqj vr/ lw fuhdwhv lqfhqwlyhv wr xvh wkh ehvw phglfdo wuhdwphqw
lqghshqghqwo| ri lwv frvw1 Lq rughu wr frpshqvdwh iru wkdw ehkdylru/ wkh
rswlpdo frqwudfw pxvw dovr surylgh lqfhqwlyhv iru wkh grfwru wr wdnh lqwr
dffrxqw wrwdo frvwv= wkh grfwru*v sd|phqw pxvw eh lqyhuvho| uhodwhg wr wkh
h{shqglwxuhv rq wkh sdwlhqw wuhdwphqw1

416 Lqvxudqfh pdunhwv iru vshfldol}hg vhuylfh

Wkh prgho sursrvhg khuh lv txlwh jhqhudo dqg vhhpv wr dsso| wr d ydul0
hw| ri flufxpvwdqfhv1 Zh frqvlghu d prgho zlwk surylghuv ri d vhuylfh dqg
krxvhkrogv zkr zrxog olnh wr ex| lqvxudqfh djdlqvw wkh fkdqfh ri kdylqj wr
xvh vxfk d vhuylfh1 Surylghuv kdyh dffhvv wr sulylohjhg lqirupdwlrq rq wkh

4:Iru wkh hylghqfh wkdw grfwruv sudfwlfh ghihqvlyh phglflqh/ vhh PfFohodq dqg Nhvvohu
+4<<9,1

4;Htxloleulxp lq rxu prgho h{lvwv hyhq li wkhuh duh gl�huhqw w|shv ri grfwruv dqg hdfk
grfwru*v w|sh lv sulydwh lqirupdwlrq +dgyhuvh vhohfwlrq prgho,1 Dv zh vkrz odwhu/ frqwudu|
wr wkh Urwkvfklog dqg Vwljolw} +4<:9, prgho/ lq rxu iudphzrun wkh htxloleulxp rxwfrph
fdq eh rewdlqhg dv d vroxwlrq ri d sodqqhu*v sureohp/ zklfk dozd|v kdv d vroxwlrq1
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prvw dssursuldwh surfhgxuh wr eh iroorzhg1 Wkhuh lv dozd|v d fkdqfh/ krz0
hyhu/ wkdw surylglqj wkh vhuylfh pd| qrw eh vxffhvvixo1 Vxssrvh krxvhkrogv
kdyh dffhvv wr d ixoo lqvxudqfh frqwudfw wkdw sd|v iru zkdwhyhu surfhgxuh
surylghuv �qg qhfhvvdu|1 Li surylghuv pd| eh vxhg lq fdvh wkh surfhgxuh lv
qrw vxffhvvixo/ ru li wkh| duh frqfhuqhg derxw wkhlu uhsxwdwlrq/ wkh| kdyh
lqfhqwlyhv wr dozd|v sursrvh wkh surfhgxuh prvw olnho| wr eh vxffhvvixo luuh0
vshfwlyh wr lwv frvw1 Lq htxloleulxp/ krzhyhu/ lqvxudqfh frpsdqlhv dqwlflsdwh
wklv ehkdylru/ zklfk uhvxowv lq kljkhu lqvxudqfh suhplxpv1

Zh sursrvh wkdw wklv dv|pphwu| ri lqirupdwlrq olhv dw wkh fruh ri wkh
pdqdjhg fduh uhyroxwlrq1 Wkh prgho*v edvlf ihdwxuhv/ krzhyhu/ pd| dovr eh
xvhg wr xqghuvwdqg vhyhudo lqvxudqfh iru vhuylfh duudqjhphqwv/ vxfk dv srv0
vleoh uhsdlu ri gxudeoh jrrgv ru �{hg dvvhwv1 D fhqwudo surshuw| ri wkh prgho
lv wkdw d ulvn0vkdulqj frqwudfw ehwzhhq dq lqvxudqfh frpsdq| dqg surylghuv
ri vhuylfh pd| dulvh hyhu| wlph d krxvhkrog zrxog olnh wr ex| lqvxudqfh iru
srvvleoh vhuylfhv qhhghg dqg wkh surylghu kdv sulylohjhg lqirupdwlrq1 Wkh
udwlrqdoh ri wklv frqwudfw lv wr pdnh surylghuv lqwhuqdol}h qrw rqo| krxvhkrogv
* ghvluh iru d vxffhvvixo rxwfrph/ exw dovr wkh frvw ri dowhuqdwlyh surfhgxuhv1
Lq vrph fdvhv/ d surfhgxuh zlwk d orzhu olnholkrrg ri vxffhvv pd| eh fkrvhq
ryhu rqh zlwk kljkhu olnholkrrg wkdw qhyhuwkhohvv frvwv pruh1

Ehlqj pruh suhflvh/ zh frqvlghu d prgho zlwk wkuhh w|shv ri sduwlhv=
krxvhkrogv/ surylghuv ri d vhuylfh dqg lqvxudqfh frpsdqlhv1 Krxvhkrogv
kdyh xqfhuwdlqw| derxw wkh ixwxuh qhhg iru d vhuylfh/ zklfk d�hfwv wkhlu ohyho
ri lqfrph14< Surylghuv/ li kluhg e| d krxvhkrog/ shuirup d gldjqrvlv zklfk
surylghv d vljqdo derxw zklfk vhuylfh pd| uhgxfh wkh olnholkrrg ri d orvv ri
lqfrph gxh/ iru h{dpsoh/ wr wkh qhhg wr ex| dqrwkhu jrrg ru d zruvh khdowk
frqglwlrq1 Wklv vljqdo lv revhuyhg rqo| e| wkh surylghu ri wkh vhuylfh1 Iru
hdfk vljqdo wkhuh lv d surfhgxuh wkdw pd{lpl}hv wkh olnholkrrg ri krxvhkrogv
rewdlqlqj wkh jrrg vwdwh ri qdwxuh lq wkh �qdo shulrg1 Ehiruh surylglqj
wkh gldjqrvlv/ krzhyhu/ surylghuv kdyh wr fkrrvh dq h�ruw ohyho1 Kljk h�ruw
ohyhov lqfuhdvh wkh suredelolw| ri wkh jrrg vwdwh ri qdwxuh iru hyhu| vljqdo
dqg surfhgxuh fkrvhq1 Wkhuh duh ulvn0qhxwudo lqvxudqfh frpsdqlhv wkdw r�hu
frqwudfwv wr erwk wkh surylghuv dqg krxvhkrogv153

4<Iurp wkh irupdo srlqw ri ylhz/ lq rxu prgho xqfhuwdlqw| rq ixwxuh ohyhov ri lqfrph lv
htxlydohqw wr xqfhuwdlqw| rq ixwxuh xwlolw| ohyhov1 Wkhuhiruh/ wkh edg vwdwh ri qdwxuh fdq
eh lqwhusuhwhg hlwkhu dv d orvv lq lqfrph ru/ pruh jhqhudoo|/ dv d orvv lq zhoiduh gxh wr dq|
rwkhu prwlyh/ lqfoxglqj d khdowk frqglwlrq1

53Zh devwdlq lq wkh sdshu iurp wkh prudo kd}dug sureohp lq wkh uhodwlrqvkls ehwzhhq
sdwlhqw dqg lqvxudqfh frpsdq|1 Vxfk d sureohp lv zhoo wuhdwhg e| wkh vwdqgdug prgho
dqg lw frxog eh hdvlo| dgghg lq rxu prgho zlwkrxw dq| dgglwlrqdo frvw/ h{fhsw pdnlqj wkh
qrwdwlrq hyhq pruh frpsoh{1
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Wkh sdshu surylghv vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri htxloleulxp1
Lq rughu wr lqgxfh surylghuv wr pdnh h�ruw/ wkh rswlpdo frqwudfw pxvw vshf0
li| kljkhu sd|phqwv lq wkh jrrg vwdwh ri qdwxuh dqg wkxv lqgxfh wkhp wr
fduh derxw wkh rxwfrph iru wkh krxvhkrog1 Wklv odvw htxloleulxp surshuw|
uhvxow lv htxlydohqw wr wkh dowuxlvwlf dvvxpswlrq1 Wkh htxloleulxp rxwfrph
lv fkdudfwhul}hg e| d orvv ri zhoiduh iru wkh krxvhkrog/ lq frpsdulvrq zlwk
wkh �uvw0ehvw rxwfrph/ gxh wr wkh qhhg wr hqfrxudjh surylghuv wr fkrrvh/ rq
rqh kdqg/ h�ruw/ dqg wkh ohdvw h{shqvlyh wuhdwphqw iru vrph vljqdov rq wkh
rwkhu1 Krzhyhu/ wkh htxloleulxp rxwfrph lv vwloo frqvwudlqhg rswlpdo= jlyhq
wkh dv|pphwu| ri lqirupdwlrq/ wkh pdunhw rxwfrph lv wkh prvw h!flhqw
rqh1 Ulvn0vkdulqj frqwudfwv gr qrw dozd|v surgxfh dq htxloleulxp rxwfrph
lq rxu prgho1 Zh vkrz/ krzhyhu/ wkdw wkh| gr li frvwv dqg qhw ehqh�wv
iurp surfhgxuhv jhw yhu| kljk1 Wklv uhvxow vhhpv wr �w sduwlfxoduo| zhoo
lq wkh khdowk lqvxudqfh fdvh/ zkhuh wkh jurzwk ri pdqdjhg fduh kdv ehhq
lqfuhdvlqj suhflvho| zkloh qhz phglfdo whfkqrorjlhv kdyh ehfrph dydlodeoh/
qhz whfkqrorjlhv wkdw duh vlpxowdqhrxvo| pruh h{shqvlyh dqg pruh h�hfwlyh
lq wuhdwlqj glvhdvhv154

Wkh qh{w vhfwlrq surylghv d suhflvh ghvfulswlrq ri wkh prgho1 Vhfwlrq
6 irfxvhv rq wzr ohdglqj h{dpsohv= ghihqvlyh phglflqh dqg ulvn0qhxwudo
surylghuv1 Vhfwlrq 7 ghvfulehv wkh rswlpdo frqwudfw dqg vxppdul}hv rxu
fhqwudo uhvxowv1 Lq rughu wr vlpsoli| wkh prgho*v lqwhusuhwdwlrq dqg frqyh|
wkh fhqwudo phvvdjh dv d sursrvdo wr xqghuvwdqg wkhruhwlfdoo| pdqdjhg fduh/
zh vwlfn wr wkh khdowk lqvxudqfh pdunhw lqwhusuhwdwlrq ri wkh prgho zkhuh
vhuylfh surylghuv duh odehoohg dv grfwruv dqg krxvhkrogv duh riwhq uhihuuhg
wr dv sdwlhqwv1

Lq wkh vhtxho wr wklv sdshu zh zloo h{whqg wkh prgho wr d g|qdplf vhw0
wlqj zkhuh lqvxudqfh frpsdqlhv duh uhvwulfwhg lq lqwurgxflqj frqwudfwv zlwk
prqhwdu| sd|phqwv lqghshqghqw ri wkh vwdwh ri qdwxuh1 Wklv jhqhudol}dwlrq
vhhpv qdwxudo vlqfh lq vhyhudo lqvwdqfhv rqh grhv qrw revhuyh surylghuv*v sd|0
phqwv wr eh frqwlqjhqw xsrq wkh vwdwh ri qdwxuh1 Lq sduwlfxodu/ surylghuv
ri phglfdo vhuylfh sd|phqwv gr qrw vhhp wr ghshqg rq zkhwkhu ru qrw sd0
wlhqwv jhw ehwwhu diwhu ehlqj wuhdwhg1 Zh vkrz wkdw e| doorzlqj frpsdqlhv
wr wkuhdwhq qrw wr uhqhz wkh frqwudfwv/ wkh| pd| vwloo eh deoh wr lqgxfh
surylghuv wr pdnh dq h�ruw1 Lq wklv fdvh/ krzhyhu/ surylghuv* h{shfwhg xwlo0
lw| pxvw eh kljkhu wkdq wkhlu uhvhuydwlrq ohyho1

54Rq wkh lqfuhdvlqj frvw ri qhz phglfdo whfkqrorjlhv/ vhh Jolhg +4<<<, dqg wkh uhihuhqfhv
wkhuh vxppdul}hg1
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5 Wkh edvlf prgho

Frqvlghu d sduwldo htxloleulxp prgho zlwk d vlqjoh frpprglw|/ wkuhh shul0
rgv 0 h{0dqwh/ lqwhulp/ h{0srvw 0 dqg wkuhh w|shv ri lqglylgxdov= sdwlhqwv/
grfwruv55 dqg lqvxudqfh frpsdqlhv1 D sdwlhqw idfhv xqfhuwdlqw| derxw wkh
lqlwldo hqgrzphqw lq wkh h{0srvw shulrg= wkhuh duh wzr lqglylgxdo vwdwhv ri
qdwxuh dqg wkh hqgrzphqw lq wkh vhfrqg shulrg lv vwulfwo| odujhu wkdq wkdw
lq wkh �uvw shulrg1 Zh uhihu wr wkh sdwlhqw*v hqgrzphqw lq vwdwh v e| Zr/
v 5 iE>Jj1 Suhihuhqfh uhjduglqj frqvxpswlrq exqgohv lv uhsuhvhqwhg e|
d vwdwh0lqghshqghqw xwlolw| ixqfwlrq x = ?n $ ?/ vwulfwo| lqfuhdvlqj dqg
frqfdyh lq wkh gl�huhqwldeoh vhqvh=56

+K4, x 5 F2 dqg vdwlv�hv= l, gx A 3 > ll, g2x ? 31 Pruhryhu/

3 ? Z� ? ZC

Qrwlfh wkdw iurp wkh irupdo srlqw ri ylhz/ xqfhuwdlqw| frqfhuqlqj ixwxuh
lqfrph ohyhov lv htxlydohqw wr xqfhuwdlqw| derxw ixwxuh xwlolw| ohyhov1 Wr vhh
wklv htxlydohqfh/ rqh kdv rqo| wr doorz sdwlhqw xwlolw| wr eh vwdwh0ghshqghqw1
Wkhuhiruh/ d edg vwdwh ri qdwxuh fdq eh lqwhusuhwhg hlwkhu dv d orvv lq lq0
frph ru dv d edg khdowk frqglwlrq wkdw uhgxfhv wkh sdwlhqw xwlolw|1 Xqghu
wkhvh dvvxpswlrqv ri udqgrp hqgrzphqwv dqg vwulfw ulvn0dyhuvlrq/ wkh sd0
wlhqw lv zloolqj wr ex| dq lqvxudqfh frqwudfw/ surylghg wkdw wkh sulfh ri wkh
frqwudfw lv qrw pxfk kljkhu wkdq wkh dfwxduldoo| idlu sulfh1 Wkh vwdqgdug lq0
vxudqfh olwhudwxuh dvvxphv wkh h{lvwhqfh ri d �qlwh froohfwlrq ri ulvn0qhxwudo
lqvxudqfh frpsdqlhv/ zkloh r�hu lqvxudqfh frqwudfwv vlpxowdqhrxvo| dqg lq0
ghshqghqwo|1 Wkh rxwfrph ri wkh prgho zlwk dw ohdvw wzr frpsdqlhv lv wr
r�hu dfwxduldoo| idlu frqwudfwv/ zklfk duh dffhswhg e| wkh sdwlhqwv1

Wkh prgho sursrvhg khuh ghsduwv iurp wkh vwdqgdug olwhudwxuh e| dvvxp0
lqj wkh h{lvwhqfh ri d wklug w|sh ri lqglylgxdo/ zkrp zh uhihu wr dv grfwru1
D grfwru h{dplqhv d sdwlhqw dqg fkrrvhv dq dfwlrq/ ru wuhdwphqw/ lq wkh
lqwhulp shulrg wkdw d�hfwv wkh sdwlhqw*v suredelolw| ri wkh jrrg vwdwh ri qd0
wxuh1 Wklv dfwlrq lv vxssrvhg wr eh shuihfwo| revhuydeoh/ exw lwv h�hfwlyhqhvv
ghshqgv xsrq d vljqdo sulydwho| revhuyhg e| wkh grfwru1

Wkh wlph olqh ri wkh prgho fdq eh vxppdul}hg dv iroorzv1
55Wkhuh lv qr fkdqjh lq wkh uhvxowv wkdw iroorz li wkh vhuylfh surylghu lv d grfwru ru dv

dq krvslwdo1
56Iurp qrz rq/ wkh v|pero _ uhsuhvhqwv wkh gl�huhqwldo ri wkh uhvshfwlyh ixqfwlrq1
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h{0dqwh lqwhulp 4 lqwhulp 5 lqwhulp 6 h{0srvw

Lq wkh h{0dqwh shulrg/ frqwudfwv duh sursrvhg dqg fkrvhq1 Wkh lqwhulp
shulrg lv glylghg lqwr wkuhh vxe0shulrgv1 Lq wkh �uvw grfwruv fkrrvh dq h�ruw
ohyho1 Lq wkh vhfrqg d vljqdo lv revhuyhg dqg/ lq wkh wklug/ d wuhdwphqw lv
sursrvhg1 Ilqdoo|/ lq wkh h{0srvw shulrg wkh vwdwh ri qdwxuh lv uhyhdohg dqg
frqwudfwv duh hqirufhg1

Wr pdnh wkh dujxphqw suhflvh/ vxssrvh wkdw lq wkh lqwhulp shulrg wkh
grfwru revhuyhv d sulydwh vljqdo/ v 5 ^3> 4`1 Wkh suredelolw| ri d vljqdo v lv
ghvfulehg e| wkh fxpxodwlyh suredelolw| ixqfwlrq I +v, 5 F�/ gI +v, A 3 iru
hyhu| v 5 +3> 4,1 Zlwkrxw dq| orvv ri jhqhudolw|/ zh dvvxph wkdw I lv wkh
xqlirup glvwulexwlrq1 Wkhuh duh 5 w|shv ri dfwlrqv dydlodeoh iru wkh grfwru

D =@ idf> d�j
Dfwlrq l frvwv d� wr eh lpsohphqwhg lq dgglwlrq wr wkh grfwruv* sd|phqwv/
3 @ df ? d� @ d1 Dfwlrq df vkrxog eh lqwhusuhwhg dv wkh grfwru fkrrvlqj qr
dfwlrq1 Jlyhq wklv vljqdo/ wkh suredelolw| ri wkh jrrg vwdwh ri qdwxuh iru d
sdwlhqw ghshqgv rq wkh dfwlrq fkrvhq dqg lw lv jlyhq e| � +d> v, iru hyhu| d1
Zh dvvxph=

+K5, Iru hdfk d 5 D wkh ixqfwlrq � +d> �, 5 F21 Ixuwkhupruh/ iru hyhu|
v 5 +3> 4,

3 A g� +d�> v, A g� +df> v,

dqg

3 ? � +d�> 3, ? � +df> 3, ? 4

3 ? � +df> 4, ? � +d�> 4, ? 4

Wkhuhiruh/ wkh kljkhu wkh vljqdo wkh orzhu lv wkh suredelolw| ri wkh jrrg
vwdwh/ dqg wkhuh lv d vljqdo vW 5 +3> 4, vxfk wkdw erwk dfwlrqv jhqhudwh wkh
vdph suredelolw| ri wkh jrrg vwdwh ri qdwxuh

� +d�> v
W, @ � +df> v

W,
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Pruhryhu/ iru hyhu| vljqdo v ? vW/ dfwlrq df jhqhudwhv d kljkhu suredelolw| ri
wkh jrrg vwdwh ri qdwxuh lq wkh vhfrqg shulrg/ zkloh iru hyhu| vljqdo v A vW

wkh uhyhuvh kdsshqv1 Zh uhihu wr wkh dfwlrq wkdw pd{lpl}hv wkh suredelolw|
ri wkh jrrg vwdwh ri qdwxuh dv wkh ehvw dfwlrq ru wkh ehvw phglfdo wuhdwphqw1

Ehiruh revhuylqj wkh vljqdo/ grfwruv kdyh wr fkrrvh dq h�ruw ohyho/ h 5
i3> 4j/ zlwk dvvrfldwhg frvwv jlyhq e|

3 @ ff ? f� @ f

Ohw

�f +d> v, @ � +d> v, 5 +3> 4,

eh wkh suredelolw| ri wkh jrrg vwdwh jlyhq d> v dqg h @ 3/ dqg

�� +d> v, @ � +d> v, 5 +3> 4,

eh wkh suredelolw| ri wkh jrrg vwdwh jlyhq v> d dqg h @ 41 Zh dvvxph wkdw
+K5, krogv iru hdfk �� dqg h�ruw dozd|v lqfuhdvhv wkh olnholkrrg ri wkh jrrg
vwdwh ri qdwxuh1 Lq sduwlfxodu/ wkhuh h{lvwv d xqlirup gldjqrvlv odj ehwzhhq
h�ruw dqg qrq0h�ruw= pdnlqj dq h�ruw lv htxlydohqw wr revhuylqj d pruh
idyrudeoh vljqdo rq wkh sdwlhqw*v khdowk frqglwlrq1 Ixuwkhupruh/ zh dovr dv0
vxph wkdw wkh wuhdwphqw whfkqrorj| kdv ghfuhdvlqj uhwxuqv rq wkh vljqdo1

+K6, +l, �+d�> �v, @ �+d� > v,/ zkhuh � 5 +3> 4,/ iru doo m dqg v>
+ll, wkh ixqfwlrq

g�+df> v,

g�+d�> v,

lv qrq0lqfuhdvlqj1

Wkh vhfrqg sduw ri dvvxpswlrq +K6, hvwdeolvkhv wkdw dv wkh vljqdo lq0
fuhdvhv wkh pdujlqdo jdlqv iurp wuhdwphqw zlwk uhvshfw wr qrq0wuhdwphqw
grhv qrw lqfuhdvh1 Lqghhg/ g� ghvfulehv wkh orvv lq wkh olnholkrrg ri wkh
jrrg vwdwh dv wkh vljqdo lqfuhdvhv1 Wkxv +ll, vwdwhv wkdw wklv orvv fdqqrw eh
lqfuhdvlqj lq qr wuhdwphqw zlwk uhvshfw wr wuhdwphqw1

Ohw y = ?n $ ? 5 F2 eh wkh grfwru*v xwlolw| ixqfwlrq/ frqfdyh lq wkh
gl�huhqwldeoh vhqvh=

+K7, gy A 3> g2y � 3> olp
%<f

y+{, @ �4 dqg olp
%<"

y+{, @4=
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D grfwru kdv d uhvhuydwlrq xwlolw| ghqrwhg e|
b
y/ zkhuh li

b
u vdwlv�hv

y+
b
u, @ �y wkhq

b
u A 31

Ilqdoo|/ wkhuh duh L A 4 sulqflsdov/ ru lqvxudqfh frpsdqlhv/ wkdw surylgh
lqvxudqfh iru wkh sdwlhqwv dqg lqwhuphgldwh wkhlu uhodwlrq zlwk wkh grfwruv1
Zh vxssrvh wkdw wkhvh sulqflsdov duh ulvn0qhxwudo1 Lq wkh h{0dqwh shulrg wkh|
r�hu frqwudfwv iru wkh grfwruv dqg sdwlhqwv1 Dv lq Urwkvfklog dqg Vwljolw}
+4<:9,/ zh dvvxph wkdw wkh frpsdqlhv duh iuhh wr hqwhu ru h{lw wkh pdu0
nhw1 Dv zh vkdoo vhh/ wklv dvvxpswlrq lpsolhv wkdw lq htxloleulxp/ lqvxudqfh
frpsdqlhv pdnh }hur h{shfwhg sur�wv1

6 Ohdglqj h{dpsohv

Lq wklv vhfwlrq zh frqvlghu wzr vlpsoh h{dpsohv wkdw surylgh wkh edvlf lq0
wxlwlrq ri rxu prgho1 Wkh qhhg wr surylgh lqfhqwlyhv wr grfwruv wr vdyh
rq sdwlhqw*v wuhdwphqw dulvhv zkhq grfwruv fduh derxw wkh olnholkrrg ri wkh
jrrg vwdwh ri qdwxuh1 Wklv fduh pd| uhvxow hlwkhu iurp vrph h{rjhqrxv uhd0
vrq +h1j1/ olwljdwlrq frvwv lq fdvh edg vwdwh kdsshqv,/ ru iurp dq hqgrjhqrxv
rqh1 Lq rughu wr surylgh lqfhqwlyhv wr grfwruv wr fkrrvh kljk h�ruw ohyhov/ wkh
rswlpdo frqwudfw pxvw surylgh odujhu sd|phqwv lq wkh jrrg vwdwh ri qdwxuh
wkdq lq wkh edg vwdwh157 Zh vkdoo h{sorlw erwk fdvhv lq wkh vlpsoh h{dpsohv
wkdw iroorz dqg wkhq ghyhors d jhqhudo prgho iru wkh vhfrqg rqh1

Lq wkh �uvw h{dpsoh/ grfwruv pd| eh sxqlvkhg lq fdvh wkh| gr qrw fkrrvh
wkh ehvw phglfdo wuhdwphqw +ghihqvlyh phglflqh,1 Lw lv vkrzq wkdw lq wklv
fdvh/ hyhq zlwkrxw wkh fkrlfh ri h�ruw/ wkh edvlf uhvxowv ri wkh sdshu fduu|
ryhu1 Sxqlvkphqw/ lq wklv fdvh/ pdnhv grfwruv fduh derxw wkh olnholkrrg ri
sdwlhqwv dfklhylqj wkh jrrg vwdwh ri qdwxuh dqg/ lq wkh devhqfh ri dq| rwkhu
lqfhqwlyh/ dozd|v wr fkrrvh wkh ehvw wuhdwphqw1 Wkh h!flhqw rxwfrph/ krz0
hyhu/ pd| uhtxluh grfwruv qrw dozd|v wr fkrrvh wkh ehvw wuhdwphqw/ vlqfh lwv
frvw pd| qrw frpshqvdwh wkh pdujlqdo ehqh�w ri lqfuhdvlqj wkh suredelolw|
ri wkh jrrg vwdwh ri qdwxuh1 Wkh rswlpdo frqwudfw/ lq wklv fdvh/ zloo r�vhw
wkh sxqlvkphqw frvw/ surylglqj odujhu sd|phqwv lq fdvh grfwruv fkrrvh qr
wuhdwphqw1

Wkh vhfrqg h{dpsoh grhv qrw uho| rq h{rjhqrxv lqfhqwlyhv wr grfwruv
wr fduh derxw sdwlhqwv* jrrg vdwh ri qdwxuh1 Iroorzlqj rxu jhqhudo prgho/
grfwruv kdyh wr fkrrvh d qrq0revhuydeoh h�ruw ohyho ehiruh shuiruplqj wkh
gldjqrvlv1 Lq rughu wr surylgh lqfhqwlyhv iru grfwruv wr fkrrvh h�ruw/ wkh
rswlpdo frqwudfw pxvw surylgh odujhu sd|phqwv lq fdvh wkh jrrg vwdwh ri
qdwxuh kdsshqv1 Exw wkhq/ d sureohp vlplodu wr wkh rqh glvfxvvhg uhjduglqj

57D vhfrqg hqgrjhqrxv uhdvrq lq d g|qdplf prgho zrxog eh uhsxwdwlrq1
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ghihqvlyh phglflqh dulvhv= grfwruv zloo dozd|v whqg wr fkrrvh wkh ehvw phglfdo
wuhdwphqw dydlodeoh/ luuhvshfwlyh ri lwv frvw1 Rqfh pruh/ wkh h!flhqw rxwfrph
uhtxluhv wkh rswlpdo frqwudfw wr dovr surylgh lqfhqwlyhv vr wkdw grfwruv vdyh
phglfdo frvwv e| r�hulqj odujhu uhzdugv lq fdvh wkh| fkrrvh qr wuhdwphqw1

614 Ghihqvlyh phglflqh

Lq wklv vhfwlrq zh frqvlghu wkh ohdglqj h{dpsoh ri ghihqvlyh phglflqh1 Lq wklv
fdvh/ grfwruv pd| eh vxhg li wkh| gr qrw fkrrvh wkh ehvw phglfdo wuhdwphqw
dqg wkh sdwlhqw grhv qrw rewdlq wkh jrrg vwdwh ri qdwxuh1 Zh devwudfw wkh
h�ruw fkrlfh lq wklv h{dpsoh1 Ohw � eh wkh h{shfwhg frvw ri ehlqj vxhg dqg
�+d> v, wkh suredelolw| ri wkh jrrg vwdwh ri qdwxuh jlyhq dfwlrq d dqg vwdwh v1
Zh dvvxph wkdw grfwruv* orvv lq lqfrph gxh wr qrw fkrrvlqj wkh ehvw phglfdo
wuhdwphqw lv sursruwlrqdo wr wkh sdwlhqw orvv lq wkh olnholkrrg ri wkh jrrg
vwdwh ri qdwxuh1 Ohw u/� eh wkh grfwru sd|phqw lq fdvh kh fkrrvhv wuhdwphqw

m dqg vwdwh ri qdwxuh $ kdsshqv1 Ohw y/� =@ y
�
u/�

�
eh wkh grfwru lqgluhfw

xwlolw|1 Wkh grfwru*v xwlolw| ohyho jlyhq d frqwudfw u/ vljqdo v dqg fkrlfh ri
wuhdwphqw d� lv jlyhq e|

�+d�> v,y
C
� . +4� � +d�> v,, y

�
u�� � � +�+v,� � +d�> v,,

�
zkhuh � A 3 dqg �+v, =@ pd{@ � +d> v, lv wkh suredelolw| dvvrfldwhg zlwk
wkh ehvw phglfdo wuhdwphqw1 Wkhuhiruh/ li wkh grfwru*v sd|phqwv duh qrw
frqwlqjhqw rq wkh fkrlfh ri wuhdwphqw/ kh dozd|v fkrrvhv wkh ehvw phglfdo
wuhdwphqw/ wkdw lv wr vd| d� vr wkdw � +d�> v, @ �+v, iru hyhu| v1

Ohw xv frqvlghu wkh fulwlfdo vljqdo zkhuh/ iru d jlyhq frqwudfw/ grfwruv
fkdqjh iurp qr wuhdwphqw wr wuhdwphqw1 Vxssrvh grfwruv dozd|v xvh qr
wuhdwphqw zkhq wklv lv wkh ehvw phglfdo rswlrq/ exw pd| dovr xvh lw zkhq
wuhdwphqw lv ehvw/ wkdw lv/ zkhq v � vW1 Lw lv vlpsoh wr yhuli| wkdw dw vxfk d
vljqdo wkh grfwru pxvw eh lqgl�huhqw ehwzhhq xvlqj wuhdwphqw ru qrw=

�+df> v,y
C
f . +4� � +df> v,, y

�
u�f � � +�+v,� � +df> v,,

�
@ �+d�> v,y

C
� . � +d�> v, y

�
�

Frqvlghu d frqwudfw wkdw pd{lpl}hv sdwlhqw zhoiduh jlyhq wkh qhhghg
lqfhqwlyhv iru wkh grfwruv1 Zh fodlp wkdw lq dq h!flhqw frqwudfw/ sd|phqwv
pxvw eh frqwlqjhqw xsrq wkh wuhdwphqw fkrvhq1

Vxssrvh wkh fodlp lv qrw wuxh dqg wkh h!flhqw frqwudfw grhv qrw kdyh
sd|phqwv frqwlqjhqw xsrq wkh fkrlfh ri wuhdwphqw/ u/f @ u/� iru hyhu| $1
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Lw lv vlpsoh wr yhuli| wkdw iru hdfk vljqdo v grfwruv dozd|v fkrrvh d� vr
wkdw � +d�> v, @ �+v,1 Wkhuhiruh/ wkh fulwlfdo vljqdo lv jlyhq e| v @ vW/
zkhuh iru v � vW qr wuhdwphqw lv wkh ehvw phglfdo rswlrq dqg iru v � vW

wuhdwphqw pd{lpl}hv wkh olnholkrrg ri wkh jrrg vwdwh ri qdwxuh1 Lq wklv
fdvh/ wkhuh duh qr zhoiduh jdlqv iru wkh sdwlhqw lq sursrvlqj d frqwudfw zlwk
sd|phqw frqwlqjhqw lq wkh vwdwh ri qdwxuh1 Wkhuhiruh/ li wkh h!flhqw frqwudfw
lpsohphqwv vljqdo vW/ zh pxvw kdyh u/� @

b
u iru hyhu| $ dqg m/ zkhuh y+

b
u, @

�y1
Wkh h{shfwhg vrfldo ehqh�w iru wklv frqwudfw lv jlyhq e|

rW]
f

+�+df> v,ZC . +4� �+df> v,,Z�, gv.

�]
rW

+�+d�> v,ZC . +4� �+d�> v,,Z�,gv

zkhuh lwv frvw lv jlyhq e|

b
u . d +4� vW,

Wkhuhiruh/ li wkh frqwudfw lv h!flhqw/ lw pxvw vdwlvi| wkh iroorzlqj �uvw rughu
frqglwlrqv=

+�+df> v
W,ZC . +4� �+df> v

W,,Z�,� +�+d�> v
W,ZC . +4� �+d�> v

W,,Z�, @ �d

Vlqfh �+df> v
W, @ �+d�> v

W,/ zh jhw

3 @ �d

Exw wklv lv devxug vlqfh d A 31 Wklv phdqv wkdw dq h!flhqw frqwudfw pxvw
qhfhvvdulo| kdyh sd|phqwv frqwlqjhqw xsrq wkh wuhdwphqw fkrvhq1

615 Ulvn qhxwudo grfwruv

Lq wklv h{dpsoh zh nhhs doo dvvxpswlrqv suhvhqwhg lq vhfwlrq 5/ lqfoxglqj
wkh h�ruw sureohp/ exw zh dvvxph wkdw wkh grfwru*v xwlolw| ixqfwlrq lv jlyhq
e| y+{, @ {= Frqvlghu wkh iroorzlqj sureohp iru wkh lqvxudqfh frpsdq|= wr
plqlpl}h wkh frvw ri lpsohphqwlqj h�ruw vxfk wkdw wkh grfwru fkrrvhv qr
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wuhdwphqw iru hyhu| vljqdo v � �v dqg wuhdwphqw diwhuzdugv1 Ohw u =@
�
u/�

�
eh wkh frqwudfw1 Ohw Y 7rE��

� +u, eh d grfwru xwlolw| ohyho jlyhq d frqwudfw u dqg
zlwk d fkrlfh ri h�ruw ohyho l dqg d fkdqjh iurp qr wuhdwphqw wr wuhdwphqw
dw vljqdo �v+l,1

Y
7rE��
� +u, @

7rE��]
f

�
u�f

�
4� �� +df> �v+l,,

�
. uCf �

� +df> �v+l,,
�
gv.

�]
7rE��

�
u�f

�
4� �� +df> �v+l,,

�
. uCf �

� +df> �v+l,,
�
gv

Lq rughu iru wkh grfwru wr dffhsw wklv frqwudfw u/ klv xwlolw| ohyho pxvw eh
kljkhu wkdq wkh uhvhuydwlrq xwlolw|=

Y
7rE��
� +u, � �y +LU,

Pruhryhu/ wkh grfwru zloo pdnh dq h�ruw li wkh dvvrfldwhg xwlolw| lv qrw
vpdoohu wkdq wkdw ri qr h�ruw=

Y
7rE��
� +u, � Y

7rEf�
f +u, +LF�,

Ilqdoo|/ li wkh grfwru fkdqjhv iurp qr wuhdwphqw wr wuhdwphqw dw vljqdo
�v/ wkhq iroorzlqj frqglwlrq krogv=

uCf �
�
�
df>

b
v
�
. u�f

�
4� ��

�
df>

b
v
��

@ uC� �
�
�
d�>

b
v
�
. u��

�
4� ��

�
d�>

b
v
��

+FW ,

Lw lv hdv| wr vhh wkdw wkh frvw ri lpsohphqwlqj wkh fkdqjh ri wuhdwphqw
dw

b
v zlwk h�ruw lv

f�+
b
v, @

b
u . f.

�]
7r

dgv

zkloh wkh frvw zlwk qr h�ruw/ ff +�v,/ lv vlpso|
b
u1

Vxssrvh vrfldo ehqh�w lv pd{lpl}hg zkhq grfwruv fkrrvh h�ruw/ exw dv
lq wkh suhylrxv h{dpsoh/ wkh rswlpdo frqwudfw lv qrw frqwlqjhqw xsrq wkh
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fkrlfh ri wuhdwphqw/ �u/ @ 3 iru hyhu| $1 Wkhq/ iurp +FW , hlwkhu wkh
fulwlfdo vljqdo lv v @ vW zkhuh

�+df> v
W, @ � +d�> v

W,

ru �u� @ 3 iru hyhu| m/ lq zklfk fdvh wkh vdph htxdwlrq pxvw krog dqg
grfwruv fkrrvh qr h�ruw1 Vxssrvh v @ vW1 Vlqfh wkh h!flhqw rxwfrph
uhtxluhv h�ruw/ �u� 9@ 3 iru vrph m1

Vlqfh dw wkh h!flhqw rxwfrph/ vrfldo qhw ehqh�w pxvw eh pd{lpl}hg dv
lq wkh suhylrxv h{dpsoh/ zh pxvw kdyh

3 @ g

3C �]
7r

dgv

4D @ �d

Wkhuhiruh/ rqfh pruh dw wkh h!flhqw rxwfrph zlwk h�ruw/ frqwudfwv pxvw
vshfli| sd|phqwv frqwlqjhqw xsrq wkh fkrlfh ri wuhdwphqw1 Lq wkh qh{w
vhfwlrqv zh vkrz wkdw wkh h!flhqw rxwfrph lv dfwxdoo| vxssruwhg dv dq
htxloleulxp lq rxu prgho dqg wkdw wklv edvlf uhvxow krogv wuxh iru wkh jhqhudo
prgho1 Zh zloo dovr surylgh vhyhudo htxloleulxp surshuwlhv dvvrfldwhg zlwk
wkh rswlpdo frqwudfw1 Pruhryhu/ frqwudu| wr wkh vwdqgdug prudo kd}dug
prgho/ zkhuh wkh ulvn qhxwudolw| ri wkh djhqw dqg wkh sulqflsdo ohdgv wr qr
djhqf| frvw +l1h1/ wkh �uvw ehvw doorfdwlrq lv dwwdlqdeoh,/ khuh wklv lv qrw wuxh
ehfdxvh wkh vljqdo lv qrq revhuydeoh1

7 Wkh rswlpdo frqwudfw

714 Lqfhqwlyhv dqg frqwudfwv

Zh vwduw wkh dqdo|vlv ri wkh prgho lqyhvwljdwlqj wkh sulqflsdo*v r�huv wr wkh
grfwru zklfk vshfli| krz pxfk kh uhfhlyhv lq wkh lqwhulp shulrg1 Dv zh zloo
vhh odwhu/ lq wkh rswlpdo frqwudfw lw pd| eh rswlpdo wr pdnh wkh grfwru*v
sd|phqwv frqwlqjhqw xsrq wkh dfwlrq fkrvhq1 Ohw u�� eh wkh sd|phqw wkh
sulqflsdo pdnhv wr wkh grfwru li kh fkrrvhv d wuhdwphqw m 5 i3> 4j dqg qdwxuh
fkrrvhv z 5 iE>Jj1 Dv xvxdo lq wkh olwhudwxuh ri prudo kd}dug sureohpv/ zh
zloo zulwh wkh frqwudfwv lq whupv ri wkh grfwru*v xwlolw|/ l1h1/ y/� =@ y+u/� ,= Zh
dovr gh�qh wkh srzhu ri wkh frqwudfw= �y� @ yC� � y�� dqg �y/ =@ y/� � y/f /
zklfk jlyh wkh lqfhqwlyhv iru h�ruw dqg fkrlfh ri wuhdwphqw1
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Vxssrvh d grfwru kdv dffhswhg d frqwudfw
�
u/�

�
/ zlwk lqgluhfw xwlolw|�

y/�

�
1 Klv rswlpdo ehkdylru lv wr fkrrvh h�ruw dqg/ iru d jlyhq vljqdo v/

wuhdwphqw d�1 Klv h{shfwhg xwlolw| lq wkh lqwhulp shulrg/ Y �
� +v,/ lv wkhq

jlyhq e|

�� +d� > v, y
C
� .

�
4� �� +d�> v,

�
y�� @ y�� . �� +d�> v,�y� =

Gh�qlwlrq 4 Zh vd| wkdw d frqwudfw
�
y/�

�
jhqhudwhv d sduwlwlrq

�
V�
f> V

�
�

�
li

wkh wuhdwphqw d� lv fkrvhq lq V�
� jlyhq wkh h�ruw l/ l1h1/

d� 5 dujpd{ y�� . �� +d� > v,�y� li dqg rqo| li v 5 V�
�=

Li
b
v lv d vljqdo zkhuh wkh grfwru fkdqjhv wkh wuhdwphqw/ wkhq

Y �
f +�v,� Y �

� +�v, @ 3

zklfk jlyhv

�y� � ��
�
df>

b
v
�
�yf . ��

�
d�>

b
v
�
�y� @ 3=

Pruhryhu/ li
b
v uhsuhvhqwv wkh fkdqjh iurp qr wuhdwphqw +m @ 3, wr wuhdw0

phqw +m @ 4,/ wkhq

� g��
�
df>

b
v
�
�yf . g��

�
d�>

b
v
�
�y� � 3=

Wkh grfwru*v h{0dqwh h{shfwhg xwlolw| xqghu wkh frqwudfw
�
u/�

�
/ jlyhq wkh

sduwlwlrq
�
V�
f> V

�
�

�
dqg h�ruw l/ Y �/ lv=

]
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4� �� +df> v,
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y�f . �� +df> v, y

C
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�
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]
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4� �� +d�> v,

�
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zkhuh �� =@
U
7�
f

gv lv wkh h{0dqwh suredelolw| wkdw wkh grfwru fkrrvhv qr
wuhdwphqw jlyhq d fkrlfh ri h�ruw l dqg
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���� =@

]
7�
�

�� +d� > v,gv

lv wkh h{0dqwh suredelolw| ri wkh jrrg vwdwh jlyhq wuhdwphqw d� dqg h�ruw l=
Wkhuh duh L A 4 sulqflsdov/ ru lqvxudqfh frpsdqlhv/ wkdw surylgh lqvxu0

dqfh iru wkh sdwlhqwv dqg lqwhuphgldwh wkhlu uhodwlrq zlwk wkh grfwruv1 Zh
vxssrvh wkdw wkhvh sulqflsdov duh ulvn0qhxwudo1 Lq wkh h{0dqwh shulrg wkh|
r�hu frqwudfwv iru wkh grfwruv dqg sdwlhqwv1 Li dq lqvxudqfh frpsdq| r�huv
d frqwudfw u @

�
u��

�
wr wkh grfwru dqg g @ ig�c � gCj wr wkh sdwlhqw dqg

erwk dffhsw wkh frqwudfw/ wkhq lwv h{shfwhg sur�w zloo eh

O�+u> g, @ J�gC � +4�J�,g� � i
�
�� � ���f

�
u�f . ���fu

C
f

.
�
4� �� � ����

� �
u�� . d

�
. ����+u

C
� . d,j

zkhuh J� @ ���f . ���� lv wkh suredelolw| ri wkh jrrg vwdwh jlyhq wkh frqwudfw
dqg h�ruw l1 Li wkh sdwlhqw dffhswv wklv r�hu/ klv xwlolw| lv wkhq jlyhq e|

X �+u> g, @
�
4�J�

�
x +Z� . g�, .J�x +ZC � gC,

Vxssrvh wkh uhpdlqlqj frpsdqlhv/ n 9@ m> r�hu frqwudfwv +u&> g&,1 Wkh sd0
wlhqw zrxog dffhsw wkh frpsdq|*v r�hu li

X �+u> g, A X � +u&> g&, iru doo n 9@ m

dqg

X �+u> g, A X �+3> 3,

vlqfh wkh sdwlhqw pd| dozd|v uhmhfw doo r�huv1 Lw lv vlpsoh wr yhuli| wkdw
zh fdq uhvwulfw wkh rswlpdo frqwudfw dqdo|vlv wr frqwudfwv wkdw vprrwk sd0
wlhqw frqvxpswlrq dfurvv wkh vwdwhv ri qdwxuh +wkh zhdowk ri wkh sdwlhqw lv
frqvwdqw,1

Rq wkh rwkhu kdqg/ wkh frpsdq| vkrxog jxdudqwhh wkh sduwlflsdwlrq ri
wkh grfwru dqg lqgxfh wkh grfwru*v rswlpdo h�ruw158 D grfwru zkr ghflghv

58 Li wkh vhuylfh surylghu lv dq krvslwdo/ wkh xwlolw| ixqfwlrq lv olqhdu dqg wkh EU-� frq0
vwudlqw lv wkh euhdn0hyhq frqglwlrq dqg hyhu|wklqj lv wkh vdph1
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wr pdnh dq h�ruw l zloo dffhsw wklv frqwudfw li wkh sduwlflsdwlrq frqvwudlqw
lv vdwlv�hg=

��y�f . +4� ��,y�� . ���f�yf . �����y� � f� � �y +LU,

dqg lw lqgxfhv h�ruw l li lw vdwlv�hv wkh lqfhqwlyh frqvwudlqw=

��y�f . +4� ��,y�� . ���f�yf . �����y� � f� �
�3�y�f . +4� �3�,y�� . ��3�f �yf . ��3�� �y� � f3� +LF�,

zkhuh �l 9@ l lv wkh dowhuqdwlyh h�ruw1 Wkh lqvxudqfh frpsdq| pd| dovr
ghflgh qrw wr kluh d grfwru/ lq zklfk fdvh lw fdq vlpso| r�hu u @ 3 dqg wkh
suredelolw| ri wkh jrrg vwdwh ri qdwxuh lv jlyhq e| � +qxoo frqwudfw,1 Lq wklv
fdvh/ wkh krxvhkrog mxvw ex|v d ixoo lqvxudqfh frqwudfw wkdw wudqvihuv lqfrph
iurp wkh edg wr wkh jrrg vwdwh ri qdwxuh dqg grhv qrw jr wr vhh d grfwru1
Ohw U eh wkh vhw ri frqwudfwv wkdw vdwlvi| wkh lqfhqwlyh dqg sduwlflsdwlrq
frqvwudlqwv dqg wkh qxoo frqwudfw1

Wkhuhiruh/ ehvlghv wkh sduwlflsdwlrq frqvwudlqw rq wkh grfwru/ wkhuh zloo
dovr eh lqfhqwlyh frqvwudlqwv wkdw pxvw eh vdwlv�hg1 Lq wkh qh{w vxevhfwlrqv
zh ghdo zlwk wklv sureohp1 Zkdw lv lpsruwdqw khuh lv wkdw wkh ghflvlrq iru
h�ruw lv wdnhq diwhu kh vljqlqj wkh frqwudfw dqg ehiruh wkh grfwru vhhv wkh
vljqdo lq wkh lqwhulp shulrg1

715 H{lvwhqfh ri htxloleulxp dqg zhoiduh

Gh�qlwlrq 5 Dq htxloleulxp lv d froohfwlrq ri vwudwhjlhv i+u�> g�,�j zkhuh
iru hdfk l wkh frqwudfw +u�> g�, vroyhv wkh sureohp

pd{O� +u> g,
vxemhfw wr X +u> g, � X +u&> g&, > n 9@ l

X +u> g, � X +3> 3,
u 5 U

Frqvlghu dq dowhuqdwlyh prgho zlwk wkh vdph sulplwlyhv/ h{fhsw wkdw wkh
grfwru*v h�ruw ohyho dqg vljqdo duh revhuydeoh1 Lq wklv fdvh rqh fdq hdvlo|
yhuli| wkdw dw htxloleulxp grfwruv uhfhlyh d �{hg sd|phqw lqghshqghqwo| ri
wkh wuhdwphqw fkrvhq/ zklfk surylghv wkhp wkh uhvhuydwlrq xwlolw|1 Lqvxudqfh
frpsdqlhv/ gxh wr frpshwlwlrq/ pdnh }hur sur�wv dqg wkh rswlpdo vljqdo lv
fkrvhq wr pd{lpl}h sdwlhqw zhoiduh1 Dv xvxdo/ wklv rxwfrph lv uhihuuhg dv
Sduhwr rswlpdo ru �uvw ehvw1
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Lq rxu prgho/ rq wkh rwkhu kdqg/ lq vrph fdvhv lqvxudqfh frpsdqlhv
kdyh wr lqgxfh grfwruv wr fkrrvh d kljk h�ruw ohyho e| r�hulqj pruh uhzdugv
lq fdvh wkh jrrg vwdwh ri qdwxuh rffxuv1 Wkhvh lqfhqwlyhv lqgxfh grfwruv
wr fkrrvh wkh prvw h{shqvlyh wuhdwphqw zkhq wkdw fkrlfh pd{lpl}hv wkh
suredelolw| ri wkh jrrg vwdwh ri qdwxuh1 Krzhyhu/ wklv ehkdylru pd| qrw
eh rswlpdo iurp wkh sdwlhqw shuvshfwlyh vlqfh kh dovr wdnhv lqwr dffrxqw
wkh h�hfw rq wkh h{shfwhg frvw ri wuhdwphqw dqg/ wkhuhiruh/ wkh h{shfwhg
frvw ri lqvxudqfh1 Wkhuhiruh/ wkh rswlpdo frqwudfw pd| dovr kdyh wr surylgh
lqfhqwlyhv iru grfwruv wr fkrrvh wkh ohdvw h{shqvlyh wuhdwphqw lq vrph fdvhv
e| uhgxflqj wkhlu sd|phqw lq fdvh wkh| fkrrvh wkh pruh h{shqvlyh +dqg pruh
h�hfwlyh, rqh iurp wkh khdowk shuvshfwlyh1

Zh zloo vkrz odwhu/ krzhyhu/ wkdw wkh pdunhw rxwfrph lv dozd|v frq0
vwudlqhg rswlpdo/ lq wkh vhqvh surylghg ehorz1 Ohw Uf ghqrwh wkh vhw ri
lqfhqwlyh0frpsdwleoh frqwudfwv zklfk fdq eh frqwlqjhqw xsrq erwk wkh hi0
iruw ohyho dqg vljqdo revhuyhg e| wkh grfwru/ dqg ohw Ur eh wkh vhw ri lqfhqwlyh
frpsdwleoh frqwudfwv zklfk fdq eh frqwlqjhqw rqo| xsrq wkh vljqdo revhuyhg1
Wkh vhw Uf fruuhvsrqgv wr wkh prgho zlwk shuihfw/ v|pphwulf lqirupdwlrq/
dqg Ur fruuhvsrqg wr wkh vwdqgdug prudo kd}dug prgho1

Gh�qlwlrq 6 Zh vd| wkdw dq htxloleulxp i+u�> g�,�j lv �uvw0ehvw li wkhuh lv
qr rwkhu frqwudfw +u> g, vdwlvi|lqj

u 5 Uf> O+u> g, � 3 dqg X +u> g, Apd{
�

X +u�> g�,

Zh vd| wkdw dq htxloleulxp i+u�> g�,�j lv vhfrqg0ehvw li wkhuh lv qr rwkhu
frqwudfw +u> g, vdwlvi|lqj

u 5 Ur> O+u> g, � 3 dqg X +u> g, A pd{
�

X +u�> g�,

Ilqdoo|/ zh vd| wkdw dq htxloleulxp i+u�> g�,�j lv wklug0ehvw/ ru frqvwudlqhg
rswlpdo/ li wkhuh lv qr rwkhu frqwudfw +u> g, vdwlvi|lqj

u 5 U> O+u> g, � 3 dqg X +u> g, A pd{
�

X +u�> g�,

Sursrvlwlrq 7 Hyhu| htxloleulxp lv frqvwudlqhg rswlpdo1

Surri1 Wklv sursrvlwlrq iroorzv lpphgldwho| iurp wkh frqwlqxlw| ri wkh
lqvxudqfh frpsdqlhv sureohp dqg wkh dvvxpswlrq wkdw L A 41 Vxssrvh wkhuh
lv dq htxloleulxp zklfk lv qrw frqvwudlqhg rswlpdo1 Zlwkrxw orvv ri jhqhu0
dolw|/ vxssrvh wkh sdwlhqw lv ex|lqj d frqwudfw iurp lqvxudqfh frpsdq| 4
zkloh lqvxudqfh frpsdq| 5 lv r�hulqj dq dowhuqdwlyh frqwudfw zklfk surylghv
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wkh vdph ru ohvv lqgluhfw xwlolw| iru wkdw sdwlhqw1 Vlqfh wkh htxloleulxp lv
qrw frqvwudlqhg rswlpdo/ wkhuh lv dq dowhuqdwlyh frqwudfw/ ig�>�gCj/ wkdw
vwulfwo| lqfuhdvhv wkh sdwlhqw zhoiduh dqg vdwlv�hv wkh lqfhqwlyh uhvwulfwlrqv1
E| fkdujlqj ig�>� +gC . %,j / zkhuh % A 3 lv vpdoo hqrxjk/ wklv frqwudfw
vwloo vwulfwo| lqfuhdvhv wkh sdwlhqw zhoiduh dqg surylghv vwulfwo| srvlwlyh suri0
lwv1 Vlqfh frpsdq| 5 zdv pdnlqj }hur sur�wv lq wudglqj zlwk wklv sdwlhqw/
lw vwulfwo| suhihuv wr r�hu wklv frqwudfw udwkhu wkdq wkh rqh lw zdv r�hulqj
ruljlqdoo|1 Wkhuhiruh/ wkh sursrvhg vhw ri vwudwhjlhv zdv qrw dq htxloleulxp/
zklfk lv wkh ghvluhg uhvxow1

Sursrvlwlrq 8 Wkhuh lv dq htxloleulxp159

Surri1 Wkh vhw U lv wulyldoo| erxqghg ehorz dqg forvhg1 Pruhryhu/
lw dozd|v frqwdlqv dw ohdvw wkh qxoo frqwudfw1 Lw lv vlpsoh wr vhh wkdw li d
vhtxhqfh iu?j vdwlv�hv nu?n $ 4/ wkhq dq| frqwudfw +u?> g?, wkdw vdwlv�hv
qrq0qhjdwlyh sur�wv pxvw dovr vdwlvi| ng?n $ 41 Exw wkhq/ iru q odujh
hqrxjk/ X +u?> g?, ? X+3> 3,1 Wkhuhiruh/ zh fdq uhvwulfw wkh vhw ri ihdvleoh
frqwudfwv wr d erxqghg vhw dqg wkhuh lv dw ohdvw rqh wklug0ehvw frqwudfw1 Lw
lv vlpsoh wr yhuli| wkdw wklv frqwudfw pxvw surylgh }hur sur�w1 Frqvlghu wkh
iroorzlqj vwudwhj| sur�oh iru wkh lqvxudqfh frpsdqlhv1 Doo frpsdqlhv r�hu
wklv wklug0ehvw frqwudfw/ dqg sdwlhqwv ex| rqo| wkh frqwudfw iurp frpsdq|
41 Wkh h{lvwhqfh ri d sur�wdeoh ghyldwlrq iru dq| frpsdq| zrxog ylrodwh
wkh yhu| gh�qlwlrq ri wklug0ehvw frqwudfw1 Wkhuhiruh/ wkh sursrvhg sur�oh lv
dq htxloleulxp1

716 Zkhq qr h�ruw lv wkh h!flhqw rxwfrph

Zh vwduw wkh dqdo|vlv ri wkh rswlpdo frqwudfw vwxg|lqj wkh fdvh zkhq qr
h�ruw e| wkh grfwru pd{lpl}hv wkh vrfldo zhoiduh1 Lq wklv fdvh wkh rswlpdo
frqwudfw ehwzhhq grfwruv dqg lqvxudqfh frpsdqlhv kdv qr lqfhqwlyh1 Pruh
suhflvho|=

Ohppd 9 Li l @ 3 lv wkh frqvwudlqhg rswlpdo h�ruw/ wkhq wkh rswlpdo frq0
wudfw lv frqvwdqw= u/� @

b

u iru doo $ dqg m1 Lq wklv fdvh/ wkh htxloleulxp lv
�uvw0ehvw1

59Zh fdq vkrz dq dqdorjrxv uhvxow khuh hyhq li wkhuh duh gl�huhqw w|shv ri grfwruv
dqg hdfk grfwru*v w|sh lv sulydwh lqirupdwlrq +dgyhuvh vhohfwlrq prgho,1 Wkh h{lvwhqfh lv
jxdudqwhg e| d jhqhudol}dwlrq ri sursrvlwlrq 7/ zklfk vkrzv wkdw dq htxloleulxp rxwfrph
fdq eh rewdlqhg e| wkh vroxwlrq ri d prqrsrolvw djhqf| sureohp zkhuh wkh sulqflsdo lv
wkh sdwlhqw dqg wkh djhqw lv wkh grfwru1
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Wkh ohppd lv suryhg lq wkh dsshqgl{1
E| ohppd 9/ wkh grfwru lv lqgl�huhqw zkhq kh lv jrlqj wr fkdqjh wkh

wuhdwphqw1 Lq wklv fdvh zh dvvxph wkdw/ lq htxloleulxp/ wkh grfwru fkrrvhv
zkdw lv wkh ehvw iru wkh sdwlhqw1

Lw lv hdv| wr vhh wkdw wkh frvw ri lpsohphqwlqj wkh fkdqjh ri wuhdwphqw
dw

b
v zlwk qr h�ruw lv

ff+
b
v, @

b
u .

�
4� �f

�
d

E| dvvxpswlrq K5> wkh ehvw zd| wr lpsohphqw wklv fkdqjh lv wr xvh wkh
sduwlwlrq= Vf @

�
3>

b
v
�
dqg V� @

�b
v> 4

�
=

Ohppd : Li wkhuh lv d frqvwudlqhg rswlpdo htxloleulxp zlwk qr h�ruw dqg
wkh rswlpdo fkdqjh ri wuhdwphqw vf lv lqwhulru/ wkhq

�
�
d�> v

f
�� �

�
df> v

f
�
@ d@ +ZC �Z�,

Uhflsurfdoo|/ li vf 5 ^3> 4` vdwlv�hv wkh htxdwlrq deryh dqg qr h�ruw lv frq0
vwudlqhg rswlpdo/ wkhq vf lv wkh rswlpdo fkdqjh ri wuhdwphqw1

Surri1 Lw lv hqrxjk wr vkrz wkdw vxfk vf vdwlv�hv wkh �uvw rughu frqglwlrq
ri wkh iroorzlqj surjudp=

pd{
rMdfc�o

Z� . +ZC �Z�,J
f+v,� ff+v,

zklfk lv vwudljkwiruzdug1 Revhuyh wkdw dvvxpswlrq +K5, lpsolhv wkdw wkh
surjudp deryh lv d frqfdyh rqh1

717 Wkh rswlpdo frqwudfw zlwk h�ruw

Lq rughu wr dqdo|}h wkh rswlpdo frqwudfw zlwk h�ruw/ zh iroorz wkh xvxdo
dssurdfk ri wkh �up sureohp1 Zh vwduw e| frqvlghulqj d frvw plqlpl}dwlrq
sureohp dqg odwhu zh glvfxvv wkh rswlpdo frqwudfw sureohp1 Wkh frvw plql0
pl}dwlrq sureohp lq wklv fdvh lv dv iroorzv1 Vxssrvh dq lqvxudqfh frpsdq|
zrxog olnh wr surylgh lqfhqwlyhv vr wkdw grfwruv fkrrvh kljk h�ruw/ dqg wr
fkdqjh iurp qr wuhdwphqw wr wuhdwphqw dw �v1 Gh�qh wkh lqyhuvh ri wkh grf0
wru*v xwlolw| ixqfwlrq= k @ y3�= Wkh plqlpxp frvw wr lqgxfh wklv ehkdylru lv
jlyhq e| wkh iroorzlqj rswlpl}dwlrq sureohp=
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b
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+LF�,

+LU,

+FW ,

zkhuh wkh odvw frqvwudlqw lv wkh �uvw rughu frqglwlrq ri wkh fkdqjh ri wuhdw0
phqw dw �v1 5:

Wkh qh{w ohppd vkrzv wkdw grfwruv fkrrvh qr wuhdwphqw iru hyhu| vljqdo
v � �v dqg fkrrvh wuhdwphqw iru dq lqwhuydo ^�v> av`1 Li av ? 4/ wkhq wkh| fkrrvh
qr wuhdwphqw iru hyhu| vljqdo v � av1 Lq sduwlfxodu/ rqfh wkh| vzlwfk iurp
wuhdwphqw wr qr wuhdwphqw/ wkh| qhyhu vzlwfk edfn wr wuhdwphqw1

Ohppd ; Lq wkh frvw ri lpsohphqwdwlrq surjudp/ wkh rswlpdo frqwudfw lq0
gxfhv mxvw rqh fkdqjh wr wuhdwphqw= qr wuhdwphqw ehorz

b

v dqg wuhdwphqw
iurp

b

v xs wr vrph vljqdo av1 Li av ? 4/ wkhq grfwruv fkrrvh qr wuhdwphqw iru
hyhu| vljqdo odujhu wkdq av1

Wklv ohppd lv suryhg lq wkh dsshqgl{1
Wkh qh{w ohppd vkrzv wkh frvw plqlpl}dwlrq sureohp kdv d vroxwlrq

dqg dw wkh vroxwlrq wkh +LU, uhvwulfwlrq pxvw eh elqglqj dqg wkxv grfwruv
uhfhlyh wkh uhvhuydwlrq xwlolw|1 Pruhryhu/ zh dovr vkrz wkdw dw wkh rswlpdo
frqwudfw grfwruv dozd|v uhfhlyh pruh lq wkh jrrg vwdwh ri qdwxuh wkdq lq wkh
edg1

Ohppd < Iru hdfk
b

v/ wkhuh h{lvw d vroxwlrq iru wkh surjudp deryh dqg wkh
+LU, frqvwudlqw lv elqglqj dw wkh rswlpdo frqwudfw1 Pruhryhu/ zh pxvw kdyh
�y� � 3 iru m @ 3> 415;

Wkh ohppd lv suryhg lq wkh dsshqgl{1
5:Wkh htxdolw| lv vxevwlwxwhg e| D E$� zkhq

b
r ' fE���

5;Dfwxdoo|/ d forvh lqyhvwljdwlrq ri wkh qh{w ohppd*v surri vkrzv wkdw rqh pxvw kdyh
{�� D {�f dqg {�� $ f1

57



Gh�qlwlrq 43 Zh vd| wkdw d frqwudfw u lv ihh0iru0vhuylfh li sd|phqwv
duh qrw frqwlqjhqw rq wkh wuhdwphqw fkrvhq/ �u/ @ 3 iru hyhu| $1 Zh vd|
wkdw u lv fdslwdwlrq li sd|phqwv duh frqwlqjhqw xsrq wkh wuhdwphqw fkrvhq/
�u/ 9@ 3 iru vrph $1 Li grfwruv gr qrw dozd|v fkrrvh wkh ehvw phglfdo
wuhdwphqw/ zh vd| wkdw lqfhqwlyhv duh surylghg wr grfwruv wr frqwuro
frvwv1

Wkh qh{w ohppd vkrzv wkdw wkh rswlpdo frqwudfw zlwk h�ruw lv fdslwdwlrq
dqg lw dovr ghvfulehv zkhq wkh rswlpdo frqwudfw uhtxluhv h�ruw1 Zh vkdoo xvh
wkh iroorzlqj qrwdwlrq1 Ohw vW eh wkh fulwlfdo vljqdo zkhuh wuhdwphqw ehfrphv
wkh ehvw phglfdo rswlrq/ jlyhq wkdw wkh grfwru kdv fkrvhq wr pdnh dq h�ruw1
Wkhuhiruh/ wkh ehvw phglfdo rswlrq lv wr fkrrvh qr wuhdwphqw iru hyhu| vljqdo
v � vW dqg wr fkrrvh wuhdwphqw wkhuhdiwhu +uhwxuqlqj ru qrw wr qr wuhdwphqw
djdlq,1

Ohppd 44 l, Vxssrvh grfwruv duh vwulfwo| ulvn0dyhuvh dqg wkh rswlpdo frq0
wudfw lv fdslwdwlrq1 Wkhq htxloleulxp lv qrw vhfrqg0ehvw1
ll, Vxssrvh dw wkh rswlpdo frqwudfw grfwruv fkrrvh h�ruw1 Wkh rswlpdo frq0
wudfw lv fdslwdwlrq dqg �v A vW1
lll, Li erwk ZC�Z� dqg d duh odujh hqrxjk dqg wkhlu udwlr/ +ZC �Z�, @d/
lv dovr kljk hqrxjk/ wkhq lq wkh rswlpdo frqwudfw grfwruv fkrrvh h�ruw1

Wkh ohppd lv suryhg lq wkh dsshqgl{1
Wkh ihh0iru0vhuylfh frqwudfw fruuhvsrqgv wr d frqwudfw zlwk sd|phqw qrw

frqwlqjhqw xsrq wkh wuhdwphqw fkrvhq1 Iurp wkh +FW , frqglwlrq/ jlyhq vxfk
d frqwudfw grfwruv zloo dozd|v fkrrvh wkh ehvw phglfdo wuhdwphqw/ luuhvshf0
wlyh ri lwv frvw1 Dv zh vdz lq wkh odvw vhfwlrq/ li qr h�ruw lv frqvwudlqhg
rswlpdo/ wkhq wkh rswlpdo frqwudfw lv ihh0iru0vhuylfh dqg wkh htxloleulxp
rxwfrph lv dfwxdoo| �uvw0ehvw1

Vxssrvh/ krzhyhu/ lw lv rswlpdo wr pdnh h�ruw1 Iurp wkh suhylrxv ohppd
dqg rqfh pruh iurp +FW ,/ wkh rswlpdo frqwudfw zloo vshfli| d fulwlfdo vljqdo
�v vxfk wkdw= grfwruv fkrrvh qr wuhdwphqw ehiruh �v dqg wuhdwphqw iru dq lq0
whuydo diwhu wkdw1 Jlyhq wkdw �v A vW/ wkhuh lv dq lqwhuydo ri vljqdov vxfk wkdw
grfwruv gr qrw fkrrvh wkh ehvw phglfdo wuhdwphqw1 Krzhyhu/ vlqfh htxlole0
ulxp lq rxu prgho lv dozd|v frqvwudlqhg rswlpdo/ wkh zhoiduh dvvrfldwhg zlwk
wklv fdslwdwlrq frqwudfw lv odujhu wkdq wkdw dvvrfldwhg zlwk d ihh0iru0vhuylfh
frqwudfw1

Wkhvh uhvxowv fdq eh vxppdul}hg lq wkh iroorzlqj pdlq sursrvlwlrq ri
wkh sdshu1
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Sursrvlwlrq 45 Li qr h�ruw lv frqvwudlqhg rswlpdo/ wkhq wkh rswlpdo frq0
wudfw lv ihh0iru0vhuylfh dqg wkh htxloleulxp rxwfrph lv �uvw0ehvw1
Li erwk wkh frvw ri wuhdwphqw/ d/ dqg lwv ehqh�w/ +ZC�Z�,/ duh kljk hqrxjk
dqg ehqh�w ryhu frvw/ +ZC�Z�,@d/ lv dovr kljk hqrxjk/ wkhq h�ruw lv frq0
vwudlqhg rswlpdo1 Pruhryhu/ lq wklv fdvh=
l, wkh rswlpdo frqwudfw lv sduwldo fdslwdwlrq>
ll, grfwruv duh surylghg lqfhqwlyhv wr frqwuro frvwv dqg/ khqfh/ gr qrw dozd|v
fkrrvh wkh ehvw phglfdo wuhdwphqw>
lll, sdwlhqw zhoiduh lv vwulfwo| odujhu xqghu fdslwdwlrq wkdq xqghu ihh0iru0
vhuylfh1

Lq rxu prgho sduwldo fdslwdwlrq +h1j1/ ulvn0vkdulqj frqwudfw, dulvhv zkhq
h�ruw lv frqvwudlqhg rswlpdo1 Rqh vkrxog qrwlfh wkdw wkh frqglwlrqv vshfl�hg
lq wkh sursrvlwlrq vhhpv wr �w wkh vw|ol}hg idfwv iurp wkh khdowk lqvxudqfh
pdunhw= wkh lqfuhdvhg pdunhw vkduh ri fdslwdwlrq frqwudfwv lv dvvrfldwhg zlwk
wkh dsshdudqfh ri qhz phglfdo whfkqrorjlhv wkdw duh vlpxowdqhrxvo| pruh
h{shqvlyh dqg pruh h!flhqw lq wkh wuhdwphqw ri vhyhudo khdowk frqglwlrqv/
zklfk lv suhflvho| d vx!flhqw frqglwlrq lq rxu prgho iru fdslwdwlrq frqwudfwv
wr eh rswlpdo/ surylghg wkdw wkh ehqh�w ryhu frvw udwlr lv dovr kljk hqrxjk1
Lq wklv fdvh/ dw wkh rswlpdo frqwudfw grfwruv duh surylghg lqfhqwlyhv wr vdyh
phglfdo frvwv dqg gr qrw dozd|v fkrrvh wkh ehvw phglfdo wuhdwphqw dydlodeoh
iru hyhu| vljqdo1 Lq sduwlfxodu/ iru vrph vljqdov grfwruv fkrrvh qr wuhdwphqw
zkhq wuhdwphqw surylghv d ehwwhu olnholkrrg ri wkh sdwlhqw dfklhylqj wkh jrrg
vwdwh ri qdwxuh1 Ehvlghv wklv/ sdwlhqw zhoiduh lv kljkhu xqghu fdslwdwlrq wkdq
xqghu d ihh0iru0vhuylfh frqwudfw1 Wkhuhiruh/ hyhq wkrxjk wkh ehvw phglfdo
wuhdwphqw lv qrw dozd|v fkrvhq xqghu fdslwdwlrq/ sdwlhqwv/ lq wklv fdvh fkrrvh
wklv frqwudfw lqvwhdg ri wkh vwdqgdug ihh0iru0vhuylfh frqwudfw1

8 Frqfoxglqj uhpdunv

Wkh sdshu sursrvhg d frqwudfw prgho wr dqdo|}h pdqdjhg fduh dqg/ vshfli0
lfdoo|/ fdslwdwlrq frqwudfwv1 Wkh prgho*v edvlf ihdwxuh lv wkh h{lvwhqfh ri
dq dv|pphwu| ri lqirupdwlrq ehwzhhq lqvxudqfh frpsdqlhv dqg sdwlhqwv/
rq rqh vlgh/ dqg wkh surylghuv ri vhuylfh/ grfwruv/ rq wkh rwkhu1 Grfwruv
nqrz pruh derxw sdwlhqwv* khdowk wkdq lqvxudqfh frpsdqlhv ru hyhq sd0
wlhqwv gr1 Pruhryhu/ grfwruv vxffhvv lq wuhdwlqj sdwlhqwv pd| ghshqg rq d
qrq0revhuydeoh h�ruw ohyho1 Lq rughu wr lqgxfh grfwruv wr pdnh dq h�ruw/
rswlpdo frqwudfwv kdyh wr surylgh odujhu sd|r�v lq fdvh sdwlhqwv dfklhyh wkh
jrrg vwdwh ri qdwxuh1 Krzhyhu/ wklv lqgxfhv grfwruv wr glvuhjdug wuhdwphqw
frvwv/ ohdglqj wr kljk lqvxudqfh suhplxpv dqg uhgxflqj sdwlhqwv* h{shfwhg
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zhoiduh1 Wkhuhiruh/ lq htxloleulxp/ lw pd| eh rswlpdo wr surylgh lqfhqwlyhv
wr grfwruv wr vdyh phglfdo frvwv wkurxjk fdslwdwlrq frqwudfwv1

Zh kdyh vkrzq wkdw ihh0iru0vhuylfh frqwudfwv pljkw eh �uvw0ehvw1 Wklv
kdsshqv zkhq wkh jdlqv iurp surylglqj lqfhqwlyhv iru grfwruv wr fkrrvh h�ruw
duh qrw kljk hqrxjk1 Krzhyhu/ lq pdq| fdvhv wkh �uvw0ehvw lv qrw dwwdlqdeoh
dqg/ lq sduwlfxodu/ fdslwdwlrq frqwudfwv pd| surylgh odujhu sdwlhqw h{shfwhg
xwlolw| wkdq ihh0iru0vhuylfh frqwudfwv1 Fdslwdwlrq frqwudfwv dulvh suhflvho|
zkhq erwk wkh ehqh�wv dqg frvwv iurp wuhdwphqw duh kljk hqrxjk= lq wklv
fdvh/ sdwlhqwv ehqh�w iurp kljk h�ruw exw dovr iurp grfwruv qrw dozd|v
xvlqj wkh ehvw phglfdo wuhdwphqw1 Wklv htxloleulxp surshuw| vhhpv wr �w
wkh vw|ol}hg idfwv iurp wkh jurzwk ri pdqdjhg fduh dqg fdslwdwlrq frqwudfwv
lq wkh XV1

Vlqfh fdslwdwlrq frqwudfwv duh qrw �uvw ehvw/ wkh wudqvlwlrq iurp ihh0iru0
vhuylfh wr fdslwdwlrq frqwudfwv/ gxh iru h{dpsoh/ wr d fkdqjh lq wkh wuhdwphqw
whfkqrorj|/ pd| jhqhudwh d vhqvh ri orvv lq h!flhqf|1 Krzhyhu/ hyhu| wlph
wkh rswlpdo frqwudfw lv fdslwdwlrq/ lw zhoiduh grplqdwhv d ihh0iru0vhuylfh frq0
wudfw1 Hyhq wkrxjk wkh| duh qrw �uvw0ehvw/ fdslwdwlrq frqwudfwv/ zkhqhyhu
wkh| dulvh/ duh wkh ehvw srvvleoh rxwfrph/ pd{lpl}lqj sdwlhqw zhoiduh vxemhfw
wr wkh jlyhq lqirupdwlrq dv|pphwu|1

9 Dsshqgl{

914 Surri ri ohppd 9

Wkh surri iroorzv lpphgldwho| iurp wkh frqfdylw| ri y1 Frqvlghu wkh frqwudfw=

u� @

#
4� ���

��

$
u�� .

���
��

uC� m @ 3> 4

u @ ��uf.+4� ��,u�

Zh kdyh=

O�+u> g, @ J�gC�+4�J�,g��^u . +4� ��,d` dqg

Y � � y+u,� f�

Zh vkrzhg wkdw hyhu| frqwudfw lv grplqdwhg e| d frqvwdqw rqh/ vlqfh wkh +LFf,
lv vdwlv�hg iru wklv frqwudfw1 Wkxv/ +u�� @

b
u, lv wkh ohdvw h{shqvlyh frqwudfw1 �
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915 Surri ri ohppd ;

Frqvlghu wkh ixqfwlrq W =
�
�3�

f +4,>�3�
f +3,

� $ ^3> 4`/ W +s, @ ��+�
3�
f +s,,/

zklfk jlyhv wkh wudgh0r� ehwzhhq wkh suredelolw| ri wkh jrrg vwdwh ri qdwxuh jlyhq
wuhdwphqw dqg qr wuhdwphqw1 Revhuyh wkdw e| +K5, dqg +ll, ri +K6,/ wklv ixqfwlrq
lv lqfuhdvlqj dqg frqfdyh1

Uhpdun 46 Uhvwulfwlrq +FW , lq wkh frvw plqlpl}dwlrq sureohp

�y��� �
df>

b

v
�
�yf.�

�
d�>

b

v
�
�y�A 3

lv vdwlv�hg li dqg rqo| li�
�
�
df>

b

v
�
>�

�
d�>

b

v
��5 Kn=@ i+{> |, 5 ?2>�y���yf{.�y�| A 3j

Vlqfh wkh judsk ri W lv dq lqfuhdvlqj frqfdyh fxuyh/ wkh k|shusodqh K furvvhv wkh
judsk ri W wzlfh dw prvw1

Vxssrvh wkdw dw wkh rswlpdo frqwudfw wkh k|shusodqh K furvvhv wkh judsk ri W
dw dqrwkhu vljqdo ev 9@ �v1 Wkhuh duh wzr fdvhv wr frqvlghu=

+l, �v A ev/ dqg wuhdwphqw lv fkrvhq rq ^3>ev` ^ ^�v> 4` dqg qr wuhdwphqw rq ^ev> �v`1
+ll,

b
v A ev/ dqg qr wuhdwphqw lv fkrvhq rq ^3>ev`^ ^�v> 4` dqg wuhdwphqw rq ^ev> �v`1

Zh fodlp wkdw fdvh +l, fdqqrw kdsshq1
Vlqfh K furvvhv wkh judsk ri W dw ev dqg �v/

�yf
�y�

@
�+d�> �v,��+d�>ev,
�+df> �v,��+df>ev, A 3

Lw lv vlpsoh wr yhuli| wkdw rqh fdqqrw kdyh �y� ? 3 iru erwk m*v1 Wkxv/ �y� � 3
iru doo m5<1 E| wkh vhfrqg rughu frqglwlrq ri fkdqjh ri wuhdwphqw +vhh wkh lqhtxdolw|
diwhu gh�qlwlrq 4,/

�g�+df>ev,�yf.g�+d�>ev,�y� � 3

dqg wkxv

g�+df>ev,
g�+d�>ev, � �y�

�yf

dqg e| +ll, ri +K6, wkh ixqfwlrq rq wkh ohiw0kdqg vlgh lv qrq0lqfuhdvlqj1 Li grfwruv
vwulfwo| suhihu wuhdwphqw iru vrph vljqdo v/ zh pxvw kdyh

�g�+df>v,�yf.g�+d�>v,�y� A 3

5<Vhh wkh LF� frqvwudlqw lq wkh surri ri ohppd <1
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zklfk lpsolhv

g�+df>v,

g�+d�>v,
A

�y�
�yf

=

Exw wklv lv lpsrvvleoh iru dq| v � av/ zklfk lv wkh ghvluhg frqwudglfwlrq1 �

916 Surri ri ohppd <

E| +l, ri +K6,/ ����f @ +4��,�� dqg ���� ��� @ +4��,��� > m @ 3> 4= Wkxv/
xvlqj +FW ,/ +LU, dqg +LF�, duh htxlydohqw wr

y�� .^��f����+df>�v,`�yf . ^���.���+d�>�v,`�y��f� �y � 3

^��f����
�
df>

b
v
�
`�yf.^���.���+d�>�v, `�y��

f

4� �
� 3

Revhuyh wkdw zh fdq hdvlo| frqvwuxfw d frqwudfw wkdw vdwlv�hv +FW ,1 Zh fdq dovr
�qg �y� vxfk wkdw +LF�, lv wuxh dqg +FW , lv suhvhuyhg1 Ilqdoo|/ zh fdq fkrrvh
y�� wr vdwlvi| wkh +LU,1 Lw lv dovr hdv| wr vhh wkdw +LU, frqvwudlqw lv elqglqj zlwk
wkh rswlpdo frqwudfw1

Vxssrvh wkh sureohp kdv qr vroxwlrq1 Wkhq/ wkhuh lv d vhtxhqfh u? vxfk wkdw
f+y+u?,, lv d vwulfwo| ghfuhdvlqj ixqfwlrq1 Li u? kdv d frqyhujhqw vxevhtxhqfh zlwk
olplw u 3/ wkhq lw lv hdv| wr yhuli| wkdw u zrxog vroyh wkh plqlpl}dwlrq sureohp/
zklfk frqwudglfwv wkh dvvxpswlrq1 Wkxv/ wdnlqj d vxe0vhtxhqfh li qhfhvvdu|/ wkhuh
duh m dqg $ vxfk wkdw u/� $ 31 E| +LU,/ wkhuh pxvw h{lvw $W dqg mW vxfk wkdw

u/
W

�W $41 Exw wkhq f+y+u?,,$4/ zklfk lv wkh ghvluhg frqwudglfwlrq1
E| +LF�,/ �yf dqg �y� fdqqrw eh qhjdwlyh dw wkh vdph wlph1 Pruhryhu/ li

wkh| kdyh rssrvlwh vljqv/ wkh ghulydwlyh ri wkh +FW , frqglwlrq

�g� �
df>

b
v
�
�yf . g�

�
d�>

b
v
�
�y� � 3

lpsolhv wkdw �yf � 31 Zh qrz suryh wkdw �y� lv dovr qrq0qhjdwlyh1 Vxssrvh
wklv lv qrw wkh fdvh1 Wkhq/ e| wkh �uvw rughu frqglwlrq dvvrfldwhg zlwk wkh fkrlfh
ri wuhdwphqw/ grfwruv fkdqjh iurp qr wuhdwphqw wr wuhdwphqw dw d vlqjoh vljqdo1
Pruhryhu/ xqghu +LU,> +LF�, lv htxlydohqw wr

y�� � �y � S4
�34

Wkxv/ wkh frvw ri lpsohphqwlqj surjudp f� +�v, zlwk mxvw rqh furvvlqj lv=

plq��k
�
y�f

�
.+4� ��,

�
k
�
y��

�
.d

�
.��f

�
k
�
y�f .�yf

��k �y�f ��
.���

�
k
�
y�� .�y�

��k �y�� ��
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v1w1

;A?A=
y�� . ^��f � ���

�
df>

b
v
�
`�yf . ^��� . ���

�
d�>

b
v
�
`�y� � f� �y � 3

�y � f�

4� �
� y�� � 3

�y� ��+df> �v,�yf .�+d�> �v,�y� @ 3

+LU,
+LF�,
+FW ,

Wdnlqj wkh Odjudqjldq ghulydwlyh zlwk uhvshfw wr y�f / y�� / �yf dqg �y�/ zh
jhw uhvshfwlyho|

��k�+y�f , .
��f+k

�+yCf ,� k�+y�f ,, . �� @ 3 +4,

+4� ��,k�+y�� , .
���+k

�+yC� ,� k�+y�� ,,� ��.�2��� @ 3 +5,

��fk
�+yCf ,� ��^

��f����
�
df>

b
v
�
` . ���

�
df>

b
v
�

@ 3 +6,

���k
�+yC� ,� ��^

���.���
�
d�>

b
v
�
`� ���+d�>

b
v, @ 3 +7,

zkhuh �� � 3> �2 � 3 dqg �� duh wkh Odjudqjh pxowlsolhuv ri +LU,> +LF�,> dqg
+FW ,/ uhvshfwlyho|1 Wkh htxdwlrqv +6, dqg +7, duh htxlydohqw wr

k�+yCf , @ ��+4� ���
�
df>

b
v
�

��f
,� ��

�
�
df>

b
v
�

��f

k�+yC� , @ ��+4 . ���
�
d�>

b
v
�

���
, . ��

�
�
d�>

b
v
�

���

Wkxv/

+���k�+yCf ,,
��f

�
�
df>

b
v
�@ ����.��@ +k�+yC� ,� ��,

���

�
�
d�>

b
v
� /

zklfk lpsolhv wkdw

k�+yCf , A �� A k�+yC� , ru k
�+yC� , A �� A k�+yCf ,

zkhq k�+yCf , 9@ k�+yC� ,= Pruhryhu/

yCf A yC� / k�+yCf , A k�+yC� ,/ ���� . �� ? 3=

Iurp htxdwlrqv +4, dqg +6, deryh zh jhw/ diwhu d ihz pdqlsxodwlrqv/

+�� � ��f,k
�+yCf , @ +�� � ��f,k

�+y�f ,� +���� . ��,

#
���

�
df>

b
v
�

��f
� 4

$
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Vxssrvh yCf A yC� 1 Vlqfh �� � ��f A 3/ ���� . �� ? 3 dqg ���
�
df>

b
v
�� ��f ?

3/ zh jhw k�+y�f , A k�+yCf , dqg vr y�f A yCf 1 Exw wklv frqwudglfwv �yf � 31
Wkhuhiruh/ yCf � yC� 1

Qrwlfh wkdw +FW , lv htxlydohqw wr wkh htxdolw| ri d frqyh{ frpelqdwlrq ri
iy�f > yCf j dqg ri iy�� > yC� j/ zklfk lpsolhv wkdw wkh lqwhuydov ^y�f > y

C
f ` dqg ^y�� > y

C
� `

pxvw ryhuods1 Wkxv/ y�� ? yCf � yC� ru/ lq sduwlfxodu/ �y� A 31 Wkh surri lv
wkhq frpsohwh1 �

917 Surri ri ohppd 44

+l, Wkh idfw wkdw dq| htxloleulxp zkhuh grfwruv fkrrvh h�ruw lv qrw �uvw ehvw iroorzv
iurp wkh vwdqgdug prudo kd}dug prgho1 Lq wkdw prgho/ vlqfh vljqdov duh revhuydeoh/
�y/ @ 31 Xqghu fdslwdwlrq/ krzhyhu/ zh pxvw kdyh �y/ 9@ 3 iru vrph $1 Wkh
uhvxow wkhq iroorzv iurp grfwruv* ulvn dyhuvlrq1

+ll, Zh kdyh wr vkrz wkdw li zlwk wkh rswlpdo frqwudfw grfwruv fkrrvh h�ruw/
wkhq �y/ 9@ 3 iru vrph $ dqg lq wklv fdvh �v A vW1

Li wklv lv qrw wuxh/ wkhq yC� @ yCf @= yC/ y�� @ y�f @= y� dqg �y� @ �yf @=
�y1 Zh dovr xvh d vlplodu qrwdwlrq iru wkh frqwudfw u1 Iurp +FW , zh kdyh�

�
�
df>

b
v
���

�
d�>

b
v
��

�y @ 3

dqg wkxv hlwkhu �y @ 3/ lq zklfk fdvh grfwruv fkrrvh qr h�ruw e| wkh suhylrxv
vhfwlrq/ ru

�
�
df>

b
v
�
@ �

�
d�>

b
v
�, �v @ vW1

E| +FW ,/ lq wklv fdvh wkhuh lv mxvw rqh fkdqjh iurp qr wuhdwphqw wr wuhdwphqw
dw v @ vW1 Iurp wkh surri ri ohppd </ dw

b
v @ vW/ wkh +FW, frqglwlrq lpsolhv wkdw

y�� ? y�f = Xvlqj wkh hqyhorsh wkhruhp zh jhw wkh iroorzlqj ghulydwlyh ri f� =

k+y�f ,� +k+y�� , . d, . �
�
df>

b
v
� �

k
�
y�f .�yf

�� k
�
y�f

��
�� �

d�>
b
v
�
^k

�
y�� .�y�

��k �y�� � `� +���
�.�2,+�g�

�
df>

b
v
�
�yf.g�

�
d�>

b
v
�
�y�? 3

vlqfh ����.�2 A 3/ dqg wkh ghulydwlyh ri +FW ,/�g� �
df>

b
v
�
�yf.g�

�
d�>

b
v
�
�y�/

lv srvlwlyh1
Vlqfh wkh ghulydwlyh ri vrfldo ehqh�w dw vW lv }hur/ vW fdq qrw eh wkh xqltxh

vhfrqg0ehvw fkdqjh ri wuhdwphqw1 Pruhryhu/ zh pxvw kdyh �y/ 9@ 3 iru vrph $1
Wkhuhiruh/ li h�ruw lv frqvwudlqhg rswlpdo/ fdslwdwlrq lv wkh rswlpdo frqwudfw dqg
�v 9@ vW1

Zh fodlp wkdw y�� ? y�f > iru v 9@ vW= Zh kdyh wr frqvlghu wzr fdvhv=
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+4, v A vW1 Zh kdyh �
�
d�>

b
v
�
A �

�
df>

b
v
�
dqg frqvhtxhqwo|

�
�
d�>

b
v
�
yC� . +4��

�
d�>

b
v
�
,y�� A �

�
df>

b
v
�
yCf . +4��

�
df>

b
v
�
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: Uhihuhqfhv

Duurz/ N1 M1 +4<96,= �Xqfhuwdlqw| dqg wkh zhoiduh hfrqrplfv ri
phglfdo fduh�> Dphulfdq Hfrqrplf Uhylhz > 86=<740<:61

Eurzq/ O1 G1 +4<;6,= �H{fhswlrqdolvp dv wkh uxohB XV khdowk srolf|
lqqrydwlrq dqg furvv0qdwlrqdo ohduqlqj�> Mrxuqdo ri Khdowk Srolwlfv/ Srolf|/
dqg odz> 56=680841

Hwkkryhq/ D1 +4<<6,= �Wkh klvwru| dqg sulqflsohv ri pdqdjhg frp0
shwlwlrq�> lq= Khdowk D�dluv/ Vxssohphqw= 5707;1

Jolhg/ V1 +4<<<,= �Pdqdjhg Fduh�> QEHU zrunlqj sdshu &:5381
Khdowk Fduh Ilqdqflqj Dgplqlvwudwlrq +4<<;,= �Eulhi Vxppdulhv

ri Phglfduh dqg Phglfdlg� dqg �Qdwlrqdo Khdowk H{shqglwxuhv�1 Dydlodeoh=
kwws=22zzz1kfid1jry2Phglfduh +dffhvvhg Dxjxvw 4<<;,1

Oxiw/ K1 V1 +4<;4,= Khdowk Pdlqwhqdqfh Rujdql}dwlrqv= glphqvlrqv ri
shuirupdqfh> Mrkq Zloh| dqg Vrqv/ Qhz \run1

Pf Fohodq/ P1 dqg G1 Nhvvohu +4<<9,= �Gr Grfwruv Sudfwlfh Gh0
ihqvlyh PhglflqhB� Txduwhuo| Mrxuqdo ri Hfrqrplfv > Fdpeulgjh> F[L=6860
6<31

Ploohu/ U1 K1 dqg K1 V1 Oxiw +4<<:,= �Grhv Pdqdjhg fduh ohdg wr
ehwwhu ru zruvh txdolw| ri fduhB�> Khdowk D�dluv> 49=:0581

Qhzfrphu/ U1> V1 Suhvwrq1 dqg F1 Kduulqjwrq +4<<9,= �Khdowk
Sodq Vdwlvidfwlrq dqg Ulvn ri Glvhquroophqw Dprqj Vrfldo2KPR dqg Ihh0
iru0 Vhuylfh Uhflslhqwv�> Lqtxlu| = d mrxuqdo ri phglfdo fduh rujdql}dwlrq/
surylvlrq dqg �qdqflqj> 66=47704871

Qhzkrxvh/ M1 +4<<9,= �Uhlpexuvlqj khdowk sodqv dqg khdowk surylghuv=
h!flhqf| lq surgxfwlrq yhuvxv vhohfwlrq�> Mrxuqdo ri Hfrqrplf Olwhudwxuh>
:=5;805;;1

Qhzkrxvh/ M1/ Z1 Vfkzduw}/ D1 Zlooldpv dqg F1 Zlwvehujhu
+4<;8,= �Duh ihh0iru0vhuylfh frvwv lqfuhdvlqj idvwhu wkdq KPR frvwvB�> Phg0
lfdo Fduh> 56=<930991
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Sdxo|/ P1 +4<;9,= �Wd{dwlrq/ Khdowk Lqvxudqfh/ dqg Pdunhw Idloxuh
lq Phglfdo Fduh�> Mrxuqdo ri Hfrqrplf Olwhudwxuh> 57+6,=95<0:81

Urwkvfklog/ P1 dqg M1 Vwljolw} +4<:9,= �Htxloleulxp lq frpshwlwlyh
lqvxudqfh pdunhwv�> Txduwhuo| Mrxuqdo ri Hfrqrplfv > <3=95<09831

]zhliho/ S1 dqg I1 Euh|hu +4<<:,= Khdowk Hfrqrplfv> R{irug Xql0
yhuvlw| Suhvv1
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