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Ixoo vxusoxv h{wudfwlrq zlwk grplqdqw
vwudwhjlhv4

Sdxor Nolqjhu Prqwhlur
HSJH0IJY

Sudld gh Erwdirjr 4<3 vdod 4436
555860<33 Ulr gh Mdqhlur UM

Eud}lo

Mxqh 4</ 5333

4L dfnqrzohgjh wkh frpphqwv dqg vxjjhvwlrqv ri Ioäylr Phqh}hv1 Wkh �qdqfldo
vxssruw ri FQSt0Eud}lo lv judwhixoo| dfnqrzohgjhg1



Devwudfw

Lq wklv qrwh L frqvlghu wkh ixoo vxusoxv h{wudfwlrq lq dq dxfwlrq zlwk sulydwh
exw srvvleo| fruuhodwhg ydoxhv1 L vkrz wkdw ixoo h{wudfwlrq lq wkh frqwlqxxp
ri w|shv fdvh lv qrw srvvleoh lq jhqhudo1 Qhlwkhu lv dssur{lpdwh ixoo vxusoxv
h{wudfwlrq li wkh vhoohu lv exgjhw frqvwudlqhg1



4 Lqwurgxfwlrq
Frqvlghu dq lqglylvleoh jrrg wr eh vrog dw dxfwlrq wr ? srwhqwldo elgghuv1
Hdfk elgghu � lv fkdudfwhul}hg e| klv w|sh |� 5 A�� Gh�qh A ' �?

�'�A� dqg
8 E|�c � � � c |?� d glvwulexwlrq ixqfwlrq rq A� Vlploduo| wr Fuìphu dqg PfOhdq
+4<;;,/ L uhihu wr EAc 8 � dv dq lqirupdwlrq vwuxfwxuh1 Wkh ydoxh ri wkh jrrg
iru elgghu � ri w|sh % 5 A� lv jlyhq e| �� E%� c �� G A� $ Un� Fuìphu dqg
PfOhdq vkrz wkdw iru doprvw doo glvfuhwh lqirupdwlrq vwuxfwxuh EAc 8 � c ixoo
vxusoxv h{wudfwlrq lv srvvleoh iru hyhu| hydoxdwlrq ixqfwlrq � ' E��c � � � c �?� �
Frqvlghu qrz wkh frqwlqxxp ri w|shv fdvh1 Gh�qh dovr

M� '
�
} G A3� $ U( } 5 u� E8� E�m|��� iru doprvw hyhu| |� 5 A�

�
�

Lq wklv fdvh/ Wkhruhp 4D lq Fuìphu dqg PfOhdq jxdudqwhhv ixoo vxusoxv h{0
wudfwlrq e| grplqdqw vwudwhj| dxfwlrq iru hyhu| lqwhjudeoh hydoxdwlrq ixqf0
wlrq � li dqg rqo| li

Frqglwlrq 4 Wkh udqjh ri wkh ixqfwlrqdo C G M� $ u� E8��

C E}� E|�� G'

]
A
3�

} E|3�� _8� E|3�m|�� c |� 5 A�

frqwdlqv4 u�
n E8�� �

Lw wxuqv rxw wkdw Frqglwlrq 4 fdqqrw eh vdwlv�hg lq jhqhudo dqg wkxv ixoo
vxusoxv h{wudfwlrq zlwk d frqwlqxxp ri w|shv lv qrw jxdudqwhhg1 Lq wklv frq0
wh{w/ d qdwxudo txhvwlrq wr dvn lv krz w|slfdo lv wkh devhqfh ri ixoo vxusoxv
h{wudfwlrq li wkh vhw ri srvvleoh hydoxdwlrq ixqfwlrqv lv frqvlghuhg1 Shukdsv
ixoo vxusoxv h{wudfwlrq frxog eh w|slfdo dowkrxjk qrw wuxh rqo| iru vrph sdwkr0
orjlfdo hydoxdwlrq ixqfwlrq1 Lq wklv qrwh/ krzhyhu/ L vkrz wkdw ixoo vxusoxv
h{wudfwlrq lv dw|slfdo iru qlfh hydoxdwlrq ixqfwlrqv1

5 Wkh prgho1
Wkh vhw ri w|shv lv A ' dfc �o? dqg ? lv wkh qxpehu ri elgghuv1 Wkh glvwulex0
wlrq ri w|shv lv ghqrwhg e| 8 G A $ dfc �o dqg kdv d ghqvlw| ixqfwlrq s 1 Li
elgghu � lv ri w|sh |� 5 dfc �o zh irup wkh yhfwru ri w|shv | ' E|�c � � � c |?� 5 A�

4Dqg wkxv wkh ixqfwlrqdo lv rqwr O4 +Il, =

4



Wkh vhw �� �'�A� lv ghqrwhg A3�� Dqg |3� ghqrwhv E|�c � � � c |�3�c |�n�c � � � c |?� �
Wkh glvwulexwlrq ghqvlw| ri |� lv s� E|�� '

U
s E|� _|3� dqg wkh frqglwlrqdo

glvwulexwlrq ghqvlw| ri |3� jlyhq |� lv ghqrwhg s E|3�m|�� ' sE|�
s�E|��

� Elgghu ��v
ydoxdwlrq ri wkh remhfw lv �� E|�� c zkhuh �� G A� $ U lv vwulfwo| lqfuhdvlqj dqg
�� Ef� ' f� Wkh suredelolw| ri elgghu � uhfhlylqj wkh remhfw lv ghqrwhg e|
R� E|� � Wkh dxfwlrqhhu pd| fkrrvh qrw wr vhoo wkh jrrg1 Wkxv

S?

�'� R
� E|� � ��

Li wkh yhfwru ri w|shv lv | wkh vhoohu uhfhlyhv5 %� E|� 5 U iurp elgghu �� Wkh
yhfwru ER� E�� c %� E���?�'� lv fdoohg d gluhfw phfkdqlvp1 Xvlqj P|huvrq*v uhyhod0
wlrq sulqflsoh L frqvlghu rqo| phfkdqlvpv wkdw duh lqglylgxdoo| udwlrqdo dqg
lqfhqwlyh frpsdwleoh1 Gh�qh T � E|� ' R� E|��� E|�� � %� E|� dqg dvvxph wkdw
. dm%�mo 	 4� Wkh vwhsv wkdw iroorz duh vlplodu wr wkrvh lq P|huvrq+4<;4,1
Wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw +lq grplqdqw vwudwhjlhv, lv jlyhq e|=

T � E|� � R� Erc |3���
� E|��� %� Erc |3�� c ;r 5 dfc �o c | 5 A� +LF*,

Lw fdq eh uhzulwwhq lq wkh pruh frqyhqlhqw irup

T � E|�� T � Erc |3�� � R� Erc |3��
�
�� E|��� �� Er�

�
c ;rc |� 5 A�� +LF,

Uhsodflqj r zlwk |� zh rewdlq T � Erc |3�� � T � E|� � R� E|� E�� Er�� �� E|���
dgglqj erwk lqhtxdolwlhv zh rewdlq�

�� E|��� �� Er�
� �

R� E|�� R� Erc |3��
� � f�

Wkxv r $ R� Erc |3�� lv qrq0ghfuhdvlqj li +LF, lv vdwlv�hg1 Lq d pdqqhu vlplodu
wr P|huvrq+4<;4, zh fdq vkrz wkdw ERc %� vdwlvi| wkh lqfhqwlyh frpsdwlelolw|
frqvwudlqwv li dqg rqo| li=

41 R� E|� lv qrq0ghfuhdvlqj lq |�>

51 %� E|� ' R� E|� �� E|��%� Efc |3���
U |�

f
R� E%c |3�� E�

��
�
E%� _% iru hyhu| | 5 A�

Wkh yroxqwdu| sduwlflsdwlrq frqvwudlqwv duh

.
�
T � E|� m|�

� � fc ;|� 5 A�� +YS,

Wkxv zh kdyh

.

�
%� Efc |3�� n

] |�

f

R� E%c |3��
�
��
��
E%� _%

��� |�
�
� f� +4,

5Wkh vhoohu sd|v elgghu l li {l +w, ? 3=

5



Wkh dxfwlrqhhu*v h{shfwhg uhyhqxh lv jlyhq e|

.

%
?[

�'�

%� E|�
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?[

�'�

R� E|��� E|��
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�

?[
�'�
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�
%� Efc |3�� n

] |�

f

R� E%c |3��
�
��
��
E%� _%

�
�

+5,

.

�
4@ 
�$�$?

�� E|��

�
�

Wkh vxusoxv lv e| gh�qlwlrq 4@ � �
� E|�� � Wkh lqhtxdolw| +4, dqg wkh htxdolw|

+5, vkrzv lpphgldwho|6 wkdw wr h{wudfw doo vxusoxv lw lv qhfhvvdu| dqg vx!flhqw
wkdw=

Ohppd 4

41 Iru doprvw doo |� 5 A�c . d%� Efc |3�� m|�o ' �.
kU |�

f
R� E%c |3�� E�

��
�
E%� _%m|�

l
51 Wkh jrrg lv gholyhuhg dprqjvw wkh Elgghuv , vxfk wkdw �, E|,� ' 4@ � �

� E|�� �
Irupdoo| R� E|� ' f li �� E|� 	 4@ , �

, E|,� � Dqg
S

,Mu R
, E|� ' �c zkhuh

u '
�
,(�, E|� ' 4@ � �

� E|��
�
�

L qrz vkrz wkdw Frqglwlrq 4 lv qhyhu vdwlv�hg li s lv frqwlqxrxv1

Sursrvlwlrq 4 Vxssrvh wkh ghqvlw| ixqfwlrq s lv frqwlqxrxv1 Wkhq Frqgl0
wlrq 4 lv qrw wuxh1

Surri1 Iru hyhu| } 5 M� wkh ixqfwlrq C E}� E|�� G'
U
A
3�

} E|3�� s E|3�m|�� _|3�

lv frqwlqxrxv1 Wkxv C fdqqrw eh rqwr u�
n E8��1 THG

Wklv sursrvlwlrq vxjjhvwv wkdw zh vkrxog h{dplqh ixoo vxusoxv h{wudfwlrq
lq wkh fodvv ri frqwlqxrxv ydoxdwlrqv1 Wkh iroorzlqj wkhruhp vkrzv wkdw hyhq
wklv zloo qrw eh hqrxjk1

Wkhruhp 4 Wkhuh lv d ghqvh vhw ri ghqvlw| ixqfwlrqv vxfk wkdw wkhuh lv qr
ixoo vxusoxv h{wudfwlrq lq grplqdqw vwudwhjlhv1

6Wklv lv wkh vdph dv ohppd 4D lq Fuìphu dqg PfOhdq1
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Surri1 Frqvlghu d frqwlqxrxv ghqvlw| ixqfwlrq ri wkh irup s E|� '
Su

,'� @, E|�� K, E|3�� �

Wkhq

.
�
%� Efc |3�� m|�

�
'

]
%� Efc |3��

s E|�

s� E|��
_|3� '

u[
,'�

�]
%� Efc |3�� K, E|3�� _|3�

�
@, E|��

s� E|��
�

Wkxv wkh vhw

�
.
�
%� Efc |3�� m�

�
( %� 5 u� E83��
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'

+
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,'�

b,

@, E��
s� E�� (b 5 U

u

,
�

Wkh uljkw kdqg vlgh ri +4, lq Ohppd 4 lv�rplwwlqj wkh plqxv vljqdo=

.

�] |�

f

R� E%c |3��
�
��
��
E%� _%

���� |�
�
' .

%�
�� E|���4@ 

, �'�
�, E|,�
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] �
�� E|���4@ 

, �'�
�, E|,�

�n
s E|�

s� E|��
_|3� '

u[
,'�

#] �
�� E|���4@ 

,�'�
�, E|,�

�n

K, E|3�� _|3�

$
@, E|��

s� E|��
�

Vlqfh lq jhqhudo wkh ixqfwlrq/

% $
#] �

�� E%��4@ 
, �'�

�, E|,�

�n

K, E|3�� _|3�

$
@, E%�

s� E%�
c

lvo qrw d olqhdu frpelqdwlrq ri
q

@,Eu�
s�Eu�

( � � , � u
r
c wkh surri lv �qlvkhg1

THG

Uhpdun 4 Frqglwlrq s E|� '
Su

,'� @, E|�� K, E|3�� jxdudqwhhv lq wkh frpprq0
ydoxh vhwwlqj wkh ixoo h{wudfwlrq ri wkh vxusoxv1 Vhh PfDihh/ PfPloodq dqg
Uhq| +4<;<,1

Uhpdun 5 Dowkrxjk L glg qrw lqyhvwljdwh zkhwkhu dssur{lpdwh vxusoxv h{0
wudfwlrq lv srvvleoh/ li wkh dxfwlrqhhu lv exgjhw frqvwudlqhg +l1h1/ %� E|� lv
erxqghg, wkhq wkh uhvxowv ri Sdjh+4<<;, jxdudqwhh wkh h{lvwhqfh ri wkh rswlpdo
dxfwlrq zklfk zrxog h{wudfw doo vxusoxv zhuh dssur{lpdwh vxusoxv h{wudfwlrq
srvvleoh1
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Wkh qh{w wkhruhp frpsohphqwv wkh odvw uhpdun1

Wkhruhp 5 Vxssrvh wkh dxfwlrqhhu qhyhu glvexuvh dq| prqh| +l1h1/
S?

�'� %
� E|� �

f�� Wkhq wkh rswlpdo dxfwlrq |lhogv h{shfwhg uhyhqxh dw prvw htxdo wr

.

�
4@ 
�$�$?

�
�� E|��� �� 8� E|�m|3��

s E|�m|3��

�
��
��
E|��

��
�

Wkh surri lv rplwwhg1 L �qlvk wklv qrwh zlwk dq h{dpsoh=

H{dpsoh 4 Vxssrvh ? ' 2c s E|c r� '
�E|2nr2�

2
dqg �� E|�� ' |�c � ' �c 2� Wkhq

]
%� Efc r� s E|c r� _r '

]
%� Efc r�

� Er2 n |2�

2
_r ']

�r2%� Efc r�

2
_rn |2

]
%� Efc r�

2
_r�

Rq wkh rwkhu kdqg]
E|� r�n s E|c r� _r '

] |

f

E|� r�
� E|2 n r2�

2
_r '

.

H
|e *5 �

b � ��c |2� (b 5 U
2
�
�

6 Uhihuhqfhv
41 Fuìphu/ M1 dqg U1 S1 PfOhdq/ �Ixoo h{wudfwlrq ri wkh vxusoxv lq Ed|hvldq

dqg Grplqdqw Vwudwhj| Dxfwlrqv�/ Hfrqrphwulfd 89 ?f9/ 457:0458:/
4<;;

51 Sdjh/ Iudqn/ �H{lvwhqfh ri rswlpdo dxfwlrqv lq jhqhudo hqylurqphqwv�/
Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 5</ 6;<074;/ 4<<;

61 PfDihh/ U1 S1/ M1 PfPloodq dqg S1 M1 Uhq|/ �H{wudfwlqj wkh vxusoxv lq
wkh frpprq0ydoxh dxfwlrq�/ Hfrqrphwulfd 8: ?f9/ 47840478</ 4<;<
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