-

View metadata, citation and similar papers at core.ac.uk brought to you byf’f CORE

provided by Research Papers in Economics

FUNDAGADO
GETULIO VARGAS

EPGE

Escola de Pés-Graduagéo
em Economia

Ensaios EconOmicos

Escola de

Pos Graduacao

em Economia

da Fundacao

Getulio Vargas

I N° 543 ISSN 0104-8910
Two additions to Lucas “s “inflation and welfare”

Rubens Penha Cysne

Abril de 2004



https://core.ac.uk/display/6776834?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Two Additions to Lucas’s "Inflation and
Welfare"*!

Rubens Penha Cysne?
April 3, 2004

Abstract

This work adds to Lucas (2000) by providing analytical solutions
to two problems that are solved only numerically by the author. The
first part uses a theorem in control theory (Arrow’s sufficiency the-
orem) to provide sufficiency conditions to characterize the optimum
in a shopping-time problem where the value function need not be
concave. In the original paper the optimality of the first-order con-
dition is characterized only by means of a numerical analysis. The
second part of the paper provides a closed-form solution to the general-
equilibrium expression of the welfare costs of inflation when the money
demand is double logarithmic. This closed-form solution allows for the
precise calculation of the difference between the general-equilibrium
and Bailey’s partial-equilibrium estimates of the welfare losses due
to inflation. Again, in Lucas’s original paper, the solution to the
general-equilibrium-case underlying nonlinear differential equation is
done only numerically, and the posterior assertion that the general-
equilibrium welfare figures cannot be distinguished from those derived
using Bailey’s formula rely only on numerical simulations as well.

1 Introduction

This work is divided into two independent parts.

*This work benefited from conversations with Robert E. Lucas Jr. I also thank Paulo
Klinger Monteiro and Humberto Moreira for discussing a previous version of the paper.
Remaining errors are my responsability. The first part of this work paper circulated
previously under the title “Sufficient Conditions for Lucas’s Inflation and Welfare”.

tKey Words: Arrow’s Theorem, Optimal Control. JEL: C0, EO.
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The value function derived in Lucas (2000, Section 5) need not be con-
cave, leading this author to develop numerical analyses to determine the
conditions under which the consumer utility is maximal. The first part of
the paper uses control methods to derive sufficient conditions for the prob-
lem. Besides substituting for the numerical simulations, a second advantage
of using control methods is that it does not require proving the differentia-
bility of the value function (which is not done explicitly in the original paper
and cannot be performed by standard methods in this nonconcave case) in
order to obtain the associated first order conditions!.

The second part of the work presents a closed-form solution to Lucas’s
general-equilibrium expression for the welfare costs of inflation in the double
logarithmic case that allows for a direct (analytical) comparison with Bailey’s
(1956) partial-equilibrium measure. In the original paper, both the solution
of the underlying nonlinear differential equation and the posterior assertion
that the general-equilibrium solution cannot be practically distinguished from
Bailey’s partial-equilibrium figures are based only on numerical methods.

2 Sufficient conditions

The consumer is supposed to maximize utility from the consumption (c) :

/000 e 9" U(c)dt (1)

subject to the households budget constraint (2) and to the transactions-
technology constraint (3):

m=1—(c+s)+h—mm (2)
—c+mep(s) >0 (3)

In these equations, s stands for the fraction of the initial endowment
spent as transacting time (the total endowment of time being equal to the
unity), m for the real quantity of money, 7 for the rate of inflation, U(c) for
a strictly concave utility function, h for the (exogenous) real value of the flow
of money transferred to the household by the government, and g > 0 for a

1On the other hand, the traditional derivation of the Euler equations requires inter-
changing two limits (entering the derivative operator inside the integral), a procedure that
poses no problem when the integrand is concave, but requires an alternative justification
in this nonconcave case.



discount factor. Following Lucas, in this Section (but not in the next) we
particularize the transacting technology by making ¢(s) = ks, k > 0.

Since constraint (3) always hold with equality, we use it to substitute for
¢ in the above equations and define the Hamiltonian:

H(m,s,\) = U(kms) + X1 — (kms + s) + h — mm) (4)

It is well known (Mangasarian , (1966)) that the Pontryagin’s (1962)
necessary conditions are sufficient for optimality if the Hamiltonian is jointly
concave in the state and control variables. However, this condition is not

fulfilled in the present case, due to the term sm in H. However, sufficient

conditions can be generated with the use of Arrow’s (1968) theorem?®. In

Seierstad and Sydsater’s (1987, p. 107) version, the theorem reads as follows:

Lemma 1 (Arrow’s Sufficiency Theorem): Let (z(t),u(t)) be a pair that
satisfies the conditions (7) and (6) below, in the problem of finding a piecewise-
continuous control vector u(t) and an associated continuously-differentiable
state vector variable z(t), defined on the time interval [to, 1] , that mazimizes:

[ sutatoyuto). )
0
subject to the differential equations:

() = filx(t),u(t),t), i=1,2,...,n (6)
and to the conditions

() = 2¥,i=1,2,..n (7)
x;i(ty) free, i = 1,..,n
u(t) € UCR".

Given the Hamiltonian function

H(z(t),u(t),p(t),t) = pofolz(t),u(t),t) + Zpifi(:c, u, t)

2Seidseter and Sydersat (1977) argue (p. 370) that the first published demonstration
of this theorem, which was presented in Arrow and Kurz (1970), is not satisfactory, and
that a correct proof did not seem to be available in the literature till the publication of
their work. This theorem was first mentioned in Arrow (1968).



if there exists a piecewise continuously-differentiable function p(t) = (p1(t), ...
defined on [to, t1] such that the following conditions are satisfied with py = 1 :

H(z(t),u(t),p(t),t) > H(x(t),u(t),p(t),t), for all w e U and all t.(8)
u(t

> (
pi(t) = —Hu(z () ) () t), i=1..n (9)
10)

pi(ti) = 0 =1,. (

H*(z,p(t),t) =max H(x,u,p,t) exists and is a concave function of x for
z

all t, then, (Z(t),u(t)) solves problem (5)-(7) above.

In this theorem, the concavity of the maximized Hamiltonian with respect
to the state variables substitutes for the concavity of the Hamiltonian which
is required to hold both for the state and control variables in the theorem
due to Mangasarian. Also, notice that this theorem is written for a finite
horizon. As in Lucas (2000), we assume that lim; ., m(t) =m € R. It is also
assumed that 3K > 0 | U(c(s,m)) < K,V(s,m). As pointed out by Seierstad
and Sydsater’s (1987, p. 231), in this special case the above theorem can be
trivially extended to the infinite horizon case by reading lim;_...p;(t) = 0,
i=1,..,nin (10).

In our original problem, s is the control variable (u in the theorem) and
m the state variable (z). Relatively to the above theorem, n =1, U = [0,1],
folz,u,t) = U(c), filz,u,t) = 1 — (kms+s)+ h —mm, [to,t1] = [0,00].
Given the way we wrote the Hamiltonian in (4), equation (9) must read
—\(t) + g\ = H,,(s,m) where, in (10), i = 1 and e 9'\(t) substitutes for
pi(t).

In order to derive the maximized Hamiltonian used in the theorem, we
make the first derivative of (4), with respect to the control variable s, equal
zero for

Ulc) = 7/(1—-0),0#1,0>0

U(c) = Inc(caseo=1)

which corresponds to the utility function used by Lucas. This leads, in both

cases above, to:

1 km+1
=

km

e (11)

where A\ = U (c)km/(1 + km) > 0. This value of s maximizes the Hamil-
tonian, since Hy, = U"(c)k?*m? < 0. Using (11) in (4), the maximized Hamil-
tonian is equal to:

apn(t»



o ( km
1—0 A1+ km)

H*(m,\) = )= L X1+ h — 7m), o1 (12)

k
H*(m,\) = log)\( n +A1—-1/A+h—7m), (case o = 1)

1+ km)
The next step in the application of the theorem is showing that the maxi-
mized Hamiltonian is concave with respect to the state variable m. This is
trivially satisfied in the case when o = 1 since, given k£ and A, log /\(1 i
a composite function of two monotone increasing concave functions. Wﬁnen
o # 1, first notice that the derivative of (12) with respect to m is given by:

km (1_0_)/0, ]_

Houlm ) = Gy m(l + km)

— AT

Taking the derivative of the above expression, one easily concludes that
Hr . (m,\) <0 iff:
> ! (13)
773 + 2km

This expression can be used as a sufficiency condition. It allows an analytical
characterization of the situations in which the absence of concavity is not a
problem, adding to the original (numerical) solution. In this case H is strictly
concave in m and the interior balanced path is unique.
Also, since km > 0, a sufficient condition that does not depend on m is
given by
o>1/2

As one concludes from (13), lower values of o may also imply H}, . (m,\) < 0.

To characterize the (unique) stationary point (7, A) as an optimum, it re-
mains only noticing that the transversality condition (10) (limy .., e 9 A(¢)m(t) =
0 ) is trivially satisfied under the assumed hypotheses.

In Lucas’ paper, figures 9 and 10 are used to report numerical calculations
designed to check if consumer utility is in fact maximized along the balanced
path constructed from the first order conditions of the dynamic program.
The numerical simulations are carried out for £ = 400. From his numerical
simulations, Lucas concludes that possible problems could only arise for val-
ues of 0 < 0.01. Given the range of values assumed by m in the problem,
this value is compatible with those given by (13).



3 A Closed-Form Solution for the Welfare Costs
of Inflation

The presentations of Lucas’ model in this Section draws on Simonsen and
Cysne (2001). As in the first Section, the consumer is supposed to maximize
(1) subject to (2) and (3).

In the steady-state solution, m converges to a constant figure, the rate of
interest r equals the rate of inflation plus the discount factor (r = 7+ g), the
inflation rate equals the rate of monetary expansion and the real transfers
(h) equal the inflation tax (h = om, o standing for the rate of monetary
expansion).

In this case, intertemporal optimization leads to the equilibrium equation:

¢ (s) =rmg¢’ (s) (14)

and equilibrium in the goods market reads:

1—s=m¢ (s) (15)

Solving the system given by (14) and (15) for s = s(r) and m = m(r)
yields implies /() > 0 and m/(r) < 0. The problem of deriving s(r) from
m(r), without knowing ¢ (s) is solved by eliminating ¢ (s) and ¢'(s) using
(14) and (15). The result is the differential equation [Lucas (2000, equation5.8)]:

/ r (1 _ 5) /

= = —_—— 16
s 1—s+7’mm (16)

which determines the welfare cost s(r) as a function of the money-demand
m(r).

Lucas (2000) argues that the double-logarithmic functional specification
fits the United States data better than the alternative semi-log specification.
Consistently with this observation, we concentrate our analysis by making
m(r)=Ar * 0<a<1, A>0. In this case (16) leads to:

ds (1 —35)(aAr—)
dr v(r,s) = = 1—s+ Arl—e (17)
s(ro) = Sg, 70 >0 (18)

Lucas does not provide a closed-form solution for this equation. His
comparisons with Bailey’s measures are based on numerical simulations.



We consider solutions for this equations for s and r in a closed, bounded
and convex region D C R . With r bounded away from zero, it is easy to see
that v(r, s) € C', and, therefore, by the mean-value theorem, and for a certain
constant L, satisfies the Lipschtz condition | f(r,s1) — f(r,82) |[< L | s1— 352 |
for each par (r, s1), (r, s2) in D. It follows from a standard result in ordinary
differential equations (see, e.g., Coddington and Levinson (1955)) that there
exists an interval containing 7o such that a solution to (17) exists, and that
this solution is unique. It is also easy to prove that such a solution can be
continued to the right to a maximal interval of existence [rg, +00).

It by no means clear, though, that this non-separable, non-linear differen-
tial equation presents a closed-from solution. For example, it is well known
that a simple equation like % = w(r,s) = s> —r cannot be expressed as a fi-
nite combination of elementary functions or algebraic functions and integrals

of such functions. We shall show that such a problem does not happen with
(17).

e A Closed-Form Solution

Start by considering rq > 0 and the initial condition
s(ro) = So (19)

Suppose s(r) is a solution to (17), given (19). Then, since s'(rg) > 0, by the
implicit function theorem, the function r = r(s) inverse to s(r), is defined in
a sufficiently small neighborhood of the point sq and:

dr -1 1
T 20
ds+a(1—s)T aA (20)
This type of equation is generally called a Bernoulli equation, which can be
easily solved by an adequate change of coordinates.
Consider the diffeomorphism that associates with each » > 0, t = r

Then (20) is equivalent to the equation:
dt  (1—a) ‘o l—a
ds a(l—s)  aA

Multiplying both sides of this equation by the integration factor exp(— [ ah’—j‘bds)

1—a

and taking into consideration that s(0) =0 :
a — 1 a—1
1— 1—s)%
s teg)

Since t = 7%, we get the general-equilibrium expression for the welfare costs
of inflation:

t =

1
1—a

r [azllu—s) 1-(1—3)—1/“H (21)




4 A Direct Comparison with Bailey’s Mea-
sure

Lucas provides numerical simulations in order to compare his general-equilibrium
measure and Bailey’s partial-equilibrium measure (B) of the welfare costs of
inflation. Having obtained a closed-form solution for the former allows us to
provide a direct analytical comparison.

Bailey’s measure is given by the area-under-the-inverse-demand-curve:

dB = —rm/(r)dr, B(0) =0

By substituting the double-logarithmic money demand function into the
above expression and integrating:

r:(§%§@>”“ (22)

Solving (22) for B and using the value of r given by (21):
B-s=a(l—s)(-1+(1—s)%)—s (23)

Both Lucas (2000), through numerical simulations, and Simonsen and Cysne
(2001), analytically, have shown that that Bailey’s measure is an upper bound
to Lucas’ general-equilibrium measure, and that the difference between B
and s in an increasing function of s. Both conclusions are consistent with
equation (23). Indeed, make B(s) — s = g(s). Then, g(0) = 0 and

J(s)=|1—5) "7 —1|(1-a)

Hence, g/(s) > 0 for any s > 0. It follows that B > s for any strictly positive
values of r. The fact that B — s increases with s follows from the convexity

of g(s).
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