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A bstract

D espitethebelief, supportedbyrecentappliedresearch, thataggregatedatadis-

play short-run comovement, there has been little discussion aboutthe econometric

consequences ofthesedata “features.” W e useexhaustive M onte-Carlosimulations

toinvestigatetheimportanceofrestrictions impliedbycommon-cyclicalfeatures for

estimates and forecasts based on vectorautoregressiveand errorcorrectionmodels.

First, weshowthatthe“best” empiricalmodeldevelopedwithoutcommoncyclesre-

strictionsneednotnestthe“best” modeldevelopedwiththoserestrictions, duetothe

useofinformation criteriaforchoosingthelagorderofthetwoalternativemodels.

Second, weshowthatthecosts ofignoringcommon-cyclicalfeatures inV A R analysis

maybehigh in terms offorecastingaccuracyande¢ciencyofestimates ofvariance

decompositioncoe¢cients. A lthoughthesecosts aremorepronouncedwhenthelag

orderofVA R modelsareknown, theyarealsonon-trivialwhenitisselectedusingthe

conventionaltoolsavailabletoappliedresearchers. T hird, we…ndthatifthedatahave

common-cyclicalfeaturesandtheresearcherwantstouseaninformationcriterium to

selectthelaglength, theH annan-Q uinncriterium is themostappropriate, sincethe

A kaikeandtheSchwarz criteriahaveatendencytoover- andunder-predictthelag

lengthrespectivelyinoursimulations.

1. Introduction

Common-cyclicalmovements indetrendedeconomicvariables havebeensoprevalentthat

theyhaveacquiredthestatusof“stylizedfacts.” L ucas(19 7 7 )statesthatthemainregularities

observedincyclical‡uctuationsofeconomictimeseriesareintheircomovement, whichhe

itemizesasfollows:

(i)O utputmovementsacrossbroadlyde…nedsectorsmovetogether. (InM itchell’s

M artins-Filho, A manU llah, andparticipants oftheL atin A mericanandEuropean M eetingsoftheEcono-

metricSocietyof19 9 9 , whoarenotresponsibleforanyremainingerrors inthis paper. Joã oV ictorIssler

acknowledgesthesupportofCN Pq-B razilandPR O N EX .
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terminology, theyexhibithighconformity;inmoderntimeserieslanguage, they

havehighcoherence.) (ii) Productionofproducerandconsumerdurablesexhibit

muchgreateramplitudethandoestheproductionofnondurables. (iii) Produc-

tionandprices ofagriculturalgoods andnaturalresources havelowerthanav-

erageconformity. (iv) Business pro…ts showhighconformityandmuchhigher

amplitudethan otherseries. (v) Prices generallyareprocyclical. (vi) Short-

term interestrates areprocyclical;long-term rates slightlyso. (vii) M onetary

aggregatesandvelocitymeasuresareprocyclical.

Fromanempiricalstandpointcommoncycleshavebeenshowntobea“feature” ofava-

rietyofmacroeconomicdatasets. Forexample, CampbellandM ankiw(19 89 )…ndacommon

cyclebetweenconsumptionandincomeformostG -7 countries. EngleandKozicki(19 9 3) …nd

commoninternationalcyclesusingG N P dataforO ECD countries. ForU S data, Isslerand

Vahid(19 9 8) …ndcommoncycles formacroeconomicaggregates andEngleandIssler(19 9 5)

andCarlinoandSill(19 9 8) …ndcommoncyclesforsectoralandregionalG N P srespectively.

Similartomostappliedmacroeconomicresearchdoneinthelast…fteenyears, thesestud-

ies investigatedcommon-cyclicalfeaturesusingvector-autoregressive(VA R ) orvectorerror-

correction(V EC)models.

A lthoughVA R andV ECmodelshavebecomethe“workinghorse” ofmacroeconometric

studies, oneoftheirshortcomings is the excessive numberofparameters relative tothe

averagesamplesizeone is usuallyforced toworkwith. Forexample, whendealingwith

post-warquarterlydata, andaVA R withthreevariables andeightlags, thereareseventy

…vemeanparameterstobeestimatedfromabouttwohundreddatapointsoneachvariable.

Cointegration places somerestrictions on VA R coe¢cients, especiallywhen cointegrating

vectorsarebroughtinfrom economictheory;seeEngleandG ranger(19 8 7 ). Inthesecases,

thereduction inthenumberoffreecoe¢cients is notoverwhelming. Ifthethree-variable

system has oneknown cointegratingvector, thenumberoffreeparameters reduces from

seventy…vetosixtyninebyestimatingaV ECmodel. Common-cyclicalfeaturescanfurther
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reducethenumberofconditional-meanparametersestimatedinV ECmodelsbyconsidering

therestrictions impliedbythem;seeVahidandEngle(19 9 3). Ifthethreevariables inthe

V EC modelshareonecommoncycle, thenthenumberofmean parameters reduces from

sixtyninetotwentyseven.

T heobjectiveofthis paperis toinvestigatethe importanceofrestrictions impliedby

common-cyclicalfeaturesforforecasts, impulse-responsefunctions, andvariance-decomposition

offorecasterrorsofeconomictime-seriesbasedonVA R andV ECmodels. A sfarasweknow,

noworkhas studiedthee¤ectsoftheserestrictions. H owever, considerablee¤orthasbeen

putinexaminingtheimportanceoflong-runcomovementconstraints inVA R models, espe-

ciallyforforecasting;see, amongothers, EngleandYoo(19 8 7 ), ClementsandH endry(19 9 5),

andL inandT say(19 96).

A sshownbyEngleandYoo, theforecastinggainsofimposinglong-runconstraintshap-

pensasthehorizongetslarge. Infact, intheirsimulations, theunconstrainedVA R forecasts

betterthantheV ECmodelforshorthorizons. Becauseforlonghorizonsforecastinguncer-

taintygetshelplesslylargetime-seriesmodelsaremostusefulforforecastinginshorthorizons.

H ence, thepayo¤ ofinvestigatingtheseshort-runconstraintsarebigrelativetothoseofin-

vestigatinglong-runconstraints, sincetheymaybeawayofimprovingthee¤ectiveness of

time-seriesmodelsforhorizonswheretheyaremostuseful.

W eassessthee¤ectsofcommon-cyclicalfeaturesonVA R andV ECmodelsusingM onte-

Carlosimulations. T he focus here is on the small-sample properties ofthe estimates of

impulse-responsefunctionsandvariance-decompositionofforecasterrors, aswellasonout-

of-sampleforecastingaccuracymeasures. W edesignthesimulations insuchawaythatthe

resultswouldberelevantforappliedmacroeconomistsdealingwithalimitednumberofdata

points and tryingtoestimatearelatively largenumberofparameters. Tothatend, we

consideravarietyofD ataG eneratingProcesses (D G P s) andsamplesizes, whicharekept

closetothe“typical” dataappliedresearchersoftenencounterinpractice.

VA R and V EC models with commoncycles fallintothegeneralcategoryofreduced-

rankmultivariatemodels, because common serialcorrelation implies rankrestrictions on
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theirparametermatrices1. R esearchers maybereluctanttoincorporatetheseparameter

restrictions forapurelystatisticalreasonrelatedtotheasymmetryoftheconsequences of

over- versus under-parametrizationofeconometricmodels. O nemightthinkthatfailingto

incorporatecommon-cyclerestrictionswhentheyaretruewillonlycauseine¢ciency, while

imposingthemwhentheyarefalsewillcauseinconsistency. H ence, itmayseemwisertolive

withapossiblyine¢cientunconstrainedmodelratherthanamisspeci…edinconsistentmodel.

T hefactthatallmodels aremostprobablymisspeci…ed, andthelargebodyofempirical

evidenceonthesuperiorforecastperformanceofparsimoniousmodelsnotwithstanding, this

reasoningwouldbecorrectonlyiftheempiricalmodelthatdoes nothavecommoncycles

builtintoitnests theempiricalmodelwithcommoncycles. H owever, weshowthat, using

theaveragetoolsofanappliedresearcher, andthesamedataset, the“best” empiricalmodel

developedwithoutcommon-cyclerestrictionsneednotnestthe“best”modeldevelopedwith

thoserestrictions.

T heunderlyingreasonforthisratherparadoxicalresulthastodowiththeselectionoflag

orderforthetwoalternativemodels. T hecommonpracticeinVA R analysisistouseamodel-

selectioncriterium tochoosethelaglength. Standardmodel-selectioncriteriamay…ndtoo

smallalaglengthofreduced-rankVA R ssimplybecausethisistheonlypossiblewayavailable

toachieveparsimony. H owever, ifthelaglengthandtheVA R rankarechosensimultaneously,

as suggestedbyL ütkepohl(19 9 3, page202), thelaglengthselectedforreduced-rankVA R s

canbepotentiallybiggerthanthatselectedbythestandardcriterium. Forexample, the

Schwarzcriterium mightchooseaV A R (1) as thebestunconstrainedVA R , whilethesame

criteriummightchooseaVA R (4)withonecommoncycleforthesamedataset. O bviously, a

VA R (1)cannotnestaVA R (4)withcommoncycles. H ence, theconsiderationofcomovement

inthemodelselectionstagemaydrasticallyalterthe…nalmodelchosen.

O ursimulationsrevealthat, whenthetrueD G P isareduced-rankVA R orV ECmodel,

thelaglengthchosenbythestandardmodel-selectioncriteriaandthatchosenwhenrank
1Classic references on reduced-rank VA R ’s include Velu, R einseland W ickern(19 86), A hn and R ein-

sel(19 8 8), andT iaoandT say(19 89 ).
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andorderareselectedsimultaneouslycanbequitedi¤erent. Standardinformationcriteria

whichplaceastrongpenaltyonoverparameterization, suchastheSchwarzorH annan-Q uinn

criteria, maychoosetoosmallalag-lengthwhenthetruemodelhascommoncycles. H owever,

theycanimproveconsiderablyiftherankorderisselectedsimultaneouslywiththelaglength.

W e…ndstrongevidenceinfavoroftheabilityoftheH annan-Q uinncriterium inchoosingthe

correctlagandrankorderoverall. R egardingtheA kaikeinformationcriterium, weobserve

thatits tendencytochooseanoverparameterizedmodelwhenthelagorderandrankare

selectedsimultaneouslyworsenscomparedtothecasewhenonlythelaglengthisselected.

Forhorizonsuptosixteenperiodsahead, usingseveralmeasuresofforecastingaccuracy,

we…ndthatforecastsproducedbythe“best” reduced-rankmodelaregenerallysuperiorto

thoseproducedbythe“best” modelwhenonlylag-orderis selected. T hesameconclusions

areobtainedwhencomparingthevariancedecompositionsofthe“best” reducedrankmodel

withthatofthe“best” fullrankmodelwhenthesamplesizeis 2002. Indeed, onaverage, if

theH annan-Q uinncriterium isusedtoselectlagorderandrank, forecastingaccuracycanbe

improvedbyupto20% , andmean-squared-errorofpredictingthetruevariancecontribution

canbecutuptohalfinshorthorizons. T his isasizablee¤ectwhichillustratesthepotential

gainsassociatedtoconsideringcommon-cyclicalfeatureswhenevertheyexist.

T heoutlineofthepaperisasfollows. Section2 statesthereduced-rankrestrictionsthat

common-cyclical‡uctuations imposeonparametersofVA R andV ECmodels, anddiscusses

therelativemeritsofdeterminingtherankorderbystatisticaltestsversus informationcri-

teria. Section3explains thedesignoftheM onte-Carlodesignusedthroughoutthepaper.

Section4presentsthesimulationresults forasmallsystem ofthreevariablesandsection5

presentsthesameresultsforalargersystem ofsixvariables. Finally, section6summarizes

themainconclusionsofthepaper.
2 N oticethatinthetextbookexampleL ütkepohl(19 9 3, pp. 202-3) lagselectionwas identicalwhetheror

nottherankwasalsochosen, andinthatcase, heobservedthattheforecastsandvariancedecompositions

werequitesimilarforthereducedrankandfullrankmodels.
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2.Commoncycles inV A R andV ECmodels

Tomatchthestylizedfactsofmostmacroeconomicvariables, weassumethattheobjective

ofresearch is tobuildatimeseries modelforthegrowthrateofavectorofn economic

variables. W edenotethelevelofthesevariablesattimetbyYt, theirlogarithmsbyyt, and

theirgrowthrates (i.e. the…rstdi¤erenceofthelogarithm ofYt) by ¢ yt. W emakethe

reasonableassumptionthat¢ ytisstationary, addtheassumptionthat¢ ythasmeanzeroto

simplifynotation, withoutlossofgenerality, andstartwiththeW oldrepresentationof¢ yt:

¢ yt= C (L)"t; (2.1)

whereC (L) =
P 1

j= 0 C jLj is amatrixpolynomialinthelagoperatorL, Lkz t= z t¡k, with

C 0 = I n. From theworkofBeveridgeand N elson(19 81) andStockandW atson(19 88) itis

possibletodecomposethelog-levelseriesytintocommontrendsandcycles (whichwerefer

toas theB everidge-N elson-Stock-W atson— orB N SW forshort— decomposition). U sing

theidentityC (L) = C (1)+ ¢ C ¤(L), disconsideringtheinitialvalues iny0 , andintegrating

bothsidesof(2.1)weget3:

yt = C (1)
tX

j= 1
"j+ C ¤(L)"t

= Tt+ C t; (2.2)

whereTt= C (1)
Pt

j= 1 "jand C t= C ¤(L)"tstackrespectivelythetrendandcyclicalcom-

ponents ofyt. In theB N SW decomposition the n variables in ytaredecomposed inton

random-walkcomponents (stochastictrends) and n stationarycomponents (stochasticcy-

cles). IfC (1) has rankn ¡q (q > 0 ), thestochastictrends inytcanbecharacterizedas

linearcombinationsofonlyn¡q commonrandomwalks, inwhichcaseytissaidtobecoin-

tegratedorhavecommonstochastictrends, withqlinearlyindependentcointegratingvectors

stackedinthematrix® 0;seeEngleandG ranger(19 8 7 ). IfC ¤(L)hasrankr (n ¡r > 0 ), then

thestochasticcyclesinytcanbecharacterizedaslinearcombinationsofr commonstochastic
3SeeStockandW atson(19 8 8) orVahidandEngle(19 9 3) formoredetails.
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cycles, withn¡r cofeaturevectorsstackedinthematrix e® 0;seeVahidandEngle(19 9 3). In

thispaper, weinvestigatethecostsofignoringthis singularityinthestochasticcycles C t.

Ifthereare n ¡q commontrends inthesystem, thenavectorerror-correction(V EC)

model,

¢ yt = A1¢ yt¡1 + :::+ Ap¢ yt¡p + °® 0yt¡1 + "t

=
·
A1 ::: Ap °® 0

¸

2
666666664

¢ yt¡1
...

¢ yt¡p

yt¡1

3
777777775

+ "t; (2.3)

wouldbeaparsimonious representationforytrelativetotheVA R inlog-levels, wherethe

columnsofthen£qmatrix® arethecointegratingvectorsand°istheadjustment-coe¢cient

matrix. Ifthereis nocointegration, thentheterm °® 0yt¡1 ontheright-handsideof(2.3)

vanishesandthemodelreducestoaVA R in…rstdi¤erences. H ence, inwhatfollows, without

lossofgenerality, wefocusourattentionontheV ECmodel.

Ifthereare r commonstochasticcycles inyt, thematrix
·
A1 ::: Ap °® 0

¸
, which

includes alltheparameters intheconditionalmeanof¢ yt, musthaverank r. T his is a

consequenceofthefactthatC ¤(L) in(2.2) hasrankr, whichimpliesthatthereareexactly

n¡r non-colinearlinearcombinationsofytwhicharerandomwalksanddonotexhibitany

cycles. Sincethe…rstdi¤erences ofthese n ¡r linearcombinations arewhitenoise, they

areunpredictableusingthepast. H ence,
·
A1 ::: Ap °® 0

¸
musthaverank r, with a

commonnull-space. T his impliesthattheV ECmodelhas itselfthefollowingparsimonious

representation:

2
64
I n¡r e®¤0

0 I r

3
75 ¢ yt=

2
64
0 ¢¢¢ 0 0

A¤1 ¢¢¢A¤p (°® 0)¤

3
75

2
666666664

¢ yt¡1
...

¢ yt¡p

yt¡1

3
777777775

+ vt; (2.4)
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wherethecofeaturematrixe® 0=
·
I n¡r e®¤0

¸
, whichstacksthelinearly-independentcombi-

nationsof¢ ytthateliminatesthecommonserialcorrelationinthesystem’scomponents, is

rotatedinordertoyieldann¡r identitysub-matrixinits…rstn¡r rowsandcolumns, A¤i
and(°® 0)¤representrespectivelythepartitionsofAiand°® 0correspondingtotheremaining

r equations inthesystem, andvt=

2
64
I n¡r ~®¤0

0 I r

3
75 "t. Since

2
64
I n¡r ~®¤0

0 I r

3
75 is invertible, itis

possibletorecover(2.3) from (2.4).

Common-cycleconstraints imply importantrestrictions forthe impulse-responsefunc-

tions, variance-decompositionofforecasterrors, andmulti-step aheadforecasts. T heexis-

tenceofr commoncycles implies thattherearen ¡r non-collinearlinearcombinations of

¢ ytwhicharewhitenoise. T hus, from (2.1), allmatrices C i, i= 1;2 ;¢¢¢, musthaverankr.

T hesematricesC i, usuallynormalizedtobeconsistentwithorthogonalerrors, formthebasis

ofimpulse-responsefunctionsandthecomponentsofforecast-errorvariancedecompositions.

Forexample, whentheyarepost-multipliedbythecholeskyfactorofthevariance-covariance

matrixof"t, theyyieldtheso-calledorthogonalized impulseresponses. H ence, itbecomes

clearthatcommoncyclesimplythattheimpulseresponsesofdi¤erentvariablestothesame

shocksarelinearlydependent. T herefore, iftheobjectsofinterestaretheimpulseresponses

(orvariancedecompositionsofforecasterrors)of¢ yt, common-cyclerestrictionscanbeused

toachieveparsimonyandtheire¢cientestimationinthismultivariatecontext.

A similarargumentapplies toforecasts of¢ ytathorizon h . T hesecanberecursively

calculatedfrom:

¢ yft+ h = A1¢ yft+ h¡1 + :::+ Ap¢ yft+ h¡p + ¦y
f
t+ h¡1 (2.5)

wherethe superscriptf stands forforecasts usinginformation up toperiod t, ¦ = °® 0,

andactualvariables areused insteadofforecasts on theright-hand sidewhereavailable.

Sincecommoncycles implythatthematrix
·
A1 ::: Ap ¦

¸
hasreducedrank, equation

(2.5) clearlyshowsthattheywillalsoimplythattheforecastsof¢ ytatanyhorizonwillbe

linearlydependent. A gain, ifforecastingistheobjectiveofthemultivariatemodelbuilding

exercise, common-cyclerestrictionscanalsobeusedtoachieveparsimonyandtheire¢cient
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estimation.

InaVA R contextabove, therearetwoways inwhichparsimonycanbeachieved. T he

…rstisbyimposinglong-runconstraints (cointegration), i.e., equation(2.3), andthesecond

is by imposingshort-runconstraints (commoncycles), i.e., equation(2.4). T heliterature

onforecastinghasfocusedonlong-runconstraints;see, forexample, EngleandYoo(19 8 7 ),

Clements andH endry(19 9 5), and L inandT say(19 96). A s argued intheIntroduction, the

payo¤ ofinvestigatingshort-runconstraintsarelargerelativetothoseofinvestigatinglong-

runconstraints, whichmotivatesourpresentresearche¤ort.

2.1. Informationcriteriaforreduced-rankmodels

O urmotivation is tobuild V A R -basedmodels for¢ ytwhichcanbeusedforforecasting,

impulse-responseorvariance-decompositionanalysis. A criticalstep inconstructingthese

models ishowtoselectthelaglengthoftheVA R (V EC). M odel-selectioncriteriaareoften

usedinpracticetoselectlaglength. Inprinciple, theyareusefulbecausetheydonotfavor

anyspeci…cmodelagainstothers(nullversusalternativeinhypothesistesting, forexample);

seethediscussion in G ranger, Kingand W hite(19 9 5). Suchcriteriamaychoosedi¤erent

lagorders dependingonwhetherornotweallowforreduced-rankparametermatrices in

theV EC model4. G iventhepotentiale¢ciencygains ofusingcommon-cyclerestrictions,

weinvestigateempiricallytheperformanceofwidely-used selectioncriteriawhenonlylag

lengthisselectedandwhenlaglengthandrankorderareselected. Finalresultscanthenbe

comparedtohelpbuildingastrategyforempiricalwork.

FollowingL ütkepohl(19 9 3), wefocus ontheA kaike, H annan-Q uinnandSchwarz infor-

mationcriteriaforthesimultaneousselectionoflagandrankordersinVA R s(V ECmodels).

FortheV ECmodelinequation(2.3), weassumethatcointegratingvectorsareeitherknown
4Vahid andEngle(19 9 3) focused ontestingtheories thatimplied commoncycles within aV EC-model

framework. T hey derived astatisticaltestforthehypothesis ofrcommon cycles, and recommended a

sequentialtestingprocedurewhichcoulddeterminer:T heirprocedurerequiredthatthenumberoflags, i.e.

p, bechoseninadvance.
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fromtheory, orarecorrectlyestimatedinadvance. T his isdonehereforsimplicity, avoiding

thewellknownproblemofdealingsimultaneouslywithintegratedandstationaryregressors

inV ECmodels;seeTodaandPhillips(19 9 3), forexample. U nderthisassumption, theV EC

modelin(2.3) canbewrittenas:

¢ yt=
·
A1 ::: Ap °

¸

2
666666664

¢ yt¡1
...

¢ yt¡p

® 0yt¡1

3
777777775

+ "t: (2.6)

T helagorderp andthenumberofcommoncyclesr, whichistherankof
·
A1 ::: Ap °

¸
,

canbesimultaneouslychosentominimizeoneofthefollowingmodelselectioncriteria5:

AI C (p;r) = ln
¯̄
¯̂§ "(p;r)

¯̄
+̄
2
T
£r£(np + n ¡r + q) (2.7 )

H Q (p;r) = ln
¯̄
¯̂§ "(p;r)

¯̄
+̄
2 lnlnT

T
£r£(np + n ¡r + q) (2.8)

SC (p;r) = ln
¯̄
¯̂§ "(p;r)

¯̄
+̄
lnT
T
£r£(np + n ¡r + q) (2.9 )

whereq isthenumberofcointegratingvectors, n isthedimensionofthesystem, r istherank

ofV ECmodel, p isthenumberoflaggeddi¤erences inthemodel, §̂ "(p;r) istheestimated

variance-covariancematrixoftheerrorsoftheV ECmodelwithp lagsandrankr;andT is

thenumberofobservations. VahidandEngle(19 9 3) showedthatr ¸q;whichimpliesthat,

givenq, modelsofranksmallerthanqneednotbeconsidered.

Calculatingtheinformationcriteriain(2.7 )-(2.9 )forfull-rankmodels(r = n) isstraight-

forward, sincetheycanbeestimated, equationbyequation, usingO L S. O ntheotherhand,

forreduced-rankmodels, computingthesecriteriafordi¤erentp and r mayseem di¢cult,

sinceonemaythinkthattheirestimationisrequired. H owever, thefollowingL emmastates

awellknownresultthatrelates ln
¯̄
¯̂§ "(p;r)

¯̄
¯tothesquaredcanonicalcorrelations between

5W henthevariables arenotcointegratedq= 0 , andthesecriteriaarethesameas thosesuggested in

L ütkepohl(19 9 3, p. 202).
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¢ ytand
·
¢ y0t¡1 ¢¢¢¢ y0t¡p (® 0yt¡1)

0
0̧
makingcomputationofthesecriteriainthiscase

alsostraightforward.

L emma2.1. T heminimumofln
¯̄
1̄
T

P T
t= 1 "t"0t

¯̄
ūndertheassumptionthat

·
A1 ::: Ap °

¸

hasrankr is

ln
¯̄
¯̄
¯
1
T

TX

t= 1
¢ yt¢ y0t

¯̄
¯̄+̄

nX

i= n¡r+ 1
ln(1¡¸i);

where¸1 < ¸ 2 < ¢¢¢< ¸n arethesamplesquaredcanonicalcorrelationsbetween¢ ytand

thesetofregressors x0t´
·
¢ y0t¡1 ¢¢¢¢ y0t¡p (® 0yt¡1)0

¸
:T hesamplesquaredcanonical

correlationsaretheeigenvaluesof
0
@

TX

t= p+ 1
¢ yt¢ y0t

1
A
¡1 0

@
TX

t= p+ 1
¢ ytx0t

1
A

0
@

TX

t= p+ 1
xtx0t

1
A
¡1 0

@
TX

t= p+ 1
xt¢ y0t

1
A :

Proof. SeeT so(19 81).

T hislemmashowsthat, afterdroppingthecommonconstanttermln
¯̄
1̄
T

P T
t= 1 ¢ yt¢ y0t

¯̄
¯in

(2.7 )-(2.9 ), thesemodel-selectioncriteriacanbeexpressed interms oftheeigenvalues (̧ i)

as:

AI C (p;r) =
nX

i= n¡r+ 1
ln(1¡¸i(p))+

2
T
£r£(np + n ¡r + q) (2.10)

H Q (p;r) =
nX

i= n¡r+ 1
ln(1¡¸i(p))+

2 lnlnT
T

£r£(np + n ¡r + q) (2.11)

SC (p;r) =
nX

i= n¡r+ 1
ln(1¡¸i(p))+

lnT
T
£r£(np + n ¡r + q): (2.12)

H ence, for…xed p; themodel-selectioncriteriaforanyrankcanbeeasilycalculatedafter

theseeigenvaluesarecomputed. T heeigenvaluescanbeeasilycalculatedbyanystatistical

programwhichhasacanonicalcorrelationprocedure6. N oticethat, for…xedT , n andq, the

model-selectioncriteriain(2.10)-(2.12)dependonlyonthelaglengthp andontherankofthe

parametermatricesintheV ECmodelr, i.e., V ECmodelswherethenumberofcointegrating

vectors isknown.
6Forexample, SA S orSTA T A , oranymatrixprogram suchasG A U SS, orbyslightlymodifyinganyofthe

plethoraofcomputerprogramswhichusethis lemmatocalculatetheJohansencointegrationteststatistics

(seechapter20 ofH amilton(19 9 4)).
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3. M onte-Carlodesign

Ifsamples are “large” and thevariables havecommon cycles, ourintuition tells us that

ignoringthem willnotbeveryharmful. T his isbasedontheexpectationthatwith“large”

samples, lag-orderselection is likelytobeunambiguous, and parameterestimates willbe

precise, sothatthereducedrankconstraintswillbe(approximately) truefortheestimated

parameters, evenwhentheyarenotimposedattheestimationstage. H ence, theestimated

models with orwithoutcommon-cyclerestrictions willbe soclose, thattheirresults for

forecasting, impulse-response, andvariance-decompositionanalysiswillbeverysimilar.

T his intuitionshouldnot, however, becarriedovertothecaseof“small” samples. A s a

matteroffact, e¢ciencygainsarepotentiallyrelevantwhensamplesizesaresmallandde-

greesoffreedomarescarce. Inthiscontext, usinginformationcriteriatoselectlagordermay

notbeunambiguous. T hestandardpracticeis todisregardthepossibilityofreduced-rank

modelsintheformulaofwidely-usedmodel-selectioncriteria, i.e., setr = n in(2.10)-(2.12).

T hiscreatesthepotentialproblemofmodelmisspeci…cationinselectinglaglength. Indeed,

selectinglagorderimposingthatthemodelisfull-rankcanyieldacompletelydi¤erentresult

thanselectinglagorderandranksimultaneously. W einvestigatethis issueusing1000 simu-

lationsof100 reduced-rankVA R switheither100 or200 observationseach, tabulatingresults

whenlaglengthaloneischosenandwhenrankandlaglengtharechosensimultaneously.

Tomakepresentation manageable, wechosetoworkwith three- and six-dimensional

VA R s. Intheappliedmacroeconomics literature, modelsthatonlyconsidertherealsideof

theeconomyareusuallythree-dimensional. Forexample, intestingthereal-business-cycle

modelinKing, PlosserandR ebelo(19 9 8), Kingetal.(19 9 1)estimateaVA R includingoutput,

consumption, andinvestment. IsslerandFerreira(19 9 8) useaVA R includingoutput, labor,

and capitalinputs, toestimatelong-run elasticities oftheaggregateproduction function.

Six-dimensionalVA R s usually includeatri-variatereal-variable sub-system, as wellas a

monetarysub-system, includingtherealmoneysupply, realinterestrate, andthelevelof

in‡ation;seeKingetal. forexample.
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T he…rstparameterwesetintheM onte-Carlodesignisthelaglengthp. Itischosenin

ordertoalloweitherthepossibilityofunder- orover-parameterizationoftheVA R (V EC)

model. T his does nothappenineitherL ütkepohl(19 85) orinsomesimulations in N ickels-

burg(19 82). T he…rstuses aD G P with atruelagorderof1 in his simulations, making

under-parameterizationvirtuallyimpossible. T his favors informationcriteriawhichheavily

penalizeover-parameterization, e.g., theSchwarz criterium7 . T hesecondsets thetruelag

ordertofour, butthemaximum lagoffouras wellin theestimation stage. T his makes

over-parameterization impossible, favoringliberalcriteriasuchas the A IC. Toavoidboth

problems, forthethree-dimensionalsystem, wechosethetruelagorderof4 allowingfor

modelsofuptolag8. Forthesix-dimensionalsystem, inordertosavedegreesoffreedom,

weuseastheD G P aV A R withtwolagsandallowestimationuptolagsix.

N ext, wediscuss thechoiceofvariance-covariancematrixfortheVA R error"t in the

M onte-Carlodesign. T heproperties ofestimated V A R s areonly invarianttoscalingthe

variance-covariancematrixoftheerrors byascalar. H owever, thefollowinglemmashows

thatinordertocovertheentirespaceofreduced-rankVA R processesoforder(p), onecan…x

thevariance-covariancematrixof"ttobetheidentitymatrixwithoutanylossofgenerality.

L emma3.1. A nyarbitraryfullranklineartransformationofareduced-rankV A R , generates

anotherVA R withthesamerank.

Proof. ConsideraV AR (p),

yt= A1yt¡1 + ¢¢¢+ Apyt¡p + "t:

A ssumethatP is afullrank n £n matrixwhichorthogonalizes thevariance-covariance

matrixof"t. D e…ne z t´Pyt, B 1 ´PA1P¡1 , ¢¢¢, B p ´PApP¡1, and ´t´P"t, where

E (́ t́
0
t) = I n. W ehave,

z t ´ Pyt= PA1yt¡1 + ¢¢¢+ PApyt¡p + P"t
7 N otsurprisingly, this is exactlythecriterium thatdoes bestin choosingthecorrectlagorderin his

simulations.
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= PA1P¡1Pyt¡1 + ¢¢¢+ PApP¡1Pyt¡p + P"t

= B 1 z t¡1 + ¢¢¢+ B p z t¡p + ´t: (3.1)

SincePisoffullrank, theB i’shavethesamerankasoftheirAi’scounterpart. Sinceallthe

Ai’shavethesameleftnull-space, sowillallthePAi’s, andthereforesowilltheB i’s.

W enowturntochoiceofthecoe¢cients intheconditionalmeanoftheVA R (V EC)

model. A n exhaustive M onte-Carlostudyovertheentiremodelspace is unfeasible. Itis

customary, as in L ütkepohl(19 85), tochooseseveralsets ofeigenvalues forthecompanion

matrix8 oftheVA R , andtochoosearbitraryparametermatrices whichgiverisetothose

eigenvalues, averagingtheresultsoveralltheseD G P s. A lthoughtheresultsgeneratedfrom

suchadesignstrategymightbeusefulforgeneraltime-series analysts, theyareunsuitable

foreconomistswhoworkwithaggregatemacroeconomicsdata. T his isbecausethecyclical

structure(i.e. signaltonoiseratio) ofmodels includingmacroeconomicaggregates canbe

quiteweak, especiallyforsystemswhichdonotcontainamonetarysector. Forexample, the

system R 2 (ameasuresimilartoR 2 forunivariatemodelswhichisdiscussedintheA ppendix)

forKingetal.’s(19 9 1) V ECmodelofU S per-capitaincome, consumption, andinvestmentis

0.44,whereasthesystemR 2 for160 outofthe200 D G P swhichL ütkepohl(19 85)averagesover

areabove0.5, and96ofthesearegreaterthan0.8. Sincethispaperisintendedprimarilyfor

appliedmacroeconomists, adesignwhichgivestoomuchweighttomodelswithhighsystem

R 2 wouldbeinappropriate.

H ere, westartwitha“typical” macroeconometricstudyinordertoselecttheD G P and

thesystem R 2 associatedwith it. T hedatasetusedforchoosingourparametervalues is

thesameasinKingetal.(19 9 1)9 . Forthethree-variablesystem, weconsidered100 di¤erent

D G P s. T heirsetofparametervalues aredrawnrandomlyfrom theestimatedasymptotic

9 5% con…denceregionoftheparameters ofreduced-rankVA R s oforderfour. T helatter
8 T hecompanionmatrixofaVA R (p)isthecoe¢cientmatrixofitsV A R (1)representation. T hecondition

forV A R (p)tobestationaryisthatalloftheeigenvaluesofitscompanionmatrixareinsidetheunitcircle.
9 Kingetal.(19 9 1)chosealaglengthofeightfortheirthreevariablemodelandalaglengthofsixfortheir

sixvariablemodel. T heychosetheselaglengthsona-priori grounds, andwithoutanyreferencetodata.
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arebasedonestimatesoffourth-orderVA R softhe…rst-di¤erencesofthelogarithmsofU S

per-capitaprivateincome, consumption, and investmentovertheperiod19 47 .1 to19 88.4,

inquarterlyfrequency. Forthesix-variablemodel, wealsoconsidered100 D G P s, drawned

usingthesamemethod, after…ttingreduced-rankVA R sofordertwotothe…rstdi¤erences

oflogarithmsofper-capitaprivateincome, consumption, investment, realmoneybalances,

interestrateand in‡ation overtheperiod 19 47 .1 to19 88.4. Forallcases, wehavebeen

carefultoverifythatalloftheserandomlydrawnD G P s satisfythestationarityconditions

forVectorA utoregressions10.

B ychoosingourD G P s from this “plausible” subsetoftheparameterspace, webelieve

thatourresults would bedirectlyrelevantforappliedmacroeconomists. Forcomparison

withL ütkepohl(19 85), themedianofthesystem R 2 measureforourgeneratedthree-variable

D G P s isbetween0.5 and0.6, withlessthan5% largerthan0.7 andnonegreaterthan0.8.

T heM onte-Carlosimulationconsistsofthefollowing:

1. U singeachofthese100 D G P s, wegenerate1000 samples (ofeither100 or200 ob-

servations), recordthelaglengthchosenbytraditional(full-rank) A IC, H Q , andSC

measures, i.e., theinformationcriteriastatedin(2.10)-(2.12)whenr = n , andthelag

lengthandrankorderchosenbytheinformationcriteriastatedin(2.10)-(2.12).

1. Inallcases, toreducetheimpactofinitialvaluesonsimulatedseries, wegenerated

500 observations. O nly thelast116or216observations were selected forthe

forecastingexerciseandonlythelast100 and200 wereselectedfortheimpulse-

responseandvariance-decompositionexercises.

2. W ethencomparetheabilityofeachofthesestrategiesofmodelselectioninestimating

theD G P ’struelaglengthandrank. T hiscomparisonallowsmeasuringthechanceof

misspeci…cationarisingfrom ignoringcommon-cyclesatthelag-lengthselectionstage.
10T he range of the absolute value of the maximum eigenvalue of the tri-variate rank-one D G P s is

(0 :49;0 :87). Forthetri-variaterank-twoD G P s this rangeis (0 :63;0 :92), andforthesix-variaterank-four

D G P s itis(0 :56;0 :96).
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3. Basedontheinformation-criteriaresults, a“best” modelforeachcriterium is chosen

whentraditional(full-rank) criteriaareusedanda“best” modelforeachcriterium is

alsochosenwhenthecriteriain(2.10)-(2.12) areused. Foreachtypeofinformation

criteriathesetwo“best” modelsarecomparedregarding:

1. out-of-sampleforecastingaccuracyupto16periodsahead, and,

2. mean-squared-errorinestimatingvariancedecompositions offorecasterrors and

impulse-responsefunctions.

W eturnnowtothespeci…csoftheexercisesonforecastingevaluationandonvariance-

decompositionandimpulse-responsefunctionestimates.

3.1. M easuringforecastingaccuracy

A ppropriateevaluationofforecastsdependsonthespeci…cusethattheforecastsareneeded

for, i.e. the“lossfunction”oftheuser. T hefactthatwehaveappliedeconomistsasourtarget

audiencedoesnotpointtoanyspeci…cwaythatweshouldevaluatetheforecastsofalternative

models. First, itis notreasonabletoimposeanytypeofasymmetryinevaluatingforecast

errors. Second, amacroeconomistwhomodelsthegrowthrateofincome, consumptionand

investment, mightinfactbeinterestedinthegrowthratesofincome, savingsandinvestment,

orshemightbeinterested inforecastingthelevels basedonthegrowthrates. T herefore,

itis importanttoevaluatetheforecastingperformanceofdi¤erentmodels onthebasis of

measures thatareinvarianttolineartransformationofforecasts atonehorizon, oracross

di¤erenthorizons. O nemeasurethatsatis…es this invarianceproperty is thegeneralized

forecasterrorsecondmoment(G FESM ) introducedbyClements andH endry(19 9 4). Itis

thedeterminantoftheexpectedvalueoftheouterproductofthevectorofstackedforecast

errors ofallfuturetimes up tothehorizonofinterest. Forexample, ifforecasts up to h
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quartersaheadareofinterest, thismeasurewillbe:

G FESM =

¯̄
¯̄
¯̄
¯̄
¯̄
¯̄
¯̄
¯

E

0
BBBBBBBB@

~"t+ 1

~"t+ 2
...

~"t+ h

1
CCCCCCCCA

0
BBBBBBBB@

~"t+ 1

~"t+ 2
...

~"t+ h

1
CCCCCCCCA

0̄̄¯̄
¯̄
¯̄
¯̄
¯̄
¯̄
¯

where~"t+ h isthen -dimensionalforecasterrorathorizonh ofourn -variablemodel. Itisob-

viousthatthismeasureisinvarianttoelementaryoperationsthatinvolvedi¤erentvariables,

andalsotoelementaryoperations thatinvolvethesamevariableindi¤erenthorizons. In

theM onte-Carlo, theaboveexpectationisevaluatedforeverymodel, byaveragingoverthe

simulations.

W ealsoconsideredheretwoadditionalmeasures offorecastingaccuracy. T he…rstis

thedeterminantofthemeansquaredforecasterrormatrixatdi¤erenthorizons (jM SFEhj),
and the second is thetraceofthemean squared forecasterrormatrix (TM SFE). T he

determinantofthe M SFE is invarianttoelementaryoperations onforecasts ofdi¤erent

variables atasinglehorizon, butitis notinvarianttoelementaryoperations onforecasts

acrossdi¤erenthorizons. T hetraceofthemeansquaredforecasterrormatrixisnotinvariant

toeitherofthesetransformations.

T hereisonecomplicationarisingfromthefactthatwearesimulating100 di¤erentD G P s.

Inthiscase, thesimpleaveragingofthesemeasuresacrossdi¤erentD G P sisnotappropriate,

sincetheforecasterrorsofdi¤erentD G P sdonothaveidenticalvariance-covariancematrices.

L ütkepohl(19 85) normalizes theforecasterrors bytheirtruevariance-covariancematrixin

eachcasetogeti.i.d. observations. U nfortunately, thiswouldbeaverytimeconsumingpro-

cedureforameasurelikeG FESM whichinvolvesstackederrorsofmanyhorizons. Instead,

wecalculatethepercentagechangeinthesemeasures inthe“best” full-rankmodelandthe

“best” reduced-rankmodelchosenbyeachcriterium foreveryD G P, andthenaveragethese

changesoverallD G P s.
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3.2. Precisionofimpulse-responseandvariance-decompositionestimates

A lthoughinmanycasestheobjectsofinterestinappliedstudiesthatuseVA R orV ECmodels

areimpulse-responsefunctionsandvariance-decompositionsofforecasterrors, allsimulation

studies weawareoffocus onforecastcomparisons alone. T hus, studyingtheprecisionof

estimatesofimpulse-responsefunctionsandvariance-decompositioncoe¢cientsfordi¤erent

VA R andV ECmodelshasalsoahighpayo¤.

Impulse-responsefunctionsandvariance-decompositionofforecasterrorsdi¤erfrommulti-

stepforecastsofV A R ofV ECmodels inwhichtheyarenotonlynon-linearfunctionsofthe

estimatesofmean-parametermatricesbutofthevariance-covariancematrixofsystemerrors

aswell. G iventhisaddeddimensiontotheproblem, onecannotapriori expecttogetsimilar

resultstotheforecastingexercise.

M oreover, thereafewissuesthatarespeci…ctotheanalysisofimpulse-responsefunctions

andvariancedecompositionofforecasterrors. First, errorshavetobeorthogonalforresults

tobemeaningful11. A s is wellknown, thereareseveraltechniques thatyieldorthogonal

errors. H ere, wechosetousetheCholeski decompositionforthevariance-covariancematrix

toorthogonalize shocks, since this is by farthemostpopularmethod used in practice.

Second, forathree-variablesystemtherearenineimpulse-responseandvariance-component

coe¢cients ineachhorizon. Forasix-variablesystemtherearethirtysix. Inordertoreport

results inacompactway, themean-squarederrorsofeachofthem iscomputedfortherank-

restrictedandtheunrestrictedVA R model. T hen, thepercentageimprovementinM SEof

therestrictedmodelis computedforeachofthesecoe¢cients. Finally, foreachhorizon,

themeanpercentageimprovementacross allcoe¢cients is computed. Itshouldbenoticed

thatthismethodensuresthat…nalresultsdonotdependontheunitofmeasurementofthe

variables inthesystem. T hird, inordertokeepthesizeofourtablesdowntoaminimum,

onlyvariance-decompositionresultsarereported, sinceresultsforimpulseresponsesfollowed
11Inthiscase, theresultsinourL emma2 arenotapplicable, sinceM onte-Carloresultsarenotindependent

ofthewaychosentoorthogonalizeshockstotheV A R .
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averysimilarpatterntothosefoundinthevariance-decompositionexercise.

3.3. A benchmarkforfuturereference

A s in anysimulation study is usefultogenerateabenchmarkcasetobeused forfuture

reference. H ere, wechoseasanaturalbenchmarksimulationthecasewheretheresearcher

knowsthetruelaglengthoftheVA R , therebyrulingoutanychanceofmodelmisspeci…cation.

A nydi¤erencesbetweenreduced-rankandfull-rankVA R modelsre‡ectsolelye¢ciencygains

oftheformer.

Tosavespacewepresenttheresults ofthis exerciseonlyforthethree-variablesystem.

Table1 showsthepercentageimprovementofdi¤erentmeasuresofforecastaccuracyandof

mean-squarederror(M SE) ofvariance-decompositioncoe¢cientswhenreduced-rankV EC

modelsareallowedfor. IfG FESM isconsidered, forecastingaccuracycanimproveasmuch

as 7 3% , withamedianimprovementacross allhorizonsandsamplesizesofabout30% . If

jM SFEhjand TM SFE areconsideredthegains aresmaller(22% and 2% respectively).

Italsobecomes clearthattheyhappenmostlyatshorthorizons, whichdoes nothappen

whenG FESM isconsidered, sincethelatteraccumulatesforecasting-accuracygainsacross

horizons. T hegainsinM SEofvariance-decompositioncoe¢cientsarealsosizable- theycan

beashighas66% withamediangainofabout45% , althoughatthe…rsthorizonthereisa

loss inM SEthatcanreachupto43% .

T heseresults showthepotentiale¢ciencygainswhenthelag-lengthofVA R andV EC

models areknown. A lthough they serveas abenchmark, thesegains areunrealisticfor

empiricalstudies, sincetherelaglengthsmustbeestimatedbeforehand. W enextconsider

reduced-rankmodels lag-length selectionusinginformationcriteriaundertwodistinctsit-

uations. First, whentheinformationcriteriain (2.10)-(2.12) areused settingr = n , and

second, whentheyareusedallowingforthepossibilityofreducedrankin VA R andV EC

models.

T his typeofexerciseallows investigatingthefollowing: (i) howoftenmodelselection
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criteriachooseadi¤erentlaglengthwhen, asisthenorminpractice, onlyfullrankmodelsare

considered?Theseresultsarethenconfrontedwiththoseobtainedwhenthesamecriterium

is usedtopickthelagorderandrankatthesametime;(ii) dodi¤erences inthechosen

modelsbythesetwoclassesofmodelselectioncriterialeadtomajordi¤erencesinforecasting

accuracy?A nd(iii)dodi¤erencesinthechosenmodelsbythesetwoclassesofmodelselection

criterialeadtomajordi¤erencesofaccuracyofestimatesofimpulse-responseandvariance-

decomposition coe¢cients. A secondaryresult, which canbeofinteresttopractitioners,

is therelativeperformanceofdi¤erentmodel-selection criteriaforreduced-rankVA R s in

choosingtheircorrectlagandrankorder.

4. M onte-Carlosimulationresultsforthethree-variablemodel

4.1. Selectionoflagandrankorder

Table 2.ashows thefrequencyoflag-orderselection in 1000 simulations of100 trivariate

VA R s(4) withrank1 byA IC, H Q andSCwhenonlyfullrankmodelsareconsidered, and

whenrankandlagorders aredeterminedsimultaneously. T hetop halfofthis tablecorre-

spondstoasamplesizeof100, andthebottomhalfcorrespondstosamplesof200 observa-

tions. Table2.bshowstheanalogousfrequencieswhenthetrueD G P isatrivariateVA R (4)

ofrank2.

T heseTablescon…rmthatselectingthelagandrankorderjointly, canleadtochoiceofa

modelwhichisofhigherlag-orderthanthelag-lengthchosenwhenonlyfullrankmodelsare

considered. Forexample, thetophalfofTable2.ashowsthatforsamplesof100 observations,

themodalchoiceofallthreecriteriais V A R (1), withAI C choosingthetruelagof4only

14 percentofthetime. T heothertwocriteriachooseaVA R (4) withafrequencyofless

than1 percent. H owever, whenthelagandrankarechosensimultaneously, thereisalarge

reductioninthenumberoftimesthattheV A R (1) ischosen, regardlessofthecriteriumused.

Furthermore, thefrequencyofthecorrectlagchosenincreases signi…cantly. InbothTables

2.aand2.b, AI C chooses thecorrectlagandrankmoreoftenthantheothertwocriteria,

21



withH Q aclosesecond. T hemodalchoiceoftheSchwarzcriterium staysataVA R (1) even

with200 observations.

Twopoints areworth noting. First, even in those cases inwhich thecriteriachoose

thewronglag-length, theyarelikelytochoosethecorrectrank. T heonlyexceptionisSC

whenthetruerankis 2 andthereareonly100 observations. T his suggests thatcommon

cycles can bedetected even ifthewronglag-length is chosen. T his is plausible, because

thepropertythatalinearcombinationofvariables has nodependencewiththepast(the

necessaryandsu¢cientconditionforcommoncycles), isunrelatedtowhatthosecyclesare

andwhethertheyarecorrectlyspeci…ed. T hesecondpointis thatAI C has atendencyto

over-predictthetruelaglength, evenwhensamplesizeis 200, onceonechooses lag-length

andranksimultaneously. G iventheevidenceontheadversee¤ectsofoverparameterization

onforecastingintimeseriesmodels intheliterature(seeL ütkepohl, 19 85), thiscautionsus

thatthecostsofusingAI C tochooselagandrankorderjointlymayoutweighitsbene…ts.

T heanalysisoftheforecasts inthenextsubsectioncon…rmsthatthis is indeedthecase.

4.2.Forecasts

Tables 3.aand3.b showthepercentageimprovementinthesemeasureswhenlagandrank

arechosensimultaneously, overwhenlag-lengthis chosenaloneimposingr = n. A general

conclusionisthatreduced-rankmodelshavenoforecastabilitybeyond8 periods, andmost

oftheadvantageoflookingforcommoncycles is inforecastingonetofourperiods ahead.

D espitethat, therearestillnon-trivialgains forconsideringthepossibilityofreduced-rank

models: G FESM canbereducedupto32% , jM SFEhjupto11% andTM SFE upto8% ,

whenthetruerankisone. Forranktwothesepotentialreductionsarerespectively31% , 9 % ,

and5% . T hesenumbersareabouthalfaslargeasourbenchmarkcasewhenG FESM and

jM SFEhjareconsidered, butarelargerwhenTM SFE isconsidered.

T heresults inTables 3.aand3.ballowalsocomparingthethreeinformationcriteriain

termsoftheirrelativeperformance. R egardlessoftheforecasting-accuracymeasureused, H Q
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providesthebestforecastingperformanceacrossinformationcriteria, whileAI C providesthe

worst. O urresults forH Q andSC showthattherearesizablebene…ts from choosinglag

andrankjointly. Inthesecases, thesecriteriagiverisetomodelsthatareclosertothetrue

D G P, withoutincreasingthechanceofovershootingthecorrectlag.

O n the otherhand, consideringthe forecastperformance ofAI C , and the increased

possibilityofover-predictionofthelag-orderwhenlagandrankarechosensimultaneously,

especiallywhensamplesizeis100, weconcludethatthejointdeterminationoflagandorder

byAI C inmodelswithsmallR 2 isnotappropriate. Indeed, ifonewantstouseAI C , andalso

wantstoallowforpossibilityofcommoncycles, itwouldbebettertoemploythefollowing

strategy. First, useAI C tochoosethelaglengthtestingforcommoncyclesusingthetestin

VahidandEngle(19 9 3). T hen, imposecommoncycles ifthatisnotrejectedbythetesting

procedure. Inthisway, thepossibilityofovershootingthecorrectlaglength is somewhat

controlled.

4.3. Variance-decompositionresults

T hepercentimprovementofestimates offorecast-errorvariancedecompositioncoe¢cients

arepresented in Table4. Firstnoticethatthesmallestgains (largestlosses) areobtained

forhorizonone, whereresultsdependexclusivelyontheestimateofthevariance-covariance

matrixoftheerrors12;asimilarresultisobtainedinourbenchmarkcase. T hismaybedue

tothefactthatthevariancecontributionsarearatioofelementsofthevariance-covariance

matrix. H ence, althoughtherestrictedmodelestimatesthelattermoreprecisely, itperforms

worseinestimatingthevarianceratioscomparedtotheunrestrictedmodel. Second, when

samplesize is 100 observations, thereis noconsistentpatternofresults favoringreduced-

rankcriteria(i.e., whenlagandrankarejointlyselected). T hird, increasingthesamplesize

to200 observations improves thegains ofreduced-rankmodels regardless ofthecriterium

considered. T hehighestrealizedgainhappenswhentheH Q criterium isusedinthis case,
12 N oticethat, forhorizonone, whentheCholeski decompositionis employed, thereareonly…vevariance

contributionsthatvaryacrosssimulations.
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althoughthis says nothingabouttherelativeperformanceacross criteriaforestimationof

variance-decompositionestimates.

5. M onte-Carlosimulationresultsforthesix-variablemodel

T heD G P s ofthesix-variableM onte-Carlosimulations aredrawnuniformlyfrom thecon-

…denceregionofanestimatedsix-variableVA R (2) ofrank4, basedonU S macroeconomic

aggregates. T hesixvariables arethegrowthrates ofper-capitaincome, consumption, in-

vestmentandrealmoneybalances, andthe…rstdi¤erenceofinterestratesandthein‡ation

rate, from 19 47 :1 to19 8 8:4. T his is thedatasetused inKing, etal(19 9 1). T headdition

ofthemonetaryvariablestothesystem, increasesthesystem R 2 from 0.44to0.81. T his is

possiblyduetothefactthatmonetaryvariablesaremoredependentonthepastthanreal

variables, andthatthereisastrongcrosscorrelationbetweenthegrowthratesofrealmoney

balancesandincome.

T hemaximum lag-lengthconsideredis6, whichis thelaglengththatKingetal.(19 9 1)

used intheiranalysis. Inordertoreducethecomputationalcosts, wehavedrawnonly20

D G P sandperformed500 simulations ineachcase. Incontrasttothethree-variablemodel,

theD G P s inthisexerciseallhaveR 2 between 0:8 and 0:9;whichimpliesthat…nitesamples

aremoreinformativeaboutthestructureoftheD G P than intheprevious threevariable

case, andthatinformationcriteriamustbemoresuccessfulinselectingthecorrectlag. T his

isclearfrom thelagandlag-rankorderschosenbythedi¤erentcriteriareportedinTable5.

Table5 showsthefrequencyofmakingthecorrectchoice, usingeachofthethreecriteria.

T heproblem withAI C over-shootingthecorrectlag, when lagandrankorderis chosen

simultaneously, is muchmorepronouncedhere, especially in samples of100 observations.

Inthiscase, theregularAI C onlyovershootsthetruelag-orderinlessthan2 percent, but

thelag-rankversionoftheAI C overshoots thetruelagin 9 .4 percentofallofthe10,000

simulations. Ifweaddthe 8.3 percentageoftimes thatAI C overpredicts therankeven

though itpredicts thelag-ordercorrectly, weseethatAI C leads toanoverparameterized
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modelinmorethan17 percentinallsimulations.

T heinterestinginformation in Table5, however, is therelativesuccess oftheH annan-

Q uinn criterium in choosingthecorrectlagand rankorder, withouttheriskofoverpa-

rameterizingthemodel. T his repeatswhatweobserved inourthree-variablesimulations.

Evenwithasamplesizeof100, theH annan-Q uinncriterium chooses thecorrectlag9 4.2

percentofthetimes, andleads tooverparameterizedmodels inless than0.5 percentofall

simulations. W ithasamplesizeof200, theH annan-Q uinncriterium is almostperfectin

choosingthecorrectlag-order(9 9 .9 8 percent), andis thebestamongthethreecriteriafor

choosingthecorrectlag-rankcombination9 0.7 percentinallsimulations. A lthoughtheper-

centageofthetimesthattheSchwarzcriterium choosesthetruelagimproveswhenthelag

andrankorderarechosensimultaneously, thiscriterium is stillsigni…cantlybiasedtowards

under-parameterizingthemodel, evenwhenthesignalis strongandthesamplesizeis 200.

T heconfusioncausedbyAI C whenitisusedtochooselagandrankordersimultaneously,

is re‡ected in its forecastperformance. Table6shows theimprovementintheforecasting

performanceofmodelschosenbythedi¤erentcriteriawhenrankorderischoseninthemodel

selectionstageoverwhenitis ignored. W henthesamplesizeis 100, usingAI C tochoose

thelag-lengthandrankordersimultaneouslyleadstoverypoorforecastperformanceofthe

selectedmodel, forlongerthanonestep aheadhorizons. G iventherelativesuccess ofthe

H annan-Q uinncriterium inchoosingthecorrectlag-rankorder, itleadstomodelswiththe

bestoverallforecastperformance, withAI C beingaclosesecondonlywhenthesamplesize

is 200. U nlikethecasewherethesignaltonoiseratiowassmall, theunderparameterization

ofthetruemodelby the Schwarz criterium is re‡ected by avery poorrelative forecast

performanceofmodelschosenbythiscriterium.

6.Conclusions

T his paperarguesthatthestylizedfactthat“macroeconomicvariablesmovetogetherover

thebusiness cycle” should betaken seriously in econometricmodels usingthem, usually
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aV A R oraV EC model. T he M onte-Carloanalysis in this papersuggests thefollowing

messagestopractitionerswhoanalyzedatawhichexhibitcomovement:

1. T herearenon-trivialgainsinforecastingaccuracyandinM SEofestimatesofvariance-

decompositioncoe¢cientswhenweallowVA R andV ECmodelstobeofreducedrank.

T heseresultsarestrongerinourbenchmarkcase(lagorderisknown), butarecon…rmed

aswellforthemorerealisticcasewherelagorderisselectedusingpopularinformation

criteria.

2. Informationcriteriathatallowforreduced-rankV A R andV ECmodelsperformbetter

in choosingthecorrectlaglengthcomparedtothesesame informationcriteriathat

disregardreduced-rankmodels (n = r).

3. IfH Q andSC areusedinacontextwhichallowsthem topickreducedrankmodels,

thentheproblem thattheyunderpredictthetruelag-lengthis signi…cantlyremedied.

4. D onotuseAI C tochooselagandrankorderatthesametime, especiallywhenthe

samplesizeissmall.

5. T heH annan-Q uinncriterium seems tobethebestcriterium forchoosinglag-length

andrankorderatthesametime.

T heanalysisalsocon…rmsthatAI C canleadtoover-parameterizedmodelswithadverse

consequencesforforecastperformance. H owever, itrevealsthatL ütkepohl’s(19 85)conclusion

thatmodelsselectedbySchwarzcriterium leadtobestforecasts isanartifactofhis M onte-

Carlodesign.
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A . System R 2 andsignal-to-noiseratio

Inamultipleregressionwithstochasticregressorsandi.i.d. errors, y= X ¯ + ";thelimiting

signal-to-noiseratio(snr) canbede…nedas:

snr =
¯0limT! 1 E

³
X 0X
T

´
¯

¾ 2"
; (A .1)

whereE(""0) = ¾ 2"¢I , andtheproportionofthevariationofdependentvariableexplained

bythemodel, i.e. thepopulationR 2 , is:

R 2 =
¯ 0limT!1 E

³
X 0X
T

´
¯

¾ 2" + ¯0limT! 1 E
³
X 0X
T

´
¯
=

snr
(1 + snr)

:
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Sincetheasymptoticvarianceof
p
T

³b̄¡¯
´
isAV AR (b̄) = ¾ 2"

³
limT!1 E

³
X 0X
T

´́ ¡1
, we

canwrite(A .1) as:

snr = ¯ 0
³
AV AR (b̄)

¡́1
¯: (A .2)

ConsidernowaV AR (p):

yt= A1yt¡1 + ¢¢¢+ Apyt¡p + "t: (A .3)

T heanalogousmeasureofsnr foritis:

snr = ¯ 0
³
§  ¡1

´
¯ (A .4)

where¯ = vec(A), A =
·
A1 ::: Ap

¸
, E

³
"t"0t¡j

´
=  , and:

§ =

0
BBBBBBBB@

¡ 0 ¡1 ¢¢¢¡p¡1

¡01 ¡ 0 ¢¢¢¡p¡2

¢¢¢ ¢¢¢ ¢¢¢ ¢¢¢
¡0p¡1 ¡0p¡2 ¢¢¢ ¡ 0

1
CCCCCCCCA

;

where¡j= E
³
yty0t¡j

´
:N oticethat§ iscompletelydeterminedby(A; )viatheYule-W alker

equations13. A ftersomealgebra, itcanbeshownthat(A .4) isequalto:

snr = ¯0
³
§  ¡1

´
¯ = trace

³
¡ 0  ¡1

´
¡n:

U singthislastresult, onecanthende…nethesystem R 2 tobe:

R 2 =
trace (¡ 0  ¡1)¡n

1 + trace (¡ 0  ¡1)¡n
:

13SeeH amilton(19 9 4) Chapter10, L ütkepohl(19 9 3) Chapter1, orR einsel(19 9 3) Chapter2.
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Table1: PercentageimprovementinM SEofforecast-errorvariancedecompositions, anddi¤erentforecastmeasureswhenthelaglength
isknown

horizon Truerankisone Truerankistwo
(h) G FESM jM SFEhj T M SFE Var. D ec. G FESM jM SFEhj T M SFE Var. D ec.

Samplesize100
1 22.22 22.22 1.9 7 -14.10 12.08 12.08 0.9 8 -39 .60
4 60.41 8.66 1.7 2 45.55 34.56 5.02 0.9 6 45.23
8 7 0.54 1.7 0 1.39 46.9 1 42.57 1.32 0.7 7 43.84
12 7 2.34 0.46 1.03 46.25 44.66 0.45 0.59 46.9 1
16 7 2.86 0.21 0.81 45.9 5 45.26 0.25 0.47 47 .7 3

Samplesize200
1 11.22 11.22 1.14 -7 .9 2 6.55 6.55 0.60 -42.53
4 29 .53 3.80 0.88 64.50 17 .80 2.32 0.52 9 .32
8 32.9 7 0.52 0.64 66.20 20.7 2 0.46 0.37 13.18
12 33.37 0.11 0.45 64.07 21.19 0.07 0.27 14.51
16 33.47 0.05 0.34 63.52 21.25 0.06 0.20 14.9 0



Table2.a: Frequencyoflag(p)andlag-rank(p;r)choicebydi¤erentcriteriawhenthetruemodelsare(4;1 )
Selectedlag 1 2 3 4 5 6 7 8
Selectedrank 1 2 3 1 2 3 1 2 3 1T 2 3 1 2 3 1 2 3 1 2 3 1 2 3

N umberofobservations= 100
AIC (p) ¡ ¡ 57 .0 ¡ ¡ 13.1 ¡ ¡ 12.6 ¡ ¡ 14.0 ¡ ¡ 2.0 ¡ ¡ 0.7 ¡ ¡ 0.3 ¡ ¡ 0.3
AIC (p;r) 10.8 2.5 0.4 7 .4 2.0 0.1 14.4 2.4 0.1 32.7 3.4 * 8.3 1.1 * 5.0 0.6 * 3.8 0.4 * 4.0 0.5 *
HQ (p) ¡ ¡ 9 2.9 ¡ ¡ 4.7 ¡ ¡ 1.7 ¡ ¡ 0.7 ¡ ¡ * ¡ ¡ * ¡ ¡ 0 ¡ ¡ 0
HQ (p;r) 39 .2 1.9 0.2 13.3 0.3 * 17 .0 0.1 * 24.3 0.1 * 2.4 * 0 0.7 * 0 0.3 0 0 0.1 0 0
S C (p) ¡ ¡ 9 9 .6 ¡ ¡ 0.4 ¡ ¡ * ¡ ¡ * ¡ ¡ 0 ¡ ¡ 0 ¡ ¡ 0 ¡ ¡ 0
S C (p;r) 7 3.8 0.4 * 10.7 * 0 8.4 0 0 6.6 0 0 0.1 0 0 * 0 0 0 0 0 0 0 0

N umberofobservations= 200
AIC (p) ¡ ¡ 25.9 ¡ ¡ 10.7 ¡ ¡ 20.0 ¡ ¡ 40.0 ¡ ¡ 2.7 ¡ ¡ 0.5 ¡ ¡ 0.2 ¡ ¡ *
AIC (p;r) 2.2 0.7 0.1 3.3 0.8 * 12.1 1.8 * 56.4 4.1 0.1 9 .1 0.8 * 4.1 0.3 0 2.3 0.1 0 1.6 0.1 0
HQ (p) ¡ ¡ 80.1 ¡ ¡ 7 .8 ¡ ¡ 7 .2 ¡ ¡ 4.9 ¡ ¡ * ¡ ¡ 0 ¡ ¡ 0 ¡ ¡ 0
HQ (p;r) 16.1 0.6 0.1 8.9 0.1 * 20.7 0.1 0 51.3 * 0 1.9 0 0 0.2 0 0 * 0 0 * 0 0
S C (p) ¡ ¡ 9 8 .6 ¡ ¡ 1.0 ¡ ¡ 0.3 ¡ ¡ 0.1 ¡ ¡ 0 ¡ ¡ 0 ¡ ¡ 0 ¡ ¡ 0
S C (p;r) 49 .4 0.1 * 11.1 * 0 17 .1 0 0 22.3 0 0 0.1 0 0 * 0 0 0 0 0 0 0 0

N umbers ineachcellrepresentpercentagetimesthatthemodelselectioncriterioncorrespondingtothatrowchosethelag-rankordercorrespondingtothat
columnin100,000 simulations(1000 simulationsof100 di¤erentD G P s). T hetruelag-orderis identi…edwithsuperscriptT . A * correspondstoanon-zero

valuelessthan0.05 percent. N umbers inarowmaynotaddupto100.0 exactlybecauseofrounding.



Table2.b: Frequencyoflag(p)andlag-rank(p;r)choicebydi¤erentcriteriawhenthetruemodelsare(4;2)
Selectedlag 1 2 3 4 5 6 7 8
Selectedrank 1 2 3 1 2 3 1 2 3 1 2T 3 1 2 3 1 2 3 1 2 3 1 2 3

N umberofobservations= 100
AIC (p) ¡ ¡ 19 .9 ¡ ¡ 10.2 ¡ ¡ 21.3 ¡ ¡ 41.3 ¡ ¡ 4.6 ¡ ¡ 1.5 ¡ ¡ 0.7 ¡ ¡ 0.5
AIC (p;r) 1.1 4.9 1.0 1.0 4.7 0.6 2.5 15.5 1.2 4.3 43.7 1.8 1.2 7 .0 0.3 0.8 3.1 0.1 0.7 1.8 * 0.9 1.6 *
HQ (p) ¡ ¡ 64.1 ¡ ¡ 13.1 ¡ ¡ 12.7 ¡ ¡ 9 .9 ¡ ¡ 0.1 ¡ ¡ * ¡ ¡ 0 ¡ ¡ 0
HQ (p;r) 8.6 19 .6 1.9 5.0 8.1 0.2 8.1 14.8 0.1 10.5 20.8 * 1.1 0.6 0 0.4 0.1 0 0.1 * 0 0.1 * 0
S C (p) ¡ ¡ 9 3.2 ¡ ¡ 5.1 ¡ ¡ 1.5 ¡ ¡ 0.2 ¡ ¡ 0 ¡ ¡ 0 ¡ ¡ 0 ¡ ¡ 0
S C (p;r) 30.3 30.6 1.2 9 .5 4.8 * 9 .4 4.3 * 7 .9 1.9 0 0.2 * 0 * 0 0 * 0 0 0 0 0

N umberofobservations= 200
AIC (p) ¡ ¡ 3.3 ¡ ¡ 2.7 ¡ ¡ 16.3 ¡ ¡ 7 2.2 ¡ ¡ 4.3 ¡ ¡ 0.8 ¡ ¡ 0.2 ¡ ¡ 0.1
AIC (p;r) 0.1 0.6 0.2 0.1 0.9 0.1 0.3 10.2 0.7 0.9 7 2.3 2.5 0.2 7 .1 0.2 0.1 2.0 * 0.1 0.8 * 0.1 0.4 *
HQ (p) ¡ ¡ 27 .9 ¡ ¡ 9 .6 ¡ ¡ 23.3 ¡ ¡ 39 .2 ¡ ¡ * ¡ ¡ 0 ¡ ¡ 0 ¡ ¡ 0
HQ (p;r) 1.3 7 .5 0.6 0.9 4.7 * 3.4 20.0 * 4.7 56.2 * 0.2 0.4 0 * * 0 * 0 0 * 0 0
S C (p) ¡ ¡ 7 4.4 ¡ ¡ 10.4 ¡ ¡ 10.3 ¡ ¡ 5.0 ¡ ¡ 0 ¡ ¡ 0 ¡ ¡ 0 ¡ ¡ 0
S C (p;r) 9 .2 26.9 0.7 4.3 6.8 * 8.2 15.1 0 9 .1 19 .8 0 * * 0 * 0 0 0 0 0 0 0 0

N umbers ineachcellrepresentpercentagetimesthatthemodelselectioncriterioncorrespondingtothatrowchosethelag-rankordercorrespondingtothat
columnin100,000 simulations(1000 simulationsof100 di¤erentD G P s). T hetruelag-orderis identi…edwithsuperscriptT . A * correspondstoanon-zero

valuelessthan0.05 percent. N umbers inarowmaynotaddupto100.0 exactlybecauseofrounding.



Table3a: Percentageimprovementindi¤erentmeasuresofaccuracyinforecastsgeneratedbythebestpossiblyreducedrankV A R

overthebestfullrankV A R chosenbythesamemodelselectioncriterionwhenthetruemodelsaretrivariate(4,1)
horizon A IC H Q SC
(h) G FESM jM SFEhj T M SFE G FESM jM SFEhj T M SFE G FESM jM SFEhj T M SFE

Samplesize100
1 6.6w 6.6w 0.0w 6.8b 6.8b 2.8b 5.3 5.3 1.6
4 10.8w 2.3 1.1 16.1b 6.1b 4.8b 10.9 4.1w 3.0w
8 4.0 -1.0 0.0 15.1 -0.3 2.7 11.0 -0.1 1.7
12 2.0 -0.6 -0.2 14.2 -0.2 1.7 10.7 -0.1 1.1
16 1.0 -0.3 -0.2 13.7 -0.2 1.2 10.5 -0.1 0.8

Samplesize200
1 9 .1 9 .1 2.0 11.0 11.0 6.7 8 .3 8.3 5.3
4 22.2 3.2 2.0 30.8 8.2 7 .7 22.5 7 .1 6.8
8 22.1 0.1 1.0 31.8 0.5 4.4 23.4 0.4 3.9
12 22.1 0.0 0.7 31.7 0.0 2.8 23.4 0.0 2.6
16 22.0 0.0 0.5 31.7 0.0 2.1 23.3 0.0 1.9

G FESM isClementsandH endry’sgeneralizedforecasterrorsecondmomentmeasure, jM SFEhjisthedeterminantofthemeansquaredforecasterrormatrix
forhorizonh, T M SFEisthetraceoftheM SFEmatrix. Superscriptsbandwdenotethebestandtheworstperformanceamongthethreeinformationcriteria.



Table3b: Percentageimprovementindi¤erentmeasuresofaccuracyinforecastsgeneratedbythebestpossiblyreducedrankVA R
overthebestfullrankV A R chosenbythesamemodelselectioncriterionwhenthetruemodelsaretrivariate(4,2)

horizon A IC H Q SC
(h) G FESM jM SFEhj T M SFE G FESM jM SFEhj T M SFE G FESM jM SFEhj T M SFE

Samplesize100
1 7 .6 7 .6 0.1 5.9 5.9 2.2 1.6 1.6 1.4
4 19 .2 2.9 0.5 19 .2 6.1 3.9 10.1 6.1 4.3
8 20.4 0.1 0.1 19 .7 -0.0 2.2 10.0 -0.0 2.5
12 20.5 0.0 0.0 19 .6 -0.1 1.4 9 .4 -0.0 1.6
16 20.5 0.1 0.0 19 .4 -0.1 1.0 9 .1 -0.1 1.2

Samplesize200
1 5.9 5.9 0.7 6.8 6.8 2.3 8.8 8.8 5.4
4 15.3 2.0 0.5 20.5 4.3 2.6 28.7 8 .9 6.5
8 17 .1 0.2 0.3 21.7 0.3 1.5 31.1 0.6 3.7
12 17 .3 0.0 0.2 21.8 0.0 1.0 31.3 0.1 2.5
16 17 .3 0.0 0.1 21.7 0.0 1.0 31.2 -0.0 1.8

G FESM isClementsandH endry’sgeneralizedforecasterrorsecondmomentmeasure, jM SFEhjisthedeterminantofthemeansquaredforecasterrormatrix
forhorizonh, T M SFEisthetraceoftheM SFEmatrix. Superscriptsbandwdenotethebestandtheworstperformanceamongthethreeinformationcriteria.



Table4: PercentageimprovementinM SEofforecast-errorvariancedecompositiongeneratedbythebestpossiblyreducedrankV A R
overthebestfullrankV A R chosenbythesamemodelselectioncriterion

horizon Truerankisone Truerankistwo
(h) A IC H Q SC A IC H Q SC

Samplesize100
1 -20.9 9 -5.51 1.47 -14.39 -8.9 8 -9 .26
4 -5.68 1.17 7 .20 13.04 5.41 -8.61
8 -8.00 -0.85 4.8 7 8.8 7 2.08 -10.7 7
12 -9 .26 -2.00 4.20 7 .9 7 1.42 -11.14
16 -9 .7 9 -2.44 3.96 7 .56 1.19 -11.28

Samplesize200
1 -8.10 12.37 20.25 -4.45 0.52 9 .68
4 29 .15 50.65 40.9 1 27 .15 32.84 21.20
8 27 .40 57 .51 38.60 24.7 5 31.37 20.17
12 25.7 9 56.30 37 .41 24.06 31.03 19 .7 3
16 25.35 55.81 37 .05 23.84 30.9 0 19 .56



Table5: Frequencyoflag(p)andlag-rank(p;r)choicebydi¤erentcriteriawhenthetruemodelisasixvariableV A R (2,4)
Selectedlag 1 2 3-6
Selectedrank rank< 4 rank= 4 rank>4 rank< 4 rank= 4T rank>4 rank< 4 rank= 4 rank>4

N umberofobservations= 100
AIC (p) ¡ ¡ 1.2 ¡ ¡ 9 7 .1 ¡ ¡ 1.7
AIC (p;r) 0.1 0.1 * 9 .3 7 2.8 8.3 2.7 6.3 0.5
HQ (p) ¡ ¡ 25.2 ¡ ¡ 7 4.8 ¡ ¡ 0
HQ (p;r) 4.3 1.4 0.1 40.6 53.2 0.4 0.1 * 0
SC (p) ¡ ¡ 7 7 .5 ¡ ¡ 22.5 ¡ ¡ 0
S C (p;r) 32.0 2.8 * 52.5 12.8 0 0 0 0

N umberofobservations= 200
AIC (p) ¡ ¡ 0 ¡ ¡ 9 9 .8 ¡ ¡ 0.2
AIC (p;r) 0 0 0 0.6 89 .5 8.5 * 1.2 0.2
HQ (p) ¡ ¡ 0.8 ¡ ¡ 9 9 .2 ¡ ¡ 0
HQ (p;r) * 0 0 9 .0 9 0.7 0.2 0 0 0
SC (p) ¡ ¡ 28.6 ¡ ¡ 7 1.4 ¡ ¡ 0
S C (p;r) 3.2 1.2 0 40.4 55.2 0 0 0 0

N umbers ineachcellrepresentpercentagetimesthatthemodelselectioncriterioncorrespondingtothatrowchosethelag-rankordercorrespondingtothat
columnin10,000 simulations(500 simulationsof20 di¤erentD G P s). T hetruelag-orderis identi…edwithsuperscriptT . A * correspondstoanon-zerovalue

lessthan0.05 percent. N umbers inarowmaynotaddupto100.0 exactlybecauseofrounding.



Table6: Percentageimprovementindi¤erentmeasuresofaccuracyinforecastswhenthetruemodelisasixvariableVA R (2,4)
horizon A IC H Q SC
(h) G FESM jM SFEhj T M SFE G FESM jM SFEhj T M SFE G FESM jM SFEhj T M SFE

Samplesize100
1 1.7 1.7 -1.2 14.1 14.1 1.1 15.4 15.4 4.4
4 -6.6 -2.2 -0.3 25.0 3.2 1.3 30.2 6.0 2.4
8 -15.4 -1.0 -0.3 25.1 0.8 0.7 24.6 2.4 1.2
12 -18.2 -0.7 -0.2 25.4 0.7 0.5 21.7 0.7 0.8
16 -18.3 -0.8 -0.2 25.5 0.1 0.4 20.8 -0.4 0.6

Samplesize200
1 5.8 5.8 0.1 6.8 6.8 0.3 13.7 13.7 2.5
4 11.6 1.2 0.4 12.9 1.4 0.4 25.8 3.8 1.4
8 12.2 0.3 0.2 13.7 0.3 0.3 26.2 1.5 0.7
12 12.1 0.1 0.2 13.6 0.2 0.2 25.7 0.6 0.5
16 12.2 0.0 0.1 13.8 0.0 0.1 25.2 0.2 0.4

G FESM isClementsandH endry’sgeneralizedforecasterrorsecondmomentmeasure, jM SFEhjisthedeterminantofthemeansquaredforecasterrormatrix
forhorizonh, T M SFEisthetraceoftheM SFEmatrix. Superscriptsbandwdenotethebestandtheworstperformanceamongthethreeinformationcriteria.


