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Abstract

The convergence features of an Endogenous Growth model with
Physical capital, Human Capital and R&D have been studied. We
add an erosion effect (supported by empirical evidence) to this model,
and fully characterize its convergence properties. The dynamics is
described by a fourth-order system of differential equations. We show
that the model converges along a one-dimensional stable manifold and
that its equilibrium is saddle-path stable. We also argue that one of
the implications of considering this “erosion effect” is the increase in
the adherence of the model to data.
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1 Introduction

Arnold (1998, 2000) built an endogenous growth model with physical capital,
human capital and R&D and studied its convergence properties. Funke
and Strulik (2000), in a similar model, showed that a developing economy
evolves through different stages of development. As they failed to note that
the interest rate was a predetermined variable in the innovative economy,
as it depended directly on the human capital to knowledge ratio (a variable
determined by history), Gómez (2005) derived the correct conditions for
steady-state stability of the model.

In their model, Galor and Moav (2002:1148) introduce an “erosion ef-
fect”: “Technological progress reduces the adaptability of existing human
capital for the new technological environment”. In Galor’s (2005) model
there is a positive association between human capital accumulation and tech-
nological progress because rising levels of schooling lessen the adverse effect
of technological change on human capital accumulation. Kumar (2003) and
Tamura (2006) found, in econometric estimations, a negative influence of
Total Factor Productivity (TFP) growth in human capital that questions
this result (also present in Tamura’s own model).1 Tamura (2006:46) states
that “The evidence is unambiguous; young adult years of schooling is nega-
tively related to the growth rate of TFP”. Sequeira and Reis (2006) used an
“erosion effect” to explain the decreasing proportion of investment in high-
tech skills in developed countries, a fact highlighted by Sequeira (2003). The
intuition was that at least some types of human capital depreciates when
dealing with new technologies. This article provided results of a calibration
exercise in a more complex model with two accumulable stocks of human
capital but did not characterize the conditions for saddle-path stability.2

Galor and Moav (2002:1148) also assume a “productivity effect”, according
to which when an innovation occurs, each individual operates with a supe-
rior level of technology. When comparing both effects, the author argued
that “Once the rate of technological progress reaches a positive steady-state

1In his theoretical model Kumar explains this feature of the data through the impact
of the real interest rate on the decision of schooling; when the economy becomes more
open, technology adoption increases, implying a rise in the real interest rate and thus, a
decrease of human capital accumulation.

2Carrillo and Zazzaro (2000) and Sequeira and Reis (2007) showed that this type
of “erosion effect” implies the possibility of overinvestment in R&D. While in the first
reference the new distortion adds to the strong creative destruction of the quality-ladders
model, in the last the new distortion seems to be sufficiently strong to overcome the usual
effects of spillovers and gains of specialization in an increasing-variety model.
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level, the erosion effect is constant, whereas the productivity effect grows at
a constant rate”. These features are also present in this article.

We fully characterize a model of Endogenous Growth through physical
capital, human capital and R&D with an “erosion effect” in human capi-
tal accumulation. This is made solving a fourth-order differential equation
system, in which only one variable is predetermined. The human capital ac-
cumulation function used in the article predicts a positive relationship with
schooling, a negative relationship with technological progress and a posi-
tive effect of technological progress in returns to human capital (or broadly
speaking in wage inequality), standard facts in Galor’s articles.

We find that the stability properties of this model with an “erosion ef-
fect” increase its comparability to data when compared to the Gómez (2005)
model without the “erosion effect”. In fact, the fulfillment of the conditions
for saddle-path stability - stated in Gómez (2005) - implies a low substitu-
tivity parameter in the differentiated good which implies a too large markup
relative to data (see e.g. Noorbin, 1993). Furthermore, counterfactual os-
cillatory dynamics for developed countries - along a two-dimensional stable
manifold - arise for plausible parameter values.3 This oscillatory pattern
happened in variables for which history has shown a monotonic evolution,
as the investment share in R&D and the per capita output growth rate (see
e.g. Maddison, 1995, 2001; Jones, 1995 and Sφrensen, 1999).

This article intend to contribute to the understanding of the stability
properties of endogenous growth models while adds to the discussion of
their fitness to well-known evidence. We show that the introduction of
the “erosion effect” improves the fitness of the model to data, allowing for
more reasonable values for the markup that fulfil the saddle-path stability
conditions and providing the monotonic convergence.4

In section 2, we present the model. In Section 3, we present the Balanced
Growth Equilibrium and the stability analysis of the steady-state. In section
4, we calculate alternative growth paths that fit the stability conditions
previously derived. Then we discuss the adherence of the model behaviour
to evidence. In section 5, we conclude.

3The author showed that the stable eigenvalues are likely to be complex.
4This economy with human capital accumulation and R&D may describe better the

recent transition of leaders economies. As Galor (2005:71) put it “Their growth was rather
slow in the earlier stages of development, it increased rapidly during the take-off from
the Malthusian epoch, and then continued to rise at a lower pace, possibly stabilizing at
higher level”.
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2 The Model

This section recapitulates the Arnold’s (1998, 2000) - Funke and Strulik
(2000) - Gómez (2005) model, assuming a different function for accumulation
of human capital, which accounts for the existence of an “erosion effect”.

2.1 Setup of the Model

Consider a closed economy inhabited by a constant population, normalized
to one, of identical infinitely-lived households that maximize the intertem-
poral utility function:

∫ ∞

0

C1−θ

1− θ
e−ρtdt, ρ > 0, θ > 0, (1)

(where C denotes consumption, ρ is the time-discount rate and θ is the
relative risk aversion coefficient) subject to the budget constraint and the
knowledge accumulation technology. Human Capital, H, can be devoted to
production (HY ), education (HH) and R&D (Hn), such that:

H = HY + HH + Hn, (2)

and is calculated according to:

·
H = ξHH − ϑgnH, 5 (3)

where gn is the growth rate of the number of varieties and ϑ represents
the “erosion effect” in human capital caused by R&D. In Galor’s (2002,
2005) models the function of human capital accumulation implied a posi-
tive relationship to schooling effort (HH in this model), a negative relation-
ship with technological progress (gn in this model) and a complementarity
between schooling and technological progress that allowed for an increase
in technological progress to increase equilibrium education. Although this

complementarity is absent from (3) -
∂

�
∂
·
H/∂HH

�

∂gn
= 0, the positive effect of

technological progress in the education effort is obtained (just divide (3) by
H and solve for HH

H
, the allocation of human capital to education). R&D

technology is given by

·
n = εHn, (4)

5This function was first used in Sequeira and Reis (2006).
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where ε is the productivity of human capital in R&D. This process is possi-
ble because of monopolistic competition in differentiated goods, as we will
describe later. The budget constraint faced by the household is

·
W = rW + w(H −HH)− C, (5)

where r is the return per unit of aggregate wealth, W , and w the wage per

unit of employed human capital. Let gz =
·
z
z

denote the growth rate of any
variable z. The first order conditions for maximization of (1), using (3) and
(5) as constraints, give:

gC = (r − ρ)/θ (6)

gw = r − ξ + ϑgn. (7)

Equation (7) highlights one of the most important facts relating technology
to human capital: the positive influence of technological progress in the
returns to education (see Galor, 2005:58 and Eicher, 1996:132).

A single homogeneous final good Y is produced with Cobb-Douglas tech-
nology

Y = A1K
βDηH1−β−η

Y , A1 > 0, β > 0, η > 0, β + η < 1, (8)

where K is physical capital, HY is human capital allocated to the final good
production and D is an index of differentiated goods,

D =

[∫ n

0

xα
i di

]1/α

, 0 < α < 1, (9)

where substitutivity between varieties is measured by α and xi is the amount
used for each variety of the n intermediate goods. The market for the final
good is perfectly competitive and its price is normalized to one. Profit
maximization gives the following inverse factor demands:

r =
βY

K
, (10)

PD =
ηY

D
, (11)

and
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w =
(1− β − η)Y

HY

, (12)

where PD represents the price index for intermediates. The right hand-
side of (12) is the human capital productivity in the final good production.
Substituting Y by (8) and using (9), we can see the “productivity effect”.

Each firm in the differentiated-goods sector owns a patent for selling its
variety xi. Let vt denote the expected value of innovation, defined by

vt =

∫ ∞

t

e−[R(τ)−R(t)]π(τ)dτ , where R(t) =

∫ t

0

r(τ)dτ . (13)

Taking into account the cost of innovation as implied by (4), free entry
conditions in R&D are defined as follows:

w/ε > v if
.
n = 0 (Hn = 0). (14)

w/ε = v if
.
n > 0 (Hn > 0) or (15)

Finally, no-arbitrage requires that the valorization of the patent plus
profits is equal to investing resources in the riskless asset:

·
v + π = rv ⇔

·
v

v
= r − π/v. (16)

Producers act under monopolistic competition and maximize operating
profits

πi = (Pxi
− 1)xi. (17)

The variable Pxi
denotes the price of an intermediate and 1 is the unit cost

of Y . From profit maximization in the intermediate-goods sector, each firm
charges a price

Pxi
= 1/α. (18)

With identical technologies and symmetric demand, the quantity supplied
is the same for all goods, xi = x. Hence, equation (9) simplifies to

D = n1/αx. (19)

From PDD = pxn together with equations (18) and (19) we obtain the total
quantity of intermediates as
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X = xn = αηY. (20)

After insertion of equations (18) and (20) into (17), profits can be rewrit-
ten as a function of aggregate output and the number of existing firms:

π = (1− α)ηY/n. (21)

Before we proceed with the analysis we compute some equations that

will be useful. Insertion of equation (20) in the resource constraint
·

K =
Y − ∫ n

0
xidi− C simplifies it to

·
K = (1− αη)Y − C (22)

and insertion of (19) and (20) in the production function (8) gives:

Y 1−η = A1(αη)ηKβnη 1−α
α (u1H)1−β−η, (23)

where u1 = HY

H
is the proportion of human capital employed in the final

good production.6 After time-differentiate the previous function we obtain
the following output growth rate:

(1− η)gY = βgK + [
1− α

α
]ηgn + (1− β − η)(gu1 + gH). (24)

Log-differentiation of equations (10) and (12) provides

gr = gY − gK , (25)

gw = gY − (gu1 + gH). (26)

We will concentrate in the innovative economy description. To avoid
excessive length we refer to Gómez (2005) for the description of the stage
with human and physical capital accumulation. In fact, as the change we
introduce is due to R&D, that stage remains equal to the developing economy
stage in that reference and in Funke and Strulik (2000). In the simulation
of the model, we include this stage.

6We will denote u2 = Hn

H the share of human capital in R&D and u3 = HH

H the share
of human capital in human capital accumulation.
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2.2 The Innovative Economy

The fully industrialized economy is characterized by the presence of both hu-

man capital accumulation (
·

H > 0) and R&D (
·
n > 0). The following system

of differential equations describes the dynamics of the fully industrialized
economy:

gχ =

(
1

θ
− 1− αη

β

)
r + χ− ρ

θ
, (27)

gr = −1− β − η

β
(r − ξ) +

η 1−α
α
− ϑ(1− β − η)

β
gn. (28)

where χ = C/K. It is worth noting that gn is no longer given as a function
of χ and r that could be substituted in previous equations, as in previous
contributions (see e.g. Gómez, 2005:5). Departing from (15) and (16), we
note that gv = gw and that gw = r − επ/w. Then, using (7), (12) and (21)
in this equation and solving to u1, we reach:

u1 =
(1− β − η)(ξ − ϑgn)

(1− α)εηψ
. (29)

where ψ = H/n. Using (3) and (29), we reach the growth rate of ψ :

gψ = ξ

(
1−

[
(1− β − η)(ξ − ϑgn)

(1− α)η
+ gn

]
1

εψ

)
− (1 + ϑ)gn, (30)

Equation (29) implies that gu1 = gn − gH − ϑ
·

gn

(ξ−ϑgn)
. Then, by (26), we note

that gu1 = gY − gw − gH . Then, using (25), gK from (22) and (7), we reach
the equation that describes the evolution of gn:

·
gn =

ξ − ϑgn

ϑ

[
(1 + ϑ)gn − 1− αη

β
r + χ + (r − ξ)− gr

]
, (31)

where gn 6= ξ
ϑ
. Thus, the system constituted by equations (27), (28), (30)

and (31) is the fourth-order system that describes the evolution of the econ-
omy.
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3 The Balanced Growth Equilibrium and its

Stability

In this section, we present the balanced growth equilibrium and its stability.
The next theorem states that the model has a positive long-run steady-state.

Theorem 1 Under usual restrictions in parameters, there is an unique posi-
tive steady-state of the model given by (r∗, χ∗, ψ∗, g∗n) that is obtaining solving
the system of equations (27)-(30) and (31) to the steady-state:7

r∗ =

(
η 1−α

α
+ (1− β − η)

)
θξ−ρ
1+ϑ

+ (1− β − η)ρ

(1− β − η)− (1−θ)
1+ϑ

(
η 1−α

α
+ (1− β − η)

) ; (32)

χ∗ =

(
1− αη

β
− 1

θ

)
r∗ +

ρ

θ
; (33)

ψ∗ =
ξ [g∗n(1− α)η + (1− β − η)(ξ − ϑg∗n)]

(1− α)ηε(ξ − (1 + ϑ)g∗n)
; (34)

g∗n =
r∗(1− θ) + θξ − ρ

θ(1 + ϑ)
. (35)

Proof. The shares of human capital to different sectors must be constant
for an interior steady-state solution. With u∗1 and u∗3 constant, g∗n and ψ∗

must be constant, by (4) and (29). Thus g∗H = g∗n. Thus, g∗H is also constant.
From constancy of ψ∗ and u∗1 we can say that g∗Y = g∗K . This equality,
equation (24) and the constancy of g∗n, g∗H and u∗1 imply that r, g∗Y and
g∗K are constant. Thus χ∗ = (C/K)∗ is constant (to see this divide (22)
by K). The conditions θ + ϑ > (1 − θ)A2 and θξ > A2−ϑ

1+A2
ρ (where A2 =

η
(1−β−η)

1−α
α

) guarantees that r∗ is positive. χ∗ > 0 if and only if θξ > A3ρ,

where A3 =
(1+A2)

1+ϑ ( 1−αη
β

−1)− 1−αη
β

(1+A2)
1+ϑ ( 1−αη

β
− 1

θ )
.8 The necessary and sufficient condition

for g∗n > 0 is θξ > θ(1+A2)
θ(1+A2)+(1+ϑ)

ρ. Condition ξ > (1 + ϑ)g∗n implies that
ξ > ϑg∗n, for a positive g∗n. This condition implies that some human capital
is allocated to the final good production, which must be verified (see (29)) by
the transversality condition on H.9 Both conditions guarantee the positivity

7We detail sufficient and necessary conditions on positivity in the proof.
8It is easy to see that with θ > 1, ξ > ρ this condition is fulfilled. Note that 1−αη

β >

1 > 1/θ (with θ > 1) is always verified, under the initial assumptions on parameters.
9Transversality condition on human capital may be written as:
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of ψ∗. With ξ > ρ and θ > 1 these conditions are always verified (as in
Gómez, 2005).10

3.1 Stability

We will now analyze the dynamics of the model in the neighborhood of the
steady-state. As usually, we can assume that the stocks of physical capital,
human capital and the number of varieties move sluggishly, so that K(0),
H(0) and n(0) are given by their historical values. Thus ψ is predetermined.
In Goméz (2005), as u1 is only dependent on ψ, it is also predetermined.
With a predetermined u1, using (10) and (23), it becomes clear that r should
be predetermined. In consequence, in order to achieve stability in a model
with two predetermined variables, Goméz (2005) found conditions for the
existence of two stable eigenvalues. In our model u1 is not only dependent
on ψ, but also on gn (see (29)). Thus r is dependent both on ψ and on
gn. As gn is dependent on χ = C/K, gn can jump and r can also jump.
Other way to see that gn can jump is that it is dependent on a share of
human capital, a variable that is dependent on agents’ decisions. Thus to
ensure local saddlepoint stability of the steady-state, we need one stable and
three unstable eigenvalues. The analysis of the linearized system around the
steady-state will establish that the stable-manifold is one-dimensional and
the initial conditions determine the starting point in this stable manifold.

Linearizing the system of eq. (27)-(30) and (31) around its steady-state
(r∗, χ∗, ψ∗, g∗n) gives the following fourth-order system:

lim
t→∞

e−ρtλ2(t)H(t) = 0 (36)

(where λ2 is the co-state of H), which converts into
(
−ρ +

·
λ2
λ2

+
·

H
H

)
< 0. As

·
λ2
λ2

=

ρ−ξ+ϑgn and
·

H
H given by (3), the transversality condition is equivalent to ξ > (1+ϑ)g∗n.

10This latter is also a sufficient condition to the transversality condition on physical
capital to be satisfied.
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·
r
·
χ
·
ψ
·

gn




=




−1−β−η
β

r∗ 0 0 B1r
∗

(
1
θ
− 1−αη

β

)
χ∗ χ∗ 0 0

0 0 ξ − ϑg∗n − g∗n B2 − (1 + ϑ)ψ∗

− ξ−ϑg∗n
ϑ

(1−α)η
β

ξ−ϑg∗n
ϑ

0 −B3g
∗
n −B4

ξ
ϑg∗n







r − r∗

χ− χ∗

ψ − ψ∗

gn − g∗n


 ,

where B1 =
η 1−α

α
− ϑ(1− β − η)

β
; B2 = ξϑ

(1− β − η)

(1− α)η

1

ε
− ξ

ε
;

B3 =

(
(1 + ϑ)− η 1−α

α
− ϑ(1− β − η)

β

)
;

B4 =

(
χ∗ − 1− η

β
ξ − (1− α)η

β
r∗

)
. (37)

or
·
x = J(x− x∗), where J is the Jacobian in (37). To demonstrate the con-

ditions under which the system is saddle-path stable we state the following
theorem.

Theorem 2 In the conditions of Theorem 1 and if ϑ >
η 1−α

α
−β

1−η
is verified,

there exists a one-dimensional stable Manifold tangent to the steady-state
defined above in which any point converges to the steady-state.

The proof makes use of two lemmas that demonstrate that there are only
one stable root if some conditions are verified. The necessary and sufficient
conditions are determined within the proofs of the Lemmas.

Lemma 1 There is an uneven number of stable roots, one or three.

Proof. Lemma 1 is implied by a negative determinant of (37). There
is one eigenvalue (e1 = ξ − ϑg∗n − g∗n) that is always positive for a positive
steady-state as it is implied by the transversality condition on H (see the
proof of Theorem 1). Thus, the sign of the determinant is negative if and
only if:

[
B3g

∗
n + B4

ξ

ϑg∗n

]
1− β − η

β
+

(
1

θ
− 1− 1− β − η

β

)
B1g

∗
n < 0. (38)

The inequality (38) is equivalent to −1−β−η
β

(1+ ϑ
θ
)−(1− 1

θ
) η

β
1−α

α
< 0, which,

after rearranging yields θ+ϑ > (1−θ) η
1−β−η

1−α
α

, exactly the same condition
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derived in Theorem 1 which ensured positiveness of r∗. Thus, for a positive
steady-state, the determinant of the Jacobian is always negative, implying
that the steady-state can be saddle-path saddle (1 negative root) or the
balanced growth path can be indeterminate (3 negative roots).

The following Lemma establishes the conditions according to which the
steady-state is stable in the steady-state sense.

Lemma 2 There are not three stable roots.

Proof. As e1 is always positive for a positive steady-state, if there were 3
negative eigenvalues, the sum of these three roots cannot be positive. Thus
we search for conditions according to which the sum of the remaining three
eigenvalues is positive. We know that the trace of J in (37) is the sum of the
all roots (Tr(J) = e1 +e2 +e3 +e4). Consequently, Tr(J)−e1 = e2 +e3 +e4.
If Tr(J)− e1 > 0, we cannot have three negative roots. The verification of
this condition gives

[
1− 1

θ
+

1− α

β
η

]
r∗ −

(
B3g

∗
n + B4

ξ

ϑg∗n

)
+ ρ > 0. (39)

which is the necessary and sufficient condition for a saddle-path stability.
A sufficient condition would be B3g

∗
n + B4

ξ
ϑg∗n

< 0. Noting that B4 =

−B3g
∗
n (see eq. (31)) that expression in the steady-state yields ϑ >

η 1−α
α
−β

1−η
.

Lemmas 1 and 2 prove that, under the derived condition, there is only
one stable root, which proves saddle-path stability. Note that condition (39)
is the necessary and sufficient condition for saddle-path stability.

We can note that as θ and ϑ become smaller, (39) is more difficult to
obtain. Thus, it is possible that the system yields three stable roots, which
would imply that the initial condition could not determine the initial point
in the stable manifold. Thus different stable paths, depending on the jump
variables, would converge to the steady-state.11

With usual calibration parameters, we reach one stable real eigenvalue
and three unstable roots, as the condition stated in Lemma 2 is easily veri-
fied. It is straightforward to show that with one predetermined value, it is
possible to calculate the initial values r(0), χ(0), and gn(0) even if ψ(0) 6= ψ∗

using the eigenvector associated to the stable root. Thus ψ(0) determines
the initial point in the one-dimensional stable manifold.

11Benhabib and Perli (1994), for instance, show the possibility of indeterminate bal-
anced growth path can arise in the Lucas model.
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4 Adjustment Paths for Plausible Calibra-

tion Values

We present three different calibrations and compute the adjustment paths for
each of them by backward integration (Brunner and Strulik, 2002). The first
calibration is taken from Funke and Strulik (2000), the second is taken from
Goméz (2005) and the third considers a higher α. The computation of the
transition path was done in the form described by Goméz (2005) in order
to avoid jumps between the two stages of development.12 The additional
parameter ϑ was calibrated as in Sequeira and Reis (2006), using evidence
from Kumar (2003): ϑ = 0.268.

As we have noted earlier, the balanced growth path may be indetermi-
nate. However, we center the analysis in calibrations that yield saddle-path
stability, as they arise with most plausible parameters values.13 Calibration
1 assumes the following values: β = 0.36; η = 0.36; α = 0.4; ξ = 0.05;
ρ = 0.023; θ = 2; δ = 0.1. Calibration 2 assumes β = 0.36; η = 0.36;
α = 0.54; ξ = 0.05; ρ = 0.023; θ = 2; δ = 0.1. Calibration 3 is the fol-
lowing: β = 0.36; η = 0.36; α = 0.74; ξ = 0.05; ρ = 0.023; θ = 2;
δ = 0.1. For the Calibration 1, eigenvalues are: 0.0418; 0.0898 + 0.1146i;
0.0898−0.1146i; −0.1056; for calibration 2 they are 0.0398; 0.1221+0.0830i;
0.1221−0.0830i; −0.0667 and finally for calibration 3 they are 0.0374; 0.1891;
0.1050; −0.0445.

Figures 1 to 3 show adjustment paths of the growth rate of output and
capital and the share of human capital allocated to research for each of the
calibrations.14

12See Gómez (2005:14) for a discussion on the issue.
13With θ = 1 and ϑ < 0.051 (with β = 0.36; η = 0.36; α = 0.4; ξ = 0.05; ρ = 0.023 and

δ = 0.1 - the typical calibration in Gómez, 2005), we reach three negative eigenvalues,
two of them complex conjugates.

14We only show adjustment paths for gY , un = Hn/H, gK and gH to focus the article.
However, all variables’ transition to the steady-state is monotonic.
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Figure 1: Transition Paths for Representative Variables (Calibration 1)
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Figure 2: Transition Paths for Representative Variables (Calibration 2)
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Figure 3: Transition Paths for Representative Variables (Calibration 3)

These figures show that adjustment equilibrium paths are monotonic,
contrary to what happened in Gómez (2005).15 In the following section we
discuss the adherence to data of these results.

4.1 The Model versus Evidence

In the previously depicted transition paths the researchers proportion in the
economy is always increasing since the economy entered in the R&D stage
until the steady-state. The steady-state value for this variable oscillates
from 4 to 7% depending on the three different exercises. Sφrensen (1999)
showed that, in the 1990’s, researchers represented around 3.5% in the Man-
ufacturing sector in Britain and Germany, while in the 70’s this share was
about 1.7% in Germany and 2.7% in Britain. He also showed that this share
has systematically increased during the twentieth century in Britain, Ger-
many and USA. In 1933, the researchers share was 0.03% in Britain and
0.17% in the USA. In the simulation exercise of Gómez (2005), this share

15There may still occur oscillatory trajectories out of the equilibrium, as in some cali-
brations some positive roots are conjugate complex.
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reaches 20% 20 years after the beginning of the R&D stage (which is clearly
unrealistic), reaches near 1%, 15 years later, and reaches 6% after 180 years
the beginning of the transition.

The steady-state growth rate of per capita output is between 1.4% and
1.8%, depending on calibration, which is a quite reasonable value for the
industrialized world. Moreover, in the first two calibration exercises, the
entrance in the R&D stage acts in order to increase the economic growth
rate, which seems to have occurred. According to Maddison (2001), growth
rates in the USA were 1.43% (1820-90); 1.83% (1890-1929); 1.96% (1929-80)
and 2.17% (1980-98).16 We note that in the simulation presented in Gómez
(2005), the economic growth rate was near 1.8% in the beginning of the R&D
stage, 2.4% twenty years later and near 2.1% after 180 years the beginning
of the transition. Although the steady-state values for these variables are
in line with data in Gómez (2005) baseline scenario, the oscillatory patterns
do not seem so.

Finally, one of the most relevant data implications of Gómez (2005) sta-
bility restrictions on parameters is a non-realistic high value for the markup
(α = 0.4 implies a markup of 2.5). Norrbin (1993) presented markups for
sectors in the USA, all below 1.84. A α = 0.54 implies a markup of 1.85
and a α = 0.75 implies a markup of 1.33. These smaller markups, now in
line with data, satisfy the stability conditions derived above.

5 Conclusion

We introduce an “erosion effect” to the human capital accumulation technol-
ogy in the innovative economy described by Arnold (1998, 2000) and Funke
and Strulik (2000) following the empirical contributions of Kumar (2003)
and Tamura (2006) and following the ideas of Galor (2005) and Sequeira
and Reis (2006, 2007). We have derived the convergence properties of the
model. In particular, the stability analysis reveals that, with reasonable
parameters values, this model is saddle-path stable and converges along a
one-dimensional stable manifold.

With this, we show that the presence of this “erosion effect” contributes
to increase the fit of an endogenous growth model with physical capital,
human capital and R&D to well-known evidence for a leader economy. This
is obtained due to three features that are dependent on the “erosion effect”.

16In brackets we present the periods within which growth rates were calculated. Both
periods and growth rates are from the source (p.74).
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First, the “erosion effect” implied that r is not predetermined (as in the
Gómez’ model), which imply that saddle-path stability is obtained with one
stable root. Second, this stable root is real and thus the model shows a
monotonic transition towards the steady-state. Third, a realistic markup
can respect the stability conditions, for reasonable values of the other pa-
rameters.
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