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1 Introduction

The theory of monopolistic screening! (second-degree price discrimination) studies a monop-
olist’s optimal pricing scheme when she has incomplete information about buyers’ individual
preferences.? According to the theory, the monopolist can maximize her profit by using a menu
of packages which induces each type of buyer to select the package designed for the type. While
the theory tackles the self-selection issue at the individual level, it assumes away the possi-
bility that price discrimination might induce buyers to form coalitions to do arbitrage, that
is, to coordinate their purchases and to reallocate the goods they bought among themselves.
Since this might reduce the seller’s profit, in this paper we study the optimal sale mechanism
which takes into account not only individual incentive compatibility but also coalition incen-
tive compatibility (i.e., buyers’ incentive to collectively engage in arbitrage). In particular,
in addressing this fundamental and fascinating problem, we focus on the role of asymmetric
information among buyers about each other’s preferences.

In reality, there exists much evidence of (legal or illegal) coalitions among buyers. On the
one hand, bidders’ collusive behavior in auctions is well documented and auction literature
has been devoting an increasing attention to the topic.® On the other hand, buyers often form
cooperatives to jointly purchase goods.* One central question regarding buyer coalitions is
how asymmetric information among the buyers affects coalition formation. Our major goal is
to identify the transaction costs in coalition formation generated by asymmetric information
and to find the sale mechanism which best exploits these transaction costs.

Consider for example the situation in which an upstream monopolist sells her goods to
two downstream firms operating in separate markets. Given a menu of quantity-transfer pairs
offered by the monopolist, the two downstream firms can employ two instruments to increase
their joint payoffs. First, they can jointly decide which pair each buyer should choose. In
our paper, this is modeled by manipulation of the reports which the buyers send into the sale
mechanism. Second, they can reallocate among themselves the goods bought from the seller.
We first show that under the standard optimal mechanism which neglects coalition incentive

compatibility, buyers can increase their payoffs by engaging in arbitrage and this reduces the

!See, for instance, Maskin and Riley (1984) and Mussa and Rosen (1978) for an introduction and Rochet

and Stole (2002) for a recent contribution dealing with random participation.
2We use ‘she’ to represent the monopolist and ‘he’ to represent a buyer or the third-party.
#For examples, see Caillaud and Jehiel (1998), Graham and Marshall (1987), McAfee and McMillan (1992)

and Brusco and Lopomo (2002).
4There exist various forms of supply cooperatives to purchase some products together. For instance, Hefle-

bower (1980) describes three types of supply cooperatives: farmers’s cooperatives, consumer cooperatives and

those run by urban businesses.



seller’s profit. However, as the main result, we find an optimal mechanism which allows the
monopolist to realize the same profit regardless of whether or not buyers can form a coalition
to do arbitrage.

Consider for simplicity a two-buyer setting and suppose that the seller can produce any
amount of a homogeneous product at a constant marginal cost and a buyer has either high
valuation (H-type) or low valuation (L-type) for the product. Assume that types are indepen-
dently and identically distributed and a buyer’s type is his private information. It is well-known
that in the optimal mechanism(s) without buyer coalition, the quantity allocated to H-type
is equal to the first-best level while the quantity allocated to L-type is distorted downward
compared to the first-best level since the payment the seller receives from H-type decreases in
the quantity sold to L-type. This implies that L-type has a higher marginal surplus for the
product than H-type and, if there are no transaction costs in coalition formation, buyers can
increase their payoffs by reallocating some quantity from H-type to L-type (with a suitable
money transfer from the latter to the former) in the state of nature in which one buyer has
H-type and the other has L-type. This may alter ex ante buyers’ incentives to report truthfully
and reduce the seller’s expected profit.

Drawing on Laffont and Martimort (1997, 2000), we model coalition formation under asym-
metric information by a side-contract offered to the buyers by a third-party who maximizes the
sum of buyers’ payoffs. The side-contract specifies both the manipulation of the reports made
into the sale mechanism and the reallocation of the goods obtained from the seller. The side-
contract must satisfy budget balance, participation and incentive constraints. The incentive
constraints need to hold since the third-party does not know the buyers’ types; the acceptance
constraints are defined with respect to the utilities the buyers obtain when playing the sale
mechanism non-cooperatively.

We first consider simple mechanisms in which both the quantity that a buyer receives and
his payment do not depend on the other buyer’s report. We show that if the seller uses the
simple mechanism which is optimal without buyer coalition, buyers can realize strict gains
at the seller’s loss by suitably arbitraging. For instance, when the both buyers have H-type
(H H-coalition) they have an incentive to report HL instead of truthtelling and to reallocate
quantities and transfers. To see this, note that under the optimal simple mechanism, H-type
is indifferent between the quantity-transfer pair designed for H-type and the pair for L-type.
This implies that if reallocation is impossible, H H-coalition is indifferent between reporting H L
and truth-telling. However, if reallocation is feasible, under standard convexity assumptions
on buyers’ preferences, each buyer’s payoff conditional on reporting H L strictly increases since

they can share equally the total quantity and transfers. In contrast, conditional on reporting



HH, reallocation does not affect the payoffs since both buyers receive the same quantity from
the seller. Therefore, H H-coalition prefers to report H L rather than HH.

After studying simple mechanisms, we consider the mechanisms in which the seller makes
the payment of a buyer depend on the report of the other buyer. In particular, we focus on those
transfers which keep the buyers’ expected payments equal to the ones in the simple optimal
mechanism, while the quantity profile is unchanged. It turns out that there exists a transfer
scheme which allows the seller to deter manipulation of reports and reallocation of goods at no
cost, thus letting her realize the same profit as when there is no buyer coalition. In particular,
even if the marginal rates of substitution are not equalized across buyers with different types,
the third party is not able to implement any efficient reallocation between H-type and L-type
in H L-coalition because of the tension between incentive and participation constraints in the
side-contract. The intuition for this result is as follows. Since the rent that H-type obtains by
pretending to be L-type in the side mechanism increases in the quantity received by L-type, if
the third-party reallocates some quantity from H-type to L-type then he is forced to concede
H-type a higher rent in order to elicit a truthful report: the alternative of reducing L-type’s
payoff is impossible since it would induce L-type to reject the side-contract. This increase in
the rent is defined as the transaction costs generated by asymmetric information. We quantify
the transaction costs and show that they are larger than the gains from reallocating quantity
from H-type to L-type; therefore the reallocation cannot be realized. We also show that
this optimal outcome can be implemented by a menu of two-part tariffs. Finally, our main
result that buyer coalition does not hurt the seller extends to more general settings: when the
marginal cost is increasing, or there are n buyers, or there are three possible buyer types.

The literature about consumer coalitions mostly addresses issues different from the one we
consider in this paper.” Alger (1999) is one exception: She studies the optimal menu of price-
quantity pairs when (a continuum of) consumers are able to purchase multiple times or/and
jointly in a two-type setting. She finds that with multiple purchases only, the monopolist offers
strict quantity discounts while, with joint purchases only, discounts are infeasible. Her results
are based on two following assumptions. First, consumer coalitions are formed under complete
information among the consumers about each other’s type and only consumers with the same
type can form coalitions. Second, the set of mechanisms available to the seller is restricted by
assuming that the quantity allocated to a consumer and his payment do not depend on the

other consumers’ choices. In contrast, in our model a coalition is formed under asymmetric

’For instance, Innes and Sexton (1993, 1994) analyze the case in which the monopolist is facing identical
consumers who may form coalitions. They show that even though consumers’ characteristics are homogeneous,
the monopolist may price discriminate in order to deter the formation of coalitions, whereas price discrimination

is unprofitable in the absence of the coalitions.



information among buyers and the seller can use complete contracts such that the quantity
sold to a buyer and his payment can depend on the others’ choices.

Using a third-party to model collusion under asymmetric information was first introduced
in auction literature — see the first three papers mentioned in footnote 3. While that literature
studies the optimal auction in a restricted set of mechanisms, usually finding the optimal
reserve price for a first or second price auction, Laffont and Martimort (1997, 2000) use a more
general approach in that they characterize the set of collusion-proof mechanisms and optimize
in this set. In their settings reallocation is infeasible’ and they show that if the agents’ types
are independently distributed, then a dominant-strategy mechanism implements the second-
best outcome and eliminates any gain from joint manipulation of reports. Furthermore, this
mechanism does not exploit the transaction costs created by asymmetric information. In
our setting, the dominant-strategy mechanism is not collusion-proof since the coalition owns
the additional instrument of quantity reallocation, but the seller can still achieve the second-
best profit by fully exploiting the transaction costs in coalition formation. We also note that
Laffont and Martimort limit the analysis to the two-agent-two-type setting and do not consider
implementation through non-direct mechanisms.

Our paper is to some extent related to the papers studying auctions with resale. For
instance, Ausubel and Cramton (1999) analyze the optimal auction when buyers can engage
in resale after receiving goods from the seller and the resale is (assumed to be) always efficient.
They prove that the seller maximizes his profit by allocating goods efficiently. In contrast, in
our setting, buyers sign a binding side-contract before each buyer chooses how much to buy
and they fail to achieve efficient reallocation because of the transaction costs.”

The rest of the paper is organized as follows. In Section 2, we introduce the model and in
Section 3 we review as a benchmark the optimal sale mechanisms without buyer coalition. In
Section 4 we prove that the simple optimal mechanism in which each buyer’s allocation depends
only on his own report leaves room for arbitrage such that buyer coalition reduces the seller’s
profit. In order to define the seller’s optimization problem under collusion, still in Section 4
we introduce the (weakly) collusion-proofness principle and characterize the constraints that a

collusion-proof mechanism must satisfy. In Section 5, we define and solve the seller’s problem

Tn the first paper, they consider two regulated firms producing complementary inputs. The firms have
independently distributed types and collusion has bite since an exogenous restriction on the set of the principal’s
mechanisms is imposed. In the second paper, they consider collusion between consumers of a public good with
correlated types. Consumers have incentives to collude since the principal will fully extract their rents if they

behave non-cooperatively.
"Zheng (2002) allows resale in a one-good auction with asymmetrically distributed buyers’ values and proves

that an equilibrium exists which induces the same payoffs as if resale can be costlessly banned.



and prove our main result that these constraints can be satisfied without reducing the seller’s
profit. In Section 6, we extend the main result to more general settings. In Sections 4-6, we
make some specific assumptions about buyers’ off-the-equilibrium-path beliefs and behavior. In
Section 7, we show that our main result is robust to relaxing these assumptions. Concluding
remarks are given in Section 8. All of the proofs are left to Appendix except the proof of

Proposition 5.

2 The model

2.1 Preferences, information and mechanisms

A seller (for instance, an upstream monopolist) can produce any amount ¢ > 0 of homogeneous
goods at cost C(q) and sells the goods to n > 2 buyers (for instance, downstream firms
operating in separate markets). Throughout the paper, we will interpret ¢ as quantity except
in Section 4, where we consider also the case in which ¢ represents quality. Buyeri (i = 1,...,n)
obtains payoff U(¢’,6%) — t* from consuming quantity ¢* > 0 of the goods and paying ¢ € R
units of money to the seller. He privately observes his own type 6 € © = {0r,0p}, where
AO =0y — 61, > 0. The types #° and ¢’ are identically and independently distributed for any
1 # j, with p;, = Pr {Gi =0r} €(0,1) for i = 1,...,n; the distribution of (6%, ...,0™) is common
knowledge. We suppose that C(-) and U(-) are such that C'(0) =0, C’(¢) > 0 and C"(q) > 0
for any ¢ > 0; U(0,0) = 0, U1(q,0) > 0 > Ur1(q,0), U2(q,0) > 0 and Ui2(g,0) > 0 for any (g, 0),

where subscripts denote partial derivatives and Uj2(q,60) > 0 is the standard Spence-Mirrlees
Ur(0,0r)  (A—pr)th1(0,0m) ol
pL pPL

q is the first best quantity for an H-type when he is the only buyer (g is defined as the unique

single-crossing condition. Furthermore, we assume that (), where
solution to Ui (q,0p) = C’(q)). This condition guarantees that each type of buyer receives a
positive quantity in the optimum without buyer coalition.® The reservation utility of each type
of buyer i is given by U(0,6%) — 0 = 0, his payoff if he does not transact with the monopolist.

In what follows, for expositional simplicity, we focus on the case with n = 2 buyers, constant
marginal cost ¢(> 0) and U(q,0) = Ou(q). However, our main result holds for any n > 2, any
convex cost function and any U(q, §) with the properties described above and it also holds in
the three-type setting with © = {0r,0,0m}. See Section 6 for all the extensions.

The seller designs a sale mechanism to maximize her expected profit. A generic sale mech-

anism is denoted by M and, according to the revelation principle, we can restrict our attention

8Our results below holds even when the seller finds it optimal to refuse to serve L-type.



to direct revelation mechanisms:
] 2 Al 2
M={qd@.0),0@ .0 i=12},

where /9\2 € {01,0y} is buyer i’s report, ¢'(-) is the quantity he receives and t¥(+) is his payment
to the seller. Since buyers are ex ante identical, without loss of generality we focus on symmetric
mechanisms in which the quantity sold to a buyer and his payment depend only on the reports
(51,52) and not on his identity. Then, we can introduce the following notation to simplify the

exposition: For quantities,

anr = ¢"(0u,0n) = *0u,0n), qur = ¢ (0n,01) = ¢*(0r,0n),
awr = ¢ (01,08) =¢*(0m,01), qor = ¢"(01,01) = ¢*(0,01L).

(tgH,tgr,tom,torn) € R* are similarly defined. Let q = (quH, 9HL, L, qLL) denote the vector
of quantities and t = (tgm,tyr,tLH,trr) denote the vector of transfers.

The sale mechanisms we consider involve (second-degree) price discrimination. Although
price discrimination can be illegal if it threatens to injure competition?, in our context there

is no such concern since the buyers operate in separate markets.

2.2 Buyer coalition

Drawing on Laffont and Martimort (1997, 2000), we model buyers’ coalition formation by a
side-contract, denoted by S, offered by a benevolent third-party. The third party designs S
in order to maximize the sum of buyers’ expected payoffs subject to incentive compatibility
(since he does not observe the types) and participation constraints written with respect to the
utility a buyer obtains when M is played non-cooperatively.

We assume that the seller is the first mover and can commit not to serve a buyer if the
other buyer refuses M. This limits the strategies available to the buyer coalition: in particular,
the third-party cannot employ the strategy of making only one buyer buy from the seller and
share the goods bought with the other buyer.!? Precisely, the game of seller’s mechanism offer
cum buyer coalition formation has the following timing.

Stage 1. Nature draws buyers’ types (6, 6%); buyer i privately observes 6%, i = 1,2.

9This is the purpose of the Robinson-Patman Act.
10 Alternatively, we may assume that if buyer 1 (say) does not accept M, then the seller can serve buyer 2

with a single-buyer mechanism. In this case, our results would still hold if the seller can observe whether or
not a buyer uses her goods as in Rey and Tirole (1986). Since then the seller can induce buyer 2 not to resell
to buyer 1 (part of) the goods he bought from the seller by specifying ex ante a high penalty for buyer 2, both

buyers will buy from the seller in equilibrium.



Stage 2. The seller proposes a sale mechanism M.

Stage 3. Each buyer simultaneously accepts or rejects M. If at least one buyer refuses M,
then each buyer realizes the reservation utility and the following stages do not occur.

Stage 4. If both buyers accept to play M, then the third party proposes them a direct
side-contract S in order to jointly manipulate their reports into M and to reallocate between
themselves the goods bought from the seller.!!

Stage 5. Each buyer simultaneously accepts or rejects S.

Stage 6. If at least one buyer refuses S, then M is played non-cooperatively. In this case,
reports are directly made in M and stages 7 and 9 below do not occur. If instead S has been
accepted by both buyers, then reports are made into S.

Stage 7. As a function of the reports in S, the third party enforces the manipulation of
reports into M.

Stage 8. Quantities and transfers specified in M are enforced.

Stage 9. Quantity reallocation and side-transfers specified in S (if any) take place in the

buyer coalition.

Formally, a side-contract S takes the following form:
S=1{0(0,0),2'(0',0°,8). 40,0 i =1,2},

where AHJL € {0r,0m} is buyer i’s report to the third-party. ¢(-) is the report manipulation
function which maps any pair of reports (51,52) made by the buyers to the third-party into a
pair of reports to the seller. We assume that ¢(-) can specify stochastic manipulations, as this
convexifies the third-party’s feasible set. More precisely, let 5 € ©2 denote an outcome of ¢(-).
Then, ¢(-) specifies the probability p¢(§1,52,5) that the third party, after receiving reports
(51,52), requires the buyers to report 5 to the seller. When the manipulation is deterministic,
ie., p¢(51,52, 5) =1 for a ¢ € ©2, we write (]5(51,52) = ¢ with some abuse of notation.

After the buyers bought goods from the seller, the third-party can reallocate them within
the coalition. Let z? (51,52, 5) represent the quantity of goods that buyer i receives from the
third-party when 5 is reported to the seller. Finally, 3 (51,52) denotes the monetary transfer
from buyer i to the third-party; y* does not need to depend on 5 because of quasi linearity of
a buyer’s payoff in money. Since we assume that the third party is not a source of goods or

money, a side-contract should satisfy the ex post budget balance constraints for the reallocation

' Actually, the Revelation Principle applies to the third-party’s design of S but not to the seller’s design
of M. Thus, the seller may wish to propose non-direct sale mechanisms. Nevertheless, as Proposition 3 in
Laffont and Martimort (2000) establishes, any perfect Bayesian equilibrium outcome arising from a non-direct

sale mechanism can be obtained as a perfect Bayesian equilibrium outcome induced by a direct sale mechanism.



of goods and for the side transfers:

2 2
in(al,GZ,Eé) =0 and Zyi(01,92) =0, for any (6,6%) € ©2 and any ¢ € 02
i=1 i=1
After a side-contract S is proposed, a two-stage game is played by buyers: in its first stage
(stage 5) each buyer accepts or rejects S; in the second stage (stage 6) the buyers report types
either into M or into S depending on their decisions at the first stage. We are interested in
(collusive continuation) equilibria in which both buyers accept S; thus, no learning about types

occurs along the equilibrium path.'? In Sections 4-6, we make the following assumption:!?

Assumption WCP: Given an incentive compatible mechanism M, if buyer i
vetoes S (which is an off-the-equilibrium-path event), then buyer j # i still
has prior beliefs about #° and the truthful equilibrium is played in M.

By definition, truthtelling is an equilibrium in M under prior beliefs if and only if M is
incentive compatible. Let UM(6;) (j = L,H) denote the expected payoff of j-type in the
truthful equilibrium in M. Then, UM (05) is the reservation utility for j-type when deciding

whether to accept S or not. In Section 7, we relax this assumption WCP.

3 The optimal mechanisms without buyer coalition

In this section, we characterize the profit maximizing mechanisms when there is no buyer

coalition. The seller’s expected profit with mechanism M = {q,t} is

T = 2p3 (trr — cqrr) + 2pL(1 — pr)(tar + tog — cqur — cqru) + 2(1 — pr)*(tum — cqun)

M should satisfy the following Bayesian incentive compatibility constraints: for H-type,
(BICH) prlfnu(qur) —tur]+ (1 —pr)[0nu(qun) — tao]
> prlfnu(qrr) —too] + (1 —pr)[0au(qrn) — toal;
for L-type,

(BICL) prl@ru(qrr) —tor] + (1 —pr)[0rulqrm) — tou]
> prl@ru(gur) —tar] + (1 —pr)[0rulenn) — taH).

(2)

12Notice, however, that there also exists an equilibrium in which both buyers refuse any side mechanism: If

buyer i is vetoing any side mechanism, then rejecting is a best reply for buyer j.
B3WCP means weakly collusion-proof. The assumption makes us add the qualifier “weakly” in our definition

of collusion-proof mechanisms: see Definition 2.



M should also satisfy the following individual rationality constraints: for H-type and L-type,

respectively

(BIRy) prlfru(qur) —tar) + (1 —pr)0au(qum) —taa] > 0; (3)
(BIRL) prl@ru(qrr) —tor]+ (1 —po)[0ru(qre) —tra) > 0. (4)

The seller designs M to maximize II subject to (1) to (4). We characterize the optimal mech-

anisms in the next proposition:

Proposition 1 The optimal mechanisms in the absence of buyer coalition are characterized
as follows.
(a) The optimal quantity schedule o = (¢5p, Q> Q- QG ) 18 given by:
(i) Gg = di, = Q5> where O’ (qfy) = ¢
(it) ¢35y = 45, = q;., where (0 — 1;? AO) (q}) = c.
(b) Transfers are such that the constraints (BICy) and (BIRy) are binding.

In Proposition 1, g3; (¢} ) is the optimal quantity allocated to H-type (L-type), when the
seller faces a single buyer. Thus, Proposition 1 states that, in the optimal mechanisms for the
two-buyer case, the quantity obtained by a buyer is equal to the quantity he would receive in
the one-buyer setting, independently of the report of the other buyer. In the one-buyer case,
it is well known that the payment the seller obtains from H-type is decreasing in the quantity
received by L-type because of (BICy). This induces the seller to evaluate L-type’s surplus
with the so-called virtual valuation 07 = 6, — 1-pL Ap < 01, instead of 61, and therefore to

pL
distort the quantity allocated to L-type below the first-best level since she equalizes L-type’s

marginal virtual surplus to marginal cost.

The facts that ¢,y = d5p = ¢y Gy = 41 = q;, and (BICy), (BIRy) bind imply
that the expected payments of L-type and H-type, t;, = prtrr + (1 — pr)trg and ty =
prtur + (1 —pr)tam respectively, are equal to the payments of the two types in the one-buyer
setting: tr, =t} = 0ru(q}) and tg = t5; = Ogu(qy) — (Af)u(g;). The seller has two degrees
of freedom in the choice of transfers to satisfy ¢, = ¢} and ¢y = tj;. For instance, she can
set trr = trg = t7 and tgr, = tgy = t};, so that each buyer’s payment does not depend on
the other buyer’s report. In what follows, we let M? = {q*,td} where tdLL = t%H = t7 and
t% = tjl{ g =ty InM ¢ truthtelling is a dominant strategy since each buyer’s payoff depends
only on his own report. Basically, with M? the seller maximizes her profit by dealing with
each buyer separately.

A simple intuition sheds light on the close relation between the optimal mechanism in

one-buyer case and the ones in two-buyer case.!* If there exists a mechanism {q’,t'} which is

1We thank Raymond Deneckere for pointing this out to us.



strictly better than the mechanisms characterized by Proposition 1, then we can find a menu
of two (possibly stochastic) contracts'® which is strictly better than (¢}, t%) and (g}, %) for
the single-buyer model. However, this is impossible by definition.

Last, we make an obvious (but important) observation about the optimal mechanisms in

the absence of buyer coalition.

Observation: In any optimal sale mechanism without buyer coalition, H L-coalition can
increase its payoff by reallocating some quantity from H-type to L-type in the absence of

transaction costs.

Since Oy (¢f;) = (0, — 1;%Aﬂ)u’(q}g) = ¢ implies that L-type’s marginal utility for goods
is strictly larger than H-type’s, H L-coalition has an incentive to reallocate some quantity from
H-type to L-type if there exists no transaction costs in coalition formation. We emphasize that
this incentive exists because the seller reduces the quantity consumed by L-type below the
socially efficient level in order to extract more rent from H-type. In contrast, if she observed
(01,6%), there would be no room for arbitrage since the first-best quantity schedule (¢5Z, ¢F'?)

is such that GHu’(quB) = QLU’(QEB) =c

4 Coalition under asymmetric information

In this section we introduce formally the third party’s design problem of S and then show
that M¢? characterized above leaves room for arbitrage, in the sense that buyers can increase
their payoffs by manipulating reports and reallocating goods, at the expenses of the seller.
Therefore, this section provides a motivation to look for a mechanism which performs better
than M? in the presence of buyer coalition, the issue we deal with in the next section. In
particular, in this section we also show that the seller can restrict his attention to a particular
set of (collusion-proof) mechanisms which we characterize..

Let p(01,6%) (respectively, p(6%) with i = 1,2) denote the probability of having (6!, %) € ©2
(respectively, the probability of having §° € ©). We recall that p¢(51,52,5) denotes the
probability that, after receiving reports (51,52), the third party requires the buyers to report
5 € ©2 to the seller. When 5 is reported to the seller, buyer ¢ receives quantity q’(%) from the

seller and pays t*(¢) to her.

Definition 1 A side-contract S* = {¢*(-), 2™ (-),y™* ()} is coalition-interim-efficient with re-

'The menu is such that conditional on the report of 8z (6z), the buyer receives quantity g (¢rr) with
probability pr, and ¢y (gL ) with probability 1 — pr, and pays prtyr, + (1 — pr)tun (prtin + (1 —pL)tLm).

10



spect to an incentive compatible mechanism M providing the reservation utilities {UM (61), UM (0) }

if and only if it solves the following program:
max ) p(0,6%)[UNO") + U(6?)]
(;5()713 ()7y () (01,02)662
subject to
U0 = > p07)q D> pP(0",67,0)[0"u(q’(9) + 2 (6,67, ) — /()] — (6", 6%) 7 ,
67co $cO?2
for any 0° € © and i,j = 1,2 with i # j;

(BICS) U(0%) = 3 p09) " 08,67, 8)[67u(q () +2°(8',67, 8)) — /(@] — (8,67 .

) $cO?2

for any (0,0') € ©2 and i,j = 1,2 with i # j;
(BIR®) UY(0%) > UM(6%), for any ' € © and i =1,2;

(BB : x) x1(91,92,5) +x2(01,92,5) =0, for any (0,60%) € ©2 and any 5 € 0%
(BB : y) y'(6",6%) +y*(6',6°) =0, for any (6',6%) € ©°.

In words, a side-contract is coalition-interim-efficient with respect to M if it maximizes
the sum of the buyers’ expected utilities subject to incentive, acceptance and budget balance
constraints. Let S° = {¢(-) = Id(-), z(-) = 22(-) = 0,y*(-) = y?(-) = 0} denote the contract
which implements no manipulation of reports, no reallocation of quantity and no side-transfer;
S is called the null-side contract and M is not affected by buyer coalition if the third-party

proposes S°. The next definition refers to this class of mechanisms.

Definition 2 An incentive compatible mechanism M is weakly'® collusion-proof if S° is coalition-

interim-efficient with respect to M.

In the rest of this section, we consider two interpretations of ¢, quality or quantity,'” and
examine whether or not M? is weakly collusion-proof in each case. The next proposition states

our result:

6The qualifier “weakly” comes from our assumption WCP in section 2.2.
""For instance, in Mussa and Rosen (1978), ¢ represents quality. Alger (1999) considers both interpretations

although she focus on quantity interpretation.
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Proposition 2 Suppose the seller offers M®. Then

(a) when q represents quality, M d s weakly collusion-proof;

(b) when q represents quantity, there exists a side-contract S which increases the payoff of
each type of buyer (and reduces the seller’s profit) compared to when M? is played truthfully;
in S, H H -coalition reports HL to the seller, HL-coalition reports LL and then quantities are

reallocated within the coalitions.

Consider first the case in which ¢ represents quality and hence reallocation of ¢ is impossible
or the case in which ¢ represents quantity but buyers cannot reallocate it (for instance, electric-
ity, gas, water). In these cases, the only instrument of the coalition is manipulation of reports.
Then, Proposition 2(a) establishes that M? is weakly collusion-proof. This result easily follows
from the property that in M? a buyer’s payoff is independent of the other buyer’s report and
no agent has an individual incentive to report untruthfully since (BICy) and (BICL) are
satisfied. Therefore, the sum of the buyers’ payoffs is maximized by truthtelling in every state
of nature and the null side-contract satisfies (BIC*®), (BIR®) and budget balance constraints;
thus, S° is coalition-interim-efficient. Notice that collusion has no bite even though it oc-
curs under symmetric information among buyers. We note that Laffont and Martimort (1997,
2000) obtain similar findings (Proposition 11 and Proposition 6, respectively) when they show
that there exists a dominant-strategy optimal mechanism which eliminates any gain from joint
manipulation of reports if the agents’ types are independently distributed.

We now turn to the case in which g represents quantity and buyers can manipulate their
reports and reallocate quantity. In what follows, for simplicity of discussion, we suppose that
buyers have symmetric information at the time of collusion, which is equivalent to saying that
the third party does not need to satisfy (BIC®) or that there are no transaction costs in
coalition formation. This simplification is innocuous since the underlying logic holds true even
when buyers form the coalition under asymmetric information. One simple way to see why
the possibility of reallocation overturns the result of Proposition 2(a) is to notice that actually
— when reallocation is infeasible — coalition HH (HL) is indifferent between truthtelling and
reporting HL (LL) under M?. Since reallocation makes the coalition more powerful, it is quite
intuitive that now incentives to manipulate reports exist.

To be more clear, we here graphically illustrate the result of Proposition 2(b). In Figure
1, points A and B represent the two quantity-transfer pairs (q7,t}) and (qj;,t};) respectively
in mechanism M¢9. If H H-coalition reports truthfully, each buyer will achieve B. If it reports
H L and reallocates evenly the total quantity and the total payment, each buyer will obtain C,
with ¢¢ = % and t¢ = % One can easily see from Figure 1 that each H-type strictly
prefers C' to B since C lies on a better indifference curve than B. Formally, C is preferred to

12



gyu(q)-t=
* B .
ty A6 u(a;)
f,u(q)-t=0
* * >
q[ q. * dy q; q

Figure 1: Gains from reallocation under the mechanism A4

A or B since C' is a convex combination of A and B, H-type is indifferent between A and B
and his preferences are strictly quasi-convex.

For H L-coalition, if it reports LL and does not reallocate quantity, each buyer achieves A
and obtains the same payoff as with truthtelling. However, since H-type’s marginal surplus
for goods is higher than L-type’s one when both receive the same quantity, each buyer can
achieve higher payoffs by reallocating some goods from L-type to H-type (with an appropriate
money transfer from H-type to L-type): for instance, they can achieve D for L-type and F
for H-type.

Since, according to Proposition 2(b), the seller earns a lower profit than under no coalition
formation when she offers M9, it is natural to inquire whether there exist better mechanisms
than M. The following proposition simplifies our analysis, since it shows that in order to find
the best mechanism for the seller we can restrict our attention to the set of weakly collusion-

proof mechanisms.

Proposition 3 (weakly collusion-proofness principle) There is no loss of generality in
restricting the seller to offer weakly collusion-proof mechanisms in order to characterize the
outcome of any perfect Bayesian equilibrium of the game of seller’s mechanism offer cum

coalition formation such that a collusive equilibrium occurs on the equilibrium path.
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The idea behind Proposition 3 is the following: since the third-party has no informational
or instrumental advantage over the seller and is subject to the incentive, acceptance and
budget balance constraints, any outcome that can be implemented by allowing coalitions to
manipulate reports and /or to reallocate goods can be mimicked by the seller in a collusion-proof
way without loss.

The next proposition characterizes the set of weakly collusion-proof mechanisms.'® Before
stating the proposition, it is useful to define the following variables 6%, ¢%;(x) and ¢§(z), in
which e € [0,1) and = > 0:

65 = 6, — LPL(Ag)e,
pL

dfa () = arg max Opru(z) +Opu(e —2) and g (a) =2 gy (@) (5)

We note that ¢ (z) is uniquely defined since  gu(z) 4+ 05 u(x — 2) is a strictly concave function
of z. In particular, (¢% (), q§(x)) is the efficient allocation of a total quantity x > 0 between

a buyer with valuation 0y and a buyer with valuation 65 .

Proposition 4 An incentive compatible sale mechanism M = {q,t} is weakly collusion-proof
if and only if there exists € € [0,1) such that

(a) the following coalition incentive constraints are satisfied: for HH coalition,

_l’_
(CICymmL) 20pu(qum) — 2tgm > 291{%%) —tur —trm, (6)
(CICumLL) 20nu(quu) —2tma > 20gu(qrr) — 2tor; (7)

for HL coalition,
(CICuL ) Oru(qur)+0tu(qr) —tar —toe > 0au(dy (2qmm)) + 05 u(qr (2qum)) — 2taH,
(8)

(CICuL L) Omrulgur)~+ 05 u(qrm) — tar —toa > 0rul(qs(2qnr)) + 03 u(qs (29rL)) — 2trr;

9)

for LL coalition,

(CICLraH) 207 u(qrr) —2trr > 205 u(qum) — 2tHH, (10)
(CICLL’HL) 205u(qrr) — 2trr, > QGEU(W) —tyr —tom; (11)

18We here focus on weakly collusion-proof mechanisms where L-type’s Bayesian individual incentive constraint
is not binding. We prove in Section 5 that the seller is not going to offer a mechanism M such that L-type’s

incentive constraint binds in the side-contract which is optimal with respect to M.
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(b) the following no arbitrage constraint (which relies on (5)) is satisfied

qur = qy(guL + 9LH), (12)

(c) if € > 0, then H-type’s incentive constraint in the side mechanism is binding.

Notice that each coalition incentive constraint takes into account the reallocation of the
goods: If both agents report the same types to the third party, each buyer receives half of the
total quantity available (see (6)-(7) and (10)-(11)) while if the reports are different, the total
quantity is allocated according to (5) (see (8)-(9)). When all the coalition incentive constraints
are satisfied, the third-party does not manipulate the buyers’ reports into M. Then, no room
for reallocation exists if 8! = 6% since the seller allocates the same quantity to each buyer. If
0! + 62, then the third party will not reallocate the goods bought from the seller after making
truthful reports if and only if the no-arbitrage constraint (12) is satisfied.

In (8)-(12), € € [0,1) appears. Roughly speaking, ¢ is the Lagrange multiplier of (BIC%),
H-type’s incentive constraint in the third-party’s design problem of S, and it can be positive
when (BI C’IS_}) is binding.!? The seller has some flexibility in choosing e since S° is optimal for
the third party if and only if it satisfies the necessary and sufficient conditions for optimality
in the third party’s problem for at least one € in [0, 1).

In the presence of complete information within the coalition, the side mechanism does not
need to satisfy any individual incentive constraint. Therefore, the coalition incentive and the
no-arbitrage constraints under complete information are obtained from (6)-(12) by taking €
equal to 0 and the third party realizes whatever gains from cooperative actions if there is any.
When the coalition forms under asymmetric information, it may be costly to satisfy (BI C’fl)
because of a well-known tension between (BIC%) and (BIRY); € measures how costly it is.
The coalition incentive constraints under asymmetric information differ from the constraints
under complete information since L-type’s valuation 6, is replaced by the virtual value 6. The
latter is smaller than 0, for € > 0 since, as the quantity allocated to L-type (by the third party)
increases, it is more difficult to satisfy (BIC%;). The value of ¢5 affects the coalition incentive
constrains through two channels. First, given a quantity consumed by L-type, the third-party
evaluates his surplus with 6% instead of €. Second, this in turn affects the third-party’s
decision to reallocate the goods given a total quantity available to a coalition.

One might argue that the seller could ask the buyers for the information that they may
have learned during the course of coalition formation. However, there is no loss in restricting
the seller to use mechanisms such as those defined in subsection 2.1 since we show that she

can nevertheless deter buyer coalition at no cost.

19Precisely, e = (%6 where ¢ is the Lagrange multiplier of (BICfI) and a > 0.
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5 The optimal weakly collusion-proof mechanisms

In this section, we analyze the optimal weakly collusion-proof mechanism. Observe that when
the third party proposes S°, (i) the Bayesian incentive constraints (BIC®) in the side mech-
anism reduce to (BICy) and (BIC}) introduced in section 3; (ii) the acceptance constraints
(BIR®) in the side mechanism are automatically satisfied with equality. Hence, the seller’s
maximization program under collusion - denoted by (P) - is defined as follows:

max  II subject to (1)-(4) and (6)-(12).

{at.e}
Since (P) has more constraints than the seller’s program without collusion, the seller cannot
earn more profit in the presence of collusion than in its absence. However, the next proposition
states that the profit level is the same in the two cases. More precisely, it provides a transfer
schedule which, paired with the quantity profile q* of Proposition 1, yields the seller the profit

she obtains in the absence of collusion.

Proposition 5 Let t** be such that (BIRy), (BICH), (CICHymuL) and (CICHL L) bind
when q = q* and ¢ = 1.2° Then M** = {q*,t**} is both an optimal mechanism in the absence

of buyer coalition and weakly collusion-proof.

Proof. We basically prove that the seller can satisfy all the constraints imposed by weak
collusion-proofness without any loss.

We first notice that q* satisfies the no-arbitrage constraint (12) with ¢ = 1. In fact, when e = 1

both the seller and the third-party have the same virtual valuation of L-type, 01 — 1;5 L AG;
hence the third-party has no incentive to modify the quantity allocation q* decided by the seller.
Then, we can find a (unique) transfer profile t** such that (BIRy), (BICg), (CICHH H1) and
(CICHL,LL) bind when q = q* and € = 1 (see the appendix). We remark that this is possible
because satisfying (BIRy) and (BICy) with equality absorbs only two degrees of freedom
from the transfer schedule t. By Proposition 1, M** = {q*,t**} is optimal in the absence of
coalition since (BIRy,) and (BICy) bind.

In order to prove that M** satisfies all the coalition incentive constraints, let V¢ (z) denote
the total virtual surplus®’ that a coalition having m number of buyers with H-type derives

from consuming a total quantity x > 0; m € {0, 1,2} is viewed as the “type” of the coalition.

20 Although € belongs to [0, 1), we allow € to take the value equal to one since we are interested in the Sup of
the seller’s profit.

I For instance, Vi (z) = max, ¢, Onu(2) + 0zu(z — 2). In Vi (z) and Vi (z), a L-type’s surplus is evaluated
with 0%. Vs (z) is independent of € since there is no L-type in H H-coalition.
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We regard each coalition as a consolidated agent and VS, as the surplus function of type m.
Then notice that (i) 2q¢5y > ¢ + 95y > 2¢;,; (ii) the following single crossing condition
holds: 8‘2959”) > 8‘/(,91;(90) > 6‘%2(@ for any > 0 and any € > 0 (see Lemma 1 in the appendix).
These two properties, together with the fact that in A** the local downward coalition incentive

constraints bind, allow us to use a standard result from the theory of monopolistic screening [see
Section 3 in Maskin and Riley (1984)] to conclude that all the coalition incentive constraints
are satisfied. W

Proposition 5 says that the seller can implement the quantity profile q* as when there
is no buyer coalition and can deter collusion at no cost, thus realizing the same profit as
without collusion. Hence, under asymmetric information, the ability to form a coalition does
not help the buyers to increase their payoffs. In particular, even though the third party aims
at maximizing the buyers’ payoffs and marginal rates of substitution are not equalized across
buyers in H L-coalition, no side mechanism can implement a desirable reallocation when the

seller uses M**. We provide an intuition in two steps for this result.

No reallocation occurs if there is no manipulation of reports To give an intuition
of why the third-party fails to efficiently reallocate the goods, suppose that the buyers do not
manipulate their reports. Then, we can show that no reallocation of quantity occurs under
M**. Obviously, no room for reallocation exists within the coalitions HH and LL since the
seller allocates the same quantity to each buyer in these homogenous coalitions. However, in
the case of H L-coalition, potential room for arbitrage exists since L-type’s marginal utility for
the goods is larger than H-type’s. To understand why no reallocation occurs in this coalition,
it is important to recall that under asymmetric information, a side mechanism needs to satisfy
both (BIC®) and (BIR®). Since (BIC%) binds in the side mechanism which is optimal with
respect to M*™ and the information rent H-type obtains by pretending to be L-type to the
third-party increases in the quantity received by L-type, the third party evaluates L-type’s
surplus not with 87, but with a virtual valuation smaller than f7. Furthermore, since the third
party has the same prior beliefs about the buyers’ types as the seller and also (BI Rf) binds,
H-type’s rent as a function of the quantity received by L-type increases with the same slope
both in the third-party’s problem and in the seller’s problem with no coalition. Therefore,
the third party evaluates L-type’s surplus with the same virtual valuation 6% as the seller??
and consequently he has no incentive to modify the allocation q* at which H-type’s marginal

surplus is equal to L-type’s virtual marginal surplus.

22Gee the proof of Proposition 4 in Appendix for the formal derivation of L-type’s virtual value from the

third-party’s point of view.
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Alternatively, we can explain the no-reallocation result by directly computing the transac-
tion costs created by asymmetric information and showing that they are larger than the gains
from reallocation.?® Consider reallocating a quantity Aq € (0,qj;] from H-type to L-type
within H L-coalition. First, the gains from reallocation are given by G = 0y, [u(q] + Aq) — u(q})]—
Or [u(gs) — u(gsy — Ag)], which is positive, at least for a small Ag, from the inequality 0ru'(q}) >
Oru'(qy;). Second, the reallocation also increases H-type’s rent since it increases the quan-
tity consumed by L-type; we define this increase in rent as the transaction costs T'C' cre-
ated by asymmetric information. In order to compute T'C, suppose that an H-type pre-
tends to be L-type to the third-party while the other buyer reports truthfully. Then, the
expected surplus of the former is equal to (1 — pr)0nu(q; + Aq) + pr.Onu(q;) while his
expected payment is equal to (1 — pr)0ru(q; + Aq) + préru(q; ), determined by the bind-
ing L-type’s participation constraint in the side-mechanism. Therefore, H-type’s expected
rent is AG [(1 — pr)u(q; + Aq) + pru(gy)], higher than his rent Afu(q;) when Ag = 0, and
TC = A0(1 —pr) [u(q] + Agq) —u(q;)]. Last, the third-party can implement the reallocation
only if the expected gain from reallocation 2pr,(1 — pr,)G are larger than the expected trans-
action costs 2(1 — pr,)T'C. Since 2pr,(1 — pr)G < 2(1 — pr,)T'C holds for any Aq € (0, g5, we

conclude that reallocation is infeasible.

No manipulation of reports is profitable In order to understand why no manipulation
is implemented given M**, it is useful to define V,!(x) (as in the proof of proposition 5)
as the total surplus a coalition with m buyers with H-type derives from a total quantity
x > 0 after optimally allocating z within the coalition with ¢ = 1. As we mentioned above,
the third party evaluates the surplus of L-type with 07 instead of 6. Therefore, we have
ViH(x) = max,epq 0gu(z) + 07u(x — 2) and Vy (z) = 207u(%), while Va(z) = 20gu(3) as
under symmetric information.

As a first step, we below focus on the two downward manipulations which are mentioned
in Proposition 2(b). When q = q*, H H-coalition prefers truthful report to reporting HL if
and only if the following inequality holds:

Va(2qyy) — 2tun =2 Valay +q1) — tHr — ton (13)
H L-coalition reports truthfully rather than LL if and only if

Vil + b)) —tar —tog > ViH(24}) — 2trr (14)

2 Makowski and Mezzetti (1994) and Williams (1999) use an argument similar to ours to prove (non-) existence
of efficient mechanisms in environments which include Myerson-Satterthwaite (1983)’s one seller-one buyer

setting as a special case.
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We notice that the transfers in M9 violate both (13) and (14), but the seller can find transfers
which satisfy (13) and (14) and make (BICp) and (BIRy) bind. On the one hand, a suitable
decrease in ¢y and an increase in tgr, both with respect to t};, allow to satisfy (13) while
keeping (BICY) binding, as it is necessary to achieve the same profit as without collusion. On
the other hand, an increase in ¢7,7, and a decrease in t7, 77, both with respect to t7, allow to satisfy
(14) while keeping (BIRy) still binding. Formally, the seller can use two degrees of freedom in
transfers to satisfy (13) and (14) at no cost while using the remaining two degrees freedom to
leave (BIRy) and (BICH) binding. Indeed, the transfers t** in Proposition 5 are defined as the
(unique) profile of transfers which satisfies all (BIRy,), (BICy), (CICHH, HL) and (CICHL,LL)
with equality: Consistently with the intuition suggested above, we find 7% < t7 < 77 and
tr <ty <thy

We graphically explain how t** deters H H-coalition from reporting HL.2* In figure 2,
A and B are defined as in figure 1 and represent the two quantity-transfer pairs under M?.
Under M**, after reporting truthfully, each buyer in H H-coalition obtains the pair B’, which is
better than B since t77; < t}; holds while, after reporting H L and sharing equally the quantity
and the transfer, each buyer obtains the pair C’ i.e., (gzy}ki, Eﬁ%tﬁﬁ) Since by construction
H-type is indifferent between B’ and C’, the H H-coalition will report truthfully under M**.

We now argue that also the coalition incentive constraints we neglected are satisfied by
M**. For this purpose, we note that (i) (13) and (14) (the local downward coalition incentive
constraints) bind in M** (ii) a single crossing condition for coalitions holds?: ﬁx— > —A—= 8V ( ) >
8_‘/5& for any > 0 and e > 0 (iii) the quantity profile for coalitions is monotone: 2qH g >
a5 + arg > 2q7 ;- Therefore, we can use a standard result from the theory of monopolistic
screening [see Section 3 in Maskin and Riley (1984)] to conclude that (6)-(11) are satisfied.

It is interesting to notice that there exist infinitely many transfer schemes t such that
{q*,f} is optimal under no coalition and weakly collusion-proof (for instance, it is possible to

strictly satisfy (6)-(11) without reducing the profit).26 However, the following inequalities
%\LH < tz < i\LL and %\HH < tE < %\HL (15)

must be satisfied by any such t. The inequalities mean that upon reporting a type, each buyer
faces a lottery which determines his payment as a function of the report of the other buyer.

In particular, facing an L-type is bad news because then the payment is higher than when

2*We only examine (CICmm,mz1) because representing (CICz,rr) in Figure 2 is much more difficult since,
in H L-coalition, goods are not reallocated evenly as in H H-coalition.

25Gee the proof of lemma 1 in the appendix for the details.

20Tn Section 7, we exploit this multiplicity to find an optimal weakly collusion-proof mechanism which is

strategically more robust than M™**.
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Figure 2: Transfers inducing an H H-coalition to report truthfully

facing an H-type. This feature results from the seller’s desire to deter coalitions’ downward
manipulation of reports, as we below argue in proving (15).

~ To show (15), let 57, = ty+a, tr = 7 +0, tuy = ty— 17’_LpaL and iy = tz—%: therefore
t satisfies (BICy) and (BIRy) with equality. Define o = Va(2q3;) — Va(ql; +q;) — (3, — t3)
and ,6 = Vvll(q?{ + qji) — V11(2qz) — (t}[ — t*L) Then, (CICHH,HL) and (CICHL,LL) at q= q*

reduce respectively to

(1—pr)a>—a—pr(a—"0) and (1—pr)8>-b+(1—pr)(a—0)

Therefore, the set of (a,b) which satisfy (CICup gr) and (CICHL,LL) is given by Z =

(a,b) € R? | HL)O}% >b> W} and the point at which —(1_pL)apJ;(1+pL)a =

p— (=pr)a—(1-pr)f
2—pr,

ically and, since o < 0, 3 < 0?7 and % > é:ﬁ’ any (a,b) € Z should be such that a > 0 and

b > 0. Therefore, for any mechanism which is optimal under no coalition and satisfies (13)-(14)

holds corresponds to the transfers t** of M**. Figure 3 represents Z graph-

(necessary conditions for weakly collusion-proofness), its transfers t must satisfy (15). This

implies in particular that (i) M? is not weakly collusion-proof since a = b = 0 in M? (ii) ex

271t is straightforward to verify that o < 0. For the proof of 8 < 0 see the Appendix, immediately before the

proof of Proposition 6.
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Figure 3: Transfers in the optimal collusion-proof mechanisms: a necessary condition

post individual rationality is violated for L-type in any mechanism which is optimal under no
coalition and weakly collusion-proof since t = Oru(q;) < t1z, holds.

Remark 1 (symmetric information in the coalition): Even though we focus on the
role of asymmetric information among buyers, it is interesting to inquire the consequences
of collusion taking place under symmetric information. For instance, suppose that the third
party owns a technology that allows him to elicit credible reports from the buyers as in Baron
and Besanko (1999).2% In this case the side mechanism does not need to satisfy (BIC®),
implying that the third party evaluates L-type’s surplus with the real valuation 6y, rather than
with the virtual value 6. The coalition incentive constraints under symmetric information
are similar to those under asymmetric information except that now, in defining Vi (z) and
Vi (z), 01, is used instead of #7. Still, the seller can deter manipulation of reports at no cost as
under asymmetric information. However, reallocation within H L-coalition takes place unless
Ogu'(qrr) = 0ru(qrm), a condition which reduces the seller’s profit with respect to the case

without buyer coalition.

28They assume that the third-party who organizes an informational alliance can verify the private information

of each agent forming the alliance.
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Remark 2 (correlation): Proposition 5 does not hold if ' are 62 are correlated. In-
deed, in a correlated environment the seller earns the first best profit in the absence of buyer
coalition (see Crémer and McLean (1985)), but that is not possible under coalition forma-
tion. We examined a specific case in which the payoff of type 6 from consuming quantity
q €10,0] is g — %qQ and Pr {91 =0%= HH} =Pr {91 =0? = GL}, Pr{(91 =0y, 0> = GL} =
Pr {91 =05, 0> = HH}. Now, a trade-off about the value of ¢ arises. On the one hand, as in
the case of independent types, a large € helps to discriminate H-type from L-type. On the
other hand, the constraint (CICpy, 11,) binds and it is tightened as ¢ increases. For the case of
small and positive correlation, it turns out that the trade-off is optimally resolved by setting
e strictly below 1. We also obtain, as in Laffont and Martimort (2000), that the solution is
continuous in the degree of correlation; furthermore, the optimal values of qr; and qrg are

decreasing with respect to the degree of correlation, while g7, is increasing.

Two-part tariffs Two-part tariffs are sometimes proposed as a simple way to implement
non-linear tariffs, or as a "real-life” mechanism as opposed to abstract direct mechanisms.
In the model with no buyer coalition, it is easy to see that the optimal outcome can be
implemented by a menu of two-part tariffs such that each type of buyer chooses the tariff
designed for his type and buys the quantity ¢7; or g7 according to his type. We note that the
two-part tariff designed for L-type needs a kink in order to prevent H-type from choosing the
tariff designed for L-type and buying more than ¢} .2

The next proposition states that a more complicated menu of two-part tariffs can be
used to implement the optimal outcome when coalition formation is possible. We continue
to assume that the seller can commit not to serve a buyer if the other buyer does not buy
anything from the seller.’ Let the seller offer tariffs Ty = {(Agg,pun), (Agr,par)} and
Tr, = {(Aru,pru), (ALL,pLr)} where, for instance, Agy, and pgr represent the fixed fee and
the marginal price that a buyer choosing Ty pays if the other buyer chooses T7,. In particular,
we consider the tariffs {177, T}*} such that

{ ;‘Z = t;k,*; — cqj*f, for j,k e {H, L}, (16)
Pjk =

¢ for ¢ < ¢; and pj = Opu'(qy) for ¢ > g} for j,k € {H,L}.

2The two-part tariff for H-type takes the form Ay + pq with Ay = t}; — cq}y and p = c. Since the tariff
for L-type needs a kink at the point ¢ = q7, the seller has some discretion in choosing the marginal price. For
instance, she can use Az, + pq with Ap, =t} — cq}, and p = c for ¢ < g}, p = 0uu'(q}) for ¢ > q}.

30 As we said in footnote 10, our results hold even if this assumption does not hold but the seller can observe
whether or not a buyer uses her goods. This makes it impossible for a buyer to obtain a positive amount of the

goods without paying any fixed fee to the seller as in Rey and Tirole (1986).
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Proposition 6 Suppose that the seller offers {17, T;*} instead of M**. Then, regardless of
whether or not the buyers can form a coalition,

(a) each buyer accepts the offer,

(b) j-type of buyer, with j € {H, L}, chooses the tariff T;* and buys quantity q;.

The menu (16) is such that (¢) the fixed fee a buyer pays depends on the tariff chosen by
the other buyer (which is necessary since t** requires this sort of dependence) (i) the tariff
each buyer faces has a kink.?! The kink is necessary in order to deter downward manipulation
of reports. For instance, suppose there is no kink in 7%". Then, since A}y > Ay + ATy
holds, a H H-coalition has an incentive to coordinate the buyers’ purchases such that only one
buyer chooses 17, he buys more than g¢j; and shares it with the other buyer who chooses
TE*.?’Q This deviation is prevented by the increase in the marginal price at ¢ = ¢j; - the kink -

from ¢ to Opu'(q7).

6 Extensions

In the previous sections, for simplicity we considered the two-buyer-two-type setting with
C(q) = cq and U(q,0) = Ou(q). However, Proposition 5 can be extended to an environment
with n buyers and two types, or with twobuyers and three types, or with general cost and

utility functions which satisfy the conditions introduced in subsection 2.1.

6.1 The case of n > 2 buyers

When the seller faces n > 2 buyers, we assume that the only feasible coalition is the grand
coalition, the one including all the buyers. More precisely, we suppose that if at least one
buyer rejects the side mechanism, then the sale mechanism is played non-cooperatively with
prior beliefs (i.e., we keep assumption WCP). This assumption is justified when any attempt to
organize a coalition - after the grand coalition was rejected - is sufficiently time consuming such
that it is impossible for the third party to design a new side mechanism which is tailored for
the buyers who accepted the original side mechanism. Clearly, this assumption is not needed

if n = 2 but it makes the model quite tractable when n > 2.

31 Actually, no kink is needed when both buyers choose Tj*: we can have pgr = c for all ¢ > 0. However, in
this case both the fixed fee and the marginal price paid by a buyer choosing Tf* depends on the tariff chosen

by the other buyer, while in (16) the marginal price depends only on his choice.
321 ikewise, if there were no kink in 757, the buyer who pretended to be L-type may buy more than ¢} and

then share with the other buyer.
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Without loss of generality, we restrict our attention to symmetric sale mechanisms, which
are now introduced. Let gr,, (m = 0,1,....,n — 1) denote the quantity allocated to each
L-type by the seller when the profile of reports 6 = (él, ,9n) € O" includes exactly m
number of H-types. The variables qgm, tgm and tr,, are defined similarly. Let q, =
(qros ---» 9Ln—1, Q1 - qun) and t, = (tro, ..., tin—1,tH1, .-, LHn), SO that a sale mechanism
is given by M,, = {qu,tn}. Any optimal mechanism {q}, t,,} without buyer coalition is such
that q7,, = qf and qj;,, = qj for any m and the expected payment of L-type and H-type is
equal to Oru(q;) and Opu(qs;) — (Af)u(q} ), respectively.

Proposition 3, the weakly collusion-proofness principle, applies to this setting. Here we
generalize Proposition 4 by describing the conditions under which an incentive compatible
mechanism M, is weakly collusion-proof. In order to do that, we need to investigate how
goods are reallocated by the third party in an m-coalition — a coalition with m number of
H-types and n — m number of L-types — when x(> 0) is the total quantity available to the
coalition. Since u” < 0, in any m—coalition the third-party allocates the same quantity to

each buyer of the same type. Precisely, if quantity z is allocated to each H-type, then each

T—mz.
n—m’

L-type receives clearly, if m = n (or m = 0) then each H-type (L-type) receives . The

quantity allocated to H-type is qf,,(x) defined as

r—mez

Qm(z) = arg max mlgu(z) + (n — m)d7u( ), m=1,.,n-1

2€[0,:7] n—m

Hence, the no-reallocation condition for an m-coalition (if gz, > 0) is:

O’ (qrrm) = 034 (qm) (17)

If (17) is satisfied by M, then an m-coalition which reports truthfully in M,, has no incentive
to alter the allocation determined by the seller. Notice that

Tr —1mz

Ve(x) = max mlgu(z) + (n — m)ogu( ), m=1,..,n-1

2€[0, % n—m
is the gross payoff for an m-coalition when it owns the total quantity x, given . For n-coalition
and 0-coalition we have V,,(x) = 0gu(%) and Vi(z) = 67 u(), respectively. As in the proof of
Proposition 5, we regard each coalition as a consolidated agent and V5, is the surplus function
of type m. For an m-coalition, manipulating its reports is equivalent to reporting a number
m/(# m) of buyers with H-type. The next proposition summarizes the coalition incentive and

the no-arbitrage constraints.

Proposition 7 An incentive compatible sale mechanism M, is weakly collusion-proof if and
only if there exists € € [0,1) such that
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(a) the following coalition incentive constraints are satisfied:

Ve Imqem + (n — m)qrm] — mtgm — (n — m)trm

> VI qume + (0 —m))qrm] — mtgm — (0 — m o for any (m,m’) € {0,1, ..., n}2

(b) the no-arbitrage condition (17) holds for m =1,...,n — 1.

(c) if € > 0, then H-type’s incentive constraint in the side mechanism is binding.

The next proposition establishes that the buyer coalition does not create any loss to the

seller, as in the case of n = 2.

Proposition 8 Given the quantity schedule q,, there exists transfers t}* such that M}* =

{q},t;*} is optimal under no buyer coalition and is also weakly collusion-proof.

Remark 3 (transaction costs): We can compare the expected gains from arbitrage with
the transaction costs generated by asymmetric information for the n-buyer case. Suppose for

instance that the third-party reallocates quantity such that when there are m number of H-

m
n—m

types, each L-type receives Aq € (0, q}{} Then, the expected gains from arbitrage is

given by:

n
m

Cln.m) = ( ><pL>“-m<1—pL>m{<n—m>eL (gl + Aq) — u(g})

b [ulaiy) — u(ai - o™},

The transaction costs are given by:

70 m) = (" ) )1 = ) A) fula + A) — e

n—m

TC(2m,m) = kG(2m,m) holds where k£ (> 1) does not depend on m.

We have T'C(n,m) — G(n,m) > 0 for any Aq € (0, m q}l} In particular, given Aq > 0,

6.2 The case of three types

Mechanism design problems under collusion often turn out to be qualitatively more complicated
when there are more than two types than when there are only two types. For instance, Laffont
and Martimort (1997, 2000) limit their analysis to the two-type setting since it is difficult
to determine the binding coalition incentive constraints when there are more than two types.

Here we briefly explain how — in our model — Proposition 5 extends to the three-type setting.
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The main difficulty is related to the fact that the single-crossing condition for coalitions holds
only partially.

Now the valuation #° of buyer i lies in © = {0;,0,05}, with Ay = 0y — 0y > 0,
Ay = 0y — 0, > 0 and 6, > 0. The types 0! and 6% are identically and independently
distributed with p;, = Pr {Hi = HL} >0, pp = Pr {Hi = GM} > 0 and pyg = Pr {Hi = GH} > 0.
In the absence of buyer coalition, the virtual values of M-type and L-type are given by:

v v — —"_
0, = 0 — 2L (0 — 0ar) v =g, PHTPM g g
PMm pL

Clearly, 0y > max {6},6%7} but the order between 03, and 6 depends on the parameters; if
0%, > 09, then virtual values are said to be monotonic; if #%, < 6%, then let 0},, = %
In any case, we assume that min {6%,4'(0), 074/ (0)} > ¢, so that each type receives a positive
quantity in case of no coalition.

As in the previous sections, we can restrict attention to symmetric direct revelation mech-
anisms, hence a sale mechanism is M = {q,t}, with q = {qjr};4_p pr g © = i} m
and g;i (tjx) is the quantity received by a buyer (his payment) if he reports j and the other
buyer reports k. Let t; = prt;r +pmtiv +patin and 4 = pru(gin) + pau(giv) + pru(gia),
j=L,M,H. Then, the expected profit is written as

I = 2(prtr + puta + puta) — 2¢prarr + prov(qea + avr) + prpu(qur + qum)]
—2¢[p3rqmm + pvpr(avs + qunm) + PHam )

The Bayesian incentive compatibility and participation constraints are

(BIC)  G;u; —t; > Ojuy—ty, j,j'=L MH
(BIR)  Oju;—t; > 0, j=L MH

The seller maximizes II subject to (BIC) and (BIR). The next proposition characterizes the

optimal mechanisms in the absence of buyer coalition.

Proposition 9 The optimal mechanisms in the absence of buyer coalition are characterized
as follows
(a) The optimal quantity schedule q* is such that:

i) ;= g for j =L, M, H, where Ouu'(q3) = c;

i) QG = s 915 = a1 for j = L, M, H with 03,0/ (q3,) = 030 (q7) = c if 05, > 0% but
qip = q; with 03,0 (q}) = c if instead 0%, < 6Y..
(b) Transfers are such that constraints (BICHu), (BICyyL) and (BIRyL) bind.
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As in the two-type case, the weakly collusion-proofness principle holds. In order to char-
acterize weakly collusion-proof mechanisms, it is useful to define i) the variables 0%, 65, and
7; ii) the functions ¢j(z; jk) and gj(z; jk), jk = HM,HL, ML; iii) the functions jek(x),
j k=L, M, H as follows:
05 =0m, 05 =0 — 2L Apemn, 05 =05 — 2L Avrens,
bm pL
G5 (0 ) = arg s 05u(:) + Ofula —2) and (oK) = @ — g5 (@i 8)

Ve (z) = max O5u(z) + Oyu(x — 2), j,k=L,MH
J z€[0,z] J

where € = (egar, emr) € [0,1) x [0,400) and x > 0.

The next proposition characterizes weakly collusion-proof mechanisms.

Proposition 10 An incentive compatible sale mechanism M is weakly collusion-proof if and
only if there exists € € [0,1) x [0,400) such that

(a) the coalition incentive constraints are satisfied

Vie(@k + arj) = tin — trg > Vi(@w + awyr) — tyw —trye,  for any gk, j', k" = L, M, H.
(18)

(b) the no arbitrage constraints hold
Gk = 45(qjk + arj; jk),  for jk=HM,HL, ML. (19)
(¢) if egnr > 0 (resp. enrr, > 0), then (BIC%,,) [resp. (BICY; ;)] binds.

By exploiting Proposition 10 we can prove that the buyer coalition does not create any loss
to the seller.

Proposition 11 There exists a transfer scheme t** such that M** = {q*,t**} is both an

optimal mechanism in the absence of collusion and weakly collusion-proof.

We below provide an intuition of the result: the intuition is similar to the one for the
two-type case although some technical details of the proof are more complicated. Given M™**,
the virtual values of M-type and L-type from the third party’s viewpoint are equal to 6%, and
07, the virtual valuations from the seller’s viewpoint; hence the third-party will not reallocate
goods conditional on that there is no manipulation of reports. Furthermore, the seller can
use the six degrees of freedom in transfers in the optimal mechanisms under no coalition to
satisfy (18), although the single crossing condition for coalitions holds only partially (it does
not provide an order between coalitions HL and M M) and this makes more difficult to find
the right transfers than in the two-type setting. We conjecture that our result will hold even

when there are more than three types.
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6.3 General cost function C' and utility function U/

Here we show that Proposition 5 holds in the two-buyer-two-type setting if (i) the cost function
satisfies C'(0) = 0, C'(q) > 0 and C"(q) > 0 for any g > 0; (ii) the utility function satisfies
Ui(q,0) >0 >Ui1(q,0), U(0,0) =0, Ua(g,0) > 0, Us2(q,0) > 0 for any (q,0).

Proposition 12 In the setting of this subsection
(i) the optimal mechanisms in the absence of buyer coalition are such that (BIRy) and (BICH)

bind and the optimal quantity profile q satisfies Ui (qfr . 0m) = C'(2q5 ), Ui(qlyp,00) =

U(gig.0r)  (I—pr)Ui(q} y.0m) * * U(g7p.00)  (A—pr)U(a}.0m) *
1 zf - - ;L LH :C/(QHL+QLH)7 - ZL,LL Lo — L plL LL7H :Cl(2qLL).

(it) if g5; + a1y > 2475, then the optimal mechanism M** in which (CICHm HL) and

(CICHL,LL) bind is weakly collusion-proof; if qf;; + q1y < 2qj ;. then the optimal mecha-
nism M*** in which (CICym,rr) and (CICLr L) bind is weakly collusion-proof

Notice that, in particular, Proposition 5 holds in an auction setting in which a single object
is up for sale: ¢ € [0, 1] is the probability to win the object and U(q, §) = 0¢.%3

7 Robustness to cheap-talk and multiplicity

In this section we eliminate the assumption WCP and examine two issues which arise after the
third-party’s proposal of S° in response to M**: the first is about whether or not both buyers
will accept S° and the second is about whether they will play the truthtelling equilibrium after
accepting SY. It turns out that under a mild condition on the function u (see Proposition 13
below), both buyers accept S° but in M** truthtelling is iteratively weakly dominated for H-
type although it is strictly dominant for L-type. This motivates us to find a robust mechanism
M" in the set of optimal weakly collusion-proof mechanisms such that if M* is proposed by
the seller, then both buyers accept S° and truthtelling is strictly dominant for L-type and
iteratively weakly dominant for H-type. In what follows, we first explain the two issues in
more detail, present the results for M** and then characterize M.

Let M be an optimal weakly collusion-proof mechanism offered by the seller. The first issue
arises because, as we explained in Subsection 2.2, a two-stage game starts after the third party’s
proposal of S°. First each buyer simultaneously announces whether he accepts or refuses S°

and then buyers report either in S if it was unanimously accepted, or in M otherwise. In any

33In this environment the seller does not need to exploit the information asymmetry between the buyers.
Indeed, under no buyer coalition, there exists no potential room for arbitrage in H L-coalition because the
marginal surplus of each type is constant and a corner solution achieves the first-best allocation and is optimal

for the seller.
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case, however, in the second stage M is actually played since S° is null. Therefore, buyer i’s
choice (veto or accept) in the first stage can be viewed as a preplay announcement which may
signal some information about #°. In other words, the first stage is just a sort of cheap-talk
stage in which a buyer may signal his type. We focussed above on the case in which each type of
buyer accepts S°, hence no learning occurs along the equilibrium path. Assume for a moment
that it is common knowledge that buyers are going to play truthfully if S is accepted (we deal
with this issue below). Then, no type wishes to reject S under the assumption WCP: in fact,
buyers are indifferent between accepting and rejecting S°. However, without the assumption,
many off-the-equilibrium-path behavior and beliefs are possible. For instance, buyer 1 might
expect that a non-truthful equilibrium of M (if any exists) will be played (possibly under non-
prior beliefs of 2about #') in case he vetoes S°. In other words, some type of buyer 1 might
have the incentive to veto S° — which is a sort of out-of-equilibrium “message” — in order to
manipulate buyer 2’s beliefs about #' and/or behavior such that he can reach a higher payoff
for himself when playing M at the next stage.

The second issue arises when buyers have to report in S° after both of them accepted
S9. Reporting in SY is equivalent to playing non-cooperatively M with prior beliefs, since
each buyer i has prior beliefs about 67 (j # i) after S° has been unanimously accepted.
Although truthtelling is an equilibrium in M , there may exist other equilibria which buyers
may coordinate on.

The next proposition describes our results about the two issues when the seller offers M™**.

Proposition 13 If Zl,l((f)) is strictly increasing in x,>* then in M**

(a) reporting L is strictly dominant for each L-type, while each H -type strictly prefers reporting
H (L) if his opponent plays H (L);

(b) there is no belief of buyer i (after a rejection of S° by buyer j(# i)) which supports an
equilibrium of M™ in which at least one type of buyer j is better off than in the truthtelling
equilibrium;

(c) in the only non-truthful equilibrium, each type of buyer reports L. For buyers (and seller),

the non-truthful equilibrium is strictly Pareto-dominated by the truthful one.

Although Proposition 13(b)-(c) deals with the two issues we introduced above for M**,
Proposition 13(a) reveals that truthtelling is iteratively weakly dominated for H-type.
We avoid this problem by designing a mechanism M* in which truthtelling is iteratively

weakly dominant for H-type. For this purpose, it is useful to examine the payoff bimatrix of

3When u is a Bernoulli utility function over money, this assumption on u is called “decreasing absolute

risk-aversion”.
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the symmetric 2 x 2 game played by two buyers with H-type — let 1y and 2y denote them -

when the seller offers an optimal weakly collusion-proof mechanism and each L-type plays L:*°

1g\2H L H
L Oru(qr) —trr Omu(qr) —tor (AO)ul(q;) Omulqy) —tur
H Onu(qy) —tur  (AO)u(q;) (AO)u(qr) (Ab)ulqr)

We see that when his opponent H-type reports L, any H-type prefers reporting H rather than
L if Ogu(qy;) — tar > O0ru(q;) — trr. Therefore, we look for a robust mechanism MZE in the

set of optimal weakly collusion-proof mechanisms which satisfies the following condition:
Oru(qy) —tar = 0mu(qr) —tor + «, (20)

where « is strictly positive and small. Recall that there exists a continuum of optimal weakly
collusion-proof mechanisms; hence, it might be the case that at least one of them satisfies (20)

for some o > 0. The next proposition characterizes M and describes some of its properties.

Proposition 14 Consider the mechanism MT = {qR,tR} where qff = q* and t¥ solves the

following linear system, in which o > 0 and 3 > 0 are small numbers®6

(BIRL), (BICH), (CICHHHL)
and (20), all written with equality
(BIRy). (BICk). (CICy 1)
and (20), all written with equality

if Va(2qy) — Valag + a;) < Vi a@G + i) — Vi (24;)

if Va(2q5) = Valay + 41) = Vit (ag +4) — Vi (247)

Then

(a) M* is optimal under no coalition formation and weakly collusion-proof.

(b) there is mo belief of buyer i (after a rejection of S by buyer j # i) which supports an
equilibrium of M™ in which at least one type of buyer j is better off than in the truthtelling
equilibrium;

(c) in MR, reporting L is strictly dominant for each L-type, while each H-type strictly prefers
reporting H (L) if his opponent plays L (H ).

According to Proposition 14,3 when the seller offers M, both buyers accept S° and

35That is the case when MT is offered, as Proposition 14 below states.

36(C’IC’IfLJ;L) below is obtained by adding 8 to the right hand side of constraint (CICHL,LL)-

3TWe note that the result (b) in Proposition 14 [and (b) in Proposition 13] is stronger than Proposition 9 in
Laffont and Martimort (2000). Indeed, their result refers to the notion of ratifiability [see Cramton and Palfrey
(1995)], which allows buyer i to have only “reasonable” or “consistent” beliefs about 67. In contrast, we do not
need any ”sophisticated” argument in order to make our point: simply no beliefs of ¢ support buyer j’s rejection
of S°.
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truthtelling is strictly dominant for each L-type and serially weakly dominant for each H-type.
Actually, M admits two (asymmetric) non-truthful equilibria: One in which buyer 1 reports
truthfully and each type of buyer 2 reports L and the other in which buyer 2 reports truthfully
and each type of buyer 1 reports L. However, it seems reasonable to discard them because
they both involve the use of iteratively weakly dominated strategies and are Pareto dominated
for buyers by the truthful equilibrium. We also note that there exist a continuum of robust

mechanisms since we can find a robust one for each positive small a.

8 Concluding remarks

We found that if the seller uses simple sale mechanisms in which the quantity sold to a buyer
and his payment depend solely on his own report, buyers can realize strict gains at the seller’s
loss by coordinating their purchases and reallocating the goods. However, we showed that when
the seller judiciously designs her mechanism by exploiting the transaction costs in coalition
formation, buyer coalition does not hurt her and, in particular, the buyers are unable to
implement efficient arbitrage. We also showed that the optimal outcome can be implemented
through a menu of two-part tariffs.

Some might find unnatural the feature of the optimal collusion-proof mechanisms that a
buyer’s payment depends on the other buyer’s report while the quantity he receives is indepen-
dent of such a report. However, this is due to the fact that we focused on the case of constant
marginal cost. In a more general environment with variable marginal cost, (i) our main result
still holds and (ii) even without buyer coalition, both the quantity received by a buyer and his
payment will depend on the other’s report under dominant strategy implementation. Further-
more, the feature that a buyer’s payment depends on the other buyer’s report exists in Vickrey
auctions, where the price that a winner pays depends on other bidders’ bids.

Our results suggest that buyer coalitions are likely to emerge either when they have better
information about each other’s preferences than the seller has, or when the seller is constrained
to use a restricted set of contracts such that a buyer’s payment cannot depend on other buyers’
actions. For instance, when there are a large number of buyers (possibly a mass of buyers),
the seller may have incomplete information about their number and identities. This would
impose restrictions on the set of contracts available to the seller, as in Alger (1999). It would
be interesting to study the case in which the seller can use only individual contracts: i.e., the
quantity sold to a buyer and his payment do not depend on what other buyers do. In this

setting, the collusion-proofness principle might not hold and the optimal mechanism might
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involve letting collusion occur.?®

APPENDIX

Proof of Proposition 1

The arguments of the proof for the single-buyer model show that (BICy) and (BIRy) bind
in the optimum. After replacing in II the transfers as obtained from (BICp) and (BIRy)

written with equality, (i)-(ii) emerge as necessary and sufficient conditions for the optimum
and (BICL) and (BIRy) are automatically satisfied. W

Proof of Proposition 2(b)

The side mechanism S¢ = {gbd(el 62), 2i4(6", 62, ¢), yi(0t, (92)} mentioned in the statement
of Proposition 2(b) is formally defined as follows. For simplicity, let ngJ e = 0%(0,08), 2% - =

7¢
:Uid(Hj,Hk,a) and y;‘z, = y"4(0;,0) with j,k € {H, L}.
Reports manipulations: ¢% g = (HH,HL) ¢4 = quH = ¢¢; = (0,601).%°
Reallocation of goods*: xldH = —qH;qL, x%{dH = qquL, x}}lL =1 > 0, with 2 close to 0,
wify = xL%{:_méiL—x i = a1} =0.
Side transfers: yHH = —tH2tL, y%le = t*, yHL = yLH = 9, yHL = yLH = —;

yidL = y%‘}l; = 0, where § > 0 is still to be defined.

In words, an H H-coalition reports HL; then goods and payments are equally shared be-
tween the buyers. A coalition HL or LH reports LL; then goods are slightly reallocated from
L-type to H-type and H-type pays ¢ to L-type.

We prove that for a small & > 0 there exists a § > 0 such that (BIC®) are satisfied
and (BIR®) are slack — (BB : ) and (BB : y) are satisfied by definition. Therefore, S¢
is feasible and strictly increases the payoff of each buyer type with respect to playing M¢

non-cooperatively.

38 Another direction for extension is to consider different timing for buyer coalitions as Laffont and Martimort
(1997) discuss. To focus on coordination of purchases and reallocation, we adopted the timing chosen by Laffont
and Martimort (1997, 2000) but the analysis can be extended to a timing in which buyers can form a coalition
after receiving the seller’s offer and before deciding whether to accept or reject the offer. Independently, deQuiedt
(2002) recently studied collusion with this timing in auctions.

39We recall that when the manipulation is deterministic, i.e., p¢(51,52,$) = 1 for some 5 € 02, we write
(;3(51,52) = ¢ (see Section 2.2).

40Gince the report manipulation is deterministic, we do not write ¢ in z*¢

ik,¢’
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Let g = ¢} + 2, qr. = ¢} — & and consider constraint (BIC%):

pul0sru(d) — Ou(a}) — 31 + (1~ pe) (Ol 1) —puas) — 22 futafy) —utap)])

> pr(Af)ulqr) + (1 —po)lfru(qr) — Orulqr) + 9] (21)

Let § = § = Oulu(g;) — u(qr)] > 0, so that (i) the right hand side of (21) is equal to
UM (0y) = (AB)u(g 7); (i) if £ = 0, then (21) is strictly satisfied and therefore, when & > 0
is close to 0, (21) is still strictly satisfied and (BIRZ,) is strictly satisfied as well; (iii) (BIR?)
holds strictly. Given a small & > 0, consider increasing g above g until the point at which
(21) binds. Then, (BIR3;) still holds strictly since the right hand side of (21) increased above
U Md(HH); clearly, (BIR?) holds strictly as well since now § > 7. In order to prove that
(BICY) is satisfied, add up (BIC?) and (BIC%) (which binds) to obtain an inequality which
holds strictly because gy > ¢; and % > qr. Therefore, S¢ satisfies (BIC®) and (BIR®)
and the payoff of each type of buyer is strictly larger than from playing M? non-cooperatively.

Thus, with M¢, the buyer coalition strictly reduces the seller’s profit because (i) in the
states of nature in which reports are manipulated, the quantity sold to buyers is smaller than
under truthtelling, which reduces the surplus generated by the trade and (ii) each type of buyer
obtains a higher payoff than with truthtelling.!

Proof of Proposition 3

The proof is omitted since it is a straightforward adaptation of the proof of Proposition 3 in
Laffont and Martimort (2000). H

Proof of Proposition 4

We are interested in sale mechanisms such that L-type’s incentive constraint is not binding.
Since we are finding conditions under which S is optimal for the third party, the incentive
constraint of L-type will be slack in the side mechanism as well. In What follows, for the sake
of brevity, let x;k@ denote (0, O, qﬁ) with j, k € {H, L}. Likewise, p denotes p%(0;, 0%, ng)

41 Actually, S% may not be the optimal side mechanism against M¢. In particular, goods are not efficiently
reallocated within H L-coalition since otherwise we are not sure of whether (BIR%) and (BIC®) can all be
satisfied. However, if the third party chooses the optimal side mechanism against M?, then still the profit is
smaller than if M is played non-cooperatively.
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The third-party maximizes the following objective,

(1= 18 Tpeo V0 ©) +235) = 16) +0la?(0) 43, = (0]
2

901~ p1) T 1 50100 (0) + W)—tl@wgu( %) 2(9)]
(1~ L) e, ¢[0Hu<q1<¢> 22 = 1(9) + Oru(e(3) ~2(3)

(@) +a7,2) -
- A
97, Ygeen 1), 5 100u(g () + ) ) = 11(9) + 0ru(@(9) + 273 ) — (D)

+ 22
+xHL¢)

subject to the following constraints.
e Budget balance constraints: for the quantity reallocation

2
in(al,eﬂ,%) =0, for any (8%,6%) € ©2 and any $ € 0%
i=1
for the side transfers

2
Zyi(el,eﬂ) =0, for any (#,6?) € ©2,

=1

e H-type’s Bayesian incentive constraint for buyer 1: (BICY (0f))

LY sz@[eHU(ql(g) + l‘lquydj) —t1() — yir)

$cO?
HU=pr) 3 0 (0mula @) + ol )~ 118) — yhia
$cO2
> pr Y piLﬁa[gHU(ql(g) + xiL@) — () — vt
$cO2
(U =pn) D vy, o [0nu(d (0) + 7 ) = () = yim)
$e0?

e H-type’s acceptance constraint for buyer 1: (BIR} (0y))
PLY jcor ng@[GHu( (¢) + xHL ¢) — (@) — vk

+(1=pL) Xjcen pZH@[@HU( L(g) + Tany) T t1(6) — yhl > UM (0m),

e L-type’s acceptance constraint for buyer 1: (BIRY(01))

PLY oz piL’a[QLu(ql(g) + ”T}:f:,g) —t4(¢) — yhl
+(1=pL) Xjcee pquHyg)[eLU(ql(ﬁb) + leH$) —t'(¢) —yral = UM(01),

+ (BICS(0n))

e H-type’s Bayesian incentive constraint for buyer 2 :
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e H-type’s acceptance constraint for buyer 2: (BIRS (0))

e L-type’s acceptance constraint for buyer 2: (BIRS(61)),

where (BIC5 (0)), (BIRS (05)), (BIRS (01)) are in the same way as (BICY (0g)), (BIR{ (0g)),
(BIR$(01)) are defined.

We introduce the following multipliers:

° px(Hl, 62, 5) for the budget-balance constraint for the quantity reallocation in state

(0,62, 9),
o pY(01,6?) for the budget-balance constraint for the side-transfers in state (', 6?),
e &' for the H-type’s Bayesian incentive constraint concerning buyer 1,
° U}I for the H-type’s acceptance constraint concerning buyer i,
° vf: for the L-type’s acceptance constraint concerning buyer .

We define the Lagrangian function as follows:

L=EU+U)+ Y 8(BICH)(0n)+ Y viy(BIR)(0r)+ > vi(BIR])(0L)
i=1,2 i=1,2 i=1,2

+ 0 NP0, 0%,0) (BB a) (04,07 6)+ > p(0",0%)(BB :y)(0",67)
(6',6%)€02 pco? (61,0202

Step 1: Optimizing with respect to y*(6', %)
After optimizing with respect to y;;, we have:

o — (1 —pr) — vy (1 —pr) =0, for i =1,2
After optimizing with respect to yllq ;, and y%{L respectively, we have:

o — 8oL —vypr =

0;
P +0*(1—pr) —vi(l—pr) = 0

After optimizing with respect to yi g and y% g respectively, we have:

Py +6'(1—pr)—vp(1—pr) =

Pl — 8L —vhpL =

SRS

After optimizing with respect to yi 1, we have:

P+ 8pr, —vipp =0, fori=1,2.
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In what follows, without loss of generality, we restrict our attention to symmetric multipliers:
b=6'=6% wvg=vh =Y vp=vi=01
From the above equations, we have:
pr(6+vg) = (1 —pr)(vr — 0)

Step 2: Optimizing with respect to z(8*, 62, 5) given p?(0*, 62, ’gE)

For simplicity, let p‘” - = p*(b;, ok,Eé)
After optimizing Wlth respect to x g Ve have:*2
PG —i—p‘ZH(b(l —pr 4+ 64+ vE)(1 —pr)0ru (¢'(¢) + x;IHg) =0, fori = 1,2, and any ¢ € ©2.

~ for any qﬁ € ©2. Since

HH,p
L OHE) g

The above equations imply that ¢'(¢) + xHH 3 =4 2(¢) + a2

HH’ 3 ~+x? HEF = = 0 from the budget balance constraint, we have ¢ (<Z>) +J:HH 3

each ¢. Hence, any total quantity which is available to H H—coalition is always split equally

between the two buyers. We will see that the same result holds for L L—coalition.

After optimizing with respect to z! HL and x L3 respectively, we have:
o 3 —l—p‘ZL&(l — pr+ 6+ vm)pronu (¢ () + xHL ¢) — 0, for any ¢ € 67,
pHL¢ —i—pHL(b( prOr — 605 +vr0r)(1 — pr)u' (% () + J:HL ¢) = 0, for any ¢ € ©2.
By using pr,(6 +vg) = (1 — pr)(vr, — 6), we obtain from the two above equations:
O (¢ (d) + = lqu ¢) <0L "o (A0)6> W (¢2(9) + inL@)’ for any ¢ € ©%
where € = m. Since 07 = 0 —=BL (AH)G any total quantity available to H L—coalition

is split according to the following cond1t10n.

0 (¢"(9) + xHL ¢) = 05/ ((0) + xiﬂ’&), for any ¢ € ©2.

After optimizing with respect to xLH’g and xLH& respectively, we have:
pLH¢+pLH¢(pL9L_59H+UL9L)(1_pL) W' (g () + LH¢) = 0, for any ¢ € ©2,
PLH¢,+I7(ZH¢(1—pL+5+UH)pL9HU( () + LH¢) = 0, for any ¢ € ©%.

421 homogeneous coalitions, HH and LL, the reallocation cannot lead to corner solutions. In H L—coalition,
instead, this is conceivable but it is not going to occur when the seller designs the sale mechanism optimally.

Hence, we only consider interior solutions for the reallocation problem.
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From the two above equations, we obtain:
O (¢%(¢) + 27y 5) = 070/ (¢'(¢) + ap 5), for any ¢ € 2.

t .. we have:

After optimizing with respect to x LLF

sz@ +piL7$(th9L — 80y +vr0r)pru (¢'(¢) + xj:L@) =0, for i = 1,2 and any ¢ € ©2.
The above equations imply that ¢*(¢) + leL,& = ¢%(¢) + xiL,a Since J?}/L’g) + xiL@ =0 from
.o~ , 17 2(7
the budget balance constraint, we have ¢'(¢) + :UZL 5= 4 ¢)42rq 9).

Step 3: Optimizing with respect to (81, 6?)
Recall that we want to find conditions under which the third party optimally requires any
coalition with (6',6%) = (;,0) to report (0;,0y), i.e., ¢(0;,0%) = (0;,0%).
e H H coalition:
107 207
_|_ ~ ~
(611.17) € arg {wHu(M) 1) - t2<¢>>} .

PpeO?
e H L coalition:

(0n,01) € arg max
PeO?

{ 0 rru [qfq(ql(?b) -+ q2(<?5))] + 05,u [QE(QI@) -+ qz(é))] } '
—t1(¢) — t%(9)
e [ H coalition:

{ P a5(a (8) + ()| + O |51 (a(6) + ¢*(9))] } |
~t1(9) — £2(9)

(0r,0mH) € arg max
PpcO?

e L coalition:

PeO?2

107 2(7
+ ~ ~
(01.01) € arg ma {wzu(M> 1) - t2<¢>} .
Finally, notice that the above conditions are equivalent to (6)-(11).

Some missing elements in the proof to Proposition 5

The transfers t** in M*™* are given as follows:

ok L+pr)0r—(3—p2)0u pr(3 —pr x
g, = ( ) 2( L) U(QL)"FQH%U(QH)

0 =)@~ po)u( By ¢ PP o)
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o +3)0r + (2pL +p2 —1)0 . 1-— .
pe = (pr +3)01, (fL p; —1) Hu(qL)+0HpL( . pL)u(qH)
qy + 4] 1+ .
~pp1 — pr)ou( BTy AP o

- B 2
(pL‘|‘2)9L (1 pL)(2+pL)9Hu(q*)_i_gHmjinLu(q}{)

thg = 5 L 5
R AN J; .
—p1(2 = pr)fru(H—E) = TV (200),
2 1 2 * *
e +2pr, — 1)0 . 1-— . +
t, = (v p2L ) Lu(qr) - QH%U(QH) + (1 pr)?0mu(M 5 Ly
1-— p2 *
Lemma for the proof of Proposition 5
Lemma 1 A single crossing condition for coalitions holds:
oV; ovf ovg
2(7) > () > 0 () for any x >0 and € > 0.
Ox Ox ox
Proof. We have Va(z) = 20mu(3) and Vi(z) = 207u(3); hence 6‘25”) = Opu/(5) and
8_‘/538(&) = 074/ (5). For an H L-coalition, let us consider for simplicity interior allocations
(but the proof is easily adapted to the non-interior case). Then g% (x) and g¢f(z) are such
that Opu'[¢5 ()] = 094/ [¢5 (x)] and the envelope theorem implies 8‘%—;@ = Opu'[¢5(x)] =
07u'[q7 (x)]. Since v’ is strictly decreasing and 6y > 67, we have qf(x) > § > g (z); hence
oV x € € € € xT Ve
W) — gl (2) > Ol g5 ()] = 050/ [q ()] > Ogu(Z) = 242 m

Proof that § defined at page 20 is negative

Let g(2) = Vi1 (2¢; +2) —ViH(2¢}) — 0 [u(q} + 2) — u(q})]; we want to show that g(¢;—g¢F) <0
because 8 = g(q¢j; — ¢}.). Since g(0) = 0 and we can prove that ¢’(z) < 0 Vz € [0,q} — q}),
we obtain g(qf; — ¢;) < 0. We find ¢'(z) = 0’ [q};(2¢} + 2)] — Ouu' (¢} + 2). ¢'(2) < 0is
equivalent to ¢} (2¢; + z) > ¢} + 2, which holds for Vz € [0, ¢} — ¢} ) since otherwise we have
O [af (2q; + 2)] = Ouu/ (¢} + 2) > Ouu/(¢;) = 070/ (q}) > 074’ [q1.(2q} + 2)], a violation
of Opu/[qh ()] = 054/ [} (x)] for & = 2¢} + 2.

Proof of Proposition 6

We assume here that the seller proposes the menu of two-part tariffs {7}, 77*}. We

consider first the case without buyer coalition and then examine the case with buyer coalition.
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Proof that with {7}, 7/*}, under buyers’ noncooperative behavior the same out-
come arises as with AM/**. For the sake of brevity, let p = 0u/(¢} ) and recall that if buyers
choose tariffs (77", T;*), then the buyer who chose T;* (resp. T}*) faces the marginal price p
for quantities above g (resp. ¢j) and the marginal price c for quantities below g (resp. gj).
Suppose that buyer 2 chooses the tariff designed for his type and consider the decision
problem of H-type of buyer 1 (buyers are ex ante symmetric). If he selects T}, then he buys

the quantity which maximizes 0 gu(q)—cql —[eqy; + plg — q3p)] 1[ ) and the maximum
H

[a<a]
is achieved at ¢ = ¢j;. Given that his expected fixed fee is pr A}f; + (1 —pr) A}y, his expected
payoff is (Af)u(qj). Suppose now that he selects T7*. Then, he would buy the quantity
which maximizes 0gu(q) — cql[q <qi] ~ lcq; + (g — q1)] 1[Q>QZ]' The maximum is attained at
q = q;. Given that the expected fixed fee is p AT} + (1 —pr) A}y, his expected payoff is again
(20)u(q).

Consider now L-type of buyer 1. If he chooses T7*, he buys the quantity which maximizes
Oru(q) — cql[ngz] — leqr +p(g — q1)] 1[Q>QZ]' The solution is ¢ = ¢j and his expected payoff
(taking into account fixed fees) is 0. If he chooses T}, then he will consume quantity qf B such

that 0,u'(q5P) = c and his expected payoff would be,
Oru(ar”) —cap” —pr A, — (1 —pr)Ajjg.

We now show that the above payoff is smaller than 0. Since pr, A%y, +(1—pr) Al = 0ru(ql)—
(AB)u(qr) — cqjy, we need to prove that

0ru(qr®) — caf ® + (A0)u(q}) < Onulqly) — cqiy (22)

Notice that the right hand side of (22) would be smaller if ¢} were replaced by ¢f'B < g¢%;.
Therefore, (22) holds if it is satisfied when g}; is replaced by qf B When q7; is replaced by
qFB, (22) boils down to (Af)u(q}) < (AB)u(qEP), which holds since ¢ < ¢EB.

Proof that allowing coalition formation does not affect the outcome We now study
the case with buyer coalition. We first define the third-party’s program when the seller offers

a menu of two-parts tariffs. The side-contract takes the form:

{¢(0)7qz(9’ ¢)’x1(075)7yi(5); 1= 1’2})

where ' is buyer 4’s report to the third-party and 6 = (51,52). Let ¢(-) be the tariff selection
function that tells each buyer (possibly randomly) which tariff to select as a function of 6. Let

® € ©2 denote a realized outcome of #(-) and let p®(0, ¢) denote the probability that the third
party requests the buyers to choose the tariffs ?qg when they report him 0. Let q (5, 243) denote
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the quantity which the third party recommends buyer ¢ to buy as a function of (5, 243) Let
xt (5, 5) denote the reallocation function which determines the quantity that buyer ¢ receives
from the third-party. Therefore, ¢’ (5, 213) + xz(bv, 5) is the total quantity received by buyer 1.
y*(+) is the monetary transfer from buyer i to the third party as defined in Section 2.2. We
impose the usual ex post budget balance constraints for the reallocation of goods and for the
side transfers. Flnally, observe that the payment of buyer i to the seller depends both on the
chosen tariffs ¢ and the quantity bought ¢ (9 ng) Hence, it is denoted by t(q (9 243) qﬁ) Let
us define the null side-contract, denoted by S°, as S° = {¢(:) = Id(-),q'(-) = ¢ (9 ), xl(-) =
2%(-) = 0,y'(-) = y2(-) = 0} where ¢*(¢") equals ¢} (¢}) if0 =0py (51 =40p).

As in Definition 1, we say that a side-contract S* = {¢*(-), ¢*(-), 2™*(-), %" ()} is coalition-
interim-efficient with respect to an incentive compatible mechanism M providing the reserva-
tion utilities {UM(01,),UM (0p)} if and only if it solves the following program:

max > p(0h,6°)[UN6Y) + U(6%)]
(;5('),(] ()733 (')7y () (01,02)692

subject to

U(0) = Leop(07) {Cgeer 10,09, 9) [0'u(¢'(6',07,6) +2°(6',07,6))

(BICS) U'(0) 2 Sgrco p07) {Sjeee 1*@ 00, D0u(g' 0,07, 3) + 2'(F 07, 9))

~ti(qi(8,67,),8)] — ' (7, 0°)} for any (6,7) € ©2;
(BIR®) U'(6%) > UM (#"), for any 6 € ©;

(BB : «x) m1(01,92,5) + x2(91,92,5) =0, for any (0',6%) € ©2 and any ¢ € ©6?
(BB : y) y*(0',0%) +y*(0',0%) =0, for any (9',6°%) € ©%

In what follows, for the sake of brevity we use q;k 3 instead of qi(Gj, 0y, 5) with jk € {HH,HL,LH,LL}.

®

p and z! - are similarly defined. The third-party maximizes the following objective

k. Jk,¢
(1= pr)? me;’fmz [0ru(g HH¢+wHH¢>—ﬂ< D)
MO
(L= ) Yeer Py 0l o+l )+ 0nule? o +a? o) = S 6(a) 2, 0)
=1 Mg
(1= 1) Ygeee Py, 5l0muly },qurw}ﬂa) +O0pulay, 5+ 2%, 5) = i (a5, )]
9} Y geen ), 5 Vi lOruld 5 + ot 2) — (g -, 9)]
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subject to the usual budget balance constraints for the quantity reallocation and for the side
transfers and, in addition,

e H-type’s Bayesian incentive constraint for buyer 1:

1 S U (R |
PL Z Py l0m qHL¢+xHL7;)—t (g5 ®) —ymLl +

$cO?
(L=pr) D ¥y s 0mulay g+ wy2) = (@ 5 0) — Yirn]
$cO2
> pr Y vy, Sl0mulay, g g) — 1, 5 0) —uid) +
$cO?2
(U=pr) Y2 27 l0mulay g+ oy, 5) = 410y, 500) — vial,
$cO?

e H-type’s Bayesian incentive constraint for buyer 2 :

2 20 2 = 2
pr Y 0y, s0mua] o+ 2t )~ (a] 5. 0) — i) +

$co?
(1-pL) Z p(;;H@[eHU(qu@ + sz,g) - tz(qu@’ ¢) — y%{H]
$cO2
> pr Y vy, Sl0mula], o, 5) — (], 5 0) —uie) +
$cO?2
(L=pe) D vy, Sl0mulayy, 5+, 5) = 0y, 5.0) = vicl,
$eO?

e H-type’s acceptance constraint for buyer 1:
1 17,1 ~ 1
pL Z pHLd) qHL¢,+$HL’;,;)—t (g5 9) = ymrl +
$eO?
1 1 1/,1 < 1 M
PpcO?

e H-type’s acceptance constraint for buyer 2:

pL Y piH,a [QHU(QiH@ + fUiH@) - tQ(QiH@ ¢) — yim) +
$eO?
(1-pr) ~Z PZH@[@HU((J?IH@ + %) — (@ 50 @) — vim] = U (0n)
PeO?
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e L-type’s acceptance constraint for buyer 1:

pL Y vy, Sl0rulay, 5+ oy, )~y 5 0) — il +
$cO?2
(1-pr) ~Z PﬁH@[QLU(f&H@ ) =t a5 0) —yim] 2 UM (00)
PpcO?

e [-type’s acceptance constraint for buyer 2:

bL Z pLL¢ qLL¢ +xiL,$) - tz(qiLyga(ﬁ) - y%L] +
¢7€@2

(1-pL) ~Z sz’g[eLU(QéLyg + xi]L,(E) - 752(‘]12%757 ¢) — yl%IL] 2 UM(GL)
$pcO?

We introduce the same multipliers and Lagrangian function as in the proof of Proposition 4.

Step 1 here is similar to the step 1 in the proof of Proposition 4: we obtain vy, = 6+ (6+UH)
¢
.4, )

Step 2: Optimization with respect to x s given (p %3

kb

43
After optimizing with respect to HEF
pZH,a —i—p‘ZH’d)(l —pr +6+vg)(1—pr)ogu (qHH,q5 + mZHH$) =0, for i =1,2 and any ¢ € ©2.

_ : 1 2 _
The above equations imply qHH,q5 + xHHﬂb qHH,E;E + xHH#) Since Ty + T 0 from
_ 2
the budget balance constraint, we have qHH,¢ +x HH7¢ = (qHH¢ + qHH¢)/2 for each ¢ € ©2.
2 :
After optimizing with respect to z! HL and x HL respectively, we have:
(o} B _ e 2
pHL¢ pHL(b(l pL + 6 +vm)prLOpu’ (qHLd) + xHL ¢) = 0, for any ¢ € ©7,
PHM, +pHL¢(pL9L — 00 +v0r)(1 —pr)u (QHM, + CUHL ¢) = 0, for any ¢ € ©°.
Since vy, = 6 + 1 (6 + vg), we obtain from the two above equations:
GHu’(q}{L’a + x}{L@) =0%u (qHL’(b + sz’a), for any ¢ € ©2. (23)
Similarly, after optimizing with respect to :ULH 3 and :ULH’5 respectively, we obtain

GHu’(qu’a + xng) = Hiu’(q}JH@ + x}:H@), for any ¢ € 6.

43The remark about interior solutions for the reallocation problem which we made in the proof of proposition

4 applies here as well.
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After optimizing with respect to z* 1Ly Ve find

PrLd + (I?L¢>(pL0L — 80y +vrr)pru (qug) + xiLL 5) =0, for i = 1,2 and any 5 € 02
The above equations imply qLL7¢ + xLL¢ = qLLq5 + mLL@ Since xLL@ + xLL’qb = 0 from the

budget balance constraint, we have ¢* ~ + x* )/2 for any é € 02

LL, LL,$ (qLL b

Step 3: Optimizing with respect to q 53 given p¢ 53

Given ¢, a realized outcome of (), let % (resp. qa) denote the quantity level at which

T qLL¢

the kink occurs for buyer 1 (resp. for buyer 2). For instance, if b= (0m,0m), then we set
cjéHﬂH = ngﬂH = qj;. We consider the third party’s optimization problem with respect to
(qgl'k@’qu'k,&)' Let m € {0,1,2} denote the number of buyers with H-type in the coalition
with (61,6?) = (05,0r). Then, the total surplus that the coalition derives from consuming

quantity z is given by V¢ (x). Therefore, we can write the payoff of the coalition as a function

of (qJ et q] L ¢) without considering the fixed fees, as follows:

e ol _<gl 2 =2

v (Jk¢+qk¢) (qk¢+q]k¢) i qjik’¢ q(fandqgw qg

b g if gl - dg? - <

Vi (q]k¢+q]k¢) p(qu q¢) (q¢+qjk7¢) i q”ik’¢>q(f an qg,w5 q§

5 72) — ifgl _ < s

V(Jk¢+q]k¢)lp(qjk7? qg) (jk¢+Q) 2 lqik¢_q(fanqu¢>q§

€ ~ D . — s - —g4) — 23 a< if 0 d ~ 74

Vi@ 3+ @) = PGy 5 — G0 5 = @) — g+ @) if g 2> ¢ and g 5> ¢
(24)

For any 243, we find below the maximum value of the function defined in (24) with respect to

(qj,w

coahtlon receives if it reports ?qg to the seller is Ujy (5) minus the fixed fees associated with 5

.G ) € R2. If we denote that maximum value by Ujk(?qg), then the net payoff which jk

Step 4: Optimizing with respect to ¢(01,02).

Instead of finding conditions such that coalitions report truthfully and then verifying that
such conditions are satisfied by the null side mechanism S°, we prove directly that S° is optimal
for the third party when e = 1, given {7}/, 7/*}. In other words, our menu of two part tariffs
is weakly collusion-proof since we show that the third party will require each j-type to choose

the tariff 77* and to buy quantity ¢;.

HH coalition If HH coalition chooses (1%, T7) (which means pg g g = 1) then it buys
a total quantity ¢ > 0 in order to maximize Va(q) — cql[q<2q;1] — [2q3; + (g — 2¢73))] 1[q>2q;{],
where V5(q) = 20gu(f). The solution is ¢ = 2qj;, therefore choosing (TF*, TF) yields the
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coalition the same payoft 20 gu(qj;) — 2t} that is obtained by reporting H H in the mechanism
M,

If it chooses (T3, T;*), then it should select (¢, ¢%) (quantities which are bought by the
buyer who chose T} and T7*, respectively) in order to maximize Va(qf +q%) — cq? 1[ gH<qy] ~

>4y

* =( H _ _x o L o * =k : H *

[ch + p(q qH)] 1[qH>q}‘{] cq l[qLqu] leq; + (g — q7)] 1[‘1>q2]‘ Certainly, ¢” > ¢j; and
gt > g7 since marginal price is ¢ for i < g7 and " < g7, while the marginal benefit for
HH coalition from having an additional unit of good when it owns total quantity ¢j; + ¢} (or
less) is (at least) % = QHu’(@) > c. However, it is not optimal to set ¢ > ¢}
and/or ¢¥ > q; because then marginal price jumps to p > Ogu’ (%). This establishes that
— conditional on choosing (1%, T;}*) — HH coalition will buy the total quantity ¢}; + ¢} and
pay t3; + t7% after taking into account the fixed fees. Therefore, choosing (7%, 17*) yields
the coalition the same payoff that is obtained by reporting H L in the mechanism M**.

If it chooses (T}*,T}*), then it will buy the total quantity 2¢; — because % =p>c
but %ﬂgq) < p for ¢ > 2¢] — and will pay 2t}% overall. Hence, choosing (T7*,77*) yields the
same payoff that is obtained by reporting LL in the mechanism M™**.

Finally, since M** satisfies (CICyp 1) and (CICHH,LL), it is optimal for HH coalition

to choose (1%, TF).

HL coalition If HL coalition selects (T}, T7*), then it chooses > g7 and - > qi,

because the marginal price is ¢ for ¢ < g5 and g < q7, and the marginal benefit for HL

coalition from having an additional unit of good when it owns total quantity qj; + ¢ (or

) Vit (ay +az)
ox

less) is (at least = c. Setting ¢! > ¢%; and/or ¢© > ¢} is not profitable because

_ OV (¢gH+q%) . " "
p>c>—%1qu+qL>qH+qL.

If it chooses (17, T}"), it will buy the total quantity ¢ in order to maximize

1 « | = X
Vi (9) = calfgcogy | = [€2d5 +P(a = 205)] L gs4z )
Since the above objective is maximized at ¢ = ¢ + ¢}, taking into account the fixed fees we
see that choosing (T}, T}) is not optimal if
Vi(gir + at) — elai + ai) — 245 u < Vi' (@i +4i) — e(dfy +4i) — Al — ATy (25)

By replacing the values of A}y, Ajf; and A7% and recalling that (CICy g, pr) binds in M**,
we find that (25) reduces to

. qy +a; 9 — a5
On [ulqy) — u( H2 L) > ¢ H2 L)

which can be proved by using the mean value theorem.
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1
If the coalition chooses (17*,T}*), then it buys the total quantity 2¢; because 6‘%—;@ >

1
if ¢ < 2q7, but 6‘%—;@ < pif ¢ > 2q7. Recalling the value of A}, we find that choosing
(TF*,T7*) yields HL coalition the same payoff that is obtained by reporting LLin M**. Since

(CICHL,LL) is satisfied in M™**, choosing (T}, T7*) is not better than (137, T7).

LL coalition It is straightforward to find that LL coalition buys total quantity 2¢; regardless
of the choice of tariffs. Therefore, it will choose (T7*,77*) if and only if the fixed fees are
larger for (T}, T%) and (T}, T7*) than for (17*,77*). Since we have already proved that
24% y > Ay + ATy, we only need to show that A}, + A7y > 2A75. Recalling that
(CICHL,L) bindsin M**, we have:

*

A+ Ay 2 247 & Uy + Uy — 207, — ey — eqr, > —2¢q],

& Vilgy +a1) —Vi'(2q0) = clai — a).
The latter inequality can be proved by using the mean value theorem.

Proof of Proposition 7

Let xé~ = xi(e,a) represent the reallocation function. For expositional convenience, let

)

{q(@),t(0)} represent the symmetric sale mechanism introduced in Subsection 6.1, i.e., M,, =
{an,tn}. Given {q(0),t(0)}, the third party wishes to maximize the following objective
> p0)8 > p°0.0) Y [0uld (@) + ) 5) — (@)

geon pcon i=1

subject to the budget balance constraints for quantity reallocation and side transfers, (BIC®)
and (BIR®)

(BICS (0m)) ST w0 Y 07 0m,9) [0nuld' @) + 3, )~ F(B)] — 07 0m)

6~ tcen-1 pcon

> Y 07 D P07 00.9) [Bru(d’ (@) + ), )~ tH0)] — v (0700

o 'con—1 pecon

(BIRS0m) > w07 S p7(07,08,0) [0ruld (6) + )i, )~ £(0)] — 4 (07,0n)

6~tcon-1 pcon
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(BIRF(Or)) > p(07)3 > p°(07,01,9) |0rulg'(9) + oy iy o) — ()| —4' (07", 6L)

6~ tcen-1 pcon

> UM(0y).

After writing down the Lagrangian function we can find the conditions under which the null
side mechanism solves this maximization problem. In particular, consider the m-coalition
Omp—m = (H..HL.. L) Under which conditions is the third party reporting truthfully and

not reallocating When 0= Omn— m 74

We describe such conditions by considering multipliers
such that §° = ¢, vt 4 = vy and UL = vy, for any i.*> The manipulation and reallocation which

are chosen by the third party need to maximize

T Ul ey {Z Onu(d @)+, )= 1(0)] (26)

(,7’6@" 7,21
’L
+ Z [QLU xemn m,¢> —t }
i'=m+1
"’p?}; lprLl m((S + UH) Z p mn mo ¢ Z [GHU x;mynimﬂ]) - ﬁ(‘b) - yz(em,n—m)]
(Z)e@n =1

n
s/

LS Y P Omneme ) > 00l @)+ )= t(6)

(Omin-m) |
’(Z)e@n i’ :m—|—1

n

DD ST B s ) Y [(01+ AO)ula” (9) +

m,n— m:¢
’(Z)e@n z’:m—|—1

+Zp0mn m’(b(men m7¢ >+p9mnm<zy m,n— m)_0>,

¢>E®" i=1

s/

) - tl (¢) yl (em,n—m)

44 The results we obtain below extend to any other m-coalition - i.e., the ones in which the m buyers with
H-type are not buyers 1 to m.

“>Remember from the proof of Proposition 4 that §° , vl and v% represent the multipliers associated with
(BICY), (BIR') and (BIRY).
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where py = 1 — pr, and p* p ~ and pg _,. are the Lagrangian multiplier associated with

m,n— m7¢

the budget balance constraint for quantity reallocation and the side transfer.
Step 1: Optimizing with respect to side-transfers y*(6smn—m)
From the first order conditions with respect to side transfers, we obtain:

o4 -y lpz "é+wvyg) = 0 for yi(Gm,n_m) with 1 <i<m

m,n—m

o +pppt NS —vr) = 0 for yf (Bmn—m) Withm+1<i <n

m,n—m
Therefore, we have

vp =6+ (6 +vy) 2L
bH

Step 2: Optimizing with respect to quantity reallocation xé 3

From the first order conditions with respect to z* ~, we have: for 1 <i<m

am,nfm,

P A D Ommm, @) [PHDE™ 4 D (6 + vm)] 0 (0(9) + 25 o) =05

m,n—m, 0m,n—mv¢
form+1<i <n,

o~ ./

pgmm_mf +p¢(0m,n—ma 55) [pgp,; "0, +pHpn e 1(ULHL - 59H)] u/(qZ (¢) + x;m,n—m@

Then, by using (27), we have

b (¢'(9) +ay o) = 0 (@) +ay o), (28)
for (i,5') € {1,...,m}x{m+1,... ,n} for any ¢ € ©2

m’n m7¢

Therefore, conditional on that there is no manipulation of report, the third party does not
reallocate the goods in a m—coalition if there is € € [0, 1) such that (17) in the paper holds
Step 3: Optimizing with respect to report manipulation ¢(6y, n—m)
The truthful (and deterministic) manipulation ¢(6., n—m) = Om n—m is optimal if and only
if [after substituting (27) into (26)]

Omnm € arg 1o [P + piip " (0 + )] {ZGH“ Tonend)
n . ~
Y m B, 930} !
i'=m+
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in which a° and z? _ are such that 6/ (¢'(¢)+a ) = 0% u(q" (¢)+x

~))
avn,nf'm.,(;5 am,nfm, em,nfwu 7mv¢

for (i,7") € {1,...,m} x {m—|— 1,...,n}. The latter fact implies that ;" HHu q‘ (o) +

Ty m,¢)+2 i Ou(a” (D)) o
Hence, (29) is equivalent to condltlon (a) in proposition 7.

Proof of Proposition 8

Proof. The proof is very similar to the one provided for n = 2.

First, the seller can choose € = 1 such that the third-party has the same virtual valuation as
she has; therefore, (17) holds at q, = q}.

Second, there exist transfers t* satisfying with equality (BICy), (BIRy) and (CICh+41,m)
(m=0,1,...,n—1) bind written with q, = q} and ¢ = 1. Let C}}, = W'm)"
(BIRp) and (BICp) with equality give us

HLU(C]E) _ Zn—l Cn 1 z 1— m(l _pL)thm =0
Orru(gyy) — Y omey O 407 ™ (1 = pr)™ Y tam = (A0)u(q})

Let us define AV = Vlimgh + (n — m)gi] = Vi (m — Vgl + (n—m+1)gk], m=1,..,n

AV represents the difference between the gross payoff that m—coalition obtains by reporting

so that writing

(30)

truthfully and the one that it obtains by reporting m — 1. Constraints (CICy,41,m) written
with equality (m = 0,1,...,n — 1) yield (tg1,tH2,...,tan) as a function of (tro,tr1,...,tLn—1)
and of the constants (AV, ..., AV,}). More precisely,

tm = Vilgy + (n = 1)g;] = Vi (ng;) — (n = Dtr1 +ntro
= AV} — (n— D)t + ntro

AV +AV] _
by = =251 — 25245 + Birg
(31)
AVE 4. 4+AVE
tHn-1 = —"—7— — —th 1+ 525tro
AV1 AVl AV
thn = =t n1+ T2 i
After setting tro = tr3 = ... = trp—1 = 0 (this is one of many possibilities) and substituting

(31) into (30), we obtain the following linear system in (t1o,%r1) which admits a (unique)

solution because the matrix of the unknowns is non-singular.

Oru(g;) = P} 'too+ (n—1p} (1 —pr)ti
1—p? _
Oru(qy) + const(AVE, .., AVY) — (A)u(qh) = . zi tro — (n— )pF i
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. . . . o ove €
Third, the single crossing condition for coalitions holds: V"g; @ > avg;(x) form=0,1...,n—1.
We consider for simplicity interior allocations because the seller optimally serves any type

of buyer.“® Then, ¢4, () and ¢$, () are such that Opu'[¢s,, ()] = 05u'[¢5,, ()] and the

envelope theorem implies 8V6;1_$(x) = 0u'[q%,, (x)]. Likewise, 0xu'[q%,, 1 (7)] = 074 (g7, 41 ()]

and ;1(96) = 0’ [qy,, .1 (7)]. We below show (by contradiction) that g, () > ¢, 11 (7);

this 1mphes 8‘/%;1 @ 8ngx(x)' Suppose f7,,41(%) > ¢y, (). Then (i) the marginal utility of

each H-type is smaller in a (m + 1)-coalition than in a m-coalition; (ii) we have ¢, (7) <
9%, (), which implies that the marginal utility of each L-type is higher in a (m + 1)-coalition
than in a m-coalition. As a consequence, starting from 0gu'[¢%y,, (x)] = 03¢ [¢5,,(x)], we
obtain 0w’ (g, 1 (%)] < 074'[q5,,,1 (2)], which is a contradiction.

Finally, since (m +1)q;,, 1 +(n—m—1)q7,,.1 > mqy,, +(n—m)q;,, form=0,...,n—1, we
argue as in the proof to Proposition 5 to conclude that M * satisfies all the coalition incentive

constraints. B
Proof of Proposition 9

As in the case of two types, when © = {0r,605,05} the optimal mechanisms when there
are two buyers are closely related to the optimal mechanism for the single-buyer model. In
particular, the quantity each buyer receives is independent of the report of the other buyer
and equal to the quantity he would obtain in the single-buyer setting, as the first part of
the statement describes. The transfers are such that the binding constraints are as in the

single-buyer model.
Proof of Proposition 10

For the sake of brevity, let S;, = Zd)e@Q p° e u(q 1(g) + x ¢)
for j,k = L,M,H. Sj, denotes the eXpected real surplus of coalition jk given manipu-
lation of reports ancflv reallocation of goods. Also, let Uk = D icen p¢k¢ u(q(p) + x k¢>)
T = Zq;e@z p?k,$ti(¢) and y;k = y%(0;,0%). The third-party maximizes the following objec-

tive function:

P4 Suu + pupy (Suy + Svm) + prpL(SuL + SLi)
+p%, St + pupr(Sur + Sea) + pEScr

subject to the following constraints.

*0The proof can be slightly modified in order to cover the non-interior case.
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e Budget balance constraints: for the quantity reallocation

2
Zx"(al,e?,%) =0, for any (0*,6%) € ©2 and any $ecO?
i=1

for the side transfers

2
Zyi(el,eﬂ) =0, for any (#,6?) € ©2,
i=1

e Bayesian incentive constraint HM for H-type of buyer 1:

pl0nUs — Thr — yirn) + pml0aUling — Torar — i) + pal0nUkig — T — Yin)
> pLl0uaUsrs — Tarr — yarr) + psal0aUsiar — Tapnr — Yaenr) + 2al05Usie — Tarn — Yasw)
e Bayesian incentive constraint HM for H-type of buyer 2
pul0aUiy — Tig — vigl + pml0uaUsin — T — virw] + 205Ut — Tom — i)
> prl0aUin — Tiar — viad + om0 Usine — Taons — Yaand) + pal0aUfing — Thng — Vi)

e Bayesian incentive constraint ML for M-type of buyer 1:

prl0mUsrr — Torp — viez) + paal00Uniar — Togar — viend) + pel00vUig — Toare — Yisw)

> prl0mUsiy = Tip = yin) + pul0nUlne — Ting — yin) + pul0mUly — Tig — yi)
e Bayesian incentive constraint ML for M-type of buyer 2:

pLl0mUsar — TEar — ving) + o0a[00Us s — Tarar — Varn) + pr 00Uy — Tiiar — Vi)
> puldmUin — Tirp — viz) + pml0mUsiz — Thrr — vae] + pel0mUsin — Thr — vz

e H-type’s acceptance constraint for buyer 1:

prl0uUtr — Thr — yin) + pul0uUking — Tirag — Vi) + 20Uty — Ty — yim) > UM (0n)

e H-type’s acceptance constraint for buyer 2:

prl0uUty — T2y — vip) + pul0uaUsiy — Targ — vir) + pa0nUsky — Thy — vin) > UM (0n)

e M-type’s acceptance constraint for buyer 1:

prlOvUlp — T — yien) + pml0vUbias — Tarar — Yiend) + prl0mUsrg — Thre — yirs) = UM (0)

20



e M-type’s acceptance constraint for buyer 2:

pL[eMU%M - TiM - Z/%M] +pM[‘9MU1%4M - T1\24M - Z/%4M] +pH[‘9MUl%IM - TIQJM - yl%IM] > UM(HM)

e [-type’s acceptance constraint for buyer 1:

prl0LULL — Tip —yig) + pml00UL sy — Ting — vind) +pul00Uby — Tig — yim] > UM(01)

e [-type’s acceptance constraint for buyer 2:

prl0LUzL — T2 —vig) + pml00UR i — Thrr — vas) + pul0oUf — Thn — vig]) > UM(01)

We introduce the following multipliers:

° px(Hl, 62, ¢) for the budget-balance constraint for the quantity reallocation in state
(6,6%,9),

o pY(01,6?) for the budget-balance constraint for the side-transfers in state (', 6?),

° 6@1 u for HM Bayesian incentive constraint concerning buyer i,

° 65'\4 1, for ML Bayesian incentive constraint concerning buyer 1,

° vjq for H-type’s acceptance constraint concerning buyer 1,

° vf\/f for M-type’s acceptance constraint concerning buyer 4,

° vi for L-type’s acceptance constraint concerning buyer .

We define the Lagrangian as follows:

L = p4 S + papym(Saam + Syrw) + papn(Ser + Spr) + pirSvar + papn(Sar + Soar) + p3SLr

+ 3 YT L7 0)(BB ) (01020 + > pU(0",0°) (BB 1 y)(6",6%) +

(61,6%)€02? $co? (0',6%)co?

> Sam(BICH)yp + > Sy (BICY) ML+Z (BIRS)y + Y iy (BIR®)y + > vi(BIRS)
i=1,2 i=1,2 i=1 i=1,2 i=1,2

Step 1: Optimization with respect to y*(6*, 8%)
After optimizing with respect to y;;, we have:

Py — (8%ar + vi)pe =0, for i =1,2.
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After optimizing with respect to yllq  and ylzq s respectively, we have:
Phive — Orns +or)pm = 0;
2 2 2
P + Ot — S —va)pu = 0.
After optimizing with respect to yl;; and y%; respectively, we have:
1 1
Pt — G +vp)pr = 0;
Pl + (8% —vipr = 0.
After optimizing with respect to y}/f  and y%/f g7 respectively, we have:
P + Gkar — Ohr —vapr = 0;
P — s +oi)pm = 0.
After optimizing with respect to ?/11\4 a and y%\/[ s Tespectively, we have:
P4 rar + (8ar — 84 — Vi )par = 0 for i = 1,2.
After optimizing with respect to ?/11\4 1, and yjzw 1, respectively, we have:
phrr + Gk — 63 —viopL = 0;
Pz + (637 —vi)pm = 0.
After optimizing with respect to y}J g and y% 57 respectively, we have:
1 1
pru+ Oyp —vp)pr = O;
Phu — 8k +vi)pr = 0.
After optimizing with respect to yi M and y% s Tespectively, we have:
pia+ G —vp)pm = O
2 2 2
Piy + (6% — Oy —va)p = 0.
After optimizing with respect to y ;, we have:
pY, + (841 —vi)pr =0, for i =1,2.

In what follows, we restrict our attention to symmetric multipliers (this is without loss of

generality, as Proposition 11 establishes"):

Sum 5}{1\4 = 6%{M’ oML = 6}\/[L = 6%\/[L

— 1 2 — 1 2 — 1 2
Vg = Vg = Vg, UM = Uy = Uy VL = vy, = vy,

4TIndeed, we just need to show that there exists a system of multipliers such that the third-party finds it

optimal to offer the null-side contract.
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From the above conditions about side transfers we have:

p—H(UL —omr) =0um +ve = p—H(

Smr +vnv — )
pL PMm

Step 2: Optimizing with respect to z*(8*, 62, ?qg)
As in the proof of Proposition 4, the side-contract may specify a stochastic manipulation.
However, the reallocation occurs after the outcome of the stochastic manipulation has been

observed. Here, we optimize the third party’s payoff with respect to x;ka for any ?{s € 02

. .« . . /L .48
After optimizing with respect to Ty We have:
Pz PZH@(IJH +6mm + vr)pHOmy (4'(6) + UCZH@) =0, fori=1,2
: : 1 1 _ 2 2 : 1 2 —
The above equations imply ¢'(¢) + Typg =4 (¢) + Tyg g Since Ty + Trpg = 0 from the
.o~ . 103 200 ~
budget balance constraint, we have ¢*(¢) + x;l 0= M, i=1,2, for any ¢ € ©2.
After optimizing with respect to xllqM& and m?{Ma respectively, we have:
Prings Pl (a1 + 6mas + om0 (¢1(0) + =) = 0,
P ™ . Pr 0Py + 00 (Srr +var — Spar) — Andmml (6(9) + 23, 5) =
Define ey = Mﬁ% € [0,1) and recall that 05, = 0y — g—ZAHGHM. Since (6 +

vir)pym = pu(Opr + var — dmar), we obtain from the two above equations:

par(pE + Smar + vi)0mu (¢ () + x}{M@)
= [orOr (o + 11 + o) — prAudavl (03(3) + 2%, ).

Hence,

0t/ (41 (3) + 2y ) = 05,0 (3(9) + 4%, 5) for any & € ©2

L and z2 - respectively, we have:

After optimizing with respect to THLd HLD

* ¢ Iyt 1 B
Py T Py gPron + v +vm)0m(¢1(9) + oy, 5) = 0,
sz,g +ng5[‘9LpH(pL +vr — 6ML) _pHAM(SML]U,(qz((Z)) + x?{L’&) _

*¥In homogeneous coalitions — HH, MM and LL — the reallocation cannot lead to corner solutions. In HM,
HL and ML coalitions instead, this is conceivable but is not going to occur when the seller designs the sale
mechanism optimally. Hence, we only consider interior solutions for the reallocation problem.
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Define ey, = Zﬁw = HM(‘;ML > 0 and recall that 07 = 6 — Z;—IZAMEML. Since

pr(ve —6pmr) = pr(dmam + ve), from the two above equations we obtain:

pL(pa + S +vi)0uv (g () + Ty, 3
= [0rpe(pr + 6anm +va) — prAMSML) (¢%(0) + UC?HL@)-

Hence,

HHul(ql (5) +x HL,d)) Lu (q2(5) +x HL,(;5) for any ¢ € 62

After optimizing with respect to x?wM?qS’ we have:

+p¢ Oripys — AH(SHM‘FQM(CSML"‘UM (5HM)]pMu (q (¢)+x3\4M,$) =0, for:=1,2.

T
Pruma ™ Parm ¢[

. . s 2 .
The above equations imply ¢ (<Z>) + xMM¢> q°(¢) + VYPS Since xMM(b + :UMM¢ =0 from
1 = 207

the budget balance constraint, we have ¢ (gb) + J?MM¢ ¢)+q ¢) ,1=1,2 for any <Z> € 0%

After optimizing with respect to xML 3 and x L3 respectlvely, we have:

Prins P sPElaOar — Auban + 06y + var — Sman)lu' (1) + 2y, ) = 0,

PriLs +pML¢ 0L = Sarr + 1) = Andnn)ld' (¢*(9) + 25, 5) = 0.

Since vp, — 8y = (6HM+UH) and Sy, +om — M = (5HM+UH) from the two above

equations we obtaln.

[OrrpLpr (Pr + ver + 6mar) — Auprprdamlu’(¢'(6) + x}\u,;})

= [0rprom(pr + vi + Sun) — papMAmOmLld (¢ (6) + xfm’a).

Hence 05,/ (¢'(¢) + :UML ¢) 050 (q%(d) + xML ¢) for any ¢ € ©2.

After optimizing with respect to J:LL 5 we have:

Pyt Py, Sl0mpn — Andnr +0r(vr — barn)lpru (¢'(9) + 27, 5) =0, for i =1,2.
The above equations imply ¢!(¢) + xLL 3=4 2(¢) + LL7¢ Since xLL@ + mLL@ = 0 from the
budget balance constraint, we have ¢ (gb) + J:LL 3 M, i = 1,2, for any gb € 0%

Since we are considering symmetrlc multlphers we can infer that
(i) after optimizing with respect to z! MHJ and z?2 MHJ respectively, we have:
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05,0 (¢" () + x} ) =0 (¢P(¢) + a2 ) for any ¢ € O2;

MH,¢ MH,$
(ii) after optimizing with respect to x}: H3 and xi H3 respectively, we have:
05/ ('(9) + 2%, ) = Ol (¢P(3) + 42, ) for any & € O
(iii) after optimizing with respect to x}: M3 and xi M3 respectively, we have:
030 (q"(0) +xp,, o) = O3, (¢(9) + 27 o) for any ¢ € ©7.

Therefore, conditional on that there is no manipulation of report, i.e., ¢(0;,0x) = (0;,0%)
for any jk, the third party will not reallocate the goods among the buyers if there is an
€ €[0,1) x [0, +00) such that:

ejul(ql(gj)gk)) = oiu,(qz(ejaek)) for Ji k€ {H) M, L} :

For non-homogeneous coalitions this is equivalent to condition (19).

Step 3: Optimizing with respect to ¢(61,62)

Let S;x(¢) = 0ju(q*(¢) —i—:cjl,k $) +0ru(q? () —i—x?k 5) —t1(¢) —2(¢) denote the real surplus of
jk coalition when reports to the seller are manipulated into 5 Likewise, Sjlk(a) = Hju(ql(g) +

x;k 3~ t1(9), ka(?qg) = Oru(q®(9) + x?k 5~ t2(¢) and u;k(?qg) = u(¢i () + x;k ;). Using this
notation we find conditions under which the third party optimally requires any coalition with
(0%,6%) = (6;,0%) to report (0;,0%).

e H H coalition

(0,0n) € argmax [py + pr(vea + 6an)|Suu(P)

PpeO?
17 207
— argmax {wHu(M) 1) - t?(&é)} .
¢>€@2 2
e H M coalition:
(Ou.00) € argmax PEPMSHM @) + par(ver + 8mar) Sk (9) N
’ dc02 | —pHAES MU (D) + pH(var + SnL — SEm)SEp(0)

= arg ,glfg; {pM(pH + g + 6ar) e (9) — pHAH(SHMU%{M((Zﬁ)}
S

= arg max {SHM(¢) — p—HAHGHMU%IM@)}
$cO?2 bm

= argmax {Onuly(9) + 05,0l (6) — 11(60) - (9) |
PpeO?

where

GHU/(QI@) + x}{M@) = Mu’(qz(a) + xi{M@) holds.
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e HL coalition:

(0w, 01) € al"glnax{

pupLSHL(P) + pr(ve + 6rnr) Sk (0)
PpeO?

+pu(vr, — 5ML)SHL(¢) pHAM(SMLUHL(a)

= arg max {SHL@) - p—HAM€MLU%1L(5)}
$e0? pPrL

= argmax {Oguly(9) + 05ud(9) —'(9) (D)
$€6?

where
01 (¢'(9) + wyy, 5) = 054/ (¢°(9) + %, 5) holds.

e M M coalition:

(031.0a) € argmax 2 Sarae(0) + par(6arz, + var) Sarne (@) N
Moo g&EGZ —pM5HM SMM(¢) + Apgudy,(6) + AHUMM(QS)}

_ PPy — 5HM +6nrr + var) Saiae (9)
= arg max ~

pce2 | —pabmDu(ulyy (@) + 1 (9)
= arg amigi {SMM — —AHGHM(UMM(¢) + U%MM@))}

c 2

= arg max {29§\4U(q—q¢)) —t'(¢) — t2(5)}

¢>€@2 2

e VM L coalition:

(Om,0L) € arg{nax{

papL S (@) — 5HMPLAHU}\4L(5) + (vpr + Oz — 5HM)pL5%4L@) }
PpeO?2

—parbar (53,1 (8) + Anidyr (0)) + vrparSiyL(9)

_ pL(par + 6arr, + var — Srar)Sarr () — 5HMPLAHU11\4L@)
= arg max N
$cO? —omrpmApmus(P)

= argmax {05uly(9) + 05u3,,(6) —1(6) — £(9) }
PpcO?

where

05,0/ (4 (9) + 2Ly, 5) = 050/ (¢%(3) + 22, 5) holds.

o6



e LI coalition:

01,0 € argmax ~ ~ ~
(62,81) see2 | —prémr (S (0) + Anuip(9)) +viprSrn(e)

— argmax {SLL@) CPH A el (3) + u%L@))}

{ P3S0L(9) — promrn(Sh(0) + Anrul (6)) }

PpcO? PL
_ arg max {wzu(M) @) - t?(&é)}
$eO?2 2

For HM coalition, for instance, we have Opul;,,(6) + 05,u,,(0) — tH(o) — t3(¢) =
Vine(a (@) + (@) — 11(3) — () since O/ (2'(3) + 2%, ) = 03,0/ (¢2(3) + 22, ) holds.
Hence, the condition (0g,0y) € arg maxy_gs {GHU}{M(gb) + 05,u% 0 (9) — tL () — t2(¢)} is
equivalent to (18) with jk& = H M. The same remark applies to any other coalition and justifies
the whole condition (18).

Proof of Proposition 11

The proof of Proposition 11 depends on whether ¢j; + g7 > 2q}, or the reverse inequality
holds (notice that ¢}; + g7 > 2¢}; under non-monotone virtual values). Here we assume that
qy + a7 > 243, but our argument below can be adapted to the case of q3; + g7 < 2q}; — see
the end of the proof. The proof consists of three steps.

Claim 1 If 6%, > 69, then there exists ¢* such that 85, = 6%, and 65 = 6Y. If 03, < 69,
then there exists €* such that 65, = 65 = 63,7. In both cases, the no arbitrage constraints
(19) are satisfied at @ = q* and € = €*.

Claim 2 Let a = V70, (203,) — Virar(ais + a3) — Vio(203,) — Virp(aig +})] > 0. 1t
t is such that the following local downward coalition incentive constraints bind, then all the

coalition incentive constraints are satisfied by mechanism {q*,t} when e = ¢*:%’

Vi (2di) —2tun > Vi (i + die) — tan — tur (CICH M)
Vi (@i + @) — tav —tun > Vi (g +a5) — tar — tew (CICHMHL)
Vi@ + ;) —tur —ton > VEL(244) — 2tmm (CICHL M)
Vi 2ah) = 2t > Vi (ahs + @) — tin — tow + o (CICHRT L)
Vi (@ +ab) —tur —tov > Virn(243) — 2tpn (CICwML L)

9We note that (CICmMm,mr) is modified with respect to the true constraint (CICwnam,mr). In order to

understand why « is introduced in (CIC}{)[‘}\‘)[{%\}%), see the proof of Claim 2 when dealing with (CICgrL,mr) and

(CICHL,LL)-
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Claim 3 We can find t** such that (BICw), (BICyL), (BIRL) and coalition incentive
constraints mentioned in Claim 2 are satisfied with equality at q = q* and ¢ = &*.

Once Claims 1-3 are proved, we conclude that {q*, t**} is optimal under no coalition - since
it satisfies the conditions of Proposition 9 - and is also weakly collusion-proof.

Proof of Claim 1

If 6, > 6}, then take " = (1, 2LE2) 50 T£ 4%, < 63 then take ¢y, = - Owlen ¢ (g, 1)

« _ (0.=0%p)pr
and €y,; = DAL

contract are equal to the virtual valuations for the seller when there is no coalition.
Proof of Claim 2

The following lemma establishes single crossing properties (when ¢ = €*) which are useful

> 0. In this way the virtual valuations for the third party in the side-

to prove claim 2.

Lemma 2 (i) V;e,: is strictly concave, j,k = L, M, H.
(ii) For any x > 0, if 05, > 07 then we have

OV (@) OV (@) OVigy(x) Vi (x)
) TraM)
Ox > Ox = Hhax ox = Ox (32)
OV (x) OV (@) Vi (x) _ OVEL(2)
> >
mm{ dr = Ox - dr — Oz (33)
If 65, < 07, then
OVila) _ Vi) _ VL) | OVi(e) _ Vi) _ OVE)

ox ox ox ox ox ox

Proof. (i) The result is obvious for Vg, Vi and Vi, since Vf; (x) = 29§*u(%), j =

. Vs . x 2ve,
L,M,H. About V5 with j # k, observe that Vjé“x(x) = 05 u'[¢5 (v;jk)] and ‘(;];2(1‘) =
e o oy 045 (@) . 0gS (wik) 05" w gt (w;5k)]
05 u”"[q5 (x5 k)] —5;— < 0 since —5~— = o (2 )40 w7 (P 0
(ii) It is straightfclrward to find W%*’;m = GHU*I(%), W%if‘;(@ = Opu'[q5 (z; HM)] =
S [q5y (o HM)), 8%50(@ = Oyu'[q5 (z; HL)] and W&ng‘;’(@ = 05,4/ (). Since £ < g (v; HM)

q5 (z; HL) and ¢5;(x; HM) < £, we obtain (32). The proofs of (33) and (34) are very similar
to the proof of (32), hence they are omitted. W

In order to prove claim 2, we consider transfers such that the inequalities in the claim bind
and recall that (i) a > 0, so that the true (CICaar,nmr) is satisfied; (ii) ¢ > ¢}, > ¢;. For

0n fact, egnr € [0,1). However, since we are interested in finding the Sup of the seller’s payoff, we take

EHM = 1.
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expositional simplicity, we introduce the following notation:

AVEy = VauQdy) —Vau(ay +d) AV = Vi + air) — Vi (i + ab)
AV, = Vilar+d) —VErRay)  AViig = Vi Rah) — Vi (dir + a3)
AVi, = Vin(ay +db) — Vi (2a;)

We first prove that all downward coalition incentive constraints are satisfied and then we
deal with upward coalition incentive constraints.
Downward coalition incentive constraints

We start with downward coalition incentive constraints for H H coalition

CICyy The payoff of HH coalition is Vg (gl + i) — tum — tan-
(CICHumL) V(G + dhr) — tas — tvn > Vip(dy +a) —tur —ton
but —tgy —tyg = —AV;;M —tyr — trH, hence (CICHH, m1) reduces to
Vit (@i + ab) = Virn (@i + 4) = Vigu(di + air) — Vigu(ai + af)
which is satisfied because g3, > ¢ and (32).
(CICHu,MM) ViTr (@i + dir) — tanr — tan > Vi (2a3s) — 2tarm
but —tgy —tmg = —AV;I*M — AV;& — 2tarmr, hence (CICHH, M) reduces to

Vit (@i + dar) — Vira 2ais) = Vi (di + air) — Vi (@ + a3) + Vin (@i + a3) — Vign (243)

This inequality is satisfied because ¢}, > q7, g5y + ¢}, > 2q3, and (32).
(CICummr) Vit @iy + dhy) — tun — tam > Vigg(ahs + ) — tar — toar

but —tgy —tymg = _AVI?J\/I — AVE}J — AVJ\E/;M —tymr —toam + a, hence (CICHH,ML) reduces
to

Vit (ai + dv) — Vg (@ + 41) + o
> V(i + ) — V(@i + ab) + Vs (@i + ab) — Ve dhy) + Vi (2ais) — Vir(dh + i)

This inequality is satisfied because o > 0, ¢3; > g7, q3; + ¢} > 2q}; and (32).

(CIChm,cL) Virg (@ + dar) — tum — tum > Virg (247) — 2trr
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but —tgym —tmy = —AVfI*M — AVfI*L — AVJf/;M — AV]f/;L —2tr, 4+, hence (CICy g 1.1,) reduces

to

Vi (@ + air) — Vira (247) + o
> Vi + @) — V(@ + at) + ViaL(ai + ) — Vi (2aiy)
+Virn 2ahy) — Vi (@ + ab) + Vigo(dh + aiy) — Viirn(243)

This inequality is satisfied because o > 0, ¢4, > q7, ¢j; + 4 > 2q3,, (32) and (33).

CICpyy The payoff of HM coalition is V,,(ql; + ¢5) — tur —tou.
(CICHM,MM) Vﬁ*M(q?{ + q}:) —tHL —tLH > VI?}\/I(ZQ;\(/I) - ZtMM

but —tgr —trg = —AVfI*L — 2tarmr, hence (CICHM v ) reduces to

Vi (@i + a) — Vi (i) = Vi (i + a5) — VgL (243,)-

(CICHMmMmL) Vi (@i + a5) — tur — tow = Vi (dhy + a5) — tmr — toum

but —tyr —trg = —AV;I*L — AV]\E/}‘M —tmr — tom + o, hence (CICH 1) reduces to

Vi (@i +a) — Viu(dy + @) + o > V(g + ) — VL Qdy) + Vi (2ais) — Vir (G + ab)-

(CICHM,LL) Vira(ak + a5) — tar — tom > Vi (247) — 2tr
but —tyr —trg = —AV;I*L — AV]\E/;M — AVJf/;L —2trr, + «, hence (CICy s, 11,) reduces to

Viu(air +ai) — Vi (2a:) + o > V(g +ai) — Vi (2aiy) +
Vi 2aiy) — Vi (dhr + a5) + Virs(af + i) — Vi (245)-

CICpyr The payoff of HL coalition is V5 (2¢%,) — 2tanr.

(CIChLmr) Vi (2ah) — 2trnr = Vi (@i + a3) — tmr — tom
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but =2ty = —AV]@*M —tymr — tov + o, hence (CICyHL a1) reduces to
Virr (2air) — Virp(@ir + a1) + @ > Virr(2a3r) — Vira (s + 47)- (35)

This inequality holds because the right hand side minus a reduces to Vi, (2¢4,) — Vi (45 +4%)
and then we can use (33) and ¢}3; > ¢;. Observe that (35) is the reason why «a is introduced
in (CICwedificd ). Tf o = 0, then we do not know whether (35) is satisfied or not. A similar
argument applies to (36) below.

(CICHL,LL) Virs(2ahs) — 2tnns = Vi (247) — 2trL
but =2ty = —AV]@*M — AVfJL — 2trr + o, hence (CICqr, 1) reduces to

VL (2dh) — ViL(241) + o = Vi (2aky) — Vi (dar + a5) + Virn(af + @) — Vigo(2a5)
(36)

This inequality holds because the right hand side minus « reduces to Vi (2q%,) — Vi1 (245)-

CICy  The payoff of MM coalition is Vi, (¢h; + ¢5) — tmr — tom + .
(CICamarzr) V(@i + @) — tarr — toar + o > Vi (245) — 2trr
but —tyr —toyp = —AVJ\E;L — 2trr, hence (CICaspr,11,) reduces to
Virn (2aa0) = Virn (245) = Vi (2ai,) — Vire (241)-
Upward CIC
CICpyy The payoff of HM coalition is Vi, (¢l + ) — taa — tan.
(CICHMuH) Viu(dh + &) — tam — tarr > Vi (24k) — 2tan
but —2tygy = —AV;I*H —tum — tamm, hence (CICH M mH) reduces to

Vi (2ai) — Viru (i + air) = Vi 2as) — Vi (@i + diy)-
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CICyr The payoff of HL coalition is V5 (¢l + q5) — tur — tLu-

(CICHL M) Vi (dh +at) —tur — tom > Vi (dh + dhy) — thv — tun

but _tHM - tMH = _AVFEI*M - tHL - tLH, hence (CICHL,HM) reduces to
Virn (ak + @) — Vi (@i + a1) = Virp (@i + air) — Vi (ak + a7)-
(CICHLuH) Virr (g + 1) — tur — tom > Vi (245) — 2tnm
but —2tgyg = —AV;I*H — AV;I*M —tur — toa, hence (CICH, ma) reduces to

Vi (2ak) — Viru (i + air) + Vi (d + air) — Vi (@ + a5) = Vi (24i) — VgL (i + ai)-

CICj;p  The payoff of MM coalition is VJ\E/;M(Qq}h) — 2tpmM-

(CICMmuL) Vir(2dhs) — 2trns = Vi (@i + a5) — tar — ton

but —tgr —trg = —AV;I*L — 2tarvr, hence (CICw 1) reduces to
Vire(air + a1) = Vire(2ah) = Vir (ai + 4i) = Vi (2030)- (37)
In order to prove that (37) is satisfied, recall that ¢}; + ¢} > 2¢}, and observe that lemma 2(ii)
is not helpful if 0%, > 67. We start by noticing that WH—M = Opu'[q5 (v; HL)], Wa—l‘gf(x)
S’ (%) and ¢ (¢ + qf; HL) = qH Hence, % = 0uu'(¢};) = c and Wf‘g—fq”’) =

BVH I 8VM M

nd

Y (grs) = ¢. Moreover, both are strictly decreasing (because Vi, and Vi,

V*()

are strictly concave), thus >c> 2 M AL @ for any x € [2q},, ¢5; +q;7]. After integrating

these inequalities in [2q},, g3 —|— q;) we conclude that (37) is satisfied.
(CICyM,mm) Vi (2a3r) — 2tanr > Vipn (ahr + air) =t — tan
but —tgy —tyg = —AV;I*M — AV;I*L — 2ty hence (CICyarmM) reduces to

Vi@ + air) — Vi (ah + i) + V(i + ai) — Vi (2air) > Vi (@l + air) — Vi (2ahs)-

This inequality holds because ¢}, > ¢}, ¢j; + 4 > 2¢},, (32) and (37).
(CICMMm) Viin(2ais) — 2tnnr > Vi (245;) — 2tun
but —2tgyg = —AV;I*H — AV;I*M — AV;I*L — 2tarmr, hence (CICh mH) reduces to
Virn(2a5r) — Vira (ai + dar) + Viza (a5 + ab) — Vizu(air + 47)
Vi (gl +ai) — VL (2ah) 2 Vi (2ak) — Vi (243)-
This inequality holds because ¢}; > ¢}, > 47, 5 + 4 > 2¢3,, (32) and (37).
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CICy The payoff of ML coalition is Vi, (qh; + q5) — tar — toum-
(CICanzanr) Vign(dhr +ab) — tarr — toar > Vi (2dhr) — 2tarar
but =2ty = —AVJf;M —tymr — tov + o, hence (CICpsp par) reduces to
Vi (2030) = Virn (@b + a1) = Vig(2ais) — Vig(ais + i) + o
This inequality holds with equality.
(CICMr L) Viro(ahs +ai) — tar —toar > Vigp (@ + i) — tur — tow
but —tgr —trg = —AVE}J — AVAE;M —tymr — tov + o, hence (CICyp, gr) reduces to

V(@i +ai) — VgL ah) + Vi Qdh) — Vi (@i + @) > Vign(ai + ai) — Vi (@ + af) + o,

which reduces to
V(@i + at) — Vir (2ds) > Vi (a + a5) — Vi (24is)-

(CICyLm) Virn(dhs +a1) — tar =t > Virn(ah + air) — tamv — tun
but —tgy —tyg = —AVI‘fM — AV;I*L — AVJ@*M —tymr —tov + o, hence (CICyrr, gar) reduces
to
Vi (@i + ain) — Vit (@i + 41) + Vi (air + a5) — Virp 2din) + Vir (24is) — Vi (dh + 47)
> Virp(aq + dy) = Virg(ah + az) + e,
which reduces to

Vi@ + o) — Vi + a3) + V(i + ) — Vi (2dh) > Vign(dly + @) — Vi 2ahn)-

(CICML.aH) Vi (@ +@6) — tarr — toar > Vi (2dly) — 2tmn

but —2tgg = —AVfI*H — AVIfI*JW — AV;I*L — AVJf/;M —tymr —toam+a, hence (CIC )1, ga) reduces
to

Vit 2atr) = Vige (@i + ) + Vign (@b + dhr) — Vigar (@i + az)

Vi (ai +az) — Vs (2air) + Vir (243) — Vi (s + 47)

> Vi(2ay) = Virp(ay +ai) + o,
which reduces to
Virr(2air) = Vi (i + ah) + Vi (i + avy) — Vi (i + a1) + Virp (@ + 47) — Vi (243s)
> Virp(2ak) — Vir(243)-
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CICy; The payoff of LL coalition is VLE*L(Qq}:) —2trr.
(CICLLmr) Vir(24:) — 2tor > Vip(ahs + i) — tar — tow
but -ty —tiy = —AVJ\EZL — 2trr, hence (CICrr mr) reduces to

Viro(dhr + ai) — Virn(2a3) = Vi (dh + ai) — Vi (24;)

(CICLLMwm) VEL(245) — 2tLr > VEL(24h) — 2tmm
but =2ty = —AV]@*M — AVJf/;L — 2t + o, hence (CICrr, arar) reduces to

Vi Rasr) — Vi (dar + a3) + Virn (@ + ) — Virn(265) > Vip (2da) — ViL(245) + o,

which reduces to

Vire(2ais) — Virn(201) > Vir(243,) — VEL(247)-

(CICLLuL) Vir(245) — 2ton > Vip (i + af) — tur —tom

but —tgr —trg = —AVE}J — AVAE;M — AVJf;L — 2trr, + o, hence (CICpr 1) reduces to

VL (di +at) — Vi (2ais) + Vi dhy) — Vi (@i + @) + Vigo(dh + a3) — Viin(243)
> Viplair +at) — Vin(243) + a,

which reduces to

Vize (@i + i) — Virp(2ais) + Virn(2ai0) — Vizo(260) 2> Vig(ai +ai) — VEL(247).-

(CICLL M) VEL(24}) — 2trr > Vi (i + dly) — tan — tum

but —tgym —tyme = —AVITI*M—AVﬁ*L—AVﬂM—AVﬁL—QtLL+a, hence (CICyr, gar) reduces
to
Vin (@i + air) = Vi (@i + a3) + Vi (a + @) — Vi (2d3y)
+Virn 2air) — Vira (@i + a3) + Vo (6 + @) — Virn(243)
> Vip(ah + di) — VEL(243) + o,
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which reduces to

Vi (di + @) — Vi (i + ab) + VL (i + @) — VL (2ais) + Vi (2ahs) — Vigo(243)
> Vi (dy + o) — VEL(24}).

(CICLLuw) Vir(247) — 2trr > Vi (2a5) — 2tum

but —2tgy = _AVIfI*H — AV}EI*M — AVI?L — AVf;M — AVJ\E/;L — 2tr1, + «a, hence (CICLL,HH)

reduces to

Vi (2a5) — Viru (di + air) + Vi (i + aip) — Vi (s + at) + Vo (@i + a5) — Vi (243)
+Vir 2dhs) — Vi (@i + ai) + Vigo(dh + a1) — Virn (243)
> VEL(2a)) — VEL(24}) + o,

which reduces to

Vi (2ai) — VEu(di + dir) + V(@i + air) — Vi (@ + ai) + V(@ + 6¢) — Vi (2d3y)
+Virn 2ahr) — Virn(245) = Vi (2d3;) — Vi (243).

Proof of Claim 3

Consider the linear system in t made of (CICrm,aMm), (CICHM HL), (CICHL MM), (CIC}\I}I(}\(}‘?@‘}:),
(CICwMLLL), (BICHM), (BICyy1) and (BIRy,) written with equality with q = g*. We show
that this system admits at least one solution in t. In order to prove this claim, it is not sufficient
to observe that the system has eight equations and nine variables. However, we report below
the 8 x 9 matrix A of the unknowns and we can show that — for any probability distribution
(pr,pam,pr) — its rank is 8. This claim is proved by finding an 8 x 8 submatrix of A with
nonvanishing determinant. For instance, we can take A after deleting its second column, the
one corresponding to tgjs and obtain an 8 X 8 matrix with determinant equal to —4py,.

equation\variable tug teym tmrn tme tum tvmrn tog tovm oL

(CICyumym) -2 1 0 1 0 0 0 0 0
(CICHMHL) o -1 1 -1 0 0 1 0 0
(CICHLMM) 0 0 -1 0 2 0 -1 0 0
(CICYATRL) 0 0 0 0o -2 1 0 1 0
(CICumL,LL) 0 0 0 0 o -1 0 -1 2
(BICHM) -pg —pm —pL pw  pm  prL O 0 0
(BICwrL) 0 0 0 —pw —pum —-PL PH DPM DL
(BIRpL) 0 0 0 0 0 0 —pyg —-pmM —»pL
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Since the rank of A is 8, the range (or image) of the function f(t) = At is R®; hence for any
b € R® the linear system At = b admits a solution (actually, infinitely many solutions exist).
In particular, there exists a solution for our specific linear system.

How to modify Claim 2 if q¢}; + q] < 2q},

Claim 2 Let a = V5, (g5 +a;) — VL (@ +45) — Vi (@ + @) — Vi (@ +a;)] > 0. If
t** is such that the following local downward coalition incentive constraints bind, then all the

coalition incentive constraints are satisfied by mechanism {q*, t**} when € = €*.

Vi (2ai) — 2tun > Vig(ai + aiy) — tam — tur (CICHH HM)
Vi (@ + @) —tam —taur > Via(24is) — 2t (CICHM M)
Vira2ah) =2t > Vi (gir + @1) — tan — tom (CICMa aL)
Virn (i + i) —tur —ton > Vi (dh + ¢1) — tar — toa + o« (CICHINT)
Vi (@ +a3) —tmr —tom > Vi (24h) — 2tpn (CICML LL)

The proof is very similar to the previous one and therefore it is omitted.
Proof of Proposition 12

Step 1 No reallocation occurs if € = 1, conditional on no manipulation of reports.
Proof. In this setting, g% () is not defined as in (5) but as follows: ¢ (v) = arg max, ¢, U(2, O )+
U(x—2,01)— 1;?5[11(3:—2, Or)—U(x—2,01)]. When e = 1 and x = ¢}, +¢] g, this function
is maximized at z = ¢};; since, by definition, (¢};;, ¢} ;) maximize U(qur, ) +U(qrH,0r) —

1;LL [U(QLHa HH) - U(QLH, 9[,)] under the constraint qHL + QLH = q;{L + qEH7 hence’ no real-

location occurs when € = 1 if there is no manipulation of reports. W

In order to deal with the coalition incentive constraints we define Va(z) = 2U(3,0mH),
Vi(z) = max ¢ o U(2,0m) +U(x — 2,0L) — I;f"‘s[b{(x —2z,0g) —U(x — 2,0r)] and V§(x) =

Q[U(%,HL) (1—PL)5[M(%70H)—U(%,9L)]].

P
Step 2 6V2(x) > max{ z), 8‘/;3;2533)} and 2q¢};; > max{qy; + 4} 5,247 }-
Proof. We find MWalz) _ 3y (2,9H), WD — v [g57(2), 0m1) = U (g5 (2), 1)~ S2eelth (g5 (), Orr) —
Ui(q5 (x),0r)] and 8—‘/(13;(—33) =U(5,0L0) — 1;?5[111(%,9;1) — U1(5,01)]. Furthermore, g% (z) >
£ > q7 () because the function U(z,0p) + U(x — 2,01) — lgpLs[L{(x —2,0g) —U(x — 2,0L)]
is strictly increasing in zfor z € [0, 5]; this implies ﬁx— > max {an(x), 8AV’—} We have

245y > d3p, + a5 because (i) from the first order condltlons for g3, and qj y it is straightfor-

ward to see that gj;; > ¢} g (ii) the first order conditions for ¢}, and q¢;; are Ui (¢}, 0m) =
C'(2q5 ) and Ui (g5, 0m) = C'(¢% + 45 i), respectively; thus 2¢5, 5 < ¢f; + ¢}y leads to
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the contradiction q¢f;;; > 5 > q7 - From the first order conditions for g7, and ¢7; it is
straightforward to see that ¢ > ¢7;. W

Step 3 Suppose q5;; +q5 5 > 2¢7; and let t** be such that (BIRL), (BICy), (CICHm HL)
and (CICpp, 1) bind when q = q* and € = 1. Then {q*, t**} satisfies all the coalition incentive
constraints.
Proof. Given that (CICyp mr1) and (CICHL, L) bind, (CICHL mH) reduces to Va(2¢5 ) —
Va(qir + dig) > V(245 ) — VH(qsr + qh ), which holds since 2¢% 5 > ¢l + ¢i g and
8V62_£x) > %. (CICLL, H1) reduces to

T
VINdin + dhm) — Vi (2ain) = Vo (airn + aim) — Vo (2455) (38)

we now prove that this inequality holds. Examining the seller’s profit function after using

(BIRy) and (BICH) written with equality we see that (¢, q} ) maximize U(qur,0H) +
U(gru,9L)
PL
C(2qLr); the maximized values are equal to Vi (g5 + di ) — C(dly + qh ) and Vi (245 ) —

— P U(qrm, 0n)—Canr+qum) and g; ; maximizes 24ULL0L) 2L (g 1 0 pr) —

C(2q% ), respectively. Revealed preferences imply Vil (¢l +a% ) —C(q .+ a5 y) > Vi (245, ) —
C(2q%;) and Vi (2q5,) — C(24% 1) > Vi (dlyr + dhy) — C(ql + qhpr); thus, (38) is satisfied.
(CICHm, L) reduces to Va(ql, + qi ) — Va(2q5 ;) > Vil (aly + dig) — ViH(2¢5 1), which holds
since ¢ + q1y > 2q7; and %gf—) > 8_\/5196(_90)‘ (CICLL mH) reduces to Va(2q} ) — Va(ai +
i)+ Vi + dhg) — ViEdE ) > Vi (2d% ) — Vit (245 1), which holds in view of 2¢}; >
G+ ain > 207, 23 > 24 and (33). ®

Step 4 Suppose ¢}, +q; y < 2¢;; and let t*** be such that (BIRL), (BICy), (CICHH,LL)
and (CICrr mr) bind when q = q* and ¢ = 1. Then {q*, t***} satisfies all the coalition
incentive constraints.
Proof. Given that (CICyg,Lr) and (CICLr mr) bind, (CICLL pH) reduces to Va(2qf ) —
Va(2qi;) > Vi (2¢5y) — Vi (2q% ), which holds since gl > ¢i; and 61({)2(90) > 8\/('%190(@‘

xr

(CICHL,LL) is equivalent to (38), whose proof does not depend on whether ¢};; +q7 ; > 24} ; or
Girp+ iy <20, (CICHHnL) reduces to Va(2q;) — Va(ajp +aiy) > Vo (205,) — Vo (dGp +
q} i), which holds since ¢};; + g7 5 < 2¢} ; and 8V82—9E90) > 6—‘/(';30(—@. Finally, (CICHL mH) reduces
to Va(2qjyy) — Va(2a1.) + Vo (a7 1) — Vo (@ + aim) = Vi (2afys) — Vi (afy, + @), which s
satisfied in view of ¢} > q7 ., 6V82_g£x) > 8—‘/(3;(—@ and (38). W

€T
Proof of Proposition 13
We start by establishing the following inequality

tom — o > tam — U (39)
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Recalling that (CICym rr) and (CICHL, 1) bind in the transfer scheme t**, we find

Va(2q3,) — Va(diy + a) N g+t

tim = 2 2
oo Vi(2ap) = Vigy +4i) Y i)
LL - 2 2

hence (39) is equivalent to
Vi (air + a1) — Vi (201) > Va(24;) — Va(dly +di) (40)

Define g(z) = Vi (2¢} +2) — Vi (2q}) — [Va(a}; + 4}, + 2) — Va(q}; + ¢}, )] and notice that g(0) = 0
while (40) is equivalent to g(¢j; — ¢;) > 0. Now we prove that ¢'(z) > 0 if z € (0,¢}; — ¢}),
hence g(q3; — q7) > 0. We find

Qi +q; + 2

9'(2) = 0 lay (201, + 2)] — Onv/ (FF—F—)

Thus, ¢'(z) > 0 if and only if ¢} (2¢; + 2) < m. In order to establish the latter
inequality we apply the implicit function theorem to 0 gu'[q}; ()] = 0} u'[x — g}, ()] [recall that
q:(r) = z — q4()] and obtain

daly(x) _ 0L g} () S
de O lafy ()] + 0L )] Sy
ul’ q1(z

Onulay ()] _ w'lap (@)]u” gz ()]
) 91LU"1[Qi(I)] u’[q}q(x)]u”[q%(a:)]
u'[g7 (2)]u"[g3; (2)] dg () 1
—u,[qg(x)]u,,[qu(gc)] < 1. Hence, == > 3

. Since g (g} + q%) = ¢}, the latter condition is

Moreover, using again 0gu'[qh(7)] = 014/ [¢} ()], we find and

u//

o

and qp (¢} + a}) — a3 (24}, + 2) >

Qi +a7+2
2

the assumption that is strictly increasing implies

a5—491.—*
2

equivalent to > q(2¢} +2), the inequality which implies ¢’(z) > 0 for 2z € (0, ¢} —q}).
(a)-1. The proof of "reporting L is strictly dominant for each L-type”.

It is useful to write down the payoff matrices in M** for L-type and H-type, respectively. For

example, Oru(q};) —t};,, the entry in the left table below corresponding to row H and column

L, is the payoff to L-type if he claims H and his opponent reports L.

L-type L H H-type L H
L Oulg) —t5 Ouulap) — tiy L byulgy) —t5 Oulas) -t
H Oru(ayy) — i Oru(qyy) —tiy H Oru(ay) —ti, Omu(qsy) —tiy
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"Reporting L is strictly dominant for each L-type” is equivalent to

Opulgr) —trr > Opulgy) —thy (41)
Orulqr) —try > Orulqm) —thm (42)

We first show that (42) holds and then prove (41). In view of the expressions for t**, (42)
is equivalent to

*

* * I + *
62— (14 pu)mlular) + (2 + pu)om — 20c)u(alr) > 2wr0mu(T) — prVi (2a)

The definition of V! and the strict concavity of u imply that Vi}(2¢}) > (0g + 0 )u(q}) and

U(EE;Z) <u(qy) — gI';f;—q*%’(q}}) =u(qyy) — 2}}2_%2&' Hence, it is sufficient to prove that

_Q}({_Q}:i]

(201 — (2 —pr)0u]u(qr) + [(2 + pr)0r — 20L]u(qs) > 2pL0m u(q)) 5 On

which reduces to

(2 = pr)0n — 20L][u(qy) — uw(qr)] + pre(qy —q1) > 0

If (2—pr)0g —20r > 0, then we are done. If instead (2 — pr,)0g — 2601, < 0, then we use again
the strict concavity of u to write u(q};) — u(q}) < v (¢}) (¢l — a;) = é(q}{ —q;7). We obtain
(2 —pr)0m — 2057 (a5 — q7) + pre(gy — q7) > 0, which is easy to verify.
L

In order to prove (41), simply observe that it is obtained by adding ¢} —t7% and t3 5y —t57,
to the left and the right hand side of (42), respectively. Since the latter holds, (39) implies
that (41) is satisfied as well.

(a)-2. The proof of "each H-type strictly prefers to report H (L) if his opponent plays H
(L)’? .

By observing the right payoff matrix above we find that "each H-type strictly prefers to
report H (L) if his opponent plays H (L)” is equivalent to

Omulqr) — 177 > Onulqy) —tr  and Omulqr) — try < Onulay) — tan (43)

These inequalities are proved as follows. If we had 0 gu(q}) —t5%y > Oru(qy;) —ti;y, then (39)
would imply Ogu(q}) — t7 > Onu(qyy) — ti, and (BICH) would be violated: contradiction.
Hence, Opu(q;) — t7y < Omulqy) — tiy; since (BICH) binds, we infer Ogu(qj) — t75 >
Onulqy) — tH -

(b) Since t} > t7%; and t};; > ti7y, buyer 1, for instance (regardless of his type), has a
chance to be better off with respect to the truthtelling equilibrium only if his opponent plays
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H more often than under truthtelling. However, this cannot occur in any equilibrium of M**
— regardless of buyer 2’s beliefs about ! - since reporting L is strictly dominant for L-type of
buyer 2. Hence, in any equilibrium of M™** the probability that 2 reports H is at most equal
to the probability that 2 reports H under truthtelling.

(c) Each L-type reports L in any equilibrium of M**. Consider the payoff bimatrix (in
Section 7) of the game played by 1z and 2y (actually, ¢;, should be replaced by t;;‘;, for any
jk). That game has two equilibria, since report L weakly dominates H both for 1y and for
2p. In one of them, both 1z and 2y play H; in the other one, both 1z and 2y play L. In
the latter equilibrium, the payoff of j—type is 6;u(q}) — 7%, 7 = L, H. From (15) we know
that Oru(q;) — 75 < 0 and Ogu(q;) — t7; < (AB)u(qr) because pr[@ru(qr) — t77] + (1 —
pr)[0ru(qy) — 7] = (AB)u(q;) and t7% > t7%. Thus, the untruthful equilibrium is strictly
Pareto dominated by truthtelling.

Proof of Proposition 14

(a) M% is optimal under no coalition formation since qf* = q* and (BICy) and (BIRy)
bind. In order to show that M% is weakly collusion-proof, notice that no reallocation occurs
if € = 1 since g = q*, hence we need to prove that all coalition incentive constraints are
satisfied by M® when € = 1.

First observe that we need to take care only of local (upward and downward) coalition
incentive constraints. Indeed, both (CICyH 1) and (CICLL, pu) are automatically satisfied
if all the other coalition incentive constraints hold, thanks to the single crossing condition.
To prove this claim, suppose that (CICym uL), (CICHL HH), (CICHLLL) and (CICLr HL)
are all satisfied. Then, add up (CICym 1) and (CICHL L) to find Va(2q5;) — 2t >
Va(gir+a;) = Vi (@ +a;)+ViH(24) ) —2tLr; since Va(qi+q;) = Vi (g +4;) +ViE(24;) > Va(2q})
by single crossing, we obtain Va(2q};) —2tgm > Va(2q;) —2trr. Thus, (CICHH,LL) is satisfied.
About (CICLL uaH), add up (CICLr ar) and (CICHL HE) to obtain Vol(ZqZ)—QtLL > Vol(qf{—l—
at) —Viiak +a;) + Vi (2q%y) — 2tur > Vi (2q%;) — 2tpm by single crossing; hence (CICLL )
is satisfied. Therefore, we take care only of (CICHu uL), (CICHL HH), (CICHL 1) and
(CICLL,HL).

From (BIRL), (BICy) and (20) written with equality we obtain
_ Onulgy) — (Af)ulqr) — prtur

1—pL

ter = Oulu(qr) —uwlgy)] + o+t taw
Oru(qr) + promlu(qyy) — ulep)] — pra — prins

1 -pr
We substitute these expressions into the local coalition incentive constraints — after letting
K= (2 — pL)HHu(qf{) + [HL — (2 — pL)HH]u(qz) — to find that (CICHH,HL) and (CICHL,HH)

trg =
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are equivalent to

K +pra—(1—pr)[Va(2qs) — Va(gir + q7)]

1 * 1/ % * (44)
<tpr < K+ pra—(1—=pr)[Vi 2a) = Vi (ay + d7)]
while (CICHr, 1) and (CICLr m1) are equivalent to
K —(2=pr)a— 1 -po)Vi'(gy +q;) — Vi (2q7)] (45)

<tpr <K —(2-pr)a—(1—pp)[Vi (g +a;) — Vi (2q5)]

If Va(2q%) — Va(qi + at) < Vit + q;) — ViH(24%), then we set ty, so that (CICHp m1)
binds. We want to prove that the other local coalition incentive constraints hold if a > 0 is
small. For this purpose, first we show that they are strictly satisfied when o« = 0 and then
argue by continuity. (CICyp mp) is strictly satisfied because of single crossing [see (44)],
while (CICyy 1) is equivalent to Va(2q%) — Va(qly + qt) < Vit (gl + q;) — Vit(2¢;) — which
strictly holds by hypothesis — and (CICLr 1) reduces to Va(2qy) — Va(qly + q5) — [V (aly +
qt) — Vi(2¢1)] > 0. In order to establish that the latter inequality holds strictly, define
9(z) = Va(qiy + q; + 2) — Valgly + at) — [V (2q; + 2) — ViH(2¢})); we want to prove that
9(q3; —q;) > 0. Observe that g(0) =0 and ¢'(z) = GHu’(ngﬁ) — 010/ (g} +2) > 0 because
GHu’(m) > ¢ > 01U/ (q; + %) for any z € [0,q}; — q;). Here transfers are found by
solving the linear system made up of (BIRy), (BICH), (CICHH,H1) and (20), all written
with equality:

th, = (pr0} — 0m)u(q}) + promulgy) +2(1 — pL)QHu(%) ¥ pra
Qp + 41 1+
t]L%H = (0L + prOm)u(ql) + promu(qy) — 2pr0pu(~2 > Ly_ le( _pI;L)a
thy = poOiu(a) + (1+pr)ouulay) — 2pr0mu(LL 2 ALy - 1 prLa
tf, = pLorulg; : G+ 41
rr = prbrular) — (1 —pr)0rulgy) +2(1 — pr)fpu(——=—=) + (1 + pr)

2

If Va(2q3;) — Va(agr + a5) = Vi'(qfr +a7) — Vi'(247), then we set
thr =K —(2—pr)a— (1 —p)[Vi (g + ;) — Vi (24:)] + B

with # > 0 and small so that (CICyp 1) is slightly slack. We now show that the other
local coalition incentive constraints are strictly satisfied when o = 0, hence they are still
so if o > 0 is small. (CICrr gr) is strictly satisfied because of single crossing [see (45)],

while (CICHm 1) is equivalent to Va(2¢};) — Va(qj; +q}) + 1_BpL > Vi gy +q5) — ViH(2q%) -
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which holds strictly by assumption — and (CICyL gg) reduces to Vi (¢l + q) — ViH(2q}) —
Vit (2qt)— Vit (ai+a;)] - % > 0. The latter inequality holds strictly because of the following
argument. Define g(2) = Vi1(2¢} + 2) — Vi1 (2¢;) — [V (¢l + @& + 2) — VL (¢l + ¢} )] and notice
that g(0) = 0. Moreover, ¢'(z) = Ogu'[qr(2q% + 2)] — 0 [q4 (¢l + ¢ + 2)] > 0 because
a5 (2¢5 +2) < gy (gl + ¢ + 2) for any 2 € [0, ¢} — qt]. Hence g(q}; — q}) > % since 3 > 0
is small. In this case transfers are found by solving the linear system made up of (BIRy),
(BICH), (CICIB{L’LL) and (20), all written with equality:

iy = 2—pr)0mulgs) +[0r — (2 - pr)frlu(ar) — (1 —pr)[Vi' (af +af) — Vi (247)]
—(2—-pr)a+p

ti, = (L—po)0rulgs) + [0r — (1 — pr)0mluler) — (1 — po) Vi (g5 + q1) — Vi' (247)]
—(1—pr)a+p

thy = propular) + (1 —pr)0uulay) +polVit(ah + i) — ViH(247)]
pr(2 —pr) N DL

+ —
1-pr 1-pL
thy = (Or+pfm)ula}) — promulas) +poVi(d + a) — ViH(24})]
+pro — 1 PL B
—PL

(b) Since t&, > t&, and t&, > t& . by (15), we can apply exactly the same arguments of
the proof of Proposition 13(b).

(c) Consider t® with o = 0. Then, by (20) and since (BICy) binds, each H-type is
indifferent between reporting H or L, regardless of the report of the opponent. If a > 0 is
small, then from (20) we infer that H-type strictly prefers reporting H if his opponent plays
L; since (BICp) binds, he strictly prefers reporting L when his opponent plays H. About
L-type, he strictly prefers reporting L when his opponent plays H because 0pu(q;) — tf’H >
Onu(qy) — t&y implies Opu(qr) — thy > Opu(qly) — ti . Furthermore, he strictly prefers
reporting L when his opponent plays L because (20) implies Oru(q}) — ti, > 0pu(qly) — ti,

when o« = 0 or @ > 0 is small.
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