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Frozen Region Formed around a Circular Cylinder Immersed in a Darcy
Flow at Low Peclet Number

Takao Sano*

(Received November 30, 1995)

The frozen region formed around a cold circular cylinder in a Darcy flow is investigated. The
Peclet number is assumed to be small and the method of matched asymptotic expansions is used to
obtain the asymptotic solution of the energy equation. The equation which predicts the diameter of

the frozen region at the steady state is obtained.

1. Introduction

The present paper is concerned with a frozen region
formed around a cold circular cylinder immersed in a
porous medium through which a liquid is flowing
according to Darcy’s law. Yosinobu? already inves-
tigated the similar problem. He considers a frozen
region formed around a constant line heat sink, instead
of a freezing tube of finite radius, immersed in a Darcy
flow and obtained the diameter and the geometrical
shape of the frozen region at small Peclet number in
the ultimate steady state that the system will reach.
His theory is valid only when the diameter of the
frozen region is much larger than that of the freezing
tube.

The purpose of the present paper is to extend the
problem considered by Yosinobu to the case of a freez-
ing tube of finite radius. The Peclet number is
assumed to be small and the method of matched
asymptotic expansions? is used to obtain the tempera-
ture field outside the frozen region. Although the
analysis is developed for the case when the cylinder is
immersed in a porous medium, it is shown in the
discussion that the results obtained are valid also for
the case of pure fluids up to the order &, ¢ being a
perturbation parameter defined later.

2. Formulation of the Problem

Consider a circular cylinder of radius 7(=D/2) im-
mersed in a porous medeum through which a liquid is
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flowing according to Darcy's law. If we cool the
surface of the cylinder below the freezing temperature
T, of the liquid, a frozen region will be formed around
it. We shall restrict our interest only to the ultimate
steady state that the system will reach. The govern-
ing equations for the superficial velocity and the
locally averaged temperature can be written, in non-
dimensional form, as

avp=0, )
Pe(uge-+% 2)=n, )
A=23% ar*+(1/r)a/ar+(1/r*a%/ 362 (3)

where radial coordinate 7 is referred to L/2, L being
the length of the diameter of the frozen region between
the front and the rear stagnation points, the velocities
#, and u4 to U, and
=T
Th—-T1T.°

t’ being the dimensional temperature outside the fro-
zen region. The stream function ¢ is defined as

¢ (4)

-1 oy __oY
=Y a6 = oy )
The governing equation for the temperature
t*’—T,
L A——
A (6)

in the frozen region, £*’ being the dimensional temper-
ature in the frozen region, is

At*=0, (7)
The boundary conditions are
*=0, at r=1/m, (8a)

*— ._.at = *-——at* = =
t*=t=1% on =k ) =0 at r=S(9),
(8b)

t—0, Yy—rsind as r¥—oo, (8c)
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where 8,=(Tw— Tu)/(To— T.).

3. Asymptotic Solutions for Small Pe

We now assume that the Peclet number Pe is small
and shall obtain solutions of the above equations in
forms of expansions in terms of Pe. For obtaining
solutions cutside the frozen region, we use the method
of matched asymptotic expansions. In the inner
region near the surface of the frozen region, we assume
expansionsfor ¢ and ¢ of the forms,

Y=o+ eyn+ e+ -+ O(Pe), (9)
t=t+ et + e+ + O(Pe), 10

where
e=(—lnPe+ln 4—'y)_1=(_1npet+1n %_’y)_l )

These assumptions are similar to those for other two-
dimensional flow problems at low Peclet number. In
the outer region far from the frozen region, we intro-
duce the following outer variables,

R=Pe+7, ¥(R, 8)=Pey(r,0), T(R, 6)=1t(r, 6)/5(Pe),

12
where 8(Pe) is the still unknown order of the tempera-
ture in the outer region. In terms of these variables,

Eq. (2) can be written as

aT Us 8T
R o8

where Arg is the same differential operator as A but

U[( =ArT (13)

with 7 replaced by R and

_1 ¥ . 2%
Ur="T5 36> Ur="3r> 09
The expansion for T is assumed to be of the form
T=To+ e+ &*T;+ -+ O(Pe), (15

This expansion is required to satisfy Eq. (13) with the
boundary condition at infinity and to match the inner
expansions (10). The matching condition can be writ-

ten as

li_l:g Hr, )= hm T(R, 6). (16)

é‘(P 8(Pe) &
The expansion for ¥ is obtained by rewriting Eq. (9) in
the variable R instead of 7
The temperature in the frozen region ¢*, the temper-
ature on the surface of the frozen region 6, and the
function denoting the boundary of the frozen region
S(#) are also expanded as
tr=t*+eh*+e2h* -+ O(Pe), )
Gp="0,+¢eb+ %6+ + O(Pe), {18
S(8)=5(8)+ eS5:(8)+ £2S5,(0) + - + O(Pe). 19

respectively.
Differential equation for #, is the heat conduction
equation
At,=0. 20
Since the thermal convection term is neglected in Eq.
(20), it is reasonable to assume that, to the order
smaller than Pe, the shape of the frozen region remains
a circle with the center at the origin, so that we have

1 for »n=0,

S:(6)= {0 for n> 1" @

Hence the stream function v, is given by

(r—7rYsin @ for n=0,
Y= {

0 for m > 1. @

From this, the stream function in the outer region ¥
may be expressed as

¥=R sinf+ O(Pe), 23
and the equation for T, becomes

97, singd 97T,
oR R o8

The solutions of Egs. (20) and (24) satisfying the bound-
ary conditions and the matching condition (16) can be

obtained after a straightforward manner as
t=1—¢ln r4 O(Pe), )

cosé =ArT, vl

T =(t/e)=exp (%R cost) K, (%R)-l— O(Pe), (8)

where K, denotes the modified Bessel function.

The solution for ¢* and the still unknown parameter
m can be determined by apply ing the boundary condi-
tions, (tN)=1=1, (£3)=1=0 for n = 1, (t,,)r—~—~ 8, and

k* \ot%/0r),e1 =k (8t,/07)=1. The final results are

t*=1—skk,, In¥ + O(Pe), @
=1+ ,f* Inm -+ O(Pe). )

Equation (28) predicts » for a given value of 6,.

In the analysis presented so far, the thermal convec-
tion is taken into account only in the outer region and
it does not contribute to deformation of the frozen
region from a circle with the center at the origin. Itis
clear that the deformation appears when the analysis is
continued up to the term of O(Pe). The calculation
obtaining the term is, however, difficult and is beyond

the scope of the present paper.
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4. Discussions

When the diameter and the surface temperature of
the freezing tube, the velocity and the temperature of
the uniform stream and some necessary physical con-
stants of the saturated porous medium and the frozen
region are given, Eq. (28) predicts the diameter L of the
frozen region. Fig. 1 shows the curves of (£*/k)(1—
6u)=(k*/k)(T,— T0)/(Tx— Ty) plotted as a function of
m. From Eq. (27), the heat flux at the surface of the
freezing tube is obtained, in non-dimensional form, as

Q=nQ /k*(To— T.)=(k/k*) ¢+ O(Pe). 29
It is seen that, to the order &, the heat flux is uniform
over the surface of the freezing tube. Therefore,
when constant heat flux @’ is given as a boundary
condition at the surface of the tube inatead of a con-
stant temperature, Eq. (29) is wvalid to predict L.
Figure 2 shows the curves of (k*/k) @ plotted as a
function of mPe*. It is to be noted that, for a given
value of (£*/k)Q, m is in inverse proportion to Pe*.

Finally, it should be noted that, in the present analy-
sis, we have used, as the velocity in the energy equa-
tion, only the leading term in Eq. (23), namely, uniform
stream. If we consider the flow of pure fluid instead
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Fig. 1 Variation in (#*/E)(1—6,) as a function of m
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Fig. 2 Variation in (k*/k) @ as a function of mPe*

of the flow in porous medium, the velocity in the outer
region can be written as (Proudman and Pearson?®)
V=R sind+ O(e)+ O(Pe). 30
This suggests that Eqgs. (25)—(28) are valid up to O(e)
for pure fluids also; namely, we have for pure fluids
t=1—¢lnr+ O(e?)+ O(Pe), @1

T =exp (—%—R cosd) Ko(%R)—i- O(e)+0(Pe), ()

t*=1—¢ (k/k*) Inr+ O(e®)+ O(Pe), 33

Op=1+¢ (k/k*) Inm+ O(e%)+ O(Pe). 34
The deformation of the frozen region from a circle is,
of course, of the order Pe similarly to the case of Darcy
flow.

Nomenclature

c specific heat of liquid

D diameter of the cylinder

k effective thermal conductivity

k* thermal conductivity of the frozen region

L diameter of the frozen region

m ratio L/D

Pe  Peclet number based on the radius of the frozen
region (=pcLU.. /2k=mPe*)

Pe*  Peclet number based on the radius of the cylin-
der
heat flux at the surface of the cylinder

4 radial coordinate

% radius of the cylinder (=D/2)

S(8) function denoting the shape of the boundary of
the frozen region

t non-dimensional temperature outside the frozen
region

t* non-dimensional temperature in the frozen
region '

T freezing temperature of liquid

T, temperature on the surface of the cylinder

T. temperature at infinity

Uy non-dimensional velocity in #-direction

U non-dimensional velocity in #-direction

U, velocity at infinity

Greek symbols

& small parameter defined by Eq. (11)

é tangential coordinate

B non-dimensional temperature on the surface of
the cylinder

p density of liquid

¥ stream function
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