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                                                                               '    Current Distribution on a Coplanar Radial Scatterer

                                               '

                  Masanobu KoMINAMI*, Kaoru TAcHIBANA**,

                     Shizuo MoRI* and Katsu RoKusHIMA*
                                                    .tttt
                                               '                                                   '                     . (Received November 15, 1974)
                                                  '                    .1

                                        t ttt. ttt
                                                t/t         The current distribution on a coplanar radial scatterer illuminated by plane wave is

     investigated. Hallen-type integral equations for the scatterer are given and solved

     numerically by use of polynomial, approximation of currents.

         Double integrals appeared in the integral equations are reduced to mere integrals

     using Fourier transform, which remarkably shorten the computational time in numerical

     calcurations. , ' , 1'
                                                 '
                                  1. Introduction
                                         ,                                               '
    Detailed investigations in the scattering of electromagnetic waves are very impor-

tant in radar reflectivity techniques. Problems of scattering from arbitrary configurati-

ons of wires were treated in generat [1]. Scattered waves are not polarized due to

the coupling of induced currents on the wires, so this is an interesting ploblem in

radar reflection. Two perpendicular crossed wires and a pair of skew crossed wires

are simple examples of this ploblem and have already been studied in several

literatures [2], [3]. Therefore, in this paper, a coplanar radiai scatterer having a

more generalized configuration is studied,

    In the present analysis, the coupled integral equations are obtaind first upon the

electric scalar potential and the magnetic vector potential. Although it is almost

impossible to solve these integral equations rigorously, many numerical rnethods such

as Point-Matching Method, Galerkin Method and Moment-Method, have been reported

by many authors. '

    Here we use Popovic's method which approximates the current in a form of a

polynomial because this method is suitable for the calculation using a middle size

computer due to its mathematical simplicity and high accuracy with the least number

of terms.

                                    2. Analysis

    Consider a coplanar radial scatterer i!luminated by an incident plane wave as

shown in Fig. 1. It consists of N radial e!ements of length hi and radius ai (i=1, 2,

･･･ , N) and is on the x-y plane. Let the i-th element be placed at an angle atj with

the 7Lth element. We assume that' (1) the element radii are very small compared

with the wavelength, (2) every current flows along its element axis and (3) all
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        Fig. 1 A cQplanar radial scatterer illuminated by plane wave in x-or plane.

elements are made of perfect conductors.

   The total tangential component of the electric field must be zero at a!1 points of

the scatterer surface. Therefore, on the surface of the i-th element.

           E`x,+Ex,=O, (1)
where E`., ;xi component of the incident electric field.

           E.t ; xt eomponent of the electric field resulting from currents induced

                on the scatterer.

Since induced currents are paralle! to the x-y p!ane, the magnetic vector potential

has only ¢ and pt component, and the following expression is readily obtained:

           6,2.A,xi +p2 A.,=- -j Pili Eg,-a2,( gil3i` ), (2)

                                         (i-1, 2, ･･･, N)

where P =2n/2 is the phase constant, 2 is the wavelength in the free space and to is

the angular frequency.

   The ge,neral solution of the nonhomogeneeus differential equation (2) consists of

a sum of a panicular integral and a complementary function as follows:

           A.,(xi)= "."i' {cicosBxi+Bi'sinpxi+v.,(xi)}- k J,"` oOe (Oill!l(S))

                  ･sinP(xi-e)d6, (3)
           v.,(x,) =J,"` Eg,sinp(x,-e) as, (4)

where Ci and Bi' are arbitrary constants of integration and c is the velocity of light.
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                                              '
The factor --j/c is introduced in Eq. (3) to make Ci, Bi' and v.,(xi) dimensionally

voltages.

    With an integration by parts of the last term, Eq. (3) may be simplified to

          A.,(xi)=: i7' {cicospxi+Bisinpxi+v.,(xi)}--J,X` OAo's(5) cosp(xi-e)d4',

                                                                       (5)

                                                    '           B,-B,t+J･ pC aAoptQ(,O). ･ (6)
After differentiating A.i of Eq. (5) with respect to xi and rearrenging the terms in

consideration of Lorentz condition, Eq. (5) becomes

            aAox'.(i `) + a4i;Q(fi) - -.rs {-c,sinpr,+B,cospx,+ } O"xa,Xt) }

                                                                    '                    -i-pJ,X` Oo2,i sinp(xi-6)de == -j' P.2 ipi(x.i), (7)

where ¢i(xi) is the scalar po'tential due to all'charges on the conducter elements.

   At the junction xi=O, Eq. (7) yields

           B,=¢,(O) , (i--1, 2, -･, N). (8)
All elements must be at the same potential at the junction, which implies

           B, t-¢,(O)-B', (i-1, 2, -･, N). (9)                                                               '
i. e., each Bi equals tb the scalar potential B' at xi=O, where all the elements join.

   Thus Eq. (5) becomes

                      .           A., (xi) == iJ- {cicos pxi +B'sin pxi +v., (xi)}

                                                                       '
                           -f,"` 6oAyl.i cosp(¢i--e)de. (io)

   On the other hand, expressions for the components of the vector in Eq. (10) are

                    N

           A., (¢i)= ,Z.-,A.,J(xi) ' (11)
                    N          A,, (xi)= P.,A,,3(xi), (12)
where

          ill:;(,:il=f;J:'ij(xj')rpij(xi,x/)dud'･gl:.a:i (i3) '

          Wij(vi, c/)==e-JPRij<xi, xj')IRtj(ci, ccl) ' (14)

          Rii(xi, xl)=V(xi-xlcosaij)2+(xlsinctiD2+ai2 (ls)
                  pte ; permiability of free space

             Ij(x/) ; current induced on the jLth element.
  Oo4y,` is also glven as follows:

           OoAor',i == ;"El;., ie sin2aiJJ,hjiy(xj') e--kP,R,i' (i+i'pRiJ)xi'dc/. (i6)
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Substituting Eqs. (11) and (16) into Eq. (10), the integral equation for the current

Ij(x/), which is an extension of the Batler's [3] for an arbitrary number of element

wires, is obtained as follows:

             .           -cj {CicosPxi+B'sinPxi+v.,(ici)}

                        + iO ,£,I J,hilJ(x/)GiJ(xi, xi')dci'=o, (17)

                                          (i=1, 2, ･･･, N)

where

   G,i(x,, xjt)=coscr,iu,i(¢,, xjt)+sin2a,jxjtJoXi e-iiltlRj3iJ a+rsR,j)cosp(x,-6)de.

                                                                      (18)

Instead of the integral in Eq. (18), we use the following equation (see Appendix) :

            J,X` e-kif,Lj (i+i'pRtJ)cosp(x,-,e)de ,

             = (xi'sinali)2+at2[COSPXt vX'£C,02¥Z{Te-1'PV"j'i+atS

                                               e-jPRiJ                                                      . (19)             +j'sinPxte-1'Pvx/S+a" +(xi-xJ'sinatJ) R,j

With this relation, the computational time is remarkably shortened, At xt=O, evalua-

tion of Eq. (17) yields

           ct = -i' 3o,ili, J,nJ ii(xJ')GtJ(o, xs')deJt

             =--j 3oJii,) J,nJ ij(`xjt)rptJ(o, cJt)duJ'･cosa,J. (2o)

We assume the incident electric field as shown in Fig. 1.

    Using Eq. (4),

           v.,(`ci)= Ep` cosui･(i-cpspsvt). (2i)

Upon substitution of of these into Eq. (17), we arrive at the desired integral equation :

           ,;lil, J,ni Ij(x/)Kij(xi, xDdeit+Bsinpx,= -j3'ip`cosu,･(1-cospx,), (22)

                                                 (i-1, 2, ･･･, N)

where

           Kiy(xi, xl) -mcosPxiGii(O, xl)-GiJ(xi, xJ') (23)
                            '                     B=--ttifBt. . (24)

                            3. Numerical Solution

    Accordind to Popovic's method, we assume that Ii(xj') can be represented in the

form of a polynomial of the m-th order:

           Ii (sc /) =: ,iiMll., goj.(i - -i;}-' )r (2s)
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where gJm are complex cgeficients to be determineq and ,i,S4 is a desired order of the

polynomial approximation. Note that Eq. (25) satisfies the boundary conditions at wire

ends:
                                       '            Ii(hJ)-O(j'-1, 2,,-･, N). ･ ･ ' (26)
                                          '
obtal:e II? SUbStitUte Eq' (25) intO Eq' (22), '.F.h/.,f, following .a,ppfolimate equation is

      ;li., .zM]=,J,h' gv.(i-llt'i-' )MKi,(xi, `ej')dx/+'kk'i,npc, = g'ii'6ttEol'･(i-cospv,),

                              . (i--1, 2, -･, N). I･ (27)
                                                  '                                  ttttOf the NM coeMcients gjm (j=1, ･･･, N, m==1, ･･:,'M),only (Nha-1) are independent,

because they Nmust satisfNy t
Mh'e bt/undary cgnqition at tlhe junctioe.,(;no charge built-up) :

           ,Z.=,'1'J(O)=;., ,Z, l,.m,9jnv'･=P･ ,., {,,, ii (2s)

   To determine the (NM-1) qoeMcients ipJm a'nd･.the constant' B of the approximate

polynomial current distribution given by Eq. (27), ,w6 choose NM equidistant points

along the elements and stipulate, that Eq. (27) be hold at,these points. This results

in NM complex linear eqtiations of (NM-1) 'comPlex unknowns and B:

   j=N=i .:M2..:iJohJ gd.(i- Xhlj' )MK,j(x,,, xi!)dcit+Bsinpx,.== g'oEpicosei･(i-cospx,.),

                                   (i-1, 2, ･･･, N, P-1, 2, ･･･, M). (29)

    Solving the system of linear equations for gim, the approximate current distribut-

ions are obtained from Eq. (25).

                               .. 4r, Re{ults

                   / . . /.,.                                                          tt/                                                            tt    There are no experimental results reported for coplanar radial scatterers. Therefore

                                   tt ltwe compare the 'calculated results. pbtained by the present analysis with those reported

in the other paPers. In these calculations, the incident electric 'field is assumed to be

coincident with the direction of the first element. , .,
    In Fig. 2, for the special 'case of perpendicularly crossed'wifes with hi =h2=h4,

                                                           ･L
the results of our analysis'are compared with thgse calculated by Chao et al. [5] and

Taylor et al [6]. ''
    One sees from Fig. 3, what is the nature of cu;rents indusced on a crossed-wire

structure comprising wire elements each of different length, where.,qs from Fig. 4 one

sees how a high degree of symmetry, hi==h3 and h2=F. h4,' affects･the resulting currents.

Note that the ctirrent is zero on the second element and the forth one when the skew

angle is 900. This is reasonable because these elements are not excited by the incident

field and under such a symmbtrical configuration, there is,no coupling between the

two crossed wires, so that the induced currents are 'the same as would be induced on

the respective wire alone.

    Fig. 5 shows the currents induced on a T-shaped scatterer. In this case, the

current on the first element is simply divided into two equal parts.
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                                 5. Conclusion

                              '                                                                 '    A coplanar radial scatterer having a generalized configuration is analized and

current distributions are presented for several cases of interest using a polynomial
                                              'approximation of the current. ･'
    Conventional methods usually use the series of trigonometric functions and it is

very diMcult to choose the appropriate functions in such a complicated structure.

Therefore, Popovic's method seems to be the most suitab!e one for our problem.

    The results are compared with available data and the agreement with those was

found to be very good. In computing the induced current, it was found that the

simplest second-order polynomial approxirnation for currents does not differ significantly
              .
from the higher-order solutions. Therefore, the accuracy of the second-order polynomial

approximation seems to be satisfactory. '
    The method presented here will be readily applicable to various antennas with

branches such as top loaded antennas.

                                   Appendix

    Substituting Eq. (12) together with Eqs. (13), (14) and (15) into the last term of

Eq. (10), we get

    A.,(¢i)= -.j' {cicospxi+B'sinpxi-}-v.,(xt)}-j";,J,'i OoAyLYfy cosp(xi-e)de. .

                                                                        (A-1)
 '
Let us consider the following term in the above equation:

           F(.,)-Jgi--:Ott-sc?-tt-Ay -yi8).osp(x,-e)d6. , ･ (A-2)

It is assumed that a point p has a coordinate (vi, o, ai). In oFaer to obtain Oot:` ylS
,`d

at ort=o, it is necessary lo' evaluate 051yliid' at's6me point p' at a distance pti from

                '
P and then siet yi ==O (see Fig. A). At the point P' '

           A',,j== f.O J,hjlJ(xj')Wi/(xi, yi, xJ')clvj'･sinaii, (A-3)

where

                                              / xi
                                             '

                                         -                                      /
                                                                   '

                                                     xi
                                         P(xi, O, ai)

                     Fig. A The coordinate used to derive Eq. (19).

O-
!
a
i
j

-Z'[Y{R'ig

Rij
p'(xi,yi,ai)

- - - '
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          YI'i/(xi, yi, xl)=e-jPRij'(xi, vi, xJt)/Rt/(xi, pti, rcJt) (A-4)

           Ri/(xi, pti, xJ')==V(xi-xlcosau)2+(yi-x/sinaii)2+ai2 ･ (A-5)

Using Eqs. (A-3), (A-4) and (A-5), ･

          F(xi)- 4pt.O J,hjli(xJ')J,Xi( Orp'i/(S'pti i'XJ') ),,=,cosp(xi-e)d6dei'sinaii.

                                                                  (A-6)

    On the other hand, an integral representation of Vis'(¢i, ori, xy') is

          w,s'(x,, N,, ¢i,)±= 2i.,fff:.-eZ:ttSegSie:21i[il{k( j. + li(Y, p )k }dk.dk,dk,.

                                                                  (A-7)
Integrating Eq. (A-6) with respect to k, yields

    wi/(xt,yi,xj,)==nJJ:..tC:ttSefiSIZ!{:filll{k"("iXj'coYii)+kak'likil+ke2P'ipttx'jsmaijide.dk,,

                    , (A-8)
where the following formula is used:

            :. SiiXa'2 du= aZ e-"IYt.           f

Then, differentiating Eq. (A-8) with respect to yt and setting ori=O, Eq. (A-6)

becomes

          F(xi)= iO f,nJIJ(xl)gii(xt, x/)dej'sinaih (A-9)

where

          giJ(xi, xJ') ==JoXt[ iz JJ:.e-J'{kx(e-xj'cosatJ')+kzat}-vkxt+kzs-p!xj'sincrtd dk.dk, ]

                      .conp(x,-e)de. (A-lo)
Integrating Eq. (A-10) first with respect to 6, then with respect to kz, and finally

with respect to kx, it becomes

          gii(svi, xJ')==(.,tgit'.'£l,lgS'+.,2[cogPci-v`Z-'i:'i::iliX, e-,'pvx/t+at'

                     +J'sinpvi ehJ'pvxd't+atg +(cvt -- viteoscttj) e-iliPiRjiJ ],
                                                                 (A-11)

where the following formulas are used :

            :..e-f'aX- VX"b2Cde = = va22b+C c2 Kl ( Va2 + c2 b)           J

           J:.vxf. b2 Ki(Vx2-b2c)e-Jaxde- c tta7'2ngc2e j'bva2+ct

                            '           J:..vtx21':mb-2Ki(Vx2-b2c)e-daxde== jaZb e-J'bvat+c',

where Ki(x) is the modified Bessel function of the second kind. With Eq. (A-11),

Eq. (18) is represented as follows: -
          Gti(xi, xl)= cosaijWiJ(xt, x/)+sinaiJgiJ(xi, xl). (A-12)

Consequently, the integral in Eq. (18) becomes

v
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    xi e-jPRij   Jo             a+1'pR,j)cosp(x,-e)de
        Rij3

      == (xJ'sinalj)2+ai2 [COsPxt ili:liC,:S+a:t-t e-]"pvx,'2+a,2

                                             e- jPR i J'           +J-sinPxie-J'PVXj'2+"t2 +(Xi-X/COsuiJ)-RiJ
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