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             Short Notes on the Flow in Hydraulic-Machines

                                Keizo TABusHi*

                             (Received February 1, 1956)

         /
        This report may be regarded as a supplement to the two articles by the present
     author in the previous bulletini),2) and contains expositions and amendments on some

     problems therein. In the first half are described fundamental equations in some curved

     orthogonal co-ordinates apd relations between them. In the latter half, some simple or

     approximate methods concerned with the axisymmetric flow are explained.

             1. A short note on the relations between some systems of

                           curved orthogonal co-ordinates

Relations between co-ordinate systems

    As in the previous paper,2) the co-ordinate system (m,n,0) is taken. A meridian

plane passing 2-axis (axis of the runner) is taken as 0 surface and the circumferential

direction as the direction of e axis. Then, owing to the different methods of choosing m

and n surfaces, the following systems are considered :-

system (a)･･･as shown in Fig. 1, both m and n surfaces of a volume element are assumed

            parallel conical surfaces approximately,

system (b)･-･m and n surfaces are orthogonal surfaces of revolution and m, n lines of a

           volume element are curves, each having constant radious of curveture, '

system (c)･･･on any e surface, m is taken in the direction of the stream line and n per-

           pendicular to m. m,n surfaces are composed of m,n lines respectively,

system (c')･--the direction of co-ordinate axes is the same as (c), but the n surface is

            made of three dimensional stream lines.

In systems (c) and (c'),the intersection lines of m,n,e surfaces or a part of them do not

coincide with m, n, 6 axes, especially when a wide field of fiow is taken. In such cases

the direction m or e is considered to represent the direction of the meridional or circum-

ferential velocity component.

    In Fig.1 (i) quantities with'denote those of system (b) and others express those

of system (a), then ' '
                '
        (c.'+2- iide' dnt') cos (3III; din')-(c.'+3-tC",' dnt') sin (Zili dn')-c.+3- ･;l'L din ,

                       '        but c.t-c., im,-=din, .･. 3;lmifv3;ii4-c.tg;}i ･･････････････････････････････(i)

'For the system (b)

                a(od.nt,') dn, -R,st-pQ'f sR's'-RsRsdn' (-gili din') ,

                                                                         '                 . O(cim') aa'
                 '' on' =-om'dim' '"'H'"''''"'":'""H"'-(2)
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                                                                 latter system be

                                                                (2) to Fig.1 (i),

                                                                L

    tdi -tt t ec+gk5di-(                             ovti t ec-es4'    a-tt",,ts,. ･ q'ili.,i..:, `P'p ,S....., NY ,f;.;es&..ih...

        S,..¥:9"}M`" "".X ',,,E././'.-.')',"tz "".., S

      "t el'igd"' s"sra.,(le)
        (i)                             (ii)

                   Fig. 1.

  surfaces of system (c') are determined from system (c) by following equations

                                      c. sin (a- a)
                                da-6ig ,.sa de
                                                         ･-････-･･･-･･-･-･･--････(3)                            d6fe                                    c. sin (a-6) de
                             ･ 1+c, cos'6 -2-

                              tan efu - f:'i sec 6 (6+ lltl) -･･-･･-････-･--･･--･-(4)

    Here, 6 is the angle between m axis and the intersection line of n and e surfaces;e

is the angle between e axis and the intersection line of n and m surfaces; d6, Aa are the

change of 6 and a in de' respectively. Equ. (3) (4) can be deduced from geometrical
relations as in the previous paper') and, for the case 6>ge6- de, they are transformed into

Equ, (35) and (34) of that paper.

thndamental equations in (a) (b) (c) systems of co-ordinates .
    When equations are obtained in co-ordinate system (a) or (b), they can be trans-

formed into system (b) or (a) using Table1 and from them are deduced equations in

system (c) or (c') using the same table. In this manner the following formulas are aquired.

    Equations for the condition of continuity div-c=O are obtained from the mass equili-

brium of a volume element and is expressed in system (a) as follows:

                       2iiim+g£"+9Seo-+c.Si".a+c.co.Sa-o ･-･-･--･--･･--･-(s)

and in system (b),

                                  sina cosa Oa Oa                3iiim+OaCn"+9/SiZ'+cm r +cn r +cm on-cnom=O '""''"'"(6)

Main differences between system (b) and (c), if the quantities in the

denoted with t', are (from Fig. 1 (i) and (ii))

                3s?',,,,./tgge;', ,.t･..g£#;'-gllin,'-gsy;'-=o, gtsr-Tro.

From above relations and applying similar methods as Equ. (1) and

(ii), we have the results shown in Table 1.
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in system (c),

or multiplying
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           -oailim+c. gS +%ee +c. Sin. a-=o

(7) by rdn and putting dn=j we have

              oO. (ijcm) + ,ge (ijce) == o

  Table 2. from which
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   From Equ. (28) in the previous paper')

with constant magnitude, so rot2di==O.

   In system (b), 2tu=i,2di cosa+i2(-2w sin a)

                 ･-･--･････----･･--･-･(8)

              the stream function Y.X is

   deduced.

      The components of vorticity e-- rot U are

  obtained from SfeclyC=e. c.ds for each sur-

  face of a volume element (f is the area, s is

   the circumference of that area) and are

  expressed as in Table 2.

  Putting

          -rotg=iiK.+i2K.+i,Kb ･-･(9)

  the cemponents K., K),, Kb are obtained

  frome in the same way as components of

  g from -c- fot system (a) or (b). But such

  method is not applicable to the system (c),

  because in this case g.=l=O while c.=O.

  Here the transformation method from system

   (a) or (b) can be adopted. Thus K., K),,

  Kla, are obtained and some of them are

  simplified by adding or subtracting div i=O.

  The results are shown in Table 3.

  If we put

          --c×e-i,ATI+i,Ni+i,A15 ･･･(10)

  then

     ATI=-cnge+ceen, Nle==-ce6m+cmee,

     IV5 = - c.en + c.e. .

  From above relations, the expression of the

  equation of motion

    31/ -i× g - - grad (-ill-+ -S21+g) -v rot e

                      ---------------------(11)

  in m, n, e directions can be easily found.

rot g = rot -op + rot 2th, but 2di is a parallel vector

    '

e
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 Putting rot2di==iiAm+i2A.+i3Ae==A,

     Am == r3e (2to sin a) =2te cos a rOoae- == o ,

     An= rge (2ca cos a) == - 2tu sin a ;ltSae-=o, .

     Ae"= oOm (-2ca sin a) - oOn (2tu cosa)+(-2tu sin a) Ooan +2to cosa 3:=o,

      :. A-O.

                                 Oa Oa Oa                  In system (a) -o-m:="b-n ==ro6=O, "' A==O'

      eq n Therefore, the equation of motion of the relative flow is

21III.)tilitl)iii::de">×..,...,,.,dE:'i,,.-.te.i-op.=.,:..g.ra,2(,g.i,),,-,,Y.rdO',-rp.',,nd.×,2.tuI."''''(i2)

    n ll9t =-grad g+R ''''''''''''''''''''' (13)

       .t .-d!! -
6.

and

1" sc.:ji=

 from

   1
   1
3Mti

 E7e 1

 tl
   ,j7:
Zl),,cesct

de

Fig.

 usual

Z;e

de･

 2.

   From (13) (14)

coincide with those from

   The co-ordinate

is convenient for the

S-¢ or R-e surface

                           R==iiRm 2n 3e

       Rm, R., Re are given in system (a) as follows (Fig. 2);

           prR. == O (or;im) + O (r5."m) + %'Sm- - ae sin cr ,

           prR. == O (orann) + O(roTmm") + -{litioe "- - oe cos a ,

           prRe=-OoaoeJ+QS/e5rn"e)+t/oZ:m!!m;eL)+Te.cosa+Te.sina. '･'(14)

assumptlons

         Tne =:= Ten= pt ( 3Cn-e --3tL cos a+ rOoCe" ) ,

         Te. == Tme= pt (rm60ii'i--?' sin a+t}btZ') ,

         rmn==T.m= tt (oOmC" +gSm) .

         a.= -p+ 2Lz %Cmm , a. -= -p+ 2it 3S" , ･

          a, :- -p-2pt (gl:m +-Oo-il}'!-). -･･-･･･--･-･-･-･････-･-(ls)

                                               '
     (15) equations of motion in m,n,e directionsi are obtained which

        Equ. (11).

    system (a) can be used in boundary layer problems, and system (c)

     design of runners and guidevanes using the stream function and

     as explaiped before,



is the total quantity; dQ is the quantity of a 4 4 ,
                                                               /                                                      'ttt tpartial runner and dn is the breadth of it when e .. ct l' "
                                                              mtR
the fiow is divided in several portions aS ShOWn R..'-- ' xP. . ;'"

in Fig.3 (iii). Even when the walls are not
                                                  (i)                                                             (ii)
concentric, cm and dn near the convex wall are
                                                           Fig. 3.
obtained approximately from (16) and (17).

    If n curves on the meridian section are concentric as shown in Fig. 3 (ii),

relations exist

        QQP ={･-k-' (a-ai) +fe'(cos a-cos ai)}/{-il' <a.-ai) +k'(cos a.-cos cri)}

                   dn=dQQ le8r {ro(a.-ai)+k'R(cosa.-cosai)} ･':

                                  aR
                              le'== om=+1 or -1 '

    In these relations m is taken in the direction of flow and if the direction

sumed, then the direction of 0, and consequently those of 2 and a are

    Generally the breadth dn of a partial runner in Fig.3 (iii) can be

following methods.

Let

                     r2dmnlek!ilbk, r2dmnkho=-bleo, bko==const.=b,,

then

                          aa                      B= Z (dnk) = Z (dnko) ,
                          It
                   :' B= Z (bk drM,le) = Z (bko drMkle)=bo2(drM,le) ,

                       bo=B12(drM.lele), dnke==bodMklrk
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                    2. A sihort note on the axisymmetric fiow

Some relations of the Potential .17ow

    If stream lines on the meridian surface are concentric curves as shown in Fig. 3 (i),

following relations hold

                      Cm == (29R)/{ro loge (1+ RB. )+leBcos a}

                        = (Cmx}rm)/{-ZBIt- loge (1+ ,RB. ) +k cos a}
                                                               ･････････････････････(16)

                      dn == fZiQ 5 {ro loge (1+R-B.)+kB cos a}                                                               ･･･････････････-･････(17)

            QQP ={ro loge RrR.+k(R-Ra) cosa}/{ro loge (1+]iS)+kBcos a} '''''''''(18)

                                  OR                               le=on --+1 Or -1 '""''H'"'''"'"''"'"m(19)

Qp is the quantity of fiow between a and P;Q
n. o,2

L

a

             (iii)

             following

                ･･･(20)

        ･･･････････････(21)

･････････････････････････････ (22)

            of n is as-

     determined.

           corrected by

･･････････････････････-･･･････
(23)



 !2 K. t['ABuSHI
where dnko is the corrected value of dnle, assuming dmle, rle unchanged. From this cor-

rected dn, Am and r are revised.

An aPProximate method for a turbulent bonndd2:y layer -

    From experimental curves, the energy relation is approximately expressed3) as (when

4-8-30)
                -li Sl. (cSi6:*)fsc:3 {-il; log. (CM;6M*)+7.3Il'-ss.4} , ･･･････`･･･････(24)

where ,q - ,e .mk Si (i - f.m,)2d (3 ;) .

    If we take Equ. (26) of the previous paper2) as the velocity distribution, namely

                        2:, =='+ f::. {ioge l:.J-A (i-3 ;)}

and let clin=2b2rc2, c7e==2b'2rc2, x==6e16.,
then

       4-e (2 +g A+ g') , A =- a.*16. - (i+ A-, ) b ,

       n- -B:-- (i+ A-, )b- (2+g A+ g') b2 ,

       fl,..Xl}mtsq=. { ( A,x                b' 1-b 2+A-- --loge x)} ,

       G- -66:.-f-1-3b (1+{})+ 3b2 (2+gA+ lgL'). b3 (6+2-41 A+ 161 A2 +t A3) ,

       ai -- 3ee* =b' , a2= 38t == b'-2b'2 ,

and Equ. (24) becomes

  ' -ddiii (c:ibm ill) f"s 2b3rc3ciniFle, ･･････････････････････････････ (2s)

                       Fe=-il} log,( CMjbM fi)+7.3Il-58.4.

From Equ. (22) of the previous paper,2)

          ddbmm =b2rc2-[c:, ddCmmi(2+ill)+-li- Si {i-(-f:',)2(ai+a2) i}]bm
                                                                   ･････････(26)

                                                                           'From Equ. (21) of the previous paper,2) when d( dtimCei) io,

        ddb.Me ==b'2rc2 -il&1'-, -{,.1,,,', d(CdMiCei)+rli' @dlmii (2+ IilZ )+ alll! -,-1,', dd.Ce'} bme ''''''(27)

From experimental data4)5)

                    ( Cm bm )O'268=F., ,Fl.,= (loo.67aOfi;i6×2b2rc2) '''''''''''''''(28)

                 logio CeiybMe --Fe, Fe,=2[:.116i.J2-b,rc-logio(4･0751ft') "'''''''''''"(29)
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    When there is a laminar boundary layer upstream, the initial values of b. and b.e

of the turbulent boundary layer are taken equal to those of the laminar layer at the tran-

sition point, and values of A!(fhx)=b.fb.e and Fin and ,Fle in Equ. (28) and (29) are

determined.

    If we assume the initial value of A,b is obtained from Fh,, and then .fl,.IC>,fk, 4,

(Gx) are also obtained. From (fkx) and Ee, the values b' and x can be derived by trial.

    These values are put into Equ. (25) (26) (27), then variations of b.,bme, fkra in

elementary length dm are aquired and also F., ,Fle, b.lb.e =f>!(kx) at this new pesition.

    A and b are determined from E. and fgza by trial and consequently .fle and (kx).

b' and x are obtained from Fe and (.IC5x) as before. The variation of A in m direction

affords some clue of whether the assumed initial value is correct or not.

    By assuming the initial value of x, approximate variations of the boundary layer are

also obtained by similar procedure.
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