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Abstract

Lucas(1987) has shown the surprising result that the welfare cost of business cycles is quite

small. Using standard assumptions on preferences and a fully-�edged econometric model we

computed the welfare costs of macroeconomic uncertainty for the post-WWII era using the

multivariate Beveridge-Nelson decomposition for trends and cycles, which considers not only

business-cycle uncertainty but also uncertainty from the stochastic trend in consumption. The

post-WWII period is relatively quiet, with the welfare costs of uncertainty being about 0:9% of

per-capita consumption. Although changing the decomposition method changed substantially

initial results, the welfare cost of uncertainty is qualitatively small in the post-WWII era �
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Pessoa and Octavio Tourinho on earlier versions of this paper. All remaining errors are ours. We thank CNPq-Brazil

and PRONEX for �nancial support.
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about $175.00 a year per-capita in the U.S. We also computed the marginal welfare cost of

macroeconomic uncertainty using this same technique. It is about twice as large as the welfare

cost �$350.00 a year per-capita.

1. Introduction

Lucas (1987, 3) calculates the amount of extra consumption a rational consumer would require

in order to be indi¤erent between the sequence of observed consumption under uncertainty and

a cycle-free sequence with no uncertainty. For 1983 �gures, using post-WWII data, extra con-

sumption is about $ 8.50 per person in the U.S. (or 0:04% of personal consumption per-capita), a

surprisingly low amount. Subsequent work have either changed the environment of the problem or

relaxed its basic assumptions. For example, Imrohoroglu (1989) and Atkeson and Phelan (1995)

recalculated welfare costs under incomplete markets. Obstfeld(1994), Van Wincoop(1994), Pember-

ton(1996), Dolmas(1998) and Tallarini(2000) have either changed preferences or relaxed expected

utility maximization. More recently, Alvarez and Jermann(2004) have extended the initial frame-

work proposed by Lucas to include what they have labelled the marginal cost of business cycles,

where, in a more realistic exercise, observed consumption is compared with a convex combination

of observed consumption and consumption with no uncertainty.

There are two points to note about previous research. First, the whole literature uses calibration-

oriented methods, although the computation of welfare costs can be performed using econometric

models. Second, in some of the subsequent papers, welfare costs reached up to 25% of per-capita

consumption, a surprisingly high amount. As argued by Otrok(2001), �it is trivial to make the

welfare cost of business cycle as large as one wants by simply choosing an appropriate form for

preferences,�since, when time separability of the utility function is lost, consumers treat economic

�uctuations as changes in growth rates.

In this paper we depart from the original exercise in Lucas and from the above literature in

two di¤erent ways. First, we keep preferences as in the original exercise avoiding the critique by

Otrok. Second, we base our welfare-cost computations on an fully-�edged econometric model. We

employ the Beveridge and Nelson (1981) decomposition making the trend of the log of consumption

to be a random walk1, which is extracted considering the joint behavior of consumption and income,

where the possibility of cointegration is entertained. A natural way to implement this is by using a

cointegrated vector autoregressive (VAR) model.

Using a cointegrated VAR model as the basis of the welfare-cost exercise is one of the key

elements that makes our approach di¤erent from those used in previous research. First, choosing

consumption to be di¤erence-stationary is consistent with the applied econometric literature on con-

1Lucas(1987, pp. 22-23, footnote 1) explicitly considers the possibility that the trend in consumption is stochastic

as in Nelson and Plosser(1982).
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sumption, e.g., Hall(1978), Nelson and Plosser(1982), Campbell(1987), Campbell and Deaton(1989),

King et al.(1991), Cochrane(1994), Vahid and Engle(1997), Issler and Vahid(2001), Mulligan(2002,

2004), and it is also suggested by Lucas(1987, pp. 22-23). Second, the use of the Beveridge-Nelson

decomposition is potentially interesting because the unconditional variance of (the log of) consump-

tion will be in�nite, which may lead to a high payo¤ for eliminating consumption variability. As

noted by Obstfeld, using a stochastic-trend model can also reduce the variability of the cyclical

component. Therefore, it is not obvious what would be the �nal impact of a random-walk trend

on welfare costs. That would depend on the relative welfare-cost importance of short-term versus

long-term variability. This highlights the relevance of using a cointegrated VAR model, which takes

into account a long-term constraint in the data (Campbell(1987)) and its short-term in�uence on

the behavior of consumption and income. Finally, our econometric approach allows performing

hypothesis testing on welfare cost measures. Since welfare-cost formulas are non-linear on key pa-

rameters, we apply the Delta Method to compute standard errors, testing whether or not welfare

costs are statistically zero following the procedure used in Duarte, Issler and Salvato(2005).

The paper is divided as follows. Section 2 provides a theoretical and statistical framework to

evaluate the welfare costs of business cycles. Section 3 provides the estimates that are used in

calculating them. Section 4 provides the calculations results, and Section 5 concludes.

2. The Problem

Lucas (1987) assumes that consumption (ct) is log-Normally distributed about a deterministic trend:

ct = �0 (1 + �1)
t exp

�
�1
2
�2z

�
zt;

where ln (zt) � N
�
0; �2z

�
. Cycle-free consumption is de�ned as the sequence fc�t g

1
t=0 , where

c�t = E (ct) = �0 (1 + �1)
t. Notice that ct represents a mean-preserving spread of c�t . Risk averse

consumers prefer fc�t g
1
t=0 to fctg

1
t=0. Lucas proposed measuring the welfare cost of business cycles

� as a solution to:

E

 
E0

1X
t=0

�tu ((1 + �) ct)

!
=

1X
t=0

�tu (c�t ) , (2.1)

where Et (�) = E (� j 
t) is the conditional expectation operator of a random variable, using 
t as

the information set, � is the discount factor and u (�) is the utility function.
Since the trend is deterministic above, eliminating all the cyclical variability in ln (ct) is equiv-

alent to eliminating all its variability. Under di¤erence-stationarity, this equivalence is lost, since

uncertainty comes both in the trend and in the cyclical component of ln (ct). Moreover, E (ct) is

not de�ned, which led Obstfeld(1994) to propose using the conditional expectation operator E0 (�)
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in de�ning welfare costs:

E0

1X
t=0

�tu ((1 + �) ct) =
1X
t=0

�tu (E0 (ct)) : (2.2)

Now, � is the welfare cost associated with all the uncertainty in consumption, not only cyclical

uncertainty. For that reason, we label it the welfare cost of macroeconomic uncertainty.

More generally, Alvarez and Jermann(2004) propose o¤ering the consumer a convex combination

of fc�t g
1
t=0 and fctg

1
t=0: (1� �) ct + �c�t , where c

�
t = E0 (ct), allowing for a possible unit root in

consumption. They make the welfare cost to be a function of the weight �, � (�), which solves:

E0

1X
t=0

�tu ((1 + � (�)) ct) = E0

1X
t=0

�tu ((1� �) ct + �c�t ) . (2.3)

In this setup � (0) = 1, and �, as de�ned by Lucas, is obtained as � = � (1). They label � (1)

as the total cost of business cycles and de�ne the marginal cost of business cycles, obtained after

di¤erentiating (2.3) with respect to � as:

�0 (0) =
E0
P1
t=0

�
�tu0 (ct)� E0 (ct)

�
E0
P1
t=0

�
�tu0 (ct)� ct

� � 1. (2.4)

To start our discussion of using di¤erence-stationary consumption, we maintain Lucas�assump-

tion that the utility function is in the CES class and time separable, with relative risk-aversion

coe¢ cient �:

u(ct) =
c1��t � 1
1� � . (2.5)

As shown in Beveridge and Nelson(1981), and later generalized by Stock and Watson(1988), every

di¤erence-stationary process can be decomposed as the sum of a deterministic term, a random walk

trend, and a stationary cycle (ARMA process):

ln (ct) = ln (�0) + ln (1 + �1) � t�
!2t
2
+

tX
i=1

�i +
t�1X
j=0

bj�t�j (2.6)

where ln
�
�0 (1 + �1)

t � exp
�
�!2t =2

��
is deterministic given past information,

Pt
i=1 �i is the pure

random-walk trend component,
Pt�1
j=0 bj�t�j is the MA (1) representation of the stationary part

(cycle), and !2t = �11 �t+2��12
t�1P
j=0

bj+�22
t�1P
j=0

b2j is the conditional variance of ln (ct). The permanent

and transitory shocks, �t and �t respectively, obey: 
�t

�t

!
� IN

  
0

0

!
;

 
�11 �12

�21 �22

!!
, (2.7)
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i.e., shocks are Normal and independent across time but may be contemporaneously correlated if

�12 6= 02.
If � (1 + �1)

1�� exp
h
� (1��)��11

2

i
< 1 and � (1 + �1)

1�� < 1, the total cost of business cycles

(Lucas) as a function of � and �, �(�; �), is:

�(�; �) = exp

�
� (2e�12 + e�22)

2

�8<:
�
1� � (1 + �1)1�� exp

h
� (1��)��11

2

i�
�
1� � (1 + �1)1��

�
9=;
1=(1��)

� 1; (2.8)

if we replace �12
t�1P
j=0

bj and �22
t�1P
j=0

b2j by their respective unconditional counterparts, e�12 = �12
1P
j=0

bj

and e�22 = �22
1P
j=0

b2j . For the sake of simplicity, this is the way we chose to estimate �(�; �) in this

paper when � 6= 1; a similar formula applies when � = 1.
If � (1 + �1)

1�� � exp
�
�(1+�)
2 �11

�
< 1 and � (1 + �1)

1�� � exp
�
��(1��)

2 �11

�
< 1, the marginal

cost of business cycles (Alvarez and Jermann) @�(�;�;�)@�

��
�=0 � �0(0; �; �) is:

�0(0; �; �) =
exp (� (2e�12 + e�22)) h1� � (1 + �1)1�� � exp���(1��)

2 �11

�i
h
1� � (1 + �1)1�� � exp

�
�(1+�)
2 �11

�i � 1; (2.9)

a similar formula applies when � = 1.

Because we allow for trend and cyclical uncertainty in (2.8) and (2.9), these formulas are indeed

computing respectively the welfare cost and the marginal welfare cost of macroeconomic uncertainty.

3. Reduced Form and Long-Run Constraints

Denote by yt = (ln (ct) ; ln (It))
0 a 2�1 vector containing respectively the logarithms of consumption

and disposable income per-capita. We assume that both series contain a unit-root but there is

(possibly) cointegration in the form [�1; 1]0 yt, as a consequence of the Permanent-Income Hypothesis
(Campbell(1987)). A vector error-correction model (V ECM(p� 1)) is:

� yt = �1� yt�1 + : : : + �p�1� yt�p+1 +  [�1; 1]0 yt�p + "t: (3.1)

Proietti(1997) shows how to extract trends and cycles from the elements in yt using a state-space

representation. Jumping to our results, system (3.1) is well described by a V ECM(1), with the

2 In the scalar version of the Beveridge-Nelson representation �t and �t are perfectly correlated, which does not

hold in general in a multivariate framework as ours.
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following state-space form:

�yt+1 = Zft+1 (3.2)

ft+1 = Tft + Z
0"t+1, where,

ft+1 =

264 �yt+1

�yt

�0yt�1

375 ; T =
264 �1 � �

0 � 
I2 0 0

0 �0 1

375 ; Z = [I2 0 0] ;
and � is the cointegrating vector. If we label the random-walk trend and the cyclical component of

yt respectively by �t and  t, we can compute the Beveridge and Nelson(1981) trends and cycles as:

 t = � lim
l!1

lX
i=1

Et [�yt+i] = �Z [I � T ]�1 Tft, and,

�t = yt �  t:

Identifying the parameters in (2.8) and (2.9) is straightforward. Apart from an irrelevant con-

stant, the trend innovation in consumption �t is simply [1; 0]
1�2

���t
2�1

, because the trend is a random

walk. The variance of the trend component �11 equals V AR ([1; 0]���t). To compute the cyclical
innovation notice that:

ln (ct)� Et�1 (ln (ct)) = [1; 0]� "t = �t + �t;

which identi�es �t up to an irrelevant constant using [1; 0]� ("t ���t) = �t. With this estimate of

�t we can compute �12 and �22. A similar approach allows computing e�12 and e�22 using the cycle
in consumption instead of its innovation.

Using the Delta Method we can compute the standard errors of the estimates of �(�) and of �0(�)
in (2.8) and (2.9), since these are ultimately non-linear functions of cointegrated VAR estimates. We

apply a standard Central-Limit Theorem for VAR estimates (e.g., Hamilton(1994)) coupled with

the Delta Method (e.g., Greene(1997)) to that end, which allows testing the hypothesis that welfare

costs are statistically zero; see Duarte, Issler and Salvato(2003).

4. Empirical Results

Annual data for U.S. consumption of non-durables and services, for U.S. real GNP, and for U.S.

population, were obtained from DRI from 1947 through 2000. We �tted a bi-variate vector au-

toregression for the logs of consumption and income. Lag-length selection indicated a V AR(2)

containing a restricted time trend and an unrestricted constant; see Johansen and Juselius(1990).

Although the Schwarz criterion chose one lag, the Hannann-Quinn criterion chose two lags and diag-

nostic tests showed that choosing one lag would lead to serially correlated residuals. Cointegration
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test results (Johansen(1988, 1991)) are presented in Table 1. There is evidence of one unit root, i.e.,

income and consumption cointegrate. Further testing whether or not [�1; 1]0 is the cointegrating
vector could not reject this hypothesis. Hence, our �nal econometric model is a V ECM(1) with

[�1; 1]0 as cointegrating vector.
Table 2 displays parameter estimates associated with (the log of) consumption. To be able to

compare the results of the Beveridge and Nelson decomposition with those of other popular methods

of modelling trends, we also present these same estimates when a linear trend and a Hodrick and

Prescott(1997) �lter are used to extract trends and cycles from consumption.

The estimates of the (total) welfare cost of macroeconomic uncertainty in the post-war U.S.

are presented in Table 3 alongside with Lucas�benchmark values. Welfare costs are about 0:9%

of per-capita consumption using the Beveridge-Nelson decomposition, which amounts to $175:77

per person in 2000 US$. Although this is more than 20 times the benchmark value suggested

by Lucas, it is still not very high. When we compare Beveridge-Nelson results with those using a

linear time trend and the Hodrick and Prescott(1997) �lter, we �nd that using the Beveridge-Nelson

decomposition produces welfare costs three times bigger than those using a linear trend, whereas

the Hodrick-Prescott �lter produces much smaller numbers matching those found by Lucas.

Table 4 presents the estimates of the marginal welfare cost of macroeconomic uncertainty in

the post-war U.S. They are about 1:9% of per-capita consumption using the Beveridge-Nelson

decomposition � twice as big as total welfare costs. This result can be compared to those found

by Alvarez and Jermann(2004). For the 1954-97 period, they �nd about 0:20% when an 8-year

low-pass �lter is used to extract cycles, about 0:30% when a one-sided �lter is used, and about

0:77% and 1:40% when a geometric and a linear �lter are used respectively. Our estimate is higher

than all their estimates, although closer to that found using the linear �lter. As we have argued

in Section 2, when the Beveridge-Nelson decomposition is used in the form proposed here, we are

indeed computing the welfare costs of eliminating all consumption variation. Since the method used

in Alvarez and Jermann eliminates only uncertainty that occurs at business-cycle frequencies it is

not surprising that our estimates are higher than theirs.

Finally, our estimates of the standard errors of (total and marginal) welfare costs of macroeco-

nomic uncertainty and of business cycles allow the conclusion that they are not statistically zero.

As far as we know, regarding U.S. data, this is the �rst time that this hypothesis is actually tested.

5. Conclusions

Using only standard assumptions on preferences and an econometric approach for modelling con-

sumption we computed the welfare cost of macroeconomic uncertainty for the post-WWII period

using the Beveridge and Nelson(1981) decomposition. We found that the post-WWII era is a rela-

tively quiet one, with total and marginal welfare costs being respectively about 0:9% and 1:9% of

7



consumption. Although the benchmark values computed by Lucas are about 1=20 of our total-cost

estimate, our basic conclusion is that deepening counter-cyclical policies is futile. Despite of these

small welfare-cost values, we found them to be statistically signi�cant.

The way we have proposed measuring welfare costs here can be interpreted as the cost of elim-

inating all consumption uncertainty. The challenge for future research is to �nd a suitable way of

measuring welfare costs of business cycles when the trend function is credible and not deterministic.

Notice that these remarks are similar to the closing remarks in Alvarez and Jermann(2004).
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Table 1: Cointegration test �Johansen(1988, 1991) Technique

Cointegrating

Vectors under H0 Eigenvalues

Trace

Stat.

5 %

Crit. Value

�max

Stat.

5 %

Crit. Value

None 0.325858 27.011 25.32 21.292 23.65

At most 1 0.100480 5.718 12.25 5.718 16.26
Estimate of the cointegrating vector is: (�1; 1:32) :

H0 : cointegrating vector = (�1; 1) ; conditional on r = 1, p-value = 0:108936.
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Table 2: Consumption �Parameter Estimates Used in Equations (2.8) and (2.9)

Sample Period: 1947-2000

Beveridge-Nelson Decomposition Hodrick-Prescott Filter Linear Trenddln (1 + �1) 0.02338 0.0234 0.0234c�11 0.00048 � �cf�12 -0.00022 � �cf�22 0.00031 0.0002 0.0011

Notes: (a) For the Beveridge-Nelson decomposition, trends and cycles were extracted according

to the procedure discussed in Section 3. Also, e�12 = �12
1P
j=0

bj and e�22 = �22
1P
j=0

b2j are estimated

as described at the end of Section 3; (b) Trends and cycles were also extracted using the Hodrick

and Prescott(1997) �lter and a linear time trend. When the Hodrick and Prescott �lter is used the

trend is stochastic, although it was treated as non-stochastic following Lucas(1987) and Alvarez and

Jermann(2004); (c) The estimate of ln (1 + �1) when the Hodrick and Prescott �lter is used is the

trend-coe¢ cient estimate obtained when we regress the Hodrick and Prescott trend estimate on a

constant and a time trend.
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Table 3: Total Cost of Macroeconomic Uncertainty: Consumption Compensation � (�; �) in %

Standard Errors in Parenthesis

(a) Lucas (1987) Benchmark Values

� Equivalent in a Yearly Basis

� = 0:950; 0:971; 0:985

� = 1 � = 5 � = 10 � = 20

0:008 0:042 0:08 0:17

(b) Beveridge-Nelson Decomposition 1947-2000

� Equivalent in a Yearly Basis

� = 0:950

� = 0:971

� = 0:985

�

� = 1 � = 5 � = 10 � = 20

0:45 0:76 0:79 0:74

(0:012) (0:020) (0:020) (0:019)

0:80 0:92 0:89 0:79

(0:022) (0:024) (0:023) (0:021)

1:59 1:06 0:96 0:83

(0:043) (0:028) (0:025) (0:022)

(c) Hodrick-Prescott Filter 1947-2000

� Equivalent in a Yearly Basis

� = 0:950; 0:971; 0:985

�

� = 1 � = 5 � = 10 � = 20

0:01 0:04 0:08 0:16

(0:0002) (0:0011) (0:0022) (0:0043)

(d) Linear Time Trend 1947-2000

� Equivalent in a Yearly Basis

� = 0:950; 0:971; 0:985

�

� = 1 � = 5 � = 10 � = 20

0:05 0:27 0:54 1:08

(0:001) (0:007) (0:014) (0:029)
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Table 4: Marginal Cost of Macroeconomic Uncertainty: Consumption Compensation �0 (0; �; �)

in %

Standard Errors in Parenthesis

(a) Lucas (1987) Benchmark Values

� Equivalent in a Yearly Basis

� = 0:950; 0:971; 0:985

� = 1 � = 5 � = 10 � = 20

0:008 0:042 0:08 0:17

(b) Beveridge-Nelson Decomposition 1947-2000

� Equivalent in a Yearly Basis

� = 0:950

� = 0:971

� = 0:985

�

� = 1 � = 5 � = 10 � = 20

0:91 1:58 1:70 1:75

(0:024) (0:042) (0:047) (0:055)

1:63 1:92 1:92 1:90

(0:044) (0:052) (0:054) (0:060)

3:26 2:22 2:08 2:00

(0:091) (0:061) (0:059) (0:064)

(c) Hodrick-Prescott Filter 1947-2000

� Equivalent in a Yearly Basis

� = 0:950; 0:971; 0:985

�

� = 1 � = 5 � = 10 � = 20

0:02 0:08 0:16 0:32

(0:0004) (0:002) (0:004) (0:009)

(d) Linear Time Trend 1947-2000

� Equivalent in a Yearly Basis

� = 0:950; 0:971; 0:985

�

� = 1 � = 5 � = 10 � = 20

0:11 0:54 1:08 2:18

(0:003) (0:014) (0:029) (0:059)
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