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Abstract

We unify and generalize the existence results in Werner (1987), Dana,
Le Van and Magnien (1999), Allouch, Le Van and Page (2006) and Allouch
and Le Van (2008). We also show that, in terms of weakening the set of
assumptions, we cannot go too far.
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1 Introduction

When agents trade securities, due to the possibility of short sales, the set of port-
folios is not bounded from below. This implies that the set of feasible portfolios
may not be bounded and the classical existence results of Arrow and Debreu
(1954) and McKenzie (1959) cannot be applied. Existence results for mod-
els with unbounded action sets have been provided by Hart (1974), Hammond
(1983) and Page (1987) for security markets. In these models the utility Vi(q, 0)
of a portfolio 6 is defined by the expected utility of its return E*'(9)(r . §) with
respect to price-dependent beliefs 1?(¢q). In a different context where the util-
ity function does not depend on prices, existence results have been provided by
Werner (1987), Nielsen (1989), Page and Wooders (1996), Dana et al. (1999),
Page, Wooders and Monteiro (2000), Allouch, Le Van and Page (2002) and
Le Van, Page and Wooders (2001). To prove existence, several conditions have
been proposed to limit arbitrage opportunities. In all cases the role played by
those no-arbitrage conditions was to bound the economy endogenously. Dana
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et al. (1999) proved that all these conditions imply the compactness of the indi-
vidually rational utility set which in turn is a sufficient condition for existence

In models with bounded from below consumption sets, a crucial assumption
imposed (e.g. Arrow and Debreu (1954) and McKenzie (1959)) is that agents’
preferences satisfy a non-satiation property (e.g. monotonicity). Actually, what
is needed is to assume that non-satiation holds only over individually feasible ac-
tions. In security markets models (like CAPM), satiation of preferences is rather
a rule than an exception (see, among others, Werner (1987), Nielsen (1989),
Allingham (1991), Dana et al. (1999) and Won, Hahn and Yannelis (2008)).
In his seminal paper, Werner (1987) allows for satiation but he imposes that
all arbitrage opportunities are uniform among agents and that each agent has
a useful portfolio. His existence result was extended by Allouch et al. (2006)
where a weaker non-satiation condition (ANS) is imposed: useless net trades are
uniform among agents and each agent who is satiated has a non-empty set of useful
net trades. Recently, a weaker non-satiation condition (WNS) was proposed by
Allouch and Le Van (2008): satiation is possible provided that each agent has sati-
ation points available to him outside the set of individually feasible consumptions.
They prove that this condition is sufficient for existence of a quasi-equilibrium
provided that the set of individually rational and feasible allocations is compact.

The main objective of this paper is to investigate if it is possible to unify the
aforementioned existence results. There are two kinds of assumptions used to
prove existence: the first one deals with satiated preferences while the second
one relies on a compactness condition. Allouch et al. (2006) and Allouch and
Le Van (2008) impose the weakest condition on satiatio while Dana et al.
(1999) impose the weakest compactness condition. Therefore, one may conjec-
ture that existence is guaranteed under the two weakest conditions:

(a) the compactness condition (CU), i.e., the individually rational utility set is
compact;

(b) the weak non-satiation condition (WNS), i.e., satiation is possible provided
that each agent has satiation points available to him outside the set of
individually feasible consumptions.

We prove that such a conjecture is not correct provided that they are more
than two agents in the economy. We subsequently introduce a new condition,
called strong compactness of the individually rational utility set (SCU) and we
prove that it is sufficient for existence of a quasi-equilibrium when agents’ pref-
erences satisfy the weak non-satiation condition (WNS). We also show that, in

IThat we call compactness condition (CU).

2Allouch (2002) introduced a weaker condition than the compactness of the individually ra-
tional utility set. In particular, an existence result was proved without assuming that preference
relations are complete.

3They allow for satiation while Dana et al. (1999) do not.



general, condition (SCU) is stronger than the compactness of the individually ra-
tional utility set (CU)ﬁ] but weaker than the two compactness conditions imposed
in Allouch et al. (2006) and Allouch and Le Van (2008).

2 The Model

Consider an economy (X', u’, e’);c; where I is a finite set, for each i € I, the
set X is a subset of R’ with .J a finite set, ¢’ is a vector in R’ and «’ is a real-
valued function defined on X?. As in Werner (1987), each j € .J represents a
commodity which can be a consumption good as well as a financial asset. Each
i € I represents an agent, X’ his action set, ¢’ his initial endowment and «’ his
utility function. Once for all the sets (X?);c; and the vectors (e');c; are fixed.
The economy (X, u’, e*);c; is then denoted by &(u).

We denote by F the set of feasible allocations, i.e., those vectors = (x%);cs

in X :=[[,.; X' satisfying | |
Yooy

i€l iel

iel

and by Ir(u) the set of individually rational allocations, i.e., those vectors x =
(2%);er in X satisfying o o
Viel, u'(z')>u'(e).

We shall denote by A(u) the set FNIr(u) and by A’(u) the projection of A(u)
onto X*. An action 2! € A’(u) is said individually rational and feasible. We
denote by A’(u) the set X\ A’(u) the set of actions 2/ € X' that are not
individually rational and feasible. We let Z/(u) denote the utility set defined by

Uu)={AeRl: Sz cFnlr(u), Viel, u'(e’) <N <di(zh)}.

From now on we assume that the economy (X*, u', e');c; satisfies the follow-
ing list of standard conditions:

(A.1) the set X’ is closed convex containing e’;

(A.2) the function ' is upper semi-continuous and strictly quasi-concaveE]

3 Existence under a non-satiation condition (NS)

If 2° € X' is such that the set Pi(z%) := {y* € X' : ui(y") > u’(z")} is empty,
then 2 is called a satiation point of u’. We shall denote by S*(u’) the set of

“Except if there are at most two agents in the economy. In that case, both conditions (SCU)
and (CU) coincide.

>The function w’ is upper semi-continuous if for each ¢ € R, the upper level set {z €
X" . ul(z) > c} is closed in X*. The function w’ is strictly quasi-concave if for every = and
yin X%, if u'(y) > u'(z), then u’(\y + (1 — N)z) > u’(z) for every X € (0, 1].
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satiation points of u‘ on X, i.e.
St (u') := argmax{u’(z’) : 2 € X'}.

When there is no satiation point in X?, the set S*(u') is empty. We recall now
the definition of a quasi-equilibrium.

Definition 3.1. Given an economy &(u), a couple (p, ) where 0 # p € R’ and
x = (2');e; is a feasible allocation in F, is a quasi-equilibrium of &(u) if for
each ¢

(a) the action z' satisfies the budget restriction p - z* < p - €’;

(b) the action z' is weakly optimal in the budget set in the sense that for each
y' € P(z%), we have p-y' > p- e’

If the individually rational utility set ¢/ (w) is compact then a sufficient condi-
tion for existence of a quasi-equilibrium is the following non-satiation condition:

(NS) the set S?(u’) N A’(u) is empty for each i.

Theorem 3.1 (Dana, Le Van and Magnien). If the two following conditions are
satisfied

(a.1) the individually rational utility set ¢/(u) is compact,
(b.2) the non-satiation condition (NS) is satisfied,
then there exists a quasi-equilibrium.

The proof of Theorem follows from standard arguments: see e.g. Dana
et al. (1999). Observe that if the set A(u) = FNIr(u) of feasible and individually
rational allocations is compact then the individually rational utility set U/(w) is
trivially compact. However, the converse is not in general true.

4 A weak non-satiation condition (WNS)

Recently, Allouch and Le Van (2008) introduced a weaker non-satiation condi-
tion:

(WNS) for every individgally rational and feasible action 2/ € A’(u), there ex-
ists a action 3 € A’(u) which is not individually rational and feasible but
satisfies u'(y*) > u'(x?).

Condition (WNS) is obviously weaker than the non-satiation condition (NS).
The weak non-satiation condition (WNS) is satisfied if and only if,

Viel, Si(u')nAi(u)#0= S(u')NAl(u) 0.
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In other words, under condition (WNS), each agent ¢ may have satiation points
that are individually rational and feasible, but the set of satiation points must be
large enough such that there exists satiation actions which are not individually
rational and feasible.

Allouch and Le Van (2008) provedE] that if the set A(u) = FNIr(u) of feasible
and individually rational allocations is compact, then the weak non-satiation
condition (WNS) is sufficient for existence.

Theorem 4.1 (Allouch and Le Van). If the two following conditions are satisfied

(a.3) the set A(u) = FNIr(u) of feasible and individually rational allocations
is compact,

(b.1) the the weak non-satiation condition (WNS) is satisfied,
then there exists a quasi-equilibrium.

This result is not comparable with the one by Dana et al. (1999). Indeed,
Allouch and Le Van (2008) consider a weaker non-satiation condition but a
stronger compactness assumption. A natural question is whether an existence
result generalizing both results of Dana et al. (1999) and Allouch and Le Van
(2008) is possible. One may conjecture that the weakest conditions of both
results are sufficient for existence.

Conjecture 4.1. If the two following conditions are satisfied
(a.1) the individually rational utility set ¢/(u) is compact,
(b.1) the weak non-satiation condition (WNS) is satisfied,
then there exists a quasi-equilibrium.

Our first result of the paper is to prove that Conjecture [4.1]is not correct. We
provide a counterexample in the following section. In Section [6| we prove that
Conjecture [4.1]is correct if there is at most two agents in the economy.

5 Conjecture [4.1]is false

In this section we consider an economy with three agents and two commodi-
ties such that the individually rational utility set is compact and the weak non-
satiation condition is satisfied, but for which there is no quasi-equilibrium.
We pose I = {ij,i2,i3} and J = {ji1,j2}. The action set of agent ¢; is given
by
X% =[-1,00) x [~1/2, 00);

®We propose in Appendix @ an alternative proof based on a very general existence result by
Florenzano (2003).



his utility function is given by
Tjy + T

<L
Tj, +1

lf —1 < ﬂ?jl
u'l(z) =

le lf 1 < ZL’jl,
and he has no initial endowment, i.e., e = 0. The action set of agent i, is given

by A
X"? =[-1,2] x R;

his utility function is given by
u'? (l‘) = Ljis

and he has no initial endowment, i.e., e”> = 0. The action set of agent i3 is given
by
X" =1[-3,00) x {0};
his utility function is given by
u(z) =0,
and he has no initial endowment, i.e., e = 0.

Proposition 5.1. The economy satisfies Assumptions (A.1) and (A.2). Moreover,
the individually rational utility set /(u) is compact and the weak non-satiation
condition (WNS) is satisfied.

Proof. It is immediate that Assumptions (A.1) and (A.2) are satisfied. We pro-
pose to prove that the utility set ¢/ (u) is bounded and closed. Let (A", A2, \%3)
in U (u), then there exists « € F such that

Viel, 0<N <ul(zh).
This implies that A2 € [0,2] and \** = 0. Moreover, since z'! = —z%2 — 2% it
follows that z* < 4 and A\ < 4. As a consequence

U(u) C [0,4] x [0,2] x {0}

is a bounded set. In order to prove that ¢/(u) is closed, consider a sequence A,
in U (u) converging to some A.
If A\t < 1 then
Viel, 0<N<ul(y)
wheréd’|
yi1 =1, yi2 =21; and yi3 = —31;,.

Since y belongs to A(u) it follows that X belongs to U(u).

"We denote by 1;, the vector z € R’ such that z;, = 1 and z;, = 0.
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Assume now that A\ > 1. Since \,, belongs to U (u), there exists a sequence
&y, in A(w) such that o
Viel, 0<A\, <u'(xy).

%
n n

For each n, we have

i1 i2 i3 __ i1 i i3 -1 -1 =
z oy +ap =0 and (2 .27 2P ) > (—1,-1,-3).

Passing to a subsequence if necessary, we can suppose that the sequence

i1 12 i3 )n

(le,n’ Ji,m? < jz,n

converges to a vector (z7, 27, 2) in R3 satisfying

i1 2 i3 __
T + Zj + i = 0.

Since A"t > 1, for n large enough we have xﬁn > 1, implying that v’ (z%1) =
xéll ,,- 1t follows that for n large enough

At gl Nz g and AB =0,

Jji,m? Jji,m

Passing to the limit, we get
XUl AP <a? and AP =0.

This implies that , o
Viel, 0<N <u'(2)

where
i i1 i2 _ 021 i3 _ 037 .
2t =w;15, 2 =x;71; and 2% =1

Since z belongs to A(u) it follows that A belongs to U(u).
Agent ¢; satisfies the non-satiation Assumption (NS). Agents i5 and i3 satisfy
Assumption (WNS). Indeed, if « belongs to F then
(@f, 2, 2%) € [-1,4] x [-1,4] x [-3,2].
implying that the action 31;, belongs to 5% (u?) N A% (u). Now since z € X, we
have

21> —-1 and 2B =0

=
implying by feasibility that 2> < 1. It follows that the vector 21;, + 21, belongs
to S72(u™2) N A2 (u). O

Remark 5.1. Consider the sequence (x,,),, of feasible allocations defined by

1 1. . 12
T, =—1; +nl;,, =

—-1. — ) i3 _
2 =1; —nl;, and z;? =0.



For each n, we let X!, := u’(x!). The sequence (\,), belongs to the utility set
and -
lim (A2, \i2, Xi) = (1, 1,0).

mn»'nr’'n
n—oo

The limit A := (1, 1,0) belongs to the utility set since u’(x?) = \? with
= 1, ' = 1; and B = —21;,.

The role of third agent to ensure the compactness of the utility set is crucial in
this example. Indeed, if we consider the same economy but with only agents i;
and i, then for each n the pair (A, \2) belongs to the utility set but the limit
(1,1) does not.

Proposition 5.2. There is no quasi-equilibrium.

Proof. Assume that (p, ) is a quasi-equilibrium. For each i, we have p - 2 <
p- e’ = 0. Since the allocation z is feasible, it follows that p - z* = 0, in other
words the vector z* belongs to the budget line L(p) defined by

L(p):={x € R : DT =Dpjxj + Djpxj, = 0}.

Case 1: Assume mﬁ < 2. Por every y € X™ with y;, > 0, we have 2z +
ay € P2(z%) for a > 0 small enough. This implies that p -y > 0. Then
necessarily p;, = 0 and pj;, > 0. This implies that L(p) = {z € R’ : z;, =
0}. Therefore 5'3;11 = 0. But, for @ > 0 small enough, we have z% + 1, —
alj; € P (z") implying by weak optimality that p;, (—a) + pj, > 0. This
contradicts the fact that p;, = 0 and p;, > 0.

Case 2.1: Assume z;? = 2 and 2} # 0. Since z'? belongs to the budget line

L(p) it follows that p;, # 0. Then the only possibility for x' to belong to
L(p) N X" is that 2’3 = 0. It then follows that 27} = —2 which yields a

contradiction with the fact that 2zt € X

Case 2.2: Assume x?l = 2 and xéi = 0. Since % belongs to the budget line
L(p) it follows that p;, = 0. As a consequence we must have 313212 = 0. But,
for > 0 small enough, we have %! + 1;, — al;, € P"(2") implying by
weak optimality that p;, + pj;,(—a) > 0. Since p;, = 0 this implies p;, < 0.
Similarly, for « > 0 small enough, we have 2t — 1, + al,, € P%(z")
implying by weak optimality that —p;, + pj,(a) > 0. This contradicts the
fact that p;, =0 and p;, < 0.

d



6 General existence result under Assumption (WNS)

Keeping the generality of the non-satiation condition introduced by Allouch and
Le Van (2008), we propose to investigate under which additional conditions
Conjecture is correct. Actually, we introduce a condition called strong com-
pactness of the utility set (SCU) under which Conjecture 4.1|is correct.

Definition 6.1. The individually rational utility set ¢/ (w) is strongly compact if

(SCU) for every sequence (x,), in F NIr(u) of feasible and individually rational
allocations there exist a feasible allocation y and a subsequence (z,, )

satisfying o o
Viel, u'(y') > klir& u'(zy,,) (6.1)
together withf]
Viel, lim -2 )( k)(yl—x;k) = 0. (6.2)

k—oo 1+ |2, |2

Remark 6.1. It is straightforward to check that the strong compactness of the in-
dividually rational utility implies its compactness. Indeed, assume that U(u)
is strongly compact and let (\,), be sequence in U(u). There exists a se-
quence (x,), in FNIr(u) of feasible and individually rational allocations sat-
isfying ui(x%) > \i > wu'(e?). From (SCU), there exists a feasible allocation y
and a subsequence (z,, ); satisfying

Viel, ui(y)> klirgo ul(acfzk) (6.3)
This implies that for each i the subsequence ()}, ); is bounded. Passing to an-
other subsequence if necessary, we can assume without any loss of generality
that the sequence (X, ) converges to some \'. From (6.3) it follows that A
belongs to U (u).

Remark 6.2. Observe that if (x,), in FNIr(u) then for each i we have

Lgi i) (25) = Lgi iy i ) (23,)-

This implies that under the usual non-satiation Assumption (NS), the individu-
ally rational utility set /(u) is strongly compact if and only if it is compact.

Remark 6.3. Passing to subsequences, it is possible to prove that the strong com-
pactness of individually rational utility set /(u) is equivalent to the following
statement: For every sequence (x,), in FNIr(u) of feasible and individually

8If A is a subset of R” then 1.4 is the function from R” to {0, 1} defined by 14(z) = 1ifz € A
and 14(z) = 0 elsewhere.



rational allocations there exist a feasible allocation y and a subsequence (x,, )
satisfying
Viel, u'(y')> lim u'(z;, )

n
k—o0 k

and such that I = I, U I. U I, where

I;={iel: a}, ¢S W), VkeN}, .:={iel\I: khi&x%k =y}

and

nill = 00}

L.={icI\I,: lim |z
k—o0

The main existence result of this paper is the following generalization of
Theorem 3 in Dana et al. (1999) (see Theorem and Theorem 2 in Allouch
and Le Van (2008).

Consider a strongly standard economy &£(u) satisfying Assumption (WNS),
then there exists a quasi-equilibrium.

Theorem 6.1. If the two following conditions are satisfied

(a.2) the individually rational utility set ¢/(u) is strongly compact,
(b.1) the weak non-satiation condition (WNS) is satisfied,

then there exists a quasi-equilibrium.

Proof of Theorem Let £(u) be an economy satisfying the weak non-satiation
condition (WNS) and such that the individually rational utility set ¢/ (u) is strongly
compact.

Lemma 6.1. For each agent i, the set
argmax{u’(z) : = € Al(u)}
is non-empty.
Proof of Lemma There exists a sequence (z¢),, in A*(u) such that

lim v’ (%) = sup u’(A*(u)).
Since 7, belongs to A’(u) there exists (z};)x; € [[}..; X* such that (z};)res be-
longs to A(u). For each n the family (u*(x%)),c; belongs to U (u). It follows from
Assumption (A.3) that there exists £ € A(u) such that (passing to a subsequence
if necessary)

VeI, u*(EF) > lim uf(zF).
n—oo

It follows that ¢/ € A’(u) and u’(¢%) > sup u’(A’(u)), in other words

¢ € argmax{u’(z) : = € A'(u)}.

10



Let £ be an element of argmax{u’(z) : z € A’(u)}. Applying Assump-
tion (WNS), there exists ¢! € A’(u) such that u*(¢?) > u®(£Y).
For each i, we let v’ be the function defined on X' by

Vo e Xt vi(x) = ul(z) + 1gi(yiy () exp{—d(, ¢} (6.4)

where 1gi(,) is the indicator function of the set Si(u'). Observe that if the
economy & (u) satisfies the non-satiation assumption (NS) then, for each agent i,
we have v' = u’. We claim that the economy &(v) satisfies all the conditions
required to apply Theorem (3.1

Claim 6.1. The economy £(v) is standard.

Proof of Claim We only have to prove that Assumptions (A.2) and (A.3) are
satisfied. We denote by M’ the extended real number defined by

M? = sup{u'(z) : =€ X'}
Let c € RU {oo} then

o Si(u') N B(¢, —In(c — M%) if ¢> M?
{r e X" : v(z) 2c} =
{xGXi: ui(x)gc} if < M

where B(¢,r) = {z € RV : d(¢%,x) < r}ifr > 0and B(¢,r) = 0ifr < 0.
It follows that the set {z € X* : v(x) > ¢} is closed convex, implying that the
economy &(v) satisfies Assumption (A.2).

We prove now that the utility set /(v) is compact. Let (\,),, be a sequence
in U(v), there exists a sequence (x,), of allocations in FNIr(v) such that for
each n

Viel, v'(e") <N, <vl(ah). (6.5)
Since v'(e?) > u'(e') the allocation x,, also belongs to F N1Ir(w). The individually
rational utility set U/ (u) is strongly compact, therefore, passing to a subsequence
if necessary, we may assume that there exists an allocation y in F NIr(u) satis-
fying

Viel, u'(y')> 1i7rln u'(x). (6.6)
and such that I = I, U I. U I, where

I,={icl: z ¢S '), VyneN}, IL:={iecl\I,: nh_)rrgom:l =y

and .
I,={ieI\I;: lim |z,| = oco}.
n—oo

Claim 6.2. For each i we have

Tim v (ah) < v (y).

11



Proof of Claim Let i € I, by construction of v* we have v(z?) = u’(z%)) for
all n. It follows that
lim v'(z%) = lim o'(2%) < u'(y").
n—oo n—oo
The desired result follows from the fact that u’(y*) < v*(y?).
For each i € I, the result follows from convergence of sequence (z?,), to y'
and the upper semicontinuity of v°.
Now let i € I, since o
lim d(z},¢") = +o0
n—oo
we have o o
lim v*(z}) = lim u'(z},).
n—oo n—oo

The desired result follows from

lim o' (a7,) < u'(y') <o'(y').

n
n—oo

O
Combining (6.5) and Claim [6.2| we prove that the set /{/(v) is compact.  []

In order to apply Theorem it is sufficient to prove that the non-satiation
condition (NS) is satisfied. This follows from the construction of the function v*.
Indeed, let x' be a vector in A’(v). If there exists ' € X' satisfying u’(y’) >
u’(z*) then z* does not belong to S(u’) and

V() > u(y) > wi(a') = vi(a)

implying that z* does not belong to S%(v'). Now assume that 2’ belongs to
Si(u?). There exists (z¥);; such that (z¥)c; belongs to A(v) = FNIr(v). Since
for each v'(e?) > u’(e’), we have that (2¥).cr also belongs to A(u) = FNIr(u)
and therefore z* belongs to A*(u). By construction the vector ¢* does not belong
to A’(u), implying that

V(¢ = u'(C) + L) (¢) exp{0}

(x’) +1

>
> (z') + exp{—d(xi, Cl)} = vz(xz) (6.7)

iy

'

Therefore the action x? does not belong to S(v'). We have thus proved that
Al(v) N S (V") =0

i.e., the economy &£ (v) satisfies Assumption (NS).
Applying Theorem to the economy &(v) there exists a quasi-equilibrium
(p, ) of £(v). Therefore the allocation « is feasible and for each ¢

12



(a) the action z¢ satisfies the budget restriction p - 2! < p - €;

(b) the action z' is weakly optimal for the utility function v* in the budget set,
i.e., for each y* € X,

vi(y') > vi(a") = p-y' = p-e (6.8)

We claim that (p, ) is a quasi-equilibrium of the economy £(u). To see this it
is sufficient to prove that 2’ is weakly optimal for the utility function v’ in the
budget set. Let y* € X, if u’(y*) > u’(x?) then z* does not belong to S%(u*) and
ul(2?) = v*(z"). Since v'(y') > u'(y"), we obtain that v'(y’) > v¥(2?), implying
fromthatp'yi>p'ei. O

6.1 Economies with two agents
If there are two agents then Conjecture [4.1]is valid.

Proposition 6.1. If there are at most two agents, then the strong compactness
of the individually rational utility set follows from its compactness.

Proof of Proposition[6.1] Let £(u) be an economy with two agents, E] ie, I =
{i1,12}. Assume that the individually rational utility set is compact. We have to
prove that Assumption (SCU) is satisfied. Let (x,), be a sequence in F NIr(u).
Since the individually rational utility set is compact, there exists a subsequence
(zn, ) satisfying o o
Viel, u'(y') > lim u'(zy, ).
k—o0
If the sequence (z}, ) is bounded then, by feasibility, the sequence (2 ), is also
bounded. Passing to a subsequence if necessary, there exists « such that
viel, lim (2’ —a;,)=0.
Since utility functions are upper semi-continuous, passing to a subsequence if
necessary we have o o
Viel, klingo u'(zy, ) < u'(x').
Assumption (SCU) follows from the fact that for each i the sequence (1+||, ||)x
is bounded.
Assume now that the the sequence (z! ), is not bounded. By feasibility, it
follows that the sequence (z;2 ) is also unbounded. Passing to a subsequence if
necessary, we may assume that

viel, lim |k, || = +o0.

“We do not consider the trivial case of an economy with only one agent.
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But since

[E 1

1 A ,
lim ——|y* —z;, || = lim —— = — =
k—oo ||z}, |2 " koo |z, [P k—oo |2, |l

Assumption (SCU) is satisfied. O

As a direct consequence of Theorem we obtain the following existence
result.

Corollary 6.1. Consider an economy with at most two agents. If
(a.1) the individually rational utility set ¢/(u) is compact,
(b.1) the weak non-satiation condition (WNS) is satisfied,

then there exists a quasi-equilibrium.

6.2 Compactness of feasible and individually rational allocations

We propose to prove that our main existence result Theorem generalizes
Theorem 2 in Allouch and Le Van (2008). If the set F N Ir(w) of feasible and indi-
vidually rational allocations is compact then every standard economy is strongly
standard.

Proposition 6.2. If the set F NIr(u) of feasible and individually rational alloca-
tions is compact then the individually rational utility set /(u) is strongly com-
pact.

Proof of Proposition[6.2] Let £(u) be an economy such that the set FN1Ir(u) is
compact. We have to prove that Assumption (SCU) is satisfied. Let (x,), be a
sequence in F NIr(w). By compactness, there exist a subsequence (x,, ), and an
allocation « satisfying
Viel, kli_)r{.lo(x’ —zp,) =0
Since utility functions are upper semi-continuous, passing to a subsequence if
necessary we have
Viel, klinolo u'(zy, ) < u'(x').

Assumption (SCU) follows from the fact that for each i the sequence (1+||%, ||)x

n

is bounded. ]

As a direct consequence of Theorem [6.1| we obtain the main existence result
in Allouch and Le Van (2008).

Corollary 6.2. If the two following conditions are satisfied

14



(a.3) the set A(u) = FNIr(u) of feasible and individually rational allocations
is compact,

(b.1) the the weak non-satiation condition (WNS) is satisfied,

then there exists a quasi-equilibrium.

6.3 Economies satisfying a no-arbitrage condition

In order to introduce a no-arbitrage condition, we recall some definitions. For
each action z' € X, we denote by As’(z") the asymptotic (or recession) cone of
the set P'(2") = {y' € X' : ' (y") > u'(2")}, i.e.

Asi(z) :={v e R’ : Vt >0, Vy' € P (a'), ¢ + tv € P'(z')}.
We denote by L¢(z?) the lineality space defined by
Li(z") := As'(2%) N — As'(a).

Let Span(X?) the smallest linear subspace of R/ containing X?. The lineality
space L(x?) is the largest linear subspace of Span(X?) contained in the As’(z?).
We borrow from Allouch et al. (2006) the following concept of no-arbitrage
condition.

Definition 6.2. An economy satisfying the two following conditions

(a) for each agent i and for individually rational allocation z* € Igi(ei) we have
Li(af) = Li(e');

(b) for every family (y?);c; with 3 € As®(e?),

Zyi =0=1y' cLi(e"), Viel
el

is called a no-arbitrage economy.

In Allouch et al. (2006) condition (a) is called weak uniformity and condi-
tion (b) is called weak no market arbitrage.

Proposition 6.3. For every no-arbitrage economy, the strong compactness of the
individually rational utility set follows from its compactness.

Proof of Proposition[6.3] To begin, let [L*(e’)]* be the subspace of Span(X?) or-
thogonal'%to L(e?). Every vector 2’ € X' can be uniquely decomposed on a sum
Ui (2') + ©%(2?) where Ui(2?) € [L'(e?)]* and ©°(z?) € Li(e?).

Consider now a no-arbitrage economy such that the individually rational util-
ity set is compact. Let (x,), be a sequence of feasible and individually rational
allocations. Passing to a subsequence if necessary we can assume that I = I.UI,
where

1For the usual scalar product in R”.
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(a) for each i € I, there exists #* € X* such that the sequence (z?,),, converges
to zt,

(b) for each i € I, the sequence (||z||),, converges to +oc.

For each i € I,,, we let 2i := Ui(zl).

Claim 6.3. For each i € I, the sequence (z%),, is bounded.

Proof of Claim[6.3] Let o, = max{||z||: i € I,} and assume by way of contra-

diction that the sequence («,), is not bounded. Passing to a subsequence if

necessary, we can assume that lim,, .., o, = +oo and there exists (£%);c7, # 0
such that

) 1 . .
Viel,, lm —z =(".
n—oo Oy,
Since x,, is feasible we have

Zw%—FZaz%:Zei.

icle 1€1ly iel

Dividing by «,, and passing to the limit, we obtain

> ¢ =o.

icl,
Recall that 2/ = zi — ©i(z%) with ©%(z%) € Li(e?). Since z! € Pi(ef) it follows
that z/ belongs to Pi(e’). Following Exercice 1.17 in Florenzano and Le Van
(2001), we obtain that ¢’ belongs to Asi(ei). The economy satisfies the weak no
market arbitrage condition. It follows that ¢* € L¢(¢?) for each i € I,,. But ¢* also
belongs to [L’(e’)]*, implying that ¢! = 0 for each i € I,: contradiction. O

Passing to a subsequence if necessary we can assume that for each i € I,
there exists z* € X" such that the sequence (z},),, converges to z*. For each n we

have . . . . .
DTSRI S )
icl. icl, icl icl,

Therefore there exists (1');cz, such that o’ € L¢(e?) and

inﬁ—z,zi—Zei:Zni.

i€le 1€1y el 1€1ly

For each i € I, we let 4 := z' — i and for each i € I, we let 4' = z’. Since
zi € Pi(e') for each n it follows that z¢ € Pi(e'). Since ni € Li(e') it follows
that 4 € Pi(e?). Therefore the allocation y = (y;);c; is feasible and individually
rational, i.e., y € FNIr(u).
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Since v is upper semi-continuous, passing to a subsequence if necessary we
have o o
Viel, u'(y')> lim u'(x})
n—oo
and o o
Viel,, u'(z')> lim u'(z).
n—oo
Recall that 2! = 2! — ©(2}) with ©/(2}) € Li(e’). The economy satisfies the
weak uniformity COI‘ldlthIl. This implies that ©(z%,) € Li(«%) and 2 € Pi(al).
Therefore o o o
Viel,, u'(z')> lim u'(z)) > lim u'(x)).
n—oo n—oo
In order to prove that the economy is strongly standard it is sufficient to prove
that .
Viel, lim —-—=(y"'—x;)=0.

n—oo ||z, |2

If : € I. then

i iyt —x 0.
A e ) = e - ) =

Observe that for each i there exists M* > 0 such that

Vn € N, Ll < M

(B4l
Passing to a subsequence if necessary we may assume that the sequence ((y* —

zt)/||2%||), converges. Now fix i € I,, we have

1 o 1 .
lim ——(y' —z},) = lim (y' —2t) =0.

n
n—oo ||z} |2 w2 Tk e Hﬂf |

d

As a direct consequence of Theorem we obtain the following existence
result.

Corollary 6.3. Consider a no-arbitrage economy. If the following conditions are
satisfied

(a.1) the individually rational utility set ¢/(u) is compact,
(b.1) the weak non-satiation condition (WNS) is satisfied,
then there exists a quasi-equilibrium.

Recently, Allouch et al. (2006) proved that every no-arbitrage economy with
a compact individually rational utility set, admits a quasi-equilibrium provided
that the following non-satiation condition is satisfied:

17



(ANS) For every z' € Al(u), if 2 € S%(u?) then As’ (%) \ L'(z?) # 0.

Actually, for no-arbitrage economies, the non-satiation condition (ANS) im-
plies the weak non-satiation condition (WNS).

Proposition 6.4. Every no-arbitrage economy satisfying Assumption (ANS) ac-
tually satisfies Assumption (WNS).

As a consequence of Proposition the existence result in Allouch et al.
(2006) is a particular case of Corollary[6.3]

Proof of Proposition Consider a no-arbitrage economy satisfying Assumption (ANS).
Fix an agent k € I and an action zF € A* (u) . Since Assumption (ANS) is sat-

isfied we can choose a vector £¥ € As*(z*) \ L¥(z*). In order to prove that
Assumption (WNS) is satisfied, it is sufficient to prove that for some ¢ > 0 the

vector x* + t£' does not belong to A’(u). Assume by way of contradiction that

for every n € N the vector z* + ¢,£ belongs to A¥(u) where t,, = n + 1. For

each n, there exist a feasible and individually rational allocation y,, in F NIr(u)

such that y* = z* 4 ,,£*. In particular we have

VneN, 2" +t,6h+ D V)t =) € (6.9)
iel\{k} icl

where z, is the vector in }",_; L’(e’) defined by
> i),
iel\{k}

For each n we let
an = s {64, {1 GA)ID

Since (t¢,), converges to +oo, the sequence (a,,), also converges to +ooE and
passing to the limit in we have

d (i n=0 (6.10)

iel

where (passing to a subsequence if necessary)

n ; N PP .1
¢k = lim t—fk, "= lim —U'(y,) and n= lim —z,.

n—00 (ly, —00 (U, n—00 (lp,

By construction of «,,, we have that ¢ = (¢%);c; # 0 or i # 0.
Claim 6.4. For each i € I, we have (' € As'(e’) andn € Y, L*(e%).

Since ¢* does not belong to L*(e*) we cannot have ¢* = 0..
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Proof of Claim[6.4} Fix i € I with i # k. We know that u'(y;,) > u'(e’). Since
O'(y!) belongs to L'(e') we have

u (W (ys) = u(ys, — O (yh) = u'(yy,) > u'(e"),

implying that ¢* € As'(e). The relation n € 3, L'(e’) comes from the fact that
the subspace >°,_, L'(e’) is closed. O

There exists a family ();c; with n° € L*(e’) such that n = >_,; n'. It then
follows from that
> [+ =o0. (6.11)
iel
Since the economy satisfies the weak no market arbitrage condition, we have
¢+ n' € Li(e?). Recall that ¢ € [L(e)]*, implying that ¢! = 0 for each i and
n = 0: contradiction. O

A An alternative proof of Theorem 2 in Allouch and Le
Van (2007)

Allouch and Le Van (2008) proved that if

(a.3) the set A(u) = FNIr(u) of feasible and individually rational allocations
is compact,

(b.1) the the weak non-satiation condition (WNS) is satisfied,

then there exists a quasi-equilibrium. In this section we propose an alternative
proof of this result.

Proof of Theorem[4.1} Let £(u) = (X’ u’,e");c; be an economy with a compact
set A(u) of feasible and individually rational allocations and satisfying the weak
non-satiation Assumption (WNS). We split the set of agents in two parts: we
let Is = {i € I: S*(u’) = ()} be the set of agents that are never satiated and
we let Iy = {i € I: S*(u’) # (0} be the set of agents that may be satiated. We
propose to modify the characteristics of the agents that may be satiated. Fix
i € I,. The set A’(u) is compact and since u’ is upper semi-continuous, there
exists ¢! € argmax{u’(z): x € A’(u)}. Applying Assumption (WNS),

3¢ e S (u) \ Al(u), w'(¢") = u'(€") = sup{u'(2): = € A'(u)}.

We consider another economy G = (Y, Q, e');c; with non-ordered preferences
and such that for each i the consumption set Y is defined by

Yi={z'€ X' : u'(z') > u'(e')}
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and for each bundle y* € Y the set Q*(y) of strictly preferred bundles is defined
by
i | Py u{¢'} if i€l
Q'(y') = { Pi(yi) if icl,,
where Pi(y') = {z* € X : u'(2%) > u'(y")}.

Applying Assumptions (A.1) and (A.2), the consumption set Y is closed con-
vex and contains the initial endowment e’. Observe that the set of feasible al-
locations of the economy G coincides with the set A(wu) of individually rational
and feasible allocations of the economy £(w). In particular it is compact. By
construction, for each feasible allocation y = (y');c; the strictly preferred set
Q'(y") is non-empty. Moreover, since ¢’ ¢ A’(u) we have y* ¢ Q(y") for each
individually feasible bundle 7. In order to apply Proposition 3.2.3 in Florenzano
(2003) it is sufficient to prove the following claim.

Claim A.1. For each i the correspondence @)° has convex upper sectionsFE] and
open lower sections

Proof of Claim[A.1} The claim is obvious if ¢ € I,s. Let i € I,. For each bundle
y* € Y, we have o -
iy _ ) Py iyt gst
Q(y)—{ {C’L} if yiesz’.

It follows that Q' has convex values. For each 2z’ € Y, we have

i1y _ J (P)TIE) Y i 2 #
(@) (Z)_{Yi if 2=l
It follows that )’ has open lower sections. O

We can now apply Proposition 3.2.3 in Florenzano (2003) to obtain the ex-
istence of a quasi-equilibrium of G which is obviously a quasi-equilibrium of
E(u). O
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