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In this paper the capacity distributions corresponding to several well-known aggregate
production functions (Cobb—Douglas, CES and VES) are derived. It is shown that these
distributions can be transformed to beta-distributions in a straightforward way.

1. The distribution approach

According to the distribution approach to the aggregation of produc-
tion functions, each different form of the aggregate short-run production
function of an industry corresponds to a different form of the capacity
distribution of production units in that industry [Johansen (1972), Sato
(1975)]. In this paper we shall derive the capacity distributions corre-
sponding to several well-known aggregate production functions and
investigate their properties. It will be shown that all derived capacity
distributions can be transformed to beta-distributions in a straightfor-
ward way. The beta-distribution therefore appears to be a rather general
form for the capacity distribution. This is also interesting since the
beta-distribution allows for a bell-shaped form, a property of the capac-
ity distribution which is frequently observed.

A central concept in the distribution approach is the capacity distribu-
tion, ¢(§), the distribution of capacity output in terms of the labour
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input coefficient, £&. ' Its normalised form is
(&) =0(£)/J, ¢8>0 where J=f§0 o(£)de. (1)

J is the capacity output of the industry. Also normalising aggregate
output and labour of the industry, Y and L, respectively, yields y = Y /J
and /= L/J. Assuming efficient behaviour, the short-run production
function of the industry is uniquely determined by the capacity distribu-
tion and vice-versa. This function, y = f(/), has the following properties
[Muysken (1979, pp. 77-79)1:

f(0)=0, f(H>06 for O0<i<i, f(I)=1,
f)y=1/8° f(l)=q for 0<i<I, f(i)=0, (2)
f(1<0) for 0<I<l,

where /= L/J, L is the amount employed when the industry is operating
at full capacity, and ¢ stands for the wage rate in terms of output price.

Finally the capacity distribution underlying a given short-run produc-
tion function is given by

. -1 1
s&)-=a(g). G)
where the function d is given by f'(I)=q = I =d(q).

2. Transformed beta-capacity distributions >

The capacity distribution can always be expressed as a function of

£0/¢: o(£) = h(£°/¢). Then holds

s(oae-8- (5| nemaem-wepaes. @

! Cf. Johansen (1972) and Sato (1975). We assume a putty-clay model in which production

units operate with only two inputs: one variable input, labour, and one fixed input,
capital. For the putty-putty case see Sato (1975); for the extension to more variable
inputs see Johansen (1972) and Sato (1975, ch. IV).

The idea to transform capacity distributions to beta functions is based on Sato (1975, chs.
X1V and XVII).
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Table 1
Maximum and mean of the (transformed) B(A, u) — capacity distributions, w(x) and $(8).

w(x) é(%)
. A—1 Atp o
P * —
Maximum X ) &= Tl -£
- A . )\+,u—1 0
Mean x—A+# &= ] 3

where w(£°/¢) is called the transformed capacity distribution. The
normalized form of this distribution is

w(x) =22 o<ex=£¢<1, J=f1w(x)dx. (5)
0

Now we are interested in those cases where w(x) is a beta function, i.e.,

1

IO MLa-x)*T 0<x<l,  A,p>0. (6)

W(x) =2

The capacity distribution corresponding to Ww(x) is

Table 1 summarises the mean and the maximum for both distributions;
w(x) and #(¢) have a maximum, and hence are bell-shaped, when A > 1,
p>1and A >0, p> 1, respectively.

The aggregate short-run production function corresponding to the
capacity distribution (7) has the additional property to eq. (2) that it can
be written as an explicit function of ///. 3 It is impossible, however, to
derive its explicit form without further assumptions. In fact, its deriva-
tion only is analytically manageable when we have either u=1or A =1
or 2 [Muysken (1981b, p. 5)]. As we shall show below, these are the cases
of the Cobb-Douglas function, the CES function and a VES function,
respectively.

3 Muysken (1981b, p. 5). This property allows one to derive the long-run production
function as an envelope of the short-run production functions with respect to /, Muysken
(1981a).
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3. The Cobb-Douglas, the CES and a VES production function *

B(pB, 1). Houthakker (1956) already proved that the capacity distribu-
tion underlying the Cobb-Douglas function is a Pareto distribution,
which is a special form of the beta-distribution. However, a well-known
problem is that one has to assume £°=0 in order to derive the
Cobb-Douglas production function. In the more realistic case of £°> 0,
the Pareto capacity distribution:

$(£)=(B/e°)8)"",  p>1 (8)
which is a transformed B( 8, 1)-distribution, yields
y=1-{1-11}B/(B-1)). %)

This short-run production function has been studied in Kuipers (1970)
for the case of B =2.

B(1,0/(1 —0)). Levhari (1968) derived the capacity distribution corre-
sponding to the CES function below:

y=[a-1"+B]"", P<0, 0<o= <1. (10)

1—P
The distribution is a transformed B(1, o/(1 — o))-distribution and has
the following form: 3

o(£)=h(z)= a.ﬂa/(a—l).é e O 6 B e A

0<z=(£¢)""<1. (11)

This distribution is bell-shaped for o > 1; the greater o, the flatter the
distribution is and the further stretched out away from § °, A drawback is
that the distribution does not converge: / is infinite. Hence the amount of

* The trans-log production function is inconsistent with the distribution approach, Muys-
ken (19810, sect. 6).
® It is obvious that it is necessary to transform the distribution to z = (£%/£)' ~° instead of

x=£¢%¢
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labour employed in an industry operating at full capacity is infinite.

B(2, 1/(a —1)). The production function:
y=a-l—b-1°% a>1 (12)

is a function with a variable elasticity of substitution. The case of a = 2
has been elaborated in Kuipers (1970), the case of a =3 /2 in Muysken
(1979). The corresponding capacity distribution is

¢($)=$'$—7~—_).(%)3‘( _%O)W-'H (13)

a—1

which is a transformed B(2, 1/(a — 1))-distribution. The distribution is
bell-shaped for 1 < a < 2; the lower «, the flatter the distribution is and
the further stretched out away from £°.
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