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Abstract. Thomson (1995a) proved that the uniform allocation rule is the
only allocation rule for allocation economies with single-peaked preferences
that satisfiedPareto efficiency, no-envy, one-sided population-monotonicity, and
replication-invariance on a restricted domain of single-peaked preferences. We
prove that this result also holds on the unrestricted domain of single-peaked
preferences.

Next, replacingpne-sided population-monotonicity by one-sided replacement-
domination yields another characterization of the uniform allocation rule, Thom-
son (1997a). We show how this result can be extended to the more general frame-
work of reallocation economies with individual endowments and single-peaked
preferences.

Following Thomson (1995b) we present allocation and reallocation economies
in a unified framework of open economies.
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1 Introduction

We consider the allocation of some perfectly divisible commodity in economies
with single-peaked preferences. Typical examples can be derived from rationing
(Benassy 1982) or from simple resource allocation problems; for instance the
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allocation of a task among the members of a team. In many real world situations
one can assume that the members of the team have single-peaked preferences over
their share in the completion of the task. Since Sprumont’s (1991) fundamental
article a wide literature has been concerned with the search for, and analysis of,
rules with socially and economically appealing properties; for a survey of this
literature we refer to Thomson (1997b). An important conclusion of this research

is that the uniform allocation rule is now accepted as the most important rule for
allocation economies with single-peaked preferences.

A natural extension of allocation economies is obtained by the introduction
of individual endowments. A reallocation problem may occur when preferences
change over time and previous allotments are converted into individual endow-
ments. Barber et al. (1997) study reallocation economies in the context of in-
vestment situations where natural claims or priorities may serve as individual
endowments. The extension of the uniform allocation rule to these reallocation
economies, the uniform reallocation rule, satisfies many desirable properties; for
a survey of this literature we refer to Klaus (1998).

In this article we introduce allocation and reallocation economies in a unified
framework of open economies as suggested by Thomson (1995b). In an open
economy agents may have individual endowments as well as a joint obligation
to, or from, the outside world. For instance, each member of a team might be
already endowed with some share of the work-load, but in addition to these
endowments the team might have to fulfill some additional tasks.

The purpose of this article is twofold. First we would like to contribute to a
full understanding of allocation and reallocation economies with single-peaked
preferences. Second, by helping to “complete the allocation and reallocation
picture”, we also hope to contribute to an understanding of open economies with
single-peaked preferences and facilitate future research.

We proceed from two well-known characterizations of the uniform alloca-
tion rule by Thomson (1995a,1997a). Thomson (1995a) proved that the uniform
allocation rule is the only allocation rule satisfyilareto efficiency, no-envy
in allotments, one-sided population-monoctonicity, and replication-invariance on
a restricted domain of single-peaked preferendsenvy in allotments states
that no agent prefers the allotment of another agent to his own allotment. The
propertyone-sided population-monotonicity is a restricted version gdopulation-
monotonicity: if the change of the population is one-sided,, it does not change
an economy where there is too less to distribute into an economy where there is
too much to distribute ovice versa, then all agents initially present are affected
in the same directioni.e., these agents all (weakly) gain or they all (weakly)
lose. Replication-invariance requires the following: if an economy is replicated,
then the replica of the allocation assigned by the rule for the initial economy
equals the allocation assigned by the rule for the replicated economy. Our first
result is that Thomson’s (1995a) characterization also holds on the whole domain
of single-peaked preferences (Theorem 1).

Replacing one-sided population-monotonicity by one-sided replacement-
domination yields another characterization of the uniform allocation rule, Thom-
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son (1997a). The propergne-sided replacement-domination is a restricted ver-

sion of replacement-domination: if the unilateral change of an agent’s preference
relation is one-sided, then the remaining agents are affected in the same direc-
tion. We show how this result can be extended to the reallocation model. Since in
reallocation situations one can interpret the individual endowments of the agents
as individual rights, we formulate the notion né-envy for reallocation rules

in terms of trade rather than in terms of net allotments. All other properties
we mentioned before are essentially the same for reallocation rules. We prove
that the uniform reallocation rule is the unique reallocation rule that satisfies
Pareto efficiency, no-envy in net trades, one-sided replacement-domination, and
replication-invariance (Theorem 3).

The paper is organized as follows. In Sect. 2 we introduce the allocation and
the reallocation model with single-peaked preferences in a unified framework of
open economies. In Sect. 3 we extend Thomson’s (1995a) characterization of the
uniform allocation rule to the domain of single-peaked preferences. In Sect. 4 we
show how Thomson’s (1997a) result can be extended to reallocation rules. In
Sect. 5 we conclude.

2 Open economies, allocation economies, and reallocation economies

In this section we present allocation and reallocation economies when prefer-
ences are single-peaked in a unified framework of so-called open economies as
introduced by Thomson (1995b). For more details on allocation or reallocation
economies with single-peaked preferences we refer to the related literature as
discussed in Klaus (1998) and Thomson (1997b). Apart from Thomson (1995b),
Herrero (1998a,b) and Schummer and Thomson (1997) study open economies
with single-peaked preferences.

2.1 Open economies

There is an infinite population of potential agents, indexed by the natural numbers
N. Each agent € N is equipped with a continuous and single-peaked preference
relationR; defined over the non-negative real numhRgs Single-peakedness of
R means that there exists a pop(R) € R+, calledagent i’s peak amount, with
the following property: for alix,y € R, with x <y < p(R) orx >y > p(R),
we havey P; x.! Each preference relatioR; can be described in terms of the
indifference function r; : R+ — R, U{oo} that is defined as follows. K < p(R),
thenr;(x) > p(R) and eithemr;(x)l; x (if such a point exists) or;(x) = co. If
x > p(R), thenr;(x) < p(R) andr;(x) l; x (if such a point exists) or;(x) = 0.

By .22 we denote the class of all continuous, single-peaked preference rela-
tions overR, and by.Z2, C .22 the subclass of preferencBs € .#2, such that
the corresponding indifference functionis bounded,i.e, r;(0) < co. Through-
out the paper we assume that any subset of ageénts N is non-empty and

1 p; denotes the strict preference relation associated Ritand|; the indifference relation.
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finite. Then,.22N denotes the set djpreference) profiles R = (R))icn such that
foralli e N, R €.%2; %’l’;‘ has a similar meaning.

Now, an open economy can be formalized as follows.d:et (w;)ien € RY
be avector of individual endowments and T € R be anobligation to, or from,
the outside world such that) ", wi + T > 0. For short, we calll the outside
obligation. Then, we call a triplee = (R,w,T) € .2N x RY x R such that
> nwi + T > 0 anopen economy. Let &N be the class of all open economies
for the set of agentsl and @& =, &N be the class of all open economies.
Similarly, let (ZE G N be the class of all open economies fdrwhere
Re .2 andc&y, = Jy %) . A feasble allocation for e = (R,w, T) € &
is a vectorx € RY such that) " x = > ywi + T.2 For anye € &N the set
of feasible allocations is denoted byX(e). A rule is a functiony that assigns to
everye € %% a feasible allocatiorp(e) € X(e). Giveni € N, we call ¢j(e)
the allotment of agenti and Ag;(€e) := ¢i(e) — w; his allotment change. For
e= RuwT) e &N, letze) = > nP(R) — >y wi — T denoteaggregate
excess demand for the economy e. If z(e) = 0, thene is balanced. If z(e) > 0,
thene is an economy withexcess demand. If z(e) < O, thene is an economy
with excess supply.

2.2 The allocation model and the uniform allocation rule

We call an open economg = (R,w, T) wherew = 0 anallocation econony.
The class of allocation economies for the set of agéhtsequals.%%‘“ =
{fe=RwT) e &N | w=0} ¢ @&N. With some abuse of notation, we
set. 2&N = .\ x R, and denote an allocation economy by= (R, £2) €
72N x R, wheref? € R, is the amount of an infinitely divisible commaodity, the
social endowment, that has to be distributed among a group of agéhtsvith
profile R € .22N. Let. 4% = |Jy . 4&". Similarly, let. 2&}) = .2) x R,
and . 4&, = Uy - )o‘E‘ Note thatx € X(e) implies thatx € RY such that
>N X = £2. An allocation rule is a functiony that assigns to every € . 4¢ a
feasible allocationp(e) € X(e). Obviously, for alli € N, ¢j(e) = Agj(e).

The following allocation rule, known as theniform allocation rule, has
played a central role in the literature of fair allocation when preferences are
single-peaked.

Uniform Allocation Rule U2, For alle= (R, £2) €. 44", and allj € N,
Use) = { MIMP(R).A} it 2(e) >0,
P max{p(R), A} if z(e) <0,
where\ solves) ", U2(e) = £2.

So, in case of excess demand, each agent either receives his peak amount
or his allotment is greater than or equal to the allotment of each other agent.

2 Note that free disposal of the commodity is not allowed.
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Similarly, in case of excess supply, each agent either receives his peak amount
or his allotment is smaller than or equal to the allotment of each other agent. If
the economy is balanced, each agent receives his peak amount.

2.3 The reallocation model and the uniform reallocation rule

We call an open economg = (R,w, T) whereT = 0 areallocation economy.
The class of reallocation economies for the set of agahtequals(%Z%N =
{e=(Ruw,T)e &N | T =0} ¢ @, With some abuse of notation, we set
&N = 2N xRN and denote a reallocation economyey (R, w) € .22N xRN
wherew = (wi)ien € RY is avector of individual endowments that have to be
reallocated among the agentsNnwith profile R € .22N. Let. 2% =, REN,
Note thatx € X(e) implies thatx € RY such thafy", x =" wi. A reallocation
rule ¢ is a function that assigns to evegyc .2# a feasible (re)allocation
w(e) € X(e).

Until now the “reallocation model” almost equals the “allocation model”: the
only difference is that we have a vector of individual endowmentsRRY instead
of a social endowmen® € R.. Since for each vector of individual endowments
w = (w)ien € RY, we can interpret the surh_, wi as a social endowment,
each allocation rule can be easily applied as a reallocation rule. However, in
contrast with the allocation model, not only the individual preferences, but also
the individual endowments can be used to discriminate between the agents. Some
of these “discriminations”’e.g., having a greater endowment than one’s peak
amount, turn out to be important in the sequel.

Lete = (R,w) €.22%4". We call agent € N a demander if his endowment
is strictly less than his peak amount: he “demangéR) — w; units of the
commodity. We denote the set of demandersOyg). We call agent € N a
supplier if his endowment is strictly greater than his peak amount: he wants to
“supply” wi — p(R) units of the commaodity. We denote the set of suppliers by
S(e). We call ageni € N a non-trader if his endowment is equal to his peak
amount: he favors no trade.

The following reallocation rule, known as thmiform reallocation rule, has
played a central role in the axiomatic literature of fair reallocation when prefer-
ences are single-peaked.

Uniform Reallocation Rule U".  For alle = (R,w) € 2EN | and allj e N,

(o) = J MIN{P(R),wj +A} if z(e) > O,
Uy (e) = { max{p(Rj.),w'j +A} if z(e) <0,

where\ € R solves) U (e) = >\ wi-

In case of excess demand, suppliers and non-traders receive their peak
amounts. The amount they supply is divided among the demanders so that each
of them receives in addition to his individual endowment an amount that is as
equal as possible, with each demander’'s peak amount as upper bound. If the
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economy is balanced, each agent receives his peak amount. In case of excess
supply, the reallocation is dual to the excess demand case: all demanders and
non-traders receive their peak amounts. The amount they demand is subtracted
from the suppliers so that each of them diminishes his individual endowment
by an amount that is as equal as possible, with each supplier's peak amount as
lower bounds

2.4 Properties of allocation and reallocation rules

In this subsection we introduce several properties for allocation and reallocation
rules. It is without loss of generality that we introduce properties for rules that
are defined on the whole class of open economies.

Our first (standard) requirement for rulesRareto efficiency.

Pareto efficiency. For allN and alle = (R,w, T) € %, there is nox € X(e)
such that for ali € N, x R ¢i(e), and for somg € N, x; P; ¢j(e).

It follows easily that a rule iPareto efficient if and only if it is same-
sided, that is: for allN and alle = (R,w,T) € @&, either [for alli € N,
vi(e) < p(R)], or [for all i € N, wi(e) = p(R)].

The next property we analyze mo-envy. No-envy can be traced back to
Foley (1967) who considers it in the context of resource allocation problems. A
rule satisfiesno-envy in allotments if no agent strictly prefers the allotment of
another agent to his own allotment.

No-envy in allotments. For allN, all e = (R,w,T) € @#N, and alli,j € N,
vi(e)R pj(e).

Because of individual endowments, in reallocation and open economies it
might make less sense to compare final allotments only when performing a “no-
envy test”. In order to incorporate the individual endowments into the notion
of no-envy, we formulateno-envy in terms of trade or allotment changes: no
agent strictly prefers the allotment change of another agent or the part of another
agent’s allotment change that is feasible for him to his own allotment change.

Let a € R. Then,a* := max{0, a}.

No-envy in net trades. For allN, all e = (R,w,T) € @™, and alli,j € N,
¢ (@R (w + Aypi(e))"

So, agent envies agent if | prefersi’s allotment change or the part of
i’'s allotment change which is feasible for him, to his own allotment change. A
concept ofno-envy in terms of allotment changes—called “fair” net trade—as

3 It is worth noting that the uniform allocation rule as well as the uniform reallocation rule can
be interpreted as Walrasian solutions; see Thomson (1995b). For exchange economies with a single
commodity, the uniform reallocation rulé" is as a special case of Mas-Colell's (1992) “Walrasian
solution with slack”.
An extension of the uniform allocation and the uniform reallocation rule to open economies, the
so-called generalized uniform rule, was introduced by Thomson (1995b).
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introduced above was formulated by Schmeidler and Vind (1972) in the more
general context of exchange economies.

Next, we introduce the slightly weaker notionwéak no-envy in net trades:
in difference tono-envy in net trades an agent is not considered to envy another
agent if he strictly prefers the part of the other agent’s allotment change that is
feasible for him to his own allotment change while in fact the whole allotment
change of the other agent would not be feasible for him.

Weak no-envyinnettrades. ForallN, alle = (R,w,T) € @#™, andalli,j € N
with wj + Api(e) > 0, j(€) R (wj + Aypi(e)).

So, ageni envies agent if j prefersi’s allotment change, added to his
endowment, to his own allotment—provided the former is feasible.

Note that on the class of allocation economies”’, both no-envy properties
in net trades are reduced tao-envy in allotments. Allocation and reallocation
rules satisfyingno-envy in net trades always exist. However, Thomson (1995b)
shows that on the domain of open economies no rule satisfalks no-envy in
net trades.* Thomson'’s (1995b)weak no-envy” property is a modification of the
weak no-envy in net trades property used here.

Next, we discuss two so-called “solidarity properties” that describe the effect
of certain changes in a single parameter of an open economy while the other pa-
rameters are kept fixed. If after any arrival of new agents either all agents initially
present (weakly) lose together or all (weakly) gain together, then the rule satis-
fies population-monotonicity.® If after any change of a single agent’s preference
relation either all remaining agents (weakly) lose together or all (weakly) gain
together, then the rule satisfieslfare-domination under preference-replacement,
or replacement-domination for short®

Thomson (1995a,1997a) shows that for allocation rptgsil ation-monotoni-
city and replacement-domination are generally incompatible witfPareto effi-
ciency andno-envy in allotments. A similar incompatibility holds for reallocation
rules; see for instance Moreno (1996) and Thomson (1995b). However, these in-
compatibilities only occur when the change in the parameter is such that it turns
an allocation or reallocation economy in which there is “too much” to divide
into an economy in which there is “too little” to divide, erce versa. We call
a change where this does not ocame-sided. In the sequel, we consider the
one-sided versions gfopulation-monotonicity and replacement-domination, i.e.,
solidarity among the agents is only required for one-sided changes in the initial
allocation or reallocation economy.

4 Thomson (1995b) demonstrates this result with the following examplee EgR, w, T) € &N
be such thaN = {1,2}, p(Ry) = 1, p(R2) = 2, w = (0,1), andT = —1. Note thatX(e) = {(0, 0)}
and that at (D0) agent 2 envies agent 1 for his allotment change.

5 Thomson (1983a,b) introduc@dpul ation-monotonicity in the context of bargaining. For a survey
on population-monotonicity we refer to Thomson (1995c).

6 Moulin (1987) introducedeplacement-domination in the context of binary choice with quasi-
linear preferencefReplacement-domination has been studied in a variety of settings and we refer the
interested reader to a recent review of the literature by Thomson (1999).
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LetN C M, andR € .22M. Then, therestriction (R )iy € .22 of R € .2M
to N is denoted byRy.

One-sided poBuIation-nDnogonicity.7 For all N,I\T, alle= Rw,T) e &N,
and alle= (R,0,T) € @™, if N CN, R=Ry, w = wy, andz(e) - z(€) > 0,
then either [for alli € N, pi(e) R ¢j(€)] or [for all i € N, i () R vi(€e)].

ForN CM letM\N :={i € M |i ¢ N}. LetR,Re.2", andj € N. If
Ru\ir = Ruygjy andRy # Rj, then we callR a j-deviation from R.

One-sided repIacemellt—domination.8 ForallN, allj e N,alle=(R,w,T) €
&N, and allé = (R,w,T) € @&V, if R is aj-deviation fromR and z(e) -
z(e) > 0, then either [for ali € N\{j}, vi(e)R ¢i(€)] or [for all i € N\{j},
¢i(€) R wi(e)].

As a last property we introduaeplication-invariance: if an open economy
is replicated,i.e., the individual endowments, the outside obligation, and the
preference profile are replicated, then the replica of the allocation assigned by
the rule for the initial economy equals the allocation assigned by the rule for the
replicated economy.

Fore=(R,w,T) € @¢™, k € N, andN’ such thatN C N’ and|N’| =k |N|
we partitionN” into [N | subsets indexed bye N and we refer to the economy in
N such that for all € N, all of the members of thith element of the partition
have preferences and individual endowments identical to the preferences and the
individual endowment of agemt and in which the outside obligation equ#ls,
as ak-replica of e. We use the shorthand notatiérn« e. Givenx € X(e), we
similarly denote byk * x the allocation obtained blg-times replicatingx.

Replication-invariance. For all N, all e € &N, and allk € N, ok xe) =
Kk * p(e).

The uniform allocation rule satisfidareto efficiency, no-envy in allotments,
one-sided population-monotonicity, one-sided replacement-domination, andrepli-
cation invariance; see for instance Thomson (1995a,1997a). The uniform reallo-
cation rule satisfieBareto efficiency, no-envy in net trades, one-sided popul ation-
monotonicity, one-sided replacement-domination, andreplication invariance; see
for instance Klaus et al. (1997) and Klaus (1998). Note that the uniform reallo-
cation rule does not satisfyo-envy in allotments.

3 A domain extension for a well-known char acterization
of the uniform allocation rule

Thomson (1995a) proves that the uniform allocation rule is the unique allocation
rule that satisfie®areto efficiency, no-envy in allotments, one-sided population-
monotonicity, andreplication-invariance on the domain of allocation economies

7 See Thomson (1995a), Klaus, Peters, and Storcken (1997), and Moreno (1996).
8 See Thomson (1995b,1997a).
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with bounded, single-peaked preferences”,. We extend this result to the
larger domain of allocation economies with single-peaked preferené¢é&s

Theorem 1. On .4¢ the uniform allocation rule is the only allocation rule
that satisfies Pareto efficiency, no-envy in allotments, one-sided population-
monotonicity, and replication-invariance.

The proof of Theorem 1 is in parts similar to Thomson's (1995a) proof of
the original result on 2. Steps 1 and 2 (a) are new. Step 2 (a) is added to
the original proof to prove the result on the larger doma#¥s while Step 1 is
added to facilitate Steps 2 (a) and (b).

Proof. As mentioned earlier, the uniform allocation rule satisfies the properties
named in the theorem. To prove the remaining part of the theorem bet an
allocation rule that satisfies the properties named in the theoren¥Let{e |

and p(e) # U?(e)} and suppose, by contradiction, thét # (. In Step 1, we
prove that there exists ane # such thate = (R, ) . 2« and|N| = 2. In
Step 2, we derive a contradiction.

Step 1. Suppose, by contradiction, that for el & withe €. &N, IN| > 2.
Lete € ¢ be such thae= (R Q) €. %/N andforallec z',e=(R,{2) €
2#N, IN| > |N|. Assume, without loss of generality, thiit = {1,2,3,...}.

Sincep is Pareto efficient, it follows that eitherz(e) > 0 or z(e) < 0. Assume,

without loss of generality, that(e) < 0. Sincep(e) # U?(e), there exist agents

j,I € N, without loss of generality = 1 andl = 2, such thatpi(€) < ¢2(€)

andp(Ry) < p2(€). By no-envy in allotments, agent 2 does not envy agent 1 at

©(€). Hence,p1(€) < ra(p2(€)) < p(Rz) < 2(€). Let g := pa(€) — ra(p2(€)).

Next, letk* € N be such tha# < g. Lete* €. 2N be ak*-replica of

e. Then,z(e*) < 0 and, byrephcatlon invariance, p(e*) is ak*-replica of p(€).

Fori € N, we call thek* — 1 agents ine* that are obtained by replicating

agenti, replica of agent. Furthermore, we call agentand his k* — 1) replica,

agents of type.® Starting frome*, we successively delete &t agents of type

3. By Pareto efficiency andno-envy in allotments, agents of the same type always

receive the same allotment. In order to keep the notation simple, while we delete

some of the agents of type 3, we denote an allotment of any remaining agent of

typei € N by i(").

First, we delete agent 3 from the economiy Denote the economy that is
obtained bye! ¢ e NMEE By Pareto efficiency and one-sided population-
monotonicity, for alli € N*\{3}, ¢i(e!) > ¢i(e*) = »i(€). The largest allotment
an agent of type 1 can receive el equalsyy(€) + “";—@. Since“’;—@ < g, by
no-envy in allotments, p1(et) < ra(p2(€)) < w2(€) < p2(el). Hence,e! € & .

Next, lete? denote the economy that is obtained by deleting another agent of

type 3. Similarly as before, it follows tha® € 7. By successively deleting

all k* agents of type 3, we obtain an economy c ¢ that is ak*-replica

9 If for agentsi,j € N, R = R, we partition the replicas of,j such that there are exactly
(k* — 1) replica of each agent arkd' agents of each type.
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of &= (RN\{g},Q) €. 7("\'\{ }. Hence, byreplication-invariance, p(e<") is a
k*-replica of p(&). Thus,€ € ¢ and \N\{S}] < ]N\ This is a contradiction.

Sep2. Letée ¢ be such thae= (R, Q) . 2&N and|N| =

(8 Assume, without loss of generality, thut— {1,2}. S|nce<p is Pareto
efficient, it follows that eitherz(e) > 0 or z(e) < 0. Assume, without loss of
generality, thatz(e) < 0 and, byno-envy in allotments, 1(€) < ra(p2(€)) <
P(R2) < 2(€). Let g := pa(€) —ra(p2(€)). Letk* € N be such that"lﬁ—@ < g and
(k* = 1)p2(8) > k*(r2(2(8)) — 1)) + ¢2(€). Lete* €. 4™ be ak*-replica
of e. Then,z(e*) < 0 and, byreplication-invariance, p(e*) is a k*-replica of
¢(e). Starting frome*, we successively delete & — 1 replicas of agent 2.
Denote the resulting economy ey e &N, By the same arguments than in
Step 1, it follows thatp1(8) < ra(p2(€)) < pa(e) < w2(8). After the k* — 1
replicas of agent 2 left the economy, the extra amouit- 1)p,(€) has been
distributed among the agents of type 1 and agent 2. Hence,

©2(8) = pa(€) + [(K* — L)pa(€) — K™ (£2(8) — pa(E))].

Note thatyp; (&) — ¢1(€) < ra(p2(€)) — ¢1(€). By the construction ok* it follows
thatk*(r2(»2(€)) — »1(€)) < (k* — 1)p2(€) — w2(€). Hence k*(p1(8) — p1(€)) <
k*(ra(p2(€)) — »1(€)) < (k* — 1)p2(€) — p2(€) and

©2(8) > pa(€) +[(K* — 1)p2(€) — ((K* — 1)p2(€) — 2(€))]
> 2p(€).

Next, we add agenit ¢ N such thatp(R)) = p(Rx) andR; € .%2,. Denote the
resulting economy bye € . 2#™N. Note thatz(8) < 0. By Pareto efficiency
and one-sided population-monotonicity, for all i € N, p(R) < i (&) < ¢i(8).
By Pareto efficiency and no-envy in allotments, agents 2 angl receive the same
allotment ate” So, because,(8) > 2p,(€), ©2(8) > p2(€). Thus,p,(8) > p(Ry)
and p1(€) < p2(8). Hence,g'e 7. _

(b) Note thatrj(p(Ry)) < oo andp(Ry) < ¢1(8). Letg™ := p2(8)—r2(2(€)).
Let k** € N be such thaﬁ% < g* and (X* — 1)p; (&) > k**k*(r; (¢ (&) —
©1(8) + (1} (P(RY)) — ¢; (&)). Lete™* €. 24N be ak**-replica ofé. Then by
replication-invariance, p(e**) is a k**-replica of ¢(&). Starting frome**, we
successively delete al** agents of type 2 and ak** — 1 replicas of agen.
Denote the resulting economy taye“.,/@éf"\'. Note that there ar&**k* agents
that are either direct replica of agent 1 or replica of replica of agent 1. With a
slight abuse of terminology, consider all these agents as agents of type 1. By
the same arguments than in Step 1, it follows ;) < v1(€) < rj(y;(8) <
©; (B) < ¢j(8) < rj(p(Ry)). After thek** agents of type 2 and ali** — 1 replica
of agent left the economy, the extra amounk(2-1)y; (€) has been distributed
among the agents of type 1 and agentHence,

i (8) = ¢ (&) +[(2K™ — 1) (B) — K™K (£1(8) — a(&))]-
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Note thaty;(€) — ¢1(8) < ri(p(Ry) — ¢1(8). By the construction ok** it
follows that k™*k™(rj (p(Ry)) — »1(€)) < (2k* — 1)¢;(€) — (rj(P(Ry)) — ;(8)).
Hence, k*k*(¢1(€) — ¢1(8)) < k™k*(rj (p(R1)) — ¢1(8)) < (2Zk* — 1)¢; (&) —
ri(P(Ry)) + ¢ (8) and

wi®) > (@) +[(2k" — 1) () — (2k* — )5 (B) +1; (P(RY)) — 4 (B)]

> 1(p(Ry).
Hence, in contradiction tmo-envy in allotments, P(Ry) < ¢1(8) and v (&) >
ri(P(Ry)) = 1i(¢1(€)) = p(R). a

Remark 1. It has not been known whethegplication-invariance is independent
from the other properties in Thomson’s (1995a) characterization (Theorem 1 re-
spectively). Similarly, the independencereflication-invariance from the other
properties in the following theorem (Theorem 2) by Thomson (1997a) has been
an open problem. The answer to both questions is given in Klaus (1997) by
means of a single allocation rule, unequal to the uniform allocation rule, that sat-
isfiesPareto efficiency, no-envy in allotments, one-sided popul ation-monotonicity,
one-sided replacement-domination, but notreplication-invariance.

Theorem 2 (Thomson, 1997a). On. 4 the uniform allocation rule is the only
allocation rule that satisfies Pareto efficiency, no-envy in allotments, one-sided
replacement-domination, and replication-invariance.

4 A new characterization of the uniform reallocation rule

As stated in Theorem 1, the uniform allocation rule is the only allocation
rule that satisfie®areto efficiency, no-envy in allotments, one-sided population-
monotonicity, andreplication-invariance. A similar result, proven by Klaus et al.
(1997) and Moreno (1996), is true for reallocation rules: the uniform reallocation
rule is the only reallocation rule that satisfieareto efficiency, weak no-envy in
net trades, andone-sided population-monotonicity.'° The reason whyeplication-
invariance is not needed when extending Theorem 1 to the reallocation setting
is that replication-invariance for reallocation rules is implied byareto effi-
ciency, weak no-envy in net trades, andone-sided population-monotonicity: using
one-sided population-monotonicity, we can “replicate” any economy by adding
“clones” of the original agents that have the same preferences and the same
endowments. Byweak no-envy in net trades and Pareto efficiency, each of the
cloned agents and the original agent receive the same allotments, whiche-by
sided population-monotonicity and Pareto efficiency must be the same as in the
original economy. Note that we cannot replicate an allocation economy (and most
open economies) by “adding agents”.

The following theorem can be seen as an extension of Theorem 2 to the
reallocation model.

10 A stronger version of the theorem that is based on a weahesided population-monctonicity
condition can be found in Klaus et al. (1997) and Klaus (1998).
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Theorem 3. On.22# the uniform reallocation rule is the only reallocation rule
that satisfies Pareto efficiency, no-envy in net trades, one-sided replacement-
domination, and replication-invariance.

The proof of Theorem 3 is in parts similar to Thomson’s (1997a) proof of the
original result on 4¢ (Theorem 2). However, extra difficulties in the proof for
the reallocation model are caused by possibly negative allotment changes (par-
ticularly in the context ofo-envy in net trades). Thomson (1995b, Theorem 4)
conjectures that the uniform reallocation rule is the only rule that satiRéieso
efficiency, weak no-envy in net trades, one-sided replacement-domination, and
replication-invariance. After the proof of Theorem 3 we show that this conjec-
ture is not true and it is not possible to weak®renvy in net tradesin Theorem 3
to weak no-envy in net trades (Example 1).

Proof. As mentioned earlier, the uniform reallocation rule satisfies the properties
named in the theorem. To prove the remaining part of the theorem ket a
reallocation rule that satisfies the properties named in the theorem.

Lete = (R,w) € .22£™N, and suppose, by contradiction, thate) # U (e).
Sincep is Pareto efficient, it follows that eitherz(e) > 0 or z(e) < 0. Assume,
without loss of generality, thail = {1,2,...,n} andz(e) < 0. Sincep(e) #
U'(e), there exists an agefit € N such thatp(R) < j(e) and Ayj(e) >
AU (e).

Let N’ = {n +1,. 2n} and definee’ = (R, w’) € .22& NN such that for
ali e N,wi =w =uw},; andR = R = R/,,. Clearly, ¢ is a 2-replica of
e. Hence, byrepllcatlon invariance, for all i € N, ¢j(€) = ¢i(€') = ¢n+i (€).
Particularly, it follows thatp(R) < ¢ (€') and Ay () > AU (€)).

Let R € .2NYN' pe aj-deviation fromR’ such thatp(R) = p(R) and
OPlcpJ (¢). Let € = (R,w’) denote this one-sided change &f Sincep(R) =
P(Rn+j) andw] = wy,;, by same-sidedness and no-envy in net trades, it follows
thaty; (€) = ¢n+j (€). Suppose thap; (€) < ¢j(€’). Hencepn+j (€) < ¢n4j(€’) and,
by same-sidedness andone-sided replacement-domination, for alli € N\{j }UN’,
¢i(€) < ¢i(€'). Then, by feasibility, it follows thad "\ . wi = > nun ¢i(€) <
Yonun wi(€) = > yune wi- This is a contradiction. Similarly, the assumption,
wj(€) > yj(€') yields a contradiction. Hencey; (€) = ¢;(€). Thus, bysame-
sidedness andone-sided replacement-domination, for alli € N\{j }UN’, ¢j(€) =
i (€'). Hence,p(€) = ¢(€). Then,Ay;(€) > AU/ (€) and by feasibility, there
existk € N\{j } UN’ such thatAgy(€) < AUy (é) By same-sidedness, this can
only be the case ip(R¢) < U{ (e) and AUy (é) min{AU(e) | i € NUN'}.
Thus, Apk(€) < AUJ(e) < A_Ur(é) < Agpj (€). So, in contradiction tamo-envy
in net trades, (w; + Ak (€)™ Pj ¢ (€). O

Example 1. The following reallocation rule 3atisfiesPareto efficiency, weak no-
envy in net trades, one-sided replacement-domination, and replication-invariance.
If e=(R,w) €.22&™ such thatz(e) < 0, and for alli € D(e), wi = 0, then

<~ _ [ P(R) ifi ¢ D(e),
8 { Ui' (Roe), U (Roe): X_se(wi — P(R))) ifi € D(e).
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For all remainingN ande = (R,w) € . 2%, ¢(e) = U' (e). O
We conclude this section with the independence of the axioms in Theorem 3.

The reallocation rulep described in Example 1 satisfi€&areto efficiency,
one-sided replacement-domination, and replication-invariance, but not no-envy
in net trades.

Example 2. The following no-trade rule® satisfiesno-envy in net trades, one-
sided replacement-domination, and replication-invariance, but not Pareto effi-
ciency. For allN ande = (R,w) € .2£™, %) = w. O

Example 3. The following absorbing agent reallocation ryté is similar to the
absorbing agent allocation rul¢ introduced in Klaus (1997). It satisfi€areto
efficiency, no-envy in net trades, and one-sided replacement-domination, but not
replication-invariance. Lete = (R,w) € 2N be such thar(e) < 0 and there
existsj € D(e) such thap(R;) > % gndwj =0 (such an agemtmust be unique).
Then, for this economy we obtaip?(e) from the uniform reallocatiot) ' (e) by
letting agenf absorb the amourg(€) := min{} g (wi —P(R)), ] (%) -p(R)}
and subtracting this amount as equally as possible, with the agents’ peak amounts
as lower bounds, from the uniform reallocation shbrg®) of the agents €
N\{j }. In order to formalize,?, letR" € .22\ be aj -deviation fromR such that
P(R) = p(R) +&(e). Then,¢%(e) := U'(R',U"(e)).

For all remainingN ande = (R,w) € . 2%, ©i(e) := U' (e). O

Example 4. The following rule? is a variation of the absorbing agent ryté.
It satisfiesPareto efficiency, no-envy in net trades, and replication-invariance,
but notone-sided replacement-domination. Let e = (R,w) € REN I z(e) <0
and there existy € D(e) such thaip(R) > ¥ andw; = 0, theng(e) = (e).

If e is ak-replica of an economg € 22N such thatz(e) < 0 and there
existsj € D(e) such thatp(R) > % andw; =0, then2(e) is a k-replica of
©°(e).

For all remainingN ande = (R,w) € .2&", Gi(e) := U' (e). O

5 Conclusion

In this article we present allocation and reallocation economies in a unified frame-
work of open economies and add two results to the existing literature on fair
allocation and reallocation. Apart from adding new results, a fundamental under-
standing of results for allocation and reallocation economies will be helpful for
future research on open economies. The incompatibilityoeénvy in net trades

with feasibility on the domain of open economies shows that the extension of
results for allocation and reallocation economies to open economies might not
be straightforward. Apart from Thomson’s (1995b) paper, some results for open
economies with single-peaked preferences can be found in Herrero (1998a,b) and
Schummer and Thomson (1997).



98 B. Klaus

References

Barben, S., Jackson, M.O., Neme, A. (1997) Strategy-proof allotment r@ases and Economic
Behavior 18: 1-21

Benassy, J.P. (1982he Economics of Market Equilibrium. Academic Press, San Diego

Foley, D. (1967) Resource allocation and the public sedfde Economic Essays 7: 45-98

Herrero, C. (1998a) An Alternative Extension of the Uniform Rule in General Allocation Problems
with Single-Peaked Preferences. Working Paper, Universidad de Alicante

Herrero, C. (1998b) Path-Independence in General Allocation Problems with Single-Peaked Prefer-
ences. Working Paper, Universidad de Alicante

Klaus, B. (1997) The Role of Replication-Invariance: Two Answers Concerning the Problem of
Fair Division when Preferences are Single-Peaked. Working Paper, University of Nebraska at
Lincoln, revised November 1999

Klaus, B. (1998)Fair Allocation and Reallocation: An Axiomatic Sudy. Ph.D. Thesis, Maastricht
University, The Netherlands, Unigraphic, Maastricht

Klaus, B., Peters, H., Storcken, T. (1997) Reallocation of an infinitely divisible gBodhomic
Theory 10: 305-333

Klaus, B., Peters, H., Storcken, T. (1998) Strategy-proof division with single-peaked preferences and
individual endowmentsSocial Choice and Welfare 15: 297-311

Mas-Colell, A. (1992) Equilibrium Theory with Possibly Satiated Preferences. In: Majumdar, M.
(ed.) Equilibrium and Dynamics, Essays in Honour of D. Gale. McMillan, London, pp 201-213

Moreno, B. (1996) The Uniform Rule in Economies with Single-Peaked Preferences, Endowments
and Population Monotonicity. Working Paper, University of Alicante

Moulin, H. (1987) The pure compensation problem: Egalitarianism versus Laissez-F&)tarterly
Journal of Economics 102: 769783

Schmeidler, D., Vind K. (1972) Fair net traddsconometrica 40: 637—642

Schummer, J., Thomson, W. (1997) Two derivations of the uniform rule and some applications to
bankruptcy.Economics Letters 55: 333-337

Sprumont, Y. (1991) The division problem with single-peaked preferences: A characterization of the
uniform allocation rule Econometrica 59: 509-519

Thomson, W. (1983a) The fair division of a fixed supply among a growing populd#lathematics
of Operations Research 8: 319-326

Thomson, W. (1983b) Problems of fair division and the egalitarian Solufiournal of Economic
Theory 31: 211-226

Thomson, W. (1995a) Population-monotonic solutions to the problem of fair division when prefer-
ences are single-peakeficonomic Theory 5: 229-246

Thomson, W. (1995b) Endowment-Monotonicity in Economies with Single-Peaked Preferences.
Working Paper, University of Rochester, revised May 1996

Thomson, W. (1995c) Population Monotonic Allocation Rules. In: Barnett W.A., Moulin H., Salles
M., Schofield N. (eds.pocial Choice, Welfare and Ethics. Cambridge University Press, Cam-
bridge, New York, Melbourne

Thomson, W. (1997a) The replacement principle in economies with single-peaked prefedences.
nal of Economic Theory 76: 145-168

Thomson, W. (1997bYhe Theory of Fair Allocation. Princeton University Press (forthcoming)

Thomson, W. (1999) Welfare-domination under preference-replacement: A survey and open ques-
tions. Social Choice and Welfare 16: 373-394



