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Abstract

Generally, implementation of Pigovian taxes to correct for market failure requires an enormous set of
information. For each commodity-person combination a different tax is required to correct the resulting
market inefficiency. In this paper, we analyse interdependent preferences and inefficiency of the market
solution with the aim of finding conditions justifying simple rules for such taxes. We examine the utility
possibility curve and Scitovsky community indifference curve, allowing for general utility interdependence
and agent heterogeneity. In particular we show the equivalence of taxes derived from the Marshallian and
compensated demand approaches. We move on to analyse the welfare cost of consumption externalities
and show that it decomposes into part due to individuals choosing suboptimal quantities and part due to
individuals using valuations that are not socially optimal. We show what forms of externality can justify
simple policy corrections. In particular, we analyse the conditions which are required for the market
failure to be corrected by: 1) specific indirect ad valorem taxes on commodities, 2) the same proportional
tax rate on every commodity, 3) a proportional income tax rate on each individual. The conditions are
related to the restrictions necessary to have H synthetic consumers without externalities who replicate
behaviour of individuals with externalities. An example with two individuals and three goods concludes
the paper.

Keywords: Consumption externalities, Piecemeal policy.

JEL classification: D62, D11.

1 Introduction

Usually some taxation method is suggested for the correction of externalities. These ideas are based on
Pigovian transfers and Lindahl pricing in which the taxes serve to replace private marginal rates of substitu-
tion by social marginal rates of substitution (Lindahl (1919), Bergstrom (1970), Milleron (1972), ). However
in general different commodity and person specific taxes are necessary in each market and the appropriate
tax rate depends on the particular Pareto optimal allocation of commodities which is under consideration.
The tax authority needs full information on preferences and technology to implement Pigovian taxes, Lindahl
distributive mechanisms do not require this but require restricted forms of externality to be able to achieve
efficiency (Bergstrom (1977), Tian (2004)).

Hence there is interest in finding conditions under which simple taxes can be used. In reality we have a
mixture of personal income taxation, general sales taxes at a more or less uniform rate (VAT) and specific

commodity indirect taxes e.g. on alcohol and tobacco. Because these tax rates are not differentiated by
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personal spending patterns, they are feasible to administer. Some research tries to define conditions under
which piecemeal policy is possible, in which the appropriate correction in one market is independent of
activity in other markets. There is some looseness in this idea-for example if only one market is subject to
externalities, it means that taxation is directed only to transactions in that market. If several markets are
subject to consumption externalities it might mean that the taxes necessary to restore Pareto optimality in
one market are unaffected by exogenous shocks in other markets e.g. supply shocks. In the context of a
distorted sector in which consumer and producer prices differ, Jewitt (1981) and Blackorby, Donaldson &
Schworm (1991) find that piecemeal policy is only justified if the set of efficient points can be described by
a relation between two aggregates of commodities corresponding to the distorted and non-distorted sectors.
However the reasons for the distortion are not modelled. In particular, the distortion is not an endogenous
function of quantities as it is with consumer externalities.

Characterising corrective tax rules with general interdependent preferences and finding what sort of pref-
erence restrictions must be imposed if the necessary taxes are to take simple forms are still open research
issues. Kooreman & Schoonbeek (2004) analyse consumption externalities in a setting with a fixed income
distribution. After showing that Pareto improvements are generally possible starting from a market solution
with consumption externalities!, they consider an example in which individual preferences have the linear
expenditure form? and the consumption externalities enter through the subsistence terms. Imposing partic-
ular assumptions (identical preferences, equal incomes, the subsistence term for commodity ¢ depends only
on the total consumption of that commodity 4 by all other consumers) they compute the welfare losses due
to externalities as the deviation from an equal utility distribution Pareto optimum and then compute the
commodity taxes that will make the market solution and Pareto optimum coincide.

In this paper we explore the implications of general interdependent preferences and the theoretical prop-
erties which are required if piecemeal policy is to be possible. With general preferences, we start by showing
that a Pareto optimum corresponding to a given utility distribution can be reached through a decentralised
market system using Pigovian taxes on compensated demands with consumption externalities. We charac-
terise the system of Pigovian taxes required for this task. Then we show that a Pareto optimum corresponding
to a given income distribution can also be achieved as a market solution from Marshallian demands with
Pigovian taxes. We then show that the compensated and Marshallian approaches are equivalent which gives

us a measure of the welfare cost of the externalities defined in terms of the expenditure functions of the

1So long as there is at least one good such that all individuals value the consumption of that good by each other individual
at less than its market value.
2Following up a suggestion of Pollak(1970) and Kapteyn et al (1997).



individuals. This cost decomposes into part due to the wrong pricing of goods in the market solution, and
part due to individuals consuming the wrong quantities to implement the Pareto optimum. The equivalence
of the compensated and Marshallian approaches is also of interest because the market solution is a Nash
equilibrium in mutual best responses but the strategic interpretation of the two is different since in one case
the individuals environment has prices and income, and in the other prices and a given utility level.

Next we try to analyse when piecemeal policy is justified and proceed by defining necessary conditions on
preferences under which the individual compensated demand for any good under externalities depends only
on prices, individual utility and the consumption by other individuals of that particular good. This is the
scenario in which it most likely that simple taxes will succeed. It turns out that the externalities must enter
individual preferences and expenditure functions as a form of subsistence level/cost. In a sense the linear
expenditure type system with the form of externalities Kooreman & Schoonbeek use is one of the forms that
must prevail if piecemeal policy is to be justified.

Given this form of preferences we find further restrictions under which simple taxes will work. In particular
if externalities take the form of varying in a linear way with the total consumption of all other individuals

of each good (we call this case linear popular no spillover externalities) then when:

- Only one good has an external effect, the Pigovian taxes on any individual are identical for other goods.
However for the externality inducing good the tax on any individual depends on the relative strength

of externalities between other individuals.

- For every individual the strength of externality is equal for each good then for any pair of goods the ratio
of the tax rates of the two goods is equal for all individuals (and it is equal to the strength of the
externality on the two goods). If the social and private marginal valuations of individuals coincides
then for each good every individual faces the same Pigovian tax rate, it is as if there are specific indirect

ad valorem taxes on commodities

- For each individual there is a common strength of externality for every good which differs by individual:
each individual pays the same proportional tax rate on every commodity so this is equivalent to a

proportional income tax rate.

- For every individual and every commodity there is a common strength of externality. Here the proportional

income tax rate of each individual is actually at the same rate for all individuals.

Interestingly in this case the compensated Nash equilibrium aggregate demands will also tend to satisfy

the usual Slutsky symmetry and negative semidefiniteness restrictions so that in the aggregate it may be as



if there are synthetic consumers whose behaviour without externalities replicates aggregate demand. Finally
we illustrate the results by computing the compensated and Marshallian Pareto optima, Nash equilibria,
Pigovian taxes and the social cost of the externalities through an example with two individuals and three
commodities which is designed to show the relations between the general concepts explicitly.

The plan of the paper is to review the dual of the Pareto optimality problem without externalities (Section
3). We then use this dual formulation in the presence of consumption externalities to define the appropriate
taxes in general and then show how individuals facing these taxes interact to produce a Nash equilibrium
which is Pareto optimal. First we compute the Pigovian taxes required to ensure that the market solution
(a compensated Nash equilibrium) yields a Pareto optimum with a given utility distribution (Section 4.2).
Then we consider Pigovian taxation with interdependent preferences and fixed welfare weights (Section 4.3).
We establish links between the compensated and the Marshallian approach (Section 4.4). We compute the
welfare cost of the externalities (Section 4.5). Next we discuss the piecemeal policy issue (Section 5). An

example with 3 goods and 2 individuals concludes the paper.
2 The Setting

We work with H individuals indexed h; h has preferences given by up(zy) in the absence of externalities
where x, is a consumption allocation of n commodities. With externalities we write up, (xp, z-,) where z-,
is an ordered list of the consumption allocation of all individuals other than h. We represent the resource

constraint of the system by a linear function

Zpizxih =Y
i h

We can interpret this as a linear transformation locus for the economy, in this case p; represents both the
market price and average cost of the ith commodity which is in perfectly elastic supply. Alternatively it may
represent a market budget constraint for a group of H individuals, so p; is the market price for good i and y
represents the disposable resources of the group. For example the group may be a family or a team within
an organisation. In the family case we think of a family model in which the H individuals are each family
members and the family has exogenous resources y which can be allocated to purchase consumption goods

for different family members.
3 Pareto Optimality Without Externalities

When there are no externalities, the problem of finding a Pareto optimal allocation is related to the ideas

of utility possibility curves and Scitovsky community preference fields Gorman (1953). Given a fixed utility



distribution (@1, .. Wy ), the Scitovsky community indifference curve is:
X (@, . apg) = min[Xy, . Xp|un(zn) > Tn, Y ap < X]. (1)

giving the minimum amounts of the aggregate quantities of goods that place each individual on his prescribed
indifference curve. (Here min and max operators are understood in a vector sense). For each set of aggregate
quantities a distribution of commodities between consumers is implicitly defined which just allows attainment
of the utility distribution.

Define the utility possibility curve for fixed aggregate quantities of goods (X7, ..X,,) by:
U(Xla -~X’m) = max[ul, -~un‘Uh(th) > Up, th < X] (2)

The utility possibility curve indicates the maximum level of utility that an individual can achieve given the
utility level of the others.
Gorman(1953) shows that X = (X1,..X,) € X(Uy,..uy) iff (w1,.7y) € U(X1,..Xp). With the linear

resource constraint (2) becomes

Ul(p,y) = max([uy, ..un|Un(zp) Zl‘h <X, ZZ%X <yl (3)
Under regularity conditions® a point %y, ..y is in U(p,y) iff the group resources are just sufficient to reach
this utility distribution. Analogously to (1) we have
y = Gpu, . un)

= min ZP;X |Up (zp,)

wM

= min[Zpinih\Uh .’Eh >up, h = 1H}
= > onpm) (4)

where g5, (p, @) is the expenditure function of individual h. This implies that the group can decentralise the
task of attaining a particular Pareto optimal utility distribution by allocating y; of the group resources to h
and leaving h to make their own choices. From a version of Hotelling’s lemma we can define the aggregate

compensated demand

F’L<p7 Hh HHv) = aG(pa ﬂla HH)/apl = azgh(p7ﬂh)/apz

and so the aggregate compensated demands inherit the properties of the individual compensated demands; in
particular they have a symmetric and negative semidefinite Jacobian with respect to p and are homogeneous

of degree zero in p.

3u(.) is continuous, strictly quasiconcave and locally nonsatiated.



4 Pareto Optimality with Externalities

4.1 With a fixed utility distribution

With general externalities® uy,(zy,,2-1,) the problem of attaining a Pareto optimum has the form

min[Zpi Zzih|uh(zh,x~h) > up,h=1..H]

The first order conditions® are

6uk
i = Y 5
Uh(mhvx*h,) = up,h—1.H (6)
where A, is the marginal social cost of individual k. That is all marginal effects of an individuals consumption

must be taken into account so that in particular (4) is lost.

4.1.1 Implementation of a compensated Pareto optimum

If each individual were set the task of reaching a fixed utility level at minimum cost

min[Zpiz,;h|uh(xh,x~h) > Up) (7)

they would set

c aUh(.’,U}“ .’L‘~h)

bi = U amih

Un(xp,z-p) = Ty

and would ignore the effect of their consumption on others. Solving (8) for one individual gives the compen-

sated reaction curves
c __ c —
x5, = X, (p, Un, v-1)

and solving these equations in turn yields the compensated Nash equilibrium (CNE) demands :

= XNP(p un, ) 9)

However we could introduce individual and commodity specific Pigovian taxes m;;, so that the cost to h of a

unit of good i becomes p;m;, and (8) becomes

c c 8uh
DiTip, = Hp 855'}1 (10)
Uh(xh;x”h) =  Up.

4We continue to assume uy, () is strictly quasi concave and nonsatiated in zj, and continuous in all variables.
5Given our assumptions these are also sufficient.



or

i Oup, /Ox; ,
Pifin . Own/Ozin (11)
pnﬂ-%h 8uh/axnh

Uh(l‘h,l“h) =  Up.

The compensated Pigovian taxes must be selected to yield (5) which leads to (see Appendix A.1):

5 . Oug ., Oup Ouy, , Oup e Oug .. Oup \ 75, [ Oug , Ouy
Lih - ok 12
szh zk: ( kaxnk /)\h axnh) (axnh/axnk k:;ézh kaxnk /)\h 0%y, W%k axih/axik ( )

which in turn can be written for good i as

/T Pn [Zk Wik] / [A\10u1 /0wy ]
: = : (13)

T/ T n bn [Zk 773%] / [N Ous /O]
where 7}, is the hkth element of the inverse of the HxH matrix

1 6u2/8mi1/8uQ/6x12 8uH/8xL1/8uH/8:z:zH
8u1/8xi2/6u1/8xi1 1 :

. 8uH/6:c1H_1/8uH/8le
8u1/8ng/8u1/8x11 au2/8$iH/a'LL2/8£L’i2 1

This matrix will be nonsingular if at the Pareto optimal point in question the marginal externalities for
good ¢ are independent-there is sufficient diversity between individuals for no one individual to be affected
by externalities in a way which is a linear combination of the external effects for other individuals.

It is evident that for each individual h, the Pigovian taxes m;, are only determined up to a factor of

6, Substituting

proportionality, they serve to equate the social and private marginal rates of substitution
(13) into (11) gives (5). This means that if we solve all the (n + 1)H equations in (11) for the unknowns
x;n, and Ay, with 7§, defined by (13) then it is equivalent to solving the system of equations (5). In other
words a Nash equilibrium in which each individual faces the corrected prices, given consumption of the
other individuals and a given utility level replicates the socially optimal way of achieving the same utility
distribution.

If these taxes are used as fixed numbers then decentralised choice will lead to individuals choosing the
Pareto optimal consumption bundle so long as the decentralised choice problem remains well defined. One
difficulty is that the tax could be non-positive which would make the effective market price of the good in
question negative. This could occur if z;; has such a strong positive effect on the utility of other individuals

that it is efficient to pay h per unit of consumption of i. But then since h is nonsatiated, there will be

no decentralised solution-h will choose an infinite consumption of good i. We rule this out. Apart from

680 they can be scaled to yield zero tax revenue in aggregate.



this case, the decentralised choice problem is well behaved under Pigovian taxation given the regularity

assumptions-the first order conditions will characterise the individuals best choice.
4.2 With fixed welfare weights

Instead of obtaining a Pareto optimum through minimising the aggregate cost of financing the utility dis-
tribution, the Pareto optimum could be defined by maximising a linear combination of individual utilities

subject to the aggregate budget constraint.

maxZﬁhUh(xh,x~h) (14)

s.t. ZZpiz,-hzy

leading to
m
m U
A'pi = ZﬁhaT_i (15)
k K3
ZZPiﬂ?ih =Y
hood

The corresponding individual problem for some income distribution (y1,....yg) is

maXUh(l‘h,.’E~h) (16)
st Zpiwih:yh

Solving (16) for one individual gives the Marshallian reaction curves (Kooreman & Schoonbeek)

x?ﬁ = szh(p7 Yh, -'L'~h)

and solving these equations in turn yields the Marshallian Nash equilibrium (MNE) demands:

e P = XN (0 yrym) (17)

There are then two reasons for lack of equivalence between the Pareto optimum and the market solution.
Firstly private and social marginal rates of substitution (mrs) differ so in the market solution individuals
ignore the effects of their consumption on others; secondly the income distribution may not align with the

particular welfare weights that are being used.



4.2.1 Implementation of a Marshallian Pareto optimum

If we introduced Pigovian taxes on each person and good 77}, the first order conditions in the market solution

would become

i 771 a a i .
P Oun/OTn g (18)
PnT nh a’Ufh/axnh

Zpifﬁih = Yn
i

and if we want these to replicate (15) the taxes must satisfy (see Appendix A.2)

T 5 g (g ) g — Yy Tk St (St g, S (1)

8xnh 6-75711@ kZh Tk al‘nk 6.7;”1 8.%‘m

which for good i can be written

/T A" [k M) / 1B10us /0]
; K (20)
i/ g N"pn [Zk W?{k] /1B aOun/0x,m]

where the 1's have the same definition as previously. Thus the Marshallian Pigovian taxes coincide with the

compensated Pigovian prices if
Br/A™ = A

In addition the income distribution must be chosen to match the welfare weights i.e. if we define the individual
utility levels achieved in the Marshallian Pareto optimum and in the market solution with Marshallian
Pigovian taxes by vZ9(p,y, 81, ...8y) and v* (7™ - p,y1,..yn) respectively then y;..yy must be chosen so

that

v Oy, Brs - Br) = vt (@™ poyr, ) h=1.H (21)

giving yn (7™, p,y, 81, -.-Bx ). To ensure that all resources are exactly consumed, the taxes must be scaled to

give zero tax revenue.
4.3 Equivalence between Marshallian and Compensated Nash Equilibria

There are links between the compensated and Marshallian Nash equilibria. From standard theory we know

that if

gn(p, T, x-p) = min{p-wpun (T, xn) = U}

Uh(pv yhax~h) = rriax{u(xh,x~h)|pmh = yh}
h



then as identities in p, @p, yp, -4

gh(anh(pvyhax"h)ax”h) = UYn

'U}L(p7gh(p7ﬂh,-T*}L),J,”h) — H}L

Thus if y, gives a maximal utility level of uwy then y; is the minimal cost incurred to reach the utility level

uyp,. Setting x-;, to be its Nash equilibrium demand function

9n (P, vn (0, yns XN ™ (0, y1-ym)), XN (0, y1-ye)) = yn =0 Fa(p,v1-yn)
vh(pvgh(paﬂhaXZ\}]LEC(p7ﬂ1~~-ﬂH))7X:l\;vLEC(ZLﬂl'“ﬂH)) = Up

We also know from standard theory that the Marshallian and compensated demands satisfy associated

identities:

Xip(p,un,wn) = Xip(p, gn(p,Un, ©-n), 2-n)

XZZ(Z%ZJ};,ZE‘};) = chh(pa vh(p7yh7x~h)al‘~h)

so evaluated at the relevant Nash equilibrium demands

XG(p,an,z-n) = X(p, g0 Tn XN (D, 91--91)) X E™ (p, 91..91))
’ZZ(p7yh7w~h) = Xich(pvvh(pﬂyhvX:l\}[LEc(paU1‘~-UH))7X:,\}[LEc(p7IU1-'-’UH))

From this we deduce that

(i) the Nash equilibrium demands for each good and individual in the CNE with p, k;...kg have identical
values to the MNE demands with p and individual incomes y; set to the costs of each individual h of
purchasing the goods in the CNE (i.e. gp)

(ii) the Nash equilibrium demands for each good and individual in the MNE with p, y;...yy have identical
values to the CNE demands with p and individual utilities u;, set to the utility levels of each individual i in
the MNE

Thus for any CNE there is an associated income distribution generating a MNE which yields the utility
distribution of the CNE with identical demands for each individual and good.

From this we can deduce equivalence of the Marshallian and compensated Pareto optima since these can
be represented as Nash equilibria with Pigovian taxes. Comparing(11) and (18) the solutions will coincide
if there are suitable links between the utility distribution, the aggregate resources, the income distribution

and the welfare weights. There is a consumption allocation x;;, which solves (11) and attains the utility

10



distribution @;...uy at minimum aggregate cost. Setting y, = 3;p;x;, the allocation z;;, also solves (18).
Then with y = Sy, there are values of 3;, for which the allocation x;;, also solves.(15). This reflects Gorman’s
result that the consumption allocation is in the Scitovsky community indifference curve if and only if the
utility distribution defining the Scitovsky community indifference curve is attainable from that consumption

allocation. This result extends to the case of externalities. There is also a form of (4)

Gp,un, ) = > wppi X p i, i)
ih

- Zgh(wc - p, U, X p )
I

In the sequel we concentrate on the compensated demand scenario because of the equivalence between this
and the Marshallian scenario outlined above.

The Pigovian taxes are endogenous in that they depend on all quantities consumed by each individual
in the particular Pareto optimum. They vary by both commodity and individual.

There are some general properties of the Pigovian taxes: using

Tin Z)\; 8uk (8uk /8uk>/)\285'uh 72)\27”% auk <8uk/8uk>/)\¢ 8uh
k

= h
T O0Znr \OTnp' OTnk Tk Prrd ¢ OTnp \ Oy O O0%nh

suppose that there are no external effects in good n

(97.Lk
= k#+h
8-'Enh 0 ?é
Then
c 6uk 6uk 8uk c é)uh
A A =1
% kaxnk (aznh/amnk)/ haxnh
and
5, o i Oug [ Oug , Oug . Oup,
—r =1 - A A 22
Toh ,; Tk O, (axih/axik)/ "0, (22)

Second suppose that in addition good 7 has no external effects so that

3uk

= k#£h
0z, 0 7

The Pigovian taxes become

S0 no correction is required in the ith market.

11



4.4 The Welfare Cost Of the Externality

We can use the framework of consumer surplus to compute the welfare cost of consumption externalities.

Private choices have a cost to h of

gn (P, T, w-p) = min> i, [Un(2n, 2-5) > up)

which in the Nash equilibrium is g (p, tn, NF) = g (p, U1, ...un). The aggregate cost of attaining uy,...uy

with decentralised decisions is then

Z gn(p, U, .. 0g) = szxf\fsz
ih

With Pigovian taxes, the efficient way of attaining %y, ...ug has a cost of

> on(rp,un, 250) = winpiaF (minpi)
ih

Hence the welfare cost can be measured by

C Zgh(ﬂpﬂh,xpho) —Zgh(P,ﬂlwﬂH) (23)

> pieh? = piwF (pi)
ih ih

> pilah? = alP(minp) + > pi(xhE (minpi) — i (p:)
ih

ih

The welfare cost can be decomposed into part corresponding to the resource misallocation arising from the
incorrect choice of quantities and part arising from the misvaluation of commodities. In Figure 1 the two

parts of the welfare cost are outlined in bold.

p,MV

Pp

MPV
MSV

Figure 1: Welfare cost decomposition
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5 Piecemeal Policy

5.1 Compensated Nash Equilibrium with No Spillovers

Piecemeal policy involves the idea of being able to correct for market failure in one market in a way which
is independent of conditions in other markets. For example, if there is only one commodity which exhibits
externalities then piecemeal policy is possible if the Pigovian taxes in all the other markets are equal to
zero. More generally, piecemeal policy is valid if the Pigovian taxes in one market are invariant to changes
in conditions (in either preferences or prices) in other markets, or in wealth. Both these ideas involve some
notion of independence of the external effect in different markets.

A natural place to start is to consider the case in which any individual demand for any good only
has external effects corresponding to consumption of the same good by other individuals. For example
one consumers spending on say mobile phones is only influenced by the behaviour of others through their

7. This is close to a necessary condition for piecemeal policy to be possible.

spending on mobile phones
From (13) for 7, /mnn to be independent of quantities consumed of goods other than i,n requires that
(Oug/Oxin) [/ (Ouk/Ozix) be independent of z,,j # ¢,n meaning that ui() in Nash equilibrium is separable
in commodities.

Define ezternalities with no commodity spillovers to exist if each individuals compensated reaction curve

for any good 7 depends only on prices, utility and the consumption of other individuals of that good
x5, = X5,(0, Uh, Tits - Lih—1, Tih41, --LiH) (24)

The first question is then what are the individual preferences that generate this form of compensated demand?
Since X§, (-) must be homogeneous of degree zero in p, it follows that we must be able to write the expenditure

function as
gh(p,ﬂh,l"‘h) = Zplxzch()
and moreover by differentiating (24) and appealing to Hotelling’s rule, that

0X§

ih

_ 0x¢,
Op; Op;

"This is impossible in the case of Marshallian demands: it would make each individuals demand for any good depend on
prices, individual income and the demand for that good by each other individual.

Zin = fin(Ds Yn» Ti1y - Tin—1, Tiny 1, -TiH )
However this is inconsistent with the budget constraint; to hold for all p, M} needs the identity
> pifin(Pyyn, i1, Tin—1, Ting1, - TiH) = Yn

and differentiating through wrt x5 implies that 0f;p/0z;, = 0 identically or that there can actually be no externality. Essen-
tially all goods compete for consumer income.

13



so that for ¢ # j 0X§,/Op; must be independent of the externality effects x;1, ..¢in—1, Tint1, ..Tim because
the LHS must be independent of z;;..x;z and the RHS independent of z;1.. ;5. That is 82th/8pj8xik =0

so that
Xin () = Gin(Pis Tny Tin, Tin—15 Tin 1, - Tir ) + Vi (P, h)
Integrating this over p; leads to an individual expenditure function of the form
gn(p, Un, 1) = Z Ain(pis Un,Ti1, --Tin—1, Tiht1, - Tim) + Br(p, Un) (25)
i

so that h's compensated demands have the form

O0A;n(pi, Th, i1 --TiE) n OBy, (p, un)

Op; Op; (26)

Tip =

This has the implication that in the compensated demands there are no spillovers of externalities between
commodities. We need A;(-) to be homogeneous of degree one in p; and so effectively it is linear in p;;and

B(-) also to be homogeneous of degree one in p. Imposing this leads to

g (P, Un, ) = Zpigm(ﬂm Tit, Tih—1, Tiht1, - Tirr) + Br(p, Wn) (27)
%

This has a relation to a Klein-Rubin linear expenditure system of preferences; in fact it extends this by
allowing the subsistence level to vary with the standard of living of the consumer %y. Interestingly Pollak
(1976), Kapteyn et al (1997) and Kooreman & Schoonbeek (2004) focus on interdependence in the Klein-
Rubin utility function, interpreting the subsistence parameter as a linear function of the quantities consumed

by other individuals.

5.1.1 The Linear No Spillover Case
A special form of (27) makes the externalities work only through a linear combination of the consumption
of others (Kapteyn et al (1997)).

up(Th, z-p) = up(@1h + E W1khT1ks -y Tnh + E WnkhTnk)
k#h k#h

Then

gn(p.Tn, ) == pi > wiknwik + Bi(p, )
i kh

Note that By () itself can be interpreted as an expenditure function: it must be concave and homogeneous

of degree one in p and represents an arbitrary form of base utility. Here the compensated demands are

0BL(p, @
Tip = — Z WikhTik + }18(727}1)
kh Pi
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The strength of the external effect is independent of prices and of the standard of living.

A further specialisation arises if h's preferences react only to the total consumption of others of each
good and in a way that is independent of the standard of living. Empirically examples would be congestion
goods (public transport) and network goods (mobile telephones). In this case when marginal external effects
are constants, d;5,, individual preferences have the form

wn(zh, -n) = un(T1h + 01 D T1ks - Tnn + Onn Y Tn)
k#h k#h

and the compensated demands become

th(p7ﬂh)

Tin = —Oin »_ Tik + O,

kh

(28)

so it is the total consumption of others which affects an individual’s compensated demand. We call this
linear popular no spillover externalities. Kooreman & Schoonbeek use a linear expenditure system which

has this form.

The Pigovian Taxes For linear no spillover externalities from (13) the taxes are given by

7751/”%1 Pn [Zk nik-] / INfOu1 /0w ]

Tin/Tow o [2 M) / [N Oun [0z ]

where [¢,] is a matrix of constants being the inverse of

1 W;21 WiH1
witz 1

. WiHH-1
WilH Wi2H 1

The effect of linearity of externalities is that [?,] is independent of prices or the level of individual income

or utility. In the popular case the matrix simplifies to

1 ;0 ... OiH
. 01 1
A=17 sy
di1 042 1

and then it can be shown that (see appendix A3)
> = 1 @i — 1)/ det(4) (30)
k k#h
For each commodity-person, the tax factors into a product of a person specific term, common to all com-
modities, and a person-commodity specific term. The person specific tax (py,/(A;,0un/0xny)) reflects the

difference between the market and social marginal valuations of individual h at the Pareto optimum as

15



measured through the marginal utilities of the last good. The commodity specific part depends only on the
strength of the various externalities d;;, and it is independent of prices or the level of utility. This is due to
the linearity of the externality effect. Moreover for any commodity the ratio of the Pigovain taxes on any

two individuals h, h’ is independent of the externalities imposed by any other individual

(T /7o) | (Win/mnn) = [(Gine = 1)/ (8ine — V)] / [Ny Ouns /O s [ Ny Oun O]

so there is an independence of irrelevant externalities property®. Restricted types of popular externalities
will generate commonly observed taxation regimes, for example a personal income tax system or a system

of specific indirect commodity taxes. In particular if

- Only good 1 has an external effect (6;, =0, ¢ > 1)

The Pigovian taxes on any individual are identical for goods ¢ > 2, however for good 1 the tax on

individual h depends on the relative strength of externalities between other individuals.

- For every individual the strength of externality is equal for each good (d;;, = ;)

For any pair of goods the ratio of the tax rates of the two goods is equal for all individuals (and it is
equal to the strength of the externality on the two goods). If the social and private marginal valuations of
individuals coincide then for each good every individual faces the same tax rate, it is as if there are specific

indirect ad valorem taxes on commodities

- For each individual there is a common strength of externality for every good (d;5, = o)

Each individual pays the same proportional tax rate on every commodity so this is equivalent to a

proportional income tax rate.

- For every individual and every commodity there is a common strength of externality (§;, = 0)

The proportional income tax rate of each individual is actually at the same rate for all individuals.

The Compensated Nash Equilibrium The compensated reaction curves (28) can be solved commodity

by commodity for the compensated Nash equilibrium quantities.

9B (p,
1 0i1 .. 0i1 Ti1 %
6i2 1 (5,‘2 _
dim dim 1 Tin OBy (pUu)
Opi

8The structure of the taxes in (30) and this property would also hold if up = Up(x1p, ---Tpn, ShthT1ks - Dh£hTnk)-
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leading to

aBk (pa 'Ll;k)
m Z M (Gin) 57101

and aggregate Nash equilibrium compensated demands

XM ST nhkwm))%ﬁfm (31)
k h v

(31) is of special interest since each term By (p,@yp) has all the properties of an expenditure function. In

particular it has a negative semidefinite Jacobian, so if

(Z Mk (9in)) >0
h

the Jacobian of the aggregate compensated Nash equilibrium demands will also satisfy the sign restrictions of
negative semidefiniteness. Note that the aggregate demand may fail to have a negative semidefinite Jacobian
if some or all of the coefficients 7, are negative. The aggregate compensated Nash equilibrium demand

have a symmetric Jacobian if

a Bx(p, 8 By(p, )
Z Znhk in) migpuk _Z Znhk in)) a;ggp:tk

A clear case when this holds is if §;;, = ¢, for all i: the case of common externality effects across commodities.
Then we can think of these aggregate demands as coming from H synthetic consumers where the kth

consumer has an expenditure function

(Z Mk (0n)) Bre(p, )
h

exhibiting no externalities (recall each By () has the properties of an expenditure function) and whose com-

pensated demand is

OBy (p,
Zik = ka (0n)) kgﬁ ) (32)

6 A 3 Commodity, 2 Individual Example

6.1 The utilities

As in Pollak, Kapteyn and Kooreman & Schoonbeek, we take an LES utility function® for h = 1,2:
3
un(X1,%2) = > cinlog(@in + dinwik) b # h, Y aip = 1 (33)
i=1 i=1

where x5, = (1, Zap, T3n). The individual expenditure function is

a; —Qin
9h (p,uh,:c h sz 1hmzk+exp(uh)n( h> ak#h

Di

9Detailed calculations are available on request.
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6.2 Demands in a Compensated Pareto Optimum

Fori=1,23and hk=1,2h+#k

POc iy, QiROin A
Tin = - 34
" pi(1—0i)  pi(1—din) (34)
where:
) S Tag] "
;= exp(up) H ﬂ)—a; H ih (35)
i=1 1 =ik i=1 pi
Thus:
3 o 3 — ik
POc O‘zk(;zh Qg
' - 36
o pl(l - 6Zh eXp B 1;[ (1 - zk52h> 71;[1 |:pi ] ) ( )
3 @ 3 o
1- " aih:| "
+— ex m
p7(176”€ p h 1:[( - 1k§1h> H|:p1 )

i=1
The cost to each individual h of attaining the utility level @y, is

¢ Qip > S\ o | "
Bt B

=1

(s e 1 () ]

=1

6.3 Compensated Demands in a Nash Equilibrium

On the other hand in the market solution, the compensated Nash equilibrium demands for each individual

and good are

el H o] e 2 O [ ()

6
i—1 1h zk i—1

6.4 Compensated Pigovian Prices

Applying equation (13) the Pigovian taxes are given by

e _ (1—=8)(1 = danda) . _
Tip = (1 = 0041 ) (1 — 631) o =1 .

for each h # k. The terms in good 3 represent the effects of the marginal valuation of the individual for good

n. For positive Pigovian prices we require either 0 < d;, < 1 for all 4, k or d;; > 1 for all 4, k.
6.5 Compensated Demands with Pigovian Pricing

Replacing the prices p; in (38) with the tax corrected prices 7¢,p; the Nash equilibrium demands become

2 3 —Qip
Q; c \— c o Q;
fEe = exptun) e [T [T |22+ (39)
pi i=1 iz L Pi
eXp(ﬂk)aik (7)) din ﬁ(w? o H |:Odik:| —ai
pi (1= 6indik) Pl " i Lpi



Putting (38) in (39) we get the Pareto optimal demand stated in (36) so these price corrections do eliminate
the market failure.

The tax revenue is defined by

> (min — Dpiiy,Pe

Lh
6.6 Demands in a Marshallian Pareto Optimum

For given aggregate resources y and with a welfare weights 8,1 — 3 respectively for individuals 1 and 2 the

Pareto optimal demands are

LPom _ _anyBr _ cidinBry
" pi(1—=0ik)  pi(1—din)

where 8, = 8,85 =1 — (. In a particular Pareto optimum the costs to the two individuals are

o1 Q2041
! [BZ (Er RS <1—6ﬂ)]

Qo Q1052
’ l(l_m; T-om) P2 (1_5,.1>]

which defines the income distribution necessary to sustain the Pareto optimum in markets. Note that the

Y1

Y2

sum of these is equal to y.

6.7 Marshallian Demands in a Nash Equilibrium with Fixed Income Distribu-
tion

We derive these from the more general equations (41) below where all 7]} = 1.

6.8 Marshallian Pigovian Prices

Using (20) these are given by

m (L= 044)(1 — d34031)
R R S S G (40)

Notice that the Marshallian Pigovian prices are equal to the compensated Pigovian prices.

6.9 Marshallian Demands in a Nash Equilibrium with Fixed Income Distribu-
tion and Pigovian Pricing

The Marshallian Nash equilibrium demands with Pigovian pricing have the form

N E™ = [(yx + Saryn)01n A1k — (S2nyk +yn) Arn — (Yr + 036Yn)01n Aok + (03nyk +yn) Aon + Azyn] /(01 D) (41)

e E™ = [(81kyn + yr)O2n Arn — (Yn + 610Yx) A1k — (Yn + 03nyk) Aan — (83xyn + yr)d2n Asx + Asyn]/(p2D)

5™ = [(81nyk + yn) Azk — S3n (Y + 01kyn) Az — (Uk + S2kYn)d3n Aan + (S2nys + yn) Ak + Asyn]/(p3D)
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where for h £ k,h, k=1,2

Ay = —agpag,(l — 63,03, miad!

Ao = —aqpasp(l — Sopop)mimt ot

Ay = —agpas,(l — 61,00 mMaM
Ay = anpoar(l = 02n02k) (1 — S3n03%) om0,
As = agpaok(l — 61p01k) (1 — 83,036 T n
Ag = agpask(l — apbar) (1 — 61401k) T LT THLTS]

and
D = (1—0822021)(1 = 611612)az2031

a1 (1 — d22021)(1 — 612031 )az1 7]y + a12(1 — 022621 ) (1 — d11032)az1 7y} +
arroa(1 — 822091)(1 — 031032)m5; + a1 (1 — 611012)(1 — d31022) ey T15 +
12021 (1 — 811012) (1 — 631032) 771775 + oz (1 — 011012) (1 — d32021)az17y] +
20001 (1 — 021012) (1 — 631032) T3y Y5 + oacra1 (1 — 611012) (1 — 032031)m71775)
To see the equivalence between these demands and those in a Pareto optimum for given aggregate resources

y and relative welfare weights 8 on the two individuals, define individual incomes by the expenditure of each

individual in the particular Marshallian Pareto optimum:

3
Yy = Zpixﬁom
i=1
Qi1 Q2041
— 4 g _@i20i1
yl5;<16i2> ( 5@(152-1)]
3
Y2 = meé"’"
i=1

=Yy

Q32 @162
(IB)Zu—éﬂ)ﬂzL:(l—éﬂ)]

Substitute these into the Marshallian Nash equilibrium demands with Pigovian pricing to get

e E™ = Xin (T 0y, yB)

(with 8, = 8,85 =1 — () in the form

N; N;
piD
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Detailed calculation shows that

Niny = AinX + Bip,
Ninyg = AuY
where
AL = (632031 — 1)3(—1 + 822) (621 — 1) (11 (611 — 1) + 12011 (612 — 1))
(032 — 1)(—1 + d22021)(d31 — 1)
Ay = - (032031 — 1)* (=1 + d22) (21 — 1)(@12(d12 — 1) + a11612(d11 — 1))
(032 = 1)(—1 + 622021)(d31 — 1)
Ay = (632031 — 1)*(1 — 612) (011 — 1) (w21 (021 — 1) + 22621 (622 — 1))
(032 — 1)(1 — 022621)(d31 — 1)
Ay = (632031 — 1)3(—1 + 812)(611 — 1)(cv22(d22 — 1) + v21022(d21 — 1))
(032 — 1)(—=1 + 022021)(d31 — 1)
Ay = - (632031 — 1)3((1 — 832031) 31 + 31 (a1 + @11 — a2 — @22))(1 — 822) (621 — 1)(612 — 1)(1 — &11)
(1 =6116012)(632 — 1)2(1 — 022021) (031 — 1)2
Ay = (632031 — 1)>((1 — d32031)vz2 + 03212 + a2 — a1 — aq1)) (1 — 22)(G21 — 1) (612 — 1)(1 — 011)
(1 —611012) (032 — 1)*(1 — 022021)(d31 — 1)?
X = _ Q12011 . (22021 . Q32031
(1=4611) (1—9021) (1—1031)
y — _ou Q12011 Lo (22021 a3 32031

1-612 1—-611 1—=62 1—=6a1 1—-632 1—631

The functions B;, are dependent on § and a and do not justify the space to display here!'®. The ratio

Y/ D is relatively simple:

(032 — 1)(—=1 4 d11012) (031 — 1)(—1 + d22021)
(032031 — 1)3(d21 — 1)(—=1 4+ 022) (012 — 1)(—=1 + 611)

Y/D = -

so that Nipys/D reduces to the coefficient of Sy in Marshallian Pareto optimal demand. It is more tedious
to show that the coefficient N;p, /D also reduces to the coefficient of y in the Marshallian Pareto optimal

demand but in fact it does.
6.10 Equivalence of the Compensated and Marshallian Pareto optimum

Here we show that for any CPO with a utility distribution k1, ko there is an aggregate resource level and
welfare weights in which the Marshallian Pareto optimal demands coincide with the compensated Pareto

optimal demands.

0 Details are available on request.
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Given a compensated Pareto optimum we can compute the aggregate resources that it requires by sum-

ming the values of the individuals expenditure functions at the CPO:

Zgh(nﬂl,ﬂz) =
3

1— 6ik Xih Qin —Qih
Zexp ) H (I(Y;ﬁh> H [ ] Jk#£h (43)
1k0Oq -1

pi
Notice that without externalities the feasible utility distribution from given income y that makes say u is
maximal gives 1 all the aggregate income y and 2 has nothing. But with externalities this may not be true-1
may be better off from 2 having some of the income if there are positive externalities.In the Marshallian
demands at the Pareto optimum corresponding to y, 3, replace y by the expression (43) and then take the
compensated and Marshallian demands for the first good by the first individual, equate them and solve for

B giving

a3 - ain 3 7 @in
—6.13p ul 1:[<1_ 22511> 21:[1|:Cj;7,1j| /Zexp Uh H(].— zk51h> }:[1|:ah]

bi

which has the interpretation of the share of the total cost of attaining the Pareto optimum attributable to

individual 1.

With these values of y and g, xﬁloc = xﬁlom for each pair of values i, h.
6.11 Social Cost

The social cost of the externality SC' is the sum of losses incurred by each individual, in turn the individual
losses are the sum of the losses on each commodity which depend on the strength of preference for the
commodity and on the strength of the externality

so- 3 [ 2] ™ (B o (5251 -

h=1 =1 zh ik — 1

3 b — 1 —aip
H { dinlik — 1)}

i=1

7 Conclusions

In this paper we use the ideas of a utility possibility curve and a Scitovsky community indifference curve to
implement a Pareto optimum when there are consumption externalities. We use the long established idea
of Pigovian taxation to analyse this, focussing on situations in which piecemeal policy is possible in the
sense that corrective tax policy in one market is largely independent of tax policy in other markets. We
show that for this to be possible individual preferences must have a form in which the externality enters
as an adjustment to a subsistence term in individual utility or cost. This is interesting since for other

reasons the literature has suggested modelling interdependent preferences in this way. We show that if the
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externality has this form and also enters only through the sum of the consumption of other individuals
and linearly then various simple tax systems can be used to correct for the externalities. In particular
the correct taxes on one good can be computed independently of other goods, and for cases where there is
further restriction on the form of the externality (especially across individuals or across goods) the commonly
used taxes such as specific excise taxes or a personal income tax can implement a Pareto optimum. This
provides a justification for concentrating on these forms of preferences, of course the other justification is
empirical-such preferences are likely to arise with network of congestion goods. Our results generalise those
in the literature on characterising Pigovian taxes and provide the link to piecemeal policy. We also give a
decomposition of the welfare cost of externalities. On the positive economics side we find conditions under
which the market solution for compensated demands (which has the form of a Nash equilibrium due to the
consumption interdependence) will either be downward sloping or have a symmetric Jacobian with respect
to prices. Finally we examine a two individual, three commodity example to see how the taxes look and the

features of the welfare cost of the externalities.
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A Appendix

A.1 Deriving Pigovian Taxes with fixed utility distribution

From (5)

0 , 0 0 . 0
zajh/z o = sza;ff/z e

k#h
Solve for duyp, /Ox;p,

Ouy, 1 Di
i AnPn Z kaxnh ]#Zh 3331}1
and put this in

Oup(xn,x-n)  75pi Oup(Th, T-p)

axih 71-%hpn axnh
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c Quy ¢ Oug
Tin 25 M znn _ Pn Zk;ﬁh Ak B

T A 2RfE) p g Oulmra)
- Doige (i) - S s (e ) (o) 2
B ; M g;:k (88;:11/5;11> / ( 25&2&) - ;;L)\Z 77::; 38;7; (gzi/gg;) / (X;L ;;nhh>
- S (/o) - 2 Dt i) 2 (/i)

Note that in the linear no spillover case this becomes

8uk 8uh 8uk Tk 8uh
zh c
Z)\ nk/( > Z kaxnk zk/( nh)

k£h

Rearranging (44) and writing the system of equations for good 4

8uh ¢ 8uk Tk Buk auk
2\ zh c
h 6xnh - Z < k axnk ) Tnk (axzh axlk > Z ere axnh

Tnh  fzn,
Ous / Ous Ouy / Ouy
1 3061‘1/311‘2 3%1/31’1'11 /\iaul/axnl 0
Ouy / Ouy . . c
Daig /Bzil 1 . : >\28u2/3xn2
BuH BUH
’ Oxzig—1/ Oxim ) )
Juq Ouy auz Juz )\c u X
C%CiH/amil 8I1H/39L’i2 1 0 Ha H/a i
c Ou
Ti1/Tn1 2k Mk s Pn
7TiH/7TnH Zk /\Z % Pn
c —1
Alaul/ﬁxnl 0
7Tz'1/7Tn1 . c .
- /\28u2/8xn2
Tl /TnH : o,
Ous | Ous Oug ) Ougy -1 i c
1 Oz /3-161'2 3%1 /333iH PR duy [Pn Zh nllh] /A10us1/Oxp
uy /67“ 1 k 'k Oxpq :
Oxiz/ Oz : =
. é)uH 6’U.H : c au
Dus /8u1 s /au2 f’ﬁlH 1/8T1,H Zk /\k OTnH [p Z 772’ ] /)\c 8’&]{/31’ "
Oxim ! Oz Ozig ! Oxi2 e THR H "

where 0, are the elements of the inverse of the matrix of marginal externality effects with 1’s on the diagonal.

A.2 Deriving Pigovian Taxes with welfare weights and fixed income distribution

ThePareto optimum has

i Dy BrOuk/Oxip (A2)

o Dok BrOuk /02,
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TinPi  Oup/Ozip TihDi
TnhPn  OUR/O0Tnp = Ous/Ogin TnhPn Frin/ O (43)
pl Tik 8uk/8xnk
i oo Dun 0z for any k (A4)
Solve (A2) for Qup/0x;p, :
Qup 1 pi dug
i By pn Z MOxun ,;L F oz 89€m
Use (A3)
TihPi 1 p; ouy,
——Oup/0x,p = — —
TnhPn h/ 4 6h Pn g Bk 8mnh ﬁ h gl * dwin 83)1}1
Solve for m;p, /T
m Oup_ Oup
Tin _ 2k Br e _ Dn 2kzh Pr s
Tk B,0up/0xpp pi 5h8uh/ 0Ty
5uk 0uk Tk 87.% 8uk 8uh
pu— A
Zﬁk O0%nh /Bh an Zﬂk O%nk Tk <8wzh/ax k) /B " Ozmn (A5)
k ks#h
Rearrange (A5)
8’uk 7'('11C 8uk 8u;c 8’11,19
1h A6
Bh 8xnh + ];Bk 8mnk Tnk (axm axm) Z k 8xnh ( )
In matrix notation (A6) is
1 8u2/8xi1/8u2/8xi2 8uH/8x11/3uH/6m1H
8u1/8xi2/8u1/8mi1 1 :
. 8uH/8xiH,1/8uH/6a:iH
8u1 /&viH/@ul/(’)a:il 8uQ/8xiH/8u2/8xi2 1
ﬂlaul/axnl 0 / Z /6’ 6 /8
. i1/ Tnl k PrOUg/O0Tn1
Bo0us /00 _ |
: : T /ﬂ'n E B 8“]@/8-7371
0 BrOum/0Tnn i R "
APn
APn,
from (15).
The solution is then
Ti1/Tn1 Ao [ D2k min) /1810 /O]

Tl [ TnH

Npon [ e / 1B uusr /O]
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A.3 Pigovian Taxes With Popular No Spillover Externalities

Let
€1 1 1
]. €9 1
B = .
1 1 €H
We assert that the inverse of A is C' :
cij = —Ippijler —1)/det(B)  i#j (44)
Cjj = —€iCiyj — V£ jChj
= [eillpzij(er — 1) + g jIli2p (e — 1)] / det(B) for any ¢ # 4, each j (45)
det(B) = ejcjj +Bigjci;  forany j

= (ejei — Dga j(er — 1) + (€5 — 1) Bpoi jin i (e — 1)

To verify this note that

e1¢11 + Lg£1Ck1 €1C12 + Lg£1Ck2 v e101H + Xp£1CkH

€2C21 + Xg£2Cr1 €222 + Lp£2CK2 v €2CoH + YpzoCrH
BC = . .

eHCH1 + Yp£HCE1  €HCH2 + XgxHCk2 ... €HCHH + Xp+HCLH

A typical off diagonal term of BC has the form
€iCij + Bk£iChj
= €iCij T Xpi,iCkj T Cjj
= —eillpzij(er — 1)/ det(B) — SizijIlizk (e — 1)/ det(B) + [eillezij(er — 1) + i jien i (er — 1)] / det(B)
=0
whilst a typical diagonal term has the form

€jCjj + LkiCkj
= ejlellpzij(en — 1) + Zipi jizr, (e — 1)] / det(B) — Bpozjizn,j (e — 1)/ det(B)
= lejeillpzij(er — 1) + e;Bpi jizr (€1 — 1) — Bppjllizg j(eg — 1)] / det(B)
= lejeidlpzij(er — 1) + €;8pri Wiz (e — 1) — Sizgllizr,j(er — 1) — Wiz j(er — 1)] / det(B)
= lejeillpzijler — 1) + (e — 1) g j Tz j(er — 1) — iz j (e — 1)] / det(B)
= [(ejei = DIprij(er — 1) + (€5 — 1) Sk jlien,j(er — 1)] / det(B)

= 1
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Hence the inverse of B is indeed given by C.

The matrix we are actually interested in is

1 Sy .. On 1/67 1 1 61 O 0
5.1 _ 1 16 . 1 0 6 .. 0
A= =1 . ) ) )
. . . 0g : oo : oo
o1 02 1 1 1 .. 1/6g 0 0 .. oy
derived from B by setting e; = 1/4;
01 0 0
0 0
A=1B )
0 0 3%
61 0 o 17"
0 o 0
A7 = ) C
| 0 0 on
[ 1/61 1 1
1 1/65 .. 1
= . ) : C
11 . 1/6m
[ 611/61 612/61 ClH/(Sl
L CH1/5H CHQ/(SH CHH/(SH
From (44) and (45)
Myzi i (6 — 1) /35
ij/0i = ’j
il 5; det(B)
¢if6; = —(1/0i) ki, (0 — 1) /0k — Bt j Wi 5 (61 — 1/04)
170 d; det(B)
The Pigovian tax term is the sum of the terms in any row of
cii/d1  ci2/d1 ... cm/o
ca1/0m  cH2/6m ... cHH/0H

To evaluate [c;; + Xp2icik] /0; consider

Cii + Lg£iCik = —€kChi — Ni£k,iCli T 21£iCil
= [erllizri(er — 1) + Epn oIl i (€5 — 1) — Il 5 (e — 1)] / det(B)
= lexllizri(er = 1) + Bizr,illjzi(ej — 1) — Biziillja.i(ej — 1) — Wjzpi(e; — 1)] / det(B)
= lewlljzn,i(e; — 1) 4+ Dz illjzi(e; — 1) = B pllji(ey — 1) — Mjzpa(e; — 1)] / det(B)
= [(ex = DIzr.i(e; —1)] / det(B)
= [Mzi(e; —1)]/ det(B)
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Replacing e; by 1/6;

5;—1

[cii + Bpzicik] [0; = Tz )/(didet(B))

Izi(0; — 1)
det(A)
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