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Abstract

This paper provides a closed-form solution under labour uncertainty for opti-

mal consumption and the value function in a �nite horizon life-cycle model with

habit persistence.
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1 Introduction

The presence of internal habit formation is an intuitively appealing hypothesis to ex-

plain a number of consumption puzzles, such as excess smoothness and excess sensitiv-

ity, thus reconciling the life-cycle theory with the empirical �ndings. The idea behind it

is that individuals derive utility not only from the level of current consumption, but also

from the comparison of this level with a reference stock determined by their past con-

sumption. As Deaton (1992) points out, simple model of habits formation "are worth

exploring because of their insights into consequences of non-additive preferences". Us-

ing a Constant-Absolute-Risk-Aversion (CARA) utility function, Alessie and Lusardi

(1997) �nd an exact solution for consumption under habit persistent behaviour. Guar-

iglia and Rossi (2002) extend their model by assuming a hybrid utility function that

is intertemporally isoelastic but still exponential in the risk component. Importantly,

the results of Alessie and Lusardi (1997) and Guariglia and Rossi (2002) rely on the

assumption that individuals optimise over an in�nite horizon. Unfortunately, in�nite

horizon models cannot be used to assess the relative importance of habits on precau-

tionary saving over the life cycle and do not allow direct estimate or testing on micro-

data.

This paper contributes to the existing literature on habit persistence by providing

an exact closed form solution for consumption and the value function in a �nite hori-

zon life-cycle model. The main advantage of obtaining an analytical solution is that

the consumption function derived embodies more information on the habit persistence

model. Furthermore, Alessie and Teppa (2002) argue that employing the Euler equation

approach the habit persistence parameter might be underestimated because generally
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in surveys consumption is measured with error.

The paper is organised as follows. Section 2 outlines the model, section 3 presents

the closed form solutions for the value function and optimal consumption when time

horizon is �nite and section 4 concludes.

2 The model

I assume that preferences are characterised by a CARA utility function and are non-

separable over time in that current felicity depends also on last period consumption.

The consumer enters each period t with non-human wealth (1 + r)At�1, where r is

the interest rate, and she receives labour income yt. Then, the individual chooses the

optimal level of consumption ct, which in turns determines the stock of �nancial assets

At to carry forward into next period. The length of life (T ) is known in advance and the

individual has to die without debt (AT = 0). The optimisation problem can be stated

as follows:

max
ct+i

Et

T�tX
i=0

�i
�
�1
�
exp(��(ct+i � ct+i�1))

�

subject to:

ct+i = yt+i + (1 + r)At+i�1 �At+i for 0 � i � T � t

cT = yT + (1 + r)AT�1

where Et is the expectation operator conditional on the information available at t, � =

(1 + r)�1 is the intertemporal discount factor (regulated by the real interest rate r),
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and � indicates the coef�cient of absolute risk aversion. The parameter  represents

the importance of the habit: if  = 0, preferences are intertemporally separable, if

 > 0 there is habit formation (the higher , the stronger the habit) and  < 0 indicates

durability. As in Caballero (1991), I also assume that at t both At�1 and ct�1 are

known and the only source of uncertainty is labour income y, which follows a driftless

random-walk process yt = yt�1+wt where thewt are normally distributed, zero-mean

i.i.d. shocks whose variance is �2.1

3 Optimal consumption and the value function

Following the methodology used by Berloffa and Simmons (2002) and Angelini and

Simmons (2005), I derive the exact solution for the value function and optimal con-

sumption in every period.

Proposition 1 At t the value function takes the form:

Vt = �
�t
�
exp(��(�tAt�1 + �tyt � �tct�1)) (1)

1This assumption is made for the sake of simplicity and could easily be relaxed to allow for a more
general form of the income process.
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where �t, �t, �t and �t are de�ned recursively by

�t =
�t+1 + �t+1

1 + �t+1 + �t+1

�t =
1

�t

�
��t+1

�t
1� �t

Et exp(���t+1wt+1)
�1��t

�t =
�t+1(1 + r)

1 + �t+1 + �t+1
= �t+1(1 + r)(1� �t)

�t =
�t+1 + �t+1

1 + �t+1 + �t+1
= (�t+1 + �t+1)(1� �t)

Proof. See the appendix A1.

The recurrence relations in proposition 1 show that the habit formation parameter 

has an effect on all the terms in the value function. Figure 1 shows the four coef�cients

as functions of  and time for r = 0:025 and wt � N(0; 0:12).

Figure 1. �t, �t, �t, �t as functions of  and time
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In the last period

VT = �1
�
exp(��[(1 + r)AT�1 + yT � cT�1])

= ��T
�
exp(��(�TAT�1 + �T yT � �T cT�1))

with �T = 1 + r and �T = �T = �T = 1.

From the �rst order conditions of the maximisation problem it is possible to derive

the optimal consumption function.

Proposition 2 The consumption function is given by:

ct = �1� �t
�

ln

�
��t+1

�t
1� �t

Et exp(���t+1wt+1)
�

(2)

+�tAt�1 + �tyt + (1� �t)ct�1

Proof. See the appendix A2.

The closed form solution for consumption is additive and depends on four compo-

nents: a precautionary premium, �nancial wealth, current non-capital income and past

consumption. When  = r = 0, equation (2) simpli�es to the solution of Caballero

(1991). Note that if w � N(0; �2), then Et exp(���t+1wt+1) = exp
�
�2�2t+1�

2

2

�
and

the term that measure the effect of uncertainty on consumption becomes:

�(1� �t)
��2t+1�

2

2

Since (1 � �t) and �t are decreasing functions of , habit formation has a negative

effect on precautionary savings. The stronger the habit, the less important the effect
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of labor income risk ceteris paribus. The reason behind it is that an individual with

habit forming preferences consumes less out of labour income and total assets (�t and

�t are decreasing in ) and, therefore, has more (non-precautionary) savings. Hence,

the presence of habits affects optimal consumption not only directly via ct�1 but also

indirectly, making the precautionary component smaller in absolute value and reduc-

ing the effect of labour income and �nancial wealth. Figure 2 shows the life-cycle

consumption pro�les for different levels of . On the one hand, habits provide a fur-

ther motivation to consume: the stronger the habit, the less the utility derived from a

given consumption level and the larger must be purchases to generate the same bene�t.

This explains why in the second half of the life-cycle consumption increases with the

strength of the habit. On the other, anticipating this, a rational individual with non-

separable preferences will tend to choose a lower consumption level early on in the life

cycle to achieve higher consumption growth.

Figure 2. Life-cycle consumption pro�les for different levels of .
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4 Conclusion

In this paper I have extended the results of Alessie and Lusardi (1997) and Guariglia

and Rossi (2002) and I have shown that, using a simple model of habit formation, it

is possible to derive an explicit solution for the consumption function under labour

income uncertainty even in the case in which the time horizon is �nite. The main

advantage of obtaining such a closed-form solution is that it is possible to gain several

insights on the effect of habit persistence on the level of consumption and savings over

the life-cycle.
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A Appendix

A.1 Proof of proposition 1

I guess that the value function takes the form:

Vt = �
�t
�
exp(��(�tAt�1 + �tyt � �tct�1)) (3)

where �t, �t, �t and �t are unknown functions that need to be determined. Taking

expectations gives:

Et�1Vt = ��t
�
Et�1 exp(��(�tAt�1 + �t(yt�1 + wt)� �tct�1))

= ��t
�
Et�1 exp(���twt) exp(��(�tAt�1 + �tyt�1 � �tct�1))

Therefore, the maximisation problem at t can be written as:

Vt = max
ct
f�1
�
exp(��(ct � ct�1))

��
�
�t+1Et exp(���t+1wt+1) exp(��(�t+1At + �t+1yt � �t+1ct))g

= max
ct
f�1
�
exp(��(ct � ct�1))

��
�
�t+1Et exp(���t+1wt+1)

exp(��(�t+1((1 + r)At�1 + yt � ct) + �t+1yt � �t+1ct))g

= max
ct
f�1
�
exp(��(ct � ct�1))

��
�
�t+1Et exp(���t+1wt+1)

exp(���t+1(1 + r)At�1) exp(��(�t+1 + �t+1)yt) exp(�(�t+1 + �t+1)ct))g
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The �rst order condition with respect to ct is:

@

@ct
= exp(��(ct � ct�1))

���t+1(�t+1 + �t+1)Et exp(���t+1wt+1) exp(���t+1(1 + r)At�1)

exp(��(�t+1 + �t+1)yt) exp(�(�t+1 + �t+1)ct))

Rearranging the terms:

exp(��(1 + �t+1 + �t+1)ct) (4)

= ��t+1(�t+1 + �t+1)Et exp(���t+1wt+1) exp(���t+1(1 + r)At�1)

exp(��(�t+1 + �t+1)yt) exp(��ct�1)

By substituting back into the value function:

Vt = �1
�
exp(��(ct � ct�1))�

1

�(�t+1 + �t+1)
exp(��(ct � ct�1))

= �1
�

�
1 + �t+1 + �t+1
�t+1 + �t+1

�
exp(��(ct � ct�1))

= �1
�

�
1 + �t+1 + �t+1
�t+1 + �t+1

�
�
��t+1(�t+1 + �t+1)Et exp(���t+1wt+1)

� 1
(1+�t+1+�t+1)

exp

�
�� �t+1(1 + r)

1 + �t+1 + �t+1
At�1

�
exp

�
��

�t+1 + �t+1
1 + �t+1 + �t+1

yt

�
exp

�
�
�t+1 + �t+1

1 + �t+1 + �t+1
ct�1

�

The comparison of this expression with equation (3) gives the recurrence relations for

the unknown functions.

11



A.2 Proof of proposition 2

From equation (4), the consumption function is:

ct = � 1

�(1 + �t+1 + �t+1)
ln[��t+1(�t+1 + �t+1)Et exp(���t+1wt+1)]

+
�t+1(1 + r)

1 + �t+1 + �t+1
At�1 +

�t+1 + �t+1
1 + �t+1 + �t+1

yt +
1

1 + �t+1 + �t+1
ct�1
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