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Introduction

This paper describes how recursive linear control and estimation theory
can be applied to estimate dynamic equilibrium models. Recursive linear con-
trol theory can be used to compute equilibria of linear-quadratic economies
and linearly to approximate solutions of nonlinear economies. Equilibrium
conditions define a mapping from a model’s free parameters, describing pref-
erences, technologies, endowments, information, and government policies, to
equilibrium stochastic processes of observable variables. The estimation prob-
lem 1s roughly speaking to invert that mapping and to use time series of ob-
servations on some of the variables in the model to make inferences about
the model’s free parameters in light of the mapping defining the equilibrium
stochastic process. Maximum likelihood and the method of moments are used
to extract parameter estimates from time series data. Recursive linear esti-
mation theory can be used to compute a Gaussian likelihood function.! This
paper describes a collection of procedures for speedily calculating equilibria,
for computing an approximate likelihood function, and for maximizing that
likelihood function. The duality of linear control and filtering theory imparts
a unity to these procedures.?

Among the conveniences afforded by this framework is the ability analyt-
ically to differentiate the likelihood function with respect to the free parame-
ters of the economic model. Obtaining these derivatives involves, via a chain
rule, two differentiations of solutions of some Riccati equations with respect to
the parameters in their return (or covariance) and transition matrices. First,
we must differentiate the equilibrium with respect to its free parameters; and
second, we must differentiate the parameters of the “innovations representa-
tion” or “vector autoregression” with respect to parameters of measurement
error processes and the equilibrium stochastic process for the economic model.
It is the relative ease of accomplishing the second piece of the job that makes
linear-quadratic models especially convenient. We describe the nuts and bolts
of these calculations.

This paper is organized as follows. We display two types of economies and
how they are associated with social planning problems that can be formu-

1 Parts of this paper rely heavily on Anderson and Moore (1970, pp. 158-161). For
general background, see Kwakernaak and Sivan (1972) or Sargent (1980). The former
mostly treats continuous time systems, while the latter focuses on discrete time systems.

2 Duality refers to the applicability of identical mathematics to solve the classical control
and filtering problems.
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lated as optimal linear regulator problems. We describe the optimal linear
regulator, then display two tricks of the trade, namely, a pair of transforma-
tions that remove both discounting and cross-products between states and
controls. Next we describe Vaughan’s (1970) eigenvector method for solving
an optimal linear regulator problem without iterating on Bellman’s equation.
Vaughan’s method is typically much faster than Bellman’s. We describe how
Vaughan’s algorithm can be used to compute an equilibrium for a distorted
economy. As an alternative to Vaughan’s method, we can use a closely re-
lated method called the doubling algorithm, which we explain next. We then
show how the calculations can be further accelerated by partitioning the state
vector to achieve a “controllability canonical form.” We describe how to use
the Kalman filter to obtain an innovations representation and how to use it
to compute a Gaussian likelihood function. Finally, we display formulas for
the gradient of the log of Gaussian likelihood function with respect to free
parameters of an economic model. These formulas are homely, but easy to
program and useful for accelerating the process of maximizing the likelihood
function.

Two Economies

General strategies

A class of asset pricing and real business cycle models uses the optimal
linear regulator problem as the workhorse for computing equilibria. After an
equilibrium has been computed, the Kalman filter can be used to deduce the
vector autoregressive representation for variables that are linear functions of
the state. The autoregressive representation is used to interpret the data,
either informally or to form the Gaussian likelihood function recursively.

Two general types of models are used, which differ with respect to the
point in the analysis at which linear-quadratic approximations are imposed or
how they are interpreted. In the first type of model, preferences are specified
to be quadratic functions and transition laws are linear ones. The second
type of model uses a linear regulator problem to approximate a dynamic
programming problem that is not itself linear-quadratic.

Linear-quadratic economy

There is an exogenous information vector z; governed by
zep1 = Aoozy + Cowey, (1)

where wy11 is a martingale difference sequence with Ewyw, = I, and the
eigenvalues of Ass are bounded in modulus by 1/v/3. The vector z de-
termines a preference shock process b; and an endowment shock process d;
via

dtIUd Zt

2
thUbZt. ()
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A representative household has preferences ordered by
EoY Blsi—bi)-(se—b), 0<p<1, (3)
=0

where s; 1s a vector of household services produced at time ¢ via the household
technology
st = Ahy_q + Iley

_ (4)
hy = Aphi_1 + Opey,

where h; is a vector of household durable goods at ¢, ¢; is a vector of rates
of consumption, and A, II, A, ©p are matrices with the eigenvalues of Ap
bounded in modulus by 1//3.

There is a constant returns to scale production technology

Qocy + Oty = Tk + dy

b= Aok . (5)
t = Apki—1 + Oy,
where k; is a vector of capital goods used in production, i; is a vector of
investment goods, and Ay i1s a matrix whose eigenvalues are bounded in
modulus by 1//3.

The social planning problem in this economy is to maximize (3) over
choices of contingency plans for {c, 4, ke, he }52, subject to (1), (2), (4),
and (5) and subject to given initial conditions for (zg,h_1,k—1). The so-
cial planning problem fits within the optimal linear regulator framework and
leads to a quadratic optimal value function V(zg) = zyPzo+ p where z} =
[hi—1, ki—1, z¢t]. The law of motion for the economy is of the form

41 = Aoxrr + Cwigr.

Hansen and Sargent (1994) describe a competitive equilibrium for this
economy. Scaled time 0 Arrow-Debreu prices of the consumption vector de-
noted pY can be computed from the information in (P, A4,) and the household
technology parameters and turn out to be a linear function of the state:

p? = Mcxt//f(v)va

where M, is a matrix and pg 1s a positive scalar giving the numeraire or
marginal utility of wealth.

The price of a claim to a stream of consumption vectors & = Sgx; is
given by
(o]
ag = EoZﬁtP? &
t=0
or
(o]
ag = EZ Bl Zaxy | 1o, (6)

t=0
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where
Zo = SLMLJY. (7)
Hansen and Sargent show that ao can be represented as
00:$6ﬂa Zo + Oa, (8)
where -
g = Z 67’ (Ao/)r 7 A°T (9)
7=0
o A trace Zg i BT (A,)” CC (A, (10)
1- 6 7=0

According to (8), the asset price ag turns out to be the sum of a constant o,
which reflects a “risk premium,” and a quadratic form in the state vector x;.
To understand why o, reflects a risk premium, notice that the parameters in
C' that govern the covariance matrix of innovations to the state influence o,
but do not influence g, .

To implement (8) requires the application of numerical methods to cal-
culate the matrices p, and o, that satisfy Eqgs. (9) and (10). An efficient
doubling algorithm for calculating these matrices is described below.

A nonlinear economy

An alternative method for parameterizing linear-quadratic economies is
to generate them as approximations to non-linear-quadratic economies by
using quadratic approximations to preferences and linear approximations to
transition laws. These approximations make the parameters in the linear-
quadratic structure functions of deeper parameters in the underlying economy.

Here is a version of Kydland and Prescott’s (1982) method for using
linear-quadratic control theory to compute approximate linear solutions to
economies that are not linear-quadratic. Consider a social planning problem
of the form

max Fy Z Br(z,0)
{u) =0

subject to x;y1 = Axy + Buy + Cwigq
/ 1/
z = [y, w]
where @ is a vector of parameters and r is a function of the type used in the
literatures on stochastic growth and real business cycles and wy is a vector

white noise.® Kydland and Prescott generate an approximate solution of this
problem by solving a related problem:

max Fy B4 Mz
R o 2 P

41 = Axy + Buy + Cwygg,

3 In most cases, 7 is the utility function after nonlinear constraints have been substituted
in.
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where
2,0) 2r(z,0)’ 1 or(z,0)
M =e(r(z,0) — % Z 4 5,3 r(z,0) R 1 Ir(z,0)
z

1 /
37 Tz gl
n or(z,0) , P 0?r(z,0) B 0?r(z,0) . 0?r(z,0)

0z 0z2 0z2 : 0z2 ),

where e is a vector of zeros with 1 in the element corresponding to the con-
stant term in #;, and Sy = [I,, 0, 5] and Sy = [Og n, Ix] are selector matrices
and imply z; = Sgx¢ +S,us, where n 1s the dimension of z; and k is the
dimension of u;. This approximating problem is an optimal linear regulator
problem.

Linear-Quadratic Models with Distortions

The computational procedures under study were originally applied to
economies for which a competitive equilibrium allocation solves a social plan-
ning problem in the form of an optimal linear regulator problem and for which
equilibrium prices (or approximations to them) can be deduced from the value
function for the social planner. Most of the methods can, with some adapta-
tions, also be used to study economies with particular types of externalities
and other distortions, like taxes. Such adaptations are described by Blan-
chard and Kahn (1980), Whiteman (1983), Dagli and Taylor (1984), King,
Plosser, and Rebelo (1988a,b), Hansen and Sargent (1994), and McGrattan
(1994).

In linear-quadratic economies, the approach is to formulate the choice
problem of a representative agent as a version of a linear regulator, while
keeping account of the distinction between objects chosen by that agent, and
economy-wide versions of those objects (the so-called “little £ — big K” dis-
tinction, where the “little £” is chosen by the representative agent, taking
“big K7 as given, though in equilibrium “little £” = “big K”). The repre-
sentative agent’s problem is

wa o [2] |6 So | |2 ]+ wrae2 2] [ ]

t=0

subject to
g1 = Ayt + A7 + By iy,

where uy 1s a vector of controls set by the agent; y; is a vector of state vari-
ables consisting of two types of variables, first, state variables under the par-
tial control of the representative agent (the “little £” variables), and, second,
stochastic processes like technology or preference shocks that are exogenous
to the model; and z; consists of a vector of state variables that are exogenous
to the representative agent (the “big K” variables), but not to the model.
The representative agent takes the sequence {z;} as given when solving this
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problem, even though after equilibrium is imposed the individual’s choices
determine the behavior of {z}.

In equilibrium (i.e., after the agent has optimized), the following equations
must be satisfied:

Zy = Oy + V.

Included in these equations would be the “big K = little £” conditions.

Despite the fact the equilibrium allocation for this economy does not solve
a social planning problem, 1t remains possible to compute an equilibrium by

using algorithms closely related to ones that solve linear regulator problems.
McGrattan (1994) gives details.

The Optimal Linear Regulator Problem

Consider the following version of the optimal linear regulator problem:
choose a contingency plan for {u;}:2, to maximize

E> 8 [#Qu: + ujRuy + 22, W], 0< B < 1 (11)

t=0

subject to
l‘t+1 = Al‘t —|— But —|— th+1, t Z 0, (12)

where g is given. In (11) — (12), @ is an n x 1 vector of state variables
and u; is a k x 1 vector of control variables. In (12), we assume that wqq
is a martingale difference sequence with Fuwiw} = I and that C' is a matrix
conformable as required to x and w.

We impose conditions on (@), R, W) and (A, B) that are sufficient to imply
that it 1s both feasible and desirable to set the controls in a way that implies
that

EZﬁtxéxt | zp < o0. (13)

t=0

Dynamic programming

A standard way to solve this problem is by applying the method of dynamic
programming. Let V(z) be the optimal value associated with the program
starting from initial state vector g = . Bellman’s functional equation is

Vi(zy) = %ax{x;th + uy Ruy + 22, Wuy + ﬁEtV(xH_l)}, (14)

where the maximization is subject to (12). One way to solve this functional
equation is simply to iterate on a version of Eq. (14), thereby constructing a
sequence Vj(z;) of successively better approximations to V(x;). In particu-
lar, let

Vigi(me) = H}f}X{l‘;Ql‘t + uy Ruy + 22, Wuy + ﬁEth(l‘tH)}, (15)
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where again the maximization is subject to (12). Suppose that we initiate
the iterations from Vy(#) = 0. Then direct calculations show that successive
iterations on Eq. (15) yield the quadratic form

V(i) = 2t Pjxe + pj, (16)
where P; and p; satisfy the equations

Pios = Qb BA' Py A—(BA' Py BAW)(R4BB P B)™ (3B Py A+ 1) (17)
pi+1 = Bpj+7 trace P;CC". (18)

Equation (17) is known as the matriz Riccati difference equation. Notice
that it involves only {P;} and is independent of {p;}. Notice also that the
parameters in C; which multiplies the noises impinging on the system and so
determines the variances of innovations to information in the system, affect
the {p;} sequence but not the {P;} sequence. This fact can be summarized
by saying that {P;} is independent of the system’s noise statistics.

Under some regularity conditions described by Kwakernaak and Sivan
(1972) and Sargent (1980), iterations on Egs. (17) and (18) converge.® Let
P and p be the limits of (17) and (18), respectively. Then the value function
V(x¢) that satisfies Bellman’s equation (14) is given by

V($t) = l;épr +p,
where P and p are the limit points of iterations on (17) and (18) starting

from Py, =0,p0 =0.
The decision rule that attains the right side of (15) is given by

Uy = —F] i,
where
F; = (R+ 8B 'P;B)" (BB’ P;A+ W). (19)
The optimal decision rule for the original problem is given by w; = —Fay,
where F' = lim;_.o Fj, or
F=(R+BB'PB)y"YBB' PA+W’). (20)

According to Eq. (20), the optimum decision rule for u; is independent of the
parameters C' and so also of the noise statistics.
The limit point P of iterations on (17) evidently satisfies

P=Q+BAPA— (BA'PB+W)
x (R+ BB'PB)"Y(BB'PA+W').

* See Sargent (1980) for a discussion of these conditions.
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This equation in P is called the algebraic matriz Riccatr equation.

One standard way to solve an optimal linear regulator problem is simply
to iterate directly on Egs. (17) and (18). However, faster algorithms are
available. These methods solve the algebraic matrix Riccati equation without
iterating directly on (17). Before we describe some faster algorithms, we shall
describe two useful transformations that permit simplification of some of the
formulas presented above.

Two Useful Transformations

Remouving cross-products between states and controls

It is often simpler to study problems without cross-products between states
and controls. A simple transformation eliminates such cross-products. Con-
sider a linear regulator problem with objective function

Erlunlg W)
that is to be maximized with respect to the transition law
2441 = A%y + Buf + Cwigq. (21b)
Define the transformed control u; by
uy = uf + R7W ez, (22)
Notice that

upRuy =[] uj']

w’ R ;

Uy

e L]

It follows that

. * W[«
[@} u}'] [g/, R | [u%] = 2} Qs + u} Ruy,
where @ = Q* — WR™'W'. Further, notice that the transition law (12) can
be represented as
41 = Axy + Buy + Cwyyq,
where A = A* — BR™'W'.
Collecting results, we find that the regulator problem (21) is equivalent to

the following regulator problem without cross-products between states and
controls: choose {u;} to maximize

E Z B2t Qry + uf Ruy) (23)

t=0
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subject to
41 = Axy + Buy + Cwyyq, (24)

where

Q — Q* _ WR_1W/

25
A=A"— BR™'W'. (25)

It is often convenient to avail ourselves of the opportunity afforded by this
transformation to focus on problems without cross-products between states
and controls.

Eliminating discounting

Consider the following discounted optimal linear regulator problem: choose
a contingency plan for {u;} to maximize

EY " BYiQu, + wjRu,},0 < B < 1 (26)
t=0
subject to
41 = Axy + Buy + C&4q, (27)

where {&.41} is a martingale difference sequence with E{£:£;} = Q;. Con-
sider the transformed variables

Ty = %x

~t 51 ¢ (28)
Uy = 62 Ut.

In terms of the transformed variables, Eqs. (26) and (27) can be rewritten as

oQ

E > (#Qi + iy Rity) (29)
t=0
Fop1 = Aiy + By + OB ¢q, (30)
where ~ )
A=p3%A
= (31)
B=p328B

and E(ﬁ%—_lft+1)(ﬁu2—_1€t+1)’ = 3*1Q,, 1. The transformed optimal linear
regulator problem is to choose a contingency plan for {@:} to maximize (29)
subject to (30). The optimal control law for @; is given by

where
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where P is the limit point of iterations on an appropriate version of the
matrix Riccati difference equation (17). The limit point P thus satisfies

P=Q+APA—APB(R+BPB) B PA. (33)

This is a version of the algebraic matrix Riccati equation. The optimal closed
loop system in terms of transformed variables is

i‘t+1 == (121( - Bﬁ)i‘t —|— 6%—_10€t+1' (34)
Multiplying both sides of this equation by 6_(%—_1) gives
Ti41 = (A - Bp)l‘t + C€t+1~ (35)

Under standard assumptions on the undiscounted problem (29)-(30),5 the
eigenvalues of (fi — BF) are less than unity in modulus. Since A — BF =
ﬁ_% (fi — BF), it follows that under these same assumptions about the
undiscounted problem, the eigenvalues of A — BF are less than 1//8 in
modulus.

Vaughan’s Eigenvector Method
for Solving the Algebraic Matrix Riccati Equation

Vaughan (1970) described a fast algorithm for computing the limit point of
the matrix Riccati equation (33). The multipliersin a Lagrangian formulation
of the linear regulator problem can be represented in terms of derivatives of
the value function. Vaughan’s method works with the Lagrangian formulation
of the problem and proceeds by deriving the linear restrictions that stability
imposes across the multipliers and the state vector. Those restrictions can
be used to compute the matrix P that solves the algebraic matrix Riccati
equation.

Consider the following version of the optimal linear regulator problem:
choose {u;}{L;! to maximize

t1—1

Z {2}Qu: + uiRus} + Py e, (36)

t=to
subject to
Ti41 = Al‘t + But. (37)
Let {ut}?:tu_l_l be a sequence of matrices of Lagrange multipliers. Form the
Lagrangian

t1—1

J = Z{xéth + uy Ruy + 245 [Awy + Buy — 2441]} + @) Py, (38)

t=to

5 Again, see Sargent (1980).
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First-order necessary conditions for the maximization of J with respect to
-1 -1
{udis) and {o b are

U : QRUt + QB//,Lt+1 = 0, t= to, .. .,tl —1 (39)
Tt . /,LtIQl‘t—i—A//,LH_l, t:t0—|—1,...,t1—1 (40)
/,LtIPtll‘t, tItl (41)

Solve Eq. (39) for u; and substitute into Eq. (37) to obtain
xiy1 = Axy — BRT'B piqq. (42)

Stack Eqgs. (39) and (40) to obtain

Ti41 | _ A —BR_lB/ Tt 43

[F‘t]_[Q A Petr ] (43)

For the finite horizon problem, equation (43) is to be solved subject to the
two boundary conditions, x¢, given and py, = Py 24, .

To solve the infinite horizon problem that emerges when we set ¢; = oo,

Vaughan proceeded as follows. Assume that A is nonsingular. Then represent

Eq. (43) as

Ty | _ A_l A_lBR_lB/ Tt41 (44)
Hi B QA_l QA_lBR_lB/ +A/ Hi4+1

or

1]-w(iz]

H Hit1

The matrix M is symplectic, which implies that its eigenvalues come in re-
ciprocal pairs.® Assume that the eigenvalues of M are distinct, so that A
has the representation

M=WDW™ (46)

where D is a diagonal matrix of the eigenvalues of M, W is a matrix com-
posed of the corresponding eigenvectors of M, and where D can be repre-

sented as
A 0
D= ( 0 Al ) ) (47)

where A is a diagonal matrix composed entirely of eigenvalues whose modulus
exceeds unity. Because the eigenvalues appear in reciprocal pairs, we know
that a representation of the form (46) — (47) exists for M.

Multiply both sides of (45) by M~! to obtain

g1 | A=Y 0| [ Ve + Vi 4
|:/it+1:| _W[ 0 A] [Vzll‘t + Vaop |- (48)

6 See Anderson and Moore (1979, p. 160) for a treatment of the key properties of sym-
plectic matrices.



12 Mechanics of Forming and Estimating

where W~1 = iu Vi . Tterating on Eq. (48) j times gives
Vor Voo
Tigj | _ A= 0 | [Viiey + Visp
|:/it+j:| B W[ 0 A [Vormy + Voop |’ (49)

where recall that the eigenvalues, the diagonal elements of A all exceed unity
in modulus.

We want to solve Eq. (49) under conditions that imply that it is optimal to
drive z; — 0 as { — oo, starting from any initial x4, . Since each component
of A exceeds unity, the way to assure that z; — 0 as ¢ — co is to insist that
the components of the solution Eq. (49) multiplying A7 be set to zero. This
i1s accomplished by setting the shadow prices p; to satisfy

Vorzy 4+ Voo =0

or e = — Vg ' Var zy. (50)
Equation (50) states that p; is a particular time invariant linear function of
z¢; call it yy = Pxy, where P = —V2_21V21. Under restriction (50), (49)
becomes

|:W11A_]:(V11$t +V12Nt)] . (51)

Litj
Hitj Wor A7 (Vire; + Viapy)

However, we know that y; = Px;. Therefore, Eq. (51) implies that

Pryyj| _ PWiA™T (Vizay + Vigpy)
Hiti War A=) (Vigey + Vigpe) |7

which implies that PWi, = Ws, or
P=WuyW5' (52)

Equation (52) is Vaughan’s equation for the solution of the algebraic matrix
Riccati equation.

An Algorithm for Distorted Systems

Vaughan’s method can be adapted to compute equilibria of models whose
allocations do not solve a dynamic programming problem. Consider the prob-
lem: choose {ut}?:_tol to

t1—1 / /
Ry, Q: /
w8 [ &) [4] eumr e

subject to
Yir1 = Ayye + A2 + Byug. (54)
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We have used the tricks described earlier to convert our original problem to
one without discounting or cross-products between states and controls. In
equilibrium, we assume that the following conditions must also be satisfied:

zy = Oyy + Vuy. (55)

First-order necessary conditions with respect to {u;};1;} and {y}iL;} in

this case are given by

U : 2Rut—|—23;ut+1 IO, tItQ,...,tl—l (56)
Yt pe = Quye + Qoze + Ayper,  t=to+1,...,t1 -1 (57)
Ht = Ptl[y;’ Z;]a t= tla (58)

where {u:} are Lagrange multipliers associated with the constraint in Eq. (54).
Solve Eq. (56) for u; and substitute it and Eq. (55) into Eqs. (54) and (57)

to obtaln

Y1 = (A4y + 4,0)y — (By + Az\Ij)R_lB;ﬂt+1a (59)
Ht = (Qy + Qze)yt + (A;/ - Qz\pR_lB;)ﬂt+l' (60)

Note that this system is similar to that of (43) in the undistorted case. To
solve the infinite horizon problem that emerges when we set ¢; = oo, proceed
as follows. Assume that the matrix A,+A4,© is nonsingular.” Then represent
Egs. (59) and (60) as
[yt] | At A-1BR™'B,
pe] L QAT'BRTIB, + A

0 ) 61

Hit1

or

[yt]:M[yH'l], (62)
H Hie41

where A = 4, + 4.0, Q = Q, +Q.0, B =B, + AV, and A = 4, —
ByR™'W'Q’,. Notice that if we replace A and A with A, B and B, with
B, and Q with @, then we have the same system as in (44). The differences
between the systems occur because of the side conditions in Eq. (55) that
must be satisfied. Notice also that in the case with distortions, M is not
necessarily symplectic. We assume, however, that M has a representation

M=WDW™ (63)

7 See McGrattan (1994) for details of the finite horizon case and cases in which A is
singular.
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where D is a diagonal matrix of the eigenvalues of M, W is a matrix com-
posed of the corresponding eigenvectors of M, and D can be represented

as
_ (M O
D= ( 0 A, ), (64)

where A; 1s a diagonal matrix composed entirely of eigenvalues whose mod-
ulus exceeds unity, A; is a diagonal matrix composed entirely of eigenvalues
whose modulus is below unity, and the dimensions of A; and A, are equal.
We assume that A; and As have equal numbers of eigenvalues, a condition
for there to exist a unique bounded solution. In practice, we would check this
condition during the calculations.

From this point on, we can follow the same procedure as in the previous
section. Partition W i.e.,

Wi1 Wis
W = 65
[Wzl sz]’ (65)
into four subpartitions of equal dimension. Set p; = Wleﬁlyt so that

vy — 0 as t — oo. Substitute this expression for y; into Eq. (59) to get peqq
in terms of y, 1.e.,

prig1 = (P71 + BR™'B)) Ay, (66)

where P = Wy Wl_ll. Therefore, the solution to the problem in Eq. (53) is
given by

u, = —R'B)(P™' + BR™'B})"' Ay,. (67)
Note that if © = 0 and ¥ = 0, then Eq. (67) is identical to the optimal

decision rule for the social planner of an undistorted economy linear-quadratic
economy.

A Doubling Algorithm

To compute asset prices and to solve a Riccati equation using the parti-
tioning methods described below, we have cause to compute infinite sums of
the form

(o]
V=> G'DH,
j=0
where the eigenvalues of G and H are bounded in modulus strictly below
unity. This sum can be evaluated by recognizing that it is the solution of

a discrete Lyapunov equation and using an algorithm to solve that kind of
equation. Alternatively, it could be computed by iterating to convergence on

Vigr=D+G'ViH.
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Instead of using one of these methods, we often use a simple doubling algo-
rithm, which we implement by computing the following objects recursively:

Gy = Gy_1Gi
H;j = Hj_1Hj_, (68)
Vi=Visi+ G Vi Hjo

where we set Vy = D, Gy =G, Hy = H. By repeated substitution it can be
shown that v
291
V;= > G'DH'. (69)
=0
Each iteration doubles the number of terms in the sum.
The idea of accelerating convergence by skipping steps via doubling can
be used to solve a Riccati equation.

Another Doubling Algorithm

The algebraic matrix Riccati equation can be solved by using a doubling
algorithm.® The algorithm is related to Vaughan’s method in the prominent
role it assigns to the matrix M in Eq. (45).

We consider the same version of the optimal linear regulator focused on in
Vaughan’s method, namely, an undiscounted, nonstochastic problem without
cross-products between states and controls. The problem is to choose a plan
for {ut}?:_tol to maximize

t1—1

Z {#;Quy + ujRu, } + xf Py ey, (70)

t=to

subject to
Ti41 = Al‘t + But. (71)

Let the value function for the tail of the problem starting from initial condition
zy at time ¢ be ) Pxy, for t = iy, to+ 1, ...,t;1 — 1. The matrix Riccati
difference equation 1is

Pi=Q+ APy A— APy B(R+ B' Py  B) B/ Py A. (72)

The first step in deriving the doubling algorithm is to use some facts from
linear algebra to show that Eq. (72) implies the following difference equation
for Py:

P ={QA™" +[A' + QAT'BR™'B'|P11}

73
x {AT '+ ATIBRTIB' P @)

8 This section is based on Anderson and Moore (1979, pp. 158-160).
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Equation (73) is of the form

Po={C+DP 1} x {E+FP 1}, (74)
where
C=QA!
D=A"+QA 'BR'B
e (75)
FEF=A"

F=A"'BR 'R

We can represent the evolution of Eq. (75) via the equivalent system
Xi| | F F||Xita
=1 bl ()
where Py = Yt+1Xt_+11 and P; = YtXt_l. Notice that

E F A1 AT'BR™'B/
[C D] = [QA—l A’—i—QA—lBR—lB’] =M. (77)
The matrix on the right side of Eq. (77) is the matrix M on the right side of
Eq. (44) or (45). The solution of Eq. (76) can be computed rapidly by using
the fact that the matrix M on the right side is a symplectic matriz and by
exploiting the properties of symplectic matrices.
A symplectic matrix Z can be represented in the form

-1 -1
7 = [%_1 a,j_ymﬁ_lﬁ] . (78)

Notice how the matrix in (77) is in such a form, where we set « = 4, v = @,
B=BR'B.
Represent Eq. (76) in the form
Xt Xit1
=M . 79
[ \¢ ] [ Yip (79)
Take the eigenvector decomposition of M given in (46), namely,

_ A O -1
e (3 2w

where the A is a diagonal matrix consisting of the eigenvalues of M that
exceed unity in modulus. Represent M in the partitioned form

M= Win Wiz [A O Vit Vie
War Was | |0 ATH| [ Vo Voo |”
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where [V;;] is the partition of W=!. Iterating on the partitioned form of
Eq. (79) k times and noting that the elements of A exceed unity in modulus,
it follows that

Jim Py = lim ¥ 1 X = Wa Wi, (80)

which is a version of Vaughan’s (1969) formula (51) for computing the solution
of the algebraic matrix Riccati equation. In Eq. (80), we have established
that for any terminal matrices X;41, Yz41 that satisfy Piyq = Yt+1Xt_+11, the
limit of Piy1-p = Yt+1_kXt_+11_k is the solution P, which determines the
value function for the infinite horizon version of the optimal linear regulator
problem.

To compute limg_ oo Pi—r+1 we can proceed by computing higher and
higher powers of M. Rather than computing the sequence M, M?, M3,

, the doubling algorithm proceeds by skipping steps and only computing
the sequence M, M2 M* M3 .... Define ¢(1) = M and define ¢(2) = M?

= ¢(1)?. Then define
¢(2") = ¢(2"71)° (81)
for £ =2,3.... Evidently, we have that
62" =M k=1,2,3,....

Thus, we recursively compute the sequence M, MZ?, M* M3, ..., Mzk,
by snnply squaring the preceding element of the sequence. We represent the
solution of (79) in the form

Xy_orqq 2k | X1
=M . 2
[n_m Yo (82)

We can compute P;_or1q = Yok 1Xt ok iy -
Equation (82) is the key to the doubling algorithm. The algorithm is
completed with the following two details. First, one computes the squares of
the matrices M2 by using the following algorithm for squaring symplectic
matrices: .
ape1 = oap(L+ Brve) ™ o
Brs1 = Br + an(L + Brye) ™' Brery (83)
Vet = Ve + v (L4 Brve) ™ o,

where we set ag = A, v = Q, Bo = BR™'B’. With this algorithm, we have

that
—1

-1
M* = | (84)
Ty Ofk‘i"}/kak ﬁk

Second, with M given by Eq. (84) in Eq. (82), and setting X;y1 = I,
Yi41 = 0, we obtain

Vi X[ (85)

t—okp1 = Tk
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Equality (85) implies that we can compute the solution P of the algebraic
matrix Riccati equation from

P= klim Vi, (86)

where 43 is computed via Eq. (83).

Even though it was assumed that A~! exists in deriving the doubling al-
gorithm, notice that in (83) there is no call to invert A. Indeed, the algorithm
seems to work well even when A~! does not exist.

It is worth noting that while ~; converges as k& — oo, neither «ay nor G
converges. On the contrary, both ap and F; diverge at a rate determined
by the eigenvalue in A that is largest in absolute value. The matrix M2
diverges as k — oo; what converges is the “ratio” Yt_szt__lzk .

The doubling algorithm is much faster than iterating on the Riccati equa-
tion because it skips so many steps.

Adding Speed by Partitioning the State \ector

After application of the two transformations described above to remove
discounting and cross-products between states and controls; often our control
problem occurs in a controllability canonical form: choose {u;} to maximize

s} ! Q Q
L1t 11 12 L1t /
;{ [l‘zt] [Qu sz] [l‘zt] R (87)
subject to
Trepr | _ | A Az | | ®ue By
)=l ] ] ] =)

with [}, 25]" given. The pattern of zeros in the partitioned versions of
A and B in Eq. (88) reflect that 2 is an “uncontrollable process” from
the viewpoint of a social planner.® Two things distinguish a controllability
canonical form: (1) the pattern of zeros in the pair (4, B) and (2) a require-
ment that (411, B1) be a controllable pair, by which is meant that the matrix
[B; Aj By A2, By - ~A7fl_131] have rank equal to the dimension of A4;;. A
controllability canonical form adopts a description of the state vector that
separates it into a part xo; that cannot be affected by the controls and a
part xq; that can be controlled in the sense that there exists a sequence of
controls {u;} that sends 21 to any arbitrarily specified point within the space
in which x; lives.

An advantage in working with a system in controllability canonical form
is that computing the optimal controls can be simplified by organizing the
calculations in a recursive way, first focusing on the controllable point of the
system.

9 See Kwakernaak and Sivan (1972) or Sargent (1980).
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Define an operator T' associated with Bellman’s equation:

T(P)=Q+APA—A'PB(R+ B'PB)"'B'PA. (89)

Partition P and T(P) conformably with the partition [i”]. The (1,1)
2t
and (1,2) components of T(P) satisfy

Ti1(P11) = Qi1 + Ay PriAyy — AL Py B (R+ By Py By ) By P Ay (90)

and

Ti2(P11,Pi2) = Q12 + A1 PiiArs
— Ay P By (R+ ByP11 By )" By P Ay (91)
+ [A), — A} P Bi(R+ By P By) LB} PiaAss.

Notice from Eq. (90) that 71, depends only on Pi; and not on other elements
of the partition of P. From Eq. (91), Ti2 depends on Py and Pja, but not
on Psy. Because 7' maps symmetric matrices into symimetric matrices, the
(2,1) block of T is just the transpose of the (1,2) block. Finally, the (2,2)
block of T' depends on P;1, Pis, and Pas.

Partition the optimal control state feedback matrix F' = [F} Fs], where
the partition is conformable with that of x;. The optimal control 1s

up = —[Fy Fs] [i“] .

2t

Let Plf1 be the fixed point of Eq. (90), and let Plf2 be the fixed point of
le(Plfl,Plz). Then Fy and F, are given by

Py = (R+ B, P/ B)'B, P A, (92)
Fy = (R+ By P{,B1) " (B} P} A1> + B} P/, As). (93)

Equation (92) shows that F} depends only on Plfl, while Fy depends on Plf1
and Plfz, but not on szz, the fixed point of T5s.

We can compute the fixed points of 777 and T}s as follows. First, note
that the 771 operator identified by (90) is formally equivalent with the T'
operator of (89), except that (1,1) subscripts appear on 4 and @, and a
(1) subscript appears on B. Thus, the T, operator is simply the operator
whose iterations define the matrix Riccati difference equation for the small
optimal regulator problem determined by the matrixes (A11, Bi, R, Q11).
We can compute Plf1 by using any of the algorithms described above for this
smaller problem.

Second, given a fixed point Plf1 of Ti1, we apply our simple doubling
algorithm to compute the fixed point of le(Plfl, -). From (68), this mapping
has the form

Tyo(Pl,, Pio) = D+ G'PyoH, (94)
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where

D= le + A/11P1f1A12 - A/11P{1BI(R+ Biplel)_lBipflAH
G =[A1 — Bi(R+ B, Pl B))"' Bl P/ A1)
H = Ass.

Notice that G = A1 — By Py, where Fy is computed from (92). When zo,
is set to zero for all ¢, the law of motion for zi; under the optimal control is
thus given by

LTit41 = Gxiy.

We have assumed regularity conditions that are sufficient to imply that the
eigenvalues of GG have absolute values strictly less than unity. The eigenvalues
of H also are strictly less than unity by assumption. That the eigenvalues of
G and H are both less than unity assures the existence of a limit point to
iterations on Eq. (94). The limit point of iterations on le(Plfl, P13) starting
from Pjs = 0 can be represented as

Pl,=>"G"DHI. (95)

j=0

We compute Plf2 by using the doubling algorithm described above.

Innovations Representations

Constructing an innovations representation is a key step in deducing the
implications of a model for vector autoregressions and for evaluating a Gaus-
sian likelihood function.!® An innovations representation is a state-space
representation in which the vector white noise driving the system is of the
correct dimension (equal to that of the vector of observables) and lives in the
proper space (the space spanned by current and lagged values of the observ-
ables).

Suppose that our theorizing and data collection lead us to a system of the
form

Tip1 = Aoy + Cwip
Zt = Gl‘t + vy (96)
vy = Dvey + 14,

where D is a matrix whose eigenvalues are bounded in modulus by unity and
7 18 a martingale difference sequence that satisfies

Enegy = R
Fwipin, =0 forall ¢ and s.

10 The calculations in this section are versions of ones described by Anderson and Moore
(1979).



Innovations Representations 21

In Eq. (96), v is a serially correlated measurement error process that is
orthogonal to the z; process.
We define the quasi-differenced process as

Zt = 241 — D2y (97)
From Eq. (96) and the definition (97) it follows that
Z = (GAy — DGYay + GCwigy + ega-
Then (x4, %) is governed by the state-space system

Tip1 = Aoz + Cwigs

1 =4 (98)
Zt = Gy + GCwigp1 + Ne41,

where G = GA,— DG . This system has nonzero covariance between the state
noise Cwiy; and the “measurement noise” (GCwip1+ mep1). Let [y, X4
be the Kalman gain and state covariance matrix associated with the Kalman
filter, namely,

K, = (CC'G" + A, 5,GHQ; ! (99)
Qt = GEtG’ —|— R —|— GCC/G/ (100)
Y1 = A A FCC —(CC'G + A5G HGY A, +GCC). (101)

Then an innovations representation for system (98) is

Tip1 = Aoy + Kyuy

o (102)
Zi = GZy 4 uy,
where .
Ty = Eley | Z—1, Zi—a, . . ., Zo, Z0]
w =% — B[ | Zi_1,. . ., 2o, 0]

Qt = EUtU; = GZtGl + R + GCC/G/

Initial conditions for the system are &y and Xg. From definition (97), it

follows that [z441, 2¢, .. ., 20, o] and [z, Z¢—1, . . ., Z0, Zo] span the same space,
so that .

Ty = E[l‘t | Lty Rt—1, - - 'aZ0a$0]

ug = 241 — Blzegr | 21,0, 20, Zo]

So wuy is said to be an innovation in z¢41.

Equation (101) is a matrix Riccati difference equation. The Kalman filter
has a steady-state solution if there exists a time-invariant matrix ¥ which
satisfies Eq. (101), i.e., one that satisfies the algebraic matrix Riccati equation.
In this case, the same computational procedures used for the optimal linear
regulator problem apply. This is a benefit of the duality of filtering and control
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referred to earlier. The steady-state Kalman gain, K, is given by Eq. (99)
with ¥, =% and @ = GXG'+ R+ GCC'G .

The innovations representation is equivalent with a Wold representation
or vector autoregression. Estimates of these representations are recovered
in empirical work using the vector autoregressive techniques promoted by
Sims (1980) and Doan, Litterman, and Sims (1984). It is convenient to have
a quick way of deducing the vector autoregression implied by a particular
theoretical structure. To get a Wold representation for z;, substitute Eq. (97)
into Eq. (102) to obtain

Tip1 = Aoy + Kuy

_ (103)
Zt41 — DZt = Gl‘t =+ uy.
A Wold representation for z; is
zip1 = [I = DL I+ G(I — A, L) ' K Luy, (104)

where again L is the lag operator. From Eq. (103) a recursive whitening filter
for obtaining {u;} from {z:} is given by

Ut = Z¢41 — DZt - Gi‘t (105)
i‘t+1 = Aoi‘t + [{Ut

Vector autoregressive representation
Hansen and Sargent (1994) show that an autoregressive representation for
z; 18

2141 ={D+ (I = DLYG[I — (Ay — KG)L] 'K L} 2 + wy. (106)

or

sep1 =[D+ GK]z + ) _[G(A, — KGY K
j=1 (107)

— DG(A, — KGY 'Kz + uy.

This equation expresses z;41 as the sum of the one-step-ahead linear least
squares forecast and the one-step prediction error.

The Likelihood Function

We start with a “raw” time series {y:} that determines an adjusted series
z¢ according to

2t = f(ytae)a

where © is the vector containing the free parameters of the model, including
parameters determining particular detrending procedures. For example, if
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our raw series has a geometric growth trend equal to p' which is to be re-
moved before estimation, then the adjusted series is z; = y;/p'. We assume
that the state-space model of the form (98) and the associated innovations
representation (102) pertains to the adjusted data {z;}. We can use the in-
novations representation (102) recursively to compute the innovation series,
then calculate the log-likelihood function

T-1
L(O) = Z{log || + trace(Q; tusu)) — log|

t=0

6f(3/ta®)|}

108
v (108)

and find estimates, © = argming L(®), where €, = Euu} is the covariance
matrix of the innovations. To find the minimizer ©, we can use a standard
optimization program. In practice, it is best if we can calculate both the log-
likelihood function and its derivatives analytically. First, the computational
burden is much lower with analytical derivatives. Consider, for example, the
model of McGrattan, Rogerson, and Wright (1993), which has 84 elements
in ©. For each step of a quasi-Newton optimization routine, L and % are
computed. To obtain % numerically for the McGrattan, Rogerson, Wright
(1993) example, the log-likelihood function must be evaluated 168 times if
3L

central differences are used in computing an approximation for &7, e.g.,

3_L N L(O+¢e)— L(O —ce)
06 "~ 2¢ ’

(109)

where e is a vector of zeros except for a 1 in the element corresponding to
f and € is some positive number. Usually, the costs of computing L a large
number of times far outweigh the costs of computing % once. If L and %
are to be computed many times, which is typically the case, then the costs
of computing numerical derivatives can be quite large. A second advantage
to analytical derivatives is numerical accuracy. If the log-likelihood function
is not very smooth for the entire parameter space, there may be problems
with the accuracy of approximations such as Eq. (109). With inaccurate
derivatives, it is difficult to determine the curvature of the function and,
hence, to find a minimum.

For L(©) in Eq. (108), the derivatives 0L(©)/06 are easy to derive. We
derive them in Appendix A and distinguish formulas that are steps in the
derivation from those that would be put into a computer code. Note that
although the final expression for % derived in Appendix A is complicated,
we can use numerical approximations such as Eq. (109) to uncover coding
erTors.

Once we have the log-likelihood function and its derivatives, we can apply
standard optimization methods to the problem of finding the maximum likeli-
hood estimates. In practice, we will have a constrained optimization problem
since the equilibrium is not typically computable for all possible parameter-
izations. For example, we may have simple constraints such as ¢ < © < u,
where ¢ and wu are the lower and upper bounds for the parameter vector.
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In this case, we use either a constrained optimization package or penalty
functions (see Fletcher 1987).

After computing the maximum likelihood estimates, we need to compute
their standard errors,

5.(0) = diagw( t Lo >) (110)

where L+(0) is the logarithm of the density function of the date ¢ innovation,

le.,
0 , 0
L(©) :log|Qt|+u§Qt—1ut—log|%|. (111)
t
The formula for 66L€’ is also given in Appendix A.

An Example

In this section, we present estimates of some of the parameters of Rosen,
Murphy, and Scheinkman’s (1994) model of “Cattle Cycles.” Let p; be the
price of freshly slaughtered beef, m; the feeding cost of preparing an animal
for slaughter, hy the one-period holding cost for a mature animal, ~,h; the
one-period holding cost for a yearling, and ~gh; the one-period holding cost
for a calf. The costs {hy, m;}52, are exogenous stochastic processes, while
the stochastic process {p;}2, is determined by a rational expectations equi-
librium. Let x; be the breeding stock and y; be the total stock of animals.
Each animal that is reserved for breeding gives birth to g calves. Calves that
survive become part of the adult stock after 2 years. Therefore, if we assume
that ¢ indexes a year, the law of motion for stocks is

2= (1 = &)wio1 + g3 — ¢4, (112)

where ¢; is a rate of slaughtering and 6 is the exponential death rate. The
total head count of cattle is

Yt = ¢ + g2¢—1 + gT¢—2, (113)

which is the sum of adults, yearlings, and calves, respectively.
A representative farmer maximizes

Eq Zﬁt{ptct_htxt — (vohe)(gzi—1) — (y1he)(goi—2) — Mmycy
(114)

- \Ij(l’t, Tt—1,Tt-2, Ct)},

where s s s s
1 2 3 4



An Erample 25

The maximization is subject to the law of motion (112), taking as given
the stochastic laws of motion for the exogenous random processes and the
equilibrium price process and the initial state [z_1, z_2, x_3]. Here (¢;,j =
1,2, 3) are small positive parameters, which model quadratic costs of carrying
stocks, and 4 1s a small positive parameter measuring quadratic costs of
slaughtering. **

Demand is governed by

¢t = og — a1py + dy, (116)

where ap > 0, oy > 0, and {d;}$2, is a stochastic process with mean zero
representing a demand shifter. The stochastic processes {d;, by, my} are
univariate autoregressions with orthogonal innovations.

We can map this model into the framework of Hansen and Sargent (1994)
by appropriately choosing the matrices A, II, Oy, Ap, A, O, &, ®,, ¢,
[, Ass, Cy, Uy, and Uy to capture the preceding version of Rosen, Murphy,
and Scheinkman’s (1994) model. Hansen and Sargent (1994) describe the
correspondence between partial equilibrium models like Rosen, Murphy, and
Scheinkman’s and Hansen and Sargent’s general equilibrium framework. This
involves specifying preferences so that household’s first-order conditions can
be interpreted as a partial equilibrium demand curve.

Preferences

Set A=0, A, =0, ©, =0, IT =o', and b, = Td; + HMap. With
these settings, Hansen and Sargent’s marginal condition for the household’s
problem becomes

e =M1 1h, — T 'py,

or
¢t = og — a1py + dy,

thus delivering the appropriate demand curve (i.e., Eq. (116)).

Technology

The law of motion for capital is

o (1-6) 0 g7 [ai-1
L1 = 1 0 0 Tt_9
Tt_9 0 1 0 Tt+_3

ki = Apky_1 4 Opiy.

1
0
0

_|_

%,

or

11 The costs in Eq. (115) are all absent in the work of Rosen, Murphy, and Scheinkman
(1994), though such costs are implicitly taken into account by them in motivating their
decision to “solve stable roots backwards and unstable roots forwards.” To capture Rosen,
Murphy, and Scheinkman’s solution, we can set each of the ;’s to a positive but very

small number.
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Here 1; = —¢y.
We use adjustment costs to capture the holding and slaughtering costs.

We set
g1t = fix: + fahy,
or
g1t = [il(1 = 8)xi—1 + gri—s — ct] + fahs.

We set
g2t = faxi—1+ fahy
g3t = fsxi—1+ fehy.

Notice that
g%t = 121}2 + f2ht2 + 2f1faxihy
95 = f3xi_y + f2h7 + 2f3 fawi_1hy
950 = fiwi_o + fohi + 2f5 fowiothy.
Thus, we set
p=" =t o=t
2f1f2 =1 2fsfa=m9 2fsfs = 709

To capture the feeding costs we set

Gar = frer + feamy

and set s
Fi=5 2fs=1
Thus, we set
1 1 0 0 0 0]
f1 0 100 of 9"
0 |ee+|O]ic+ |0 1 0 of |9
0 0 00 1 0|9
—fr 0 0 0 0 1] L9
0 0 0 0
Jd—=6) 0 gfi| [ai-1 foh
= f3 0 0 Tt—2 + h2 th
0 f5 0 i3 f4 tf6 1
0 0o 0] i
We also set d; = Ugz¢, where
0
f2Un
Ug=| faln |,
fsUn

fSUm
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Table 1. Parameter estimates for “Cattle Cycle” example.

Parameters Estimates  Standard Errors
Qg 146 33.4
a 1.27 0.323
Yo 0.647 11.5
11 1.77 12.0
[/ 0.938 0.0222
Oh 0.888 0.115
Pm 0.699 0.0417
o 6.82 10.6
Om 4.04 1.05
oy 0.273 0.0383
o 4.82 0.531

where [Up, U] are selector vectors that pick off h; and my; from the exoge-
nous state vector z;. The vector z; is assumed to be a vector autoregressive
process. We assume that the processes for dy, h;, and m; are given by

diy1 = pads + €a s,
hivr = (1 — pr)itn + prhe + €n 4,
miy1 = (L= pm)ptm + pmme + €m,t)

where EE?l,t =02, EG%J =07, and EG,Z,N = ¢2,. The disturbances €4, €p ¢,
and €, ; are white noise processes that are uncorrelated at all lags.

To compute parameter estimates, we use the same data set as Rosen,
Murphy, and Scheinkman (1994) which includes annual observations for y,
¢;, and p; for the United States during the period 1900-1990.'? We assume
that there is error in measuring the total stock of cattle, y;, and the slaughter
rate, ¢;. In particular, we assume that the (1,1) element of R, the variance-
covariance matrix of the measurement errors, is equal to 05, and we assume
that the (2,2) element of R is equal to o2. All other elements of R are set
equal to zero.

We are now equipped to estimate the parameters of this economy by ap-
plying the formulas of the previous sections. We start with some a priori
restrictions. Assume that § = 0.96, ¢ = 0, f; = 0.0001, j = 1,3,5,7,
pa =0, g =0, pup =37, and p,, = 63. The remaining parameters are ele-
ments of ©, i.e., © = [ag, a1, Yo, 71, P, Pm, Ch, Om, Oy, 0.]. In Table
1, we report estimates of these parameters and standard errors for the esti-
mates. Note that from the values for ag and a7 we can get an estimate of the
demand elasticity. For this model, the elasticity is given by -0.61.13 The val-

12 The sources of this data are United States, Bureau of the Census (1975) and (1989).
y is the total stock of cattle excluding milk cows, c is the cattle slaughtered, and p is the
price of slaughtered cattle.

13 This estimate is o1 X po/co (-1.27 X 0.48).
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ues of y9 and 7, give us information about the holding costs. The estimates
indicate that the costs are higher for calves than for yearlings. However, the
standard errors on 7y and 7; indicate that these parameters are not precisely
estimated. The value of g implies that 0.9424_; calves are born at date £,
where x;_1 1s the breeding stock at { —1. This estimate is higher than Rosen,
Murphy, and Scheinkman’s (1994) estimate of 0.85. The estimates of p; and
pm 1mply that there is persistence in the processes for holding and feeding
costs. Finally, the estimates of o, and o, indicate that the measurement
error 1s higher for the slaughter rate than for the total stock.

In Figures 1 through 3, we plot the predicted and actual time series for the
stock of cattle, the slaughter rate, and the price. The predicted series are the
one-step-ahead forecasts, e.g., G#;. These plots support the claim of Rosen,
Murphy, and Scheinkman (1994) that the model does well in capturing the
cyclical fluctuations in the cattle market.

Conclusion

We have consigned perhaps the most useful parts of this paper to the
appendixes, which contain formulas for computing 66L9’ . Resort to these for-
mulas can be avoided by using numerical derivatives, as was done for example
by imrohoroglu (1993). However, for problems with sizable numbers of pa-
rameters, these formulas are very valuable. In terms of consequence for speed
of the computations, the decision whether or not to use these formulas as
against numerical derivatives will dwarf the choice of a particular equilibrium

computation algorithm.

Appendix A: Computing 2= and 2Z: for a state-space model

Differentiating the log-likelihood function with respect to the free param-
eters of the economic model can be broken into two steps: first, differenti-
ating the log-likelihood function with respect to matrices appearing in the
state-space model (102); and second, differentiating the parameters of the
state-space model (98) with respect to the free parameters of the underlying

economic model. In this appendix, we derive % in terms of the derivatives

of 4,, C, G, D, R, &g, Xo, and {z,t =0,...T}. We ignore the Jacobian
in Eq. (108) since it differs for each problem. In Appendix B, we show how
to compute derivatives of A, and C for the linear-quadratic and nonlinear
economies with and without distortions.

aL
The formula for 55

For the first step, we take as given A,, C, G, D, R, zy, Xy, and
{z1,t = 0,...T}, and their derivatives with respect to the deeper economic
parameters. We shall show that the derivative of the log-likelihood function
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1s
T-1

aL _ aAO ~/ ~ o 10—1 60 yal
50" ; [2 traceq{ 50 Y.ML G — 2wy G+ 2 trace{%C’ G'M,G}

+2 trace{aa—(;(AoEtG’Mt —X,.G'M;D+ CC'G'M; — Ay,
+ Q7 D)}
oD ! -1 5. O—1
-2 trace{WGEtG My — 2wy Q7 + Gauidy )}
T ; _
+ trace{%—?Mt} + trace{%G'MtG} -2 trace{%ué@t—l(}}

6Zt+1

+ 2 trace{ 0

w, Q7 -2 trace{%ué@t—lD}], (117)

where

0% 04,
o6~ a6

0%, oA, 8C oc’
/ il YV Vel e
YA, + Ao 50 A, + A%, 50 + 890 +C@9

~ (ac oc’ 0G' 94,

i Vol Y 1 O
690G —I—Cag G'+CC 50 + 50
I% ~ aél ! ” 082 !

+ AOWG + AOZt% )[Xt + [thlxt

0G . ,  =0% ., . 0A,

— K (%EtAo"i'GWAo"FGEt 69

aG acC 8(1’)

v,G

+ 8gCC +Gagc +GC@9

0A, OK,- _ 0G.. 0K,
g0 " oa O Kigg)tt g A
6Zt+1 D@zt

(118)

0141
a0

0
= Aogg *(

+ Ky( %0 W)'

(119)

The expressions in (118) and (119) follow from the definitions of %; in
Eq. (101) and #; in Eq. (102). The initial conditions, &y and Xg, and their
derivatives are assumed to be given.

If ¥ is given by the steady-state solution of the Riccati equation, then
the computation can be simplified. The formula for the derivative of the
log-likelihood function is given by

oL = 2T trace{ 65;0

90
—NGFQU (I - KG) - SA N, Q7 G

u

(SGMG—T;,97'G - T — KG)

+ SAN(I — KG))}
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+2T trace{%—gC’(G’MG — G (I - KG)
— ([ -GKN,Q'G+ (I - GEHI(I - KG))}
aG ~/ ~t! iyall
+ 2T trace{%(AoEG M-YXG'MD+ CC'G'M
— AT F T3, Q7 D+ A Tan K
— T KD —CC'(I -G KN,
+ CC'GQU T K — AXA T, Q71
+NA T Q7D+ ASGQTITWK
—NG'QTIT KD - ASAK + SATIKD
— CC'IIK 4+ CC'G'K'IIK)}
—2T trace{ (GEG M+ (T, — GTg)Q7 0
+ GUaAK — [, K — GRA T, Q71

+ GEGE'QTIT WK — GRATIK)}

1 1
+ 2T trace{%—?(iM + Q7 MM K + 5K’HK)}

+2 trace{z 3zt+1 - Dazt) Q-

-2 trace{z aﬁ - Dazt ! K} —2 trace{%/\g}, (120)

where X is the asymptotic state covariance matrix found by iterating on
Eq. (101) and &, K, £, u; and &, are defined in Eqgs. (98), (99), (100), and
(102), and

M= (A, — KG)Y Mig1 + G'Q tuy, t=0,...,7—2

=60
T-1
1
Twu == utué
T t=0
T-1
1
qu = T i‘tut
t=0
T-1
1
I',.=—= Ziu
T t
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=

Lux = > i) (121)
t=1
=

Tix = PR TRY (122)
t=1
=

Ty = PR (123)
t=1

M= '-Q'l,,0!
A, = A, — KG

M=ATNA, + MG —-GQ T A, — AT, QG

In the remainder of this appendix, we derive the formulas in Eq. (117) and
Eq. (120). Readers who are not interested in this derivation can skip the rest
of this appendix.

Derivation of the formulas

The derivative of the log-likelihood function with respect to any element
f of the parameter vector is given by

Ztra { Mt} —|—Ztrace{ 50 ut 3ut 1}

251 +SZ,

(124)

where M; = Q7' — Q7 hwul Q7! and Q; = Euu). We start with the first
term in the expression for the derivative of the log-likelihood function, 5.
For this, we need the derivative of the covariance matrix, Q;, which satisfies

/

% = %_jEfG/ + G%E; G+ Gzt%—(j + %R + 86—(;00 el
+Gaa(;c G’+G(Ja@—(; G’+GCC’6£/
:(%—?AO+G6£ %GG D%C;)zt(;ur(;a;f(;'
S e L
+ g—(gcc G+ G%CC G+ GC%—C/G’ + GCC’%G/ (125)

The second equality follows from the definition of G'. If we post-multiply the
derivative of €; by M; and take the trace of the result, we have the first term
of the derivative of the log-likelihood function in Eq. (124):

T-1

Sy = Z [2 trace(%EtG/MtG) +2 trace(a—c

C'G' MG
P a0 a0 G)
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+2 trace(aa—(;{AoEtG’Mt - %,G'M,D + CC'G' M, })

-2 trace(a—DGEtG/Mt) + trace(a—R

a0 a9 M)
+ trace(%@’Mté)]. (126)

94, 2C 9G @D .4

@

Note that the formula for S; depends on derivatives <%=, ==, 25, Z7,
%, 66%’, which 1s yet to be derived.

We now turn to the second term of the log-likelihood function derivative,
Sy = trace(@utu;/ﬁﬁﬁt—l). Let Tyyu(t) = weuy. By definition, Ty, (t) =

(z: — Gi‘t)(it — Gi‘t)’; therefore, its derivative is given by

which are known, and

%Z(t) - (% - aa—(;xt G%)u’ + ut(%—? - aa—(;i‘t - G%)/
%DG@ + Daa(; G%)Ui
T L R WA
A’G/%—?/-l- A;aa—(;/D’ %9 G'). (127)

If we post-multiply this derivative by Qt_l, take the trace of the resulting
matrix, and sum over ¢, then we have the second term of the derivative of
the log-likelihood function, i.e.,

T-1
S = Z [2 trace{ xtu 1 Gy +2 trace{ (Aoi‘tuéﬁt_l — i‘tuQQt—lD)}
=0
8 6Zt+1 ’
+ 2 trace{— 50 (zew, — Gl )71} — 2 trace{z w, Q7Y
+2 trace{z O W QDY + 2 trace{z o2, u Q7 Gl (128)

Sum the expressions in Eqs. (126) and (128) to get the expression for the
derivative of the log-likelihood function in (117).

For the time-invariant case, several more steps are needed. First, we derive
the last term in Eq. (128) in terms of the derivatives that are taken as inputs.
To simplify notation, we first define the sequences {d;} and {A;} as follows:

04, 0K oG OK 0z,
d = (g = 5 G — K)o+ g+ Ko

AtI(AO—[XG)At+1+GQ 1Ut, tIO,,T—Q
=G . (129)

t=0,....T—1
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Notice that the time subscripts have been dropped from K and €2 since the

time-invariant case assurnes that &, = X for all ¢t. Let A, = 4, — KG.
Notice that since ;41 = Aot + K7z, its derivative is given by

89234_1 - 692‘
=A,— +d;. 1
0 0 (130)
Write out the last term in Eq. (128) and substitute in #; = Zt ! As=1x

dy_s. Then group terms involving #g and dy, t = 0, .. T — 2 These steps
lead to

_—trace Z 31} /Q 1G Qtrace —A/ Zdt 1/\

T
—_ % trace(%/\g) p trace{(% - %G - K%—?Ao
/’ 35;0 aa G+ K Daa(;)l“,;,\ + %rﬁ
-|—TA %Zafx—f’aa? IDZaZt L

t=1
=-2 trace{%lﬂm(f - KG)}
06
+ 2 trace{a—G(AOFmK — Ff;)\[(D}

-2 trace{ (GFMA —T.K)}

2 &zt 3Zt Ly

— 7 trace{[x 2 — KD Z

_2 trace(a;A/) 2 trace{ I3 (131)
T a0 Fr

where Ty, Tsa, and T,y are the sums defined in Eqs. (121) through Eq. (123)
and I'sy = ZtT:_ll Zi—1A, /T . The second equality follows from the definitions
of d;_1 and (G and some algebraic manipulation. The last term in Eq. (131)
uses the fact that u; = z, —G#;. With the exception of Z 69 , the expression in
Eq. (131) is a function of known derivatives. The expression for % follows
from the definition in Eq. (99) and is given by

oK _[oC ., .,  .9C' 9G04, T -,
55 = | 3g C'C + Oy O+ CC 50 + 280 4+ A, 5
/ / / /

+a,ma 96 04, 00" _ 4 x99 plg-1

° 00 a6 90 a6
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—(CC'G + A,5G)Q BC;A led ag; - %—?GZG’

_Daa—(;EG/-i-Gg?G/—I—GEAgg(;/ 85;0/

- GZG’%—?/ — GZ%—(;/D' + aa—g + aa—(;CC G

+ Gaa(;(] G+ GC%—C/G’ + GO’ aaG ]Q—l. (132)
Note that we have written 29 in terms of 2%, 242 and 20 . Substituting

% into the expression in Eq. (131) and rearranging terms, we have

trace Z 3t A 1G

-2 trace{ﬁ(rm(l — KG)+XG'Q (I - KG)

+ AT, QTG
) trace{a—gC’(G’Q_lqu(I — KG)+ (I - G'K"I,,Q7G)}
+2 trace{aa—(;(AoFmK — T KD —-CC'(I - G'KNH,Q7 0

+ CCGQ T WK — AXA T, Q  + XA T, Q71D
+ ASG QT 0K — G QT WK D)}

-2 trace{ (Gl“x,\[x —TaK - GRAT, Q4+ GEGQ T\ K)}

+2 trace{—gQ_lquK}

2 ) L9
-7 trace{[x Zt /\/ — KD Z Zt L9\

2 o ., 0% .
-7 traceq{ 50 Ap} — 2 trace{ %0 (G'Q7 Tyuado)} (133)

Therefore, the expression for the second term of the log-likelihood function
derivative, S;, is given by

S ——2trace{ 04, (FMQ LG4+ Tl — KG)+ SGQ T (I — KG)

—|—EA’ I, Q7 'G}
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-2 trace{%—ic’(G’Q—lrm(I —KG)+ (I - GKN,Q7 G}

oG
-2 trace{%(AoFf,uQ_l — T3, D — ATer K + Tern KD

+CC(I -G KN, - CO'GQ T K
+ AXA T Q7 -SA T Q7D
— A SGQTIT K + XG' Q7 T WK D)}

D
-2 trace{%—g((qu — GT3)Q 4+ GIap K — To0 K — GEALT, Q71

+ GEG'QIT )\ K)}

+2 trace{—Q TLKY

= trace{z 3zt+1 w, Q™ - = trace{z O u,Q~ D}

2
-7 trace{[x 6zt /\' — KD Z 6zt Ly

t=1

2
-7 trace{—A'}

0
-2 trace{%(}/Q_lquﬁo}. (134)
Our expressions for S; in Eq. (126) and So in Eq. (134) depend on 242
aC  8G aD R

a6
565 38> 555 Bg» Which are known, and %, which we will now derive.
Using the expression in Eq. (118) with X1 = X = X, we get

oY L 0¥ ,
%_A 89A + W+ W' (135)
where
0A oC oC ac’ aG’
W — o EA/ ’ /Irl I?/ ! I?/
oo ° o0 ¢ oo G ¢ oo ¢ ce oo
0A, _ - aG’ HA,’
_ o [/7/ ! i R o a4l
a0 Aoxido 55 K a0 OF
aD’ aG’ OR
/ 1 1 - 1
+ A, EG_@QI + A, E—aHDI + [_89[
oG - 0A, _ - oD .
I/ AOE /[7/ I/ o % K a4l
—|—x—89 G'K'+ K 50 3 A_agGEGA
— KD%—(;EG’K’ + K%—HCC’G’K’ + KGa—CC’G’I”

5 ' (136)
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The terms W and W' in Eq. (135) include all derivatives but %. To get
the expression in Eq. (136), we substituted the expressions for % and %
into Eq. (135). Let II be a symmetric matrix that satisfies
Y A 1 /
H:AOHAO+§(H+H), (137)
where o B B
H=GMG - 2G'Q T\ A,. (138)
Then,
) oy 1 ,
trace(%H) = trace{%i(f] + HY}
¥ o
= trace{g—g(ﬂ — AlTIA,)}
0% - 0% -,
= trace{%ﬂ} - trace{AO%AOH}
ox. - 0% -,
= trace{(% - AO%AO)H}
= trace{(W + W')II}
= 2 trace{WII}. (139)

If we post-multiply W by II and take 2 times the trace, then we have an
expression for trace(%H) in terms of known derivatives, 1.e.,

94, LA (I - KG)}

trace(a—EH) = 2 trace{ 50

a6

+2 trace{%—gC/(I - G'KNII(I — KG)}

oG T - Y] - / I -
-2 trace{%(AoEAOHA —XANKD 4+ CC(I -G KHIIK}
+2 trace{%—?GZﬁgHK} + trace{%—?h"ﬂ[(}. (140)

Sum S;, which appears in Eq. (126) with ¥; = ¥ and ©; = ©, and
Ss in (134). Substitute in the expression for trace(%H) from Eq. (140).
The result is the derivative of the log-likelihood function which is given in

Eq. (120).

Standard errors

After we have computed parameter estimates, we want to compute their
standard errors as given in Eq. (110). For this, we need to compute the
derivative of

Li(©) = log || + u,Q T,
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with respect to any element 0 of the parameter vector.!® This derivative is
given by

6Lt _ 8Qt 8ut’ _ _ 8ut _ 8Qt _
8—9 = trace(Qt 1@) + W Qt 1Ut + U;Qt 18_6 — U;Qt 1th 1Ut
Q !
= trace{(Q; ' — Q{lutuéﬁjl)%} + trace{% Q lus + uéﬁjl%}
o0 _1 0wt
= trace{a—;Mt} + trace{€2; 1%}, (141)
where M, = Q7' — Q7w Q7. Above, we calculated % and 8(%—’;4).

These expressions are given in Eq. (125) and Eq. (127).

Appendix B: Differentiating the state-space model
with respect to economic parameters

In this appendix, we describe how to compute derivatives of A, and C
with respect to the free parameters of an economic model. We do this for four
economies: a linear-quadratic economy without distortions; a nonlinear econ-
omy without distortions; a linear-quadratic economy with distortions; and a
nonlinear economy with distortions. Because we use linear approximations
for the nonlinear economies, most of the work 1s in deriving the formulas for
the linear-quadratic economies.

A linear-quadratic economy without distortions

The optimization problem is

maXZ B (x5 Quy + uf Ruy + 22, Wuy) (142)

{ut t=0
subject to z;y1 = Axy + Buy 4+ Clegyq,

where each element of ¢; is a random variable that is normally distributed
with mean 0 and variance equal to 1. We assume that the matrices @, R, W,
A, B, and C depend on a vector of parameters; ©. Typically, the number of
elements in © is small relative to the combined number of elements in these
matrices. We also assume that the derivatives of the matrices in Eq. (142)
with respect to the elements of © are known.

The optimal decision function is given by w; = —F'zy, where

F=(R+BB'PB)y"YBB' PA+W’) (143)
for P satisfying

P=Q+BAPA— (W4 BAPB)YR+ BB PB)"HBB'PA+W'). (144)

1% Note that we are again ignoring the Jacobian since the relationship between z and y
differs for each problem.
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The law of motion for x in equilibrium 1s
Tt41 IAol‘t—FCEH_l, AO = A—- BF. (145)

Therefore, the derivative of A, with respect to an element of O is

0A, 0A 0B or
T (146)
The derivatives % and % depend on the specification of the problem in

Eq. (142) and are assumed to be known. The derivative of F' is

oF . _,,0R 8B’ OP )
g = TRAOBPE) T (Ga A 55y PB+OB 55 BH0B Po)T
dB’ oP dA oW’
/ -1 ) /_ / el -
+ (R+BB'PB)~*(p 53 PA+pB 53 A+pB Paa +5 ).(147)

Notice that this formula depends on the derivative of P, with the remaining

derivatives provided by the modeler. The derivative % satisfies the following

equation:
68—]; = %—Cj + Bg—?/PA + BA’%—];A + 6A’Pg—? - (%—ZV + ﬁg—?/PB
+ 5,4'%—];3 + ﬁA’P%—?)F + F’(%—? + 6%—51)3 + BB’%—];B
+ 6B’P%—§)F - F’(B%—?/PA + BB’%—];A + BB’Pg—? + %—ng/)
zﬁAég—gﬂoJraa—?Jfﬁ %/—F’%—?/ PAO—I-ﬁAZP[g—?—aa—?F]
O W Ok, 119

%, the gradi-

ent of P can be represented explicitly in terms of things we know. Define the
gradient operator as follows: for any matrix A that depends on the parameter

0, VoA= vec(%). Then,

Although this formula determines only an implicit function for

VoP = (1 - A, @A) YQ+ BA, P2 1) Ve A' + (I @ A,P) Vs A
—BALPQ F Y B — B(F' @ ALPYVsB — (F' @ 1)V W
— (@ FYVyW' + (F' @ F')VaR}, (149)
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which is a function of the gradients of A, B, @), R, and W . The gradient
of P can then be substituted into the following formula for V4 F

Vo F = B(I @ RB'PYVsA— B(F' @ RB'P)VyB+ B(A P @ R) Vs B
—(F'@R)VsR+ (1@ R) VW' + B(A, @ RB') Vs P, (150)

where R = (R + 3B’ PB)~!. Finally, we substitute this expression for V F
into

VoA, = Vo A— (F'@I)VeB — (I @ B)VpF. (151)
Since C'is chosen by the modeler, we assume that its derivative with respect
to & 1s known.

A nonlinear economy without distortions

The optimization problem that we start with is

max Fy Z Br(z,0) (152)

{ut} t=0
subject to x;y1 = Axy + Buy + Cwigq

a = [, wl”

We solve a related problem, namely,

{{nai( Ey Z B2 M 2 (153)
U t=0

41 = Axy + Buy + Cwygg,

where
B _ or(z,0)  1_,0%(z,0) _, 1, or(z0)
M =e(r(z,0)— 5 2T 57 872)6 5(67
ar(z,0) , L, 0%r(2,0)  9%*r(z,0) _,  0%r(z,0)
t o T e T . Tt g » (B9

and where e is a vector of zeros except for a 1 in the element corresponding
to the constant term in xz;, 7 and w are the steady-state values of z; and
wy, and Sy = [In,0n k] and Sy = [Op n, Iz] are selector matrices and imply
2z = Szxy +Syuus, where n is the dimension The latter problem yields the
same decision function as that of Eq. (142) (where @ = S, M S, R = S, MS,,
and W = SLMS,).

In the nonlinear case, however, the derivatives are slightly more com-

plicated. To derive 6549", we need to calculate derivatives of the coefficient
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matrices of the objective function. For this, we need the derivative of M with
respect to 6:

z

oM L 0r(z,0)  0*r(z,0)_ 1_/_ 0%r(2,0)0z
20 =T " "oz00 Z+§Z(VZ’ 922 aa)()

1,r(z,0) ., , 1, 8%(z0) 8%(z0) ,
+ 5% omar ¢ T3\ o0 T oza0 ©

. (vzﬁ g(zz ,0) g;)() (%626(; ,0) g;)()ze/

B 837“(2 ) 837“(2 ) _ 837“(2 )
! b) _ b) 1 b)
“omer 9700 ¢ T o200

e L i

where V,A(z) = [%A( z), 62 Alz), ..., 6? A(z)] for A(z) which is n x n
and b(:) is an n x n matrix created from a vector of length n? by stacking
the first n elements of b into column 1, the next n elements of b into column
2, etc. As this formula indicates, the modeler must provide first-, second-,
and third-order derivatives of the return functlon The derivatives of Q, R
and W follow immediately from %, eg., 69 =5 66]‘945 The remaining

derivations are the same as in the linear-quadratic case.

bl

A linear-quadratic economy with distortions

The optimization problem that we start with is given by

%§§Zﬁt [Zt] [g? g;z] |:Zt:|+u Rw+2[ t] [%y]ut} (156)

subject to B B B
Urp1 = Ayyr + Az + Byuy + Cé4.

To ease notation, we convert the problem to one without cross-products or
discounting. Let

= g%y,
2t = ﬁt/zg
Uy = ﬁt/za
e = 1%
R=R

Qy = Qy — W, RV
Qz = Qz - WyR_lwg/
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Qa2 = Qo2 — W, R™!

Ay = \/B(Ay - ByR_ 7;)

A = /B(A: = ByR™'W))

B, = \/BBy

©=I+VYR'W) (O -VYR'W,)

U =(I+VR'W). (157)

With these definitions, we can restate the optimization problem as follows
o0 / Q Q /
Yt y 2 Yt !
(][ ][] im0

subject to
Yrp1 = Ayyr + A ze + Byuy + Cegya.

Let A=A, +4,0, Q =Q,+Q.0, B=B,+A,¥ and A = A, —
By R™'W'Q’,. The decision function in this case is given by

F = (R+ B,PB)”'B,PA, (159)
where P satisfies
P=Q+APA—APB(R+B,PB)"'B,PA. (160)
The decision function for the original problem is given by
F=(R+ W) (RF+W, + W.O), (161)
and the equilibrium law of motion for g; is
Gt = Aol + Cergr, Ao = A, + 4,0 — A, UF — B,F = 3= 3(A - BF).
Therefore, the derivative of A, with respect to a parameter 6 is given by

94, 1 0A OB L OF
a0 7 G et Py

|

(163)

To calculate 6549" requires several steps. First, we need the derivatives of A,

B, and F' with respect to 0:

9A  0A, 0A, 90
0B 0B, & 0A, o

6_9_%—1— 66\11-1-142% (165)
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oF
a0
, P

+ B,

+ B!

Ve A+ B,

B, op
PA, B’
+ g P40+ By o

OR

_ rpRpy L9t

= (R+ B,PB) " ( 5
opr
!

+ B, 55

0A
/
+ B, P 50

Note that these derivatives are functions of of 2%

= —(R+ B,PB, + B,PAW)

B,
B, + B, Paa—g—I——PAZ\I!

apP 0A,
a6

+(R+ B,PB, + B,PAW) (=X

— A, ®+B’

(O — WF) + Bl PA (-
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OR

oB,’
(o

'l
+ a0 PB,
9B,
00
6\1!)
700
6By /
50 PA, —I—By 50
0A 00
69 y PA: 89)

oP . 9A,
Ay + By P

o5,! P(A— BF)

a6
J4, 0B

(A= BF)+ B, P(—L — —LF)

a6 a6

00 IV

3B,
50

94,
90

9A, 20 29
80 > 98 86

86>

and 2 69 . The derivative of R is given since R = R. The derivatives for By,
Ay, A., © and ¥ follow from their definitions above, e.g.,
3@% _ 5%, (167)
0% - %_ @R o +ByR—1%—§R—1W;
—-ByR! aavz /), (168)
o 35‘; 36%13 e +ByR—1aa—§R—1WZ’
- Byfz—laggz o 7 (169)
800 =t (g wie —wn N petie
+\IJR—188VZZ/ %—Cz %—3}2 'W! —wR™! %?R !
+UR™? %VZ ), (170)
A Lt I T
+ \IJR—lagZZ/ - %—3). (171)
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The derivative for P is given by

= a2, +6—Q+\/B[6—A _ 9B L1 PA,

90 90 00 00
-, 0A OB OR
/ o 1z
+A0P[69 agF]—l—FagF (172)

where I = (R—i—B;PB)_lBP’A, A, = A—Byﬁ, and

0Q _9Q,  9Q.

96— 90 0 0" Qz (173)
66_? %_% ~'9'Q" + B, R~ %—?R e
~ByR™! 8—\1’/62 — ByR™ 1\11’8622 (174)
The last two derivatives needed are 22 and 2%=.
aéczy = aé%y — aggyR "Wy + Wy R~ %—?R "Wy — WyR_lagZy/,(lﬁ)
35% = 65% aggy}z "W+ Wy R™ %—?R 'wl - WyR—lagZZ/.(m)

We now have everything that we need to compute the derivatives of the
matrices in the decision rule and the law of motion for the state vector. To
avoid iterating on Eq. (172) for 2£ we instead take the gradient, e.g.,

IR
VeP =(1—+/BA, 0 A H{Y%Q+(ToA,P)VA
+VBALP @ 1) VA — (F' @ ALP)V, B
—V/B(ALP' © F'YV B, + (F' @ F') Vs R. (177)
Thus, the gradient of F' is given by
Vo F = (I @ RByP)VyAy + (0 — VF') @ RB, P) VA,
— (F' @ RB, P) Vs By +\/B(A,P' & R) Vs B,
+/B(A, © RB,)VeP — (F' @ R') Vs R

+(I@RB,PA,) V40 — (F' @ RB,PA.) V¥, (178)

where R = (R+ B;PB)_l. In terms of the computer code, we start with
Eqgs. (167)-(171) and Egs. (175)-(176), which relate the derivatives of the
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original problem to those of the problem without discounting or cross-product
terms. To compute the gradients of these objects in terms of our inputs, we
use the fact that vec(ABC) = (C" @ A)vec(B) for any matrices 4, B, and
C' with the appropriate dimensions such that ABC' exists. We next compute
the derivatives for A, B, Q, and A which appear in Eqgs. (164), (165), (173),
and (174). Finally, we compute V4P in Eq. (177), VpF in Eq. (178), and

VoA, = B H(VeA— (F '@ )Yy B — (I © B)VyF).

A nonlinear economy with distortions

The optimization problem that we start with is given by

max F e (Zy, 0
mas 0;5 (Z4,0)

subject to §t+1 = Aygt + Azgt + Byﬂt + Cgt+1

Zt = [g;a E;a ﬂ;]/.

As in the case of the economy without distortions, we solve a related problem
that has the same form as the problem of Eq. (156). The approximation
method is the same as in the model without distortions; thus, all of the
required derivatives have already been computed.
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Figure 1. One-step-ahead forecast and actual total stock.
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Figure 2. One-step-ahead forecast and actual of slaughter rate.
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Figure 3. One-step-ahead forecast and actual price of slaughtered beef.



