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A b str a c t

T h is p a p er d ev elo p s, in a sm a ll o p en eco n o m y fra m ew o rk , a sto ch a stic m o d el o f ex ch a n g e-

ra te-b a sed in ° a tio n sta b iliza tio n th a t is ex p ected to b e tem p o ra ry. A g en ts h av e ex p ecta tio n s

o f d eva lu a tio n d riv en b y a m ix ed d i® u sio n -ju m p p ro cess w h ere th e ex p ected size o f a p o ssib le

d eva lu a tio n is su p p o sed to h av e a n ex trem e va lu e d istrib u tio n o f th e F r¶ech et ty p e; a s th e sty lized

fa cts fro m th e M ex ica n 's 1 9 9 4 a n d A rg en tin ea n 's 2 0 0 1 ca ses h av e sh ow n . C o n su m p tio n a n d

w ea lth eq u ilib riu m d y n a m ics a re ex a m in ed w h en a sta b iliza tio n p la n is im p lem en ted . T h e ca se

o f a sto ch a stic sta b iliza tio n h o rizo n g u id ed b y a n ex p o n en tia l d istrib u tio n is stu d ied . M o reov er,

th is p a p er a lso d ea ls w ith p ricin g th e rea l o p tio n o f w a itin g fo r p o stp o n in g co n su m p tio n w h en a

sta b iliza tio n p la n is a b o u t to b e a b a n d o n ed ; a cla im o n a n o n -tra d ed a sset. W e a lso a ssess th e

e® ects o f ex o g en o u s sh o ck s o n co n su m p tio n a n d eco n o m ic w elfa re. F in a lly, w e u se th e p ro p o sed

m o d el to ca rry o u t sim u la tio n ex p erim en ts th a t rep ro d u ces th e b o o m s o f p riva te co n su m p tio n

in th e M ex ica n ca se o f 1 9 8 9 -1 9 9 4 a n d th e A rg en tin ea n ca se o f 2 0 0 1 -2 0 0 3 , w h ich resu lted in

ex trem e d eva lu a tio n s.

J E L C lassī ca tion : F 3 1 , F 4 1 , G 1 3

K ey w ord s: In ° a tio n sta b iliza tio n , C o n tin g en t cla im s, E x trem e va lu es

1 . In tro d u c tio n

The recent Asian crisis, in 1998, had severe e®ects in countries managing a ¯xed

exchange-rate, a ¯xed rate of devaluation, an exchange-rate adjustable band or a con-

vertibility plan, like Brazil, Ecuador, Thailand, Korea, Indonesia, Russia, Bosnia, among

others. The public in these countries anticipated that the stabilization plan was going to be

temporary, resulting in a large expansion of the consumption of durable goods. According

to the International Monetary Fund (IMF) , more than 20% of the world countries have

one of the above exchange-rate regimes; this proportion is similar to that in 1990.

¤ M a ilin g a d d ress: C a lle d el P u en te 2 2 2 , C o l. E jid o s d e H u ip u lco , D el. T la lp a n , 0 4 2 0 0 M ¶ex ico , D .F .,

E -m a il: fv en eg a s@ itesm .m x , T el: +5 2 (5 5 )5 4 8 3 2 2 5 4 , F a x : +5 2 (5 5 )5 4 8 3 2 2 3 4 .
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The Mexican experience in December 1994 brings the credibility of a stabilization

plan, initiated at the beginning of 1989, to our attention once again. At the end of

1994 the public was skeptical about the government's commitment to defend a ¯xed rate

of devaluation combined with an adjustable band, and the outcome was a consumption

boom accompanied by an extreme devaluation. The case of Argentina's convertibility plan

started in 1991, and abandoned in December 2001, deserves also some attention. Once

again, in 2000, the Argentinean public anticipated the end of a stabilization plan, which led

to a substantial increase in consumption and an extreme devaluation. In conclusion, one of

the lessons that policymakers should be taken into account, from these experiences, when

launching an exchange-rate-based in°ation is that in most cases it result in a consumption

1boom and an extreme devaluation. .

Some of the studies in the literature on temporary stabilization that have consid-

ered a stochastic setting are, for instance, Drazen and Helpman (1988) examining sta-

bilization with exchange-rate management under uncertainty, Calvo and Drazen (1997)

2contemplating uncertainty in the permanence of economic reforms , Mendoza and Uribe

(1996) and (1998) modeling exogenous and endogenous probabilities of devaluation, respec-

tively, Venegas-Mart¶³nez (2000a) , (2000b) , (2001) , (2004a) , (2004b) , (2005a) and (2005b) ,

(2005c) and Venegas-Mart¶³nez and Gonz¶alez-Ar¶echiga (2000) studing exchange-rate-based

3stabilization with imperfect credibility . While this literature has provided considerable

theoretical advancement, there is a set of empirical regularities that still need to be ex-

plained as pointed out in Helpman and Razin (1987) , Kiguel and Liviatan (1992) , V¶egh

(1992) , and Rebelo and V¶egh (1995) . First, the existing models have found di±culties in

explaining the observed orders of magnitude of consumption booms. Secondly, in most

1 T h e in ° a tio n sta b iliza tio n p la n s, w h ich to o k p la ce in A rg en tin a , B ra zil, C h ile, U ru g u ay, Isra el, a n d

M ex ico b etw een th e 1 9 7 0 s a n d 1 9 9 0 s, h av e b een w id ely d o cu m en ted , w e d irect th e rea d er to th e referen ces

co n ta in ed in C a lv o a n d V ¶eg h (1 9 9 8 )
2 T h o u g h C a lv o a n d D ra zen (1 9 9 7 ) fo cu s o n th e d u ra tio n o f eco n o m ic refo rm s, th eir resu lts ca n b e

tra n sla ted in to a n ex ch a n g e-ra te-b a sed d isin ° a tio n co n tex t. It is a lso im p o rta n t to p o in t o u t th a t w h ile

D ra zen a n d H elp m a n (1 9 8 8 ), a n d C a lv o a n d D ra zen (1 9 9 7 ) a re m a in ly co n cern ed w ith stu d y in g u n certa in ty

a b o u t th e tim in g o f sta b iliza tio n , w e a re in terested in d ea lin g w ith u n certa in ty a b o u t th e ex ch a n g e ra te

d y n a m ics.
3 A rela ted resea rch o f p ricin g rea l o p tio n s w h en p rio r in fo rm a tio n is ava ila b le ca n b e fo u n d in V en eg a s-

M a rt¶³n ez (2 0 0 5 d ), a n d V en eg a s-M a rt¶³n ez a n d F u n d ia A izen sta t (2 0 0 5 ).
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cases, stabilization in°ation plans result in extreme devaluations. Third, in most models a

plausible explanation of the lack of credibility is missing, even if there is no change in the

parameters determining the expectations of devaluation. Fourth, most models forget that

what makes a stabilization in°ation plan temporary is uncertanty.

Real options have been recently attracting an increasing attention in macroeconomics,

see for instance: Strobel (2005) , and Henderson and Hobson (2002) . The main issue

associated with real options is how to value contingent claims on non-traded assets. In

this paper, we are concerned with valuing the real option of waiting when consumption

can be delayed for a representative consumer in a small open monetary economy. In this

case, the underlying asset is the price of money in terms of goods. In the existing literature

there is not a suitable analysis about the rationality to price the real option of waiting for

postponing consumption when a stabilization plan is about to be abandoned; a non-traded

claim. This paper provides an analytical solution for the price of such a real option.

This paper studies, in a small open economy setting, a stochastic model of exchange-

rate-based stabilization recognizing the role of extreme movements in the dynamics of the

expectations of devaluation. It is assumed that the expectations of devaluation follow

a mixed di®usion-jump process where a Brownian motion drives the rate of devaluation

and a Poisson process determines the number of posible devaluations. Additionally, the

expected size of a posible devaluation is supposed to have an extreme value distribution

of the Fr¶echet type. Using this framework, and assuming logarithmic utility, we examine

the equilibrium dynamics of consumption and real wealth when a stabilization plan is

implemented and the size of devaluation is expected to follow an extreme value Fr¶echet

distribution. We also study the e®ects on consumption and economic welfare of changes in

the parameters determining the expectations. The model is developed under the following

two main asumptions: the revenue raised by seignorage is not rebated back to the agents

and policy variables are stochastic. Our model derives tractable closed-forms solutions

that make much easier the understanding of the key issues in the analysis of temporary

stabilization when the expected size of a possible devaluation is supposed to have an

extreme value distribution. Finally, several distinctive characteristic of our model are:

1) there is a lack of credibility even if parameter values determining the expectations

of devaluation are not changed, 2) it deals with stochastic stabilization horizons, 3) it
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reproduces via Monte Carlo simulation, with suitable parameter values, the booms of

private consumption in the Mexican case of 1989-1994 and the Argentinean case of 2001-

2003, which resulted in an extreme devaluation, and 4) it prices the real option of waiting

when consumption can be postponed.

The paper is organized as follows. In the next section, we work out a one-good, cash-

in-advance, stochastic model where agents have expectations of devaluation driven by a

mixed di®usion-jump process where the expected size of a posible devaluation is supposed

to have an extreme value distribution. Through section 3, we solve the consumer's decision

problem. In section 4, we undertake several policy experiments through comparative static

exercises. In section 5, we examine the welfare implications. In section 6, we also study

the dynamic behavior of wealth and consumption, and address a number of exchange-rate

policy issues. In section 7, we carry out some Monte Carlo simulations of the response of

consumption to permanent changes in the values of key parameters of the model when the

expected size of a possible devaluation is supposed to have an extreme value distribution

of the Fr¶echet type. In section 8, we deal with pricing the real option of waiting when

consumption can be delayed. Finally, in section 9, we present conclusions, acknowledge

limitations, and make suggestions for further research.

2 . S tru c tu re o f th e m o d e l

Let us consider a small open economy populated by in¯nitely lived identical households

in a world with a single consumption good internationally tradable.

2 .1 P u rc h a sin g p o w e r p a rity a n d e x ch a n g e ra te d y n a m ic s

We assume that the good in the economy is freely traded, and its domestic price level,

P , is determined by the purchasing power parity condition, namelyt

¤P = P e ; (1)t tt

¤where P is the foreign-currency price of the good in the rest of world, and e is the nominaltt

¤exchange rate. Throughout the paper, we will assume, for convenience, that P is equalt

to 1. We also suppose that the exchange-rate initial value, e , is known and equal to 1 .0

In what follows, we will suppose that the ongoing uncertainty in the dynamics of the

expected rate of devaluation, and therefore in the in°ation rate, is generated by a geometric
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Brownian motion combined with Poisson jumps with random sizes driven by extreme value

distributions of the Fr¶echet type:

de dPt t
= = ¹ dt + ¾ dW + Z dN ; (2)t t

e Pt t

where ¹ ;¾ > 0, (W ) is a Brownian motion de¯ned on a ¯xed probability spacet t¸ 0

(−;F ;IP ) , dN is a Poisson process with intensity parameter ¸ . The size of an upwardtW

jumps satis¯es:

1 Y ¡ º
Z = ¡ 1; X > 0; ® > 0; and X = ; · ; º > 0;¡ ®1 ¡ X ·

where Y is a Fr¶echet random variable with parameters ® , º and · > 0. Clearly Z > 0.

Notice that an increase in Y , leads to an increase in X , which, in turns, rises Z . The

cumulative distribution function of Y is given by8
0; y < º ;>< ( )µ ¶¡ ®F (y ) = (3)y ¡ ºY > exp ¡ ; y ¸ º ::

·

The corresponding density of Y satis¯es (see Figure 1 for a particular case of a Fr¶echet

density) : µ ¶¡ (1 + ® )
® y ¡ º

f (y ) = F (y ) ; y ¸ º (4)Y Y
· ·

Figure 1. A Fr¶echet density for · = ® = 1.

5



Notice that if ® > 2, then µ ¶
1

E [Y ] = º + · ¡ 1 ¡ ;
®µ ¶ µ ¶£ ¤ 2 12 2 2E Y = · ¡ 1 ¡ + 2º · ¡ 1 ¡ + º ;

® ®

thus · µ ¶ µ ¶¸
2 12 2Var [Y ] = · ¡ 1 ¡ ¡ ¡ 1 ¡ ;
® ®

On the other hand, since the number of expected devaluations (i.e., upward jumps in the

exchange rate) per unit of time follows a Poisson process dN with intensity ¸ , we havet

that

IP fone unit jump during dtg = IP fdN = 1g = ¸ dttN N

and

IP fmore than one unit jump during dtg = IP fdN > 1g = o (dt);tN N

so that

IP fno jump during dtg = 1 ¡ ¸ dt + o (dt);
N

where o (dt) =dt ! 0 as dt ! 0. Observe that the expected time until the next jump is

then 1= ¸ . Finally, it is easy to show that E[dN ] = Var[dN ] = ¸ dt.t t

2 .2 A v a ila b le a sse ts in th e e c o n o m y

The representative consumer holds two real assets: real cash balances, m = M = P ,t t t

where M is the nominal stock of money, and an international real bond, b . The bondt t

pays a constant real interest rate r (i.e., it pays r units of the consumption good per unit

of time) . Thus, the consumer's real wealth, a , is given byt

a = m + b ; (5)t t t

where a is exogenously determined.0

2 .3 F in a n c in g c o n su m p tio n

The economy is equipped with a cash-in-advance constraint of the Clower type:Z t+ Ã

m = c ds; (6)t s
t
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where c is consumption, and Ã > 0 is the time that money must be held to ¯nance con-t

sumption. Condition (6) is critical in linking exchange-rate dynamics with consumption.

Observe that Z t+ Ã

m = c ds ¼ Ã c + o ( Ã ) :t s t
t

In the sequel, we will assume that the error o ( Ã ) is negligible and, for simplicity, Ã = 1.

In this case, devaluation acts as a stochastic tax on real cash balances.

2 .4 T h e re tu rn o f re a l m o n e y b a la n c e s

The stochastic rate of return of holding real cash balances, dR , is simply the per-m

centage change in the price of money in terms of goods. By applying Itô's lemma to the

inverse of the price level, with (2) as the equation driven the underlying process, we getµ ¶ · µ ¶ µ ¶ ¸ µ ¶
1 1 2 12 21d = ¡ ¹ P + ¾ P dt ¡ ¾ P dWt t tt2 3 22P P P Pt t t tµ ¶¡ ®¡ X + 1 1

(7)+ ¡ dN t
P Pt t£¡ ¢ ¤1 2 ¡ ®= ¡ ¹ + ¾ dt ¡ ¾ dW ¡ X dN :t t

P t

¡ ®The minus sign appearing in the term ¡ X is because forward jumps a®ect negatively

money balances. Hence, the stochastic rate of return of holding real cash balances is given

by ¡ ¢
2 ¡ ®dR = ¡ ¹ + ¾ dt ¡ ¾ dW ¡ X dN : (8)m t t

3 . T h e h o u se h o ld 's d e c isio n p ro b le m

The stochastic consumer's real wealth accumulation in terms of the portfolio shares,

w = m = a , 1 ¡ w = b = a , and consumption, c , is given byt t t t t t t

da = a w dR + a (1 ¡ w ) rdt ¡ c dt;t t t m t t t

with a exogenously determined, which can be rewritten as0 h i
¡ ®da = a (r ¡ ½ w )dt ¡ w ¾ dW ¡ w X dN ; (9)t t t t t t t

2where ½ = 1 + r + ¹ ¡ ¾ .

7



The von Neumann-Morgenstern utility at time t = 0, v , of the competitive risk-averse0

consumer is assumed to have the time-separable form:· ¸Z 1
¡ r tv = E log(c ) e dt ; (10)0 0 t

0

where E is the conditional expectation on all available information at t = 0. To avoid0

unnecessary complex dynamics in consumption, we assume that the agent's sub jective

discount rate has been set equal to the constant real international rate of interest, r . This

assumption leads to a steady state. We consider the logarithmic utility function in order

to derive closed-form solutions and make the analysis tractable.

3 .1 F irst o rd e r c o n d itio n s fo r a n in te rio r so lu tio n

The Hamilton-Jacobi-Bellman equation for the stochastic optimal control problem of

maximizing utility, log(c ) = log(a w ) , and assuming that Y is stochasticaly independentt t t

of dN satis¯est n
¡ r tmax H (w ; a ;t) ´ max log(a w ) e + I (a ;t) a (r ¡ ½ w ) + I (a ;t)t t t t a t t t t t

w w h³ ´ io¡ ¢
2 2 2 ¡ ®1+ I (a ;t)a w ¾ ¡ ¸ E I a w X + 1 ;t ¡ I (a ;t) = 0:a a t t t tt t2

(11)

The ¯rst-order condition for an interior solution is H = 0: Given the exponential timew t

discounting in (10) , we postulate I (a ;t) in a time-separable form ast

¡ r tI (a ;t) = e [¯ log(a ) + ¯ ] ; (12)t 1 t 0

where ¯ and ¯ are to be determined from (11) . In this case, condition (11) becomes0 1 (
max H (w ; a ;t) ´ max log(a w ) + ¯ (r ¡ ½ w ) ¡ r [¯ log(a ) + ¯ ]t t t t 1 t 1 t 0
w w ) (13)

2 21¡ ¯ w ¾ + ¯ L (w ) = 0;1 1 tt2

where £ ¡ ¢¤¡ ®L (w ) = ¡ ¸ E log w X + 1 : (14)t t

Notice that the argument in the above logarithmic function remains positive. In order to

compute the ¯rst-order condition, we need ¯rst to ¯nd· ¸ · ¸¡ ®¡ ¢@ @ X¡ ®L (w ) = E log w X + 1 = E :t t ¡ ®@ w @ w w X + 1t t

8



From the above result, we may conclude that optimal w is time-invariant, w ´ w , and itt t

satis¯es · ¸¡ ®1 ¸ X 2¡ E = ½ + w ¾ : (15)¡ ® ¡ 1¯ w w X + w1

By de¯ning the change of variable

µ ¶¡ ®
y ¡ º

³ = ;
·

the above mathematical expectation can be written as

· ¸ Z 1¡ ® ¡ ®X [(y ¡ º ) = · ]
E = f (y )dyY¡ ® ¡ 1 ¡ ® ¡ 1X + w [(y ¡ º ) = · ] + w0Z 1 ³ ¡ ³ (16)= e d³¡ 1³ + w0

1 1 = w= e ¡(¡ 1;1= w ):
w

¡ 1 = wwhere ¡(¡ 1;1= w ) = ¡ ¡(0;1= w ) + e w :We also have the following formula:

Z 1 ¡ ue
¡(0;1= w ) = du

u (17)1 = w

¡ 1 = w=w e (1 ¡ w + o (w ) ) ;

where ¡(¢;¢) is the upper incomplete Gamma function. Figure 2 shows the graph of the
¡ 1funtion ¡(0;1= w ): Observe that ¡(0;0) = 0, ¡(0;1 ) = 0, and ¡(0;1) ¼ e . Hence, from

(16) and (17) , the ¯rst order condition can be written as

µ ¶
1 ¸ 1 1 = w 2¡ 1 ¡ e ¡(0;1= w ) = ½ + w ¾ : (18)
¯ w w w1
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Figure 2. Graph of the funtion ¡(0;1= w ) .

1
wIf we assume that 0 < w < 1, then the approximation ¡(0;1= w ) ¼ w e (1 ¡ w ) performs

well, and we may write the ¯rst order condition as

1 2¡ ¸ = ½ + w ¾ : (19)
¯ w1

Once an optimal w is chosen, coe±cients ¯ and ¯ are determined from (11) as follows:0 1

£ ¤
2 21(1 ¡ r ¯ ) log(a ) ¡ r ¯ + r ¯ + log (w ) ¡ ¯ ½ w + w ¾ ¡ L (w ) = 0 (20)1 t 0 1 1 2

which leads to

¡ 1¯ = r (21)1

and £ ¤1 1 2 21¯ = [1 + log(w ) ] ¡ ½ w + w ¾ ¡ L (w ) :0 22r r

Thus, the ¯rst order condition becomes

r 2= ½ + ¸ + w ¾ ;
w

10



which is a quadratic equation with real solutions and only one positve given byp
2 2¡ (½ + ¸ ) + (½ + ¸ ) + 4¾ r

w = > 0 (22)
22¾

Notice that always 0 < 1 + ¹ + ¸ , and we can readily show that 0 < 1 + ¹ + ¸ i®

p
22 2(½ + ¸ ) + 4¾ r < 2¾ + (½ + ¸ )

2i® 0 < w < 1: Figure 3 shows optimal w as a function of ½ + ¸ and ¾ .

2Figure 3. Optimal w as a function of ½ + ¸ and ¾ .

4 . P o lic y e x p e rim e n ts a n d c o m p a ra tiv e sta tic s

In this section we carry out some comparative static experiments regarding the optimal

share w . We will see the e®ects of changes in the mean expected rate of in°ation ¹ ,

the instantaneous volatility of in°ation and the intensitity parameter ¸ on optimal w ,

0 < w < 1 . By di®erentiating the ¯rst order condition, we get

2d¹ + (w ¡ 1)d¾ ¡ d¸ + A (w )dw = 0; (23)
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where
r2A (w ) = ¾ + :
2w

We are now in a position to derive our ¯rst result: a once-and-for-all increase in the rate of

devaluation, which results in an increase in the future opportunity cost of purchasing goods,

leads to a permanent decrease in the proportion of wealth devoted to future consumption.

To see this, it is enough to use (23) to ¯nd that

@ w 1
= ¡ < 0: (24)

@ ¹ A (w )

Notice also that a once-and-for-all increase in the variance of the di®usion component, will

produce a contrary e®ect to that of ¹ on w since

@ w 1 ¡ w
= > 0 (25)

2@ ¾ A (w )

In other words, the consumer sets aside a larger proportion of wealth to maintain real

monetary balances to ¯nance consumption in order to deal with a higher variance in

consumption prices.

Another result is the response of the equilibrium share of real monetary balances, w ,

to once-and-for-all changes in the intensity parameter, ¸ . A once-and-for-all increase in

the expected number of extreme devaluations per unit of time causes an increase in the

future opportunity cost of purchasing goods. This, in turn, permanently decreases the

proportion of wealth set aside for future consumption. From (11) , we get

@ w 1
= ¡ < 0: (26)

@ ¸ A (w )

5 . Im p a c t o n e c o n o m ic w e lfa re

We will now assess the e®ects of exogenous shocks on economic welfare. As usual,

the welfare criterion, W , of the representative individual is the maximized utility starting

from the initial real wealth, a . Therefore, welfare is given by0

12 ¡ 1W (¹ ;¾ ; a ) ´ I (a ;0) = [1 + log(a ) + log(® w ) ]0 0 0
r (27)h í1 2 21¡ ½ w + w ¾ ¡ L (w ) :22r

12



Table 1 shows the impacts on welfare of once-and-for-all changes in the mean expected rate

of devaluation, the inverse of volatility, the probability of devaluation, and the expected

size of a devaluation. Table 1 also shows that under the assumption of logarithmic utility,

it is welfare-reducing to increase the stochastic tax coming from devaluation.

In order to compute economic welfare W , we need to ¯nd, explicitely, L (w ) . To do

this, we use the same change of variable as in (16) , soZ 1£ ¡ ¢¤¡ ® 2 ¡ ³E log w X + 1 = log(w ³ + 1)e d³
(28)0

1 = w=e ¡(0;1= w ) :

It is important to point out that (16) can be also obtained by di®erentiating (28)µ ¶µ ¶
@ 1 @ ¡(0;1= w ) @ (1= w )1 = w 1 = w 1 = we ¡(0;1= w ) = ¡ e ¡(0;1= w ) + e

2@ w (w ) @ (1= w ) @ wµ ¶³ ´1 11 = w 1 = w ¡ 1 = w= ¡ e ¡(0;1= w ) + e ¡ w e ¡
2 2(w ) (w )

1 11 = w= ¡ e ¡(0;1= w ) + :
2(w ) w

Notice also that since there is a di®erentiation process on L (w ) in the ¯rst order condition,

¡ 1 = wwe may use now the aproximation ¡(0;1= w ) = w e (1 + O (w ) ) , thusZ w

L (w ) = ¡ ¸ w = ¸ dx :
0

increase in e®ect on welfare

w¹ ¡ < 02r

2(w )2¾ ¡ < 02r

w¸ ¡ < 02r

Table 1. E®ects of policy changes on economic welfare.
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6 . W e a lth , c o n su m p tio n a n d d y n a m ic im p lic a tio n s

We now derive the stochastic process that generates wealth when the optimal share

is applied. After substituting the optimal share w into (9) , we geth i
2 2 ¡ ®da = a (¸ + w ¾ )dt ¡ w ¾ dW ¡ w X dN ; (29)t t t t

The solution to the above stochastic di®erential equation, conditional on a , is0

±ta = a e ; (30)t 0

where

± = ´ ¡ ° ; ´ » N [F (w )t;G (w )t] ; ° = H (w ;X )N ;t t t t t t

2 2w ¾ 2 2 ¡ ®F (w ) = ¸ + ; G (w ) = w ¾ ; and H (w ;X ) = log(w X + 1); (31)
2

Notice that
E[± ] = [F (w ) ¡ ¸ E[H (w ;X ) ] ] tt

(32)
= [F (w ) ¡ ¸ w (1 ¡ w + o (w ) ) ] t

In virtue of (6) , the stochastic process for consumption, in (30) , can be written as

±tc = w a e : (33)t 0

This indicates that, in the absence of contingent-claims markets, the devaluation risk has an

e®ect on wealth via the uncertainty in ± , that is, uncertainty changes the opportunity sett

faced by the consumer. On the other hand, the devaluation risk also a®ects the composition

of portfolio shares via its e®ects on w . Thus, a policy change will be accompanied by both

wealth and substitution e®ects. We cannot determine the level of consumption in our

stochastic framework. We can only compute the probability that, at a given time, a

certain level of consumption occurs. Notice, however, that by Jensen's inequality, mean

consumption satis¯es:

E [± ]tE[c ] ¸ a w e : (34)t 0

In contrast with our stochastic setting, c shows a dynamic behavior, even if the rate oft

devaluation is expected to remain ¯xed forever. This is because ± is a time-varying, state-t

contingent variable. We may conclude that uncertainty is the clue to rationalize richer

consumption dynamics that could not be obtained from deterministic models.
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6 .1 C o n su m p tio n b o o m s

In this section, we will analyze a policy of the form:(
¹ for 0 · t · T ;1

¹ =t
¹ for t > T ;2

where T is exogenously determined, and ¹ < ¹ . Notice that in our stochastic setting,1 2

there is a lack of credibility even if we do not change the four parameters since agents

always assign some probability to the event of currency devaluation. Let us examine the

response of consumption to the above policy. From (33) , we may write

c wT + ¢ 2
= h (¢; ¹ ;¹ );1 2Tc wT 1

where h (¢; ¹ ;¹ ) ´ expf ¡ (± (¹ ) ¡ ± (¹ ) )g tends to 1 as ¢ ! 0 a.s. (almost surely) .1 2 T 1 T + ¢ 2T

The limit means that although the stationary components of the parameters of ´ and °t t

are di®erent before and after time T , such a di®erence becomes negligible when ¢ ! 0 .

Consequently,
w 2

lim c = c a:s: (35)T + ¢ T
¢ ! 0 w 1

We also notice that w = w < 1, together with (35) , imply c > lim c a.s. , indicat-2 1 T ¢ ! 0 T + ¢

ing a jump (boom) in consumption at time T .

If ¹ were to be constant forever, i.e., if ¹ = ¹ for all t ¸ 0, then we would havet 2

c = c h (¢; ¹ ;¹ ): (36)t+ ¢ t 2 2t

On the right-hand side of (36) , the factor h (¢; ¹ ;¹ ) ! 1 as ¢ ! 0 a.s. Hence, con-2 2t

sumption would be continuous a.s. for all t. If the plan is expected to be temporary, then

c > lim c a.s. , indicating a jump in consumption at T , as we have shown above.T ¢ ! 0 T + ¢

The above analysis can be entirely applied to any of the remaining parameters determining

the expectations of devaluation, namely ¹ or ¸ .

6 .2 S to c h a stic sta b iliz a tio n h o r iz o n s

¡ 1
Let T be an exponentially distributed random variable with parameter T . In such

a case, a higher parameter value will increase the probability of shortening the horizon

of the stabilization plan. Suppose that T is independent of dW , dN and Y . Leavingt t

15



out o (w ) from (32) and writing c = a w , we have that the growth rate of consumption0 0

satis¯es

E[log(c = c ) ] = E[E[log(c = c )jT ] ] = [F (w ) ¡ ¸ w (1 ¡ w ) ] T :T 0 T 0

Moreover, from the application of Jensen's inequality in (34) the mean consumption has a

E [± ]tlower bound given by L B (c ) = c e : Figure 4 shows such a lower bound as a functiont 0

1 1of c and T . Units of c are scaled in £ 10 pesos of 1993. It can be seen that as c and0 0 0

T increase, L B (c ) rises.t

Figure 4. Consumption as a function of c and T ,0

7 . S im u la tio n e x e r c ise

The following experiment is intended to simulate through Monte Carlo methods the

response of consumption to permanent changes in the values of the parameters that deter-

mine the expectations of devaluation. Table 1 presents a couple of vectors of parameter

2values;(¹ ;¾ ;¸ ); j = 1;2; that reproduce the observed consumption trends and ob-j jj

4served in Mexico between 1989 and 1994 . It is also supposed that r = 0:085000 and

1 2a = 1:849 £ 10 (pesos of 1993) . It is also assumed that · = 1 and º = 0:0

4 W e tried a b o u t 8 0 0 co m b in a tio n s o f p a ra m eter va lu es.

16



w = 0:455 w = 0:4441 2

¹ = 0:192 ¹ = 0:2981 2
2 2¾ = 0:499 ¾ = 0:4091 2

¸ = 0:010 ¸ = 0:1001 2

Table 1. Consumption shares and parameter values (Mexican case) .

In Figure 5 (a) , starting from below there are simulated paths of the Brownian motion,

5the geometric Brownian motion, and the di®usion-jump-extreme process . In ¯gure 5 (b) ,

several simulated paths are shown before and after the ¯rst quarter of 1993. In Figure 6

(a) , the dashed line corresponds to observed consumption. In Figure 6 (b) the light solid

line represents the simulated trend of consumption with the di®usion-jump component.

Figure 6 (c) shows a heavy solid line representing the simulated trend of consumption with

the di®usion-jump component with a jump size guided by a Fr¶echet distribution. Finally,

6Figure 6 (d) compares the trends in (b) and (c) . Notice that, with the above parameter

values, the stochastic simulation considering an extreme value distribution mimics the

order of magnitude of the consumption jump observed in the ¯rst quarter of 1993; a jump

about 60 thousands of millions of pesos of 1993. Table 2 and Figure 7 repeat the same

7exercise for the Argentinean case 2001-2003 .

5 W e u sed th e sta tistica l so ftw a re " X trem es" (R eiss a n d T h o m a s, 2 0 0 1 ) a n d R ip ley 's m eth o d o lo g y

(1 9 8 7 ) fo r M o n te C a rlo S im u la tio n s.
6 D a ta S o u rce: In stitu to N a cio n a l d e E sta d¶³stica G eo g ra f¶³a e In fo rm ¶a tica , M ¶ex ico .
7 S o u rce: In stitu to N a cio n a l d e E sta d¶³stica y C en so s d e la R ep ¶u b lica d e A rg en tin a .
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Figure 5. (a) simulated paths of the Brownian motion, geometric Brownian motion,

and the di®usion-jump-extreme process, (b) several simulated paths of

consumption before and after the ¯rst quarter of 1993.

(thousands of millions of pesos of 1993)
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Figure 6. Simulated trends of consumption: (a) observed consumption, (b) the simulated trend

of consumption with the di®usion-jump component, (c) the simulated trend of consumption

with the di®usion-jump-extreme component, (d) compares the trends in (b) and (c)

(thousands of millions of pesos of 1993)
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w = 0:532 w = 0:4771 2

¹ = 0:112 ¹ = 0:1541 2
2 2¾ = 0:390 ¾ = 0:4161 2

¸ = 0:011 ¸ = 0:0531 2

Table 2. Consumption shares and parameter values (Argentinean case) .

Figure 7. (a) simulated paths of consumption, (b) the simulated trends

(Dashed line corresponds to observed consumption in millions of

pesos Argentinean pesos of 1993) .

8 . T h e re a l o p tio n o f w a itin g w h e n c o n su m p tio n c a n b e d e la y e d

In this section we caracterize the price of the real option of waiting when consumption

can be delayed as the solution of a di®erential-integral equation. Moreover, we ¯nd the

solution of such a di®erential-integral equation. Observe ¯rst that equation (7) can be

written as

dS = Á S dt + ¾ S dW + » S dN ; (37)t t t t t t

where

2 ¡ ®S = 1= P ; Á = ¡ ¹ + ¾ ; and » = ¡ X :t t
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Notice that S = 1= P is the price of money in terms of goods; a non-traded asset. Obvi-t t

ously, from the de¯nition of Z given in (2) , we have

1
» = ¡ 1:

1 + Z

Thus, from (37) the stochastic rate of return of holding real cash balances, dR = dS = S ,m t t

can be written as

dR = Á dt + ¾ dW + »dN : (38)m t t

If V (S ;t) denotes the value of the real option of waiting when consumption can be delayed,t

then Itô's lemma leads toµ ¶
2@ V @ V @ V @ V2 21dV = + Á S + ¾ S dt + ¾ S dW + [V (S (» + 1) ;t) ¡ V (S ;t) ] dN :t t t t t tt22@ t @ S @ S @ St tt

or

dV = Á V dt + ¾ V dW + » V dN ; (39)t tV V V

with µ ¶
21 @ V @ V @ V 2 21Á = + Á S + ¾ S ;t tV 22V @ t @ S @ St t

1 @ V
¾ = ¾ S tV V @ S t

and
1

» = [V (S (» + 1);t) ¡ V (S ;t) ] :t tV V

In this case, the stochastic consumer's real wealth accumulation in terms of the portfolio

shares, w = m = a , w = V = a ; 1 ¡ w ¡ w = b = a , and consumption, c , becomes1 t t t 2 t t t 1 t 2 t t t t

da = a w dR + a w dR + a (1 ¡ w ¡ w ) rdt ¡ c dt;t t 1 t m t 2 t t 1 t 2 t tV

with a exogenously determined. Thus, the above budget constraint can be written as0 h i
da = a (r+ (° ¡ r )w + (Á ¡ r )w )dt+ (w ¾ + w ¾ )dW + (w »+ w » )dN ; (40)t t 1 t 2 t 1 t 2 t t 1 t 2 t tV V V

2where ° = ¾ ¡ ¹ ¡ 1 = Á ¡ 1 . The Hamilton-Jacobi-Bellman equation for the stochastic
optimal control problem of maximizing utility, with log(c ) = log(a w ) , is given byt t t(

¡ r tmax H (w ; a ;t) ´ max log(a w )e + I (a ;t)a [r + (° ¡ r )w + (Á ¡ r ) w ]t t t t a t t 1 t 2 tVw ;w w ;wt1 2t t1 2t

2 21+ I (a ;t) + I (a ;t) a (w ¾ + w ¾ )t t a a t 1 t 2 tt V2 )h³ ´ i
+ ¸ E I a (w » + w » + 1);t ¡ I (a ;t) = 0:» t 1 t 2 t tV

(41)
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The ¯rst-order conditions for an interior solution are:

H = 0 and H = 0:w w1t 2t

We postulate I (a ;t) in a time-separable form ast

¡ r tI (a ;t) = e [¯ log(a ) + ¯ ] ;t 1 t 0

where ¯ and ¯ are to be determined from (41) . Hence, we obtain0 1 (
max H (w ;w ; a ;t) ´ max log(a w ) + ¯ [r + (° ¡ r )w + (Á ¡ r ) w ]1 t 2 t t t t 1 1 t 2 tVw ;w w ;wt1 2t t1 2t

¡ r [¯ log(a ) + ¯ ]1 t 0

21¡ ¯ (w ¾ + w ¾ )1 1 t 2 t V2 )
+ ¸ ¯ E [log(w » + w » + 1) ] = 01 » 1 t 2 t V

If we now compute the ¯rst-order conditions, we ¯nd that· ¸
1 ¸ »

+ E + ° ¡ r = (w ¾ + w ¾ ) ¾» 1 t 2 t V¯ w w » + w » + 11 1 t 1 t 2 t V

and · ¸
¸ »

VE + Á ¡ r = (w ¾ + w ¾ )¾ :» 1 t 2 tV V Vw » + w » + 11 t 2 t V

So far we have not made any assumption on the parameter values. From now on, we

assume that ° = Á ¡ r . If we suppose a corner solution, w = 1 and w = 0, then1 t 2 t· ¸
1 » 2+ ¸ E + ° ¡ r = ¾ (42)»
¯ » + 11

and · ¸
»
V¸ E + Á ¡ r = ¾ ¾ (43)» V V» + 1

¡ 1It can be shown that ¯ = r . After some simple computations, we have that conditions1

(42) and (43) become · ¸
»2Á = r + ¾ ¡ ¸ E ; (44)»

» + 1

and · ¸
»
V¸ E + Á ¡ r = ¾ ¾ ; (45)» V V» + 1
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where. From (45) it follows· ¸ µ ¶
2V (S (» + 1);t) ¡ V (S ;t) @ V @ V @ V @ Vt t 2 2 21¸ E + + Á S + ¾ S ¡ r V = ¾ S :» t tt22» + 1 @ t @ S @ S @ St tt

If we use now (44) , we get2 3
@ VV (S (» + 1);t) ¡ V (S ;t) ¡ » S 2t t t @ V @ V @ V@ S 2 21t4 5¸ E + + r S + ¾ S ¡ r V = 0: (46)» t t2 2» + 1 @ t @ S @ St t

We impose the boundary conditions V (0;t) = 0 and V (S ;t) = max(S ¡ K ;0) where KT T

is the exercise price of the real option. Notice that the above expected value· ¸ Z 1V (S (1 + » );t) ¡ ¸ V (S ;t) V (S (1 + » );t) ¡ ¸ V (S ;t)t t t t
E = f (» )d» ;» »

» + 1 » + 1¡ 1

where f (¢) is the density function of » produces in (46) a di®erential-integral equation.»

Notice that if » is constant in (46) , then by rede¯ning ¸ as ¸ = (» + 1) we obtain Merton's

(1973) equation. Finally, observe that when » = 0 or ¸ = 0, equation (46) reduces to the

Black-Scholes' (1973) second order parabolic partial di®erential equation. Notice now that

if we write µ ¶¡ ®
y ¡ º

³ = ;
·

then · ¸ · ¸¡ ®» X
E =E ¡ ®» + 1 X ¡ 1Z 1 ¡ ®[(y ¡ º )= · ]

= f (y )dyY¡ ®[(y ¡ º ) = · ] ¡ 10Z 1 ³ ¡ ³= e d³
³ ¡ 10

= ¡ e¡(¡ 1;1) ;
¡ 1where ¡(¡ 1;1) = ¡ ¡(0;1) + e . It can be shown that ¡(0;1) ¼ 2= 9 (in fact, ¡(0;1) =

0:219383934:::) . Therefore, equation (46) is transformed into· ¸
2 £ ¤V (S (1 + » );t) ¡ V (S ;t) @ V @ V @ Vt t 2 21 2¸ E + + ¾ S + r + ¸ ( ¡ 1) S ¡ r V = 0:» tt 22 9» + 1 @ t @ S @ S tt

A possibility to determine V (S ;t) consists in de¯nining a sequence of random variables Yt n

with the distribution of the product of n independent and identically distributed random
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variables » + 1 with Y = 1. In other words, if f » g is a sequence of independent and0 n n 2 IN

identically distributed random variables. We de¯ne

Y = 10

Y = » + 11 1

Y = (» + 1)(» + 1)2 1 2

...
nY

Y = (» + 1)n k

k = 1

...

In this case, the solution of equation (46) with the boundary conditions

V (0;t) = 0; and V (S ;0) = m¶ax(S ¡ K ;0);T T

is given by · ¸1 ¡ ¸ (T ¡ t)= (» + 1 ) nX e [¸ (T ¡ t) = (» + 1) ] ¡ ¸ E [» = (» + 1 )](T ¡ t)»V (S ;t) = E E V (S Y e ;t) ;t » t nY B Sn n !
n = 0

(47)

where » is independent of f » g and V (¢;¢) is the basic Black-Scholes solution. Indeed,n n 2 IN B S

consider 1X
(n )V (S ;t) = E E [P V ] ; (48)t » n ;tY B Sn

n = 0

where
¡ ¸ (T ¡ t)= (» + 1 ) ne [¸ (T ¡ t)= (» + 1) ]

P = ;n ;t
n !

¡ ¸ E [» = (» + 1 )](T ¡ t)»U = Y en ;t n

and

(n )V = V (S U ;t) :t n ;tB SB S

In what follows, it it will convenient to introduce the notation

Q = S U :n ;t t n ;t
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In such a case, " #1 (n )X @ V@ V
B S= E E P U ; (49)» n ;t n ;tY n@ S @ Qt n ;tn = 0 " #1 2 (n )2 X @ V@ V 2 B S= E E P U (50)» n ;tY n ;t2 2n@ S @ Qt n ;tn = 0

and " #1 (n )X @ V@ V
B S=¸ E [» = (» + 1) ] E E P Q» » n ;t n ;tY n@ t @ Q n ;tn = 0" #1 (n )X @ V

B S+ E E P» n ;tY n @ t
n = 0 " # (51)1 (n )X P Vn ;t B S+ ¸ E E» Y n » + 1
n = 0 " Ã !#1 (n )¡ ¸ (T ¡ t)= (» + 1 ) n ¡ 1X Ve [¸ (T ¡ t)= (» + 1) ]

B S¡ ¸ E E :» Y n (n ¡ 1) ! » + 1
n = 1

Hence, by virtue of (49) , (50) and (51) , we get" # · ¸1 (n )X @ V@ V @ V V (S ;t)tB S=¸ E [» = (» + 1) ] S + E E P + ¸ E» t » n ;t »Y n@ t @ S @ t » + 1t n = 0" Ã ! # (52)1 (m + 1 )¡ ¸ (T ¡ t)= (» + 1 ) mX Ve [¸ (T ¡ t) = (» + 1) ]
B S¡ ¸ E E :» Y m + 1 m ! » + 1

m = 0

Observe that the last term in the above equation can be written as" #· ¸ 1 (n )X V (Q (1 + » );t)V ((» + 1)S ;t) n ;tt B SE = E E P» » n ;tY n» + 1 » + 1
n = 0 " # (53)1 (n + 1 )X V (Q ;t)n + 1 ;tB S= E E P ;» Y n ;tn + 1 » + 1
n = 0

since Q y Q (1 + » ) are independent and identically distributed random variables.n + 1 ;t n ;t

Therefore, equation (52) is transformed into

2 3" # @ V1 (n ) V (S (» + 1) ;t) ¡ V (S ;t) ¡ » SX t t t@ V@ V @ SB S t4 5 (54)= E E P ¡ ¸ E :» n ;t »Y n@ t @ t » + 1
n = 0
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From (49) , (50) and (54) , it follows that

2@ V @ V @ V2 21+ ¾ S + r S ¡ r Vtt 22@ t @ S @ S tt" #1 (n ) 2 (n ) (n )X @ V @ V @ V2 2 (n )1B S B S B S= P E E + ¾ Q + r Q ¡ r Vn ;t » n ;tY n ;t2 2n B S (55)@ t @ Q @ Q n ;tn ;tn = 0 2 3
@ VV (S (» + 1);t) ¡ V (S ;t) ¡ » St t t @ S t4 5¡ ¸ E :»

» + 1

Since
(n ) 2 (n ) (n )@ V @ V @ V2 2 (n )1B S B S B S+ ¾ Q + r Q ¡ r V = 0n ;tn ;t 22 B S@ t @ Q @ Q n ;tn ;t

holds for all n 2 IN [ f0g , we deduce, immediately, that (47) is solution of (46) .

9 . C o n c lu sio n s

We have developed a stochastic model of exchange-rate-based stabilization with imper-

fect credibility. An important feature of our formulation is that there is a lack of credibility

even if parameter values determining the expectations of devaluation are not changed and

that extreme devaluation can take place. By using a logarithmic utility, we have derived

closed-form solutions to examine the dynamic implications of extreme devaluations. These

explicit solutions have made much easier the understanding of the key issues of in°ation

stabilization plans that are expected to be temporary by the public.

Our stochastic framework, in which a Brownian motion and a Poisson process with

the jump size driven by a extreme value distribution, provides new elements to carry out

simulation experiments and empirical research on some observed stylized facts. We have

also obtained the price of the real option of waiting when consumption can be delayed as

the solution of a di®erential-integral equation.

It is worthwhile mentioning that the derived results depend on the assumption of

logarithmic utility, which is a limit case of the family of constant relative risk aversion

utility functions. Needles to say, both nontradable and durable goods, which provide more

realistic assumptions, should be considered in extending the model. These extensions will

lead to more complex transitional dynamics, but results will certainly be richer.

R e fe r e n c e s
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