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Abstract
Models of preferences between outcomes over continuous time are important
for individual, corporate, and social decision making, e.g., medical treatment,
infrastructure development, and environmental regulation. This paper presents
a foundation for such models. It shows that conditions on preferences between
real- or vector-valued outcomes over continuous time are satisfied if and only

if the preferences are represented by a value function having an integral form.
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1. Introduction

An analyst who is developing an evaluation of alternatives in a decision model must
judge whether to model the consequences of the alternatives as outcomes that occur at
discrete times or as outcomes that occur over continuous time. Outcomes occurring at
discrete times are modeled as sequences defined on a finite or countable set of times and
outcomes occurring over continuous time are modeled as functions defined on an interval
of time, to be called a planning period. The judgment as to which type of model to use
depends on the nature of the data, the nature of the consequences, and the proclivities of
the analyst. Each type seems more appropriate under some circumstances.

This paper is concerned with outcomes that occur over continuous time, to be called
outcome-streams. Thus, an outcome-stream is a function defined on an interval of time
whose values are outcomes. At each instant of time, an outcome-stream is an amount or a
rate—or more generally a vector of amounts and rates. For example, an outcome-stream
at an instant of time might be: the rate of usage of a natural resource, one or more rates
of monetary costs and benefits, a vector of indices that describe levels of environmental
quality, or a double-subscripted vector of health characteristics that describe the health of
the individuals in a population.

This paper develops models of preferences between outcome-streams. First, we
develop models for a planning period with a finite horizon, and then we develop models
for a planning period with an infinite horizon. Each model contains: outcome-streams
that are real- or vector-valued functions defined on the planning period, and a preference
relation defined on pairs of outcome-streams. We define conditions on the preference
relation, and we show that it satisfies the conditions if and only if it is represented by an
integral of a discounting function times a scale defined on outcomes at instants of time.
This ‘outcome scale’ is ordinal but is cardinally unique. The integral will be called an
integral value function, and the model will be called an integral-value model.

An outcome scale represents preferences between outcomes at a common instant of

time, and a discounting function represents tradeoffs between amounts of the outcome



scale at different instants. For a more detailed interpretation of these functions, see the
working paper, Harvey and Osterdal (2005), on which this paper is based.

The integral-value models are developed by successively extending the family of
outcome-streams on which the preference relation is defined. First, we develop a model
for outcome-streams that are step functions defined on a bounded time interval. Here, a
value of the integral value function reduces to a sum of discount weights times outcome
scale amounts. The number of terms in a sum will depend on the outcome-stream.

Second, we develop a model by extending the family of step outcome-streams to a
family of outcome-streams defined on the bounded interval that are component-wise
Riemann integrable. The value function in this model is an integral as described above.

Third, we develop a model for a family of outcome-streams defined on the interval
from zero to infinity. Here, the outcome-streams equal a specified ‘null outcome’ after
some time and are component-wise Riemann integrable on the bounded interval from
zero to that time. The time will vary from one outcome-stream to another.

Fourth, we develop a model for a family of outcome-streams that are defined on the
unbounded interval that are Riemann integrable on each bounded subinterval. The family
is defined in terms of the preference relation. Roughly speaking, an outcome-stream is in
the family provided that it is arbitrarily unimportant in the sufficiently distant future.

A detailed discussion is needed to compare these models with previous models on
preferences between outcomes at discrete times (e.g., Koopmans, 1960, 1972, Diamond,
1965, and Harvey, 1986, 1995) and on preferences between outcomes over continuous
time (e.g., Grodal and Mertens, 1968, and Weibull, 1985). Hence, we defer a discussion
to the end of the paper. Here, we discuss three features that distinguish the models in this

paper from those in previous research.

(1) In the fourth model mentioned above, the family of comparable outcome-streams is
defined in terms of the preference relation. Such a dependence allows instances of the
model to have discounting functions with various behaviours at infinity. Previous models

specify the family of outcome-streams that are comparable, and thus place restrictions on



the discounting function. This is so since the integral value function in such a model must
have a finite value for each outcome-stream in the specified family.

Each of the models here allows nonconstant discounting, i.e., the discounting function
can be neither constant nor exponential. It has been argued that only constant discounting
should be used in a prescriptive or normative analysis; such arguments are based on the
principles of ‘temporal consistency’ and ‘economic efficiency.” But Harvey (1994),
Ahlbrecht and Weber (1995), and Bleichrodt and Gafni (1996) argue to the contrary that
nonconstant discounting can be reasonable for such a purpose. All three papers discuss
the principle of temporal consistency; Harvey also discusses that of economic efficiency.

In particular, the models here allow a discounting function in which the discount rate
tends to zero as time tends to infinity. Such a ‘slow-discounting function’ (Harvey, 1995)
is greater than a negative-exponential function in the sufficiently distant future and thus
assigns more importance to outcomes that occur then. A slow discounting function can
provide insight in a policy study, e.g., a study on natural resources or on environmental
quality, in which it is essential to consider the importance of outcomes in the distant
future. An analyst can use a slow-discounting function and compare an evaluation based

on it with an evaluation based on a negative-exponential discounting function.

(2) The models here allow vector-valued outcomes. Indeed, they allow certain cases in
which some of the variables that define the outcomes are categorical variables rather than
continuous variables. In the next section, we discuss this use of categorical variables.

If a utility scale has been previously specified, then one can introduce conditions on
preferences between the induced utility-streams that imply an integral value function.
However, the conditions cannot be interpreted unless the utility scale can be interpreted.
In contrast to this approach, we do not assume that a utility scale has been previously

specified, and we define conditions on preferences between the original outcome-streams.

(3) The outcome-streams here are (component-wise) Riemann integrable functions on
bounded intervals of time. Riemann integrable functions are more elementary than the

Lebesgue integrable functions in previous models. Thus, we can deduce integral value



functions by using elementary real analysis—while previous models deduce integral
value functions by using existence results from measure theory and functional analysis.
Families of Riemann integrable functions are sufficiently large to include both step
functions and continuous functions. Hence, one could verify conditions on preferences
between hypothetical step outcome-streams that imply parametric families of discounting
functions and outcome scales (see, Harvey 1998a,b). Then, one could use the resulting

integral value function to compare the actual, continuous outcome-streams in a study.

The results in this paper are ‘if and only if’ results; they establish that a preference
relation satisfies the conditions in a model if and only if it is represented by a function
having the properties in the model. In this sense, we do not assume extra ‘technical

conditions’ such as solvability or differentiability. Proofs are provided in the Appendix.

2. Components of the models

This section defines the components of the integral-value models presented in this

paper. It therefore delineates the type of models that are included.

Outcomes and outcome-streams. Suppose that N >1 real variables Xj , j=1...,N,

have been defined on sets X j- Each variable X will be called a component variable, and

each set X; will be called a component set. A vector X =(Xj,...,Xy) in the product set
X = X;x...xXy will be called an outcome, and the set X will be called an outcome set.
We assume that each component set X; is either an interval or a finite set of numbers.

In the first case, X will be called a continuous variable, and in the second case X will

be called a categorical variable.

A planning period will be a bounded interval P=[0,T], 0<T < oo, or the unbounded

interval P =[0,%). The upper endpoint, T or oo, will be called the planning horizon.

An outcome-stream will be a real- or vector-valued function X =(X;,...,Xy) whose
domain is a planning period P and whose values are in an outcome set X . Each real-

valued function X;,...,Xy in an outcome-stream X will be called a component-stream.




For outcome-streams and component-streams but not for other types of functions, we
use bold type to distinguish between a function and its values. Thus, X =X(t) will denote
the real- or vector value of an outcome-stream X at a time t, and Xj = X; (t) will denote

the value of a component-stream X; at a time .

Step outcome-streams. As a slightly imprecise notation, <a,b> will denote any interval
that has the finite or infinite endpoints a, b. Thus, either a or b may or may not be in the
interval. A partition p of a planning period P =[0,T] will be a set of intervals, <ay,a;>,

., 8y_1,8m>, where 0=ay<a <...<ay =T and the intervals are pairwise disjoint
with the union [0,T].

A step outcome-stream based on a partition p will be an outcome-stream of the

form, x(t)=x(i) for t in «aj_;,8>, i=L...,m. Thus, an outcome-stream
X=(X{,...,Xy ) 1s a step outcome-stream if and only if each component-stream Xj in X is
a step function with values in the component set X; . The set of step outcome-streams
based on a partition p will be denoted by Sp, and the union of the sets Sp will be
denoted by St .

Outcome-streams of any type will be denoted by letters near the end of the alphabet,
e.g., X, Y, etc., and outcome-streams that are constant will be denoted by letters near the
beginning of the alphabet, e.g., a, b, etc. An outcome-stream a is to have the value a
for any time t, and so forth. For outcome-streams X,y and a time interval <a,f»,
(X«X,va) will denote the outcome-stream such that (X<oc,[3>:y)(t) =X(t) for t in «a,p
and (X«X’B),y)(t) =Yy(t) otherwise. And for outcome-streams X, Yy, Z and two disjoint
time intervals <o, and <o, , (X<0c,[3>ay<oc’,[3’>=z) will have a similar meaning.

The distance between two outcomes X, y is defined as their Euclidean distance
IX—-Yy| = [Z'j\‘:l(x i~y j)2 ]1/ 2 The distance between two outcome-streams X,y in a
set Sp is defined as the integral, A(X,y) = Zinll(ai —aj_1) | X()=y@) [, of | X(t)=y(t)].
And the distance between two component-streams Xj,Yj in X, y is defined as the
integral, [[Xj -Yj|= Zinll(ai —ai_[Xj()-y; D], of [xj(t)-yj®)|. The integral
distances are the same for any set Sp that contains the step outcome-streams X, y, and

we have the inequalities: [ [X =Y | £ A(X, Y) < Z'j\':lj |Xj —yj| for k=1...,N.



Preferences and their measurement. By the term preferences, we mean either hedonic
comparisons, i.e., comparisons of what a person or group experiences, or the preferences,
either descriptive or prescriptive, of a person or group.

For two outcome-streams X, Y in a set C, the statement that X is at least as preferred as
y will be denoted by X 7z y . Other types of relations will be defined in terms of X Z Yy in
the usual manner; e.g., X~y will mean that X -y and y 7~ X, and X >y will mean that

X7y and not y - X. A set of statements, X7y with X, y in C, will be denoted by 7.

With this interpretation, 77 will be called a preference relation on the set C.

For two outcomes X, Y in an outcome set X, the statement that X is at least as preferred
as y will be denoted by X 7y Yy, and Zyx will denote a set of such statements.

A function V (X) defined on a set C of outcome-streams will be called a value function
for a preference relation - on C provided that V(X) >V (y) if and only if X =y for any
X, Yy in C. A similar definition applies for a function v(X) defined on an outcome set X.
For purposes of distinction, such a function v(X) will be called an outcome scale.

The present paper defines conditions on a preference relation = for a variety of sets
C and shows that - satisfies the conditions if and only if there exist functions a(t) and

V(X) such that the following integral is a value function for - :
V(X) = [p a(t)v(x(t))dt.

A function of this form will be called an integral value function, and a model of this type

will be called an integral-value model. In each model, the function a(t) is a discounting

function, and the function v(X) is an outcome scale.

Coherence between - and Xy . How should a preference relation on outcome-streams
be related to a preference relation on outcomes? One method is to define the preference
relations and then introduce assumptions that connect them. A second method is to derive
preferences between outcomes from preferences between outcome-streams. We will use

the second method. In our opinion, preferences between outcome-streams have a direct



meaning and preferences between outcomes are based on such preferences. In brief, our
reason is that outcomes must occur over time in order to be experienced.

To formalize the situation, suppose that a time ©>0 in the planning period P and an
outcome o in the outcome set X are specified and that C; , denotes the set of outcome-
streams of the form, (ap .}, 0), @ in X. Suppose, moreover, that a preference relation 7

has been defined on a set C of outcome-streams. We make the following assumption.

Assumption 1. The set C includes the set C, , for a specified time t> 0 and a specified

outcome o, and a preference relation ~y is defined on the outcome set X by:

a x b ifand only if (a[O,T]’ 0) = (b[o,T], 0).

The integral-value models include conditions on preferences which imply that the
preference relation 7y does not depend on the choice of © and o. In the models with

P =[0,o), we regard o as a ‘null outcome’ and we define the set C in terms of o.

Modeling assumptions on =y . The models in this paper include three assumptions on
the preference relation -y . First, we assume that ~y is non-trivial, that is, there exist
outcomes Xj, Xj in X;j that are not indifferent according to Zx . The purpose of this
assumption is to avoid discussing an uninteresting special case. The assumption implies
that at least one of the sets X; is non-point (i.e., it contains more than one number).

Second, we assume that 7~y 1s weakly increasing in each component variable. For an
index j=1,...,N, suppose that 71 denotes a combination of amounts of the variables X,
k#J,and Xx=(Xj, Xj) denotes an outcome where X; and the amounts X, k= j, are
suitably arranged. In this notation, the condition states that for each j=1,...,N and any
X=(Xj, Xj) and X'=(xj, Xj) in X: X; =X implies X Zx X'. Typically, the condition
can be satisfied by a suitable choice of the component variables.

The third assumption seems the most important. For our method of proof to succeed,
we need a guarantee that the range of any continuous outcome scale V(X) is an interval.

The additive-value model of Debreu (1960) is similar in this regard. It needs a guarantee

that each function vj(X;) in an additive value function V(x,...,X;) =X ;vi(X;) has an



interval range. Debreu assumes that the domain D; on which a function vj(X;) is defined
is topologically connected. This condition is stronger than is needed; a set is topologically
connected if and only if every continuous function defined on it has an interval range.
Harvey (2006) introduces a weaker condition and shows that it suffices for Debreu’s
additive-value model. As a general definition, he calls a set S with a preference relation

~- preferentially connected provided that S cannot be divided into two non-empty sets

A and B such that each is open as a subset of S and a >b for any elements a in A
and b in B. He shows that a pair (S, =) is preferentially connected if and only if any
continuous function defined on S that is a value function for 7~ has an interval range.

As a basis for the models in this paper, we use an additive-value model in which each
set Dj is a common outcome set X . Both here and in the rest the paper, the method of
proof is the same whether X is assumed to be topologically connected or is assumed to
be preferentially connected. Hence, we assume only preferential connectedness.

Whereas topological connectedness of an outcome set requires that every component
variable is a continuous variable, preferential connectedness permits some of the variables
to be categorical. Because of its special structure, an outcome set X is preferentially
connected if and only if the subsets of X defined by fixing the values of the categorical
variables can be ordered such that any two adjacent subsets contain indifferent outcomes
(Harvey, 2006).

The above three assumptions can be combined into the following statement.

Assumption 2. The preference relation -y defined on an outcome set X is non-trivial

and 1s weakly increasing in each component variable, and X is preferentially connected.

Definition 1. A pair (C, =) will be called an outcome-stream space and the related pair

(X, Zzx ) will be called an outcome space provided that Assumptions 1, 2 are satisfied.

3. Conditions on preferences

This section presents conditions on preferences in an outcome-stream space (C, ).

It also presents several implications of the conditions for the outcome space (X, Zy ).



In contrast with Assumptions 1, 2, the conditions (A)-(E) below are ‘if and only if’
requirements in each integral-value model, that is, the conditions (A)-(E) both imply and
are implied by the existence of an integral value function that has the stated properties.

Assumptions 1, 2 correspond to the assumption in Harvey (1998a,b) that the outcome
set X 1is a non-point interval in which greater amounts are preferred, and conditions (A)-

(E) correspond to conditions with the same labels in those papers.

(A) = concurs with —y on C: Forany X,y in C,
(a) If x(t) zx y(t) almost everywhere (a.e.) for t in P, then X 7 V.

(b) If X(t) Zx y(t) a.e. in P and X(t) >x y(t) on a non-point interval, then X >y.

(B) = istransitive on C: Forany X,y,z in C,if X—y and y =z, then X = Z.

~ is complete on C: Forany X, Yy in C, either X 7Yy or y - X.

~

(C) Zz iscontinuous on C with respectto Sy : Forany X in C and any w in St nC,
(a) If w=<Xx, then there exists a & >0 such that A(z,w) <06 implies that z < X for any
z in St nC.
(b) If w > X, then there exists a § >0 such that A(z,w) <o implies that z > X for any

Z in ST('\C

(D) = is tradeoffs independent on C: Suppose that <a,b> is a bounded interval in P

and that the following outcome-streams are in C. Then, (X py» X) Z (Xa by Y)

implies that (Z<a,b>> X) (Z<a,b>> y).

Condition (D) states that if two outcome-streams are equal during an interval <a,f>
(so that a comparison depends on outcomes at other times), then the common outcome-
stream in <a,f3> can be changed to another common outcome-stream in <o, 3> without
changing the comparison. Condition (D) can also be interpreted as stating that tradeoffs
(see below) at times not in <o, 3> do not depend on the outcome-stream in <a.,f3>.

Conditions analogous to (D) play an essential role in additive-value models: e.g.,

Debreu (1960) and Gorman (1968). Such conditions usually are called ‘preferential
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independence.” However, we prefer the term tradeoffs independence to emphasize the
interpretation of (D) in terms of tradeoffs between outcomes at different times.

Two outcome pairs a, b and ¢, d will be called tradeoffs pairs with respect to a pair
of intervals <a,3> and <y,0> in P provided that <a,p>, <y,0> are bounded and disjoint
and (. p,» Aoy 5, 0) is indifferent to (D4 g, Coy 5,5 0) . An outcome & will be called a

tradeoffs midvalue of an outcome pair @, @ on an interval <o.,3> provided that there exist

an interval <y,d> and an outcome pair C, d such that a, @ and c, d are tradeoffs pairs
and &, a and c, d are tradeoffs pairs with respect to the intervals <a, > and «y,5>.
Condition (E) below is a requirement on preferences between outcome-streams of the
form (a4 g, by,5,-0)- Thus, we use it only for sets C that include any such outcome-
stream. A variety of analogous conditions for vectors and discrete-time consequences are

described in Fishburn (1970), Krantz et al. (1972, page 305), and Harvey (1986, 1995).

(B) =

~

is midvalue independent on C: For any bounded intervals <a.,f3>, <a',’> in P,

if an outcome pair a, a has tradeoffs midvalues both on <a,> and on <a,f'>, then the

outcome pair a, @ has the same tradeoffs midvalues on <o, 3> and <a','>.

We present below several implications of conditions (A)-(C) for an outcome space
(X, Zx ). To do so, we need the following definitions. For two outcomes X, y, X>Yy
will state that xj 2 yj for j=1,...,N. A preference relation Zyx will be called weakly
increasing provided that X >y implies X Zyx Y, and a real-valued function v(x) defined

on X will be called weakly increasing provided that X >y implies V(X)>V(y). Hence,

any weakly increasing preference relation Zy or function V(X) is weakly increasing in
each component variable. Finally, a preference relation 7y will be called continuous
provided that for any outcomes X >W there exists a 4 >0 such that for any outcome z:

|Zz—w|<d implies z< X, and | Z—X|<d implies z > Ww.

Lemma 1. Suppose that an outcome-stream space (C, ) satisfies condition (B). Then:
(1) The preference relation -y is transitive, complete, and weakly increasing.

(i1) The outcome set X contains outcomes X, Y such that X = V.
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(111) Any outcome scale for the outcome space (X, 77y ) is weakly increasing and has
a non-point range, and any continuous outcome scale for (X, Zx ) has an interval range.

(iv) If the space (C, o) satisfies condition (C), then the preference relation ~y is
continuous and there exists a continuous outcome scale for (X, Zx ).

(v) If the space (C, ) satisfies condition (A), then the preference relation -y does
not depend on the choice of t and o, that is, for any time t' >0 and for any outcomes

o' and a, b, if the outcome-streams below are in C, then:

(a[o’.c],O) i (b[O,T]’O) if and only if (a[O’T'],O') i (b[O,‘c’]’Ol)'

4. Models for a bounded planning period

This section presents two integral-value models for outcome-streams defined on a
bounded planning period P =[0,T]. First, we present a model for step outcome-streams
on [0, T], and then we extend this result to present a model for a set of outcome-streams

on [0, T] whose component-streams are Riemann integrable functions on [0, T].

Step outcome-streams. As defined in Section 2, a step outcome-stream on [0, T] (i.e., an
outcome-stream X in St) has the form, X(t) = x(i) for t in <g_;,8;>, i=1...,m, where
p:<ay,ap>,...,<@n_1,ay > 1s a partition of the interval [0, T]. Such an outcome-stream is

piecewise constant with a finite number of values.

Theorem 1. An outcome-stream space (St, ), T >0, satisfies conditions (A)-(E) if

and only if it has a value function of the form
V(x) = [§ at)v(x(t)dt, x in St (1)

such that the Lebesgue integral (1) exists for any X in St and:
(a) The function v(X) defined on the outcome set X is continuous, weakly increasing,
has a non-point interval range, and is an outcome scale for the outcome space (X, Zx ).
(b) The function a(t) defined on the planning period P =[0,T] is non-negative and

Lebesgue integrable.
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(c) The function A(t) :j(t) a(s)ds defined on [0, T] is strictly increasing, absolutely
continuous, and has the value A(0)=0.
(d) The function V(X) is continuous on St , that is, for any X in Sy and any &>0
there exists a & > 0 such that A(z,X) <d implies |V (z)-V(X)| <€ forany z in Sy.
Moreover, the function V(X) is unique up to a positive affine transformation, and the

function A(t) is unique up to a positive multiple.

The function a(t) can be interpreted as a discounting function, and the indefinite
integral A(t) is then a cumulative discounting function. The fact that a(t) is not required
to be Riemann integrable is of practical importance since a Riemann integrable function
must be bounded. In particular, the model allows a discounting function to be unbounded
near the present, t =0. The most common such discounting functions are the so-called

k where the

power discounting functions. They correspond to the functions A(t)=t
parameter k is in the range O <k <1. Then, a(t) = kt“ for t> 0, and thus a(t) is
unbounded near t=0. These discounting functions are used in descriptive models of
choice behavior (e.g., Ainslie, 1992) and in prescriptive models of quality-adjusted life
years (QALY5s) (e.g., Pliskin et al., 1980).

The properties (a)-(c) of the functions v(X), a(t), and A(t) do not imply the joint-
continuity property (d) of the function V (X). For a counterexample, see Harvey (1998b).

Since an outcome-stream X in Sy is in a set Sp, i.e., X is a step outcome-stream

with respect to some partition p, the integral V (X) in (1) reduces to a finite sum
V()= (AGg)—A@_p))Vv(x), x in Sp. )

It follows that V (X) has the same value for any partition p with X in Sp.

While a sum V(X) has a finite number of terms, the number of terms varies from one
step outcome-stream to another. Indeed, there is no upper bound on the number of terms
in a sum. Hence, the model here is not a finite additive-value model.

Our method of proof proceeds in a direction opposite to the above derivation of (1")

from (1). First, we construct an additive-value model with a value function (1) for a set
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Sp; next we extend this result to construct a model for the union Sy of the sets Sp; and

then we show that the value function (1) can be written as a Lebesgue integral (1).

Riemann outcome-streams. A real-valued function f(t) defined on an interval [0, T]
is said to be Riemann integrable provided that, roughly speaking, any sequence of sums
Zinll f(t)(a —aj_;) based on partitions of [0,T] converges to the same amount as the
maximum lengths of the intervals <aj_;,8j> tend to zero. A function f(t) on [0,T] is
Riemann integrable if and only if it is bounded and is continuous almost everywhere.
Here, we define a family of outcome-streams X = (X, ..., Xy) on [0, T] by requiring
that each component-stream X;j in X is Riemann integrable and has bounds that are in the
component set X;. Since each X; is continuous at a time t if and only if X is continuous
at t, and each Xj <Xj(t) < X if and only if X =(Xj,....XN) S X(1) < X =(X,...,Xy),

we can define the family by requiring properties of the outcome-stream X itself.

Definition 2. An outcome-stream X defined on P =[0,T] will be called a Riemann

outcome-stream on [0,T ] provided that:

(1) X is continuous almost everywhere on [0,T].
(i1) There exist outcomes X, X such that X <x(t)< X forany t in [0,T].

The set of Riemann outcome-streams on [0, T ] will be denoted by Ry .

Any outcome-stream on [0,T] that is piecewise continuous (e.g., a step outcome-
stream or a continuous outcome-stream) satisfies (i), (ii) above and thus is a Riemann
outcome-stream on [0,T]. Hence, the set Ry of Riemann outcome-streams on [0,T]

seems to be sufficiently inclusive for typical applications.

Theorem 2. An outcome-stream space (Rr, 77), T >0, satisfies conditions (A), (B) on
the set Ry, satisfies condition (C) on the pair of sets Ry, Sy, and satisfies conditions

(D), (E) on the set St if and only if it has a value function of the form

V(x) =) at)v(xt)dt, x in Ry Q)
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such that the Lebesgue integral (2) exists for any X in Ry and the functions v(X), a(t),
Alt) = I(t) a(s)ds, and V(x) have the properties (a)-(d) in Theorem 1.
Moreover, the function V(X) is unique up to a positive affine transformation, and the

function A(t) is unique up to a positive multiple.

A real-valued function f(t) defined on [0, T] is Riemann integrable if and only if it
is Darboux integrable, that is, there exists monotone sequences {5™M¥2_ | {s(M¥*  of
step functions such that §(n) < f(t) < §(n), t in [0, T], and the distances || §(n)_§(n)|
tend to zero as n tends to infinity. The proof of Theorem 2 uses this equivalence. We
show that for any Riemann outcome-stream X there exist monotone sequences {§(n)};°:1 ,
{§(n)}?10:1 of step outcome-streams such that s(™(t) < x(t) < ™(t), t in [0,T], and
the distances A (n)’ S (n)) tend to zero as n tends to infinity, and we use this ‘squeeze
property’ of Riemann outcome-streams to extend the integral-value model in Theorem 1

for step outcome-streams to an integral-value model for Riemann outcome-streams.

5. Models for an unbounded planning period

This section presents two models for outcome-streams defined on the planning period
P =[0,). Like Theorems 1, 2, the first model is a steppingstone to the second model.

In the second model, the set of outcome-streams that are comparable (i.e., the set on
which the preference relation is complete) is specified in terms of the preference relation.
In this sense among others, the model differs from all previous continuous-time models
and from most previous discrete-time models. See Section 6 for details.

The discrete-time models in Harvey (1986, 1995)—and models in Wakker (1993) for
discrete probability distributions—do assume completeness of a preference relation on a
set that depends on the relation. Harvey argues that this comparability dependence permits
an arbitrary sequence of discount weights, and Wakker argues that it is the crucial change

in the axioms of Savage (1954) that permits an unbounded utility function.

Finite outcome-streams. Here, we present a model in which each outcome-stream equals

the null outcome o (see Assumption 1) after a time that depends on the outcome-stream.
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Definition 3. An outcome-stream X on the planning period P =[0,0) will be called a

finite outcome-stream provided that there exists a horizon T >0 such that the restriction

of X to [0,T] is a Riemann outcome-stream on [0,T] and X(t)=o0 forany t>T .

The set of finite outcome-streams will be denoted by Ry .

An outcome-stream X in a set Ry, T >0, will be identified with the outcome-stream
(X[0.T1> O(T,0)) in the set Ry . Thus, Ry is the union of the sets Ry . And for T'>T, an
outcome-stream X in R will be identified with the outcome-stream (X[g 1], Ot 17) In

the set Ry, and thus, Ry is a subset of Ry-.

Theorem 3. An outcome-stream space (Rj, 7o) satisfies conditions (A), (B) on each set
Rr, T >0, satisfies condition (C) on each pair Ry, Sy, T >0, and satisfies conditions

(D), (E) on eachset Sy, T >0, if and only if (R¢, 22) has a value function of the form
V(x)=_lim [jat)v(x)dt, x in Ry (3)
T—>o

such that the improper Lebesgue integral V (X) exists for any X in R¢ and:

(a) The function v(X) defined on the set X is continuous, weakly increasing, has a
non-point interval range, is an outcome scale for the space (X, ZZx ), and v(0)=0.

(b) The function a(t) defined on the interval [0,o0) is non-negative and is Lebesgue
integrable on each interval [0,T], T >0.

(c) The function A(t) = j(t) a(s)ds defined on the interval [0,%0) is strictly increasing
and is absolutely continuous on each interval [0,T], T >0, and A(0)=0.

(d) Foreach T >0, the function V(X) is continuous at each W in Sy in that for any
€ >0 there exists a 6 >0 such that A(z,w) <6 implies |V (z)-V(w)|<e for Z in Sy .

Moreover, each of the functions V(X) and A(t) is unique up to a positive multiple.

Comparable outcome-streams. The model in Theorem 3 can be extended to a model for
a set of outcome-streams for which the improper integral (3) converges. We define a set
of outcome-streams on [0, ), and in terms of a preference relation on this set we define

a smaller set and construct a model for the preference relation restricted to this smaller set.
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Definition 4. An outcome-stream X on [0,00) will be called a Riemann outcome-stream

on [0,0) provided that for any horizon T >0 the restriction of X to [0,T] isin Ry.

The set of Riemann outcome-streams on [0,) will be denoted by R, .

Suppose that a preference relation - is defined on a set R,,. We do not assume that
= is complete on R ; instead, we will define a subset of R,, in terms of - and assume
that 7~ is complete on the subset. Roughly speaking, the subset is to contain the outcome-
streams in R, that become arbitrarily unimportant in the sufficiently distant future.

To make this idea precise, consider tradeoffs between the immediate future period
[0, 1] and an unbounded future period (t, ©), t>1. Then, for an outcome-stream X we

can compare changes between two outcomes a and b in the period [0, 1] with changes

between X and the null outcome-stream 0 in the period (t, o).

Definition 5. A Riemann outcome-stream X on [0,o0) will be called comparable provided

that for any outcomes a <y b <y ¢ there exists a horizon T >1 such that for any t>T :
(89,17 0) < (b[o,l]a 0, X(t,00)) < (C[o,13- 0)-
The set of comparable outcome-streams will be denoted by Rc.

First, we show two circumstances in which an outcome-stream on [0, ) satisfies the

above condition of comparability.

Lemma 2. Suppose that the pair (R,,, ) is an outcome-stream space. Then:
(a) Any finite outcome-stream is comparable.
(b) For any two outcome-streams X, Y in R, if X is comparable and there exists a

horizon U > 0 such that X(t) =y(t) forall t >U , then y is comparable.

Below, we present an integral-value model for an outcome-stream space (Rc, 72). In
this model, the improper integral (4) converges for any outcome-stream in the subset R¢
of R,. One may ask whether, conversely, any outcome-stream in R, such that the
integral (4) converges is in the subset R¢. This statement is true if and only if = satisfies

an additional condition; see Harvey (1998b).



17

Theorem 4. An outcome-stream space (R, =) satisfies conditions (A), (B), and (D)
on the set R¢, satisfies condition (C) on each pair of sets Ry, St, T >0, and satisfies
condition (E) on each set Sy, T >0, if and only if the outcome-stream space (R¢, 22)

has a value function of the form

V(x)=_lim 1 av(x)dt, x in R 4)

such that the improper Lebesgue integral V (X) exists for any X in R¢ and the functions
v(X), a(t), A(t), and V(X) have the properties (a)-(d) in Theorem 3.

Moreover, each of the functions v(X) and A(t) is unique up to a positive multiple.
6. Relationships with previous research

It is surprising that the models developed here were not developed long ago—at least
for the case of a single outcome variable—and many readers may assume that they have
been. In reflecting on our work, we cannot avoid the thought that one reason for this lack
of prior research may be the difficulty of the proofs. We were unable to derive the models
as corollaries of known mathematical results, and we leave it as an open question whether
such an approach is possible.

However, a variety of continuous-time models have been developed, and thus we need
to explain how they differ from those in this paper. For completeness, we also mention a
few discrete-time models. Loewenstein (1992) provides a broader history of discounting.

Samuelson (1937) defined a continuous-time model in which the outcomes are rates
X of a person’s consumption, the outcome-streams are consumption streams X = X(t)
defined on an interval P, and preferences between the outcome-streams are represented

-t V(X(t))dt, where r >0 is an instantaneous discount rate

by an integral, V(X)=[pe
and V(X) is the cardinal utility of a rate X of consumption.

Samuelson’s model is not a measurement theory model, that is, he did not deduce his
integral value function from a list of conditions on preferences. Samuelson’s purpose for
the model was to infer a person’s cardinal utility function for consumption rates from the

person’s choices of optimal outcome-streams.
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A variety of measurement-theory models with discrete time have been developed.
Williams and Nassar (1966) developed a model in which the outcomes are net gains and
the outcome-streams are cash flows X=(Xy,...,Xy) for a fixed m. They establish that
preferences satisfy certain conditions if and only if they are represented by a function of
the form, V(X) = Z{n: o @ X - This model does not allow a nonlinear utility function v(x).

Koopmans (1960, 1972), Koopmans et al. (1964), and Diamond (1965) developed
models in which the outcomes are in a connected subset of a space R" and the outcome-
streams are sequences X = (X, X|,...) of outcomes at equally-spaced points of time, e.g.,
outcomes during annual periods. In each model, preferences satisfy certain conditions if
and only if they are represented by a sum, V(X) =3¢ (1+ r)_tv(xt) where r >0 is an
annual discount rate and Vv(X) is the cardinal utility of an outcome X.

In each of these discrete-time models, categorical variables are not allowed, and the
set of comparable outcome-streams does not depend on the preference relation. The finite-
period model by Williams and Nassar allows non-constant discounting while the infinite-
period models allow a nonlinear utility function v(X).

Harvey (1986, 1995) developed discrete-time models in which the outcomes are in an
interval, the outcome-streams are sequences of outcomes, and preferences are represented
by a function of the form, V(X) =X, & V(X ). Here, the set of comparable outcome-
streams depends on the preference relation and non-constant discounting is allowed.

Two types of measurement-theory models with continuous-time have been developed.
Grodal (2003, Section 12.3 and Note 12.5.1) presents models in which the outcomes are
in a connected separable metric space X , the outcome-streams are Lebesgue measurable
functions defined on an interval P with values in X , and preferences are represented by a
function of the form, V (X) = [p a(t) v(X(t))dp(t) where p is a measure on P. The models
are based on a working paper by Grodal and Mertens (1968).

These models do not allow categorical outcome variables or a dependence of the set of
comparable outcome-streams on the preference relation. In particular, constant outcome-
streams are assumed to be comparable. Thus, the models exclude non-discounting and

certain types of so-called slow discounting (see, e.g., Harvey, 1986, 1995).
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Moreover, the models are incomplete in two ways. They establish that ‘if X is preferred
to y then V(X) >V (y),” but they do not establish that ‘if V(X) >V (y) then X is preferred to
y.” Therefore, it could happen that V (X) >V (y) while X and y are indifferent. In this sense,
V(X) only partially represents the preference relation. Second, the models establish that
conditions on preferences imply that the preferences are partially represented by a function
V(X) as described, but they do not establish the converse implication.

Weibull (1985) developed a second type of continuous-time model. In this model, the
outcomes are real numbers and the set of outcome-streams is a convex cone C in a space
Ll(p) of measurable functions. By means of the Riesz Representation Theorem for affine
functionals on Ll(;,t), he shows that preferences satisfy certain conditions if and only if
they are represented by a function of the form, V (X) = [p a(t) x(t)du(t) .

Weibull’s model differs from those in this paper in five respects. First, it allows only
a single continuous outcome variable. Second, the set C of outcome-streams does not
depend on the preference relation. The set C may be too small for many applications since
any consequence in C has a finite non-discounted value, [p X(t)dp(t). Hence, outcome-
streams that are constant on an unbounded planning period are excluded. By contrast, the
approach in this paper allows outcome-streams that lack finite non-discounted values.

Third, the set C of outcomes will be unbounded above whenever the outcome variable
has positive values and unbounded below whenever it has negative values. By contrast,
the approach in this paper allows component sets to be bounded or semi-bounded intervals
or even finite sets. Such component sets may be needed in a variety of applications.

The fourth difference is that as in the Williams and Nassar model, a nonlinear utility
function Vv(X) is not allowed. Thus, the model excludes issues of preferences such as
decreasing marginal utility and intertemporal equity.

Fifth, the set C consists of Lebesgue integrable functions rather than Riemann out-
come-streams (whose component functions are therefore continuous almost everywhere).
It seems likely that in any application the outcome-streams will be continuous almost
everywhere. And in such an application, assumptions on preferences would be far more

difficult to envision for Lebesgue outcome-streams than for Riemann outcome-streams.
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Appendix: Proofs of Results

Proof of Lemma 1. By Assumption 1, the one-to-one correspondence between outcomes
a and outcome-streams (ay( ;],0) defines the preference relation 7y in terms of the
preference relation 7 in the subspace (C. ,, ) of the outcome-stream space (C, ).

To show parts (1), (i1), first observe that condition (B) implies that -y is transitive
and complete. To show that ~y is weakly increasing, consider two outcomes X >y . For
each k=0,...,N, define x4 as the vector with the components Y for j=0,....k and
X for j=k+1,...,N. Then, x(0 = x , x(N) = y, and each vector x®) s in the product
set X . For each k=1,...,N, the outcomes X(k_l), x®K) can differ only in their k-th
components and x(K=D) > (k) Hence, Assumption 2 implies that x (k=D X x8) for
each k, and thus X ZZy Yy by transitivity. Assumption 2 also states that not all outcomes
are indifferent. Since -y 1s complete, it follows that there exist outcomes X > Y.

To show part (iii), suppose that V(X) is an outcome scale for (X, 7zx ). Then, x>y
implies that X 7zyx Yy by part (i) which implies that v(X)>v(y). Thus, v(X) is weakly
increasing. By Assumption 2, there exist outcomes X, y with X >=¢ y. Thus, v(X) > V(y)
which implies that the outcome scale v(X) has a non-point range. And since (X, ZZx ) 1s
preferentially connected by Assumption 2, a result in Harvey (2006) implies that any
continuous outcome scale has an interval range.

For part (iv), suppose that the space (C, =) satisfies condition (C). Then, the prefer-
ence relation Zy is continuous since A((a[g 1], 0), (B 71, 0))=t/a—b| for a,b in X,
and thus a result in Debreu (1954, 1964) implies that 7—y has a continuous outcome scale
(since the set X with the metric of Euclidean distance is a separable metric space).

Part (v) is implied by the following more detailed result.

Lemma Al. If an outcome-stream space (C, ) satisfies conditions (A), (B), then:
(1) The comparison of outcome-streams in C that are constant on an interval does not
depend on the common outcome-stream at other times, that is, for any interval <o, 3>, any

outcomes a, b, and any outcome-streams Y, y’:

(a<og,[3>ay) z (b(a,B>ay) if and only if (a((x,[}wy’) z (b(a,[}>ay’)~
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(i1)) The comparison of outcome-streams in C that are constant on a non-point interval
does not depend on the common interval, that is, for any non-point intervals <o, > and

«,p>, any outcomes @, b, and any outcome-stream Yy :
(a«x’f»ay) i (b((x,Bwy) if and Ol’lly if (a<oc',[3’>ay) i (b<(x',|3'>ay) .

Proof. For both parts, we show that a -y b if and only if (A prY) % (b(a’B”y) for
any outcomes a, b, any non-point interval «a,f», and any outcome-stream Y in the set
C. First, assume that a ZZy b. Then, (Ao, By YO Zx (b<a,B>>y)(t) for any t in the
planning period P. Hence, condition (A) implies that (a“l»B)’y) = (b«x,B”y)' Next,
assume that a 7y b is false. Then, b >y a since zyx is complete by Lemma 1(i). Thus,
(B Y)O) Zx (@ prsY)H) for any t and (B p,Y)H) =x @ psY)E) for t in
the non-point interval «<a,f3». Hence, (b<a,B>=y) - (a<0€,B>’y) by condition (A), and thus

(a<a,B>ay) z (b«x’B),y) 1s false.

Since - is transitive, the above result implies (i) and (ii) for any non-point interval

«,B. If <a,P> is a point interval, then (2., g,,Y)(1) ~ (Bg,p,Y)(T) a.c. which implies
(q,pr>Y) ~ (beg,p,,Y) by condition (A).

Lemma A2. If an outcome-stream space (Sy, 77) satisfies conditions (A)-(B), then:

(1) For any point interval <a;_j,aj> in [0,T] and any X,y in Sy :if x(t)=y(t) for t
not in <@j_y, >, then X~y . (In this sense, any point interval is ‘inessential.”)

(i1) For any non-point interval «j_;,a;> in [0,T], there exist X,y in Sy such that
X(t) =y(t) for t notin «@j_;,aj> but X~ Y is false. (In this sense, any non-point interval

is ‘essential.”)

Proof. For part (i), consider two outcome-streams X, Y as described. Then, Xx(t)=y(t)
a.e., and thus X(t) ~y y(t) a.e. which implies that X ~y by condition (A).
For part (ii), note that since 7y is non-trivial and complete, there exist outcomes a, b

such that a >y b. Then, condition (A) implies that (a.q,_p,,0) > (b g,.0)-
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Lemma A3. If an outcome-stream space (St, 77) satisfies conditions (A)-(C), then for
any non-point, disjoint intervals <o, >, «a', B> in [0,T] and any outcomes @, b such

that a <y b, there exist outcomes at, b” such that: a <X at, b <x b, and

+ —
(& Brs Bcgy’, 'y 0) < (A, pyo Peor,prys 0) < (Beg gy Deor,py» 0) -

Proof. We show the existence of an outcome a* as described. The arguments for the
existence of b~ are similar and thus can be omitted.

Define A ={xin X : X<y a}, AO:{X inX:X~y a},and A" ={xin X : X >y aj}.
These sets are pairwise disjoint, and since 7y is complete their union is X . Moreover,
the sets A” and AT are nonempty. We will use the assumption that X is preferentially

0 in A that is in the closure of A*.

connected to show that there exist an a
The set A" is open since Zx 1s continuous. Since X 1is preferentially connected, it
follows that A" is not closed. However, the set A% U A* s closed (again since Ty 1s
continuous), and thus the closure of A" is a subset of AU AT, Hence, there exists an
outcome a” in A” that is in the closure of A*. It follows that there exists a sequence
{af}h_ of outcomes in A" such that | aj — a’ | tends to zero as n tends to infinity.
Condition (A) implies (a%,g, , 8’ py» 0) ~ (g, ys A, py» 0) =< (Aqr, By Deor’,pry> 0)
since a’ ~y a =<y b. Thus, condition (C) implies that there exists a >0 such that for

any a*:

A((@a,pr» A,y 0)> (@ s » B py» 0)) < 8 implies (Bl p, > Bcqy gys 0) <
(A, By b<a’,B'>a 0). By the above result, |[at —a%| < 6([3—&)_1 for some a” in A",

and it follows that A((a%e,p, » 8, gy» 0)> (@ e py» 0)) =(B-a) [ —a0 | < 5.

Suppose that p:<a_;,8j>, i=1,...,m, and q:<bj_1,bj », j=1,...,n, denote two
partitions of a planning period [0,T]. Since the intersections «aj_;,8>M«bj_;,bj> are
pairwise disjoint, they form another partition of [0,T]. We will refer to this partition as
the conjunction of p and @, and we will denote it by pq. The sets S, and Sy are subsets
of Spq since, for example, an outcome-stream that is in Sp is constant on each interval

<8j_;,a;> and thus is constant on each interval <a;_;,aj> m<bj_1, bj >.
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Lemma A4. Suppose that an outcome-stream space (Sy, 77) satisfies conditions (A)-
(E). Suppose, moreover, that a partition p:<aj_;,aj» I=1,...,m, of [0, T] contains at
least three non-point intervals. Then, the subspace (Sp, Z7) has a value function of the

form

Vp(X) = Zi”llai’pvp(x(i)), X in Sp (Al)
such that:
(a) The function v (X) defined on X is continuous, weakly increasing, and has a non-
point interval range. Moreover, it is an outcome scale for the outcome space (X, Zx).
(b) A coefficient 8; , is positive if <&j_;,8;> is a non-point interval and zero otherwise.
Moreover, the function v, (X) is unique up to a positive affine transformation and

the coefficients &; , are unique up to a common positive multiple.

Proof. Assume that (Sy, ) satisfies conditions (A)-(E). The set Sp of outcome-streams
X of the form X(t)=x(i) for t in <&_;,a;>, corresponds to the set XM=Xx..xX of

outcome-vectors X" = (x(1),..., X(m)). Thus, = induces a preference relation =M on

~ ~

X ™, and the space (X ™, =™) can be identified with the space (S p> ) - We will define

m

the distance between two outcome-vectors X™, y™ in X™ as the distance A(X,Y)=

ziril(ai —aj)| x(i) — y(i) | between the corresponding outcome-streams X, y in Sp.
Lemma A2 implies that an i-th component set in X " is essential if it corresponds to
a non-point interval «@j_;,a;> in the partition p and is inessential if it corresponds to a
point interval <&_;,8;> in p. Thus, X ™ has at least three essential component sets.
Lemmas Al, A2 imply that the preference relation =™ induces a preference relation
on each essential component set that coincides with -y and induces a preference relation
on each inessential component set that regards any outcomes as indifferent. Condition (B)
implies that =" is transitive and complete, condition (C) implies that =" is continuous,

~ ~

and condition (D) implies that =™ is tradeoffs independent.
The outcome space (X, 7y ) is preferentially connected. Hence, the extension of
Debreu’s additive-value model in Harvey (2006) implies that (X ™, =™) has an additive

value function, V"(x™) = Yicm @ Vi(x(1)), where M denotes the set of indices of the
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essential component sets. Here, each component function Vvj(X) is a continuous value
function for (X, ZZx ), and each coefficient g; is positive. Lemma 1 implies that each
function Vj(X) is weakly increasing and has a non-point interval range. Moreover, the
functions Vvj(x), i in M, are unique up to a common positive linear transformation and
the coefficients &, i in M , are unique up to a positive multiple.

Condition (E) implies that =™ satisfies the condition of ‘equal tradeoffs midvalues’
defined in Harvey (1986). By use of an argument there, the functions v;j(X) can be chosen
as a common function, which we will denote by v(x). Thus, the space (XM, =™) has a
value function of the form, Vm(xm):Zi oM @ V(x(1)). By defining a; =0 for each
inessential component set, it follows that the space (Sp, 77) has a value function of the
form, Vp(X):Zirilai,pr(X(i))a where the function Vp(X) and the coefficients aj p
have the properties (a), (b). In particular, each coefficient for an inessential component
set must be zero since the function v(X) is not constant, and thus the coefficients a; ,

as described in (b) are unique up to a positive multiple.

Proof of Theorem 1. A partition with at least three non-point intervals will be called
proper. The conjunction pq of a proper partition p and any partition ( is proper. Thus,
the set St is the union of the sets Sp such that p is a proper partition.

To show the forward implications, we normalize the value functions in Lemma A4
and paste together the normalized functions to construct a value function of the form (1).

By Lemma 1, there exist outcomes al % a~!. Assume that for a proper partition p,
the outcome scale v (X) and the coefficients &  in a value function Vp(X) in Lemma
A4 are normalized such that Vp(a_l) =-1, Vp(al) =1, and Zim:]ai,p =1. The resulting
scale vV (X), coefficients 8; ,, and function Vp(X) = ZF‘ZI aj,pVp(X(i)) are unique.

For two proper partitions P, g, suppose that Vpq(X) = 2{112?:1 ajj, pgVpq (X(, J)) is
the normalized value function for the conjunction pq. Then, V,(X) is a value function
for the subset Sp of Spq, and Vg (X) = >m, (er‘:l ajj, pq)Vpq (X(1)) for x in Sp. Since
Vg @hH=-1, Vg (@a')=1, and >m, (er‘:l ajj,pq) =1, Vpq(X) is normalized as a value
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function for Sp. Thus, Vpg(X) =Vp(X) for X in X and erlzlaij,pq =8 p for i=1,...,m
by uniqueness. The same arguments apply for Vg (X) restricted to the subset Sq of Spq.

We will show that the normalized function vp(X) and the normalized coefficients
aj,p associated with a proper partition p do not depend on p. First, note that for any
two proper partitions p and q: Vp(X) =Vpq(X)=Vq(X), X in X. We will denote the
common function by V(X).

Next, we show that a normalized coefficient a; , associated with a proper partition
p is a function, & = f(gj_1,aj), of the endpoints aj_j, g of the interval «@j_j,a .
For suppose that p is a proper partition with an interval <ay,_;,a;> and ( is a proper
partition with an interval <«by_;,b> such that a,_;=b,_;, ay =by. Then, the interval
@n_1,ap> N<b_1,be> in the conjunction pqg also has these endpoints. Therefore, the
intervals «aj_t,ap N<by_p.b>, 1 # h, and <ay_q,apbj_,bp, j=k, are point
intervals, and hence ajx pq= 0 for i # h and anj pg= 0 for j=k. It follows that
ank, pq = Zim1 ik, pg = 8,q and Ak pg =X 18hj,pq = an,p-and thus ay q =ap .

Suppose that p is a proper partition with adjacent intervals <an_j,an>, <an,ap,>
and q is a proper partition with an interval <by_;,b> = <an_j,ap U@y, an,p . For
W=h+l: @ p =] 18h,pq =%kpg>  a'p=2Z]1njpg =ankpg:  and
a,q =20 3ik,pg = ank,pg T ank,pq Thus, d q=2ahp+ayp. It follows that
f(anh_;,an41) = f(@y_1.an)+ f(ap,an41), and thus f(a,c)= f(a,b)+f(b,c) for any
a<b<c in the interval [0,T].

To solve this functional equation, define A(t) = f(0,t). Then, f(b,c)= A(c)— A(b)
and A(0)=f(0,0)=A(0)—A(0)=0. See, e.g., Aczél (1966, pp. 223-224) for references.

The value function V(X) = M, 8, pr(X(i)) for a set Sp can now be written as:
Vp(0) =X, (AG@) - Aaj_))V(X(i), X in Sp.

where the functions A(t) and v(X) are independent of the proper partition p.
If an outcome-stream X is in the sets Sp, Sq for different proper partitions p, q,

then X isin Spq and Vp(X) = Vpq(X) = Vg(X). Thus, for any X in Sy, the amount V (x)
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in (2) is well-defined as the common amount Vp(X) for any proper partition p such that
X isin Sp.

The function V (X) is a value function for the space (St, 7). For consider any X, y
in Sy. Then, X is in Sp and Y is in Sy for some proper partitions p and ¢. Hence, X
pq > and thus V(X) =Vpq(X) and V(y) =Vq(y). Therefore, X =y if
and only if Vg (X) 2 Vg (y) if and only if V (x) 2V (y).

and y are both in S

The normalizations, Zim:]ai, p =1, imply that A(T)=1. Hence, V(a)=v(a) for any
outcome a. Moreover, an amount V (X) is a weighted average of amounts v(x(i)). Thus,
the range of the function V (X) equals the non-point interval range of the function v(X).

The normalization, v(ail) =+1, of the function v(X) implies that the common range
of the functions v(X) and V(X) includes the interval [—1, 1]. Thus, for any —1<r <1
there exists an outcome a' such that v(a r) =r and V (ar) =r.

Next, we show that the functions v(X), A(t), V (X), have properties (a)-(c). Lemma A4
implies that v(X) has the properties in (a) since V(X) =Vp(X) for any proper partition p .

The function A(t) is strictly increasing on [0, T ] since by Lemma A4 any coefficient
aj p for a nonpoint interval is positive. Moreover, A(0) =0 as shown above.

To show that A(t) is absolutely continuous on [0,T] it suffices to show that for any
0<e<l there is a >0 such that X' (a —a_;) <5 implies X1 (A(ay)—A(gj_y)) <
¢ for any pairwise disjoint intervals (&_;, @), i=1,...,n, in the interval [0,T]. Here,
the union of the intervals (a;_;, aj) can be any subset of [0,T].

For intervals (gj_;, @) as described, define a step outcome-stream z by z(t) = al if
t is in the union of the intervals (aj_;, 8j) and z(t) = a’ otherwise. Then, A(z, aO) =
>P o (@-a_pla'-a’| and V(2) =2 (A@) - Aai_y)).

< a®. Condition (C) implies that

Consider an outcome-stream a®, 0 <e <1. Then, a
there exists a &>0 such that A(z, a0)< & implies z<a® for any z in Sy . Define
8'=68|a'-a’|"L Then, ¥ (a-a_;)<& implies A(z,a’)<d implies z<a®
implies V (z) <V (a¥) implies > (AG@) - Agi_y)) <e.

To show property (c), consider an X in St and an € > 0. As the primary case, assume

that there exist X, X in Sy with V(X7) <V (x) <V (x"). Since the function V(x) has
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an interval range, V(X)—& <V (X %) <V(X) <V(x%) <V(X)+¢& for some x ¢, x® in

St . Thus, by condition (C) there exist §;, 8, >0 such that A(z, X) < §; implies z = X",
and A(z, X) < 8, implies z<x®. Define 8=min{8;,8,}. Then, A(z, X) <& implies
X &<z<x® implies V(X)—e <V (z) <V (X)+¢.

As a second case, assume that V(z) <V (X) for any z in Sy . Then, there exists an
x~% in S; such that V(X)—& <V (X ®) <V(X). Thus, by condition (C) there exists a
8>0 such that A(z, X) < & implies z = X © for z in St . Thus, A(z, X) < implies
V(z)>V(x~®) implies V(X)—&<V(z) <V (X). The arguments are similar and thus can
be omitted for the remaining case that V(z) >V (X) forany z in Sy .

For the converse part of the proof, assume that an outcome-stream space (Sy, 27) has
a value function V (X) of the form (1) with properties (a)-(c). Then, it is straightforward
to show that (St, 77) satisfies conditions (A), (B), (D), and (E).

To show that (St, 7o) satisfies the continuity condition (C), consider any X, y in St
with X <y and thus V (X) <V (y). Define ¢ =V (y)—-V (X) > 0. By property (c), there is a
&> 0 such that A(z, X) <6 implies |V(z)-V(X)|<e for z in Sy. Thus, A(z, X) <0
implies V(z) <V (y) which implies z <y . By a similar argument, there is a 6 >0 such
that A(z, y) < & implies z > X. Hence, condition (C) is satisfied.

It remains to show the uniqueness properties of the functions v(X)and A(t). Suppose
that V()= £, (A@;)~ A@_))V(x(D) and V(x) =5, (Aa)—Aai_))9(x() are
value functions for (St, 2Z) with the properties (a)-(d). Then, for any proper partition p,
V(X) and \7(X) are value functions for the subset Sp of Sy. Lemma A4 implies that
V(X)= oclp V(X)+ Blp , X in X, where oclp > 0. Since V(X) has a non-point range, oclp, Blp
are independent of p, and thus V(X) is a positive linear transformation of v(X).

Lemma A4 also implies that A(gj)-A(gi_))=ab (A(a)-A@a_))), i=L...m,
where ocg > 0. By adding these equations, it follows that A(T )= ocg A(T), and thus ocg
is independent of p. Hence, A(a;)=A(a;)-A(ay)=a,(A@;)—A@y))=a, Ada)
where a, is the common value of ocg . But a; can be any time in [0, T], and thus A(t)

is a positive multiple of A(t).
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Conversely, if V(X)=X", (A(a)—A(@_1))V(x(i)) is a value function for (St, )
and V(x)= ", (A(a) - A(gj_))¥(x(i)) where V(x)=ayVv(x)+B; and A(t)=oa,A(t),

04, oy >0, then V(x) = o ocz\f(x) +04B;A(T) and thus V (x) is also a value function.

Lemma A5. An outcome-stream X is a Riemann outcome-stream on [0, T ] if and only if

there exist two sequences {Y(n) b and {g(n)}%ozl of step outcome-streams such that:
xDty< xP)<...< xt) <...< xXPty< xOt)

for t in [0,T], and nli_r)rgO A(Y(n), Z(n) )=0.

Proof. For the forward implication, assume that X is a Riemann outcome-stream on [0, T ].
Then, each component-stream X; is continuous a.e. and Xj <X;j(t) < Xj for t in [0,T].

Choose a nested sequence of partitions {p(n)}%ozl so that nli_r)nOo miax( ai(n) (n)) 0.

For each j=1,...,N, define two sequences {7(-“) Yol s {X(-n)}%O 1 of step functions by:

XV =inf {x;©):te@™, al™s } and X{Vt)=sup {xj(1):tea,als } for t in
the subinterval <a|(n%, (M) in the partition p( ). Since a component set X ; is finite or
an interval, and Xj<xjt)<Xj, the ‘inf” and ‘sup’ values of the step functions g(jn)(t) ,
Y(jn)(t) ,arein X ;. Hence, the values of the corresponding vector-valued functions x(M ,
g(n) are in the outcome set X , and thus x(™ and g(n) are step outcome-streams.

The sequences {X(n)}Oo {X(n)}?f | satisfy the stated inequalities since the sequence
{p(n)} _; of partitions is nested. Moreover, hm j(X(n) gn))zo for j=1,...,N
since a real-valued function is continuous a.e. and bounded if and only if it is so-called
Darboux integrable. Hence, hm A( X(n) X(n)) 0 since A(X,y) < Z Xyl
The proof of the converse implication is essentially the above arguments in reverse.

Lemma A6. Suppose that a function a(t) on [0,T] is non-negative, Lebesgue integrable,
and its indefinite integral A(t) = j(t) a(s)ds is strictly increasing, and that a function Vv(X)
on X is continuous and weakly increasing. Then, for any X, y in Ry:

(a) The function v(X(t)) is Riemann integrable on [0,T] and the function a(t)v(Xx(t))

is Lebesgue integrable on [0,T].



29

(b) For any sequences {i(n)}%ozl and {x(n)}%ozl of step outcome-streams as described
in Lemma AS, lim [f atv(x™ )dt = lim 1§ a(tv(xM (t)dt = [T atv(x(t))dt .
(c) If v(X(t)) <v(y(t)) a.e. on [0,T], then exactly one of the following cases is true:
() V(x(t))=V(y(t)) a.e.on [0,T], and [§ a@v(x(®)dt =[] at)v(y())dt.
(i) v(X(t)) <v(y(t)) on a non-point interval, and jg a(t)v(x(t))dt < jg a(t)v(y(t))dt.

Proof. For (a), consider an outcome-stream X in Ry . Then, X is continuous a.e. and there
are outcomes X, X such that X <x(t) <X for t in [0,T]. Hence, the composite function
V(X(t)) is continuous a.e. (since the function V(X) is continuous) and is bounded by V(X)
and V(X) (since V(X) is weakly increasing). Thus, v(X(t)) is Riemann integrable. But
a(t) is Lebesgue integrable, and thus the product a(t)v(Xx(t)) is Lebesgue integrable.

For (b). define f{™(t)=X\"(t)-x{"(t). t in [0.T], for each j=1,...,N . Then, the
functions fj(n)(t) are non-negative step functions and fj(l)(t) > fj(z)(t) >...,tin[0,T].

The sequence {fj(n)(t)}aozl converges for t in [0,T]. Define fj(t)= n1i_r>réo fj(n)(t).
Then, fj(t) is Lebesgue integrable and Ig fj(t)dt =nli_r>réO jg fj(n)(t) dt by the Monotone
Convergence Theorem. But nli_r)réo fg fj(n)(t) dt =0 since nli_r)ril)O A(Y(n), g(n)) =0. Hence,
1§ fj®dt=o.

To show that fj(t)=0 ae. on [0,T], define E={te[0,T]:fj(t)>0} and Ej =
{te[0, T]:fj()>1/m}, m=1,2,.... Then, E = U1 Ep - If the measure A(E) of the
union E is positive, then the measure A(E;,) of E,, is positive for some m=1, 2, ... .
But A(E,)> 0 implies that jg fjt)dt>(1/m)A(Ey) >0 which is a contradiction.

Thus, lim XV (t) = lim x{V(t) = lim x{(t) forall j=1,...,N ae. Since v(x)
is continuous, it follows that  lim vx™ (1)) = lim vixM (1)) = lim vixM(t)) ae. .
Thus, lim a®)v(xM(t)) = lim a®)v(xM(t)) = lim a®v(x (1)) ae..

Since {a(t)v(Y(”)(t)) Yy is a weakly decreasing sequence of Lebesgue integrable
functions, the Monotone Convergence Theorem implies that nlgnOo jg a(t)v(i(”)(t)) dt =
I§ av(x(®)dt . And by a similar argument, lim (] a(tyv(x™ (b)) dt = [T act)v(x(t))dt .

For (c), assume that v(x(1)) <V(y(t)) a.e. Then, JJa®v(x(t)dt<JJ a®v(y(t))dt
since a(t)is non-negative. But [J a(t)v(x(t))dt = [§ a(®v(y(t)dt if v(x(t)) = v(y(1)) a.e..

Suppose V(X(t)) <Vv(y(t)) on a set E of positive measure. Since X,y are continuous a.e.,
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they are continuous at a time t;, in E. Define &€ =V(y(t;))—V(X(ty)) > 0. There exists a
non-point interval <a, > with v(y(t))—Vv(X(t))>&/2 on <a, p>. Thus, v(X(t)) <Vv(y(t))
on <o, B, and [J a(tv(y(t)dt—J§ a®v(xt))dt > (AB) - A@))e/2 > 0.

Proof of Theorem 2. For the forward part of the proof, assume that an outcome-stream
space (Ry, 7) satisfies the stated conditions. Then, 77 restricted to the set St satisfies
the conditions in Theorem 1. Thus, there exist functions v(X), a(t), A(t), V(X) with the
properties (a)-(d) in Theorem 1 such that V(X) is a value function for the space (St, 7).
Moreover, the function V(X) is unique up to a positive linear transformation, and the
function A(t) is unique up to a positive multiple.

By Lemma A6(a), the function a(t)v(Xx(t)) is Lebesgue integrable for any X in the set
Ry and thus V (X) = j-or a(t)v(x(t))dt is well-defined on Ry. Our task is to show that V (X)

is a value function for the space (R, 7). To do so, we establish the following properties.

(1) For any X in Ry and any €>0, there exists a W in St such that w~ X and

VW)=V (X)|<t.

Proof: Consider X in Ry and €>0. By Lemmas AS, A6, there exist X, X in St such
that: (1) x(t) <x(t) <X(t),tin [0,T],and (2) [V(X)-V(X)|<e and |V(X)-V(X)| <e.

The inequalities (1) imply X (t) Zx X(t) Sx X(t) and v(X(t)) <Vv(X(t)) < Vv(X(t)) for t
in [0,T] by Lemma 1. Hence, X = X X X by condition (A), and V (x) <V (X) <V (X) by
Lemma A6(c). If X ~ X or X ~ X, then by the inequalities (2) we are through.

Assume the remaining case that X < X and X < X. Then, X < X, and thus X(t) # X(t)
on a non-point interval <a;j_;, @;>. Hence, A(X, X)>0.

Define X; =AX+(1-A)X for 0<A<1. Then, (1) implies X(t) <X, (1)< X(t), t in
[0,T], and thus V(X) <V (X; ) <V (X) by Lemma A6. Hence, |V (X; )=V (X)| <& by (2).

One can check that Xy =Xy = (L=A)(X=X) for A, u in [0, 1] and thus A(X;, X, )=
S (@ —aj_1) |, ()— %, ()] =", (@ —aj_1) |2 —p| |R()~ x()| =] 2 —p] AKX, %).

Define L={Ae[0,1]:X) <X} and U ={A€[0,1]: X, >X}. Then, L and U are
disjoint, 0 is in L, and 1 is in U . Moreover, the sets L and U are open relative to [0,1].

For consider, e.g., an A in L. Then, X; < X, and thus by condition (C), thereisa & >0
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such that A(X,, X; ) < & implies X, < X. Hence, [p—A | <A(X, X)_l O implies that p is
in L. Since [0,1] is connected, there exists a v in [0,1] that is notin L or U, and thus

Xy ~ X by the completeness of 7.
(i) V(X)<V(y) implies X<y forany X,y in Ry.

Proof. Consider X,y in Rp with V(X)<V(y). Define £= 1, (V(y)-V(X)). By (i),
there exist W,z in Sy with w~X, z~y, [V(W)-V(X)|<e, and |[V(2)-V(y)|<e.
Hence, V(w)<V(z), and thus w <z since the function V(X) represents (St, ).

Therefore, X <y by the transitivity of .
(1) V(X)=V(y) implies X~y forany X,y in Ry.

Proof. Consider X,y in Ry with V(X)=V(y). By property (i) there exist W, Z in St
such that w~ X and z~Yy. Then, V(w)=V(X) and V(z)=V(y) since otherwise, e.g.,
V(W) <V (X) which implies w < X by (ii). Thus, V(w) =V (z). Since the function V (X)

represents (St, 77), this equality implies that w ~ z . Therefore, X ~y by transitivity.

Properties (ii), (iii) imply that V (X) is a value function for (Ry, ). For x 2y implies
not X <Yy which implies V(X) >V (y) by (ii), and V(X) >V (y) implies V(X) >V (y) or
V (x) =V (y) which implies X =Yy or X~y by (ii) and (iii) which implies X Y .

For the converse part of the proof, assume that a function V(X) of the form (2) is
well-defined and is a value function for an outcome-stream space (Ry, 27), and that the
functions v(x), a(t), A(t), and V(X) satisfy the properties (a)-(d). Then, - satisfies
condition (B) on Ry since V(X) is a value function, and 7 satisfies conditions (D) and
(E) on the set St by Theorem 1.

To show that - satisfies condition (A) on Ry, assume that X(t) -y Y(t) a.e. . Then,
V(X(t)) > v(y(t)) a.e. by property (a). Hence, V(X)>V(y) by Lemma A6(c), and thus
Xy . If also x(t) >y y(t) a.e. on a non-point interval <a, B>, then v(X(t)) >v(y(t)) on
<, P>». Hence, V(X) >V (y) by Lemma A6(c), and thus X >y .

To show that 7 satisfies condition (C) on the pair of sets Ry, Sy, consider any X in
Rr and w in St such that w < X. Then, V(w) <V (X). Define ¢ =V (X)-V(w)>0. By

property (c) in Theorem 1, there exists a 8 >0 such that for any z in St A(z,w)<3d
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implies |V (z)-V(w)|<e. But |V(z)-V(w)|<e implies V(z)<V(X) implies z < X.
The argument when W > X is similar, and thus condition (C) is satisfied.

To prove the uniqueness properties of the functions V(X) and A(t), consider two
functions V (X) = fg atv(xt)dt, V(x)= [J A(t)V(x(t))dt, and the associated functions,
A =18 a(s)ds, At)=[§ a(s)ds. Assume that V(x) and V(x) are value functions for
the space (Ry, ) and that they satisfy the properties (a)-(d). Then, by Theorem 1 the
function V(X) is a positive linear transformation of the function v(x) and the function
A(t) is a positive multiple of A(t). It is straightforward to verify that, conversely, if
V(X) is a value function for (Ry, =), V(X) is a positive linear transformation of Vv(X),

and A(t) is a positive multiple of A(t), then \7(X) is a value function for (R, 7).

Proof of Theorem 3. Since Ry is a subset of Ry for T">T, Ry is the union of the sets
Rr, T 2U, for any horizon U < 0. For our purposes, we choose U =1.

First, we show the forward implications. Lemma 1 implies that there exists an outcome
X" = o or an outcome X <y 0. The arguments are the same in both cases, so it suffices
to assume that there is an outcome X" =y o.

The assumptions in Theorem 3 imply those in Theorem 2 for any horizon T >0. And
Theorem 2 implies in particular that for any T >1 there exist a value function Vg (X) as
described for the space (Ry, 7). Moreover, we can assume that the associated functions
vr (X), Ap(t) are normalized such that vy (0)=0, vy (X" )=1, A (0)=0, Ar()=1,
and thus vy (X) and Ay (t) are unique. Then, for any T'>T >1, both V¢ (X) and Vy/(X)
are normalized value functions for (Rr, 2), and thus vy (X)=vy/(X) for X in X and
Ar ()= Apr(t) for 0<t<T.

Hence, the following functions are well-defined: the function v(X), X in X, defined
by V(X)=Vr (X) for X in X, and the function A(t), 0<t <o, defined by A(t) =Ar (t)
for 0 <t <T. We define a function a(t), 0<t<oo, by a(t)=A'(t) if the derivative A'(t)
exists and a(t)=0 otherwise. Hence, a(t)=A'(t) =ar(t) a.e. for 0<t<T, and thus
Vr () =13 ar (v (x(t))dt=[] a(t)v(x(t))dt for x in Ry . Finally, we define a function
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V(X), X in R¢, by V(X)=V¢(X) for X in Ry. Since V(o) =0, this definition implies
that, V (X)= Tlg)nOO V1 (X) =_|_1i_1>nOO j(-)r a(t)v(x(t))dt, for any X in Ry .

Theorem 2 implies that V (X) is a value function for (Ry, ) for any T >1 and that
the functions v(x), A(t), a(t), V(X) have properties (a)-(d). Moreover, V(X) is a value
function for (R¢, 7). For consider any X,y in R¢. Then, X isin Ry and Y isin Ry
for some T, T'>1. Assume that T <T'. Then, X and y are in Ry: and thus can be
compared by the normalized function Vy/(X). Thus, X 2z y if and only if V¢ (X) =V (y)
if and only if V(X) 2V (y) since V (X) =V7/(X) and V(y) =V7/(y).

To show the converse implications, assume that there exist functions v(x), A(t), a(t),
and V(X) as described in Theorem 3. Then, Theorem 2 implies that for any T >0 the
preference relation 7 satisfies conditions (A)—(E) with regard to the sets Ry and St .

To show that each function A(t) and v(X) is unique up to a positive multiple, consider
two value functions V (x) = lim [§a@®v(x®)dt and V(x) = Jlim [§amV(x®)dt as
described in Theorem 3. In particular, v(o) =V(0) =0 and A(0)= A(0)=0.

For any T >0, the functions V (x), V (X) restricted to Rt are V(X) = jg a(t)v(x(t))dt
and V (X) = j(-)r a(t)v(x(t))dt. Thus, Theorem 2 implies that there exist constants at >0,
Br, and y1 >0 such that V(X)=oa7V(X)+B7r, X in X, and A(t) =yr A(t), 0<t<T.
Then, Bt =0 since V(o) =V(0)=0. Moreover, ot and yt are independent of T >0.
The reason is that for T <T': agVv(X)=V(X)=a1V(X), X in X and y1 A(t) = A(t) =
Y7 A(t), 0<t<T. Since v(x")#0, A(T) =0, it follows that ot =07 and y =y71r.

Proof of Lemma 2. To show (a), consider an X in R¢. Then, there isa T >1 such that
X(t,00) =O(t,c0) fOr t=T . But @<y b=y ¢ implies (80,13, 0) < (b[o,l], 0)=< (C9,13- 0)
by the definition of 7y , and thus X satisfies Definition 5.

For (b), consider two outcome-streams X, Yy in R, such that y is in R:-. If there
exists a time U >0 such that x(t)=y(t) for any t>U, then X o) =Yt for t=U,

and thus y satisfies Definition 5 with the horizon T replaced by the horizon max{T, U}.

Lemma A7. Suppose that the preference relation - in an outcome-stream space (R, =)

0 ~v

satisfies conditions (B), (D) on the set Ry~ and satisfies conditions (A), (C) on each set
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Sy, T>0. Then, for any outcome-stream X in R, any non-point, bounded interval

<a, B>, and any outcomes a <y b <y C, there exists a time T >3 such that:

(a((l,ﬁ)’o)-< (b(a,B)aoax(t’w))'< (C<0”’B>’ O), tZT

Proof. It suffices to show that for any non-point, bounded, disjoint intervals «a., >,
', B>, if an outcome-stream in R satisfies the comparability condition with respect
to «a', B, then it satisfies the comparability condition with respect to «a., 3> . This result
implies the lemma for the case that [0, 1] and «<a, B> are not disjoint since we can intro-
duce a third interval that is disjoint from [0, 1] and from <o, B> and then use the result
twice. We will consider only the left-hand strict preferences since the argument for the
right-hand strict preferences is similar.

Consider an X in R:- that satisfies the comparability condition with respect to a non-
point, bounded interval <o/, B’>; for example, for any outcomes b~ <y b there exists a

T>p" such that: (i) (b:a,,m, 0)=< (b o, X(t,oo)) for t>T . Lemma 2 states that

«',B">
any outcome-stream in R, thatisin Ry or that equals X after a finite time isin R-.

Suppose that <o, B> is a non-point, bounded interval that is disjoint from <o, '> and
that a is an outcome such that a <y b. Lemma A3 implies that there exists an outcome
b~ <x b such that: (ii) (b p» 8cq,pr:0) < (D grys Degi,pr-0) -

By condition (D), (i) implies: (iii) (b:a,’ﬁ’>,b<a’ﬁ>, 0)=< (b<a’,B’>’ b<oc,[3>’ 0, X(t,a0) ) »
t > max{T, B} . Then, (ii) and (iii) imply (b’ g, 8(q,py»0) < (b«x’,ﬁ’)’ b<a,B>’ 0, X(t,00))
by transitivity, and condition (D) implies (2, B> 0)< (b B 0> X(t, ) ), t>max{T, 3}.

Lemma A8. Suppose that a non-negative function a(t) on [0, o) is Lebesgue integrable
on each interval [0,T], T >0, and that the indefinite integral A(t)= jé a(s)ds is strictly
increasing on [0, c©). Suppose also that a function V(X) defined on X is continuous and
weakly increasing. Then, forany X,y in R, andany T >0:

(@) If [§ avx®)dt < J§ av(y(®)dt, then v(x(t)) <Vv(y(t)) on a non-point interval
in [0,T].

(b) If v(x(t)) <Vv(y(t)) on a set of positive measure in [0,T ], then for any ¢ >0 there

exists a non-point interval <o, B> in [0,T] and outcomes a, b such that:
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(1) v(x(t)) <v(a)<v(b) <v(y(t)) for t in <o, B> .

(i) 0<JPatv(b)dt-[Pactv(x(t)dt <e and 0< [Pav(y)dt-Patv(a)dt<e.
Proof. Assume that [ a(t)v(x(t))dt < [§ a(t)v(y(t))dt. Then, v(x(t)) <V(y(t)) on a set
E in [0,T] of positive measure since otherwise V(X(t))>Vv(y(t)) a.e. in [0,T] which
implies jg a(t)v(x(t))dt > jg a(t)v(y(t))dt by Lemma A6. Since X, y are continuous a.c.,
there is a ty in E such that the function v(y(t)) —Vv(X(t)) is continuous at t;. Thus, there
is a non-point interval <a, > in [0,T] such that v(y(t))—v(X(t)) >0 for t in <a, .

For (b), assume that v(X(t)) <Vv(y(t)) on asetin [0,T] of positive measure. By a slight
extension of the above argument, there is an amount 6 >0 and a non-point interval <o, B>
in [0,T] such that v(y(t)) —v(X(t)) >d for t in <a, B> . Define vy =inf{v(X(t)):t e «a,p>}
Vo =sup{V(X(t)):te«a,B}, v3 =inf{v(y(t)):te<a,P>}, and v; =sup{v(y(t)):te«a,p}.
Then, v; <v, <Vv3 <V, where V3 -V, 23.

The range of the function v(X) is an interval | by Lemma 1. The functions v(X(t)),
V(y(t)) restricted to [0,T] have bounds in | since X, y are in R, and the function V(X)
is weakly increasing. Thus, the amounts vy, ...,Vv4 are in |, and thus there are outcomes
ay,..., a4 in X such that v; =v(q;), etc. Hence, part (1) is established.

For part (ii), we construct a subinterval <y, &> of <a, B> that is sufficiently small. But
Pa(tv(as)dt - j$ a(v(x(t))dt < (AB) - A(y)) (v(az)—V(a;)) for any subinterval ¢y, &,
and a similar inequality is true for y. The function A(t) is strictly increasing and

continuous, and thus we can choose y < such that the inequalities in (i) are true.

Proof of Theorem 4. To show the forward implications, assume the stated conditions.
Then, by Lemma 2, R; is a subset of R, and thus the space (Rj, ) satisfies the
conditions of Theorem 3. Hence, there exist functions v(X), a(t), A(t), and V(X) (as in
(3)) that have the properties (a)-(d) in Theorem 3 and such that V (X) represents (R¢, 7).

To show that V (X) converges for any X in R, it suffices to show that for any € >0
there exists a T >0 such that V((X[o,t],0)) =V ((X[,s],0)) <¢ for s, t=T. Then, also
V((%0,51:0) —V ((X0,1}-0)) <& for s,t>T. Hence, {V((X0,n,0))}nz is a Cauchy

sequence and thus has a limit V . The inequalities then imply that tli>m V((X[0,t3-0) =V .
o0 b
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For X in R~ and &> 0, choose outcomes a~<y b=y ¢ with A(l)(v(c)-v(a))<e.
By Lemma A7, there exists a time T 21 such that (&g 13, 0) < (byo 17, 0, X(s,:0)) and
(B10,13> 0, X(t,00)) < (C[o,17, 0) for s, t=T . Therefore, (ag 13, X(1,57> 0) < (Opo,13> X(1,00))
and  (bpo 17, X(1,00)) < (C[0,1]> X(1,t}- ©) by condition (D). Thus, transitivity implies that
@70,11> X(1,s1» 9) < (C[o,13> X(,t7> 0)- Hence, V((@o,13> X,s7> 0)) <V ((C[0,13> X(1,t]> 0))
since the function V (X) represents = on R . Adding V(X[o,l]) to both sides, we obtain,
Av(a) +V ((X[0,51,0)) < AV(C) +V ((X[0,t],0)) . Thus, V((X[0,51,0)) =V ((X[0,],0)) <
A(l) (v(c)—v(a))<eforany s, t>T .

Next, we show that V (X) represents the space (R, 7). First, suppose that an X in
R is upper extremal in the sense that X2y for any y in Ry . Then, V(X) =V (y) for
any y in Ry-. For assume that V(y)>V(x). Then, V((y[o,T7,0)) >V ((Xj0,77,0)) for
some T > 0, and thus Vv(y(t)) > Vv(X(t)) on a nonpoint interval <o, B> in [0,T] by Lemma
A8. Hence, y(t) =x x(t) for t in <o, B>. But the outcome-stream (Y gy, X) is in R-
by Lemma 2, and (y«x,B), X) > X by condition (A). A similar argument can be given for
the case in which an outcome-stream X in R:- is lower extremal.

Next, suppose that an X in Ry is non-extremal, i.e., there exist y y+ in R»- such
that y~ < x < y* . In this case, we will show that for some T >0 there exists an outcome-
stream in St that is indifferent to X. The argument is parallel to that in Theorem 3; in
particular, the properties (i)—(iii) below correspond to (i)—(iii) in the proof of Theorem 3.

(1) For any non-extremal outcome-stream X in Ry and any ¢ >0, there exist a time
T >0 and an outcome-stream W in St such that w ~ x and |V (W)-V(X)| <e€.

To prove (i), it suffices to show that for any € >0 there exists a time T >0 and step
outcome-streams W, W' in Sy such that w~ < x=Xw' and |[V(W)-V(X)|<e&,
IV(w")=V(x)| <&. For we can then use the proof of (i) in Theorem 3 to obtain an
outcome-stream of the form, w =Aw" +(1-A)w~, 0 <A <1, that satisfies (i).

To show the existence of a step outcome-stream W' as described, we will construct a
sequence of the form: X, (X{9 17, 0), (X{0,T]~c, B> Pect, B> 0) > w™ . The arguments to

show the existence of W are similar. Assume that an amount € >0 is given.
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For the first step, observe that since the integral V (X) converges there exists a time
T >0 such that |V (X) -V ((X[q,t}, 0))| <&/3 forany t=T.

For the second step, observe that since X is non-extremal there exists an outcome-
stream Y =X in R . Condition (A) implies that y(t) = X(t) on a set of positive measure.
Thus, there 1s a time T, >0 such that y(t) > X(t) on a set E of positive measure in the
interval [0,T,]. Thus, v(y(t)) >Vv(X(t)) on E. Then, Lemma A8b implies that there is a
non-point interval <o, > in [0,T,] and outcomes a, b such that: (1) v(x(t)) <v(a) <v(b)
for t in <o, B>, and (2) 0 < [Pa(tv(bydt - [Pactv(x(t)dt < /3.

The inequalities (1) imply by condition (A) that X = (a<0hl3>’ X) , and they imply by
Lemma A7 that there exists a T3 > such that (2 gy, 0, X(t,00)) < (D(g gy, 0) for t=T;.
Condition (D) then implies that (2 gy, X) < (X[0,t]—<c,p>> b«x’B), 0) for t>T;. Hence,
X< (X[0,t]-<a,p>> Peapy» 0) for t =Tz by transitivity.

Next, the inequalities (2) imply that | V((X[o,t]—<a,p>> b<0t,l3>’ 0)) -V ((X[0,t1- 9 | =

| Bav(bydt - [Pavx®)dt| < &/3 for t>T;.

For the third step, define T =max{T;, T,, T3}. By property (i) in the proof of
Theorem 3, there exists a step outcome-stream W' in Sy such that
W~ (X[0,t]— o> Peorpr» ©) and [V (W) =V ((X[0,t]—ca.pr» Beapr O <&/3.

To conclude, X< (X[0,t]-<o,p>> Pea,pr> 0) ~ w™ implies x<w™ by transitivity. And
by adding the above three inequalities, it follows that |V (W™ )=V (x)| <e.

The arguments for (ii) and (iii) below are the same as those for (i1), (iii) in Theorem 3.
Moreover, the argument that (i), (iii) suffice to show that V (X) is a value function for the
non-extremal outcome-streams in (R, 77) is the same as in the proof of Theorem 3.

(i) V(X)<V(y) implies X <y for any non-extremal X, y in R:-.
(ii1) V(X)=V(y) implies X~y for any non-extremal X, y in R:-.

To show the converse implications, assume that (R,,, =) is an outcome-stream space,
that V(X) is a function of the form (4) that is well-defined on the set Ri-and is a value
function for the space (R, ), and that the functions a(t), A(t), v(x), and V(X)
satisfy the properties in (b). Then, it is straightforward to verify that - satisfies the

~

conditions (A), (B), and (D) on the set Ri-. By Theorem 3,  satisfies condition (E) on

Y~
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each set S, T >0, and one can use an argument similar to that in Theorem 3 to show
that = satisfies condition (C) on each pair of sets R-, St , T >0.

By Theorem 3, each of the functions A(t), v(X) is unique up to a positive multiple.
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