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An Optimal Control Framework
to Address the Relationship
between Water Resource Management
and Water-Borne Health Impacts:
Focus on the Texas Lower Rio Grande Valley

Andrew J. Leidner, Ronald D. Lacewell, M. Edward Rster,
and Allen W. Sturdivant

Abstract

The objective of this study is develop a theoréticadel that can evaluate two types of public treakpenditures
on water-borne health risks: water-related munl@pavices, amx antepreventative measure against water-borne
contamination, and medical treatmentearpostreatment of the water-borne pollutant's harmfédéets on human
health. The modeled community can allocate regsuirt either centralized-municipal water-servigesnt-of-use
water-services, or medical intervention, with exgliires subject to a budget constraint. The mowetmiea
water-borne illness through the community is modeléh a susceptible-infected-susceptible (SISgake
framework. An optimization framework is developéettluding a statement of the problem’s Hamiltongana
first-order-conditions. The first-order-conditioae discussed. Future work includes obtainingraerical

solution to the optimization problem.

Introduction

Often rural-agricultural communities, in particuthose communities along the US-Mexico border dinat
commonly called colonias, are developed hastilysorde are not connected to water and/or wasteweteices
that may be considered standard in most partseofttited States Confounding the issue, localtytiioviders
may be unwilling to extend expensive utility seesdo these communities because the perceivedgyiliss to
pay for service is low and the perceived tax reesrftom municipal annexation of colonias is alse@.|dAmong
those colonia residents without access to drinkiater and sewer service in these communities, higend
sanitary conditions may become conducive to a tsaakillnesses. Sanitary conditions in these camities may
account for a portion of the increased levels elater and sanitation-related illnesses Hep#iasd Shigellosis
in the counties of the Texas Lower Rio Grande Wa(\éalley) (Figure 1).
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Figure 1. Disease prevalence rates for Hepatitis @) and Shigellosis (b) from 1992 to 1999 in thedo

counties of the Texas Lower Rio Grande Valley anchie average prevalence for all of the State of Texas
Source(s): USGS 2010a and TXDHS 2007.

High levels of disease impose costs on the coles@ents in terms of reduced quality of life aeduced labor
value, which include reduced energy levels, lowedpctivity, and in severe cases, absences frork.wbhe
struggles of the colonias in the Valley to attaemslard levels of water, wastewater, and othet icifrastructure
are well documented (Olmstead 2003; Perkins &0fl1; Reed, Stowe and Yanke, LLC 2001; U.S. Federal
Reserve Bank of Dallas 1996; Williams 2006). Aveyrcompleted by the United States Geological Surve
(USGS) reported in 2007 as many as 34,924 colesidents (18% of colonia residents) in Cameronaldiml and
Willacy counties did not have access to standareldeof either potable water or wastewater servjteble 1)
(USGS 2010b).

With rapidly constructed residential communitié®lthe colonias of the Valley in mind, this papenstructs and
investigates a theoretical model of a communityceoned with public health. In the model, the puibkalth of a
community can be enhanced in two ways. Firstctiremunity may engage in water-service infrastrector
enhance drinking water access and sanitation examteattempt to reduce new infections from any contateid
water and thereby reduce public health damagesfrater-borne contamination. Secondly, the comngunity
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Table 1. County-level colonias’ populations an@ercentages of populations in the Texas Rio
Grande Valley at various states of infrastructure & categorized by USGS (2010b), 2007.

Cameron Hidalgo Starr Total
Pop. % Pop. % Pop. % Pop. %
Red 4,786 10 17,253 15 12,885 37 34,924 18
Yellow” 17,067 36 54,283 48 6,108 18 77,458 39
Greeri 25,753 54 42,748 37 15,631 45 84,132 43
Total 47,606 100 114,284 100 34,624 100 196,514 100

Source(s): USGS, 2010b.
#Community infrastructure has inadequate potablemsipply or inadequate wastewater disposal.

® Community infrastructure has adequate potable vaatdrwastewater service, but inadequate solid
waste services, roads, or drainage.

¢Community infrastructure has adequate servicesrérabstructure for potable water, wastewater, solid
waste, roads, and drainage.

engage irex posimedical treatment of infected individuals to redtlee disease’s morbidity and mortality. Water-
service improvements can take two distinct fornesitialized-municipal (CM) services, and point-o&{BOU)
services.

Model Description

Model City

One way to conceptualize the model is to considirear city with increasing distances away frora tommunity
center associated with increasingly lower levélwater-service infrastructure. This linear cigyli unit long. The
areas of this city nearest to the city centét, represent those residents that are connecteltov&ier-services.
The neighborhood aff represent those residents that use point-of-uS&J{Rvater services, such as in-home
drinking water filters and home or local septicteyss. The residents which are not in either ther@ighborhood
or the POU neighborhood are without water serviang kind, i.e.,(1 —AY — af). The division of a continuous
surface into a few discrete levels is a common oeeth approximate the true continuous spatial ser{&mith,
Sanchricho, and Wilen 2009). In the case of ther@ighborhood, the approximation is particularigsenable
because in many communities water-service utilliiage clearly defined service-areas beyond whieh th
acquisition of water-services is left to individuakidents. The optimal control problem considénettiis paper
will evaluate how large, if at all, the optimal fions of the population with each type of watenvgm
infrastructure given a fixed budget for all comniyrservices.

Disease Dynamics

A primary issue is the tradeoff between water-gerinfrastructure and medical care in the presehester-
borne contamination or disease (hereafter, reféaoed disease). Water-borne disease is captyredrsidering a
susceptible-infected-susceptible (SIS) disease m@&lmilar models have been used by economisisdost-
minimization setting (Goldman and Lightwood, 20d3ric and Brandeau, 2001; and Brandeau, Zaric actutéR,
2003).
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The disease model used in this paper is an adaptatim the SIS model presented in Goldman andthigbd
(2002). As they did, a population size normalizedne is assumed:

[1] S¢ + 1. = Ny =1,

wheres; is the population portion of susceptible indivitbuia is the portion of population that is infected, ahds
the total population level all at tinte The dynamics of the disease through the populasi represented by the
derivatives ofS and! through time:

a(Se+1)-bSy—B(AY ab)se+8(aM™)1e
)

as .
[2] dr St - 1+a—-b-vl;

dt

wherea is a population birth rate that is not affectedtoy proportion of people who are infected. Thia i
reasonable assumption for many water-borne disgiasgsnost are non-sterilizing and symptomaticdioly a few
weeks. Take, for examplE, coli outbreaks; they do not likely affect birth rateaof entire population. The
transmission function is!i’(A{V, af), whereAY represents the level of CM Water-services,a{hdepresents the
portion of population that has access to POU wsdevices. Depending on particular diseases, isorgdevels of
AY anda? will reduce the population’s average transmissaia. Therefore, the transmission function should
have negative derivatives with respecifb anda?’:

ap(ay.al)
3] —t—t2 < 0, and
ER

ap(ay ap)
[4] aa? <0.
Just as the portion of individuals in the suscéptitass is reduced by transmissions, those whinfreted, and
survive, rejoin the susceptible class at a recoxetieyequal to the functiaf(a*), whereal™ is the level of medical
treatment deployed to the total population, wifh constrained to be less than or equal to the iafbclass.
Therefore, the recovery function should have atpesterivative with respect ta)":

dsé (M)
[5] o, > 0.

The denominator of, consists of changes made to the size of totallptipn, which is normalized to one. As
before,a is the birth rateb is the natural death rate, amds the disease-induced death rate, which onlytffine
infected classlnvoking equation [1] (i.e§; = 1 — I;), equation [2] can be rewritten in terms of orig infected
class:

a((1-Ip)+I;)-b(1~Ip)-B(AY,aP)1-1)+6(al)1,
1+a-b-vl; )

[6] St =

Invoking the assumption that population birth riatequal to the natural death rate (ice= b) leads to further
simplification of the susceptible population’s steqjuation:

_ bl—p(AY.ap)A-1)+8(af)1e
1-vl; '

[71S:

Once again, invoking equation [1], equation [7] g&ld the state equation for the infected class:

ble—B(AY.al)(1-1)+8(af)Il; _ —bl+B(AY .af)(1-1)-8(af)I;
1-vl; 1-vl; )

8] it = _St = (-1
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Equation [8] defines the class dynamics that véllused later in the optimal control problem. Néxg,
transmission and recovery functions are definethéurto give an explicit relationship between weervice
infrastructure, medical treatment, and the dynamitke water-borne disease through the populatidre
transmission function is defined as follows:

[9] B(AY,a?) = BYAY + pPal + B°(1 — AY — ab),

where the natural, or spontaneous, transmissiergfadf the disease only affects the portion of theypaion that
receives neither CM or POU water-services. Sityilg#? andf" are the transmission rates associated with
residents on CM and POU water-services, respegtivieepending on the disease under consideratiervalues
of the three transmission rates may be differetih@isame. A typical case, for a disease suchasra, the
following conditions may hold:

[10] B¥ = BP = B1, andB! < B°.

The right-hand side of [10] is the reason for tegative signs in the partial derivatives in equaif8] and [4]. In
this case, CM and POU water-services provide theedavel of protection against cholera and, assgifitns
quite small, the only portion of the populationwéignificant exposure to cholera are those indigisl without
any form of water-services. Additionally note iat@r-service is sufficiently high (i.e(.], —AY — af) is small),
then the effect of the higher, natural transmissata will be negligible.

The recovery function is defined in a similar way:
[11] 8(af®) = 6°U; — af") + ™ a",

wherea{" is the portion of the total population that reesivmedical treatment. Since giving medical treatrte
individuals who are not infected makes no senseasonable constraint igf* < I;; and at full treatment of all
infected individualsu™ = I,. The two recovery coefficients are defined abfes: §° is the natural, or
spontaneous, rate of recovery; @ is the medically-enhanced recovery rate. Thevdsvie of the recovery
function, equation [5], is positive precisely besathe medically-enhanced recovery rate is gréaaerthe
spontaneous recovery-rate (i5&,> §9).

Abatement Strategies

This section introduces more specifics about theetipossible disease abatement strategies, staitm@M
water-services4¥). Since CM water-services have, relative to POlttkwaervices, dynamic properties (i.e. must
be constructed, maintained through multiple timeqgaks, and can depreciate), CM water-servicesggesented in
the model by a second state variable with the fotig derivative with respect to time:

[12] Ay = S20  —yay,
whereAY'is the level of build out, with full-infrastructuag AY = 1; CVis a constant component of CM water-
service costy}” is a control variable, representing an administtatexpenditures towards water infrastructure; and
y is a depreciation term used to represent maintanan existing infrastructure. The most imporiarglication

for the first term in the CM water-services stageation (i.e.((1 — AY)/C%)x}) is that expenditures on water
supply improvements exhibit decreasing marginalrret. By inverting [12], an expenditure, or cdghction can

be generated:

— A CW
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= A () + yay ().

Expendituresx¥) to CM water-services are applied to either neditazhs (i.e., A% (C* /(1 — A¥))) or
maintenance on existing infrastructure (Y (C*/(1 — A}))). Both the new addition and the infrastructure
repairs are weighted by a factor (i€%,/(1 — AY)) that results in increasing marginal costs. ik
specification, marginal costs increase to infimigythe level of CM water-service approaches 1s @aksumption is
reasonable for cities with dense central populatEmd more sparse populations on the outskirtswatiareas,
where costs to bring water services to the mora residents would be increasing with their diseafiom the city
centers; and ultimately, someone in the populatiitirbe so far from the city center such that tok@ma CM
service connection would be prohibitively expensiv&n alternative specification for this problenayrinclude a
CM water-service with high fixed costs and decmegignarginal costs. Such a specification woulddrssistent
with the literature on natural monopolies that gigeedence to the public-ownership of many municigder-
service providers.

The other two controls in this model, POU waterns®s and medical treatment, are not representsthtes
variables. This assumes that POU water-servicgsredical treatment cannot be stored across timedse
Alternatively, this means POU water-service equiphaad medical treatment are completely non-duraivléheir
depreciation rate is set at 100%. The expendgpeeifications for POU water-services and mediegltinent are
defined as follows:

[14] xP = CPa?, and
[15] x{* = C™af",

wherex? andx[™ are, respectively, the expenditures applied toicaétreatment of the infected individuals and
the expenditures applied to POU water-servi€8sandC™ are constant unit-costs; aaf}, which was introduced
earlier, is the portion of the total populatione®ing medical treatment and has constrained fedsethan the
proportion of infected individuals. For this to Aeeasonable method to depict cost of a medieatrtrent, the
total population must remain constant. That israubus requirement because equal rates for thdgtimols
natural births and deaths were defined previougherefore, if both virulence and the infected slase greater
than zero, then, with no other influences to theyation size, the population is in decline. Amt@opulation
declines, the cost of giving medical treatment foxed portion of the total population should dexge, i.e., giving
ORT to 10% of 100 should be cheaper than giving @RT0% of 1,000,000. Imposing a constant total
population, while including the possibility of viance deaths, implies that those that die frondtkease are
immediately replaced by immigrating susceptiblavittlials. This is argued as a reasonable assumiptio
locations where the total population level is byiHarge unaffected by this disease. In these ilmsit other
factors such as immigration, war, deadly car act&jeor even other diseases are dictating the pofalilation
level, not water-borne illness. Another way tothabout this could be that population birth ratessentially
equal to the sum of population natural deaths antence deaths (i.ea, = b — vl;). In this way, the maximum
population level is maintained over time, wheregbpulation level is some carrying capacity thatdastrained
by some other resource(s) or factors.

The costs of providing POU water-services (equdtldi) and medical treatment (equation [15]) arestant
across the spatial dimension, unlike the costshfw@iter-services. This assumption seems reasqgraltienay be
revisited at a later time. Many arguments thabfapplying increasing or decreasing costs thrapgtte onto the
POU water-service cost structure may also be appdi¢he costs structure of medical treatment. Tdtare of
acquiring or distributing POU water-services andlica treatment are very similar, i.e., a residet either travel
into a city to purchase one or the other, or tretadglanner can pay for the delivery of one or dtieer.
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The Social Planner’s Problem

In this model, the social planner’s objective isrtimimize the damages from a particular water-balisease with
a fixed annual expenditure. The damages from engilisease are defined as follows:

[16] D(It) = k[lt + kvltv,

where the damage from the disease are separabevimcomponents, called the morbidity damdgé,} and the
mortality damagen(, I, v); k; andk,, are, respectively, the per-unit costs of contract disease and dying from the
disease. The final equation included in the madalbudget constraint on expenditures, ensuriagtke social-
planner spends exactly the full budget:

[17] x* + xf + xV = Ey,

whereE; is some exogenous level of expenditure. The agdtréwor is given the task of optimally dividing up
funds equal td&, towards the goal of minimizing the damages cabsedater-borne disease. The valuegf
essentially the size of an administrator's budgeemined by either a higher-ranking administratosome
legislative action, could vary across time perio@®rtainly this is most likely in many nations aedions. In this
model,the issue of fluctuating levelsBfis not addressed; henEgjs considered as a constant through time.
Mathematically, the problem of the administrator is

[18] min, [ (kI + kyl,v) dt

Subject to:

bl +(BWAY+BPal +(° (1-AY -a}) ) (1-1)~(8°Ie-af)+6™a}™)

[18.1]], = o

[18.2 A = LAD vy —yay
[18.3]x{* = C™a]"
[18.4]x? = cPa?
[18.5]x{™ + xF + x}¥ = E,
[18.6]a¥ < I,

Say <1-—
[18.7]af <1 —AY
[18.8]4Y,af,aM > 0.

The objective function and many of the constraivage been discussed previously. Two additionastramts that
require further explanation are equations [18.6] [d18.7]. Equation [18.6], if binding, suggestsuansally-
distributed medical services to the infected prtporof the population. Equation [18.7], if bindinsuggests
universally distributed water services to the enpiopulation, both susceptible and infected. Wsdevices may be
either CM or POU. Each of these constraints impdse important conditions on the social planngrigblem for
the context of many water-borne ilinesses. Equdti8.6] ensures the portion of the population rgng medical
services does not exceed the portion that is iefectn other words, healthy individuals are netgi medical
treatment. Equation [18.7] ensures that the poiopopulation receiving POU does not exceed trdgn of the
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population that does not have CM water servicasother words, individuals can have either CM watgwices or
POU water services, but not both.

Hamiltonian and First Order Conditions

This section develops a Hamiltonian for the sogiahner’s problem (equation [18]). From the Haamilan, a set
of first order conditions are generated and theegtc implications of several of the first ordenddions are
discussed. By first substituting constraints [1&:3d [18.4] directly into the budget constrairgyation [18.5]),
the problem is shortened, but qualitatively uncleh@nd yields the following Hamlitonian:

[19] H = k,I, + kyl,v

Y (—blt+(BWA‘t"’+Bpaf+,85(1—A‘t'"—af))(l—lt)—(és(lt—a{")+6ma{")>
t

1-vl;
28 (2 - yay)
+¢E(E, — C™a* — CPal — x})
+o¢' (I — ah)
+¢P(1— AY —ab).
The following first-order conditions are generateam this Hamiltonian:

dH __ (1-4%)

dH P—_BSY(1-1,
[20.2] Ay (V) — e — g =0

dal — 1-vl;

dH _
[203] 1 =

N

L (020) gt gt =0

o (L) g (o) - ot - it

aay 1-vl; t
[205]% = Kk, + kv
dl,
il —b-(p¥AY+pPa} +p5(1-AY—al))-5°
1—U1t
_ Iu(b1t+(ﬁWA‘;’+ﬁpaf+ﬁs(1—A‘;’—af))u—zt)—(as(zt—a;")wma{"))
t (1-v1p)?
+ot!

— il
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[20.6][1%5 = E —C™al"—CPa’ —x¥ =0
dH
207555 = I —al =0
dH
t

Some basic insights can be gained from interpoetatf this set of first order conditions. Rearriagg20.1]
generates:

211 4¢ = $F 5wy

where, in optimality, the marginal value to theaaitjve function of another unit of water supplyrastructure
(14, or the shadow price of water infrastructurexactly equal to the shadow price of the budgestraimt ¢£)
weighted by the marginal cost of an addition toawatfrastructured” /(1 — AY)). Similar results are found for
POU services:

(BP—BS)(1-1p)
[22] 24 (F=52) = pECP + ¢f,
where the shadow cost of an additional infectedviddal (i.e,A}) multiplied by the difference in a susceptible
individual's infection rate with POU services (.68 — 85)(1 — 1;)/(1 — vl})) is exactly equal to the shadow
price of the budget share multiplied by the unitaaf another unit of POU (i.epf CP) plus the shadow price of
switching an individual from POU to CM service®(j¢?). Similarly, for medical intervention:

65_57".
(2312 (35) = C™9F + o,

where the shadow cost of an additional infectedviddal (i.e,A}) multiplied by the difference in that infected
individual's recovery rate with medical interventi@.e.,(6° — 6™)I;/(1 — vl,)) is exactly equal to the shadow
price of the budget share multiplied by the unitaaf another individual's medical interventiore(iIC™¢£) plus
the shadow price of providing medical interventioronly infected individuals (i.e¢). Here, as with CM and
POU water services, the rule of setting marginatsequal to marginal benefits holds.

Summary and Future Directions

The next steps for this research are to calculatgnzeric solution using suggested values for thdet®
parameters (i.e., rates of transmission, recowemylence, etc.) based on several water-borne sisegotentially
including: cholera, arsenic poisoning, ddcoli. Overall, the goal of this paper is to develdpeoretical model
related to water-borne illness that included thaeteiment strategies of increasing one of two kirfdgater services
or medical services for a modeled community. Hggahe marginal costs and marginal benefits oheac
abatement strategy is shown to hold in optimaliffere are examples in South Texas where not #fleofesidents
have potable water delivered to their householdss situation may result in water-contaminationtpems that
may eventually end up causing water-related illegesdVith the onset of iliness, there are costded|to medical
treatment for some cases as well as loss of timtaejob plus potential cross contamination tofthal industry.
Assisting communities manage and view these issuggsomprehensive manner is one goal of this effor
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