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PARALLEL NORMREDUCING TRANSFORMATIONS FOR THE ALGEBRAIC EIGENVALUE PROBLEM

ABSTRACT

This article presents a unified approach for parallel normreducing methods
for the algebraic eigenproblem. The so-called Euclidean parameters pre-
sents the problem, to minimize the Frobenius norm of the transform matrix,
in a simple form. The use of appropriate preprocessing unitary transforms

together with an appropriate pivot strategy leads to convergence to for-

mality.

Keywords: Jacobi methods, parallel transformations, eigenvalues, conver-

gence to normality, Euclidean parameters, normreduction, commutator.



INTRODUCTION

In 1971 Sameh [5] proposed a Jacobi-like eigenvalue algorithm for a paral-
lel computer. Sameh's method is a parallel elaboration of Eberlein's se-
quentially normreducing transformation procedure [1,4].

In this paper we present a unified approach tc Jacobi-like normreducing
tranformations and we apply it to elucidate and improve Sameh's method. In
a sequentially Jacobi-like procedure for the computation of the eigen-
values Al,x%....,kn of a real or complex matrix A = A(o) (order n) a
sequence {A j)} is constructed recursively:

A1) | () T30

v
o

(1. 1)

In (1.1) T(J) is a wunimodular shear matrix with Jacobi parameter

(pj.q.,r..sj) € Cu in (A,m)-restriction ?L "y of th,m = 7(d)
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In Eberlein-like normreducing processes [1,3,6] the aim is to construct
{A(J)} so that

(3) -
lim|A‘Y [= £

fs. [ (1.3)
ke j=1

that means {A(j)} converges to normality [2]. Eberlein [1] gives for each
iteration an approximation of the optimal normreducing Tl,m' These choices
of the Jacobi parameters, together with a well-defined pivot strategy
{(lj,mj)} brings about convergence to normality.

Since the Frobenius norm is invariant under unitary transformations, the
optimal norm-reducing shear Tl,m is determined except for a unitary fac-
tor. Hence we discuss the normreduction in theoretical terms that are

invariant under unitary transformations.



Matrices S,P € Can will be called row-congruent if and only if S = PU for
some unitary U, notation S ~ P. It is easy to see that S ~ P if and only
if SS* = PP*. Now for shear T, ., with T, = [p 1
,m »m r 8
2 2 - e
lp|< + lal pr + gs x z

%L,m?i,m - (1.3)
3 = 2 2 =
r + as [e]= + |s] z y

The quantities

2 2
x = x(y )= ol® v lal? v = y(my o= (el s |2,

N
"

Z(TL ln) u+ iv = pr + gs (1.4)
will be called the Euclidean parameters of Tl % [3]. These parameters are

pre-eminent appropriate for the formulation of the Frobenius norm of

1 LaT.

We assume TA - to be unimodular, so
x,y > 0 and |ps - qr|2 = xy - |z‘2 = 4 (1.4)

With z = u + iv

%= {(x,y,u,v) € Rulxy—uz-v2 =1, x,y > 0} (1.5)

is the positive sheet of the elliptic hyperboloid xy—uz-v2 = 1. In case of

G A 2x%2
real norm-reducing shears, T& " €E R .

x=p>+a, y=rl+s z-= pr + as, xy - z° = 1. (1.6)

The Euclidean paramters x, y and z of that unimodular shear Tl n corres-
pond with the points in the positive sheet of xy - 22 =1 in R3.

In the parallel normreduction is transformed by a direct sum of iden-

tical unimodular 2x2 matrices:



PARASR wglA(j)wj , 23@, (1.7)

here w, = diag(T, .,
s j &(Ty

T=T, .= [p q} , i=1,....k. (1.8)
i,3 r s

Then IA(J l)l2 is a quadratic function of the Euclidean parameters x, y, u
and v (z = v + iv) of the k matrices T i, in w The minimization of that
quartic on # leads to a generalized eigenvalue problem in four dimensions.
Section 2 describes the first step A(l) W Aw of the normreducing pro-
cess for real matrices, and there is shown the commutator (c(l)) (1) =
AT AR | ), ()T

éizl o4 = 0 and °§111 op-1 = Céi)Zl' A= 1,...,k iff transformation W

minimizes IA(l)I . This section gives also the construction of the optimal

W. A special analysis is given to the step in which inf{lwslA(J)wj|F|w =

in relation to parallel shear transformations:

T1 jQ...GTk j} is not assumed for unimodular 2x2 shear Ti .. Section 3

describes the same problems for complex matrices. In section 4 will be
shown that a well-chosen pivot strategy {(l1 i 1 J)|1 = .....k};_o to-
gether with an appropriate preprocessing sequence of unitary matrices U(J)

results in sequence {A(J)} that converges to normality.



2. PARALLEL NORMREDUCTION: REAL MATRICES

Let the matrix S be real and of even order n = 2k. Then it can be parti-

tioned as follows

By Mg avs Bog
" WA ™

g=l s (2.1)
By Y wes By

where each submatrix is given by

850-1,2m-1  222-1,2m
Ap o = s Bamiom 1gsenaks (2:2)

0

830, 2m-1 a52.2m

For convenience define

Toom " %2h on-i* Mo ™ B0l 2w “Um ™ %ol-1 21"

(2.3)
Bl,m =Bt owm Ma""ta” ﬁl,m v Am=1,. ke
Let
-1
A' = W AW , (2.4)
where
W= diag(Sl,SZ.....Sk)
with
PJ qj
SJ. = ’ pjsj = quj 1 » j = 11 'k
r, s



We introduce

X, = p2 + q2 y. = x2 + s2 zZ. = p,r, + q.S i =1 k;
(e I L I B’ L B i i = TR LR

Then
Ay =s3la, s
A,m £ A.,n°m °
Easy calculations give the following results.

THEOREM 2.1. For each (4,m), A,m = 1350 05 |Ai mlﬁ is a bilinear function
of the Euclidean parameters (xt,yl,zt) of Sl and (xm.ym.zm) of Sm:

2 2
t.m B&,m ZGL,mBL,m *n
lay 12 = ( ) |od . 2
A,n'F ~ gy Pz A.m ul,m al,mul,m Y| -

_Zal,mol.m _zﬁl.mul,m _z(al,mﬁl,m+6l,m“l,m) Zp)°
THEOREM 2.2. For each j = 1,...,k let be

2

= - = + = 4'4»2i
wy = (x4-y5)/2, £y = Ixs yy/2 = Q1 oSl T (2.5)

J
Then |w_1AW|§ is a quadratic function (w,z) F——* g(w,z;A) where
= { )" and z = ( ). M
w= (w,...,w ) and z = Zyy+-+42,.) . Moreover

2 (0,0;A) = c

- o8 e R s
Swy 24-1,2841 7 2,20 3z, (0,0:4) = eyp. 4 54 +

where (c, .) = A"A - AA". @

1,)
The complexity of the unconstrained minimization of g forces the restric-
tion to a problem with fewer degrees of freedom. Therefore, we consider,
as in [5]



W = diag(Sl,...,Sk) (2.6)
with
= = P q - = j =
S. =8 = [r s]' ps - gr = 1 , j ) S (2:7)

Such a matrix W will be called a diagonal of shears. Now

x = pz * qz. y = r? . sz, z = pr - gs. (2.8)

The unimodularity of S implies

Xy - 5= 2 [ (2.9)

THEOREM 2.3. If W is a diagonal of shears with Euclidean parameters
(x,y,z) then

1,40 % 2
|w AWIF =K % " L (-di,mx Rt vy a2 (2.10)
,m=1
- 2
where x = L (tr(At )° - 2det(Ai )). @
A,m=1 #i e

As in (2.5) we define
WS ()2, t s (xey)/2 = (1ewPez?)t,

Then, as follows from (2.10), Iw-lAW|§ is a function of w and z:

-1 2

g(w,z;A) := Jw AWIF. (2.11)

LEMMA 2.4. Let be (c; i) = (A")"A" - ar(an)7, where A' = W law witn W as
defined in (2.6) and (2.7). Then



: . 2 .2 2 3 5
L |C2A-1,24-1 T 22,22 (p“+s°-q"-r)/2  pr-as| (5B (w,z:a)
L - '
A=1 %
2°él—1,2t-1 Pa = rs ps+gr 55 (w,z;A)
(2.12)

where g as defined in (2.11). o

THEOREM 2.5. The furiction g is stationary in (w,z) € R2 iff

k k
' = ' = * =
L (eop1,00-1 = Sop,pp) =0and L (c5p ) o) =0.
=1 =1
PROOF. The determinant of the coefficientmatrix in (2.11) equals

3 (x+y)(ps-qr) # 0. o
Theorem 2.3 implies that the determination of the optimale normreducing
diagonal of shears requires the minimization of a quadratic function sub-

ject to xy - 22 = 1. Let be

d = (4,,d,,d)7 = (x,3.2),

0 3 0
H:= |2 O 01 (2.13)
0 0 -1
and
# := {d € R3|d"Hd = 1, d, >0 ). (2.14)
Further

2
B = (by.b,,by) € il

with
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T k2
b1 = (61.1'61,2""’dk,k) € R
2
=
by = (Ky goly preeeuy () € R
2
T k
b3 = (vl.l'vl,Z""'vk,k) € R
The Euclidean parameters d = (x,y,z) of an optimal normreducing diagonal
of shears solve the problem
min{|Bd||d"Hd = 1}. (2.15)

(2.15) 1leads to a gerenalized eigenproblem in three dimensions. The anal-
ysis for the three cases rank(B) equals 3, 2 or 1 is summarized in the

following theorems.

THEOREM 2.6. Let be rank(B) = 3, and B = QR with Q € Rk2x3 orthogonal and
R € R3x3 uppertriangular. Then |Bd| assumes its minimum on # in d, where
Rd is an eigenvector corresponding with the unique positive eigenvector of
R™HR.

PROOF. The existence of a minimum follows from compactness and continuity
arguments. (BTB—XH)d = 0 implies (R-THR-I—Q-ll)Rd = 0. The eigenvalue 9-1
corresponding with the minimum is positive on base of convexity arguments.

The positive eigenvalue of R-THR_1 is unique. o

THEOREM 2.7. Let be rank(B) = 1 and range(BT) = span(—c.u.v)T. Then

o, v2 +b4op > 0orv=0=pn=0

(i) min{|Bd||d € 7}

(i) min{|Bd||d € #} |v2+46u|, v2 + bop < 0

(1i1)  inf{|Bdlld € #) = 0, »® + Uou = 0 A |o| + |u| # O,

in this case the infimum is not assumed.
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PROOF. In A each block Al & gives a similar contribution to Bd; hence Bd

can be considered to come from one block, say C = ; ; .

(i) C is diagonalizable with a real shear. The equation -Gdl + udz +
»d3 = O determines a solution curve I in . The parametric form of T
is

=1 b
p(1) = (7,7 ~,0) » O =u=0 (p; > 0)
2 -1 T
p(T) = (v1/o, o(1+1°) (v1)~ L, T) » OV # 0, u=0 (p1 > 0)
2 -1 : o
PlT) = {-un(1+2%) (wr) ™" ,-wr/n, T .M #£0, A=0 (ry > 0)
p(T) (MT:D.\—WZ}: D.'r)T , 02 s (v2+4<m)12 + bou > 0, au % 0.

(ii) Transform C in a Murnaghan form. The positive minimum is assumed for
d = -|lbou + vzlic/lcl(—26,2u.-v)T.

(iii) C is not diagonalizable. B'B has no eigenvector in . The plane
-odl + udz + vd, = 0 contacts the recession cone {dldld2 - dg =0,
dl > 0} of %X along the line ¥ : p(Tt) = 1(2u.-26.—»)T. Hence leI » D
on X, for £n - @. Now we describe a curve I' on # such that £ is

its asymptote:

T : d(t) = #t(n-0)"(2u,-20,-p) » it_l(u—c)'l(—ZU,Zu.v). T > 0.
(2.16)

On T we find, using the fact that »2 + oy = 0
-Gdl(T) + udz(r) + vds(t) = (u-0)/T 20, T =,

The infimum zero of IBdI on ¥ is not assumed. o
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EXAMPLE 2.1.
=1 1 -2 2
s -1 b -2 2
-3 3 -4 y
-3 3 -4 oy
Then
1 2 3 4 ) 1 -2
Feld 2 3 o eddl% - 1 1 -2
=2 -4 -6 -8 1 11 -2
=l T 2
Remark that tr(H "B B) = -(4ou+»<) = 0.

The threefold eigenvalue 0 of nondiagonalizable H-IBTB gives eigenvectors
T : 2l g o D :
(-¥1*2r,,7,.7,)7, none in ¥, for (ry*20)r) - o5 = (ry=¥,)° < 0. With
(2.16) we get, since g = =1 w= i, 9= =5,
Tt dle) = ifwr™, v, terl) €2 ¢ 5 0
Along I" holds |Bd(t)| » 0 (,t » 0). o
In a similar way one derives the next theorem for the case rank(B) = 2,

THEOREM 2.8. Let be rank(B) = 2 and nullity(B) = span(tl.tz.t3)T. Then

(i) min{|Bd| |d € %}

"
o
ct
T
v
ct

w

(ii) win{|Bd||d € #)} > o o it £ c§ :

(iii)  inf{|Bd]|d € %)
finite d € X, o

"
o
ct
ct
[
ct

g - This infimum ig not assumed for

REMARK. In case (iii) H—lBTB is not diagonalizable. The algebraic multi-

plicity of eigenvalue zero of H_lBTB equals two as can be seen from the

ey
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coefficient of the first grade term in the characteristic polynomial of

1 '8"H, baing
3 k 2k k
(to-t.t.) E ., - Em: T |ft, =0, o
3 172 jep 11 i=1 i j=1 * 1
EXAMPLE 2.2,
2 =2 5 i
A= |t 1L =2 3
4 -4 9 -8
8§ @ =6 1
Then
1 2 3 6 -140 200 -180
B" = |-2 -4 -4 -8|; rank(B) = 2, BB =| 100 -140 130|.
1 2 4 B8 -65 90 -85

K(B) = span(4,1,-2)7. Along curve T in i,

C:d(t) = 3t(3 + 5J1+u1-2/25, —3+5/1+41_2/25, 407, 1> 0

holds: 1lim T_ld(r) = (4,1,-2)7 and
T ™

IBd(1)]° - 3% (1 + 1ot 2/25)2 ™% 5.0 (¢ > =),

N(B) is the eigenspace of the eigenvalue zero of H B'B. o
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3. PARALLEL NORMREDUCTION: COMPLEX MATRICES

Let be A a complex matrix of even order n = 2k. The partitioning of A and

the notations are as in (2.1) until (2.4). Now we denote

N 2 2 _ 2 2 " g
xj - lle +IqJI ® yJ - |PJ| +|SJ'| ’ z:j p;.r.+q.s., j 1p~--.k ’
(3.1)

where pj.qj,rj,sj are the Jacobi parameters of the complex shear Sj in W.

As a consequence of the unimodularity of Sj:

2
x.y. = |z,]

=1, j =1,...,k . .2
Y5 j J (3.2)

By simple calculations one derives the following theorem.

THEOREM 3.1. Let be A' = W-lAw. W = diag(Sl,...,Sk). Then |A'|§ is a qua-

dratic function of xj' yj, zj and Ej' namely

k
2 - g 7 5 &
laTE = i L L RS A

where
[lo, 12 18, .12 : : '
o PL.w L.oPlm L.oPl.m
ey ol g al® oy Ry P
Bl,m . -l.m i ,m , m -,m f.m A,m i (3.3)
-al,mal,m _“l,mﬁi,m -dl,m“l,m _al,mBl,m
R Y P B B o TR e 4
Let be
Xy = tj + Wi vy = tj - Wi F = Vi maeik (3.4)

Then, as follows from the unimodularity of SJ,
P

€. = (1 = w% + z.z

J h i |
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Hence |A'|§ is a function of the k triples (wj'zj'gj)' § = Ay e
2 - =
' e
'A IF = g(wl'zl‘zl""'wk'zk'zk)'

) Y A LT L I A Y :
The relation between the commutar C = A A A A and g is

mentioned in

THEOREM 3.2. The partial derivatives of g in 0 = (0,0,0,::+;0,0,0) € C3k

satisfy the following densities

"
o2 E =

ow (0) = e55.1,25-1 ~ ©25,25 °

g 5 § =

(LT Y § 2 dyenn,k (3.5)
og (0) = ¢

- 25123

L d

PROOF. Use the properties

= o i O
= JE. = § £ § = = & . S Y. . = &, "
awj 1+ wJ/ ; xJ/tJ awj 1 wJ/tJ yJ/t:J 3z, zJ/tJ
and
k
) 2 2 _ B 2
€23-1,25-1 7 23,25 © mfl(lam-jl g 51" = Ly 41% - 1By g1°
2 2 2 2
L L L P L LY
k - - -
I (e + A -

N . B . . A, - u. B :
1 m.J“m.J m.Jﬁm.J aJ.m Jj,m “J.mBJ.m)

With (3.3), and (3.4) and easy but cumbersome calculation one finds
(3.5). o

As in the preceding section we restrict ourselves to a diagonal of shears:

W = diag(S;,...,S,) (3.6)
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with

]
[
(=N
n
=
-
=

sj=s=[‘; ‘S’].ps-qr

Similar to (2.8) we define common Euclidean parameters

9% + 1al2, g = |e]? + [s|2, , T
with
2|2 = 1

Xy -

u2 + v2. Further

where |z|2

X = {(x,y.u,v)|x > 0, xy - i - o 1}

By rather simple calculations |w Awl appears to be a quadratic

of x, y, u and v.

(3.7)

(3.8)

(3.9)

function

THEOREM 3.3. If W is a dlagonal of shears with common Euclidean parameters

X,¥,2 = u + iv then IW Awl is expressible in terms of these Parameters,

viz,

n

. P
Iw ]
,m=1

=D 2 .
- Ici'mx - vl'mzl - Iul'mzl = 2 Re(dl,mul,mz

k k

k
f(x.y,2) = = (Ial,m|2 i IBi.mIZ & lul w * vl mz|2

2)

= HE (lal m| + lﬁl | ) # {x.y.8,%) E Pr a(®xv.u v) T

A,m=1 A,m=1

where

(3.10)
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loy 12 0 Re(5y g o) RACHRTIR '
o l“l.mlz Re(ul,m;l,m) Im(ul,m;l,m)
_Re(él,mvl,m) Re(ul,m;l,m) I”i,mlz-ZRe(dl,mil,m) Zlm(cl,mil,m)
~_Im(8l,mvl,m) Im(ul,m;l,m) 2Im(cl,m'il,m) 'vl,m'2+2Re(°l.mil,m%
a (3.11)

Analogously to section 2 we define

w = (x-g)/2, t = (x+y)/2 = /1+u2#v2+w2 : {3 12)

Then, as follows from (3.10), |w'1Aw|§ is a function of w, u and v:
-1 2
g(w,u,viA) = [WAW|g . (3.13)
With simple but cumbersome calculations one proves the following lemma.

LEMMA 3.4. Let be (ci j) = (A'")*A' - A'"(A')*, where A' = W_lAw with W as
defined in (3.6) and (3.7). Then

& - ¢ lpl?+1s|%al?2|®  pr-das  pr-as|[e
& 22-1,24-1 24,24 5
X.El Cip-1.22 = ¥|pq = rs Ps qr B, *ig,
Cat, 201 Pq - s ar ps g4,
(3.14)

where g as defined in (3.11). o

THEOREM 3.5. The function g is stationary in (w,u,v) € R3 iff

k
(Co4-1,24-1 =~ ©34,24) = 0 and tzlcét-1,2l = 0.

k
X
A=1

PROOF. The determinant of the coefficient matrix in (3.12) equals
3|ps - qr|2(|p|2#|q|2+|r|2+|s|2) = t > 0. This proofs the theorem. o
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Theorem 3.3 implies that the determination of the optimal normreducing
diagonal of shears requires the minimization of a quadratic function sub-
ject to xy - u2 - v2 = 1. Neither the function f in (3.10) nor h(x,y,z) =
Xy - |z|2 are analytic, in contrast with the corresponding real functions
(2.10) and (2.9) resp.

Let be d = (dl,dz.d3.4) = (x,y,u,v),

0 3 0
0 0
H= [} (3.15)
0 O ~i 0
6 o0 o =i
and
¥-(de R“ldTHd =1, 4, > 0} (3.16)
& hxly i
Further M = T Pt - where PL m €ER defined in theorem 3.3 and let
A.,m=1 " e
be h(d) := d'Md. d € RY

With these notations the minimization problem becomes: solve

min{h(d)|d € %} . (3.17)
Let be Aj' j =1,...,n the eigenvalues of A. Then
n k
2 -1 2 2 2
. 17 ¢ W anlD = hia) + (locg o+ 1By ol

j=1 A,m=1

for each d € #. So h is bounded below on #. Let be
n = inf{h(d)|d € #} . (3.18)

THEOREM 3.6. Let be n as defined in (3.18).

(i) If infimum n is assumed in d € # then Md = nHd.

(ii) If h(x) > n for each x € X then there exist a d = (dl,dz.d3,du)T such
that Md = nHd, |d| = 1, d; > 0 and d'Hd = 0.
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PROOF.
(i) The Lagrange multiplier method gives Md = AHd and n = d'Md = AM'Hd =
A. So Md = nHd.
- 4y :
(ii) Let be X = {d € R"|d"Hd 20} and S = {x € X||x] = 1}. Without loss of

generality we may assume n = 0. There exists a sequence {xh} in # and

a corresponding sequence {ﬁn} in S, with ;n = xn/lxnl. such that
T AT, AT A
= -2 o
ngxn ngxn/anxn In(, n ) (3.19)

Some subsequence {;n } of {;n} is convergent; let be d its limit; d € %
k

for otherwise the infimum n would be assumed on #. so dTHd = 0. Hence also
d'Md = 0. It is clear that x'Mx ) O for each x € 3. So h|3K assumed its
minimum in d. Application of Lagranges multiplier method for that minimum
gives: there exists a A € R such that

Md = AHd . (3.20)
Let be x =d + h €S. Since d'Md = d'Hd we get with (3.20)

x'Mx _ 2x(Bd)"h+ h'Mh
x'Hx 2(Bd)"h + h'Hh

(3-21)
Now (Bd)Th > 0 when h € int(X). Hence

x'Mx/xHxk > XA (, x €S, x > d)
SoA=n.no

COROLLARY. If x Mx > n for each x € # then the intersection of % and the
subspace {1:1(1,1.0,0)T - 12d|11.12 > 0} is a curve

r s =k} = t(d1+d2)'1d . t_l(d1+d2)_1(d2.d1.-d3,—du)T

along which x(t)TMx(t) tends ton for t 9 =, o
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EXAMPLE 3.1,
Let be
0 -i i 2
3w 1°E 2 2 1+44
Yai 1-3i 5+i 241
1-3i 10+3i 2+1 3+51
Then
20 0 0 40 0 1 0 2
M = 0 20 0 4o ) H-IM = 4o 1 0 0 2
0 0 4o 0 0 0 -1 0
140 40 0 120 -1 -1 0 -3

A = =40 is the fourfolg eigenvalue of the pair (M,H). The eigenspace is
Spanned by the three vectors (-1,1,0,0)T, (-2,0.0,1)T and (O.O.l.O)T. None
linear combination of these vectors is in #; 4 = (\/5)-1(1.1.0.-1)T satis-
fies the equality d1d2 - dg - df = 0. fhezline ;(t) = 1(1.1.0,-1)T is the
asymptote of the curve I' : x(1) = (27)~ (1%+1, « 1, 0, 12-1)T in#. r is
the intersection of the plane {'1'1(1.1,0,0)-r + nglrl.tz > 0} and %, Along

T holds h(x(1)) » n = -y, Remark that -4g . r (lal m,2 - 'Bl m|2) <
1 ’

168, being the sum of the squares of the moduli of the eigenvalues of the
four non-diagonalizable matrices Al . of A, o
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4. PRECONDITIONED PARALLEL NORMREDUCTION

This section describes a preconditioning transformation by unitary
matrices, and the following suboptimal normreduction. This combination

brings about convergence to normality. In the first step that twofold
action results in

A" = wlurauw = wl(urau)w (4.1)
where
U = diag(U;,...,U ), W = diag(s,...,S) (4.2)
with
-iel
cos Pl -e sin PL
UL= ’ ’l’=1.'°'vk (4'3)
1el
e sin Pl cos Pl
and
-l @ &
S = [0 s] . ps =1

a 2x2 submatrix in the diagonal of shears W.
As in Sameh's algorithm [5] the rectifier U is chosen such that

grad g(0.0.0;w_lAW) (see (2.11) and (3.17)) has maximal length. For
complex A we use theorem 3.4.

THEOREM 4.1. Let be U = drag(Ul,.
(4.3) and let be

-»U, ), with Uy, A=1,...,k, as given in

Cab-1,28-1 ~ at. a4

vy(A) = v, =
* N YRy

v A=mAgiiw ik (4.4)
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where (c.

¢ j) = C(A) = A*A - ap», Then  the maximum length of

k
grad g(0,0,0;U*AU) with respect to U equals [ |vl| and is assumed for
A=1

cos 2pl (1.0)T ; If ¥y = 0,
i dpy ot1,28-1 = Cap g ST RIPYIN] (7] IRTs @ *e
with |p,| < g and
1

- ¢ A Cop iy 5y =0
e

(4.6)
(czi,zl-1/|°2t-1,ztl' e 1.00#0.

Then gw(0,0.0;U“AU) 2 10, gu(0.0.0;U’AU) = gv(0.0.0;U’AU) = 0.

PROOF. It follows from the corollary of theorem 3.4 that
k
<% = ' e |
grad £(0.0,0;U"AU) £ e 204708 o4 2Re(Cot1,20)+ 2In(cyy ;)
where (ci j) = C(U*AU). Since C(U*Av) = U*C(A)U we find

' —— =
2t-1,28-1 7 3 02) [COS % sin 2p sin Zf] €28-1,20-1 ~ a4 5
i9 i B 2 g2 i9

e c2£-1,2£ isin 2p cos“p sin“p] |e ch-l,Zl

¢ o121

With cos ¢, sin @ and eie as given in (4.6) and (4.5)

20-1,28-1 "S54 24 lvyal
= v, (U*au) = s (4.7)

201,22 0

With these transformations Ul""'Uk the k vectors vi(U'AU) have the same
direction, the vectors VI(A) are rectified. Thus

k k k
lg(0,0,0;u*au)| = | £v,(u*au)| = & lv,(u*an)] = £+ (a)].
21 * d=1 % A1 *
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Now gu(0,0,0;U'AU) = gV(O.O.O;U*AU) = 0 and gw(0.0,0;U’AU) > 0. &

THEOREM 4.2, Let be U a unitary matrix as defined in (4.2), (4.3), (4.5)

and (4.6). Then there exists a diagonal matrix W such that
2 =3 3, 1,42 X 2
- * 1
lalg - W™ AUW[C > glal tf1|vll (4.8)
where vy as defined in (4.4),

PROOF. Let be A' = U*AU and W a diagonal of identical diagonal shears

8 g - According to (3.12)

k
o J— . 2 o 2 i 12 -2 o [P
WAl - - 1<|al'ml ¢ lep N lag J5%7 « log ol %)

for the Euclidean parameter z of a diagonal shear equals zero. Let be

k
2 o 2
Zlci,ml s T lZ lul,m, = G
m

2 -2 T = 3 .
1. Let be €4¢, # 0. Then cyx” + Cox is minimal for x = (c2/c1) . With

the Euclidean parameters ((c2,c1)*,(c1/c2)*.0) the decrease of the
Euclidean norm equals

-/e.)° ,

2 il oa®
|A|F Iwu AuwlF = (/E1 5

. _ B - AF
Since ¢, ¢, =4 g,(0,0,0;A")

/31 - /32 = (/21+/32)-1(01‘02) = i(/zl*/zz)—lgw(o'o'O;Al)

Now Vo, + /¢ < V2(c +c2)i < /EIA'IF = /EIA'F and

k
Sul0:0.0A") = E (ehy g ap47ehy 2p) =

k k
L lvyuau)| > £ |v,(a)]
A=1 4 T A=1 b

as can be seen from (4.7). Consequently
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k k
2 ~1 2 1 =2 2 1 =2 2
[al% - I uauwlg > 5 laly <l§1IvA(A)I) 2 g lalg zf1|V‘(A)'

2. In case ¢y # 0 and ¢, = 0, choose x so small that & 51 - |A|F 1/8.
Then

k

2 -1 2 2 -2 2 1 -2

|A|F - w wawlF = ey {1-x") 3 |A|F /82 % |A|F £§1|VL(A)|2
k k k

Tor wy = tfl(cél—l,Zl—l-cél,ZL) s AEIIVL‘U'AU” f Ivp(al.

3. In case c, = 0 and ¢, # 0 choose x2 2 (1 = IAIF 2/8) 1. o

The pivot strategy guaranteeing that the Euclidean norm decreases in suf-
ficient degree for convergence to normality [2,3] will be derived from

lower bound (4.8). Therefore we need

THEOREM 4.3. There exists a set of k distinct index pairs (l ,m ), with

lj < ms, j =1,...,k, such that
- 2
Jf (cl A mj) + “'Ctj,ma| ) % ;—; fca Iz (4.9)
n m
PROOF. We have l: (Cl A4 % m)2 = 2(n—1)l2 ci 215 Cp 2C . But since
m ’ ’ = L ) m ’
n n n
,££1c’£"£ = 0, (,Lflc't"l’)z = ,lf Ci,l + ljmcl’icm'm = 0. Hence for n 2 2 3
2 2 2
L(cy p0c. )" =2nEk ¢ >4 rc . Consequently
i 2,2 "n,m 1-1 AL = 2=1 L.A
2 2 2
AL W S leg oI5 2 dlea) g (4.10)

Let be Q the collection of all sets w of k distinct index pairs (i ,m Vs
The number of sets w in Q is n'/(k'2k) and each pair (4,m), with l # m,
occurs in (n-2)!/((k—1)!2 ) sets of Q. Thus
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E I ((cp y-c ) + U]c <y = £ T ((cp p=c_ )< + 4]c )
WEQ (4,m)Ew 4.4 "n,m 4,m A#m  WEQ 2,2 "n,m l,ml
y (4,m)€Ew
- (n=2)t o ((cy y-c 2, 4le, 12)
(k-1)12%"1 fug 44 mom o

Hence the mean of Z(L,m)Ew((ci,l'cm,m)z + 4|ci'm|2) overall w € Q equals

n! -1 (n-2)! T ((C - )2 & L"IC |2 =
[k!2k] (k-1)12%1 fup A4 mim A

-1 2 2
(n-1) lim((cl'l-cm'm) + qlci’ml )

This result, together with (4.10), proves the theorem. o

THEOREM 4.4. Let a sequence {A(J)}. starting with A(O) = A, be constructed
by

AU L WD) L@@y | L

where in each step k disjunct index pairs ¢4

l,j'ml,j)""'(lk,j'mk,j) are

selected according to rule (4.9). P(j) is a permutation with P(i1 j'ml i
....,lk j'mk j) = (1:2;5::,0~1,0). U(j) is a preconditioning unitary block

diagonal matrix a described in (4.2), (4.3), (4.5) and (4.6) and W(j) =
diag(xi.xti.....x%.xfi

LI e L IE ) WET

) that reduces the Frobenius norm of

as described in theorem 4.2. Then {A(J)} con-
verges to normality.

PROOF . {AéJ)} decreases monotonically and is bounded below. Therefore

o (i)y2 _ (j+1)
sj := |A |F |a |
4.3

g Lo, (,j> =). Since by theorem 4.2 and theoren
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o~
v

k . " g < <

v

ET%:TT |A|;2|C((P(j)U(j)A(j)P(J)U(j)Ii
* sty Ml les )2 |
we have c(Ad)) 50 (, 5 e). q
THEOREM 4.5. Let {A{d)} be constructed recursively by
ald=1) _ (p(j)U(j)w(j))-lA(j)P(j)U(J)w(i) ) =1,2,... (4.12)
with P(j) and U(j) as in theorem 4.4 but w(j) an optimal parallel norm-
reducing shear as described in section 3. Then {A(j)} converges to normal-

ity

PROOF. Sj = IA(J)lg = IA(J+1)|§ L0 (, =) for now wld) ig even opti-
mal. As in the proceding theorem C(A(J)) 20 i § >9). a
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