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Abstract

This paper is concerned with the density of the F-statistic in the context of a
linear model with normal distributed crrors. The covariance matrix of the errors is
arbitrary. The result is useful in the study of robustness of the F-test with respect

to errors of the first and second kind.
An explicit expression for this density is given in the form of a proper Riemann-

integral on a finite interval, suitable for numerical calculation.
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evaluation of probability densitics.

AMS classification: 60E05, 62J05.

*Department of Econometrics, Tilburg University, Tilburg, The Netherlands.



1 Introduction

Let Y ~ N,(u, ), the n-variate normal distribution with expectation u and covariance
matrix 2. Let L, R be two orthogonal linear subspaces of R" of dimensions ! and r,

respectively (I > 1,7 > 1,1+ r < n). Set

= |YL[’/IYr*, F=(r/DX, (1.1)

with Y, = PLY and Py the orthogonal projection matrix belonging to L; Yz and R are
defined similarly.

In this paper we give a relatively simple expression for the density g of X (or equiv-
alently for the density of the F-statistic /). For numeric calculation some eigenvalues
and eigenvectors must be computed once and then an one-dimensional proper Riemann-
integral on a finite interval must be evaluated for each point z € R to get the value
9(z).

The result is useful in studying the robustness of the F-test in linear models. Let
Y = ZB + ¢ with Z € R™** the (non-stochastic) matrix of explanatory variables and
€~ Nn(0,Q). Then Y ~ N, (4, Q) with u = Z3 € R". An (identifiable) hypothesis Hy
in terms of restrictions on § is equivalent to Ho : 4 € Lo with Ly some linear subspace
of R(Z). The usual F-statistic F' for testing Ho : pp € Lo against H; : p € R(Z) —
is given by F in (1.1), where L and R are determined by L L Lo, L + Ly = R(Z) and
R1R(Z),R+R(Z)=R"

With the usual assumption © = o2, we have F ~ F!(§), the non-central F-
distribution with degrees of freedom I, and non-centrality parameter § = |u|?/o2.
Equivalently, X follows the distribution with density

5/2)k z1/2+ k,r[2), >0 (1.2)

exp(— Z

where p(z; p1, p2) stands for the density of the beta-distribution of the second kind given
by



p(‘r;php?):xm—l(l +1.)-91—P2/B(p1’p2)’ Z'>10; (13)

So with an expression for the density ¢ of X for general 4 and 2 we can study the
robustness of the F-test for specified probabilities of errors of the first and second kind.

The question of robustness of the F-test is a very old problem. A detailed study for
heteroskedasticity and autocorrelation in some special ANOVA-designs can be found in
Scheffe (1959), sections 10.2, 10.3 and 10.5. We refer to this book for an overview.

The problem of the distribution of X in (1.1) is a special case of that of the quotient
of two quadratic forms in normal variables. The best references in this field within the

context of this paper are Lugannani and Rice (1984) and Magnus (1986).

2 Statement of the results

Let (Aj,h;), 7 = 1,...,n be the eigenvalues and orthogonal eigenvectors of Q. Set
a; = |Prh;|*, B; = |PLhj|>. Throughout this paper we assume that max();a;) >
min(A;a;), max(A;3;) > min(A;3;) > 0. The following theorem 2.1 preceeds the main

theorem 2.2 and is interesting in its own.

Theorem 2.1.
The density g of X defined by (1.1) is restricted to the interval I =

(min(Bx/ax), max(Bi/ax)) and its value at = € I is given by

e-gsa,‘ n

9(z) = 4w ]-Z___:laj/\] _:_00{1 —6;/(1 - c,z)}eézs"/(l_c“') H(l — ckz)‘g_‘s'"dz
(2.1)
where min, max, ¥, Il extend over k = 1,...,n with Ay > 0 and with

& = (Rju)?/}j, < = Xi(B — a;z). (2.2)



Example 1. (R =02I,, p€ L)

For @ = o?[, we have \; = o7 for all j. Hence, without loss of generality we may
take h; such that L = R(h1,..., M), R = R(hiy1,...,hiyr). Then §; = (hiu)?/o? for
J=1,...,1and §; = 0 elsewhere. This implies § = £6; = |ur|*/o?. Furthermore, a; = 1
forj=1+1,...,14r, Bj=1forj =1,...,l; other a- and B-values are equal to 0. This
gives I = (0,00), ¢; =0 for j=1,...,l, ¢;=—o’zfor j=1+41,...,0+randc; =0

for j =14 r+1,...,n. Substitution into (2.1) leads for any z > 0 to:

-5/2 oo
oy = 64,”' mz/' e¥810=a%2) (| _ 52,y + o) /P14y =
—100
00 k 1
= ghi (5/_2)L/‘°° | o)-/2+R) (] ~(r/241)
. ,;, ol LA (14 =2) e

The integral in the sum is a variation of Pochhammer’s contour integral for the beta-

function. We have (see also Lugannani and Rice (1984), E1, p. 487):

1 /foo dz Ple+4—1)
ico (z—a)*(b—2)f _ (b— a)o*A-1T(a)[(B)

21 -
where Re(a+ ) > 1 and a < 0 < b. This leads to

= [ (1= )70 g 22) 0z = (12 4k rf2)

4

where p is defined by (1.3). llence,

g(z) = e8/? i (62—?)2;)(1;1/2 £kn/2), >0,

k=0

in agreement with (1.2).

The following theorem shows that (2.2) can be written as a proper Riemann-integral

on a finite interval.



Theorem 2.2. (Conditions of theorem 2.1)

o(2) = =@ + 5 exp (-3 0 6) - Sty (I 4) 7+ (23)

with

I = /:/2 B;(t) - (H Ak(t))‘%_%ék’ vexp{% Z&fk cos? t/Ak(t)} .
-cos?™1 ¢ - cos [Z {(% + k,) arcsin(qk sin t/Ag(t)) — S;,(t)} +

arcsin(S;(t)/C;(t)) ]dt (24)
where
a = max(A;06;), b= - max(A;a;) (2.5)
fi=1-13¢(a™ =b7), v = jg(a™ + 071/ f;

Aj(t) = cos?t + 47sin’t, Cj(t) = (1 - 6;f;) cos®t + 42 sin? ¢ } (2.6)

Si(t) = 6;f;y;sintcost, B;(t) = {C2(t) + SX(t)}
Remark. Since @ > maxec;, b > —ming, it follows that f; > 0 and Il 1.

Corollary. For 4 = 0 we have §; = 0 for all ;. Then C;(t) = A;(t) = B;(t) and
S;(t) = 0 and so (2.4) reduces to

x/ -1_1¢,
b = /0 2(HAk(t)) : %%Cos%""t-

- cos [Z(% + &k;) arcsin(y sin t/Ak(t))] dt (2.7)

Example 2. (Q = 0%, 4 =0)
Using the results in example 1 we see that §; = 0 for all j and @ = 02, b = o%z. This leads

tof,:%(l+l/x), age= LT § = Vs o« ik j}:%(l+r), vi=—1forj=1+1,...,14r



and f; =1, 7, =0for j =1+ r+1,...,n. Substitution into (2.5)-(2.7) leads for any
z € [=(0,00) to

i oo /2
g(z) ==*'(1 + :r)’“*")“‘z(“""/"'.;—/ cos*/2=1 ¢ cos{(l —r)/2 — 1}dt.
T Jo

The integral is a variant for the integral expression for the beta-function. (see Grad-

shteyn & Ryzhik (1965), 3.632.5, p. 375):
n/2 )
/ cos® 1 tcos(a — f — 1)dt = 7/{2°*#(a + B)B(a, B + 1)}
0

where Re a > 0, Re B > —1. This leads to g(z) = p(z;1/2,7/2), where p is defined by
(1.3).

3 Proof of the theorems

Lemma 3.1. Let (X, X;) have an absolutely continuous distribution with joint char-
acteristic function @. If X; > 0 a.s. and £{X;} < oo then Y := X;/X; has a density g
given by

R Y Ap(ur, uz)
g(y) N 2w /;'x, ( (9"-2 )

Proof. See Cramer (1946), excercise 6, p. 317 or Geary (1944) and for the multivariate

du,. (3.1)

uz=-—yuy

generalization Phillips (1985).

Lemma 3.2. Let X ~ N,(4,Q2),Q =T7" >0 with T € R™™". Let X; = X'A, X, X, =
X'A; X with symmetric A, A, € R™". Then the joint characteristic function ¢ of

X1, X, is given by
o(ur,uz) = |I, — 2%C|% exp{—1n'n} - exp{1n'(In — 2iC)™ "5} (3.2)

where



n= ]‘-l"’ C = ulT’A|7I + ll'z’l”/12’r

Proof. See Magnus (1986), lemma 5, p. 102.

Lemma 3.3. (conditions of lemma 2.2)

(3.3)

If (X1, X2) has an absolutely continuous distribution, then the density g of Y := X,/ X,

is given by
e—%fl’ﬂ 100 T 1
o) = S [ B gy, o)k
4Tt J-ico
. [tr(S"'(y, 2)T'AT) + 'S (y,z)']"AgTS‘l(y,z)n] dz
where

S(y,2) := I, — 2(T'"A\T — yT'A,T).

Proof. We use lemma 3.1 and 3.2 and the formulae

dA

s dA . diA MIH'(A"a) (141 #0).

= — _I—A_l —_— =
dx = dr ' dz

Differentiation of (3.2) leads with (3.3) and

a(‘l“" — %C| = i|l, - %C|"F1r{(1, — 2C)"'T" A,T}
=
9

—(f~ BOY* =L, — U AP, — O
allz

to

W = ip(u, up) [tr{(f, — 2C) ' T" AT+
Uz

+0/(I = 2C) T Ay T(I, — %C) ™) .

(3.4)

(3.5)



So with (3.5)

s - - .
e(ur, —yur) = [S(y, 20u1)| "7 exp{—4n'n} exp{§n'S ™ (y, 2iu1)n}

a‘P(uly u2)

= 1p(uy, —yu) [tr{S"(y, 2iuy )T AT} +
3u2

u=—yu1

+1'S7M (y, 2u0) T A, TS (y, 24w -
Substitution of these expressions into (3.1) together with z = 2iu, leads to (3.4).

Proof of theorem 2.1.
At first suppose @ > 0 or, equivalently, A\; > 0 for all j. We use (3.4) and (3.5) with
A; = PL and A; = Pg. Since Q = X ;b we can take T = EAJ%hjh;. This gives
successively

T'PLT = EB;A;h;h}, T'PRT = Yo bk

§ =8(y,z) = Z(1 — ¢jz)h;h}, S7' = B(1 —¢;z) " h;k;

1S172 = 1I(1 — ¢j2) %, tr(S™'"1"PrT') = £(1 — ¢j2) ')A

n=S6fhj, n'n = 56, 1'S™'n = £6;(1 — ¢;z)"!

W'ST'T'PRTS 'n = Ea;);6;(1 — ¢;z)72.
Substitution into (3.4) with the Kronecker symbol éx; =1 if k = j,éx; = 0 if k # j leads
to (2.1).

The integrand in (2.1) has singular points in the half plane Re z > 0 iff z < §;/q;
for some j and singular points in Re = < 0 iff £ > B;/a; for some j. So g(z) = 0 if
z > max(f;/aj) or z < min(f;/a;). This concludes the proof of the theorem for Q > 0.
The general case follows by continuity arguments with respect to the eigenvalues A; of

0.

Proof of theorem 2.2.
We make into (2.1) the substitution s = (b—a —2abz)/(b+a) and ¢ = (b—a)/(b+a).
Then 1 — ¢z = (1 + xs)/ fx and so



g(x) = (a4 b Za, L (I 1e)

with

100+c

e = 7 {TI0+w9) 5 1 = 6,05/ (1 + ) e et
—1004¢C

The integrand has singular points at s = —1/4,. Since a > maxck, b > —minc; we

have |y« < 1 and so all singular points are outside {s : |Re s| < 1}. Therefore

I;(¢) does not depend on ¢ provided that |¢| < 1. Since |b— a|/(b+ a) < 1 we may

replace the particular value ¢ = (b—a)/(b+«) by ¢ = 0. This gives the intermediate result

e~ 5 E6k

gl s (a™' + b_])ZQJ/\j (IT fk)§+6k’ I;

with
/ {TIO1 + op)™37% } {1 = 6, f5/(1 + dyju) per=onfe/ (imnl gy,

We rewrite this expression in the form of a Riemann integral on a finite interval. Sub-

stitution of u = tgt, du = cos? tdl together with

1+ iyeu Ai(l) cost - exp{i arcsin(ye sint/Ax(t))}
1—=6,f;/(1 4+ ivy;u) A7'(1)B;(t) exp{i arcsin(S;(t)/A;(t))}
exp{38cfi/(1 + imeu)} = exp{ o fi cos® t/Ax(t)} exp{—iSk(t)}

leads to (2.3), (2.1).
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