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Raymond H.J.M. GRADUS
Tilburg University, Postbox 90153-5000 LE Tilburg, The Netherlands

In this paper we present a differential game where government and firm
interact through investment and tax policy. Within an optimal control
framework the firm maximizes the future stream of dividend, while the
government optimizes a utility function, which depends on government
consumption. Attention is paid to different solution concepts (Nash,
Stackelberg and Pareto), information structures (open-loop and feedback) and
their economic interpretations. Attention is also paid to the problems of
time-inconsistency, credibility and reputation, which can arise by using
differential games. One of the conclusions is that credibility of govern-
mental policy may have a great influence on the market value of the firm.

1. INTRODUCTION

Governmental policy has a great influence on the way firms behave even
in a free market economy. A crucial question in this respect is: how can the
government by its policy influence the decisions of the firms so that its
own objectives are achieved 7 In this paper our interest focusses on the
corporate tax policy of the government as an instrument to achieve its
goals. A high level of corporate tax may induce a lower level of investment
and that may lead to a lower level of corporate tax earnings in the future.
So there is a certain trade off between tax earnings now and tax earnings in
the future. But if the government asks a low rate to have more tax earnings
in the future the question is: will the firm use this money for investment 7
So the government's decision about the corporate tax rate is affected by the
investment policy of the firm.

In this paper we present a differential game in which the government
announcing a certain tax rate and the firms decide whether to invest their
money back into the firm or to pay out dividend. We use a differential game
to model interactions between government and firms, because the actions
carried out by one of the players will influence the outcome for the other.

We will pay special attention to different solution concepts like Nash,



Stackelberg and Pareto and information structures like feedback and open-
loop. The conceptual framework is related to Lancaster (1973) and Hoel
(1978). We deal with the problems of time-inconsistency and commitment which
can arise by using this technique (e.g. Kydland and Prescott (1977) and
Reinganum and Stokey (1985)).

The model for the firms is related to the models designed by, for
instance, Leban and Lesourne (1982), Van Loon (1982) and Van Schijndel
(1986), which dealt with dividend and investment optimization within an
optimal control framework. Following Theil (1964) we take the government as
entity with a single objective function.

In section 2 we present the model which is meant to be a heuristic
framework for governmental policy and firm behaviour. In section 3 the
solutions for the different solution concepts and their economic
interpretation are given. Special attention is paid to a comparison of the
concepts. In section 4 we discuss two important extensions of the model
presented in section 2. For these extensions we only discuss the Nash
solution. Finally, in section 5 we make some remarks and suggestions for

future research.
2. THE MODEL

2.1. The firm

The model is developed within a deterministic setting. We assume that
the firms can be represented by one and this firm behaves as if it maximizes
the shareholders' value of the firm, which consists of the sum of the
discounted dividends over the planning period. We assume that shareholders
have access to perfect capital markets, so that the discount rate equals the

market interest rate. At the planning horizon the shareholders will value

capital good stock as bK(T)e-PT, where it is reasonable to assume that

0 < b £ 1. So the objective function is:

2 -rt -rT
max JD(t)e "‘dt + bK(T)e ', (1)
I 0

in which: T : planning horizon



t : time

D(t) : dividend

I(t) : gross investment
K(t) : capital good stock

r : market interest rate

We assume that there is a linear relation between capital and labour. This
is the case if there is a Leontief technology or if a firm operates under
constant returns to scale with fixed factor prices. Assuming that there are
no problems with attracting labour and, output price and wage rate are

constant, we get a linear relation between profit and capital good stock:

R(t)

pQ(t) - wL(t)

(px - wi)K(t)

aK(t), (2)

where: R(t): profit (before tax payment)
Q(t): output
L(t): labour
p: output price
w: wage rate
X: capital productivity
o: labour productivity

rentability of capital good stock

In subsection 4.1 we will relax the assumption of a linear relation between
profit and capital good stock by assuming that the firm operates under
decreasing returns to scale. About the financial structure of the firm we
assume that investment is completely financed by retained earnings (there is
no debt). Furthermore, profit after taxation can be used for investment or

to pay out dividend:

R(t) - TX(t) = D(t) + I(t), (3)

in which: TX(t): tax payment.



The impact of investment on the production capacity is described by the

generally used formulation of net investment:

K(t) = I(t) - aK(t), (4)
where: a: depreciation rate

2.2. The government

For the government too we make some simplifying assumptions. Its utility
function depends in general on macro-economic variables like government
consumption, employment and so on. In this paper we take a utility function,

which depends on government consumption:

T -rt
max. JU(G(t))e ©ldt, (5)
T 0

where U(.): the utility function for the government
G(t): the government consumption

T: corporate tax rate

Note that the government also has access to perfect capital markets. In this
paper we take into consideration two different utility functions, a linear

and a logarithmic one:

U(G(t))
U(G(t))

G(t) (section 3 and subsection 4.1.) (6a)
In(G(t)) (subsection 4.2.) (6b)

We assume that the spendings of the government are not productive. For
instance we may think of building houses and bridges, hospital care,
education and military forces. Furthermore, all tax payments received will
immediately be spent and the government is not able to spend more than it

receives (i.e. no budgetary deficit):

TX(t) = G(t) (7)



The tax payments paid by the firm are given by:
TX(t) = t(t)(R(t) - aK(t)) (8)

Finally, corporate tax rate is restricted between Tl and 12:

0 <t <w(t) <, <1, 1¢7, (9)

For the shareholders investing in the firm is more profitable than putting

their money into the bank:

r < (q—a)(1-12) (10)

Equation (10) ensures that the marginal rentability of investment exceeds

the opportunity costs of financial investments.
3. THE SOLUTIONS

3.1. The Nash, Stackelberg and Pareto solution

In the previous section we have described the objectives of both
players, the dynamics of the system and the strategy space. As argued by Van
der Ploeg (1987) the formal structure of the interaction between government
and firm depends on the absence or the presence of binding contracts
(feedback or open-loop) and the mood of playing (Nash, Stackelberg and
Pareto). In the Stackelberg game we take the government as the leader. We
are able to prove that within this model the feedback-Nash and -Stackelberg
solution are equal to the open-loop Nash solution (see appendix 1).
Therefore, it suffices to only present the open-loop solutions, where we
have to remember that open-loop Nash is a candidate for feedback-Nash and -
Stackelberg. Because of the linearity of the Hamiltonians in the control

variables the solution has a bang-bang structure.



3.1.1. The Nash solution

t € [0,t) t e [e.1]
tax rate 11 12
investment max. investment| zero investment

Table 1. The Nash solution (if T,> E%m>
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Figure 1. The optimal trajectories of capital good stock,
dividend, investment and tax
t € [0:t) t e [tit) t e [t,T]
tax rate Tl T 12
investment max. investment| max. investment| zero investment
Table 2. The Nash and Stackelberg solution (if T.< N
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Figure 2. The optimal trajectories




- 1 a+r 2 el o

t=T In{(1 - 2—=F—)/(1 - b>2"F—
o el q-'cz(q-a))/( q-Tz(q-a))}

dt dt dt dt at

ar €00 gs <0 g2 0 g > 0, dT2<0 (11)

The Nash solution is seen to consist of two phases at least (see table 1
and 2). The government starts to tax at a low rate and the firm invests at
its maximum rate. The reason for the government to ask the low rate is that
more money is left to the firm to invest, so that future tax earnings will
be greater. In the beginning the firm invests at its maximum rate in order
to be able to pay out more dividend in the future. Before the end of the
planning period there is always, if b < 1, a period during which the
government asks the high rate and the firm pays out dividend. Because the
end of the planning period comes nearer the shareholders are more interested
in collecting dividend and the government in collecting tax earnings.
However, the time-points where the government and the firm want to switch
their policy will in general not be the same and depend on the parameters of
the model. In the Nash solution at the moment that the firm stops investment
the government will immediately react by introducing the high rate. In
figure 1 we have drawn the optimal trajectories of the capital good stock
and other variables under the assumption that (without loss of generality)
q=1.

Note that there are two possibilities for the Nash solution. In the case

that t.,>

. 2] . = .
P TE%ETTE:ET at the time-point t the firm stops investment and pays

out dividend, while the government raises the tax rate. In spite of the fact
that the government wants more investment, it cannot force the firm to
invest. In the situation that T < —9 _______ (see table 2) the firm keeps on
2¢ Tqay 21y ¢ ) P
investing even after the government has raised the tax rate. The switch from

low to high tax will take place at t, where t can be solved numerically.



3.1.2. The open-loop Stackelberg solution

tE [O.tl) t € [tl,tz) £ € [tZ.T]
tax rate L2 11 12
investment max. investment| zero investment| zero investment

Table 3. The open-loop Stackelberg solution (if 122 TE:%TTE:ET)
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Figure 3. The optimal trajectories

)= minlTerioin((1-(20) 225 meLan( (12— ) (162,

i a+r q-Tl(q-a q-rl(q-a
dt dt dt dt dt dt

1 i e | s | e S i |
a (Ogm OO0 g o ¥, 0, a0, <0 (12)

% (1-(2-0)321, ) (ari)

ter minlTT = Gl (e (T-2(ee iz
dt dt dt dt dt dt

2 2 2 g2 i —2 “2
dr £ 8 da L o'dq A db L dtz 2 0y dtl $ %)

In the case that T1.< there is no difference between the Nash-

o=
2" (g-a)(2-b)
and the open-loop Stackelberg solution. The fact that the government may

announce its strategy first yields no advantage. However, in the case that

s

there is an interesting difference between the two solutions.
2= (q-a)(2-b)




In the Stackelberg game the firm will switch from investment to dividend at

the time-point t,. It can easily be shown that this switch will happen at a

1
later point of time than in the Nash game. The firm's investment period is
longer in the Stackelberg solution than in the Nash solution, so there are
more capital goods in the economy if Stackelberg is played. The reason for

this longer period of investment is that the government will postpone the
the high rate (t2>t1>E).

In the Nash game the government wants more investment, but it cannot
force the firm to do so. In the Stackelberg game, where a phase with zero
investment and low tax rate is possible (such a phase could not exist in the
Nash game), the government can influence the investment policy in such a way
that its own objective function will have a higher value. The government
achieves this by announcing at the start of the planning period a relatively
long period of low tax. In this way investing at the maximum rate becomes
more profitable, so the firm will do this during a longer period. Announcing

a period of low tax only makes sense if the government has a greater

P 3 : q
affinity to investment than the firm (i.e. 122 (q-a)(2—b))'

3.1.3. The Pareto solution

For our model we can derive the Pareto solution, a well-known concept
supposing that the firm and government cooperate. In principle there are
infinitely many Pareto solutions, depending on the bargaining power of
player 2 against player 1 given by u (e.g. De Zeeuw (1984)). The problem is
now to maximize, with respect to the admissible strategies and dynamics,

J=JG+uJF, where JF and JG are given by (1) and (5).

We distinguish three possible situations:
i) m < 1 (the government in a strong bargaining position)
ii) m=1

iii) m > 1 (the firm in a strong bargaining position)
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t € [0,t) & € [t.8) t € [t,T]
ax > ;4 T
t rate 1 > 12
investment max. investment| max. investment| zero investment

Table 4. The Pareto-solution (if O < m < 1)
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Figure 4. The optimal trajectories
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7 < 0, < O’EE 3.0y a > 0, 5?; > 0, ar =10, A <0 (14)
<SP 1 _ _(u-b)(a+r)

t: = min[T,T * aﬂ‘ln{l Aq+(1-u)12(q-a)}]

dt , o dt o dt, o dt, o dt, o dt _ dt

do S O 5g X% 50 2100 g 2 %0 dTZZ 9 dr,” O 3> © (15)

In the first situation, m < 1, the solution consists of three phases. In

the first phase the government asks the low rate and the firm invests all

its money. At the time-point t the government switches from the low to the

high tax rate. But because of the strong bargaining position of the govern-

ment the firm continues investment until t. The stronger the bargaining
position of the government the earlier the tax switch and the later the

dividend switch will take place.
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t € [0:t) t e [t ,T]
Lax rale T T '€ [11,12]
investment max. investment| zero investment
Table 5. The Pareto-solution (if m = 1)
]
»*
K
K(t) ’I‘X+D
I
TX ////
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t T
Figure 5. The optimal trajectories
o 1 a+r
t =T+ a+r1n{1 - (1-b) a }
* * * »* * »*
dt dt dt dt at _ , dt _
- < 0, A < 0, da > 0, ab > 0, drz_ 0, dTl— 0 (16)

In the second situation (see table 5), where p=1, both players have

equal bargaining power. Also in this case the planning period begins with

*
low tax and maximal investment. At the time-point t the firm starts paying

out dividend and the government asks an arbitrary tax rate T € [11.12].

Because we have maximized the sum of both objectives there is no conclusion
possible about the way profit is divided between government and
shareholders. The Pareto solution will only give an answer to the question

of the value of the sum of both objectives.

t & T0:& ) te [t , T]
tax rate 11 Tl
investment max. investment| zero investment

Table 6. The Pareto-solution (if u > 1)
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Figure 6. The optimal trajectories
8 1 _ (u-b) (a+r)
t =T # a+rln{1 uq+(1-M)T1(Q'a)}
L} ] 1 Al L Al L}
dt at dt dt dt _ , dt dt
e £ 0, e <0 a > 0, db > 0, dTZ_ 0, d11< 0 =7 (0] (17)

In the situation that the firm is in a strong bargaining position the

government sticks to its low tax rate, while the firm switches from

1
investment to dividend at t . The greater u, the sooner the dividend switch

will take place.

3.2. A comparison of the three concepts

The optimal values of control variables (the tax and investment rate)
for the different solotion concept (see tables 1 through 6) generate the

following values for the objective functions:

i) Nash

N N, ey -rt., - s T
I ) = Tamayrimete | KB Ko} oy TR(E) (18)
R R (19)
ii) Stackelberg

(g-a)7 -rt -rt

S .8 2l 1 1

JG(I E ) = TE:ETTI:;IT:;{E K(tl)—KO} + e K(tl) (20)
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i
G TR (W (21)
iii) Pareto
p _p, _ loalTy et * (a-a)t "
u=1: JG(I T ) (q-a)(l-rl)—r{e K(t )-KO} + e K(t ) (22a)
* *
JF(IP,1P) = e ™ ke ) (23a)
(q-a)T : i u(g-a)T ; "
. P By _ 1 <t . " 1 =rt
W (T ) = (q-a)(l-rl)—r{e K(t )-Ky} e I e K(t )
B B eph gy T T8I,
I, w) =@ K(t )Mq+(1-u)(q-a)11 (22b) and (23b)

{e‘”tx(E)-xo} .

(q-a)T =
2 {e—rtK(t)-

(g-a)T
pCls AT T ) = -

G - (a-a)(1-7))-r (a-a) (1-7,)-r
e n(g-a)T, ™
e K(t)} + uq+(1—u)(q-a)126 K(t) (22c)
T - a-(g-a)t
3 T T 2 (23¢c)

ua+(1-u) (g-a) T,

where: JF and JG are given by (1) and (5)

(IN.tN): set of strategies by the Nash solution

3 K(E): capital good stock at time-point t

A derivation of (18)-(23) is straightforward given the time-points (11)-(17)
and the objective functions (A1.3) and (Al.4). So there are many Pareto
solutions, depending on the parameter u, and if m=1, on the choice of the
tax rate in the final phase. A Pareto solution means that, if a set of
strategies is chosen a different outcome, at least one of the players has
higher costs. The Nash and Stackelberg solution are not Pareto-optimal, so
there is a set of Pareto solutions which gives a higher value for both
players. In appendix 2 we have calculated the objective functions for an

example. In this case the Nash solution is dominated by a great set of
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Pareto solutions. Only for small values of u the objective function for the
firm will be lower (see figure 7).

N: Nash
M = S: Stackelberg
Ja -_-.-"‘\\ P: Pareto
5,
N ow=1
N
AN
RS
S @« P
N ® =0
Ip

Figure 7. The value of the objective functions by different solution
concepts

In comparison with the Nash solution the outcome for the open-loop
Stackelberg game is better for both players. Not only is the leader better
off, but the follower also reaches a greater value of his objective
function. From this point of view there is an incentive to play open-loop
Stackelberg. Note that for the example we have calculated (see appendix 2),
the outcome for the Stackelberg game is better than for most Pareto
solutions. Only for u close to one the Pareto solution will yield a higher

value for JF and JG' Also this could be an incentive to play Stackelberg.

However, a well-known disadvantage of an open-loop Stackelberg solution
is the possibility of time-inconsistency. In our problem it is easy to
understand that if the government has the possibility, at a moment between

tl and t2 (see table 3), to make a new initial plan, the high tax rate is

the plan, so the solution is time-inconsistent. So if the follower has no
reason to believe that the leader will stick to his initial plan open-loop
is no longer a useful concept. In this case the feedback-Stackelberg
concept, which for this model yields the same solution as the open-loop

Nash-concept, can be used. In the recent literature there has been a growing
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interest in the concept of reputation to solve the problem of time-
inconsistency. If the game is played indefinitely many times or if there is
a situation of imperfect information,reputational forces can be important to
prevent the government from cheating (e.g. Van der Ploeg (1987, sect. 7),
Kreps and Wilson (1982)).

We can interpret (1) as the market value of the firm:

T

v{o} = [pitle Tt -zl
0

t + bK(T)e (24)

As pointed out by for example Hayashi (1982) V(0O) will be influenced by tax
rules taking into account corporate tax rate and depreciation formulas.
Because of the fact that corporate tax policy of the feedback and open-loop
Stackelberg solution will be different, the market value of the firm depends
on the choice between open-loop or feedback. For both players it is better
to play open-loop, but this makes only sense if the firm believes that
government will stick to its initial plan. So credibility of governmental
policy can play an important role in the market value of the firm and a
change in this credibility can cause an enormous fall or raise of the share
prices. There can be different reasons why the credibility of governmental
policy will change. For example the government has announced a policy of low
tax, but because of its high deficit it is no longer credible, that it will
stick to this policy. Perhaps this has happened in oktober 1987 to U.S.-
government and is one of the possible answers to the fall of the share

prices at that moment.

3.3. A further comparison of Nash and Stackelberg solution

In appendix 1 we derived that the firm will switch from investment to
dividend exactly at the moment that its valuation of a marginal increase in

the capital good stock, i.e. xz(t)(=the firm's shadow price of capital

goods), falls below unity. In other words the firm continues to invest if

the marginal earnings of an extra dollar investment, i.e. kz(t). are greater

than the marginal costs, i.e. one dollar. In terms of finance theory we can

conclude that investment is profitable as long as the net present value of
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marginal investment is greater than zero. For the government Xl(t) can also

be interpreted as the valuation of a marginal increase in capital good
stock. We can see this valuation as a measure of government's affinity to

the firm's investment.

; =
First, we study the Nash solution. If 12( (a-a) (2-b) *

valuation of a marginal increase in capital good stock is already below

the government's

unity before the time-point that the firm switches from investment to

dividend, so the government has already switched from low to high tax. If

q ; ; ;
gl , the valuation is still greater than one, at the moment that
2= (q-a)(2-b)

the firm stops investment. The government wants more investment, because the
marginal earnings of an extra dollar investment are greater than the
marginal costs. The government compares the stream of future tax earnings
due to an extra dollar investment against collecting it now. In spite of
this it cannot force the firm to continue investing.

In the Stackelberg case, however, the firm will switch from investment
to dividend at that moment that not only its own valuation of a marginal
increase in capital good stock equals one, but also the valuation of the
government equals one. The government uses its tax policy to manipulate the

firm's investment policy in such a direction that at the switching moment Xl

equals one. This is interesting because we have not only given an economic
interpretation of the results, but we have also derived decision rules for
governmental policy and firm behaviour. The decision rules can be used to
derive the open-loop Stackelberg solutions for more complex models (e.g.
Gradus (1987)).

4. A CONCAVE PROFIT FUNCTION AND OTHER MODIFICATIONS

4.1. A concave profit function

As mentioned in section 2.1., one of the restrictive assumptions of the
model is the linear relation between profit and capital good stock (see
equation (2)). In this subsection we will relax this assumption by assuming
a concave relation between profit (before tax payment) and capital good

stock:
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d—(—(—“}(‘ft; > 0, CRE(E) (25)
dK(t)

There may be two reasons for this concavity:

-the firm operates on a monopolistic output market (e.g. Van Loon
(1982)) with a declining price-sales function

-there is a neo-classical production function, which satisfies the
conditions of decreasing returns to scale.
In appendix 3 we give the necessary conditions for the open-loop Nash game.
There are two possible situations depending on the value of b. If b equals
one, then the firm invests at its maximum rate until the slope of the profit

function equals:

(26)

After this time-point, where this sales level has been reached, the firm
will invest on such a level, that the capital good stock remains constant (I
= aK). This result is well-known from dynamic models of the firm (e.g. Van
Loon (1982), Van Schijndel (1986)). The time-point at which (26) is reached,
depends completely on the initial state and the earnings function. There is
also a possibility that during the whole planning period this optimal level
of capital good stock, where marginal costs equals marginal earnings, will
not be reached. In that case the firm invests at its maximum rate during the
whole planning period, because the shareholders prefer capital good stock at
T to dividend in [0,T].

In the case that b lies between zero and one, the planning period always

ends with dividend pay out and maximum tax. The switch from maximum

investment to maximum dividend will take place at t given by

dR dR
B (1-1:2 aK (1-‘(2 aK
R B ~In{(1 - ——;—j—;——)/(b = ——;—:—;“‘)} (27)

The firm stops investment at such a time-point that:
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dR i
aK =t -7, * ® (28)

The greater the value of b the later the dividend switch will take place.

4.2, A logarithmic utility function

The solution of the model presented in section 2 has a bang-bang
structure (i.e. the control variable jumps from its lower- to its upperbound
(or from its upper- to its lowerbound)). This is because both Hamiltonians
are linear in the control variables. In practice an immediate jump from low
to high tax rate will not occur. We can easily deal with this problem by
replacing the utility function of section 2 through a logarithmic utility

function:

T -rt
f1n(G(t))e T tdt, (29)
0

In appendix 4 the necessary and sufficient conditions for the Nash game
(open-loop and feedback) are given. If the firm invests the following smooth
behaviour of tax rate will arise:

1
T(t)

k-

t d

Figure 8. Tax-rate by logarithmic utility function

U Wy

The time-points t and t are given by:
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'

&= T % Slafl - -5
b g2

Ta-a), ) (30)

i

& T+ SIa{1 L
B

" e, ) (31)

5. CONCLUSIONS

For the outcome of the economic process and the way firms behave
governmental policy is of great importance. In this paper, therefore, we
have modelled the interactions between government and firms as a differen-
tial game. By using this technique of differential games we take into
account the behavioural relationships within a dynamic environment. Within
this game different concepts (Pareto, Nash and Stackelberg) and information
structures (open-loop and feedback) are studied. We have compared both non-
cooperative solutions (Nash and Stackelberg) with the cooperative
solutions(Pareto) and the times that the firm and government will change
their policy. Special attention is paid to the difference between the time-
inconsistent policy, i.e. open-loop Stackelberg, and the subgame-perfect
leicy. i.e. feedback Stackelberg. The main conclusion is that the
credibility of governmental policy can have a great influence on the market
value of the firm.

The model we have presented, has some unrealistic features. In section 4
we discussed two important extensions. We have only dealt with the Nash
game. The Stackelberg solutions will be a topic of future research.
Especially the case in which we incorporate a logarithmic utility function
is of great interest, because then there is a "smooth" behaviour of tax
rate, which is of course more realistic. The model still has some
unrealistic features even after incorporating these extensions. For example
we can incorporate more instruments like wage- and interest control. In this
paper we have assumed that government spendings are not productive, but in
practice some government spendings will be part of investment. Of course,
society is more complex than we described. In spite of this we believe that
our model gives a solid description of the interactions between government
and firm and gives answers to the importancy of credibility and agreements

in economic theory.



20

ACKNOWLEDGEMENT

The author likes to thank Peter Kort, Piet Verheyen, Aart de Zeeuw (Tilburg
University), Paul van Loon, Onno van Hilten (University of Limburg) and
Steffen Jgrgensen (Copenhagen School of Economics and Business
Administration) for their valuable comments. Financial support by the
Netherlands Organization for the Advancement of Pure Research is gratefully

acknowledged

REFERENCES

Bagsar, T. and Haurie, A., 1982, Feedback-Stackelberg solution in continouos
time multi-level games, in: proceedings of the 21st. IEEE conference on
decision and control (Orlando, FL), 664-668

Basar, T., Haurie, A., and Ricci, G., 1985, On the dominance of capitalists
leadership in a 'feedback-Stackelberg' solution of a differential game
of capitalism, Journal of Economic Dynamics and Control 9, 101-125

Dockner, E, Feichtinger, G. and Jgrgensen, S., 1985, Tractable classes of
nonzero-sum open-loop Nash differential games: theory and examples,
Journal of Optimization Theory and Application 45, 179-197

Gradus, R.H.J.M, 1987, The net present value of governmental policy: a
possible way to find the Stackelberg solutions, in: Methods of Operations
Research (XII-symposium on Operation research), (Athen#um, Frankurt)

Hayashi, F.H., Tobin's marginal q and average q: A neo-classical
interpretation, Econometrica 50, 213-240

Hoel, M., Distribution and growth as a differential game between workers and
capitalists, International Economic Review 19, 335-350

Kreps, D.M. and Wilson, R., 1982, Reputation and imperfect information,
Journal of Economic Theory 27, 253-279

Kydland, F. and Prescott, E., 1977, Rules rather than discretion: the
inconsistency of optimal plans, Journal of Political Economy 85, 473-492

Lancaster, K., 1973, The dynamic inefficiency of capitalism, Journal of
Political Economy 81, 1092-1109

Lesourne, J. and Leban, R., La substitution Capital-Travial au cours de la
Croissance de 1l'enterprise, Rev. d'Economic Politique 4, 540-568

Loon, van, P., 1982, Employment in a monopolistic firm, European Economic
Review 19, 305-327

Ploeg, van der, F., 1987, Trade unions, investment, and employment: a non-
cooperative approach, European Economic Review 39, 1465-1492

Reinganum, J.F. and Stokey, N.L., 1985, 0Oligopoly extraction of a common
property natural resource: the importance of the period of commitment in
dynamic games, International Economic Review 26, 161-173

Schijndel, van, G.J.Th.C., 1986, Dynamic behaviour of a value maximizing
firm under personal taxation, European Economic Review 33, 1043-1062

Theil, H., 1964, Optimal decision rules for government and industry (North-
Holland, Amsterdam)

Wishart, D.M.G. and Olsder, G.J., 1979, Discontinuous Stackelberg solutions,
International Journal of Systems Science 10, 1359-1368

Zeeuw, de, A.J., 1984, Difference games and linked econometric models,
doctorate thesis, Tilburg University



Al

Appendix 1. The Nash-, Stackelberg- and Pareto solution of the model pre-

sented in section 2

First define

ul(t) = R(t) - ak(t) = tax rate (Al.1)
uz(t) = ﬁ?E%i%lfiTZT = investment rate (A1.2)

Using the definitions (Al.1) and (Al1.2) the model (1)-(10) can be rewrit-
ten as follows:

- objective function government:

fg(q—a)ulKe-rtdt, 0¢T su sT,<1 (A1.3)

- objective function firm:

ST(1-u,) (a-u, (q-a) )Ke *% + bK(T)e’T, 0 < u, < 1 (A1.4)
0 2 s 2
- state-equation:
K = {(q-u; (g-a))u,-a}K, K(0) = K, (A1.5)
1.1. The open-loop Nash solution
The current-value Hamiltonians are defined by
Hy = (a-a)u;K + A, ((a-u,;(g-a))u,-a)K (A1.6)
H, = (1-u,)(q-u;(g-a))K + X, ((q-u, (q-a))u,-a)K (A1.7)

* *
The necessary conditions for an open-loop Nash solution (ul(t). u2(t))

are:

* * 2 »* *
Hl(K u ,uz.kl) > HI(K .ul,uz.kl) vu, € U1 (A1.8)
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Hz(K’,u;.u;,XZ) 2 HZ(K’,UI,uZ,XZ) VUZ € U2 (A1.9)
N aHl * * *
1 =" 3k * ™ = (arr)A -(a-a)u; =), ((a-uy (g-a) )u,) (A1.10)
& aHZ * # 2 *
X2 S - o rxz = (a+r))\2—(1—u2)(q—ul(q-a))—)\2((q-u1(q-a))u2 (A1.11)
A (T) =0 (A1.12)
XZ(T) = b (A1.13)

(A1.14)

Thus the control of the government depends on its shadow price of capital
goods and on the control of the firm.

(A1.7) and (A1.9) now imply that

i if XZ b §

27 o if A, <1 (Ad.15)

So the firm will invest at its maximum rate if its valuation of a marginal

increase in capital stock is greater than one and zero if this valuation
is less than one.

It is easy to check that the solution in tables 1 and 2 satisfies

the necessary conditions, which are also sufficient because of the fact

that the Hamiltonians are linear in the state variable.

1.2. The feedback Nash-solution

Since this game is state-separable (i.e. neither the Hamiltonian maximi-
zing conditions nor the costate equations depend on the state variable)
the open-loop Nash solution can also be qualified as the feedback Nash
equilibrium (see Dockner et al. (1985)).
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1.3. The open-loop Stackelberg solution

In the Stackelberg case we take only the case with the government as the

leader into consideration.

The current-value Hamiltonians are defined by:

H, = (q-a)u;K + Xl((q-u;(q-a))u;—a)K - nl{(a+r)A2

- (1-uy) (a-uj (a-a)) - A, (a-u; (a-a))uj} (A1.16)

H, = (1-uy) (a-u; (a-a))K + A, ((a-u (a-a)Juy-a)K (A1.17)

The necessary conditions are

Hl(K » Ug, Uy, kl,kz, "1) ;
* *
Hy (K, ugy Uy Ryks, W) vay €T, (A1.18)
* * *
HZ(K » Uy, Uy, XZ) 3
* #*
Hy(K , ug, uy, Ay) vu, €U, (A1.19)
2 aHl * * *
A =7 3kt T = (atr)N - (g-a)uy - Ay ((a-uy (a-a))u,)  (A1.20)
B aHZ * * * *
Ap = 3g * Ay = (asr)h; - (1-uy)(q-uy(a-a)) - A,((a-u,(g-a))u,
(A1.21)
° SHI » *
Wy o o= axz +rm, = oW, - (a+r - ((q—ul(q—a))uz)n1 -
*
» du2 .
(q-u;(g-a)) {\ K + (1-x,)m )} @ (A1.22)
A (T) =0 (A1.23)
A, (T) =b (A1.24)
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"1(0) =0 (A1.25)

The costate variables Xl(t), Xz

government, K(t) for the firm and Xz(t) for the government.

(t) and m(t) correspond to K(t) for the

The reaction function for the follower (the firm) is the same as in the

Nash solution, while for the government it follows that

T if B(t) < 0
T 1 Blt) > ©

, where
B(t) = K(t) - A (£)uy()K(E) + my (£) {1-uy(t) + up(£)A,(t)} (AL.27)

Applying the results by Wishart and Olsder (1979) we can evaluate the

du

costate variable nl(t). The term D behaves with respect to time as
2

§-function with a jump at t = tl. The size of this jump is determined by

the properties of §-function (See Wishart and Olsder (1979)). So nl(t)
will be =zero until the moment that the firm switches from investment to

dividend and will have a jump at t = tl

nl(tl) = —xl(tl)K(tl) (A1.28)
so that

B(ty) = (1-A(t,))K(t;) 3 0 4F A (t,)

Vi
[

(A1.29)

It depends on the value of Al(tl). which policy will be chosen. We have 3

possible situations

»*
1) xl(tl) ¢ 1, ul(t) =T, t2t
This will happen if
1 a9
Ll = = (A1.30)
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From the transversality condition tl can be derived which is the same for

the Nash solution.

t2t

*
2) Xl(tl) ¥ 1= ul(t) = Tyn 1

This will happen if

S
Y 555 (A1.31)

From the transversality condition (A1.24) tl' which is given by equation

(12) can be derived.

*

3) Al(tl) =1 > ul(t) = Tl' t1 <t K t2
(A1.32)
= 12, t2 SEsST
This situation will occur if
S
11 < 5-bia-a (A1.33)
and
b G
12 2 2-b g~ (A1.34)

The time-points t, and t, can be derived from A

1 5 1(tl) =1 and xz(tl) = i,

1.4. The feedback Stackelberg solution

In general it is not easy to derive the feedback Stackelberg solution for
continuous time games (see Basar and Haurie (1982)).

However, for this game we can derive the following necessary conditions:

v, (t.K) v, (t,K)
—————— = max {(a-a)u.XK + —5=—— {(q-u, (a-a})
dt u €L, 7] 1 K 1
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¥,(t,K)-a)K}}

(A1.35)
avz(t,K)
= =———1= max f({l-u,){a-=¥.(t,K,q,) (g-a)}K
At 4,€00,1] 2 ! 2
avz(t,K)
+ ——5§————-{(q-r1(t.K.u2)(q-a))uz-a}K} (A1.36)
Vi (T.K(T)) = 0 (A1.37)
V,(T.K(T)) = b (A1.38)
3V, (t,K)

(q-a)xl(t.K.uz)K + ——5§————{(q-xl(t.K.u2)(q-a))uz-a}K

avl(t,x)
2 (q-a)ulx + ———5R——~{(q-u1(q-a))uz-a)K} vuy € Ul' u, € U2 (A1.39)

, where xl, and XZ are mappings such that

yy(t.Kouy) > u () € [1),7,]

r,(t,K) = u,(t) € [0,1]

and V1 and V2 are the value function for the government and the firm.
It would be straightforward to check that the following linear value func-
tion is a solution of (Al1.35) - (A1.39):

Vi(t,k) = Ai(t).K (A1.40)
, where Xl(t) and Xz(t) are given by (A1.10) - (A1.13).

So the open-loop Nash is a candidate for the feedback Stackelberg solu-

tion.
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1.5. The Pareto-solution

To find the Pareto-solution we have to maximize J = Jl + AJZ, 0< < =
subject to (A.1.5), where u measures the relative importance of player 1
against player 2 and is assumed to be given. This is a standard optimal
control problem, which is easy to solve. We give no details about the

derivation:

H = {(q-a)u; + u(1-u,)(a-u,(a-a))}K + ¥((a-u;(q-a))u,-a)K (A1.41)

Eo
i

(r+a)¥ - (g-a)u; - u(l-u,)(a-u,(a-a)) - (a-u,(g-a))u,¥ (A1.42)
¥(T) = b (A1.43)

3 situations

3 _ 2
i .9 uy = Tl’ u, = i G5 o ST | g g
Jo = L uy is singular, u, = 0 HE ¥ ¢ 4 8
[(u, =7, u, =1 if Y D
1 1+ 72
=g 2k = _ : (A1.55)
i u = Tl' u, = 0 if g
s N p
u = 11, u, = 1 if ¥ > 1
= gk ¢ 1 U = T, U, = i if pC¥ gl (A1.56)
L u; = 12, u, = 0 if ¥ g Ty

Appendix 2. An example

Assume without loss of generality that q = 1 and furthermore assume that:

a=10.1, B =10,05, b =0, KO =1, T =G and

A
]

14 < 1 40

5
€% Py ¢ 2



So we are in the situation of tables 1 and 3.

1) Nash:

2) Stackelberg:

By = 3,622

t, = 4 4ug

35 (u u,)

35 (uy u,)
3) Pareto:

(t: dividend switch, t:

lim :
u-re

lim :
udl

lim :

uTl

1im 7%
ulo

ek

e

N -
2° 172

0]

"

6,154

= 2,673

n

6,696

= '9.799

4,566

4,917

t = 4,917

6, t = 4,683

A8

tax switch)

Jl(ul'UZ)
Jl(ul'u2)
Jl(u

1+45)

Jl(ul,uz)

= 10,925

= 12,281

= 22,005

= 25,026

3,(u;.u,) = 17,353

Jz(ul,u = 16,750

2)

JZ(ul'UZ) 7,023

JZ(ul'UZ) = 0
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Appendix 3. The open-loop Nash solution for the case with a concave profit

function

The model becomes:

I u, (S(K)-aK)e " "dt (A3.1)
0
y -rt -rt
[ (1-u,) (S(K)-u, (S(K)-aK) )e ™y pk(T)e T (A3.2)
0
K = u,(S(K)-u, (S(K)-aK)) - aK (A3.3)
The Hamiltonians:
Hy = uy(S(K)-aK) + A {u,(S(K)) - u (S(K)-aK)) - aK} (A3.4)
Hy = (1-uy) (S(K) - u; (S(K)-aK)) + A, {u,(S(K)) - u, (S(K)-aK)) - &K}
(A3.5)
with
;1 = rkl ul[g% - a] - Xl[uz[g% - ul[%% - a]]—a] (A3.6)
° ds ds ds ds
AZ = rxz (1-u2)[a§ = ul[aR = ]] = XZ[UZ[EE - “1[EK - a]J-a]
(A3.7)
A (T) =0 (A3.8)
A, (T) = b (A3.9)

If we assume that S(K) - aK > O then (A.1.14) and (A.1.15) still holds:

Note that there are two possible situations:

i) WLb <L AZ(T) =b <1

o

N _ |as _ as _
If u, = 0 then XZ = (r+a)k2 [dK TZ[dK a]} (A3.10)
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Let t be the time-point of investment switch, Xz(t) =4
1 g—i)tzE>lf12+a—-—>)°\2<O,t_:§t§T (A3.11)
If %Et:z=1f12+a—>>‘:2=0,E§t§T
(XZ = 0 is not possible because of transversality conditions)
ii) b =1 X,(T) =1
Let t be the time-point where XZ(E) = 1
if u, = §ﬁi§¥gi then
- e, - st < 6 u(® - o) - st
\2[3_}8( . Ul[g—i = a]] (A3.12)
XZ = 0 (because of transversality conditions) if and only if
g_i - 1f12 U H- 1

Appendix 4. The Nash solution for the model with a logarithmic utility

function

The model can be rewritten in the same form as in appendix 1 and we get

the following form:

.
I {Ln(ul(q-am}e'”dt (A.5.1)
0

=
[ {(1-u,) (a-u, (a-a) )K}e "“dt + bK(T)
0

=31
e

(A.5.2)

K = {u,(a-u;(q-a)) - a}.K (A.5.3)
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The (current-value) Hamiltonian for the government has the following form:
Hy = An K + 4n u; + In(q-a) + A {uy(a-u,(g-a)) - a}K

Using the transformation x = An K and writing the (current-value) of the

transformed problem:

Hy = x + An u * An(qg-a) + Yl{uz(q-ul(Q'a)) = a}

The necessary (and sufficient) conditions for the government are

. aHl
. = I“f'l ~ B = I“l’l -1 (A.5.6)
dH T
1_31 _ _ > = 2
aul = u Tlul(q a) Z 0 & Up = ese (A.5.7)
or
¥ i Y. 2 . N— then u, = t
= il (q—a)'r1 S |
> - il e | —
it T < Yl < e then u, = (a-a)¥
1 2 :
if Y. < . - then u, = 7
= 1 (q-a)'t1 1 2

From (A.5.5) and Y(T) = O we can derive

¥, (1) = 1 (1-e"(¢T)) (A.5.8)
So the feasible strategy for the government is
ul(t) " Tis t € [0,t")
u (t) = Rescmene & £ [68,00%) (A.5.9)
. (a-a) (1-e"(FT))

uy () = a5 & € [B7 1]
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, where

e )
b =T = = Anfd (q_a)Tl) (A.5.10)
£ =T & % Ll = =—2—y (A.5.11)
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