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A combined queuing, simulation, and regression analysis

ABSTRACT

Key-punching in our university computing center is modeled as a
queuing simulation with two servers (typists) and three priority classes:
small, medium, and large jobs. The 90% quantiles of the waiting times per
job class are estimated for different borderlines X and Y between the
three job classes. An overall criterion function is formulated, quanti:y-
ing tradeoffs among the waiting times of each job class. Several regre:s-
ion models are investigated, expressing the quantiles as functions in 'he
class limits X and Y. Optimal class limits are determined applying a
numerical search algorithm. The resulting optimal limits have been imple-

mented.

1. INTRODUCTION

We investigate the following practical problem. The computing
center of our university provides a key-punching service to its users.
There are two typists (servers) available. It is known from queuing
theory, that expected waiting time is minimized if the jobs (customers)
are served in the order of their service times; see Cobham (1954), Jai:;-
wal (1968). The computing center's management decided that a complete
ranking of jobs would be impractical. To provide a "reasonable" turn-
around time the following priorities were established. Small jobs (S jobs)
have priority over medium (M) jobs, which in turn are key-punched before
large (L) jobs. Within each of the three priority classes a first-come-
first-served rule holds. The priority rules are not preemptive. Classific-
ation of jobs is possible indeed, since the key-punching time for a job
can be predicted accurately enough from the code sheets to be key-punched.
Originally, intuition was used by management to chose the borderline {
between "small" and "medium" jobs, and the limit Y between "medium" and

"large" jobs. The purpose of our study is to derive "optimum" X and Y



values. We t¢mphasize that similar priority rules can be used in many other
practical qeuing situations: computer operating systems, automobile r -

pair shops, etc.

From the above problem formulation it follows that we formulate
the system =2s a queuing system with two servers and three priority classes,
priorities being based on the lengths of the service times. This probl:om
has not yet been solved analytically, even though in our case the arrival
and service times are exponentially distributed (Poisson processes wit:
parameter A = 0.033 for arrivals and p = 0.021 for service times; the
service times are minimally 10 minutes since smaller jobs are key-punc ed
by the users themselves). During our investigation it soon turned out - hat
manarement is not so much interested in the average queuing time, as i.
helring "as many people as fast as possible". It was agreed that we should
therefore study the 90% gquantile, i.e. if x denotes queuing time, then the
90% quantile Q is such that

P(x < Q) = 0.90 AFLE

So there is only a 10% chance that customers have to wait longer than Q.
Note that x is defined as waiting time excluding key-punching itself. We
use discrete-event simulation to estimate the quantile Q for various X

2)

and Y values °.

2. PREVIOUS RESEARCH

In a first report, namely Coppus et al. (1976), 19 combinaticis
of the X and Y limits were simulated, each combination yielding one ot -
servation for the 90% quantiles of the S, M, and L jobs: QS, QM, QL
respectively. For each of these three quantiles a quadratic function was

fitted to the 19 observations, e.g.,

c P
g . : Y.+ S %8, (B
Q =ay tag Xy vay Yo toag, X e, XY bay, Yo+e, (2.1)



The statistical tests applied to the resulting regression equations show-
ed that X and Y did affect the quantiles, but the quadratic model did not
correctly specify these effects. In Van den Bogaard and Kleijnen (1977)
the following alternative regression models were investigated:

(1) Replace Y by (Y-X) in eq. (2.1). Unfortunately, the individual re-
gression effects remained insignificant.

(2) Replace X and Y by p, and p,, the probability of a job falling in
class 1 (small jobs) and 2 (medium jobs) respectively. Again the re-
gression effects were insignificant.

(3) Next some models were tried with the ratio X/Y as the explanatory
variable. The results remained unsatisfactory.

(L) Finally, some models linear in X and Y were investigated. For in-

stance,

Q% = 49.4k + 0.63X - 0.03Y
(£ 10.79 9,73 = 1.48) R® = 0.86 (2.2)

where the numbers in brackets denote the t-statistics of the corre-
sponding regression parameters. This model suggested that QS is
sensitive to X, but not to Y. Indeed the model with a single explena-

tory variable yielded

Q° = 43.66 + 0.63X
(t « 17.7T0 9.36) R2 = 0.84 (2s8)
3)

We shall come back to this result in the present paper™’.

The above research demonstrated that each of the three job
classes has conflicting optimal X and Y values (see also note 3). Witn
hindsight it is obvious that the smallest X value is optimal, consider-
ing only small jobs: if X decreases then (independently of Y) there are
fewer competing small jobs, so that queuing times decrease in this job
class; see also eq. (2.3). Obviously the minimization of waiting times in
a system with separate job classes, requires tradeoffs among the waiting
times per class. Therefore we should not minimize waiting times per class

independently. Together with the computing center's management we decided



to reformulate our problems as follows:

Minimize z = ¥ (@/8°) + w1 (/8" « " (q¥/8H) (2.4)
where the weights W denote the relative number (fraction) of jobs per
class, and the waiting time quantile is expressed relative to the mean
service time per class. Eq. (2.4) formalizes a "nice" optimization problem,
for instance, a decrease of X leads to the following results: lower WS,
lower quantile QS, lower average service time BS, higher WM, etc. Note
that simulation is needed to estimate the quantiles Q, not the weights W
and conditional mean service times B. For, if s denotes the individual

service times then
wS _ _ X —-us _  -ja
= P(s < X) -g ue as = e - e (2.5)

and

-ua (X+1)e—uX}{e—ua _ e—uX}—1

B = E(s]s < X) = {(a+%)e o

(2.5)
while similar results apply for medium and large jobs, i.e. the weights W
and conditional mean service times B can be expressed as explicit func-

tions of X and Y.h)

3. THEORETICAL CONSIDERATIONS

The previous two reports Coppus et al. (1976) and Van den Bogaard
& Kleijnen (1977) - and our experience in general - strongly suggests that
regression analysis without a theoretical basis leads to very questionable
results. Therefore we made a qualitative theoretical analysis before
"grinding our simulation results through the regression mill". Note that
Coppus et al. (1976) had only 19 observations available; Van den Bogaard
& Kleijnen (1977) augmented this to T1 observations. In the present report
we shall use these observations and later on we shall increase the dati to

91 observations.

The regression model is a metamodel, i.e., it explains how th=

outputs (Q) of the simulation model react to changes in the simulatior in-



puts (X,Y). The metamodel should explain the complicated simulation moiel
as parsimonously as possible. The selection of explanatory variables and
the functional form of the metamodel should be based on theory and common

sense. See Kleijnen (1979).

Assumption |: QS devends on X and not on Y

The waiting times of small (S) jobs are affected by the border-
line X between S and M (medium) jobs, but not by the limit Y between M
and L (large) jobs. For S jobs have priority over all other jobs, and -ire
not influenced by the priority rules among these remaining jobs. This
assumption neglects the non-preemptive character of our priority rules.
Assumption 1 is corroborated by various regression results such as egs.

(2.2) and (2.3).°)

Assumption 2: QL depends on Y and not on X

Large jobs have to wait until all small and medium jobs have been
served; their waiting times are not influenced by the subdivision into 8
and M jobs. This assumption is again corroborated by various regression

models (not shown here).

Assumption 3: QM takes over the role of Qs when X approaches zero

For medium (M) jobs waiting times depend on both X and Y. Hov-
ever, as X approaches zero (or more precisely X approaches the lower
limit for service times a = 10 minutes), no S jobs remain and M jobs
acquire the highest priority. So if X + a then M jobs depend on their
upper-limit Y just like S jobs depended on their upper-limit X. In gereral

we have

Q€ =5 () (0 < X) (3.1

Q" M (x,v) (0¥ <) (3.2)

A special case is X = a so that eq. (3.2) becomes



M M

=M (a,y) = &

(Y) (0 < ¥) (3,

1)
—

Eq. (3.1) and eq. (3.3) both specify how the waiting times of the top-

priority jobs depend on their upper-limit. Hence we assume
M
2 (%) =g 4Y) for =Y (3.14)

Assumption k: Q¥ takes over the role of QP when Y approaches infinity

A similar reasoning as for assumption 3 can be made for M anc L

jobs. If Y becomes large, say Y = b, then eq. (3.2) becomes

M

=M xp) =" (x) (0 < X) (3.5)
The equation
Q¥ = & () (0 < 1) (3.¢)

and eq. (3.5) both specify how the waiting times of the lowest priority

jobs depend on their lower limit. Hence we assume
L M
£ () =% (&) for X=X (35T

Assumption 5: The functional relationships between the quantiles and the

class limits may be approximated by low degree polynomials

As we know from mathematics, a nicely behaving function may te
represented through its Taylor series. We assume that this series may be
cut off after the first or second derivatives. Hence we approximate tlhe
true functions by first or second degree polynomial regression models.

e.g., eq. (3.2) is approximated by
AM _ 2 2 ,
Q =8, + B, X+B, Y4B, X+ fog WL % gy, X (3.6 )

We shall estimate the B coefficients through regression analysis. The

resulting estimates will be tested for significance using the traditional



t—statistics.Y) Likewise assumptions 1, 2 and 5 yield

A 2
Q = a * a, X + a, X (3.9)
AL _ 2
B =y by Tdyyd (3. 0)

4. EMPIRICAL METAMODELS

Empirical results suggest that the interaction effect 812 in eq.
(3.8) is unimportant. In other words, we compute the regression model

8)

(3.8) and find that §12 is insignificant.

Originally very low R2 values are found for L jobs, e.g.
R° = 0.63 for eq. (3.10). On inspection of the scatter diagram this 1ow
R2 ig explained by the presence of some wild observations: outliers. Tiese
outliers occur because waiting times of L jobs show high variances; se=
Coppus et al. (1976; figure 6). The higher Y becomes, the fewer L jobs
remain, and the higher their variance becomes. In simulation experiments
- as opposed to other empirical work - we can check whether an outlier is
indeed caused by chance. We simply repeat the X,Y combination with a n-:w
stream of random numbers. In this way we indeed check a number of sus-
picious observations on QL. A1l new observations fall within the "cloud"
of observations. Obvious outliers are eliminated. In this way the total

<}

number of observations increases from 71 to 91.

We accept an estimated regression model when it meets the fol low-

ing statistical criteria:

(1) It provides a good explanation of the changes in Q as X and/or Y vary:
"high" R°.

(2) The estimated individual effects 8 are significantly different frcm
zero.

These two statistical requirements, together with the assumptions 1, &

and 5 of the preceding section, yield purely quadratic models, i.e., in

the egs. (3.8) through (3.10) the first degree effects are insignificent,

so that they are eliminated:



a®= f(x)
Q¥ - fM(c,Y) = g"(Y)

// Legend:
_ il * Q° observations
Bor” ® QM observations

X
Y

Fig.1 The intercept estimates in a° and QM



a5 = 56.07 + 0.0087 X°

(t : 89.1  17.L3 ) R® = 0.82 (1)

M = 30.5 + 0.0323 X% + 0.0092 Y

e @ B3:9 BT 31.19 ) R = 0.95 (Let)

oL = 584.9 + 0.1564 ¥°

(t : 2.3 16,0 ) R® = 0.Th (s 5)
This type of model also agrees with assumption 3 of section 2: §22 =
0.0092 and a, = 0.0087 are not significantly different (at o = 0.05).

2
Alternative models fail at this point.

10)

We further note that the intercepts &O and B of egs. (kL.1) a 4
(L4.2) are significantly different, v1olat1ng assumptlon 3. However, Q
estimated for small X values, whereas Q is estimated for large Y valu:s
(which take over the X role; see eq. 3.4). We assume that &0 is a more re-
liable estimate than BO; see the corresponding t-statistics and also fig.1.
We also note that the coefficients §11 and ?2 of egs. (4.2) and (4.3) re
significantly different, as are 6 and YO’ violating assumptlon L,

The dual role of eq. (k. 2) - metamodel for Q and/or Q when
substituting X = a - leads to the following idea: When fitting the Q
model take into account the Q observations, or more generally, fit the

QS, QM and QL models simultaneously. This can be formalized as follows.11)

Assumption 6: Per job-class the quantile Q depends on its left and rignt

class limits L and R

More specifically this assumption together with the above resilts,
yields table 1, where a corresponds to the minimum service time and b
corresponds to the maximum service time (bigger key-punching jobs are

served outside the computing center).



= 40 =

Left Right Q = #(1L,R)

w8 2

a X Q = 60 + 61 a + 52 X
aM 2 2

X ¥ Q 60 + 61 X + 62 ¥
T > 2

Y b Q = GO + 51 Y % 62 b

Table 1: Single, simultaneous model.

Comparison with egs. (3.9) and (3.10) shows the identities ay = 85+ a2,

ag = 62, Yo =
Q, QM and QL observations simultaneously:

2 _ . .
60 + D 62, etc. The coefficients § are estimated using all

Q = 60 I+ 61 Zq * 62 EQ (k. 4)

with the vectors

, S S M M T i)

g =(Q15"‘$Q~71$ QA‘Q""Q.«T“’ Q1!"'$Q’T1) ()4~5)
2 2 2 2 5

g;-(a,...,a, x1,...,x71,y1,...,y71)

2 2 2 2 2 2
Zé = (X1,...,X71, Y1,...,YT1, BT nssssts )
I being a vector with 71 elements equal to one. For a = 10 and b = 900
eq. (4.L4) results in:
i 1 10° x*
Q = 67 11| ¥ 0.15 X2 | + 0.00076 2
Q 1 Y2 9002

(t : 1.3 23.75 3.73 ) R = 0.90 (4.6)

Though R® is high, examination of the residuals shows that the model

2)

systematically overestimates near the origin.1 We assume that in th
estimation of the intercept the influence of QM and QL observations f:r
away from the origin, is to be blamed. Therefore we proceed to a new

scheme.
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Assumption 7: The QM model (4.2) provides the best estimates of the react-

ion coefficients 61 and 8. in eq. (4.4); the @S model provides the bect

<3

estimates of the intercept 60

So as our starting point we take the QM model (4.2) (with high
2 e o~ ~ = -~ - &
R7) with §, = 0.0323 and 6§, = 0.0092. We substitute 8, and &, into the
@S model of table 1. Each of the T1 Qs values yields an estimated inter-

cept. Their average is 30 = 52.33.13)

Next we apply a similar procedure to determine an "effective'
upperbound for the QL function. The factor b = 900 in Table 1 is an "eb-
solute" upperbound, i.e. jobs with service times longer than 900 are rot

L)

1 "
accepted. Hence we 1introduce:

. . . o . . &
Assumption 8: The "effective'" upperbound for Q@ is not the absolute linit

b = 900, but the upperbound under which virtually all jobs remain

To estimate the effective upperbound, we substitute 31 and 32
(from QM) and SO (from ﬁs) into the QL function of table 1. Each QL ob-
servation corresponds with an effective upperbound, its average being
563.15. Note that the probability of service times higher than 563.15 is

virtually zero.

Upon substitution of b = 560 into eq. (4.5), simultaneous esti-

mation via eq. (4.4) yields

8> 1 10° X2

M |=ur.0 {1] +0.123 | x® ] + 0.00u00 | ¥° (L.7)
g 1 v° 560°

(t 0.61 13.99 5443 ) R® = 0.82

The corresponding residuals now show an acceptable pattern, i.e., no

15)

systematic over or underestimation occurs.
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5. OPTIMIZATION OF THE CRITERION

The criterion function was shown in egs. (2.4) through (2.6).
The quantiles QS, QM, QL were approximated by simple functions in X and
Y. Estimating these functions per quantile separately yielded egs. (L.1)
through (4.3). Simultaneous estimation resulted in eq. (L4.T7). Substitut-
ing these functions for the quantiles into eq. (2.4), and substituting
the functions in X and Y for the weights W and the conditional mean
service times B (egs. 2.5 and 2.6) results in a criterion that is an ex-
plicit function in X and Y. Unfortunately, after taking derivates 3z/23X
and 3z/3Y, and setting these to zero, we cannot derive an explicit solut-

ion for the optimal values X, and YO. Therefore we resort to a computer-

0
ized iterative search procedure (starting at X = 30 and Y = 180, the

values in current use). The individual Q models of egs. (L4.1)-(L4.3) yi=14

Xy = 44,83 and ¥, = 177.19. The simultaneous model of eq. (4.T7) results

L) e )
in XO = 47.46 and YO

mented by the computing center: Y has been maintained at 180 minutes, and

= 183.65. These results have been immediately imj le-

X has been increased from the intuitively chosen 30 minutes to 45 mimtes.
Note that we did not investigate the effects of changes in the
arrival intensity A and the service intensity u. The effects of u on the
weights W and mean conditional service times B follow from egs. (2.5) and
(2.6). The effects of A and u on the quantiles Q require additional rc-

search.
6. CONCLUSION

In many practical queuing systems priorities are introduced ro
that small jobs (short service times) are served first. The resulting
model cannot be solved analytically so that simulation is often used.
Interpreting the voluminous simulation output data requires regressio:
analysis. Choosing the appropriate regression model should be based ou at
least a qualitative theoretical analysis. We have illustrated the above
philosophy with a real-life case for which practical results have been

derived.
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NOTES

1e

L)

This research was performed by F. Keyzer and E. Mullenders, graduate
students in the Department of Econometrics, as a project for their
simulation course, under the guidance of J. Kleijnen, Senior Research
Associate in the Department of Economics, and with the cooperation

of A. van Reeken, manager of the Computing Center at Tilburg University.

We can estimate the quantiles with known statistical accuracy. To
compute confidence intervals we analyze the simulation using its "1 e-
generative" property, i.e., when the system becomes empty (both seivers
idle), a new history starts independently of the past simulated hi:to-
ry; we refer to Crane and Lemoine (1977) for a general exposé of renew-
n1 analysis in simulation, and to Coppus et al. (1976) for the teclinic-

al details of this analysis when applied to our problem.

Van den Bogaard and Kleijnen (1977) continued with an approach dif-er-
ent from Coppus et al. (1976) and the present paper, i.e., Respons
Surface Methodology (RSM) was applied. That is, locally a linear m del
é = 50 + &1 X + &2 Y is fitted. The signs of &1 and &2 tell whethe X
and Y should be increased or decreased in order to minimize Q. The
relative changes in X and Y depend on the ratio 61/&2, so-called
steepest descent method. At the "bottom of the valley", the linear
model becomes a bad guide for determining the X, Y effects. In tha'
stage of experimentation a quadratic model for local search is intio-
duced. Such a model also reveals the character of the optimum regi.n:
is there a unique minimum, a saddle point or a ridge? For details on
RSM we refer to, e.g. Meyers (1971) and Kleijnen (1975). In our appli-
cation a problem was that the path of steepest descent for large jobs

differed very much from the paths for medium and small jobs.

X - = e
wS=P(S<X)=a{' peMPgp = g HE UK
(Y _-up -uX _ _-uY
W =P(X<s<Y)=xl ne dp = e - e
W'=P(s > ¥) = fb p e 'P dp = e_UY & e_ub
Y
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4
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E(s).(P{s < X})~ =

15 -

X - x . - .
pou e Papl M ue™ ap” =

- {(a+a)e He (X+ﬁ)e_ux}.[{e_ua = e—ux}]-1

B =/ p.u.e P dp:[ﬁfy p.e VP dp]_1

L = . =
B = fb p.u.e 2 dp.[ fb u.e HP dp]
¥ Y

Although the purpose of the first

-TJX

{(x+%)e . (Y*%)e—uY)}.

.[ e—UX - e-uY] -1
Vo pleedlle™ o ()P,
! v

[~ _ e-ub]—1

paper in this series, namely Coppus =t

al. (1976), was to estimate the variances of the quantiles, we did not

have these variances available for all 71 ovbservations, at least not in

an easily usable form. Therefore our regression models are based on

Ordinary Least Squares implying a

gression parameters' significance

. 2
common unknown variance o , and the re-

is measured through t-statistics usiag

. 2 . %
an estimate of o Dbased on the Mean Squared Residuals; see regression

textbooks such as Draper & Smith {

On hindsight it might be interesti
on exponentials:

(1) Exponential functions show a be

1966).

ng to investigate approximations based

havior comparable to the second-degree

polynomials used in this report.

(2) Exponential behavior is often
(3) Exponentials might lead to an
Y upon differentiation of the

number of exponentials.

If a first-order model were used,
estimated coefficients: one-sided
for QS we would hypothesize that a

1 = 0,
with a2

met in queuing theory.
explicit solution for the optimal X and

overall criterion z which comprises a

then we would test the signs of the
instead of two-sided test. For inst:nce,

;0 (or aQS/ax > 0); see eq. (3.9
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1
The scatter iiagrams show that for fixed X parallel curves in the a°,
Y plane result. For some X, Y, Q combinations very irregular patterns

were found.

More precisely, first 5 suspected observations are simulated again,
each replicated twice. These 10 new observations show that the susnect-
ed observations are outliers indeed. Next 15 more suspected observ i-
tions are simulated again. However, these observations need not be

rejected.

The best linear unbiased estimate (BLUE) of, say, a, in eq. (3.9) is
0.1-
in eq. (3.9). This is a moot issue in statistics. In our case, how-

So , even though 51 is insignificant; we might retain this valie
ever, assumption 3 forces the issue.

An alternative model also applying simultaneous estimation is as
follows. Each X, Y combination yields an observation on QS, QM and QL
respectively. Hence we represent each QS, Q¥ or QL observation in 1
three-dimensional space with axes X, Y and, say, Q. Then QS is assumed
to depend on X only so that its observation vectors are projected onto
the X, Q plane. Analogously we project each QL vector onto the Y, Q
plane. Table 1 is then replaced by:

Original New
% Y X! Y Q
X ¥ X 0 QS
M
X Y X X Q
X Y 0 X QL
and in eq. (L,5) we substitute
2 2 2 2
_Z;!] =(X1,--o,x71, X1’°'-5x71, 0"-'30)
2 2 2 2
Zé = i D5 0250 5 Y1,...,Y71, Y1,...,Y71)

However, the results of this model are very bad. Moreover assumption 3

can be satisfied only if 61 = 62, since BQS/BX = 261X and



13.

14,

. Compare also a

~ T =

[aq"/av],_, = 28, .

= 56.07 with & + 51.32 = 67 + (0.15)(100) = 82.

0 0

This approach could have been improved by an iterative procedure: R::—
estimate QM under the condition 60 = 52,33; use the resulting estimutes
of &, and 6, in 85, ete.

In practice a special class of jobs is submitted to the computing
center, requiring excessive key-punching time, namely more than 900
minutes. These jobs were not included in the arrival and service di -

tributions.

2

. As in note 12 we compare &0 = 56,07 with 80 + 81 a® = 52.33 + (0.03'3)

(100) = 55.56, a much better result indeed.
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