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Abstract

For a Fritz John type vector optimization problem with C%! data we define different type
of solutions, give their scalar characterizations applying the so called oriented distance, and
give necessary and sufficient first order optimality conditions in terms of the Dini derivative.
While establishing the sufficiency, we introduce new type of efficient points referred to as
isolated minimizers of first order, and show their relation to properly efficient points. More
precisely, the obtained necessary conditions are necessary for weakly efficiency, and the suf-
ficient conditions are both sufficient and necessary for a point to be an isolated minimizer of
first order.

Key words: Vector optimization, Nonsmooth optimization, C%' functions, Dini deriva-
tives, First-order optimality conditions, Lagrange multipliers.
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1 Introduction
In this paper we consider the vector optimization problem
f(z) = minc, g(z) € -K, (1)

where f : R®” — R™, g : R® — RP. Here n, m and p are positive integers and C' C R and
K C RP are closed convex cones.

Problem (1) generalizes from scalar to vector optimization the Fritz John problem [20]. The
latter is the scalar constrained problem obtained by (1) for n =1, C' =R, and K = RE.

There are different type of solutions of problem (1). Usually the solutions are called points of
efficiency. We prefer, like in the scalar optimization, to call them minimizers. In Section 2 we
define different type of minimizers and give their scalar characterizations applying the so called
oriented distance.

We assume that the functions f and g are C%!, that is f and g are locally Lipschitz. The
purpose of the paper is to give necessary and sufficient first-order optimality conditions in terms
of Dini directional derivatives. This result is obtained in Section 3. While establishing it we
introduce new type of efficient points referred to as isolated minimizers of first order, and show
their relation to properly efficient points. More precisely, the obtained necessary conditions are
necessary for weakly efficiency, and the sufficient conditions are both sufficient and necessary
for a point to be an isolated minimizer of first order.



We confine to functions f, g defined on the whole space R™. Usually in optimization functions
on open subsets are considered, but such a more general assumption does not introduce new
features in the problem.

The present paper is a part of a project, whose aim is to establish first and higher-order opti-
mality conditions for C*! vector optimization problems in terms of Dini derivatives. The class
of C%! functions is the natural environment, when looking for first-order conditions, while the
class C1! is the natural environment for second-order conditions. Second-order theory for un-
constrained problems is developed in Ginchev, Guerraggio, Rocca [13]. The present paper opens
the perspective for second-order theory of Fritz John type constrained problems. The direc-
tion for further development is the general constrained vector optimization problem, this means
problems containing also equality constraints. Some hints on classical optimization level for the
relation of F. John type problem and general constrained problems we find in the textbook of
Kenderov, Christov, Dontchev [21]. or in some monographs like Alekseev, Tikhomirov, Fomin
[2]. In the framework of these perspectives, recall that a vector function is said to be of class
Ck1if it is k-times Fréchet differentiable with locally Lipschitz k-th derivative. The functions
from the class C%! are simply called locally Lipschitz and are traditionally in the limelight of
the nonsmooth analysis, see e. g. Clarke [8] and Rockafellar, Wets [34]. The C! functions
in optimization and second-order optimality conditions have been introduced in Hiriart-Urruty,
Strodiot, Hien Nguen [17]. Thereafter an intensive study of various aspects of C*! functions
was undertaken, let us mention the papers Klatte, Tammer [22], Yang , Jeyakumar [35], Yang
[36, 37], La Torre, Rocca [24]. For Taylor expansion formula and other aspects of C*! functions
with arbitrary k see Luc [29]. The optimality conditions in vector optimization are studied lately
intensively, e.g. in Aghezzaf [1], Bolintenéanu, El Maghri [6], Amahroq, Taa [3], Ciligot-Travain
[7], Ginchev, Guerraggio, Rocca [12]. Through scalarization this problem naturally transforms
into scalar optimization with nonsmooth data, which gives some relations to Demyanov, Ru-
binov [10], Ginchev [11], Luc [28], Yang [37]. For optimization problems with C%! and C!!
data (including vector problems and constrained problems) see Hiriart-Urruty, Strodiot, Hien
Nguen [17], Klatte, Tammer [22], Yang, Jeyakumar [35], Yang [36], Liu [25], Liu, Kfifek [26],
Liu, Neittaanmaki, Kfifek [27], Guerraggio, Luc [15, 16], Ginchev, Guerraggio, Rocca [13].

2 Concepts of optimality and scalar characterizations

We denote the unit sphere and the open unit ball in R™ respectively by S = {x € R" | ||z| = 1}
and B = {x € R" | ||z|| < 1}. For the norm and the scalar product in the considered finite-
dimensional spaces we write || - || and (-, ). From the context it should be clear to exactly which
spaces these notations are applied.

We consider problem (1) with C' C R™ and K C RP? closed convex cones. The point x is said to
be feasible if g(z) € —K (equivalently z € g~!(—K)). There are different concepts of solutions
of this problem. In any case a solution z° should be a feasible point, which is assumed in the
following definitions. As for the assumption C and K closed convex cones, we consider it as a
natural and do not care for possible relaxations to non-closed cones. At the same time often
results in vector optimization deal with pointed cones with non-empty interior. Our point of
view is to avoid assumptions of this type as far as possible. However, let us underline, that
such a more general point of view may meet with obstacles by possible generalization to infinite-
dimensional spaces. For instance, in the proof of Proposition 1 we use that int C' = ) implies
that C' is contained in a hyperplane, which is not true in general for infinite-dimensional spaces.

The feasible point 2° is said to be weakly efficient (efficient) point, if there is a neighbourhood
U of 20, such that if z € UNg~'(—K) then f(x) — f(2°) ¢ —int C (respectively f(z)— f(z") ¢



—(C\ {0})). The feasible point 20 is said to be properly efficient if there exists a closed convex
cone C' C R™, such that C'\ {0} C int C' and 20 is weakly efficient point with respect to C' (that
is 20 is weakly efficient for the problem f(z) — ming, g(z) € —K). In this paper the weakly
efficient, the efficient and the properly efficient points of problem (1) are called respectively
w-minimizers, e-minimizers and p-minimizers.

The unconstrained problem
f(z) — ming (2)

should be considered as a particular case of problem (1). The concepts of efficiency are obviously
valid also for this problem. For instance, the point z° is said to be weakly efficient, here called
w-minimizer (or efficient, here called e-minimizer), if there is a neighbourhood U of z°, such
that if x € U then f(x) — f(2°) ¢ —int C (respectively f(z) — f(2°) ¢ —(C \ {0})).
Each p—mlmmlzer is e-minimizer, which follows from the implication f(z) — f (20)
= f(x) — f(2°) ¢ —(C \ {0}), a consequence of C \ {0} C int C. Assumlng
e-minimizer is w-minimizer, which follows from the implication f(z) — f(z") ¢ —(C
f(x) — f(2°) ¢ —int C, a consequence of int C C C'\ {0}.

For the cone M C R its positive polar cone M’ is defined by M’ = {¢ € RF | (¢, ¢) >
0 for all ¢ € M}. The cone M’ is closed and convex. It is well known that M” := (M') =
clco M, see e. g. Rockafellar [33, Chapter III, § 15]. In particular for the closed convex cone
M we have M' = {¢ € RF | ((,¢) > Oforall¢ € M} and M = M" = {¢p € R¥ | (¢, ¢) >
0 for all ¢ € M'}.

The linear span of the cone M C RF, that is the smallest subspace of R¥ containing M, is
denoted Lj;. The positive polar cone of M related to the linear span of M is

M{  ={CeLan|{ ¢)>0forall e M}=MNLy.

The relative interior ri M of M is defined as the interior of M with respect to the relative
topology of the linear span Lj; C RF of M, that is ri M = inty,,, M.

The closed convex cone M and its relative interior admit the following description in terms of
positive polar cones.

M:{¢€LM](C,¢>20f0rall(€M£M},
riM ={peLy|(( ¢)>0forall (e My }.

An essential and important for the next considerations property is that ri M # () for any convex
cone M.

Let ¢ € —clcoM. Then (¢, ¢) < 0 for all ¢ € M’'. We denote M'(¢p) = {¢ € M' | (¢, ¢) =
0}. Then M'(¢) is a closed convex cone and M’'(¢) C M'. Consequently its positive polar
cone M(¢p) = (M'(¢))" is a close convex cone, M C M(¢) and its positive polar cone satisfies
(M(¢)) = M'(¢). In this paper we apply this notation for M = K and ¢ = g(2°). Then we
write for short K’(2°) instead of K’(g(2°)) (and call this cone the index set of problem (1) at
2%) and K (z2°) instead of K(g(z)). We find this abbreviation convenient and not ambiguous,
since further this is the unique case, in which we make use of the cones M'(¢) and M (¢).

For the closed convex cone M’ we apply in the sequel the notations I'yy = {¢ € M’ | ||€]| = 1}
and Uy, = {¢ € M'N Ly |[[Cll =1} = {¢ € My, | [[C]l = 1}. The sets T'py and I'yprer,,
are compact, since they are closed and bounded.

Further we make use of the orthogonal projection. Let L C RF be a given subspace of R¥.
The orthogonal projection is a linear function my, : R¥ — L determined by 7p¢ € L and
((, 0 —mLd) =0< (C, ¢) = (¢, m¢) for all ¢ € L. It follows easily from the Cauchy inequality
that ||7y || := max(||rL¢/||¢||) = 1 if L # {0} and ||7|| = 0 if L = {0}.



If L C R” is a subspace fixed from the context and ® : R® — R¥ is a given function, then we
usually denote by ® the composition ® = 7y, o P.

A relation of the vector optimization problem (1) to some scalar optimization problem can be
obtained in terms of positive polar cones.

Proposition 1 The feasible point z° € R™ is w-minimizer of problem (1), with C and K closed
convex cones, if and only if x° is a minimizer of the scalar problem

p(r) = max {(¢, f(z) — f(a%)) | €€ ', ||¢] = 1} — min, g(z) € —K. (3)

Proof 19, Let int C = (). Then each feasible point x° is w-minimizer. At the same time C' is
contained in some hyperplane H = {z € R™ | (¢°, 2) = 0} with ¢ € R™, ||¢Y|| = 1. Then both
€0 ¢ " and —¢€° € C’, whence

p(x) = max ((€°, f(z) — f(2%)), ~(€°, f(z) = f(2))) = (€%, f(x) = f(2°))] 2 0 = p(a*),

which shows that each feasible point x° is a minimizer of the corresponding scalar problem (3).

29, Let int C # (). Suppose 2 is w-minimizer of problem (1). Let U be the neighbourhood
from the definition of a w-minimizer and fix z € U N g~!(—K). Then f(z) — f(2°) ¢ —int C #
(). From the well known Separation Theorem there exists &% € R™, [|(*]] = 1, such that
(€%, f(x) — f(2°)) > 0 and (€%, —y) = —{(€%,y) < 0 for all y € C. The latter inequality shows
that ¢ € C’ and the former one shows that ¢(x) > (%, f(z) — f(z%)) > 0 = p(2"). Thus
o(z) > p(2°), 2 € UN g 1 (—~K), and therefore 2° is a minimizer of the scalar problem (3).

Let now 2¥ be a minimizer of the scalar problem (3). Choose the neighbourhood U of z°, such
that p(x) > p(2°) for all x € U N g~'(—K) and fix one such x. Then there exists &% € C’,
1€%]| = 1, such that p(x) = (€%, f(z) — f(z°)) > p(2°) = 0 (here we use the compactness of
the set {£& € C' | [|€]| = 1}). From & € C' it follows (£%,—y) < 0 for y € int C. Therefore
f(z) — f(2°) ¢ —int C. Consequently z° is w-minimizer of problem (1). 0

If int C' = (), then each feasible point 2° of problem (1) is w-minimizer. For this case the concept
of a relatively weakly efficient point (rw-minimizer) turns to be reacher in content. We use in
the sequel the concept of rw-minimizer instead of w-minimizer in some of the results for the
case if int C = @) or int K = () (and rather int K (2°) = ()). Let us say in advance that if both
int C' # 0 and int K # () the concepts of rw-minimizer and w-minimizer coincide.

In order to define a rw-minimizer we consider the problem

f(z) = ming, g(z) € K, (4)
where f = 7. o f and § = 7, 0 g. Then we call the feasible point z¥ of problem (1) its

rw-minimizer, if there exists a neighbourhood U of z° such that f(z) — f(2°) ¢ —1iC for
r € UNg 1 (—K). The following proposition characterizes the rw-minimizers.

Proposition 2 The feasible point x° is rw-minimizer of problem (1), with C and K closed
convez cones, if and only if z° is a minimizer for the scalar problem

(@) = max { (& f(z) = f(z°)) | £ € CL, = C'NLe, [|¢ =1} — min, g(z)e~K, (5)

where f:WLC ofandg=mr,0g.



Proof Due to (¢, f(z)) = (&, f(z)) and (&, f(z°)) = (&, f(2°)) for € € L, the scalar product
in (scp-r) can be written into the form (¢, f(x) — f(2%)) = (£, f(z) — f(z9)).

Let 2° be a minimizer of problem (5). Then there exists a neighbourhood U of 2, such that
P(x) > P(2°) for x € UNg~!(—K). Fix one such z. From the definition of 1) and the compactness
of TerL,, there exists €0 € Tovar,, such that ¥ (x) = (€0, f(z) — f(2%)) > ¢(2°) = 0, whence
f(x) — f(2°) ¢ —1i C and consequently 2° is rw-minimizer.

Conversely, let z° be rw-minimizer and let U be the neighbourhood from the definition of the
rw-minimizer. Fix x € UN g~ }(—K). Since f(x) — f(ico) ¢ —1iC # 0, there exists & eTonLe,

such that (€0, f(x) — f(z°)) > 0. Then ¥(x) > (£°, f(z) — f(2°)) > 0 = ¥(2°) = 0. Therefore

20 is a minimizer of problem (5). O

We see that the proof of Proposition 2 repeats in some sense the proof of Proposition 1, and is
even simpler, since ri C' in Proposition 2, being an analogue of int C' from Proposition 1, is never
empty. While the phase space in Proposition 1 is R™, in Proposition 2 it is L.

After Proposition 2 the following definitions look natural. We call the feasible point 2 of
problem (1) relatively efficient point, for short re-minimizer, (relatively properly efficient point,
for short rp-minimizer) if 20 is efficient (properly efficient) point for problem (4).

We call 2° a strong e-minimizer (strong re-minimizer), if there is a neighbourhood U of x°,
such that f(x) — f(z") ¢ —C for x € (U \ {2°}) Ng Y(~K) (f(z) — f(2°) ¢ —C for = €
(U\{z})Ng~1(—=K)). Obviously, each strong e-minimizer (strong re-minimizer) is e-minimizer
(re-minimizer). The following characterization of the strong e-minimizers (strong re-minimizers)
holds. The proof is omitted, since it nearly repeats the one from Proposition 1 (Proposition 2).

Proposition 3 The feasible point 2° is a strong e-minimizer (strong re-minimizer) of problem
(1) with C and K closed convex cones, if and only if 2° is a strong minimizer of problem (3)

(problem (5)).

Proposition 1 claims that the statement 20 is w-minimizer of problem (1) is equivalent to the
statement ¥ is a minimizer of the scalar problem (3). Applying some first or second-order
sufficient optimality conditions to check the latter, we usually get more, namely that z° is an
isolated minimizer respectively of first and second order of (3). Recall, that the feasible point z°
is said to be an isolated minimizer of order k (k positive) of problem (3) if there is a constant
A > 0 such that p(x) > ¢(2%)+ A ||z —2°||* for all z € UNg~(—K). The concept of an isolated
minimizer has been popularized by Auslender [4].

It is natural to introduce the following concept of optimality for the vector problem (1):

Definition 1 We say that the feasible point z° is an isolated minimizer of order r for vector
problem (1) if it is an isolated minimizer of order k for scalar problem (3).

Obviously, also a “relative” variant of an isolated minimizer, and as well for other type of efficient
points, does exist. From here on we skip such definitions.

To interpret geometrically the property that z¥ is a minimizer of problem (1) of certain type we
introduce the so called oriented distance. Given a set A C R¥, then the distance from y € R*
to A is given by d(y, A) = inf{|la —y|| | a € A}. The oriented distance from y to A is defined by
D(y, A) = d(y, A) — d(y,R¥\ A). The function D is introduced in Hiriart-Urruty [18, 19] and
is used later in Ciligot-Travain [7], Amahroq, Taa [3], Miglierina [31], Miglierina, Molho [32].
Zaffaroni [38] gives different notions of efficiency and uses the function D for their scalarization
and comparison. Ginchev, Hoffmann [14] use the oriented distance to study approximation of
set-valued functions by single-valued ones and in case of a convex set A show the representation



D(y, A) = supj¢|=1 (infaca(§, @) — (£, y)). From this representation, if C' is a convex cone and
taking into account
0 e
f — 9 9
(6 ) = { -0, §¢C,
we get easily D(y, —C) = sup|¢j=1,¢ecr ((§, ¥)) - In particular the function ¢ in (3) is expressed

by ¢(z) = D(f(x) — f(z"), —C). Propositions 1 and 3 are easily reformulated in terms of the
oriented distance, namely:

2 w-minimizer & D(f(z) — f(a%),-C) >0 forx e UNng }(—-K),
20 strong e-minimizer < D(f(x) — f(2°),—C) > 0 for z € (U \ {2°}) Ng~}(-K).

The definition of the isolated minimizers gives

2Y isolated minimizer of order kK <

D(f(z) = f(2°),=C) 2 O(|lx = 2°|) as & — 2*, z € g~ (- K).

We see, that the isolated minimizers (of a positive order) are strong e-minimizers. The next
proposition gives a relation of the p-minimizers and the isolated minimizers of first order. The
proof for the unconstrained case can be found in Crespi, Ginchev, Rocca [9].

Proposition 4 Let in problem (1) f be Lipschitz in a neighbourhood of the feasible point x°
and let ¥ be isolated minimizer of first order. Then x° is p-minimizer of (1).

Proof Assume in the contrary, that z° ib isolated minimizer of first order, but not p-minimizer.
Let f be LlpSChltZ with constant L in z° + rcl B. Take sequences §;, — +0 and ¢; — +0 and
define the cones Cy, = cone {y € R™ | D(y, C) < ey, ||yl = 1} It holds int Cj, D C'\ {0}. From
our assumption, there exists a sequence of feasible pomts zF € (20 + 6, B) N g~ (—K), such that
f(zF) — f(2°) € —int Cy, and in particular f(z¥) — f(2°) # 0. From the definition of C} we get

D(f(a*) = f(2°),=C) < e | f(2") = f(a)|| < ep L [|* —2°],

which contradicts to z isolated minimizer of first order. O

We introduce now two other concepts of efficiency.

Definition 2 We say that the feasible point x° for problem (1) is linearly scalarized weakly
efficient, for short lw-minimizer (linearly scalarized properly efficient, for short Ip-minimizer),
if there exists a pair (€2, n°) € C" x K'(2°) \ {(0, 0)}, such that z° is a minimizer (isolated
minimizer of first order) for the scalar function

PO(x) = (€, fla) = f(@")) + (1, g(2)). (6)

Proposition 5 If 20 is lw-minimizer for problem (1) with £° # 0, then z° is w-minimizer. By
the way, let

for each neighbourhood U of x° there exists z € U N g1 (—K) (7)
such that (, g(z)) < 0 for all n € K'(z%) \ {0}.

Then if 20 is a minimizer of some function (6) with (€%, n°) € C" x K'(z°)\ {(0, 0)}, that is if
20 is lw-minimizer, we have €0 # 0.



Proof We show, that the made assumptions imply that ¥ is a minimizer of the scalar problem
(3), whence according to Proposition 1 2° is w-minimizer. Let U be the neighbourhood of x°,
for which ¢%(z) > ©°(z%) for x € U N g~'(—K). Without loss of generality, we may assume
that ||€°]| = 1, otherwise we replace in (6) £° by €°/(|€%||. Fix x € U N g (—K). Then for the
function ¢ in (3) we have

p(x) > (€%, f(a) = £(2%)) 2 (€%, f(2) = F2°) + (0", 9(2)) = ¢°(2) > ¥*(a") = 0 = p(a?),

which had to be demonstrated. Here we have applied that (n°, g(x)) < 0 coming from g(z) €
—K, and (n°, g(2°)) = 0 coming from n° € K'(x?). O

Preassigned properties of the constraints are called constraint qualifications. The given con-
straint qualification (7) is referred usually to as a qualification of Slater type.

In Section 3 we show that each Ip-minimizers is p-minimizers, see Proposition 10.

Developing second-order optimality conditions for C'! functions, we meet with isolated mini-
mizers of second order, compare with Ginchev, Guerraggio, Rocca [13]. The property z iso-
lated minimizer of second order can be considered as some refinement of the property 20 is
p-minimizer. The isolated minimizers of second order are related to strictly efficient points,
referred to as s-minimizers of problem (1), and defined as follows.

Definition 3 (Bednarczuk, Song [5]) A feasible point 2° is said to be strictly efficient point
of problem (1) (or s-minimizer), if there exists a neighborhood U of x° such that for every e > 0
there exists & > 0 with

(f(z) = fE")N(BB—-C)CeB forallz e UNg (—K).

It is known, see Zalinescu [39], that if 20 is p-minimizer of the unconstrained problem (2), then
it is also s-minimizer. Hence, strictly efficient points form an intermediate class between efficient
and properly efficient points. The following proposition gives a relation to isolated minimizers
of second order and is proved in Crespi, Ginchev, Rocca [9)].

Proposition 6 Let f and g be a continuous function. If ¥ is an isolated minimizer of second-
order of the unconstrained problem (2), then x° is s-minimizer of (2).

Let C be a closed convex cone with int C' # (). Then its positive polar C’ is a pointed closed
convex cone. Recall that the set = is a base for C’, if Z is convex with 0 ¢ Z and C’' = cone = :=
{yly=X A >0, £ € Z}. The property C’ pointed closed convex cone in R implies that C’
possesses a compact base = and

0 < a=minf[l¢] | € € 2} < max{[l¢] | € € B} = B < +oo. (8)

Further we assume that =g is compact and = = conv =y. With the help of =y we define the
problem

po(x) = max {{€, f(z) — f(=°)) | € € o} — min, g(z) € K. (9)
Proposition 7 Let = be a base of C' satisfying (8), ¢ be the function in (3) and
p=(z) = max{(¢, f(z) - f(2")) | £ €E}.

Then a ¢(x) < pz(z) < Be(z).



Proof If { e Tov = {£ e R™ | £ € C', ||€]| = 1}, then there exists A¢ > 0, such that \¢ § € Z. In
fact, Ae = [|[A¢ £]|, whence from inequality (8) we have 0 < o < A¢ = [[A¢ €|l < 6.

Fix x € R™. From the compactness of I'r there exists £¥ € I'cv, such that

1

o) = (€7, F(2) - f(a) = 5
fz

Aes €7, f(2) = f(2%)) < T—p=(@) < ~ pz(z),

Agz

whence a p(z) < p=(z ) For the other inequality, from the compactness of Z there exists n* € E,
such that ¢=(z) = (n*, f(z) — f(2°)). Put A = A jjpe- Then

T

p=(@) = (", f(@) = F@@®)) = A, f(@) = [@) < M) < Bopla).

Proposition 8 Propositions 1 and 3, and Definition 1 remain true, if in their formulation
problem (3) is replaced by problem (9).

Proof We show first, that ¢o(z) = p=(x), where p=(z) is the function from Proposition 7.

The inequality po(x) < p=(z) follows directly from =y C Z. To prove the converse inequality, fix
x and let p=(z) = (£%, f(x) — f(2%)), £€* € . Let £* be the convex combination % = > A,
where ¢/ € 2, Z]. Aj =1, ; > 0. Then

pa(z) = (€7, f() ZM f(@) = F@) < 3 Xgo() = pol@).

A consequence of the proved equality and Proposition 7 is the inequality a¢(z) < @o(z) <
B(x). In order to prove the proposition, we have to show that x° is a minimizer of problem
(3) if and only if it is minimizer of (9). Assume x° is a minimizer of (3) and ¢(z) > ¢(z") for
r € UNg Y—K). Then go(x) > ap(z) > ap(z?) =0 = ¢o(z), whence 2° is a minimizer of
(9). Conversely, if 2° is a minimizer of (9), then ¢(z) > %cp (x) > %cpo(xo) =0=¢("). O

Corollary 1 In the important case C' = R’} (and suitable choice of Z) the function g in (9)
transforms into

— . J— . 0
wol@) = max (filz) - fi(2") - (10)
Proof Clearly, C' = R, has a base = = conv Zy, where &y = {e!,...,e"} are the unit vectors
on the coordinate axes. With this set we get immediately that the function ¢g in (9) transforms
into that in (10). O

More generally, the cone C' is said to be polyhedral, if C' = coneZy with some finite set of
nonzero vectors Zg = {¢&!,...,&*}. In this case, similarly to Corollary 1 the function ¢g in (9)
transforms into the maximum of the finite number of functions

po(x) = max (€', fi(x) — fi(2")).

1<i<k



3 First-order conditions for C”! problems

In this section we investigate problem (1) under the assumption that f and g are C%! functions.
We obtain optimality conditions in terms of the first-order Dini directional derivative.

Given a C%! function ® : R® — R* we define the Dini directional derivative (we use to say
just Dini derivative) ®/,(z") of ® at 2° in direction u € R™ as the set of the cluster points of
(1/t)(®(z° + tu) — ®(2°)) as t — 40, that is as the Kuratowski limit

. 1
®/,(2%) = Limsup — (®(z° + tu) — @(2")) .

t—+40 t
If ® is Fréchet differentiable at z° then the Dini derivative is a singleton, coincides with the
usual directional derivative and can be expressed in terms of the Fréchet derivative ®(z)
(called sometimes the Jacobian of ® at x°) by

&' (1) = tli%% (B(2® + tu) — B(z")) = &' (a)u.

In connection with problem (1) we deal with the Dini directional derivative of the function & :
R™ — R™P ®(x) = (f(z), g(r)), and then we use to write ®/ (20) = (f(2°), g(z))!,. If at least
one of the derivatives f/ (2°) and g/, (z°) is a singleton, then (f(z°), g(2)), = (f(z9), ¢, (z%)).
Let us turn attention that always (f(z°), g(2°)), C f(2°) x ¢/,(z°), but in general these two
sets do not coincide. Indeed, for f any C%! function, (f(z°), f(2°))/, is the diagonal of f/ (z") x
fL(zY). If £/ (2°) is not a singleton, then the two sets are different.

Lemma 1 Let & : R* — R¥ be Lipschitz with constant L in xz° + rcl B, where 20 € R™ and
r > 0. Then for u, v € R" and 0 < t < r/max(||ul, ||v|]) it holds

Hi (B + 10) — B(a)) — 1 (2" + tu) — 2(=)) H <Ll —ul, (11)
In particular for v =10 and 0 < t < r/||ul| we get
H)lf (@(xo + tu) — @(:po)) H < Lul| . (12)
Proof The left hand side of (11) is obviously transformed and estimated by

1
Ht (<I>(:L‘0 +tv) — (20 + tu)) H < L|v—u.

|

Lemma 2 Let & : R® — RF be Lipschitz with constant L in z° + rcl B, where 20 € R™ and
r > 0. Then ®,(z%), u € R", is non-empty compact set, bounded by sup{||¢|| | ¢ € ®,(z°)} <
L|jul|. For each u,v € R™ and ¢, € ®,(z°), there exists a point ¢, € ®,(z°), such that
lpo — dull < Lljv — ul|. Consequently, the set-valued function u — ®’,(z°) is Lipschitz with
constant L (and hence continuous) with respect to the Hausdorff distance in RF,

Proof The closedness of ®/ (z%) follows from the definition of the Dini derivative. Esti-
mation (12) shows that ®/(2°) is not empty and ||¢,|| < L|u| for each ¢, € @ (20).
Let ¢y, = limy(1/tg) (®(2° 4 tpu) — ®(2)). Passing to a subsequence we may assume that
¢y = limy(1/t) (®(2° + tyv) — ©(2%)) (to make this conclusion we use also the boundedness
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expressed in (12)). A passing to a limit in (11) gives ||¢y — ¢»|| < L||v — u||. Now the Lipschitz
property of the set-valued function u — ®’ (2°) becomes obvious. O

Recall the definition of the index set. Let 2¥ be feasible point for problem (1). Then g(z°) € — K,
which gives (n, g(z°)) < 0 for all € K’. The index set is defined by K'(z°) = {n € K’ |
(n, g(z%)) = 0}. We put K (2°) = (K’'(z"))". Then K’(z2) is the positive polar cone of the cone
K(20), and K C K(2°), the latter follows from K'(2°) c K.

Lemma 3 Consider problem (1) with f, g being C%' functions and C and K closed convex
cones. If 20 is w-minimizer and (3°, 2°) € (f(2%), g(x°)).,, then (y°,2°) ¢ —(int C x int K (2°)).

Proof Suppose that (y°,2°) € (f(z%),g(2?))!, and (3°,2°) € —int (C x K(2°)) = —(int C x
int K (2°)). Let

Y0 = lilgntlk (F(a° +tgu) — f(29) , 0= lilf:n;k (9(2° + tyu) — g(2°)) . (13)

Without loss of generality, we may assume that 0 < t; < r/||u|| for all k£ and that f and g are
Lipschitz with constant L in 2% + rcl B.

We show now that there exists kg, such that g(a:o +tru) € —int K C —K for k > ko, that
is, 2V + tyu is feasible for k& > ky. Recall the notation I'ys = {n € K' | |n]| = 1} and
Cror(zoy = {n € K'(«%) | []nll = 1}. The sets Igs and T g0y are compact as being closed and
bounded sets in an Euclidean space.

Let 7 € I'x,. We show that there exists a positive integer k(7)) and a neighbourhood V(7)) of 7
in T, such that (n, g(z" + tyu)) < 0 for k > k(7)) and n € V(7).

19, Let 7 € ['gr(30y- From our assumption, we have (7, 20) < —e < 0 for some £ = £(77) > 0.
Then

N _
h]gn EO?) g(x(] + tku) - g(l.())) = <777 Z0> < 07

whence there exists k(77), such that for all k£ > k(7) it holds

(7, 9(2" + ) < (7, 9(2")) = 0.
Let (7, g(x° + tgu)) < —e < 0 for some & = (7)) > 0. Then

(n, 9(2° + tru)) = (7, g(2° + tgu)) + (n — 7, g(a° + tyu))
< —e+[ln =7l (lg(=° + tgu) — g(2°)|| + llg(z*)])
< —+|n—7l (Lr+ |lgz®)]) < —e + %5 = —%5 <0

as far as ||n — 7| < /(2(Lr + ||g(2°)||)) (which determines V(#)).
20, Let 7j € T \ I'gr(z0). We have (7, g(z%)) < —e < 0 for some & = (7)) > 0. Then

(n, 9(2° + tiu)) = (71, 9(=°) + (n, 9(2° + tguw) — g(2°)) + (n — 7, g(a®)
< < +llgla + 1) — 9] + I~ 1 o(a")
< —e+Ltg+|n—1|llgz®)|| < —e — 36 — 36 = —3e <0
as far as t;, < ¢/(3L) (we choose k(7)) in a way that this inequality holds for k£ > k(7)) and
ln — 7l < </(3]lg(x)|]) (which determines V (7)).

Since 'k is compact, ' C V(771) U... UV (7s). Let kg = max(k(71) U...Uk(7s)). For k > ko
we have (1, g(z" + tju)) < 0 for all n € T'xs (and hence for all n € K'). This shows that
g(z% + tpu) € —int K € —K, in other words the points z° + tzu for k > kg are feasible.

10



According to the made assumption y° € —int C. Since y° = limy, (1/t)(f(2° + tpu) — f(2°)), we
see that f(20+tpu) — f(2) € int C for all sufficiently large k. This fact, together with 2% + tzu
feasible, contradicts the assumption that 2 is w-minimizer. |

The following constraint qualification appears in the Sufficient Conditions part of Theorem 1.

1
If g(2°) € —K and . (g(:co +tpu’) — g(2%)) — 2° € —K(2°)
k

Qo,1(?) :
then Juf — u®: Fkg e N:VEk > ko : g(2° + tuf) € —K .

The next theorem is our main result.

Theorem 1 (First-order conditions) Consider problem (1) with f, g being C% functions
and C and K closed convex cones.

(Necessary Conditions) Let 10 be w-minimizer of problem (1). Then for each u € S the
following condition is satisfied:

;o V(y", 2°) € (f(2°), g(a®)), - 3% n°) € O x K"

oL (€%, 1%) #(0,0), (n° g(2°)) =0 and (&, %)+ (n°, 2°) > 0.

(Sufficient Conditions) Let 2° € R™ and suppose that for each u € S the following condition
is satisfied:

;o V(y®, 2%) € (f(2°), g(a®)), : 3(E°, n°) € C" x K

oL €% n°) #0,0), (0% g@))=0 and (£ y°) +(n° 2% >0.

Then 2° is an isolated minimizer of first order for problem (1).

Conversely, if ¥ is an isolated minimizer of first order for problem (1) and the constraint
qualification Qo 1(x°) holds, then condition So,1 s satisfied.

Proof of the Necessary Conditions Let u € S and (3°, 2°) € (f(2°), g(z)).,. According to
Lemma 3 we have (3°,2°) ¢ —int (C x K(2°)) = —(int (C) x int (K (2°))), whence there exists

(€% 1%) € (C x K (%)) \ {(0, 0)} = C" x K'(z°) \ {(0, 0)},

such that (€9, n%) (0, 2%) = (€, 4°) + (n°, 2%) > 0, which proves Np 1 (let us underline that
n° € K'(z) is equivalent to n € K’ and (n°, g(z")) = 0). 0

Proof of the Sufficient Conditions Assume in the contrary, that z° is not an isolated mini-
mizer of first order and choose a monotone decreasing sequence €, — +0. From the assumption,
there exist sequences t;, — +0 and u* € S, such that g(z® + truk) € =K and

D(f(a" + tyu*) = f(2°), =C) = nax (¢, Fa® + tpu) = f(20)) < exty.

Here, according to the accepted notation, I'cv = {£ € C' | ||€]| = 1}. We may assume that
0 < t,, < r and both f and g are Lipschitz with constant L in z° 4+ rcl B. Passing to a
subsequence, we may assume also that u* — «° and that equalities (13) hold with v = u°. From
them we have (y°, 20) € (f(29), g(2°))

u0*

Denote 2% = (1/t)(g(z° + tru?) — g(2)) and 2%% = (1/t1,)(g(2° + txu®) — g(2°)). We show that

2k — 20, This follows from the estimation

1
1% = 2% < gHg(w” + i) = g(2® + tu®) || + |27 = 2| < L = ull] + [|]2%F 20

11



We show that 2 € —K(2). For this purpose we must check that (n, 2°) < 0 for n € K’'(2°).
We observe that 20 + t;u” feasible and € K'(2°) gives (n, g(«° + t;u¥)) < 0, whence

(n, tl(g(xo + tguh) — g(20))) = ti<777 g(a® + tu®)) <0.
i k

A passing to a limit gives (n, z) <0.
In order to obtain contradiction, we show that 8671 is not satisfied at z° for u = u® and (3°, 2)

as above. Denote y* = (1/t)(f(2° 4+ truF) — f(2°)) and % = (1/t)(f(2° + t,u®) — f(20)).
We have y* — y°, which follows from the estimation

1
ly* —2°| < a\lf(ﬂv0 + tpu®) — (2 + )]+ Iy = 30 < Ljluf =0 + [ly%F =0l (14)
Let £ € T¢cr. Then

(€ ) = - (6 S0+ ) — F(a0) < o ma (€, Fa + ) — f(2))
k & E€lq

1 1
= gD(f(ch0 +tuf) — f(2°), -C) < gfktk =€k

Passing to a limit with & — oo we get (£, y°) < 0 for arbitrary ¢ € T'cr. Therefore (¢, y°) < 0
for arbitrary & € C’. The latter for £ # 0 follows from (£, y°) = ||€]| ((&/]€]], ¥°) < 0. At the
same time (n, 2°) < 0 for all n € K’'(z°). Therefore for all £ € ¢’ and € K'(2") we have
€,y + (n, ,2°) <0, whence the opposite strong inequality from 8671 cannot have place. o

Reversal of the Sufficient Conditions Let 20 be an isolated minimizer of first order for
problem (1), which means that g(z°) € —K and there exists r > 0 and A > 0 such that
g(zr) € =K and ||z — 2°|| < r implies

D(f(z) = f(a%),=C) = max (¢, f(zx) - f(2)) = Allz — 2] (15)

§EFC/

Let ¥ € S and (3°,2%) € (f(29), g(2))! is determined by (13) with u = u". We may assume

u

that 0 < t;, < r and that f and g are Lipschitz with constant L on 2° + rcl B.

One of the following two cases has place:

19, 2% ¢ —K(2Y). Then there exists n° € K'(2%), such that (n°, 2% > 0 (obviously, the strong
inequality gives n° # 0). Putting £€° = 0, we get the pair (£Y, n°) satisfying condition So.1-

20. 2% € —K(2°). Then from the constraint qualification Qg 1(z°) it follows g(2° +tyu*) € —K
for some sequence u* — u° and all sufficiently large k. Taking a subsequence, we may assume

that this holds for all k. From inequality (15) we get that there exists £ € I'cv (and hence
€0 e, €9 +£0), such that

(€, = (7 + i) = £))) 2 A

k

Putting y* = (1/t)(f (2% + tyu*) — f(2°)) and y** = (1/t)(f(2° + tyu®) — f(2)), we have
y* — 40, which follows from (14). A passing to a limit gives (€2, ) > A > 0. Putting n° = 0,
we get the pair (£°, n°) satisfying condition So.1- O

Obviously, the proved theorem is valid also for the unconstrained problem (2). We give this
case, since then some of the conditions simplify.

12



Theorem 2 Consider problem (2) with f being C%' function and C closed convex cones.

(Necessary Conditions) Let 20 be w-minimizer of problem (2). Then for each u € S and
Y0 € fl(aV) there exists 0 € C"\ {0} such that (£°, y°) > 0.

(Sufficient Conditions) Let 2° € R™. Suppose that for each u € S and y° € f(a°) there
exists €0 € O\ {0} such that (€0, y°) > 0. Then 2° is an isolated minimizer of first order for
problem (2).

Conwersely, the given condition is not only sufficient, but also necessary the point xz° to be an
isolated minimizer of first order.

While the Sufficient Conditions in Theorem 1 admit a reversal, already from the scalar opti-
mization we know, that this is not the case for the Necessary Conditions.

Example 1 Consider the unconstrained problem (2) with f : R — R, f(z) = 2 and C = R,.
Then Condition Nj ; is satisfied at 2% =0, but 2° is not w-minimizer.

In this example f/(x) = 3z%u, which for 2° = 0 gives y* = f/(2°) = 0. The positive polar
cone is C' = R and for any £° > 0 we have £°y° = 0. Hence Condition N671 is satisfied, while
obviously z° is not a minimizer.

The following simple example on one hand illustrates Theorem 1 in practice and on the other
hand is applied in the forthcoming discussion.

Example 2 Consider the unconstrained problem (2) with
. 2 _ (.’IJ, _237) , X 2 07
f:R—-RY f(x)_{(Za:,—x) , <0,

optimized with respect to C' = ]Ri. The function f is C%' but not C*. Then the point 2° = 0 is
both p-minimizer and isolated minimizer of first order, the latter can be established on the base
of the Sufficient Conditions of Theorem 1.

Here the positive polar cone is ¢/ = R2. For u = 1 we have y° = f/(2°) = (1, —2) and
(€0, 9% = &) —2¢0 > 0 if we choose & = (1,0) € R2 \ {(0,0)}. For u = —1 we have
W0 = L(a%) = (~2, 1) and (€0, 3%) = 260 + €0 > 0 if we choose £0 = (0, 1) € B2\ {(0, 0)}.

The constraint qualification Qo 1(2%) is of Kuhn-Tucker type. In 1951 Kuhn, Tucker [23] pub-
lished the classical variant for differentiable functions and since then it is the best known
constraint qualification. One may be astonished, that in the hypothesis of (@0,1(3;0) we have
20 € —K(2), while in the conclusion g(z° + tzu’) € —K it stands K instead of K (z°). If the
cone K is polyhedral, we may take in the conclusion g(x? +#,u’) € —K(z%), but in general with
such a weaker conclusion the reversal of the Sufficient Conditions of Theorem 1 is not true. This
is shown in the next example.

Example 3 Let f:R— R, g:R—>R3 withC =R, , K={2 € R3| 23 > 22+ 23} and f(z) =
22, g(x) = (x|z|, =1, =1). Then f and g are C* functions, 2° = 0 is an isolated minimizer of
first order, Qo.1(z°) does not hold, but we have similar condition with g(z° + txu’) € —K ()
in the conclusion, instead of g(z° + tpu’) € —K. At the same time, whatever u € R be, there is

no pair (€%, 1°) € C" x K'(a°) for which (€%, f'(2%)u) + (1%, g'(z")u) > 0.
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Here 2 is the only feasible point, and according to the definition 2 is an isolated minimizer

of first order. (This means D(f(z) — f(2°),—C) > A|lxz — 2°|| for x € U N g7'(—~K), which
is true, since U N g ' (—K) = {2°}). The index sets K(2°) is a half-space determined by the
unique tangent plane to the cone —K at g(2°), whence the modified constraint qualification is
checked immediately. More precisely, —K(z") = {z € R? | —23 + 23 > 0}. For any u € R we
have limy(1/t)(g(2° + tgu) — g(z%)) = (0, 0, 0) € —K(2"). At the same time g(z° + tyu) =
(t2ulu|,—1,-1) ¢ —K, but g(z° + tyu) € —K(2°). Now, for any u € R we have f'(2%)u = 0,
g (%) u = (0, 0, 0) and therefore (9, f/(z0)u) + (n°, ¢'(z°)u) = 0 for all pairs (£°, n°).

If g is Fréchet differentiable at x°, then instead of constraint qualification Qq;(z°) we may
consider the constraint qualification Q;(z%) given below.

If g(2°) € =K and ¢'(z")u’ = 2° € —K(2°) then
Q1 (20) : there exists 6 > 0 and a differentiable injective function
¢ : [0, 6] — —K such that ¢(0) = 2% and ¢'(0) = ¢/(x°)uP.

In the case of a polyhedral cone K in Qi (2°) the requirement ¢ : [0, §] — —K can be replaced
by ¢ : [0, 8] — —K(z°). This condition coincides with the classical Kuhn-Tucker constraint
qualification (compare with Mangasarian [30, p. 102]).

The next theorem is a reformulation of Theorem 1 for C! problems, that is problems with f
and g being C' functions.

Theorem 3 Consider problem (1) with f, g being C* functions and C and K closed convex
cones.

(Necessary Conditions) Let 1° be w-minimizer of problem (1). Then for each u € S the
following condition is satisfied:

(€% n°) € C" x K'\ {(0, 0)} :
(n° 9(2°)) =0 and (&°, f'(2°)u) + (n°, ¢'(a")u) > 0.
(Sufficient Conditions) Let 2° € R™.
Suppose that for each u € S the following condition is satisfied:
(€%, 1%) € " x K'\{(0, 0)} :
" g(a®) =0 and (€% f'(«°)u) + (n°, g'(«°)u) > 0.

Then x° is an isolated minimizer of first order for problem (1).

[\

Sy

Conversely, if ¥ is an isolated minimizer of first order for problem (1) and let the constraint
qualification Q1 (x°) have place, then condition Sy is satisfied.

We underline without proof, that Theorem 3 remains true assuming for f and g only Fréchet
differentiable at x°, instead of being C!.

The pairs of vectors (€Y, 7°) are usually referred to as the Lagrange multipliers. Here we have
different Lagrange multipliers to different v € S (and different (y°, 2°) € (f(2°), g(z?))!). The
natural question arises, whether a common pair (£, n) can be chosen to all directions. The
next example shows that the answer is negative even for C'!' problems.

Example 4 Let f:R? — R?, f(z1,72) = (21, 27 + 23), and g : R? — R?, f(x1,22) = (21, 72).
Define C = {y € (y1, y2) € R? | yo =0}, K = R2. Then f and g are C* functions and the point
20 = (0, 0) is w-minimizer of problem (1) (in fact z° is also isolated minimizer of second order,
but not isolated minimizer of first order). At the same time the only pair (€°, n°) € C' x K' for
which (€0, f'(z")u) + (n°, ¢’ (z")u) > 0 for allu € S is £ = (0, 0) and n° = (0, 0).

14



The point 2V is w-minimizer, since int C' = 0, whence each feasible point is w-minimizer. We have
f(x)u = (u1, 2x1u1 +232u3), where from f/(2°)u = (uq, 0), and ¢’(2°)u = u. The positive polar
cones are C' = {£ € R? | ¢ =0} and K’ = {0}. If €0 = (¢9, €9) € " and ° = (n?, nY) € K’
satisfy the desired inequality, then n° = (0, 0), ¢ = (£9,0) and the inequality turns into
€Yu; > 0, which should be true for all u; € R. This gives £ = 0 and finally ¢° = (0, 0) and
770 = (0, 0)

The next Theorem 4 guarantees, that in the case when 2° is rw-minimizer of the C' problem
(1), a nonzero pair (£°, n°) exists, which satisfies the Necessary Conditions of Theorem 1 and
which is common for all directions. In order to prepare the proof, we need the following two
lemmas.

0

Lemma 4 Let f : R" — R™ be CO! function and let L C R™ be a subspace. Denote f = Lo f.
Then f is C%! function and f!(2°) = 7 o f/(2). Similarly, if f is C* function, then f is C!
function and f'(2°)u =, o f'(2°)u.

Proof The function f is locally Lipschitz, hence C%!, as a composition of a bounded linear
function and a locally Lipschitz function.

Let 3° € f/(2°) and y° = lim(1/t%)(f(2° + txu) — f(2)). Since the projection commutes with
the passing to a limit and with the linear operations, we see that

1 _
oy =l (m 0 f) (@ + i) = (0 £)(0)) € Fo(e").
Conversely, let 7 = limy,(1/t3)(f(z° + tpu) — f(2°)). From f locally Lipschitz, it follows that
there exists a subsequence {ty/} of {t;}, such that limg (1/tx)(f(z° + tpru) — f(z%)) = y°. Now
Y0 € f!(2°) and §° = 71, 0 y° € 7 o f1(20).

The case of f € C! is treated similarly. O

Lemma 5 Consider problem (1) with f and g being Co! functions and C and K closed convex
cones. If 20 is rw-minimizer and (y°, 2°) € (f(2°), g(z°))!, (here f = L. o f and § = 7L, 0g),
then (y°, 2°) ¢ —(riC x ri (K (2°) N Lg)) .

The proof is omitted, since it nearly repeats that of Lemma 3, but relating the considerations
to the phase space Lo x Lg instead of R™ x RP.

Theorem 4 (Necessary Conditions) Consider problem (1) with f, g being C* functions and
C and K closed convex cones. Let z¥ be rw-minimizer of problem (1). Then there exists a pair
(€ n°) € Cr, x Ky, \ {(0, 0)} such that (n°, g(z°)) = 0 and (€%, f'(z°)u) + (n°, g'(2°)u) =0
for all u € R™. The latter equality could be written also as £ f'(x°) +n°¢'(z") = 0.

Proof Put f = 7, o f and § = 71,,. 0 g. According to Lemma 5, (f'(2°)u, §'(2%)u) ¢ —(riC x
ri (K (2°) N Lg)) # 0 for all u € R™. Therefore the convex set M = {(f'(2°)u, g'(z°)u) | u €
R™} € Lo x Li (the convexity is implied from the properties of the Fréchet derivative) does not
intersect the non-empty interior (relative to Lo x L) of the convex set —C x (K (2%) N Lg).
From the Separation Theorem there exists a nonzero pair (£, n°) € C’£C X KiK such that
(€0, F(2®)u) + (n°, g’ (z°)u) > 0 for all u € R™. This leads to an equality, since

0 < (€%, F'(2”)(~w) + (1, g (%) (~w)) = — ({&°, f'(@")u) + (1, §'(a")u)) < 0.
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Since &9 € L¢ we have (€9, f/(20)u) = (€0, f'(2°)u). Indeed, applying Lemma 4, we get

(€0, F(@®)u) = (€%, (g o ) (a%)u) = (€0, mrg o f(a®)u) = (€0, f'(a%)u).
Similarly, since 7° € L, we get (€7, g'(z%)u) = (€%, ¢/(z°)u). Finally n° € (K(2°) N Lg)g,.
gives 0 = (n°, g(a%)) = (n°, T, 0 g(a)) = (1°, g(a )> 0
The established in Theorem 4 common for all directions u € R™ multipliers are the reason to

come back to Theorem 1 and to investigate more carefully this situation. We discover a relation
to lw-minimizers.

Remark 1 Consider problem (1) with f and g being C%' functions and C and K closed convex
cones. Suppose that x° is such that

(€%, %) € " x K'(z°)\ {(0, 0)} : Vu € R" :
V(y?, 2%) € (f(2°),g(a"), : (€% ¥°) + (", 2°) > 0.

Then obviously (€°, n°) separates the cone —(C x K(z°)) C R™P from the set

F'={(y,2) e R™? | (y,2) € (f(2°), g(2°)), for some u € R"} (16)

in the sense that

(€, y) + (n°, ) <0 for all (y,2) € —(C x K(z°))
(€%, y) +(n°, 2) 2 0 for all (y,2) € F'.

The latter inequality is valid also for (y,z) € co F’.

Proposition 9 The feasible point 20 is lw-minimizer for problem (1) if and only if there exists
a pair (€%, %) € C" x K'(z°)\ {(0, 0)} and a neighbourhood U of x°, such that (£, n°) separates
the cone —(C x K (%)) from the set

F={(y,2) eR™7P |y = f(z) = f(a"), 2= g(x), x € U}

(and also from co F'), in the sense that

(€°, flz) - f($°)> +(n° g(z)) 20 for allz € T,

(€9, y) 4+ (n°, 2) <0 for all (y,2) € —(C x K(20)). (17)

Proof Let 2° be lw-minimizer and let U be the neighbourhood of 2° for which ¢%(z) > % (),
u € U, where ¢° is the function in (6). This inequality with account of ©°(z%) = 0 and
(€%, n%) € C" x K(2%) \ {(0, 0)} gives (17).

Conversely, if (€9, 7°) € ¢’ x K(2°)\ {(0, 0)} separates —(C x K(z°)) from F for some neigh-
bourhood U of 2%, then for the function " in (6) and # € U we have

p'(z) = (€%, flx) = (@) + (°, g(a)) 2 0= °(a").

Thus, 2° is a minimizer of ¢°, and therefore lw-minimizer of problem (1). O

Corollary 2 Consider problem (1) with f, g being C%! functions and C and K closed convex
cones. If 20 is lw-minimizer, then there exists (€%, n°) € C' x K(2°) \ {(0, 0)}, such that the
inequality

€,y + % 2% =0 (18)
holds for each u € R™ and (y°, 2°) € (f(2°), g(2°)!,. This implies that —(int C x int K (z°)) does

not intersect the set co F', where F' is given by (16).
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Proof Let (y°, 2°) € (f(2°), g(2")], are determined by (13). Then (17) gives for k sufficiently
large

(€, jk (F(° + tw) — F(20)) + (. tlk (92 + tyw) — g(2%))) > 0.

whence passing to a limit we get (18). Further —(int C' x int K (2°)) and F’ are separated, which
cannot have place it —(int C' x int K (2")) and co F” intersect. O

Restricting the considerations to the phase space Lo X Li instead to R™ x RP and replacing
problem (1) by (4), we can introduce as in Definition 2 the concept of a relatively linearly
scalarized weakly efficient point, for short rlw-minimizer (and similarly ri{p-minimizer). Now
under the assumptions of Corollary 2 and assuming also 2° rlw-minimizer, we get that —(ri C x
1i (K (2°) N Lg)) and co F’ do not intersect.

In Example 2 the point 2 = 0 is w-minimizer, and even p-minimizer. We show that z° is not
lw-minimizer. Indeed, in this case we have f{(z°) = (1, —2), f";(2°) = (=2, 1) and 3 f{(z°) +
3f71(2%) = (=3, —3) belongs both to —int C = —int R and to co F’, where F’ is the set (16).
The considered in Example 2 problem is C%! but not C'. In connection with Theorem 4 the
following question arises. Is it true, that each w-minimizer of a C' problem is lw-minimizer?

The next Example 5 gives a negative answer.

Example 5 Consider the unconstrained problem (2) with

2 2
. 2 _ (33‘,—21‘) ) 1;207
fRHRa f(x)_{(2x27_x2) , .’E<O,

optimized with respect to C' = ]Ri. The function f is C*. Then the point 2° = 0 is w-minimizer
(it is also s-minimizer though not p-minimizer), but not lw-minimizer.

To establish that f is C' is quite easy. The function g in Corollary 1 is ¢g(z) = x2. Since x°

is an isolated minimizer of second order, but not an isolated minimizer of first order for ¢, it is
w-minimizer and s-minimizer for the initial problem, but not p-minimizer.

To show that 2° = 0 is not lw-minimizer, observe that the function ¢ in (6) is

_ [ @ -29e® 220,
dw-{ Sqlie 150

Then ¢%(z) > ¢%(0), z > 0, implies £)—2£8 > 0 and ©°(x) > ¢°(0), x < 0, implies —2£+£9 > 0.
Adding the two inequalities, we get —£¥ — £ > 0. At the same time £ € C\ {0} gives £ > 0,
€9 > 0, where the two inequalities are not simultaneously satisfied. This however contradicts to
the obtained above inequality.

In the following proposition, as an application of Theorem 1, we find a relation of /p-minimizers
and p-minimizers.

Proposition 10 Let in problem (1) f and g be locally Lipschitz functions. If ¥ is lp-minimizer,
then x° is p-minimizer.

Proof Let u € S and the pair (y°, 2°) € (f(2°), g(z?))!, is determined by (13). From z° isolated
minimizer of first order for the scalar function ¢° : R® — R in (6), there exists A > 0, such that
OOz + tpu) — o(z¥) > Aty, whence

(€, tlk (F(@® + tyu) — F@@°)) + (", jk (9(e + taw) — g(z°))) > A > 0.
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A passing to a limit gives (€9, y) 4+ (n°, 2°) > A > 0. Now the Sufficient Condition in Theorem 1
gives that 2° is an isolated minimizer of first order for problem (1), and according to Proposition
4 it is also p-minimizer. O

If int C = () each feasible point of problem (1) is w-minimizer and the Necessary Conditions
are trivially satisfied. In this case a more essential information is that z° is rw-minimizer. The
next Theorem 5 generalizes the Necessary Conditions part of Theorem 1 to relative concepts.
Obviously, the Sufficient Conditions part admits also a generalization, which is not given here.

Theorem 5 (First-order conditions) Consider problem (1) with f, g being C%' functions
and C and K closed convex cones.

(Necessary Conditions) Let 2° be rw-minimizer of problem (1). Then for each u € S the
following condition is satisfied:

Vs ) € (70", o(a) € ) € L' x L

rNo (€, 0) £ (0,0), (1, ga®) =0 and (£, 40) + (P, 29 > 0.

We omit the proof. In principle it repeats the proof of the Necessary Conditions of Theorem 1
replacing the phase space from R™ x R? to Lo X L, replacing the considered problem from (1)
to (4) and making use of Lemma 4.

4 Isolated minimizers and proper efficiency

Consider the unconstrained problem (2) with C%! function f. According to Proposition 4 if 2°
is an isolated minimizer of first order, then z° is p-minimizer. It is natural to ask, whether the
converse is true. The next example gives a negative answer of this question.

Example 6 Letty — +0,k=0,1, ..., be a strictly decreasing sequence with tg = +0o. Define
the function h : R — R,

min (tp—1 — [t], [t] —tr) , tp < |t| < ty—1,

Consider the unconstrained problem (2) with f : R — R?, f(z) = (h(z), h(z)) and C = R%.

Then 29 = 0 is p-minimizer, but not an isolated minimizer of first order.

The function f is C%!, since h is C%'. The latter follows by the easy-to-prove inequality
|h(t") — h(t"| < |t/ —t"], t',t" e R.

According to Proposition 8 and Corollary 1,if 2° is an isolated minimizer of first order for (2), we
should have, that 2" is an isolated minimizer of first order for the function ¢q(x) = min(f;(x) —
f1(29), fo(z) — f2(z%)) = h(x). However, this is not the case, since for z¥ =t — 20 = 0 we
have @o(2*) = h(tg) = 0. Indeed, assuming in the contrary, that 2° is an isolated minimizer of
first order, we should have for some A > 0 and all sufficiently large k

0 = po(z*) = po(a) — po(a°) = AfJa* — 2" = At > 0,

a contradiction.

The point z° is p-minimizer. Indeed, let C = {y € R? | y1 +y2 > 0}. Then int C = {y € R? |
y1+y2 >0} D C\ {0} =R%\ {(0, 0)} and 2° is w-minimizer of the problem

f(ZL‘) — miné . (19)
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The latter follows from f(z) = (h(z), h(z)) € RZ = C and R% disjoint from —int C={yecR?|
Y1 +y2 <0}

By a slight modification of this example we can see, that even the additional assumption z°

strong e-minimizer does not guarantee that 20 is an isolated minimizer of first order.

Example 7 Let h be like in Ezample 6. Consider problem (2) with f : R?> — R, f(z) =
(h(z) + 2%, h(z) + 2?) and C = R%. Then f is C%', 2° = 0 is both strong e-minimizer and
p-minimizer, but not an isolated minimizer of first order.

Here ¢o(z) = h(z) + 22 has 2° = 0 as a strong minimizer, but not as an isolated minimizer of
first order.

We can strengthen the property x° is p-minimizer in a way, that we get 20 is an isolated minimizer
of first order.

For the constrained problem (1) we introduce the property

P(z%,u) : (4, 2°) € (f(z°), g(a*))u = (4°, 2%) # (0, 0).

For the unconstrained problem (2) this property transforms into y° € f/(z%) = y° # 0. In the
next Proposition 11 we show, that this property, together with z° p-minimizer implies that 2°
is an isolated minimizer of first order.

Proposition 11 Consider the unconstrained problem (2) with f being C%' function. Let x° be
p-minimizer, which satisfies property P(z°, u) for each w € S. Then x° is an isolated minimizer
of first order.

Proof Since z° is p-minimizer, therefore there exists a closed convex cone C, such that int C' D
C \ {0} and 2° is w-minimizer for problem (19). According to the Necessary Conditions of
Theorem 1 (and Theorem 2), this means, that for each u € S and y° € f/(2"), there exists
Qe \ {0}, such that (50, y%) > 0. This inequality, together with property P(z", u), shows
that y° ¢ —int C U {0}. Since C' C intC' U {0}, we see that 4° ¢ C. This implies, that there
exists ¢Y € €', such that (€%, 4°) > 0. According to the Sufficient Conditions of Theorem 1 (and
Theorem 2), the point 2° is an isolated minimizer of first order. O

In the next section we discuss similar reversal of Proposition 4 for the constrained problem (1).

5 The related unconstrained problem

We relate to the constrained problem (1) and the feasible point 2° the unconstrained problem

(f(2), g(x)) — mingy (40 - (20)

In Section 2 we defined the concept of a p-minimizer of problem (1), which from here on is called
p-minimizer in sense I. The same definition determines the p-minimizers of problem (20), which
seem to have a closer link to the isolated minimizers of first order. This justifies the following
definition: We say, that the feasible for problem (1) point 2° is a p-minimizer in sense II of the
constrained problem (1), if it is a p-minimizer for the unconstrained problem (20). Similarly, to
each defined in Section 2 type of minimizer of the constrained problem (1) (we call it a minimizer
in sense I), we juxtapose the respective type of minimizer of the related unconstrained problem
(20) (we call it a minimizer in sense II).

The next proposition illustrates, that there is a relation between the two type of minimizers.
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Proposition 12 Let 2° be a feasible point for problem (1). If z¥ is w-minimizer in sense II,
then 2 is w-minimizer in sense I.

0

Proof If 20 is w-minimizer in sense II, then z° is a minimizer of the function

prr(z) = max{(¢, f(z) = f(2°)) + (n, g(z) — g(z°)) | € € C", n € K'(2?), (&, n)l| = 1} .

Let ¢rr(x) > @rr(2°), for # € U, where U is some neighbourhood of 2. Choose x € U N
g Y(—K). From K C K(2°) we have g(x) € —K C —K(2"), whence

max{(n, g(z)) | £ € C', n € K'(z°), ||(& n)| =1} <0.

Therefore ¢r7(x) > pr7(z%) = 0 implies

max{(¢, f(z) — f(2°)) [ £ € O, n e K'(2°), ||(¢&, m)] =1} >0,

whence for the function (3) we have

p(r) = max{(¢, f(z) — f(2°)) | £ € ', n e K'(2°), (& n)] =1} = 0 = p(a”).

0

Therefore 2" is w-minimizer of problem (1). O

Next we write Theorem 2 for the unconstrained problem (20) and on this base we compare the
isolated minimizers in sense I and II.

Theorem 6 Consider problem (20) with f and g being C%' functions and C and K closed
conver cones.

(Necessary Conditions) Let 2° be w-minimizer of (20), i. e. w-minimizer in sense II of (1).
Then for each u € S and (y°, 2°) € (f(2), g(z))!, there exists (€°, n°) € C" x K'(z")\ {(0, 0)},
such that (€0, y°) + (n°, 20) > 0.

(Sufficient Conditions) Let 2° be feasible for (1). Suppose that for each u € S and (y°, 2°) €
(f(29), g(2%))!, there exists (€°, n°) € C" x K'(z°) \ {(0, 0)}, such that (£°, y°) + (n°, 2°) > 0.
Then x° is an isolated minimizer of first order of (20), i. e. an isolated minimizer of first order
in sense II of (1).

Conwversely, the given condition is not only sufficient, but also necessary the point x° to be an
isolated minimizer of first order in sense II of (1).

We obtain the next proposition as a corollary of Theorem 6.

Proposition 13 Let 2° be a feasible point for problem (1). If 20 is an isolated minimizer of
first order in sense I, then x° is an isolated minimizer of first order in sense II.

Proof Let z° be an isolated minimizer in sense I. According to Theorem 1, for any v € S and
(0, 2%) € (f(2), g(2?))!, there exists (€%, n") € C" x K'(z°) \ {(0, 0)}, such that (¢°, y°) +
(n°, 2% > 0. Now the reversal of the Sufficient Conditions of Theorem 6 gives that z° is an
isolated minimizer of first order in sense II. O

Let us say, that by a symmetry it does not follow, that if z° is an isolated minimizer of first
order in sense II, then 2 is an isolated minimizer of first order in sense I. The obstacle is, that
the reversal of the Sufficient Conditions of Theorem 1 is proved only under the assumption that
the constrained qualification Qp 1(x°) has place.

Perhaps it is not trivial to find a relation between p-minimizers in sense I and II. However,
concerning p-minimizers in sense II, we can apply the results for the unconstrained problem
obtained in Sections 2 and 4.
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Proposition 14 Let in problem (1) f, g be C%' functions and let 2° be a feasible point. If x°
is an isolated minimizer of first order in sense II, then x° is p-minimizer of (1) in sense II.

The proof is an immediate application of Proposition 4.

Proposition 15 Let in problem (1) f and f be C%' functions and x° be a feasible point. Let
20 be p-minimizer in sense II, which satisfies Property P(z°,u) for each w € S. Then x° is an
isolated minimizer of first order in sense Il of (1).

The proof is an immediate application of Proposition 11.

References

[1]

2]

B. Aghezzaf: Second-order necessary conditions of the Kuhn-Tucker type in multiobjective
programming problems. Control and Cybernetics 28 No. 2 (1999), 213-224.

V. M. Alekseev, V. M. Tikhomirov, S. V. Fomin: Optimal control. Consultants Bureau,
New York, 1987 (Russian original: Optimal’noe upravlenie. Nauka, Moscow, 1979).

T. Amahroq, A. Taa: On Lagrange-Kuhn-Tucker multipliers for multiobjective optimization
problems. Optimization 41 (1997), 159-172.

A. Auslender: Stability in mathematical programming with nondifferentiable data. SIAM
J. Control Optim. 22 (1984), 239-254.

E. Bednarczuk, W. Song: PC points and their application to vector optimization. Pliska
Studia Mathematica Bulgarica 12 (1998), 21-30.

S. Bolintenéanu, M. El Maghri: Second-order efficiency conditions and sensitivity of efficient
points. J. Optim. Theory Appl. 98 No. 3 (1998), 569-592.

M. Ciligot-Travain: On Lagrange-Kuhn-Tucker multipliers for Pareto optimization prob-
lems. Numer. Funct. Anal. Optim. 15 (1994), 689-693.

F. H. Clarke: Optimization and nonsmooth analysis, Wiley-Interscience, New York, 1983.

G. P. Crespi, I. Ginchev, M. Rocca: Minty variational inequality and vector optimization.
Submitted.

V. F. Demyanov, A. M. Rubinov: Constructive nonsmooth analysis. Peter Lang, Frankfurt
am Main, 1995.

I. Ginchev: Higher order optimality conditions in nonsmooth optimization. Optimization
51 No 1 (2002), 47-72.

I. Ginchev, A. Guerraggio, M. Rocca: On second-order conditions in vector optimization.
J. Appl. Anal., Submitted.

I. Ginchev, A. Guerraggio, M. Rocca: From scalar to vector optimization. Mathematical
Methods in Operations Research, Submitted.

I. Ginchev, A. Hoffmann: Approximation of set-valued functions by single-valued one.
Discussiones Mathematicae, Differential Inclusions, Control and Optimization 22 (2002),
33-66.

21



[15]

[16]

[17]

[18]

[19]

[21]

[22]

23]

A. Guerraggio, D. T. Luc: Optimality conditions for C*' vector optimization problems. J.
Optim. Theory Appl. 109 No. 3 (2001), 615-629.

A. Guerraggio, D. T. Luc: Optimality conditions for C*' constrained multiobjective prob-
lems. J. Optim. Theory Appl., Accepted.

J.-B. Hiriart-Urruty, J.-J Strodiot, V. Hien Nguen: Generalized Hessian matrix and second
order optimality conditions for problems with C''' data. Appl. Math. Optim. 11 (1984),
169-180.

J.-B. Hiriart-Urruty: New concepts in nondifferentiable programming. Analyse non convexe,
Bull. Soc. Math. France 60 (1979), 57-85.

J.-B. Hiriart-Urruty: Tangent cones, generalized gradients and mathematical programming
in Banach spaces. Math. Oper. Res. 4 (1979), 79-97.

F. John: Extremum problems with inequalities as subsidiary conditions. In: K. O.
Friedrichs, O. E. Neugebauer, J. J. Stroker (eds.), Studies and Essays, Courant Anniversary
Volume, pp. 187204, Interscience Publishers, New York, 1948.

P. Kenderov, G. Christov, A. Dontchev: Mathematical optimization (In Bulgarian). Uni-
versity Publishing House “Kliment Okhridski”, Sofia, 1989.

D. Klatte, K. Tammer: On the second order sufficient conditions to perturbed C1' opti-
mization problems. Optimization 19 (1988), 169-180.

H. W. Kuhn, A. W. Tucker: Nonlinear programming. In: J. Neyman (Ed.), Proceedings of
the Second Berkeley Symposium on Mathematical Statistics and Probability, pp. 481492,
University of California Press. Berkeley, California, 1951

D. La Torre, M. Rocca: C1! functions and optimality conditions. J. Comp. Anal. Appl., to
appear.

L. Liu: The second-order conditions of nondominated solutions for C*' generalized multi-
objective mathematical programming. J. Syst. Sci. Math. Sci. 4 No. 2 (1991), 128-138.

L. Liu, M. Kiitek: The second-order optimality conditions for nonlinear mathematical
programming with C*!' data. Appl. Math. 42 (1997), 311-320.

L. Liu, P. Neittaanmaki, M. Kiitek: Second-order optimality conditions for nondominated
solutions of multiobjective programming with C1'! data. Appl. Math. 45 (2000), 381-397.

D. T. Luc: Theory of vector optimization. Springer Verlag, Berlin, 1989.

D. T. Luc: Taylor’s formula for C*! functions. SIAM J. Optimization 5 No. 3 (1995),
659-669.

O. L. Mangasarian: Nonlinear programming. Society for Industrial and Applied Mathemat-
ics, Philadelphia, 1994.

E. Miglierina: Characterization of solutions of multiobjective optimization problems. Ren-
diconti Circolo Matematico di Palermo, 50 (2001), 153-164.

E. Miglierina, E. Molho: Scalarization and its stability in vector optimization. J. Optim.
Theory Appl., to appear.

22



[33] R. T. Rockafellar: Convex analysis. Princeton University Press, Princeton, 1970.
[34] R. T. Rockafellar, R. J.-B. Wets: Variational analysis. Springer, Berlin Heidelberg, 1998.

[35] X. Q. Yang , V. Jeyakumar: Generalized second-order directional derivatives and optimiza-
tion with O functions. Optimization 26 (1992), 165-185.

[36] X. Q. Yang: Second-order conditions in C*! optimization with applications. Numer. Funct.
Anal. Optim. 14 (1993), 621-632.

[37] X. Q. Yang: Generalized second-order derivatives and optimality conditions. Nonlin. Anal.,
23 (1994), 767-784.

[38] A. Zaffaroni: Degrees of efficiency and degrees of minimality. STAM J. Optimization, to
appear.

[39] C. Zalinescu:On two notions of proper efficiency. Optimization in Mathematical Physics
(Oberwolfach, 1985), 77-86, Peter Lang, Frankfurt am Main, 1987.

23



