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Abstract 

This paper extends the model with narrow framing suggested by Barberis and Huang (2009) 
to also account for probability weighting and a convex-concave value function in the 
specification of cumulative prospect theory preferences on narrowly framed assets. We 
show that probability weighting is needed in order that investors reduce their holding of 
narrowly framed risky assets in the presence of negative skewness and high Sharpe ratios, 
which are typical characteristics of stock index returns. The model with framing and 
probability weighting can thus explain the stock participation puzzle under realistic 
assumptions on stock market returns. We also show that a convex-concave value function 
generates wealth effects that are consistent with empirical observations on stock market 
participation. Finally, we address the asset pricing implications of probability weighting in the 
model with narrow framing and show that in the case of negative skewness the equity 
premium of narrowly framed assets is much higher than when probability weighting is not 
taken into account. 
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1 Introduction

Experimental studies on decision making under risk have described several departures of individ-

ual choice behavior from the principles defining expected utility theory (EUT). There is growing

consensus that cumulative prospect theory by Tversky and Kahneman (1992) is superior to EUT

as a descriptive model of preferences. Cumulative prospect theory (CPT) distinguishes two phases:

framing and valuation. Framing is the way the decision problem is structured and organized, while

valuation is the process by which framed prospects are ranked. Valuation occurs using a reference-

dependent, kinked and convex-concave value function and probability weighting functions.

Recently, Barberis and Huang (2009) proposed a model with cumulative prospect theory prefer-

ences that includes framing into the utility specification.1 For the sake of analytically tractability,

Barberis and Huang (2009) assume no probability weighting and a piecewise-linear value function,

which is everywhere concave. The model is then applied to the consumption-portfolio problem. In

this context, when adding a new stock to the portfolio, the investor’s utility is not only given by

how the stock’s return impacts the distribution of the investor’s overall wealth, but also by the

distribution of the stock alone, which, for some reason, might be narrowly framed. Barberis and

Huang (2009) find that “for a wide range of preference parameterizations, the narrow framer is less

likely to buy a given stock than is an investor who maximizes a standard utility function defined

1In this paper we refer to Barberis and Huang (2009) since it is in the paper that portfolio selection and asset
pricing are formally analyzed, with an explicit derivation of optimal portfolios and the characterization of equilibrium
prices. Applications of narrow framing already appear in Barberis, Huang, and Thaler (2006) and Barberis and
Huang (2008a).
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over wealth or consumption.” It seems that narrow framing can help explaining several observed

features of observed real portfolios, more importantly, the stock participation puzzle.

Piecewise-linear value functions and no probability weighting are common assumptions in many

applications of CPT in finance.2 Besides the fact that considering the “full” CPT is quite challeng-

ing, ignoring probability weighting and assuming piecewise-linear value functions is often motivated

by the fact that loss aversion has the highest impact on portfolio choices. However, when no prob-

ability weighting is used and the value function is piecewise-linear, CPT emerges as a special case

of EUT, with, additionally, the assumption that investors are risk neutral on gains and losses, and

display loss aversion. Being a special case of EUT under these specifications, CPT cannot address

several of the observed violations of EUT and thus loses most of its descriptive validity. Moreover,

probability weighting in CPT describes decision makers’ behavior with respect to low-probability

payoffs. In the context of portfolio choice, these payoffs usually refer to the tails of the assets’

returns distribution. We thus expect that probability weighting in CPT plays a crucial role for

portfolio selection when returns displays positive or negative skewness, as is the case for real re-

turns.3

This paper extends the model with framing suggested by Barberis and Huang (2009) to also

2Exceptions are De Giorgi, Hens, and Levy (2003), Levy and Levy (2004), Barberis and Huang (2008b) and Jin
and Zhou (2008).

3Barberis and Huang (2008b) present a representative agent, one-period model where some assets display positive
skewness. They show that CPT investors are skewness seeking and hold positively skewed assets, which at equilibrium
display a negative excess return.
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include probability weighting and a convex-concave value function in the specification of CPT pref-

erences. As far as we known, this is the first paper that also includes probability weighting in a

dynamic consumption-portfolio model with CPT preferences. We show that adding probability

weighting does not increase the complexity of the model and its analytical tractability remains

intact. Moreover, while it is true that in general with a convex-concave value function first-order

conditions are not sufficient for a global optimum and non-standard optimization algorithms are

required (see De Giorgi, Hens, and Mayer 2007), this is not an issue in the model with framing

studied in this paper, since CPT is only applied to framed stocks and utility is derived from the

return of single stocks not from the portfolio’s return. Therefore, no portfolio optimization involves

probability weighting and a convex-concave value function. Nevertheless, under a convex-concave

value function we lose an important property of the model, namely the homogeneity property which

plays a crucial role when deriving analytical solutions. As a consequence, a convex-concave value

function still significantly complicates the theoretical analysis and we thus rely on simulations.

When a convex-concave value function is used, the model also delivers interesting wealth effects

that will be discuss below.

To study the impact of probability weighting and a convex-concave value function on narrow

framing, we perform a number of numerical exercises. First, we show that when probability weight-

ing is added to the model with framing, investors reduce their holding of narrowly framed assets as

the degree of framing increases. This finding is robust with respect to different specifications of the

return distribution and of investors’ preferences, as long as framed assets do not display a very high
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Sharpe ratio and high positive skewness. Second, even if a convex-concave value function is added,

which implies a risk seeking behavior on losses with moderate or high probability, still investors

reduce their holding of narrowly framed assets as the degree of framing increases. Third, when nar-

rowly framed risky assets have a high Sharpe ratio and negative skewness, their holding is strongly

reduced as the degree of narrow framing increases. In contrast, without probability weighting, even

with negative skewness, the investor’s allocation to narrowly framed assets increases as a function of

the degree of framing when the Sharpe ratio is high. It follows that probability weighting is needed

in the model with framing to explain why investors only hold a small proportion of their wealth in

stocks, the so called stock participation puzzle. Finally, we show that with a convex-concave value

function, important wealth effects emerge. As the initial wealth increases, the impact of narrow

framing is reduced. Consequently, wealthy investors appear to be less affected by narrow framing

and participate more in stock markets, while the opposite is true for investor with low initial wealth.

This is consistent with the empirical observation on stock market participation reported by Hong,

Kubik, and Stein (2004), showing that stock market participation grows fast as a function of wealth.

We also studied asset pricing implications of narrow framing with probability weighting. First,

we show that with probability weighting the impact of narrow framing on equilibrium prices is

qualitatively similar to when no probability weighting is added to the model: as the degree of

narrow framing is increased, the equilibrium risk-free rate decreases and the equity premium of the

narrowly framed asset increases. However, probability weighting has a significant impact on the

value of the equilibrium risk-free rate and the equity premium. We observe that when the framed
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asset displays positive skewness (as it is the case with log-normal returns) and loss aversion is not

too high, then the equity premium in the presence of probability weighting is slightly lower (and

the risk-free rate slightly higher) compared to the case without probability weighting. This can be

easily explained by the fact that investors with probability weighting like positive skewness more

than investors without probability weighting when loss aversion is not too high (see also Barberis

and Huang 2008b). In contrast, when loss aversion is high or the framed asset displays negative

skewness, the equity premium with probability weighting is much higher (and the risk-free rate

much lower) than in case of no probability weighting. The difference can be very high and reach

3-3.5%.

The remainder of the paper is structured as follows. In Section 2 we present the model with

framing suggested by Barberis and Huang (2009) and its extensions to allow for probability weight-

ing and convex-concave value functions. In Section 3 we briefly describe the algorithm used to solve

the consumption-portfolio problem when a convex-concave value function is added. In Section 4

we present a numerical exercise and discuss the effect of framing in the general models studied in

this paper. Section 5 concludes our proposal.

2 Model

In this section we present a generalization of the model with framing suggested by Barberis and

Huang (2009) that also includes probability weighting and a convex-concave value function, which

are important features of cumulative prospect theory. The description of the model closely follows
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Barberis and Huang (2009).

2.1 Investors’ Preferences

At time t the investor chooses a consumption level Ct and decides how to invest her remaining

wealth Wt − Ct to n assets with gross returns R1,t+1, . . . , Rn,t+1 between time t and t + 1. Time

t+ 1 wealth is therefore given by

Wt+1 = (Wt − Ct)
n∑
i=1

θi,tRi,t+1

where θi,t ≥ 0 is the proportion of post-consumption wealth invested in asset i. We assume that

short-sale is not allowed.

The investor frames assets m + 1, . . . , n narrowly. Investor’s utility at time t is then given as

follows:

(1) Vt = H

(
Ct, µ(Vt+1|It) + b0

n∑
i=m+1

Ut(Gi,t+1)

)

where

H(C, x) = ((1− β)Cρ + β xρ)
1
ρ , 0 < β < 1, 0 6= ρ < 1,(2)

µ(k x) = k µ(x), k > 0,(3)

Gi,t+1 = θi,t (Wt − Ct) (Ri,t+1 −Ri,z), i = m+ 1, . . . , n.(4)

In Equation (1), µ(Vt+1|It) is the certainty equivalent at time t of the investor’s (random) utility

at time t + 1. Equation 1 is thus a recursive utility specification that allows for narrow framing,
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i.e., the investor can also get utility directly from assets i > m. The utility function Ut is defined

as follows. For a random variable Gt+1 with cumulative distribution Ft at time t we have

(5) Ut(Gt+1) =

∫ 0

−∞
v̄(x)

d

dx
[w−(Ft(x))] dx+

∫ ∞
0

v̄(x)
d

dx
[−w+(1− Ft(x))] dx.

with

v(x) =


xζ x ≥ 0

−λ (−x)ζ x < 0

, ζ ∈ (0, 1](6)

w+(p) =
pδ

+

(pδ+ + (1− p)δ+)1/δ+
, δ+ ∈ (0.3, 1](7)

w−(p) =
pδ
−

(pδ− + (1− p)δ−)1/δ−
, δ− ∈ (0.3, 1].(8)

The function Ut corresponds to the cumulative prospect theory (CPT) value function, consistent

with the motivation given by Barberis and Huang (2009) suggesting that (cumulative) prospect

theory is the natural choice to be coupled with narrow framing. Note that when ζ = 1 (v̄ is a

piecewise-linear function) and δ+ = δ− = 1 (no probability weighting, i.e., w+(p) = w−(p) = p for

all p ∈ [0, 1]), then

Ut(Gi,t+1) = Et [v̄(Gi,t+1)]

which is the case considered by Barberis and Huang (2009).

As shown in Barberis and Huang (2008b), if ζ < 2 min(δ+, δ−), which is the case in many

calibrations of CPT (see Abdellaoui 2000), then the function Ut can be written as

Ut(Gt+1) = −
∫ 0

−∞
w−(F (x)) dv̄(x) +

∫ ∞
0

w+(1− F (x)) dv̄(x)
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When Gi,t+1 is given by Equation (4) with a fixed reference point Ri,z, θi,t > 0 and Wt > Ct,

then the following holds:

Fi,t(x) = P [Gi,t+1 ≤ x|It] = P
[
Ri,t+1 ≤

x

θi,t (Wt − Ct)
+Ri,z|It

]
= FR

i,t+1

(
x

θi,t (Wt − Ct)
+Ri,z

)

and thus:

Ut(Gi,t+1) = −
∫ 0

−∞
w−
(
FR
i,t

(
x

θi,t (Wt − Ct)
+Ri,z

))
dv̄(x)

+

∫ ∞
0

w+

(
1− FR

i,t

(
x

θi,t (Wt − Ct)
+Ri,z

))
dv̄(x)

= θζi,t (Wt − Ct)ζ
[
−
∫ 0

−∞
w−
(
FR
i,t (y +Ri,z)

)
dv̄(y)

+

∫ ∞
0

w+
(
1− FR

i,t (y +Ri,z)
)
dv̄(y)

]
= θζi,t (Wt − Ct)ζ Ut(Ri,t+1 −Ri,z).

Finally,

(9) Vt = H

(
Ct, µ(Vt+1|It) + b0 (Wt − Ct)ζ

n∑
i=m+1

θζi,t Ut(Ri,t+1 −Ri,z)

)
.

This equation has important implications for our analysis. First, while in general a convex-concave

value function and probability weighting in CPT might cause the optimization problem to possess

several local optima (see De Giorgi, Hens, and Mayer 2007), this is not the case in this model.

Indeed, as long as θi,t ≥ 0, the shape of v̄ and probability weighting functions w+ and w− only

determine the value that the investor attributes to each framed stock, but do not apply to portfolio

returns and thus do not impact the portfolio selection problem. Second, wealth at time t enters

into the investor’s utility as an additional weighting factor for framed stocks. Namely, suppose

8



that an investor with wealth Wt at time t has the optimal consumption plan (Cτ )τ=t,t+1,..., optimal

strategies (θi,τ )i=1,...,n,τ=t,t+1,... and a framing parameter that depends on his wealth and is given

by b0W
1−ζ
t . Let Vt be his utility at time t. Since (Cτ/Wt)τ=t,t+1,... is a feasible consumption plan

for an investor with wealth 1, and (θi,τ )i=1,...,n,τ=t,t+1,... are feasible investment strategies we derive

the utility for this second investor at time t assuming the framing parameter b0 11−ζ = b0 and we

obtain

H

(
Ct
Wt

, µ

(
Vt+1

Wt

|It
)

+ b0

(
1− Ct

Wt

)ζ n∑
i=m+1

θζi,t Ut(Ri,t+1 −Ri,z)

)

=
1

Wt

H

(
Ct, µ(Vt+1|It) + b0W

1−ζ
t (Wt − Ct)ζ

n∑
i=m+1

θζi,t Ut(Ri,t+1 −Ri,z)

)
=

Vt
Wt

.

It follows from this last equation that the consumption plan (Cτ/Wt)τ=t,t+1,... and the investment

strategies (θi,τ )i=1,...,n,τ=t,t+1,... are optimal for the investor with wealth 1 at time t. Therefore, as long

as ζ ∈ (0, 1), wealth at time t determines the impact of the framed stock on the investor’s utility. In

other words, an investor with lower wealth will have the same investment strategies as an investor

with higher wealth who weights framed stocks more. This is an interesting observation which

implies that in our model with a convex-concave function v̄, wealthy investors are less concerned

by the effect of narrow framing.

2.2 Consumption and Portfolio Selection Problems

We now address the consumption-portfolio problem. From Equation (9) we derive the Bellman

equation

Vt = J(Wt, It) = max
θt,Ct

H

(
Ct, µ(J(Wt+1, It+1)|It) + b0 (Wt − Ct)ζ

n∑
i=m+1

θζi,t Ut(Ri,t+1 −Ri,z)

)
.
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where H and µ are given by Equations (2) and (3), respectively. Unfortunately, when a convex-

concave function v̄ is used, H is not homogeneous, which implies that the consumption and portfolio

decisions problems cannot be separated as in Barberis and Huang (2009) where ζ = 1. Conse-

quently, analytical tractability of the model is lost. We will discuss in Section 3 how we deal with

the case ζ ∈ (0, 1) using simulations, while in this section we focus on the case ζ = 1 and probability

weighting.

When ζ = 1, H is homogenous of degree one and the consumption and portfolio decision

problems can be separated. This works exactly as in Barberis and Huang (2009) and we thus refer

to their paper, while here we only report the main steps. First, it can be shown that J(Wt, It) =

At(It)Wt, where At(It) = J(1, It) and

At(It)Wt = max
θt,Ct

[
(1− β)Cρ

t + β (Wt − Ct)ρ
[
µ(At+1 θ

′
tRt+1)|It) + b0

n∑
i=m+1

θi,t Ut(Ri,t+1 −Ri,z)

]ρ]1/ρ

where θt = (θ1
t , . . . , θ

n
t )′ and Rt+1 = (R1,t+1, . . . , Rn,t+1)

′. Second, consumption and the portfolio

problems can be separated, given that the last terms in the bracket of the last equation only depend

on θt, while the first term only depends on Ct. Therefore, the portfolio selection problem is

B?
t = max

θt

[
µ(At+1 θ

′
tRt+1)|It) + b0

n∑
i=m+1

θi,t Ut(Ri,t+1 −Ri,z)

]

while the consumption problem is

At(It) = max
αt

[(1− β)αρt + β (1− αt)ρ (B?
t )
ρ]1/ρ

10



where

αt =
Ct
Wt

is the consumption-to-wealth ratio. Third, we solve the first-order condition

(10) (1− β)αρ−1
t = β (1− αt)ρ−1 (B?

t )
ρ

for the consumption problem to find the optimal consumption-to-wealth ratio α?t and the optimal

value At(It) = (1 − β)1/ρ (α?t )
1−1/ρ as a function of α?t . Finally, since the same applies at time

t+ 1 we put (1− β)1/ρ (α?t+1)
1−1/ρ instead of At+1(It+1) into the portfolio selection problem and we

obtain

(11) B?
t = max

θt

[
µ((1− β)1/ρ α

1−1/ρ
t+1 θ′tRt+1|It) + b0

n∑
i=m+1

θi,t Ut(Ri,t+1 −Ri,z)

]
.

The only difference that appears in Equations (10) and (11) relative to the case where no

probability weighting applies (i.e., δ+ = δ− = 1) is that the expected utility Et [v̄(Ri,t+1 −Ri,z)] is

replaced by Ut(Ri,t+1 − Ri,z), which contains the probability weighting functions w+ and w−. It

is therefore clear that while probability weighting obviously impacts the optimal portfolio strategy

θt, the complexity of the portfolio selection problem remains unchanged.

2.3 Equilibrium Analysis

In this section we briefly address asset pricing implications of narrow framing when ζ = 1 and

probability weighting applies. Our analysis is a straightforward extension of that presented by

Barberis and Huang (2009). The only reason why we decided to report it here, is that we will refer

to the equilibrium conditions below when we present the numerical examples in Section 4.

11



Suppose that a representative agent exists with preferences as described in Equations (1)–(8)

and µ has the functional form

(12) µ(x) = E
[
x1−γ]1/(1−γ)

with ρ = 1 − γ. We additionally assume that the reference returns for the narrowly framed asset

is the risk-free gross return Rf,t, i.e., Ri,z = Rf,t in Equation (4). Then the following holds:

Lemma 2.1.

β1/(1−γ)Rf,t Et

[(
Ct+1

Ct

)−γ]
Et

[(
Ct+1

Ct

)−γ
RW,t+1

]γ/(1−γ)
= 1

and for i = 2, . . . , n we have

Et

[(
Ct+1

Ct

)−γ
(Ri,t+1 −Rf,t)

]
Et

[(
Ct+1

Ct

)−γ] +b0 1{i>m}Rf,t

(
β

1− β

)1/(1−γ) (
1− αt
α

)−γ/(1−γ)
Ut(Ri,t+1−Ri,z) = 0.

where RW = Wt+1/(Wt − Ct) is the gross return of the total wealth portfolio.

Again, the only difference between the model without probability weighting and the model with

probability weighting is that Et [v̄(Ri,t+1 −Ri,z)] is replaced by Ut(Ri,t+1 − Ri,z). In other words,

since probability weighting impacts the value that investors attribute to framed stocks, it also

affects equilibrium prices.

3 Computational Aspects

As discussed in the previous section, when probability weighting is added to the narrow framing

model of Barberis and Huang (2009) it remains possible to separate the consumption and portfolio
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problems. This allows us to use their method to efficiently compute the investor’s optimal strat-

egy. Specifically, the computation begins with initial values for θt+1 and αt+1 and then applies a

function minimization algorithm to Equation (9) to solve for θt, and thus compute B∗t . Using these

values, we then obtain the consumption-to-wealth ratio αt. To compute the optimal consumption

and portfolio, simply repeat the above procedure updating the values of θt and αt each time, until

convergence. We have found that this procedure converges with high precision within a few minutes

on a computer using unoptimized code.

The addition of a convex-concave value function makes the computational problem significantly

more challenging as the investor’s consumption and portfolio decisions are no longer separable. As

such, we can no longer apply the above procedure. Instead, we use a significantly slower but much

more flexible simulation method which computes the optimal consumption and portfolio decisions

over time directly from the investor’s Bellman equation. Although this technique is conceptually

simple, performing the necessary computations in a manner that is sufficiently fast and accurate

requires careful engineering.

We now describe our computational approach to deal with a convex-concave value function.

Here we consider a general consumption-portfolio problem and we do not directly refer to the

model with framing presented in the previous section, given that our approach is very flexible

and can be applied to any model that satisfies minimal consistency requirements. We consider

an investor at time t who is in state St. Typically this state is just the investor’s wealth Wt at
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time t, but it can also include other state information about the investor or the market. During

period t the investor consumes Ct and invests the remaining wealth across some risky assets, the

proportions of which are specified by the vector θt. At the end of the period the investor is in state

St+1. This is a random variable due to the stochastic nature of the asset returns. The investor’s

optimal utility Vt, optimal consumption Ct and optimal portfolio θt are then given by the Bellman

equation which can be written,

Vt(St) = max
Ct,θt

H (Ct,Ut(Vt+1(St+1),Vt+1(Ct, θt, St))) = max
Ct,θt

J(Ct, θt,Ut(Vt+1(St+1),Vt+1(Ct, θt, St)), St)

where the function H defines how we combine the utility derived from the consumption in the

current time period t with the current value of optimal utility Vt+1(St+1) and of other sources of

utility Vt+1(Ct, θt, St) at time t + 1. For example, in the model with framing discussed in the pre-

vious section, Vt+1(Ct, θt, St) is the sum of gains and losses from framed assets. The function Ut

defines how the current value of next period’s utility is computed. In general, Ut is an expectation

operator. In the model with framing of the previous section, Ut sums up the certainty equiva-

lent at time t of Vt+1(St+1) and the CPT value of gains and losses Vt+1(Ct, θt, St) from framed

assets; see Equation (1). For convenience we define J(Ct, θt,Ut(Vt+1(St+1),Vt+1(Ct, θt, St)), St) to

be the function that is to be maximized in each step. In theory, if we know how to compute

Ut(Vt+1(St+1),Vt+1(Ct, θt, St)), and from this we can obtain the value of J , we can then determine

the optimal behavior and utility Vt of the investor by using a function maximization algorithm.

To do this in practice requires the following steps. Firstly, we must be able to estimate the value
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of Vt+1(St+1) for any given state St+1. If the Vt+1 is a fairly smooth functions over the state space,

which is typically the case, then we can estimate these values by using a function approximator

that fits a smooth surface over a finite set of values. Next, given a distribution for St+1, which

can depend on θt, Ct and other variables such as the assets’ drift rates and volatility, we can use

numerical integration to compute Ut(Vt+1(St+1),Vt+1(Ct, θt, St)). Indeed, as discussed above, Ut is

usually an expectation operator, or, as for CPT, can be written as a Lebesque integral. Finally,

using H to compute the value of J is straightforward.

In this way we can compute the optimal behavior of the investor at time t so long as we know

the optimal utility in a sufficiently dense set of points in state space at time t+ 1 for our function

approximations of Vt+1 to be accurate. Thus, if we start at the end of the investor’s life with some

default action, such as to consume the entire wealth, we can step by step compute the optimal

strategy for this investor backwards over time.

In the above algorithm the selection of states to sample, the estimations of Vt+1 based on a

surface fitted to these points, the maximization over Ct and θt, and the backwards recursion of

this process over time, are all essentially the same for every model, except perhaps for some model

specific parametrization. Thus we have created a general computation engine that performs the

above steps in a standardized way. To test some model, all the user has to do is provide the engine

with an appropriate function to compute J(Ct, θt,Ut(Vt+1(St+1),Vt+1(Ct, θt, St)). As the estimates

of Vt+1(St+1) is provided by the simulation engine, the computation of J is usually fairly straight-
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forward. Indeed, it often requires just a few lines of code to express the core equations of the model

being studied, perhaps using some mathematical libraries for the required probability distributions

and numerical integration to work out the expectations. Besides J , all the model needs to specify

is the size of the state space, the number of assets, and any constraints that we would like to place

on these, for example to limit short selling.

The main advantage of this approach is that it allows us to freely experiment with a wide range

of models: we can compute an optimal strategy for essentially any dynamically consistent model

which has a smooth utility function over some state space. Furthermore, the simulation reveals not

just a steady state solution, but the full dynamics of the investor’s optimal utility, consumption and

asset allocations over the investor’s life. The main disadvantage is clearly computational cost and

thus some effort has gone into ensuring that the required computations are performed as quickly

and accurately as possible. For the Merton model (Merton 1973) we can calculate an investor’s

optimal portfolio strategy over a 70 year period in a few minutes. For a complex model, such our

narrow framing model with probability weighting and a convex-concave value function, this com-

putation takes about an hour. To approximate investors with an unlimited lifetime we continue

the computation until convergence, which typically takes two or three hours for a complex model.

We have applied our simulation engine to solve the Merton model with up to three assets, the

Wachter model with mean reverting Sharpe ratio (Wachter 2002), and the model with framing

discussed in the previous section, without and with probability weighting and a piecewise-linear
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value function. For these models analytic solutions exist, so that we can easily verify the accuracy

of the solutions obtained. Under a range of parameter settings the simulator produced results that

were within a fraction of a percent of the analytic solutions.

4 Numerical Examples

4.1 Consumption and Portfolio Selection Problems

In this section we study the impact of probability weighting and a convex-concave value function

on a simple consumption-portfolio problem taken from Barberis and Huang (2009). This problem

consists of an investor who makes consumption and portfolio decisions on a yearly basis. The

investor has an unlimited lifespan and a temporal discount rate of β = 0.98. Each year the investor

allocates her post consumption wealth across three assets. The first asset is risk-free and has a net

return of 2%. The second and third assets are risky and their gross returns R2,t+1 and R3,t+1 are

given by

logRi,t+1 = gi + σi εi,t+1, i = 2, 3

where (
ε2,t
ε3,t

)
∼ N

((
0

0

)
,

(
1 ω

ω 1

))
, i.i.d. over time.

The investor’s wealth then evolves according to

Wt+1 = (Wt − Ct)((1− θ2,t − θ3,t)Rf + θ2,tR2,t+1 + θ3,tR3,t+1.

To simplify the problem, we fix θ2,t = 0.5, so that the investor just has to split the remaining

post-consumption wealth (1 − θ2,t) (Wt − Ct) between the risk-free asset and the third asset. The
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second asset might represent some non-financial asset, such as housing wealth or human capital,

while asset 3 might represent the domestic stock market. The third asset is the only asset that

is narrowly framed, i.e., the investor possesses preferences according to Equations (1)-(4), where

n = 3 and m = 2. We additionally assume that µ has the functional form given in Equation (12)

and ρ = 1− γ, where γ is the parameter of risk aversion. Moreover, the reference gross-return R3,z

used to specify Ut in Equation (1) is set equal to 1.02 and corresponds to the risk-free gross return.

Our discussion will focus on the proportion θ3/(1− θ2) of the remaining post-consumption wealth

that is allocated to the narrowly framed asset.

The parameters’ specification of our model is reported in Table 1. We deviate from the numerical

example reported by Barberis and Huang (2009) in two ways. Firstly, we simply set ω = 0, rather

than the value of 0.01. Although this does not significantly change the investor’s behavior, having

independent returns will make the computations easier when we will extend our numerical example

to also address the impact of narrow framing when assets’ returns display negative skewness. The

other change we make is to use higher volatility and drift rates based on annual returns for the S&P

500 index from January 1946 to January 2009: g1 = g2 = 6.15% and σ1 = σ2 = 15.49%. These

numbers are significantly higher than the values used by Barberis and Huang (2009): g1 = g2 = 4%

and σ1 = σ2 = 10%. Our calibrations imply a mean of 7.6% and a standard deviation of 17.0%

for the annual returns of the S&P 500 index. Note that from January 2008 to January 2009, the

S&P 500 index has lost 37.2% of its value. If we take out from our dataset this last observation,

we obtain the estimations g1 = g2 = 8.31% and σ1 = σ2 = 15.53%.
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[Table 1 about here.]

Our first results are reported in Figure 1 and in Table 2 (column 2) and refers to the case

where CPT is specified using a piecewise-linear value function (ζ = 1 in Equation (4)) and no

probability weighting (δ+ = δ− = 1 in Equations (7) and (8)). We compute how the remaining

post-consumption wealth (after that 50% has already been invested in asset 2) is allocated to the

third asset as a function of the parameter of risk aversion γ and the degree of narrow framing b0.

Here, and throughout our numerical exercises, we fix the parameter of loss aversion to be λ = 2.25,

as calibrated by Tversky and Kahneman (1992) from their experiments.

[Figure 1 about here.]

[Table 2 about here.]

With no narrow framing, that is, b0 = 0, we see that it is only with a risk aversion of 4 or

greater that the investor no longer allocates 100% of the remaining post-consumption wealth to

asset 3. Even with γ = 8.0 the investor still allocates slightly less than 55% of the remaining

post-consumption wealth to asset 3, while 50% of post-consumption wealth is already allocated to

the risky asset 2. It is well-known that investors with expected utility preferences invest a high

proportion of their wealth in risky assets, even if their degree of risk aversion is high, in contrast

to the empirical observation that individual investors only hold a small proportion of their wealth

in stocks (Mankiw and Zeldes 1991).

If the degree of narrow framing b0 is increased, we observe that the investor further increases

her holding of asset 3. This result is different from that reported by Barberis and Huang (2009).
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The difference can be easily explained. In our numerical exercise calibrated on historical returns,

the framed asset displays a Sharpe ratio of 0.329, while in Barberis and Huang (2009) it is lower at

0.248. Obviously, the characteristics of the framed assets, e.g., their Sharpe ratio, play an important

role in the way framing impacts the asset allocation. To get a deeper understanding of this, we

compute how the asset allocation to the framed asset changes when the Sharpe ratio is between

0.27 and 0.38. Figure 2 reports the allocation to the narrowly framed asset as a function of the

Sharpe ratio, with fixed risk aversion γ = 5 and three different values for the degree of narrow

framing. We see that up to a Sharpe ratio of 0.31 (slightly below our estimated value of 0.329), the

effect of narrow framing is to reduce the allocation to the framed asset (as reported by Barberis and

Huang (2009)), while the opposite holds when the Sharpe ratio is higher than 0.31. In this case,

the framed asset is attractive for the investor who increases her holding as the degree of framing

increases. It follows that framing does not explain why investors only hold a small proportion of

stocks when the Sharpe ratio is high. Note that the crossing point in Figure 2 corresponds to the

point where the framed asset has zero CPT value. When the CPT value of the framed asset is zero,

i.e., Ut = 0 in Equation (1), then obviously framing does not have any impact on the investor’s

asset allocation.

[Figure 2 about here.]

We now add probability weighting into the specification of CPT. The parameters of the proba-

bility weighting functions given in Equation (7) and (8) are δ+ = 0.61 and δ− = 0.69, respectively,

as calibrated by Tversky and Kahneman (1992) from their experiments. The allocation to the
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narrowly framed risky asset for the case with a piecewise-linear value function and probability

weighting is reported in Figure 3 and Table 2 (column 3).

[Figure 3 about here.]

Obviously, with no narrow framing (b0 = 0) the results are identical to the case without proba-

bility weighting, as probability weighting only enters into the valuation of narrowly framed assets.

However, as the investor narrowly frames the third asset, she now reduces her allocation to that

asset. We point out that even with probability weighting the effect of framing is weak, and even in

this case we still expect that for a high enough Sharpe ratio investors with probability weighting

will increase their allocation to the framed asset as the degree of narrow framing increases. Indeed,

it is well-know that CPT investors with no short-sale constraints engage in a infinite leverage of

the market portfolio when the Sharpe ratio is high enough and the distribution of returns presents

positive skewness (see De Giorgi, Hens, and Levy 2003), as it is the case with a log-normal dis-

tributions. To see how the Sharpe ratio impacts the effect of narrow framing when probability

weighting is added to the model, Figure 4 reports the allocation to the framed asset as a function

of the Sharpe ratio, with a fixed parameter of risk aversion γ = 5 and three different values for

the degree of narrow framing. We see that narrow framing reduces the allocation to the framed

asset as the Sharpe ratio is smaller than 0.35 (slightly above our estimated Sharpe ratio), while

the opposite occurs when the Sharpe ratio is above 0.35. This number is slightly higher than that

found in the case of no probability weighting.

[Figure 4 about here.]
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The assumption of a log-normal distribution implies that returns display positive skewness: it

is 0.47 in our numerical example. In the presence of probability weighting, negative skewness is

expected to have an impact on framing, so a model that excludes negative skewness a priori is

not well-suited for our analysis. Indeed, probability weighting describes people’s preferences with

respect to payoffs that occur with a small probability, i.e., the observation that decision makers

dislike extreme losses and like high gains. Together with loss aversion, probability weighting implies

that investors dislike payoffs which do not offer a high upside potential relative to the downside

risk. In the context of assets’ returns, this means that CPT investors like positive skewness and

dislike negative skewness (see Barberis and Huang 2008b). Finally, it is well-known that negative

skewness is a characteristic of the distribution of stocks’ returns in many financial markets, so

allowing for negative skewness in the return’s distribution of asset 3 seems important.4

We thus extend our analysis by considering the case where asset returns’ follows a skew-normal

distribution. We opt for the skew-normal distribution for the following reasons: a) is very flexible

and can account for positive and negative skewness, (b) can be easily estimated, (c) the normal

distribution is a special case of it. The density function of the skew-normal distribution with mean

µ, standard deviation σ and skewness ν is given by

2

κ2

φ

(
x− κ3

κ2

)
Φ

(
κ1

(
x− κ3

κ2

))

where φ is the standard normal probability density function, Φ is the standard normal probability

4There is a growing empirical evidence showing that investors ask a premium for systematic skewness; see Harvey
and Siddique (2000) and the references therein.
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cumulative function, and

(13) κ1 =
κ√

1− κ2
, κ2 =

√
σ2

1− 2κ2

π

, and κ3 = µ− κκ2

√
2

π
,

are the shape, scale and location parameters, respectively. The parameter

κ =
sign(ν)

√
π
2
|ν| 13√

|ν| 23 +
(

4−π
2

) 2
3

,

which only depends on skewness ν, is zero when ν = 0. In this case, the skew-normal distribution

corresponds to the normal distribution with mean µ and standard deviation σ.

We calibrate the skew-normal distribution on yearly returns of the S&P 500 index from January

1946 to January 2009. The calibrated parameters are reported in Table 1. These imply a mean

return of 7.6%, volatility of 15.8% and a skewness of −0.339. We see that allowing for negative

skewness, the volatility decreases from 17% to 15.8%, while the mean remains almost unchanged.

In this way, the Sharpe ratio increases from 0.329 to 0.354 and it is not clear whether investors will

perceive the framed asset as being less or more attractive than in the case of log-normal returns.

We will come back to this point below. Figure 5 reports the calibrated density functions under

the skew-normal distribution assumption as well as under the log-normal distribution assumption

considered above. We see that the skew-normal distribution attaches higher probability to extreme

negative returns.

[Figure 5 about here.]
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We then replace the log-normal distribution for returns R2,t+1 and R3,t+1 with the skew-normal

distribution, i.e.,

Ri,t+1 − 1 ∼ SN(κ1, κ2, κ3), for i = 2, 3

while we keep the correlation between returns equal to zero. Unlike the log-normal distribution,

the lower tail of the skew-normal does not terminate at the origin. This means that there is a

strictly non-zero probability for risky assets having more than 100% negative return, which can can

excluded. Fortunately, under our fitted skew-normal distribution the estimated probability of the

risky assets losing more than 75% in value in any given year is almost zero. Thus we simply clip

the lower tail of the returns distribution at −80%.

For our first test of skew-normal returns we consider again the narrow framing model with

piecewise-linear value function and no probability weighting. The results for this case are reported

in Figure 6 and in Table 2 (column 4). Similarly to the case with log-normal returns, we see that

the allocation to the framed asset increases as the degree of narrow framing increases. The effect is

now weaker than in the case of log-normal returns, because the investor is loss averse and dislikes

negative skewness. However, with no probability weighting, it seems that the Sharpe ratio is the

main driver of her preference for the framed asset.

[Figure 6 about here.]

Next we consider the behavior of the probability weighting investor with skew-normal returns.

These results appear in Figure 7 and Table 2 (column 5). As expected, the probability weighting
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investor is far more sensitive to the negative skewness of the returns. While the Sharpe is higher,

negative skewness causes the the investor with probability weighting to behave in the same way as

we discussed above for the case with log-normal returns. However, in this case very little narrow

framing is required before the investor decides to completely move out of holding the third asset.

Since high Sharpe ratio and negative skewness are typical characteristics of stock index returns, we

conclude that in the model with framing probability weighting is crucial in order to explain why

investors only hold a small proportion of their wealth in stocks.

[Figure 7 about here.]

In all our numerical exercises presented above we assume that the value function v̄ given in

Equation (6) is piecewise-linear, i.e., ζ = 1. As we discussed in Section 2, this assumption is very

convenient, since consumption and portfolio decisions can be separated and the model is analyt-

ically tractable. However, CPT preferences are characterized by a convex-concave value function

v̄, where ζ is usually taken equal to 0.88, as calibrated by Tversky and Kahneman (1992) from

their experiments. With a convex-concave value function, consumption and portfolio decisions are

not separable anymore, but we can solve them numerically using the approach discussed in Sec-

tion 3. Figure 8 and Table 2 (column 6) report the results when we additionally assume probability

weighting and skew-normal distributed returns, as defined above. With a convex-concave value

function, we also have to specify the initial wealth, since the allocation now depends on it. We

take W0 = $100, 000. We see that a convex-concave value function slightly reduces the effect of

narrow framing. This does not come as a surprise, given that a convex value function on losses
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(additionally to probability weighting) implies a risk-seeking attitude on losses with moderate to

high probability. However, investors’ attitude on extreme losses is mainly determined by the prob-

ability weighting function and in the presence of negative skewness, investors with convex-concave

value function behave in a similar manner as investors with a piecewise-linear value function.

[Figure 8 about here.]

As we discuss in Section 2, a convex-concave value function in the specification of CPT pref-

erences on framed assets, introduces an interesting wealth effect. As wealth increases, a higher

degree of narrow framing is needed in order that framing impacts investors’ decisions. In our nu-

merical example above, we have W0 = $100, 000. An investor with initial wealth W0 = $1, 000, 000

would behave as the investor of our numerical example when her degree of narrow framing were

101−0.88 = 1.32 times higher. If we combine this effect with the results above about the impact of

narrow framing, we see that in the model with probability weighting and a convex-concave value

function, wealthy investors allocate more to framed assets than investors with low wealth level do.

As an example, the investor with initial wealth $1, 000, 000, if she displays risk aversion γ = 5

and degree of narrow framing b0 = 0.1, she would invest 51.6% is the remaining post-consumption

wealth to the narrowly framed asset, while an investor with initial wealth $100, 000 with same

parameters, would invest 35.6% of remaining post-consumption wealth to the framed asset. If we

take the framed asset in our numerical example to be the stock market, this implies that wealthy

investors will have a higher participation in stock markets. This is consistent with the observation

reported by Hong, Kubik, and Stein (2004) that stock market participation grows very quickly as
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a function of wealth.

4.2 Equilibrium Analysis

We now address asset pricing implications of narrow framing with probability weighting. We

consider the numerical example of the previous subsection, where investors narrowly frame asset

3, while asset 2 can be seen as a non-financial asset. We assume a representative investor with

preferences according to Equations (1)-(4), where n = 3 and m = 2. Additionally, µ has the

functional form given in Equation (12) and ρ = 1 − γ, where γ is the parameter of risk aversion.

Moreover, the reference gross-return R3,z used to specify Ut in Equation (1) is set equal to the

risk-free gross return Rf,t.

We also impose the following conditions, taken from Barberis and Huang (2009): (i) the risk-free

rate is constant, Rf,t = Rf for all t; (ii) consumption growth Ct+1/Ct is log-normal with parameters

gC and σC , i.e.,

log
Ct+1

Ct
= gC + σC εC,t+1

where εC,t ∼ N(0, 1); (iii) the consumption-to-wealth ratio αt = Ct/Wt = α is constant over time,

(iv) the fraction of post-consumption wealth θ3,t = θ3 invested in stock 3 is also constant over time.

Under these conditions, we can easily solve the characterization of equilibrium prices reported in

Lemma 2.1.

As in our discussion above, also for the equilibrium analysis we consider two cases. The first
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case is similar to the one studied by Barberis and Huang (2009) and assumes that the framed asset

3 possesses log-normally distributed returns, i.e.,

logR3,t+1 = g3 + σ3 ε2,t+1

and the correlation with consumption growth is ρ, i.e.,

corr

(
log

Ct+1

Ct
, logR3,t+1

)
= ρ.

The parameter specification for this case is reported in Table 3.

[Table 3 about here.]

For the case with log-normally distributed returns, the equilibrium risk-free rate Rf and the equity

premium E [R3,t] − Rf are reported in Table 4. The first two panels and three columns simply

replicate Table 4 in Barberis and Huang (2009). First, we see that under all specifications of the

investor’s preferences (with and without probability weighing and all choices of the parameters

of risk aversion and loss aversion) the equilibrium risk-free rate decreases and the equity premium

increases when the degree of framing is increased. Second, we observe that when adding probability

weighing to the specification of CPT, the equilibrium risk-free rate slightly increases (up to 0.13%)

and the equity premium slightly decreases (up to 0.3%) when loss aversion is 2 or 2.25. In contrast,

when loss aversion is 3, the equilibrium risk-free rate is significantly smaller (up to 0.55% less) and

the equity premium significantly higher (up to 1.2% more) when probability weighting is added to

the specification of CPT. These findings are intuitive: when loss aversion is 3, the investor with

probability weighting is more sensitive to the tail of the distribution than the investor without
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probability weighting. Consequently, even if returns are positively skewed, when loss aversion and

the degree of narrow framing are high, the investor with probability weighting ask a higher equity

premium to hold the risky asset. In contrast, when loss aversion is 2 or 2.25 the investor with

probability weighting likes positive skewness more than the investor without probability weighting

and is willing to hold the risky asset at a lower premium (see Barberis and Huang 2008b). Note

that skewness is 0.61 in the numerical example of this subsection, i.e., much higher than the 0.47

we had in the numerical example of previous subsection. Therefore, the results of this subsection

do not contradict the results of the previous subsection, where a loss aversion of 2.25 was enough

to observe the investor with probability weighting moving out from the framed stock.

[Table 4 about here.]

The second case we consider is when the framed asset 3 possesses skew-normally distributed

returns with mean µ3, standard deviation σ3 and skewness ν3 < 0, i.e.,

R3,t+1 ∼ SN(κ1, κ2, κ3)

where κ1, κ2 and κ3 depend on µ3, σ3 and ν3 as reported in Equation (13). We also assume that

R3,t+1 is independent from the consumption growth. The assumption about independence between

the returns of the framed asset and consumption growth in mainly for analytical convenience,

but does not qualitatively impact the results. Table 5 reports the parameter specification for the

skew-normal case.

[Table 5 about here.]
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The equilibrium risk-free rate Rf and the equity premium E [R3,t+1] − Rf for the case of skew-

normal returns are reported in Table 6. Again, we see that under all specifications of investor’s

preferences, when the degree of framing is increased, the equilibrium risk-free rate decreases and

the equity premium increases. However, with skew-normal returns and negative skewness for the

framed asset, the effect is much stronger when probability weighting is added to the specification of

CPT. This result is now clear. The investor with probability weighting dislikes negative skewness

much more than the investor without probability weighting and thus asks for a higher premium

in order to hold the framed asset. The difference between the equity premium when probability

weighting is present and when it is not is huge and ranges from 0.5% (low degree of framing, loss

aversion of 2) to more than 3.5% (high degree of framing and loss aversion of 3). If the degree of

framing and loss aversion are high, addition of probability weighting can double the equity premium

for the framed asset.

[Table 6 about here.]

5 Conclusion

In this paper we extended the model with framing suggested by Barberis and Huang (2009) to also

include probability weighting and a convex-concave value function in the specification of cumula-

tive prospect theory preferences on narrowly framed assets. We showed that adding probability

weighting does not increase the complexity of the model and analytical tractability is preserved.

In contrast, with a convex-concave value function, we lose the homogeneity property of the model

and we thus have to rely on simulations.
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We showed that in the model with framing, probability weighting is needed in order to observe

investors moving out from framed assets, when these display high Sharpe ratios and negative

skewness. This is the typical case of stock index returns in many markets, so probability weighting

seems to be crucial to explain the stock market participation puzzle. We also showed that a convex-

concave value function generates important wealth effects, i.e., narrow framing has a small effect

on the portfolio decision of wealthy investors, while the opposite holds when investors possess a

low level of wealth. This is consistent with empirical observations of stock market participation.

We also studied asset pricing implications of narrow framing with probability weighting. When

skewness is positive and loss aversion is not too high, probability weighting slightly reduces the eq-

uity premium of the framed asset. Investors with probability weighting like positive skewness more

than investors without probability weighting as long as loss aversion is not too high. Consequently,

when skewness is positive and loss aversion is not too high, they are willing to hold framed assets at

a lower premium compared to investors without probability weighting. In contrast, as the framed

asset displays negative skewness or loss aversion is high, the investor with probability weighting

demands a much higher equity premium compared to the investor without probability weighting.
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β 0.98

λ 2.25

Rf 1.02

g1, g2 6.15%

σ1, σ2 15.49%

ω 0

κ1 -1.6175

κ2 0.2150

κ3 0.2219

Table 1: Parameters for the model with narrow framing, and the assets’ returns distributions.
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Log-normal Skew-normal
b0 PL+NoPW PL+PW PL+NoPW PL+PW CC+PW

γ = 2
0.000 100.0 100.0 100.0 100.0 100.0
0.025 100.0 100.0 100.0 100.0 100.0
0.050 100.0 100.0 100.0 100.0 100.0
0.075 100.0 100.0 100.0 100.0 100.0
0.100 100.0 100.0 100.0 0.0 100.0
0.125 100.0 100.0 100.0 0.0 100.0
0.150 100.0 100.0 100.0 0.0 100.0
0.175 100.0 100.0 100.0 0.0 100.0
0.200 100.0 100.0 100.0 0.0 86.2
γ = 5
0.000 88.5 88.5 83.6 83.6 83.2
0.025 93.5 84.7 87.8 52.3 74.6
0.050 98.1 80.7 91.7 7.6 64.2
0.075 100.0 76.6 95.3 0.0 51.6
0.100 100.0 72.2 98.7 0.0 35.6
0.125 100.0 67.6 100.0 0.0 0.0
0.150 100.0 62.7 100.0 0.0 0.0
0.175 100.0 57.7 100.0 0.0 0.0
0.200 100.0 52.4 100.0 0.0 0.0
γ = 8
0.000 54.2 54.2 51.3 51.3 51.0
0.025 58.8 50.8 55.5 17.9 41.4
0.050 63.0 47.1 59.2 0.0 28.2
0.075 66.9 43.2 62.5 0.0 9.4
0.100 70.6 39.0 65.5 0.0 0.0
0.125 74.0 34.7 68.3 0.0 0.0
0.150 77.2 30.2 70.8 0.0 0.0
0.175 80.2 25.6 73.1 0.0 0.0
0.200 83.1 20.9 75.3 0.0 0.0

Table 2: The table displays the percentage θ3/(1 − θ2) of remaining post-consumption wealth
allocated to the narrowly framed asset 3, as a function of the degree of narrow framing b0 for
different values of risk aversion γ: γ = 2 (top-panel), γ = 5 (middle panel) and γ = 8 (bottom
panel). We assume two different distributional assumptions for the returns of the risky assets:
log-normal (columns 2 and 3) and skew-normal (columns 4, 5 and 6); three different specifications
of the CPT value function: piecewise-linear v̄ and no probability weighting (PL+NoPW, columns
2 and 4), piecewise-linear v̄ and probability weighting (PL+PW, columns 3 and 5), convex-concave
v̄ and probability weighting (CC+PW, column 6).
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gC 1.84%

σC 3.79%

ρ 0.1

σ3 20%

Table 3: Parameter specification for the equilibrium analysis under the assumption that the framed
asset possesses log-normally distributed returns: gC and σC are mean and standard deviation,
respectively, for the log consumption growth, ρ is the correlation between log-consumption growth
and log-returns of asset 3, and σ3 is the standard deviation of asset 3’s log-returns.

36



PL+NoPW PL+PW
b0 Rf − 1 EP Rf − 1 EP

γ = 1.5, λ = 2
0.000 4.73 0.12 4.73 0.12
0.010 4.15 1.39 4.23 1.23
0.020 3.70 2.41 3.81 2.15
0.030 3.36 3.15 3.50 2.85
0.040 3.13 3.66 3.26 3.36

γ = 1.5, λ = 3
0.000 4.73 0.12 4.73 0.12
0.005 4.09 1.54 4.05 1.62
0.010 3.43 2.99 3.29 3.31
0.015 2.82 4.35 2.48 5.10
0.020 2.32 5.45 1.77 6.65

γ = 2, λ = 2.25
0.000 5.56 0.16 5.56 0.16
0.005 5.12 0.89 5.15 0.85
0.010 4.70 1.60 4.74 1.52
0.015 4.30 2.26 4.35 2.17
0.020 3.94 2.86 3.99 2.78
0.025 3.62 3.38 3.65 3.33
0.030 3.35 3.83 3.36 3.81

γ = 4, λ = 2.25
0.000 8.58 0.33 8.58 0.33
0.005 7.96 0.84 8.00 0.81
0.010 7.35 1.35 7.42 1.29
0.015 6.74 1.85 6.84 1.77
0.020 6.15 2.34 6.25 2.25
0.025 5.57 2.81 5.67 2.73
0.030 5.01 3.27 5.09 3.20

Table 4: The table shows equilibrium risk-free rate Rf,−1 and equity premium (EP) E [R3,t+1]−Rf

for the framed asset, as function of risk aversion γ, loss aversion λ and degree of narrow framing b0.
CPT is specified using a piecewise-linear value function (ζ = 1 in Equation (4)) without probability
weighting (columns 2 and 3) and with probability weighting (columns 4,5). Asset 3 possesses log-
normally distributed returns with standard deviation σ2 = 0.3, and correlation ρ = 0.1 with log
consumption growth.
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gC 1.84%

σC 3.79%

σ3 15.8%

ν3 -0.339

Table 5: Parameter specification for the equilibrium analysis under the assumption that the framed
asset possesses skew-normally distributed returns: gC and σC are mean and standard deviation,
respectively, for the log consumption growth, σ3 and ν3 are standard deviation and skewness,
respectively, of asset 3’s returns.
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PL+NoPW PL+PW
b0 Rf − 1 EP Rf − 1 EP

γ = 1.5, λ = 2
0.000 4.73 0.00 4.73 0.00
0.010 4.30 0.94 4.08 1.44
0.020 3.98 1.66 3.50 2.71
0.030 3.74 2.18 3.06 3.71
0.040 3.57 2.56 2.73 4.42

γ = 1.5, λ = 3
0.000 4.73 0.00 4.73 0.00
0.005 4.26 1.03 4.04 1.53
0.010 3.83 1.99 3.25 3.27
0.015 3.45 2.83 2.39 5.18
0.020 3.14 3.52 1.62 6.88

γ = 2, λ = 2.25
0.000 5.56 0.00 5.56 0.00
0.005 5.23 0.55 5.08 0.79
0.010 4.93 1.05 4.60 1.61
0.015 4.66 1.50 4.10 2.42
0.020 4.42 1.91 3.62 3.22
0.025 4.20 2.26 3.16 3.98
0.030 4.02 2.56 2.75 4.65
0.035 3.87 2.82 2.41 5.21

γ = 4, λ = 2.25
0.000 8.58 0.00 8.58 0.00
0.005 8.12 0.38 7.91 0.55
0.010 7.67 0.75 7.22 1.13
0.015 7.25 1.10 6.49 1.73
0.020 6.85 1.43 5.70 2.38
0.025 6.47 1.74 4.81 3.10
0.030 6.12 2.03 3.72 3.98
0.035 5.80 2.30 2.17 5.29

Table 6: The table shows equilibrium risk-free rate Rf,−1 and equity premium (EP) E [R3,t+1]−Rf

for the framed asset, as function of risk aversion γ, loss aversion λ and degree of narrow framing b0.
CPT is specified using a piecewise-linear value function (ζ = 1 in Equation (4)) without probability
weighting (columns 2 and 3) and with probability weighting (columns 4,5). Asset 3 possesses skew-
normally distributed returns with standard deviation σ2 = 15.8%, skewness ν = −0.339, and
correlation 0 with log consumption growth.
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Figure 1: The figure shows the percentage θ3/(1 − θ2) of remaining post-consumption wealth
allocated to the narrowly framed asset 3, as a function of risk aversion γ and of the degree of
narrow framing b0. CPT is specified using a piecewise-linear value function (ζ = 1 in Equation (4))
and no probability weighting, i.e., δ+ = δ− = 1 in Equations (7) and (8), respectively. Assets’
returns are assumed to be independent and identically distributed, with log-normal distribution
with mean 7.6% and standard deviation 15.8%.
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Figure 2: The figure shows the percentage θ3/(1 − θ2) of remaining post-consumption wealth
allocated to the narrowly framed asset 3, as a function of the Sharpe ratio for γ = 5 and several
degrees of narrow framing b0. CPT is specified using a piecewise-linear value function (ζ = 1 in
Equation (4)) and no probability weighting functions (δ+ = 1 and δ− = 1 in Equations (7) and
(8)), respectively. Assets’ returns are assumed to be independent and identically distributed, with
a log-normal distribution.

41



Figure 3: The figure shows the percentage θ3/(1 − θ2) of remaining post-consumption wealth
allocated to the narrowly framed asset 3, as a function of risk aversion γ and of the degree of
narrow framing b0. CPT is specified using a piecewise-linear value function (ζ = 1 in Equation (4))
and probability weighting functions with parameters δ+ = 0.61 and δ− = 0.69 in Equations (7) and
(8), respectively. Assets’ returns are assumed to be independent and identically distributed, with
a log-normal distribution with mean 7.6% and standard deviation 17.0%.
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Figure 4: The figure shows the percentage θ3/(1 − θ2) of remaining post-consumption wealth
allocated to the narrowly framed asset 3, as a function of the Sharpe ratio for γ = 5 and several
degrees of narrow framing b0. CPT is specified using a piecewise-linear value function (ζ = 1 in
Equation (4)) and no probability weighting functions (δ+ = 1 and δ− = 1 in Equations (7) and
(8)), respectively. Assets’ returns are assumed to be independent and identically distributed, with
a log-normal distribution.
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Figure 5: Calibrated probability density functions on historical yearly returns of S&P500 index from
January 1946 to January 2009. The full line is the calibrated skew-normal distribution with mean
7.6%, standard deviation 15.8% and skewness -0.339. The dashed line is the calibrated log-normal
distribution with mean 7.6% and standard deviation 17.0%.
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Figure 6: The figure shows the percentage θ3/(1 − θ2) of remaining post-consumption wealth
allocated to the narrowly framed asset 3, as a function of risk aversion γ and of the degree of narrow
framing b0. CPT is specified using a piecewise-linear value function (ζ = 1 in Equation (4)) and
no probability weighting functions, i.e., δ+ = δ− = 1 in Equations (7) and (8), respectively. Assets’
returns are assumed to be independent and identically distributed, with skew-normal distribution
with mean 7.6%, standard deviation 15.8%, and skew -0.339.
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Figure 7: The figure shows the percentage θ3/(1 − θ2) of remaining post-consumption wealth
allocated to the narrowly framed asset 3, as a function of risk aversion γ and of the degree of
narrow framing b0. CPT is specified using a piecewise-linear value function (ζ = 1 in Equation (4))
and probability weighting functions with parameters δ+ = 0.61 and δ− = 0.69 in Equations (7) and
(8), respectively. Assets’ returns are assumed to be independent and identically distributed, with
skew-normal distribution with mean 7.6%, standard deviation 15.8%, and skew -0.339.
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Figure 8: The figure shows the percentage θ3/(1 − θ2) of remaining post-consumption wealth
allocated to the narrowly framed asset 3, as a function of risk aversion γ and of the degree of narrow
framing b0. CPT is specified using a convex-concave value function with parameter ζ = 0.88 in
Equation (4), and probability weighting functions with parameters δ+ = 0.61 and δ− = 0.69 in
Equations (7) and (8), respectively. Initial wealth is W0 = $100, 000. Assets’ returns are assumed
to be independent and identically distributed, with skew-normal distribution with mean 7.6%,
standard deviation 15.8%, and skew -0.339.
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