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Abstract

Mortgages characterized by negative or low early amortization schedules amplify the
macroeconomic effects of a housing risk shock. We analyze the role of mortgage amorti-
zation in a two-sector DSGE model with housing risk and endogenous default. Mortgage
loan contracts extend to two periods and have adjustable rates. The fraction of principal
to be repaid in the first period can vary. As the fraction of principal to be paid in the first
period falls, steady-state mortgages and leverage increase and the impact of a housing risk
shock on consumption and output is amplified. Borrowers prefer negative amortization.
If free to choose the amortization schedule, borrowers would repay most of the principal
in the last period of the contract. Low early repayments of principal allow borrowers to
hold on to their housing stock and postpone default to the second period having incurred

small sunk costs.
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Figure 1: Nonstandard Mortgages
1 Introduction

The recent financial crisis and the ensuing Great Recession have their roots in the bursting
of the housing bubble in the United States. Academic and policy discussions have pointed to
a number of likely contributions to the housing bubble, among which changes in methods of
housing finance. Bernanke (2010) points specifically to several changes in the mortgage market.
First, a significant increase in the percentage of new mortgage applications for Adjustable-
Rate Mortgage (ARM) products. Second, the appearance of exotic mortgage products such as
interest-only ARMs, 40-year amortization ARMs, negative amortization ARMs, and pay-option
ARMs. These nonstandard mortgage products share a feature: the reduction in the initial
monthly payments relative to conventional Fixed-Rate Mortgage (FRM) contracts. Bernanke
(2010) shows that initial monthly payments could be as low as 14% of a comparable fixed-rate
mortgage payment for a negative amortization ARM and even lower for a pay-option ARM.
The percentage of ARMs originated with various exotic features and extended to non-prime
borrowers increased rapidly from 2002 to 2006. Figure 1 shows the percentage of exotic mortgage
products (including interest-only ARMs, pay-option ARMs and 40-year balloon mortgages) as
a percentage of total originations from 2004Q4 to 2010Q4. The incidence of nonstandard



mortgages among total originations tripled in just nine quarters, going from 12.5% in 2004Q4
to 35.3% in 2007Q1. Originations increased sharply over the period 2000 to 2006. Outstanding
home mortgage liabilities of households and nonprofit organizations increased by 3.9 trillion
USDs over that period, going from 46% to 73% of GDP. Using micro-level data Miam and
Sufi (2009) document that subprime areas experienced rapid growth in mortgage credit from
2002 to 2005 despite a decline in relative or even absolute income growth. At the same time,
the expansion in mortgage credit to subprime areas is closely correlated with the increase in
securitization of subprime mortgages. Overall these findings suggest that, by allowing low
initial monthly payments, nonstandard mortgage contracts expanded the supply of mortgages
and possibly played an important role in the building of the housing bubble.

There is also evidence that nontraditional mortgage contracts were at the heart of the mort-
gage default crisis. Figure 2 reports seriously delinquent mortgages, which are mortgages more
than 90 days past due or in foreclosure, over the period 1998Q1 to 2011Q2. Several mortgage
categories are reported: subprime ARM and FRM loans; prime ARM and FRM loans; and all
loans.! For each category, delinquent mortgages are reported as percentage of loans in the cate-
gory. First, the default rate on all loans increased from 2% to 10% during the mortgage default
crisis. Second, the rate of default of ARM loans started rising a full year earlier and it increased
twice as much as that of FRM loans, both for subprime and prime loans. Delinquency rates for
subprime ARM loans increased ninefold between 2005Q4 and 2009Q4 while delinquency rates
for subprime FRM loans increased fourfold over the same time period. As for prime loans,
delinquency rates for ARM loans increased 23 times over the period 2005Q4 and 2009Q4 while
those for FRM loans increased fourfold over the same period. Third, the default rate of prime
and subprime loans were substantially different even before the mortgage default crisis started.
The delinquency rate for prime loans was well below 1% before 2007 while the delinquency
rate for subprime loans was around 5.5%. The evidence suggests that ARMs contributed more
heavily to the mortgage default crisis than FRMs. Since nonstandard mortgage contracts as

defined above? are ARM contracts and since these contracts became widely used before the

LAll loans include prime ARM and FRM loans, subprime ARM and FRM loans, FHA (Federal Housing
Administration) and VA (Veteran Administration) loans.

2With the possible exception of 40-years balloon mortgages, which are short-term (3 or 5 years) fixed-rate
loans with fixed monthly payments based upon a 40-year fully amortizing schedule and a lump-sum payment
at the end of its term.
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Figure 2: Seriously Delinquent Mortgages

mortgage default crisis, we interpret this evidence as suggesting that exotic mortgages played
a key role in the onset of the mortgage default crisis.

If nontraditional mortgage contracts are a likely key explanation of the housing bubble, they
may have also exacerbated the ensuing mortgage default crisis and deepened the subsequent
recession. As house prices fell, the holders of exotic mortgages who had made low initial
payments had all the incentives to walk away from their loans. The goal of our paper is
to analyze how mortgage amortization affects the incentive to default and whether low early
amortization amplifies the macroeconomic effects of a default crisis. To address these issues we
consider ARMs and focus on the amortization schedule. In our model loan contracts extend to
two periods and they specify the fraction of principal that must be repaid in the first period
of the contract. By varying this fraction from zero to one we encompass a continuum of
amortization schedules. When the fraction of principal to be repaid in the first period is close

to one, we have high early amortization schedules. As the fraction of principal to be repaid in



the first period falls to zero, we have low early or even negative amortization schedules — the
latter occurring when the first-period payment does not even cover interest costs on the entire
mortgage.

We build a two-sector DSGE model with housing. There are two households that differ in
terms of their discount factor. Savers have a higher discount factor and lend to Borrowers, who
have a lower discount factor. Household preferences are defined over non-durable consumption,
housing services and hours worked. Borrowers pledge their homes as collateral for mortgages.
We assume that loan contracts are nonrecourse in our model, as it is the case in a number of U.S.
states. This means that lender’s recovery in case of default is strictly limited to the collateral.
Every period Borrowers experience an idiosyncratic housing shock that is private information.
Borrowers that experience low realizations of the idiosyncratic shock default on their debts;
non-defaulting Borrowers pay an adjustable rate on their mortgages. Savers pay a monitoring
cost and seize the houses of defaulting Borrowers. The spread between the adjustable mortgage
rate and the rate on risk-free loans is the external finance premium paid by Borrowers.

The first part of our analysis takes the amortization schedule as given. As the fraction of
principal to be repaid in the first period falls, mortgages and leverage increase. Intuitively,
early repayments act as sunk costs. Low early repayments effectively induce Borrowers not to
default in the first period, take advantage of the housing stock for an additional period, and
then default in the second period incurring low sunk costs. Borrowers have an incentive to
become more leveraged and increase their housing stock. This strategic incentive to postpone
default reduces but does not eliminate default in the first period of the contract and raises
sharply default in the second period of the contract. The overall effect is a sizeable increase of
the average default rate for low early amortization mortgages. Intuitively, it is more appealing
to default before a large repayment toward the end of the contract rather than before a small
one.

To analyze the effects of the mortgage default crisis, we assume that housing risk is time-
variant and analyze the dynamic response to a housing risk shock, namely an unanticipated
temporary increase in the standard deviation of the idiosyncratic housing risk. This risk shock
aims to capture (in an admittedly stylized manner) the increased credit risk caused by the
growth of subprime mortgage lending. The subprime share of total outstanding mortgages

increased from 2% in the first quarter of 2000 to 14% in the last quarter of 2006; this growth



should then be compounded with the growth in mortgage lending discussed earlier. Mortgage
default data from 1995 to 2011 suggests that subprime mortgage loans are six times more likely
to be defaulted on than prime mortgage loans; the equivalent figure for the period 1995 to 2006
is ten.

A housing risk shock raises default rates, external finance premia and generates a credit
crunch. Borrowers experience a significant worsening of their financial situation, which forces
them to de-leverage and cut both non-durable consumption and housing investment. Low early
or even negative amortization intensifies the negative effects a housing risk shock on aggregate
consumption and output. This amplification mechanism is driven by the strategic incentive to
postpone default, which generates steady-state and dynamic effects. Low early repayments come
hand in hand with higher steady-state leverage ratios and housing demand. When Borrowers
need to de-leverage, they cut consumption and housing investment more aggressively, thereby
depressing aggregate demand more. Since Borrowers postpone default, housing demand takes
longer to rebound. The average default rate is highest with low early amortization. Larger
housing demand reductions generate steeper declines in house prices, which give way to a
second-round of dynamic effects, as lower house prices bring more Borrowers into default.

The second part of our paper analyzes the case where Borrowers choose the amortization
schedule, namely the fraction of principal to be repaid in the first period. In our framework
impatient agents are borrowing constrained so they have well-defined preferences over the re-
payment schedule. If free to choose, Borrowers would repay 99% of the principal in the last
period of the contract. In our model this corresponds to a negative amortization schedule.
Borrowers prefer to postpone the bulk of principal repayment to the end of the contract so
as to retain the possibility of defaulting having already made small repayments and therefore

incurring small sunk costs.

2 Related Literature

A growing literature embeds durable goods in an otherwise standard New Keynesian model.
Barsky, House and Kimball (2007) show that price stickiness of durable goods plays a key
role in the transmission mechanism of monetary policy. More precisely, if prices of durable

goods are sticky, the model behaves as if most prices are sticky. On the other hand, if prices of



durable goods are flexible, the model behaves as if most prices are flexible. When durable prices
are flexible, the durable goods sector contracts in response to a monetary expansion, thereby
offsetting the expansion in the non-durable goods sector and leaving GDP unchanged. Hence,
their model predicts negative sectoral co-movement following a monetary policy shock. Erceg
and Levin (2006) use VAR evidence to document positive sectoral co-movement as well as higher
sensitivity of the durable good sector (relative to the non-durable one) to the nominal interest
rate in response to a monetary shock. To match this evidence with the model impulse responses,
Erceg and Levin (2006) assume wage stickiness and the same degree of price stickiness in the
durable and non-durable sector. Carlstrom and Fuerst (2006) argue that price stickiness in
the durable sector is counterfactual and suggest to add adjustment costs a la Topel and Rosen
(1988) in the durable sector. Monacelli (2009) and Sterk (2010) analyze whether introducing
credit market frictions can help to solve the co-movement puzzle. In Monacelli (2009) durable
goods are used as collateral and sectoral outputs co-move in response to a monetary shock
provided the durable sector displays some degree of price stickiness. Sterk (2010), on the other
hand, finds that credit market frictions make it more difficult to generate sectoral co-movement
following a monetary policy shock. Even though we do not focus on monetary policy shocks,
our two-sector model with housing and non-durable goods incorporates the necessary features
suggested by this literature to generate co-movement in response to a monetary shock.
Another strand of literature incorporates financial frictions a la Kiyotaki and Moore (1997)
into a model with housing, non-durable sticky prices, and two households with different dis-
count factors. To ensure the existence of an equilibrium, Iacoviello (2005) assumes an exogenous
borrowing constraint according to which impatient agents can borrow a fraction of the expected
discounted future value of their houses. Iacoviello and Neri (2010) build and estimate a DSGE
model with housing. Loans are always fully repaid and there is no default on mortgages in
these papers. Forlati and Lambertini (2011) follow Iacoviello (2005) to build a model with two
household groups and housing as a durable good used as collateral but allow for idiosyncratic
risk in housing investment. Their household problem is akin to that of entrepreneurs in Carl-
strom and Fuerst (1997) and Bernanke, Gertler and Gilchrist (1999) and endogenous default
on mortgages arises in equilibrium. Forlati and Lambertini (2011) show that an unanticipated
increase in idiosyncratic housing risk generates a recession. Aoki, Proudman and Vlieghe (2004)

also introduce a financial accelerator a la Bernanke and Gertler in a model with housing. In
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their model, unlike Forlati and Lambertini (2011), risk-neutral home owners buy houses and
rent them to risk-averse consumers and their focus on the transmission of a monetary policy
shock. Our model draws from Forlati and Lambertini (2011) in featuring idiosyncratic housing
risk and endogenous default on mortgages; to capture sectorial co-movement in response to
monetary policy shocks, it also allows for sticky wages and adjustment costs a la Topel and
Rosen (1988) in the housing sector.

The novel feature of our framework is that we allow for an amortization schedule and analyze
its role in the transmission of a housing risk shock. More precisely, we extend the mortgage
contract in Forlati and Lambertini (2011) to two periods and encompass different amortization
schedules. A related paper is Calza, Monacelli and Stracca (2011), which studies how the
transmission mechanism of monetary policy is affected by the structure of housing finance.
They present VAR evidence that monetary shocks are amplified in countries characterized by
more flexible or developed mortgage markets. To rationalize these findings they build a DSGE
model with durable and non-durable goods and an exogenous borrowing constraint. They
allow for one- and two-period contracts, where the latter features a fixed interest rate and
equal repayments in the first and second period, and show that consumption falls more with
one-period contracts following a monetary policy tightening. Our framework differs from Calza
et al. (2011) in a number of ways, as it features endogenous default and adjustable mortgage
rates. More importantly, we allow for and focus on the role of different amortization schedules.

Some recent papers examine the effects of risk shocks. For example, Christiano, Motto and
Rostagno (2009) augment a standard monetary DSGE model to include financial markets and
a financial accelerator and fit the model to European and U.S. data. They analyze an increase
in the standard deviation of idiosyncratic risk in loans to entrepreneurs. In our setting, idiosyn-
cratic risk is in mortgage loans. lacoviello (2010) introduces the banking sector in a model with
housing and studies an exogenous shock to how much borrowers repay. This repayment shock
is exogenous and different from default because borrowers do not lose their houses following a

negative repayment shock.



3 The Model

Our starting point is a model with patient and impatient households that consume non-durable
goods and housing services and work. There is idiosyncratic housing risk so that endogenous
default on mortgages arises in equilibrium, as in Forlati and Lambertini (2011). Here we extend
the contract to two periods and allow for different amortization schedules. More precisely, the
mortgage contract specifies the loan amount and the fraction x of the principal to be repaid
(plus interests) at the end of the first period. The remaining fraction 1 —z of the principal (plus
interests) is repaid at the end of the second period. By varying the parameter x we encompass
different amortization scenarios. x close to zero represents the case where small repayments
are done in the first period while most of principal plus interests is repaid at the end of the
second period. All schedules with x below the interest rate imply negative amortization. z = 0.5
implies a linear amortization schedule; x close to 1 is an extreme case of high early amortization
where the entire repayment is done at the end of the first period. The first part of our analysis

takes x as given; the last part of the analysis makes Borrowers choose x optimally.

3.1 Households

The economy is populated by a continuum of households distributed over the [0, 1] interval.
A fraction 9 of identical households has discount factor  while the remaining fraction 1 — 1
has discount factor v > . We are going to refer to the households with the lower discount
factor as Borrowers, as these households value current consumption relatively more than the
other agents and therefore want to borrow. We are going to refer to households with the higher

discount factor as Savers.

Borrowers

Borrowers have a lifetime utility function given by

(e 9]

> B'Ey{U (Xy, New, Nua)}, 0<pB<1, (1)

t=0



where N¢, is hours worked in the non-durable sector, Ny is hours worked in the housing

sector, and X; is an index of non-durable and durable consumption services defined as

n

X,= |1 -a)yic, " + a%Hﬁl%] T 2)

where () denotes consumption of non-durable goods, HtTJrl denotes consumption of housing
services, « is the share of housing in the consumption index and n > 0 is the elasticity of
substitution between housing and non-durable services. The Borrower household’s housing
stock at the end of period ¢ is the sum of the housing stocks (net of depreciation) purchased in

the last two periods and connected to the outstanding mortgage contracts:

H\ | = - {Hpy + Hy(1 = 6)[1 — Gy(@1,4)]}, (3)

N | —

where 7' stands for total, H;,; is the housing stock purchased in period ¢, H; is the housing
stock purchased in period ¢ — 1 minus the fraction lost to default in period t, G¢(w; ), and net
of depreciation §. We will derive explicitly the term G.(w;,) later. We assume that housing
services are equal to the housing stock. Assuming that services are a fraction of the stock does
not affect the results qualitatively.

We assume the following period utility function:

14

U(X,, N)=InX, —
(t;t) nt1+

1+e
14
SDNtHso =InX, — T, N;f + N}{Tté TE >0 (4)

Our specification for the disutility of labor follows Iacoviello and Neri (2010) in assuming that
hours in the non-durable and housing sector are imperfect substitutes, as consistent with the
evidence by Horvath (2000). For £ = 0 hours in the non-durable and housing sector are perfect
substitutes. On the other hand, positive values of £ result in wages not being equalized in the
two sectors and the substitution of hours across sectors in response to wage differentials being

reduced. The parameter ¢ is the inverse of the Frisch labor supply elasticity.
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The Mortgage Contract

The Borrower household consists of many members that are divided into two ex-ante identical
groups. These two groups alternate in being assigned the resources to purchase new houses and
finalize current mortgage contracts. More precisely, at ¢ the household decides total housing
investment H;,; and the state-contingent mortgage rates to be paid on the mortgages. The
household then assigns equal resources to all members of group t, which is the group that
purchases Hy, ;. The i—th member purchases the housing stock Hy,,, where [ Hj di = H; 4,
finalizes the mortgage contract connected to the housing stock Hj,; following the instructions
of the household, and manages his housing stock. The mortgage contract lasts two periods
during which the member cannot purchase new houses or finalize new or additional contracts.
The mortgage contract specifies the total loan amount, L;,1, and the fraction to be repaid at
the end of the first period, z. We assume z € (0,1). Hence, the mortgage contract generates

two loans:

Lippr =2Lipr, Loy = (1 - x)LtJrl- (5)

Ly44y is repaid (gross of interests) at the beginning of period ¢ 4+ 1 while Lo,y is repaid
(gross of interests) at the beginning of period ¢ + 2. Group ¢ will re-enter the mortgage and
housing market in period ¢ + 2, once the current mortgage contract has run its course, and at
that point it will become group t + 2. Group ¢ + 1 purchases houses and finalizes mortgage
contracts in period t + 1, and so on and so forth. Our model features an overlapping mortgage
structure as illustrated in Table 1. Each row of Table 1 refers to a group, each column refers
to a period, and the cell at the intersection represents the action taken by the row-specific
group in the column-specific period. Positive signs are mortgage contracts finalized; negative
signs are denote repayments. Every period is characterized by two repayments, a first- and a
second-period repayment by different groups, and the completion of a new mortgage contract.

In what follows we describe in detail the decisions of group ¢.

The Incentive Compatibility Constraint

Housing investment is risky. After the mortgage contract is finalized, each member experiences
each period an idiosyncratic shock that affects his housing value. In period ¢ 4+ 1 the group-t,

i-th household member experiences an idiosyncratic shock wit 41 such that the housing value
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Period ¢ b1 t 12
Groups
group ¢t +1 Lito —T Ly
group ¢ Ly —x Ly —(1 =)L
group t — 1 —xLy —(1—2)L,
group t — 2 —(1 =)Ly

Table 1: Overlapping Mortgage Structure

in period ¢ + 1 is w,, 1 Pys+1(1 — 0)Hy,,, where Pj,q is the nominal house price in period
t 4+ 1; provided default has not taken place in period t + 1, in period ¢t + 2 he experiences an
idiosyncratic shock wh ,, , such that the housing value in period ¢ +2 is wb , o Prs42(1—0)*Hy, .
For simplicity we assume that, at the end of the period, the housing stock and mortgages left
after default are equally redistributed among all members in the household. We label the shock
w; because it affects the housing value j = 1 or 2 periods after the mortgage has been finalized.
Idiosyncratic housing risk captures the fact that housing prices display geographical variation
even in the absence of aggregate shocks. Alternatively, one can think of idiosyncratic effects
to the housing stock such as damages and (un-modeled) home improvements or idiosyncratic
housing preference shocks. The random variables wé’t 41 are i.i.d. across members of the same
group and log-normally distributed with a cumulative distribution function F}H(wji-), which
obeys standard regularity conditions and we assume to be same for w; and wy.®> The mean and
variance of Inwj,,, are chosen so that Fy(w?,,,) = 1 at all times for both j = 1,2. This implies
that while there is idiosyncratic risk at the household-member level, there is no risk at either the
group or the household level and Et(w;t 1 Hj ) = Hiyi. We are going to assume that housing
investment riskiness can change over time, namely that the standard deviation o, of In wé’t 1
is subject to an exogenous shock and displays time variation. The random variable w}yt 41 18
observed by the i—th member and by the household but can only be observed by lenders after
paying a monitoring cost.

After the idiosyncratic shock is realized, the household member decides whether to pay the

due installment on his mortgage or to default. Intuitively, loans connected to housing stocks

3The c.d.f. is continuous, at least once-differentiable, and it satisfies

3wjh(wj)

>0, j=1,2
8wj J

where h(w) is the hazard rate.
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that experience high realizations of the idiosyncratic shock are repaid while loans connected to
housing stocks with low realizations are defaulted on. It is easier to start from the repayment
decision in the last period of the contract. Let Wy ;19 be the threshold value of the idiosyncratic
shock for which the member of group ¢ is willing to pay the second installment of his mortgage.

The incentive compatibility constraint in period t 4 2 is

Wa42(1 — 5)2PH,t+2Ht+1[1 — Gip(W111)] = (14 Rz42) Loy [l — Figa (@141)]- (6)

The right-hand side of (6) is the payment that must be made in period t+2. Rz 42 is the two-
period state-contingent adjustable rate that non-defaulting Borrowers pay on the two-period
loans that have survived default in period t 4+ 1, Lo;1[1 — Fi1(@1441)]. The left-hand side of
(6) is the housing value of the marginal member, namely the member who experiences ws ;42
and is indifferent between paying and defaulting. This housing value is the housing stock Hyi
purchased in period ¢, net of depreciation, net of the housing stock lost to default in period
t+1, Giy1(w1441), and evaluated at current house price Py 442. We explicitly derive and explain
the term Gyiq(@w141) later. Loans connected to wé’t 4o € [Wo442,00] are repaid. On the other
hand, loans connected to wj, , € [0,@242) are underwater mortgages, namely mortgages for
which the current value of the house is lower than the loan associated to it. These members
have negative equity in their houses and, as a result, they default on these loans. Lenders pay
a monitoring cost to assess and seize the collateral connected to the defaulted loan. It is the
presence of monitoring that induces Borrowers to truthfully reveal their idiosyncratic shock and
justifies the incentive compatibility constraint (6).* The household members that default on
their mortgages lose their housing stocks.

Consider now the first repayment decision of group ¢. The mortgage contract requires that
the fraction x of L1, L1441 is repayed in period ¢ 4 1. The incentive compatibility constraint

in period t + 1 is

01,441(1=0) Py Hin = (14+Rz141) L1 F B { Qe 42[1 — Figo(Wo,42)] (1 + Rzo442) Lot }-
(7)

The right-hand side is the present expected value of current and future mortgage payments for

4See the seminal work of Townsend (1979).
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the members of group ¢. These include the current repayment of the one-period loan L, ;1; at the
state-contingent adjustable rate Rz ;1 and the present value (using the Borrower’s discount
factor Qyy1442)° of the second repayment, taking into account the probability of defaulting
in period ¢ 4+ 2. The left-hand side of (7) is the value of the house for the member that
experiences the idiosyncratic shock wyy1. This is the marginal member who is indifferent
between repaying the first installment of his mortgage and defaulting. All mortgages connected
to W%,t+1 € [0, 441) are underwater and defaulted on. Loans connected to witﬂ € [w1,441,00)
are repaid. Defaulting household members lose their housing stocks. If a household member
defaults on L; ;41, the entire mortgage is terminated; the housing stock is seized by lenders and
the remaining part of the mortgage is revoked.

So far we have described the repayment decision process for the Borrower household members
of group t. The same decision process holds for the Borrower household members of group
t + 1, who purchase houses Hy,o and finalize total mortgages L; .o, broken down in one-period
mortgages Lj ;4o and two-period mortgages Lo ;2.

A few comments on our assumptions are in order at this point. Mortgages are nonrecourse in
our model. This means that mortgages are secured by the pledge of collateral (the house) and
the lender’s recovery is strictly limited to the collateral. Defaulting Borrowers are not personally
liable for the difference between the loan and the collateral value. This is a natural assumption
in our model because housing is the only asset held by Borrowers. In addition to this, nonre-
course debt is broadly applicable to most U.S. states, especially those that experienced soaring
mortgage delinquencies, and the focus of our paper is on the United States.

In Bernanke et al. (1999) the monitoring cost is equal to a fraction of the realized gross
payoff to the defaulting firm’s capital. We follow Bernanke et al. (1999) and assume that the
monitoring cost in our model is equal to the fraction p of the housing value. This assumption
has two important implications. The first implication is that the foreclosure cost is proportional
to the value of the house under foreclosure. The second implication is that mortgage default
causes a decline in the housing stock and services, which are destroyed due to monitoring. This
second implication generates a (rather unrealistic) rebound in housing demand. For this reason

our analysis will show housing demand net of monitoring costs.%

5The Borrower’s discount factor is derived in Appendix A.
SWe could alternatively assume that monitoring costs are rebated back to households in a lump-sum fashion.
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Regarding the defaulting household members, we follow the literature on matching and assume
there is perfect insurance among such members so that consumption of non-durable goods
and housing services are ex-post equal across all members of the Borrower household. Hence,
Borrower household members are ex-post identical.

We can now aggregate the two groups and formulate the budget constraint at period ¢ for the

Borrower household:
PoiCi+ Py iHeoy +[1— Fr(wn 1) |(1+Rz1¢) L+ [1 — Fr—1(@14-1)][1 — Fi(w02,)|(1+ Rz24) Lo 1 =

Ligy1+ Logr + WerNer + Wi Npy + (1 — 5)2 1 — Giq1(w14-1)] [1 — Ge(war)] PuiHe—1. (8)

On the left-hand side of the budget constraint we find the use of resources, which includes
the purchase of consumption goods with price FPr;, housing, and the repayments of loans.
1 — Fy(wy4) is the fraction of one-period loans L, ; taken in period ¢ — 1 that is repaid to lenders
and Rz, is the state-contingent interest rate paid on such loans by non-defaulting Borrowers.
Similarly, [1— F;_1(w1.¢-1)][1 — Fy(wa4)] is the fraction of two-period loans Ls ;1 taken in period
t — 2 that is repaid to lenders; these loans have survived default both in £ — 1 and t. On
the right-hand side of the budget constraint we find resources. W is the nominal wage in
the consumption good sector and Wy, is the nominal wage in the housing sector. Borrower’s
resources include the new loans Lj i1, Losq1, which are the loans finalized by generation-t
Borrowers to be repaid in period ¢t + 1 and t 4 2, respectively, as well as the final housing stock
of generation ¢ — 2 members, who re-enter the housing and mortgage markets as generation t.
This final housing stock is equal to the original purchase H;_; net of depreciation and net of
the fractions Gy_1(w;1,—1) and Gy(w,) lost to default in period ¢t — 1 and ¢, respectively. We
explicitly derive these terms later. The housing stock of group ¢ — 1 does not appear in the

period t budget constraint because this generation does not purchase houses in period t.

The Participation Constraints

Our mortgage contract generates one- and two-period loans that guarantee lenders a pre-
determined rate of return. As in Bernanke et al. (1999), the idea is that Savers have access

to alternative assets that pay a risk-free rate return that pins down the return on mortgages.
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Savers make one-period loans L;;.; and two-period loans Lo ;1 to Borrowers and demand the
gross rates of return 1 + Ry, and 1 + Ryoy, respectively. These rates of return are non-state
contingent and pre-determined at ¢; they are also gross of a time-invariant credit spread due to
the use of real resources for financial intermediation. Hence, the time ¢ participation constraint

of lenders for one-period loans is given by:

W1,t41
(1+ Rpie) Ly = / W1 (1= p)(1 = 0) Py Heyr frin (wr)dwn (9)
0

+[ (1 + Rz141) L g1 frga (wr) den,

1t41
where f;1(w;) is the probability density function of w;.The return on one-period loans is equal
to the housing stock net of monitoring costs and depreciation of defaulting Borrower members
(the first term on the right-hand side of (9)) and the repayment by non-defaulting members
(the second term on the right-hand side of (9)). After idiosyncratic and aggregate shocks
have realized, the threshold value w;;1; and the state-contingent mortgage rate Rz .41 are
determined so as to satisfy the participation constraint above. Hence, our mortgage contract is
characterized by adjustable mortgage rates. The participation constraint holds state by state
and not in expected terms. An aggregate state that raises i; ;41 and thereby default generates
an increase in the adjustable rate Rz ;41 paid by non-defaulting members in order to satisfy
the participation constraint (9) in that state.

The time t participation constraint of lenders for two-period loans is given by

w2 t42
(14 Rpay) Lo = / wapra(1— ) (1 = 8)*[1 — Gror (@1,41)] Prrpro Hys1 fraa(wo)dws
0

+/ (14 Rzo142)[1 — Fio1(w1,041)| Lot frao(wa)dws. (10)

2,t+42

As before, the pre-determined rate of return on two-period loans comes from seizing the housing
stock of defaulting members and repayment by non-defaulting ones. Both the housing stock of
defaulting members and the loans repaid by non-defaulting ones are suitably adjusted for the

default that occurred in period t + 1.
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Let
Wi t+1 '
Gt+1(@j,t+1) = / wj,t+1ft+l(wj)dwju J=12 (11)
0

be the expected value of the idiosyncratic shock conditional on the shock being less than or

equal to the threshold value w; .1, multiplied by the probability of default, and let

[e.e]

Ciy1(@je41) = @j7t+1/ frr(wj)dw; + Gria(@041), j=12. (12)

Wy, t4+1

Using these definitions and the participation constraints (9) and (10), the Borrower budget

constraint in real terms can be written as

l o4
Cy + puiHip + i(1 + Rpi-1) + 2l
TCt TCetTCt—1

)

(14 Rrot—2) = ligy1 + laen (13)

+PH,th(1—5)(1—M)Gt(@1,t)+pH,th—1(1—5)2 [1—Gi1(@1,-1)|[1—pGe(wa )| +we e Nog+wi e Nu g,

where pg, is the relative price of houses in terms of non-durable consumption at ¢, m¢, is
non-durable-good inflation and we ., wi, are real wages in the C' and H sector, respectively, in
terms of Poy. l14+1 = L1441/ Poy are real one-period loans finalized at ¢, loyy1 = Lasy1/Poy
are real two-period loans finalized at ¢, etc.

Making use of definitions (11), (12) and the incentive compatibility constraints (7) and (6),

the participation constraint at ¢ on the two-period loans can be written in real terms as follows

[
(1+RL2,t)ﬁ = pr ol (1=06)[1— Giir (01,041)] Do (@a,042) — G (@a,442)]. (14)
AH1TTC

The participation constraint on one-period loans in real terms is

l
(14 Bua) 255 = pras Hia (1= )P @) = pGria (@) (15)
Cit+1

—H (1 - 5)2[1 — Gi1(01,041) B { Qe a42Pm12T0 42 D2 (W2,042) — Graa(W2,42)] } -

We define the loan-to-value (LTV henceforth) ratio as

L+ Rl + Erg1Quyra12(1 + Rioy)lo i

(
LTV =
Teut1Phi+1 Hip1 (1 —0)

(16)
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The LTV ratio measures the total mortgage (principal plus interests) as a fraction of the net
housing value. Models with exogenous borrowing constraints typically feature a constant LTV

ratio. In our model the LTV ratio varies endogenously.

Wage Determination

We model imperfectly competitive labor markets that generate a wage-inflation Philips curve as
in Schmitt-Grohe and Uribe (2007). Labor decisions are taken by two unions in each household,
one for each sector, which monopolistically supply labor to a continuum of labor markets
indexed by k € [0,1] in each sector j = H,C. Here we focus on the unions that supply
Borrower’s labor to the sectors; the unions that supply Saver’s labor to the sectors take decisions
in a similar manner. The union that supplies Borrower’s labor to sector j decides the nominal

wage to charge in each labor market k in j and it is assumed to satisfy demand, namely

Wt = (28) ", (1)

Wyt

where, at time ¢, w;.(k) denotes the real wage charged by the union in labor market k£ in
sector j, w;, is the index of real wages prevailing in sector j, N ;ft is the aggregate demand for
Borrowers’ labor by firms in sector j, €, is the elasticity of substitution across labor types, and
N; (k) is the supply of labor in market k of sector j. This demand is formally derived later in
section 3.2. The union takes the aggregate demand N ;{t and the wage index w;, as given when
it decides the wage to charge in labor market k, W;,(k). Notice that the union decides the

nominal wage, even though our model is written in real terms. In addition, the total number

of hours supplied in sector j by Borrowers must be equal to the sum of the hours supplied in

wNy = | Nk dk = N, / 1 (w—(k)) ak (18)

Wyt

each market k:

This constraint is taken into account by the household in its maximization problem — see
Appendix A. A similar constraint holds for the hours supplied by Savers.

We introduce wage stickiness in the model by assuming that each union can optimally set
wages only in a fraction p; € (0,1),j = C, H, of randomly chosen labor markets. In these labor

markets, the union can freely set the nominal wage W;,(k); we assume no wage indexation so
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that, in the other labor markets, wages remain equal to those of the last period. For simplicity,
we assume the same degree of wage stickiness in the two sectors so that oo = oy = 0.

The first part of our analysis takes the fraction of one-period loans out of total loans, z, as a
parameter exogenously given, which can be interpreted as a fixed feature of the mortgage con-
tract. This implies that the Borrower can choose total real loans [, 1 but not its composition. In
other words, the Borrower cannot choose the amortization schedule for his mortgage. Borrowers
maximize (1) subject to the budget constraint (13), the participation constraints (14) and (15),
the loan structure (5), and the labor market constraint (18) for sector C and its counterpart for
sector H with respect to the variables Cy, Hyy1, Noty, Nty lig1, 01441, 02,019, Wer(k), Wi (k).

The respective first-order conditions are spelled out in Appendix A.

Savers

We denote Savers’ variables with a ~. Savers maximize lifetime utility
maxy_7'E, {U()?t, Ne,, NH,t)} L 0<B<q<l, (19)
t=0

where )?t is defined similarly to (2). We assume that «, the weight of housing in the consumption
index, and the utility function of Savers are identical to those of Borrowers. Savers maximize

lifetime utility subject to the sequence of real budget constraints:

Cr+puiHion +patAieen +ligsr +lopir = (1= 0)pueHe + (D +7a,0) Aig

+(1+ Rp1a—1) 2 + (1 + Rppy1)—2=— + @y New + Wiy Nuy + A (20)

TC,t TCtTC,t—1

where A; ;1 is the stock of land owned by Savers, pa,, denotes the real land price and ru,, =

Ra
Pc’

where 74, + is the rental price at which land is rented to the intermediated good producers
of the housing sector. We assume that mortgage loan intermediation requires real resources
that generate a time-invariant credit spread, namely a spread between the interest rate received

by Savers and that paid by Borrowers. More precisely, Rp1;—1 is the interest rate on Saver’s

1+Rp1:-1

one-period loans, which is equal to 1+ Rp1 -1 = =g

, where © > 0 is the constant spread.

Similarly Rpe 1 is the interest rate on Savers’ two-period loans which is equal to 14+ Rpg 1 =
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1+Rr2 -1

T See Appendix A for details. Finally, ﬁt denote profits in the intermediate goods

sector, which are taken as given by Savers.

As for Borrowers, Savers’ labor decisions are taken by two unions, one for each sector, which
monopolistically supply labor to a continuum of labor markets. Each union chooses optimally
nominal wages in a fraction ¢ of randomly chosen labor markets; in the other markets wages
remain unchanged. For simplicity, we assume that the degree of wage stickiness in the two
sectors are equal, hence oo = oy = 0. The maximization problem faced by Savers’ unions is
identical to the problem faced by Borrowers’ unions and we do not repeat it here.

Savers maximize (19) subject to the budget constraint (20) with respect to C,, PNItH, Nc,t, N Hi
2;+1, AL, /chvt(k), WHt(k) The first-order conditions are summarized in Appendix A.

3.2 Firms and Technology

Both the non-durable C' and the housing H sector have intermediate and final good producers.

Final Good Producers

Final good producers are perfectly competitive and produce Yj,, j = C, H. The technology in
the j—th final good sector is given by

1 =
Vo= ([ v =a) 1)
0

where £ > 1 is the elasticity of substitution among intermediate goods. Standard profit maxi-

mization implies that the demand for intermediate good i is given by

. Pi(i)\ " :
ul) = (42) i (22)
j7

where the price index is
1

1 1—e¢
]Djﬂg - (/ P]Jg(/L)lEdZ) .
0
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Intermediate Good Sectors

There are two intermediate good sectors, one in each sector j = C, H, and in each intermediate
sector there is a continuum of firms, each producing a differentiated good i € [0,1]. These
firms are monopolistically competitive. Each firm uses all labor inputs supplied in the econ-
omy to produce its own good. The production function (and therefore the labor demand by

intermediate firm ¢ in sector 7) is:
1 A s=1 1~ 1T
(N + (1= QN |7

where

1 527’“11 ~ 1 ~ ew—1 Eiiuil
No(i) = ( /0 Nk, 1) dk:) R A ( /0 N, (ki) dk:) |

N; (i) and th(z) are bundles of labor inputs supplied respectively by Borrowers and Savers.
¢ € (0,1) is the labor share of Borrowers in the firm’s labor demand and ¢ > 0 is the elastic-
ity of substitution across labor bundles. When ¢ goes to infinity, labor inputs become perfect
substitutes. For simplicity these two parameters are assumed to be equal across sectors. In-
termediate good firms in the non-durable sector adjust their prices according to a Calvo-type
mechanism. Hence, in any given period, an intermediate good firm in sector C' may reset its
price with probability 1 —6s. Conversely, the prices in the housing sector are fully flexible. We

also assume firm-level adjustment costs in the housing sector.

Non-Durable Sector

Intermediate good firm ¢ in the C sector produces according to the following production func-
tion:

S
s—1 N S=L o1

Yeu(i) = Acy |C5 New(i)'S + (1= O)s Ney (i) . ie{Cy, (23)

where Aq; is the stochastic level of technology in sector C'. In period ¢ firm ¢ chooses labor and,
if given the possibility, it re-optimizes its nominal price Py, (i) so as to maximize the expected
discount sum of nominal profits over the period during which its price remains unchanged. The

maximization problem as well as the first-order conditions relative to N syx(%), NC,t+k|t(i) and
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P¢ (i) are spelled out in detail in Appendix A. In our model marginal costs are a CES index
of wages net of productivity; since wages are equal across firms in the sector, marginal costs

are also equal across firms.

Housing Sector

Intermediate good ¢ in sector H produces according to the following production function:

SK
s—1

Yira(i) = Ao A7) |G Ny (0)5 + (1= Qs N ()5 |1, i e {H} (24)

where Ap; is the stochastic level of technology in sector H, A;.(7) is the stock of land used as
input in production, and « is the labor share in housing production. We follow Topel and Rosen
(1988) and assume there are firm-level adjustment costs in the housing sector for intermediate
good producers. As for prices in the housing sector, we assume they are fully flexible. In
fact Tacoviello and Neri (2010) estimate a DSGE housing model of the United States and find
a degree of price stickiness in the housing sector equal to zero. Hence, each period firm ¢
chooses labor Ny (%), NHyt(i), the amount of land to rent A;;(7), and the price pg () so as to
maximize the expected discounted value of current and future profits net of adjustment costs.

The first-order conditions for the maximization problem of the firms are reported in Appendix

A.

3.3 Monetary Policy

We assume that monetary policy follows a Taylor-type rule for the one-period nominal interest

rate:

14+ Rriy ox 1170 |1+ Ry or
L B [ } I A A 25
1+ RLI Mt TrC’t 1+ RL gb gb ( )

where Ry is the steady-state nominal interest rate, ¢, is the coefficient on the inflation target,
¢, is the coefficient on the lagged interest rate, and A, is a monetary policy shock. In our
benchmark calibration monetary policy targets inflation in the non-durable goods sector and
implements interest-rate smoothing, which mimics the zero lower bound and the impossibility

for the central bank to further reduce the policy rate.
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3.4 Market Clearing

Equilibrium in the non-durable goods market requires that production of the final non-durable

good equals aggregate demand:
You = 4G + (1 =9)C; + 0L, (26)

where the last term on the right-hand side are the resources used for financial intermediation.

Similarly, equilibrium in the housing market requires
Yire = ¢ {Hera — (1= 0)(1 = p)Gi(@1,) He — (1= 0)*[1 — pGy(@2,)][1 — Geor (@1,0-1) Hi1 }

F (=) [Hip = (1= 6)H| + 9(Yire = Yira ). (27)

Output in the housing sector net of monitoring costs is equal to
Ylfl\ft =Yy —Yu [(1 — 0)Gi(@14) + (1 = 0)*Gy(wa0)[1 — th(@,tq)ﬂ H,. (28)

Equilibrium in the labor market requires

! d ! wjt(k) o .
N, =1 / N, (k) dk = N, / (— ) dk j=C,H (29)
0 0 Wit
1 1 ~ —E€w
(1—4)N,, :1/1/ N (k) dk:N;ft/ (—wg(k)) dke j=CH (30)

where N¢, = fol N;(i)di and Nﬁt = fol N;+(i)di. Bquilibrium in the credit market is achieved

-7’
if

(14 0) = (1 — ). (31)
Land is in fixed supply
1
/ Al}t(l)dZ == Al,t = Al. (32)
0
We define total output as
Yi=Your+puiYuy (33)

Notice that our measurement of total output reflects variations in the relative price of housing.
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National account statistics, on the other hand, measure GDP at constant relative prices.

3.5 Exogenous Shocks

We take technology as deterministic and set Aoy = Ay, = 1 for all t. As for the idiosyncratic
risk in the housing sector, we follow Bernanke et al. (1999) and assume that w; is distributed
log-normally:

2
g
Inwje~ N(==%05,),  j=12 (34)

In words, idiosyncratic shocks in the first and second period of the mortgage are different but
drawn from the same distribution. As stated earlier, the mean of the distribution is chosen
so that Ey(wj;11) = 1 for 7 = 1,2. We believe that housing investment risk increased with
the entrance in the mortgage market of subprime debtors. Our model captures this increase
in riskiness as an exogenous time variation in the standard deviation of idiosyncratic housing
investment risk: we assume that the standard deviation of Inw;; follows a first-order autore-

gressive process:

Ow,t Ow,it—1
In —=

+ EUw,t? (35)

= po In
Ow Ow

where ¢, , is an i.i.d. shock with mean zero and finite standard deviation o, and p, is the
serial correlation coefficient.

Private agents know these exogenous processes and use them to form correct expectations.

4 Steady-State Analysis

4.1 Benchmark Calibration

Table 2 summarizes the parameter values for our benchmark calibration. We follow Monacelli
(2009) in choosing the rate of depreciation for housing and the elasticity of substitution between
non-durable goods and housing services. We choose an annual depreciation rate for housing
of 4 percentage points, implying 6 = 0.01. The elasticity of substitution between non-durable
consumption and housing is 7 = 1, which implies a Cobb-Douglas specification for the composite
consumption index X;. The Saver’s discount factor « is set equal to 0.99, which pins down the

steady-state deposit interest rate at Rp = 0.0076 on a quarterly basis. This implies an annual

24



risk-free interest rate equal of 3.06 percentage points. The average 6-Month Certificate of
deposit rate net of inflation in the personal consumption expenditure chain-price index over
the period 1964Q4 to 2011Q3 is 2.4 percentage points. The Borrowers’ discount factor 3 is set
equal to 0.95. The difference between Savers’ and Borrower’s discount factors plays a role in
determining the tightness of the participation constraints and thereby the steady-state mortgage
interest rates, Rz and Ryz».

U.S. private fixed investment in structures, residential and nonresidential, has been on average
5 percent of GDP from 1960 to 2009, while during the period 2000 to 2007 it averaged 8 percent
of GDP. We set the parameter o that measures the share of housing in the consumption bundle
equal to 0.16, so that the housing sector represents 8 percent of total output at the steady state.
The inverse of the Frisch elasticity of labor supply ¢ is set equal to one, as in Barsky et al.
(2007) and as typical in the macro literature. As for the parameter £ that measures the degree
of substitutability between hours worked in the two sectors, we set it equal to 0.871. This is
the appropriate weighted average of the ¢ for Borrowers and Savers estimated by lacoviello and
Neri (2010).

We assume that housing prices are fully flexible. For non-durable goods, ¢ is set equal to
0.67 to imply that firms in the non-durable sector change their prices on average every nine
months. We set o = g, the Calvo probability for wages in the C' and H sector, equal to 0.73.
This implies that, on average, wages are changed less often than prices in the non-durable
and housing sectors. For monetary policy we set ¢, = 1.5, as standard in the literature. For
the benchmark calibration we set ¢, = 0.9 because interest rate inertia mimics the zero lower
bound, which was reached in 2009Q1. We assume that the Borrower and Saver groups have
equal size so that ¥ = 0.5.

For technology, we follow Calza et al. (2011) and set the elasticity of substitution among
intermediate goods € equal to 7.5 in each sector. Labor inputs are imperfect substitutes in
production and the elasticity of substitution across Borrower’s and Saver’s labor is ¢ = 3. We
assume that the share of Borrower’s labor in the production function ( is equal to 0.5. We follow
Altig, Christiano, Eichembaum and Linde (2011) and assume a steady-state markup of wages
over the marginal rate of substitution between leisure and consumption of 5 percent and we set
€w = 21. We believe that housing risk shocks are persistent but there is no previous work we

can rely on. Christiano et al. (2009) estimate the persistence of the idiosyncratic productivity
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Parameter

Value Description

0.9925 Discount factor of Savers
0.95  Discount factor of Borrowers
0.5 Relative size of Borrower group
0.01  Rate of depreciation for housing

7.5 Elasticity of substitution for intermediate goods

21 Elasticity of substitution for labor services
3 Elasticity of substitution across labor inputs

0.5  Share of Borrower labor in the production function

0.871 Elasticity of substitution across labor types
0.16  Share of housing in consumption bundle
2.5 Disutility from work

1 Elasticity of substitution between C' and H goods

1 Inverse of elasticity of labor supply
0.67  Calvo probability in C
0.73  Calvo probability wages in C' and H
1.5 Taylor-rule coefficient on inflation

0.9  Taylor-rule coefficient on past nominal interest rate

0.1 Standard deviation of idiosyncratic shocks
0.9 Serial correlation of risk shocks

0.2283 Monitoring cost
0.5 Land fixed supply

0.9 Share of labor in the housing production function

0.0085 Financial intermediation cost
0.5  Adjustment cost in housing production

Table 2: Benchmark Calibration

Variable

T 0.5
Loan-to-Value Ratio 78
Leverage Ratio 63.42
Default Rate 17 4
Default Rate 27 0
Average Default Rate { 2
Mortgage Interest Rate 1 4.4
Mortgage Interest Rate 2 6.8
External Finance Premium 17 3.0
External Finance Premium 2f 3.8
Average External Finance Premium{ 3.4
Credit Spread 3.4

Percentage points
tAnnual
Note: The Leverage Ratio is calculated as I/(l + weNe + wgNg)

Table 3: Steady State under the Benchmark Calibration and z = 0.5
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shock for the United States to be 0.85. We set p, = 0.9.

Regarding the mortgage market, we need to specify values for the parameters x, o, and pu; at
the same time we want to match the pre-crisis delinquency rate and the LTV ratio. Since we
do not have data on the average amortization schedule, we set x = 0.5 and consider mortgage
loans with an equal principal repayment in every period for our benchmark scenario. The U.S.
LTV ratio was equal to 77 percentage points on 2006Q4 and its average value between 1973Q1
and 2010Q4 was 76 percentage points.” According to the National Delinquency Survey of the
Mortgage Banker Association, seriously delinquent mortgages are all mortgages more than 90
days past due or in foreclosure. U.S. seriously delinquent mortgages averaged 2.3 percent of total
mortgages between 1979Q1 and 2010Q4 and they represented 2.2 percent of total mortgages in
2006Q4. In our model, the LTV ratio and the delinquency rate are non-linear functions of o,
and p. Higher monitoring costs reduce loans and thereby the LTV ratio and the default rate;
higher idiosyncratic volatility lowers mortgage loans and the LTV ratio and raises the default
rate. We choose the standard deviation of idiosyncratic housing price shocks o, to be equal to
0.1 at the steady state. Given the chosen value for o, we set monitoring costs u equal to 0.2283
to find a steady-state LTV ratio between 75.5 and 78.5 percentage points, depending on the
value of the parameter x, which matches the pre-crisis LTV ratio of 77 percentage points. Table
3 reports the steady-state value of mortgage market variables under the benchmark calibration.
For x = 0.5 the LTV ratio is 78. The mortgage market parameters generate an average default
rate of 2 percent under the benchmark calibration, which is the weighted average of default
rates on one- and two-period loans.

We set the parameter © that measures the cost of financial intermediation equal to 0.0085.
Given the parameters 1 and o, of the mortgage market, this cost together with the difference
in discount factors between Savers and Borrowers determines the adjustable mortgage rates. In
our model the adjustable mortgage rate on one-period loans is 4.4 percentage points and the
mortgage rate on two-period loans is 6.8 percentage points; the average adjustable mortgage
rate with = = 0.5 is therefore 5.6 percentage points. Between 1980 and 2009 the Adjustable

Rate Mortgage Index® has averaged 8.7 percentage points, which implies an average real rate of

"Source: Terms on Conventional Single-Family Mortgages, Monthly National Averages, All Homes, Federal
Housing Finance Agency.

8Data from the Finance Board’s Monthly Survey of Rates and Terms on Conventional Single-Family Non-
farm Mortgage Loans and reported by the Federal Housing Finance Agency.

27



5.3 percentage points. The parameter © also generates the spread between the lending and the
deposit rate. In the data, the spread measured as the difference between the bank prime loan
rate and the 6-Month certificate of deposit was equal to 3 percentage points in 2006Q4 and it
averaged 2 percentage points between 1964Q3 to 2011Q3. Our model produces a credit spread
of 3.4 percentage points. The average external finance premium is 3.4 percentage points. The

leverage ratio for Borrowers at the steady state is calculated as

l
l+chC—{—wHNH’

Leverage Ratio =

which measures the fraction of total expenses financed by total loans, namely consumption
of C' and H plus loan repayment over loans. The leverage ratio captures the dependence of

Borrowers from external funding.

4.2 Comparative Statics

The parameter x is the fraction of the total mortgage L that must be repaid in the first period.
This parameter therefore measures how much amortization is front-loaded. High values of x
correspond to high early or front-loaded amortization as most of the principal is repaid early on
in the term. On the other hand, x = 0 implies that the entire mortgage, principal plus interests,
is repaid at the end of the second period with no intermediate repayment or amortization. In
general, we are going to refer to low values of x as the case of low early amortization in the
sense that a small fraction of the mortgage is amortized early in the term. Notice that low
early amortization may include negative amortization in our model, which occurs when the
first-period repayment is less than the accrued interest on the total principal. On the other
hand,

Figure 3 shows the steady state of our model as x varies in the interval (0,1) under our
benchmark calibration. The financial variables exhibit non-monotonic behavior. Borrower’s
incentives depend on whether default on two-period loans is zero or positive in equilibrium.
Consider the case of low early amortization, namely = small. For low values of x the Borrower
has an incentive not to default in the first period, hold on to the housing stock for an additional
period (and get utility out of it) and default in the second period. When the first-period

repayment is low, the value of postponing default, while getting housing services anyway, is
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high. This explains why the first-period default rate starts low and increases with z, while the
second-period default rate starts high and falls with . When the first-period repayment is
low, the value of the housing stock seized as collateral is high enough to support low or even
negative first-period adjustable mortgage rates, i.e. the non-defaulting members may even pay
less than their principal. The default rate on first-period loans is high relative to the repayment
because the decision to default depends on the present value of all liabilities, namely current
and future payments due. On the other hand, the adjustable mortgage rate guarantees the
pre-determined rate of return to Savers.

As x continue rising, the incentive to postpone default to the second period gradually dis-
appears. As the first-period repayment becomes larger, default on one-period loans increases
while default on two-period loans falls. Repaid one-period loans act as a sunk cost on second-
period decisions. The adjustable mortgage rate on one-period loans increases quickly with the
first-period repayment; the adjustable mortgage rate on two-period loans also increases, driven
by an increase in the volume of such loans. The average external finance premium follows the
behavior of the average default rate. Beyond a certain value of x the Borrower finds housing
investment less attractive, as he cannot hold on to the house for two periods by paying little in
the first installment and defaulting on the second one. Hence, total loans and Borrower housing
demand peak at a low value of x and then fall.

The incentive described above continues as long as the default rate in the second period is
positive. For x above a critical value, Borrower has no incentive to default in the second period
after having repaid in the first. Further increases in x reduce the default rate on one-period loans
as well as the total amount of lending. Larger first-period installments require higher adjustable
mortgage rates Rz, to be paid by non-defaulting Borrowers, which in turn reduce the default
rate on the first installment. At this point the Borrower can better smooth borrowing costs by
reducing his leverage. The mortgage rate on two-period loans and the LTV ratio fall, which
effectively reduce Borrower’s demand for housing and loans. Borrowing-constrained agents are
not indifferent about the repayment schedule and a larger anticipated repayment (a higher x)
renders the mortgage less appealing. Borrower’s housing demand drives output in the housing
sector and house prices, which are high for low values of x and fall afterwards. Our steady-
state analysis suggests that non-traditional mortgage products that reduce initial mortgage

repayments, such as negative-amortization or interest-rate-only mortgages, increase aggregate
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housing demand, housing prices and leverage.

5 Dynamic Simulation

5.1 Mortgage Default Crisis

We analyze the dynamic response of our model to an unanticipated increase in o, the standard
deviation of the distribution of idiosyncratic housing investment risk w; and wsy. This increase
in risk wants to capture the situation in which loans are made on the basis of an expected
distribution for idiosyncratic risk, but the actual distribution turns out to be characterized by
a higher standard deviation. Hence, the riskiness of mortgages changes over time and these
changes are persistent. A mean-preserving increase in o,,; implies an increase in the skewness
of the distribution of w;,. Since the log-normal distribution does not take negative values, the
lower tail of the distribution becomes thicker. Thus, for the same value of @;;, a higher standard
deviation implies a higher cumulative distribution function and therefore a higher default rate
on mortgages.

Figure 4 shows the impulse responses of our model to a 50% increase in o,. Default and
interest rates are annual and in percentage points. The size of the shock is chosen so as to raise
the average default rate on impact to around 10%, as the delinquency rate on U.S. real estate
loans reached 10.44% in the first quarter of 2010. In this example z = 0.5. Hence, equilibrium
default on two-period loans is equal to zero. The shift in the distribution of w;,; and ws;
increases the rate of default on one-period loans while leaves default on two-period loans equal
to zero. The financial conditions of Borrowers worsen significantly. First, Borrower household
members who default experience a housing loss while those who repay face on average higher
adjustable mortgage rates and external finance premia. In fact, the adjustable mortgage rate
on two-period loans (not shown in the graph) increases to compensate Savers for the two-period
loans that will not be repaid because of default on the first period installment. As a result, the
average external finance premium goes up. Second, the LTV ratio falls, thereby limiting the
capacity to borrow out of the existing housing stock. Third, Borrowers experience an increase
in real debt via the Fisher effect stemming from deflation (not shown in the graph). Fourth,

wages fall in both sectors (not shown in the graphs), which in turn trigger a reduction in hours
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and wage income. As a result of all these effects, Borrowers de-leverage and reduce consumption
of non-durable goods as well as their housing demand. Lower housing demand by Borrowers
causes a fall in housing prices. Savers are consumption smoothers and respond to lower house
prices and lower interest rates by raising non-durable consumption and housing demand.
Wages fall in both sectors due to reduced demand and in spite of wage rigidity. Wage differ-
ential arise in equilibrium both across groups and across sectors because of imperfect substi-
tutability of hours. The housing sector experiences a contraction driven by Borrower’s house
downsizing, no matter whether output in the H sector is measured gross or net of monitoring
costs. The C' sector also experiences a sharp recession stemming from Borrower’s reduction in

consumption. Total output in the economy falls.

5.2 Amplification

Figure 5 compares the responses of our model to a housing risk shock for three different values
of x: 0.99,0.5,0.01. With = = 0.99 the mortgage is repaid almost completely in the first period.
We will refer to this case as high early amortization. =z = 0.5 represents the case of equal
amortization among the two periods; x = 0.01 is the case where the mortgage is almost entirely
repaid at the end of its term. We will refer to this case as low early amortization. Figure
5 shows that reducing = and therefore reducing early amortization generates amplification.
Moving from z = 0.99 to x = 0.01 makes the fall in output deeper and more persistent; the
housing sector experiences a much deeper and sharper recession with low early amortization.
Once again Borrower’s incentives depend on whether default on the second installment is zero
or positive in equilibrium. First we compare the cases where z = 0.5 and z = 0.99. When a
sizable fraction of the mortgage is repaid early on, it is extremely unlikely to experience negative
equity in the house in the second period so that default on the second installment is zero. An
unanticipated housing risk shock raises default on the first installment of the mortgage, which
in turn raises Borrower losses due to confiscation by lenders of the housing stock connected
to the defaulted loans. This negative wealth effect is higher when = = 0.5 because mortgages
are less appealing with higher first-period repayments. In fact, Borrowers’ steady-state housing
stock and leverage are higher when x = 0.5 relative to the case where z = 0.99. Following

a risk shock, Borrowers must cut consumption, housing and loans by more in the economy
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with higher leverage. The deeper fall in the demand of non-durable goods reduces real wages
more and explains the larger drop in housing prices. These first-round effects generate further
contraction and amplification via their downward pressure on house prices. Lower house prices
exacerbate default on one-period loans as more Borrower members experience negative equity
in the house, thereby further worsening their financial conditions and the economic downturn.

Consider now the impulse responses to a housing risk shock when x = 0.01. The default
rate on two-period loans is positive in equilibrium. Beside the stronger negative wealth effect
due to higher leverage, an additional factor contributes to generate amplification: the strategic
incentive to postpone default. Borrowers prefer to default on the second installment of the
mortgage so as to keep the housing stock for an additional period. As a result, the default
rate on one-period loans responds by less with low early amortization relative to the case
where z = 0.5 or = 0.99 while default on two-period loans increases substantially and
remains high until outstanding contracts are replaced by new ones. The strategic incentive to
postpone default combined with the presence of multi-period contracts generates persistence in
the average default rate, output in the housing sector, aggregate consumption of nondurable
goods and total output. We believe that mortgage contracts extending to more periods would
make the effects of our risk shock even more persistent. Lower default on the first installment
leaves the Borrower household with a larger housing stock and reduces on impact his demand
for new houses,” which further depresses housing prices and delays the rebound in the housing
sector. The steeper fall in house prices generates second-round effects by triggering more

Borrower members to have negative equity in their houses and consequently to default.

5.3 Optimal Amortization

So far the parameter x has been taken as given. Borrowers could increase or decrease their
total mortgages keeping the ratio of one- and two-period loans constant. This section relaxes
this assumption and allows Borrowers to choose optimally the amortization schedule, namely
to choose Lj ;41 and Lg;yq. In terms of the model, Borrowers now have a separate first-order
condition for each of these variables.

For our benchmark calibration Borrowers choose %" = 0.012. In words, the one-period loan

9To see why this is the case recall that Hf,; = Hyp1 + (1 — 6)(1 — G(@1,4)) Hs.
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represents 1.2% of the total mortgage and early amortization is very low. Positive default rates
arise both on first- and second-period installments. Hence, if free to choose, Borrowers prefer
low early or even negative amortization — in fact, x = 0.012 implies negative amortization in
our model. Not surprisingly, Borrowers prefer to have small first-period installments and to
repay most of the loan at the end of the term. This allows them to postpone default to the
end of the contract and take advantage of the housing stock for an additional period. Low
early amortization schedules imply low first-period repayments and thereby low sunk costs.
Interestingly, the Borrower does not choose x = 0, namely he does not choose to eliminate
first-period payments altogether.

The responses of our model under optimal amortization are similar to the case where x = 0.1

shown in Figure 5 and we do not repeat them here.

6 Conclusions

We build a housing model with mortgages that last two periods and endogenous default. The
mortgage contract in our model is admittedly simple (and simpler than the contracts found in
reality), but rich enough to capture the strategic incentives of mortgage contracts characterized
by low early amortization. When principal repayment is very low in the early periods of the
contract, the borrower has an incentive to hold on to the housing stock and postpone default.
This leads to higher leverage at the steady state and to deeper contractions in response to a
housing risk shock. We believe that both motives played an important role in the U.S. mortgage
default crisis of 2008-09.

Our model can be a starting point for policy analysis. The degree of early amortization
plays an important role in individual decision to default and thereby in the transmission of
shocks. In our theoretical framework the cost of default is entirely borne by borrowers. It
would be interesting to analyze the case where lenders participate in such losses. Coupled with
a meaningful financial sector, this extension could provide a framework for analyzing the effects

of the mortgage default crisis on financial intermediation.

36



References

Altig, David, Lawrence Christiano, Martin Eichembaum, and Jesper Linde, “HFirm-

Specific Capital, Nominal Rigidities and the Business Cycle,” Review of Economic Dynamics,

2011, 14 (2), 225-47.

Aoki, Kosuke, James Proudman, and Gertjian Vlieghe, “House Prices, Consumption,
and Monetary Policy: a Financial Accelerator Approach,” Journal of Financial Intermedia-

tion, 2004, 13 (4), 414-35.

Barsky, Robert B., Christofer L. House, and Miles S. Kimball, “Sticky-Price Models
and Durable Goods,” American Economic Review, 2007, 97 (3), 984-98.

Bernanke, Ben, “Monetary Policy and the Housing Bubble,” Manuscript, 2010.

_ , Mark Gertler, and Simon Gilchrist, “The Financial Accelerator in a Quantitative Busi-
ness Cycle Framework,” in John Taylor and Michael Woodford, eds., Handbook of Macroeco-
nomics, Vol. 1341-93, Amsterdam: Elsevier Science, North Holland, 1999.

Calza, Alessandro, Tommaso Monacelli, and Livio Stracca, “Housing Finance and

Monetary Policy,” Journal of Furopean Economic Association, 2011.

Carlstrom, Charles T. and Timothy S. Fuerst, “Agency Costs, Net Worth, and Business
Fluctuations: A Computable General Equilibrium Analysis,” American Economic Review,

1997, 87 (5), 893-910.

_ and _ , “Co-Movement in Sticky Price Models with Durable Goods,” Federal Reserve Bank
of Cleveland Working Paper 06-14, 2006.

Christiano, Lawrence, Roberto Motto, and Massimo Rostagno, “Financial Factors in

Business Cycles,” Manuscript, 2009.

Curdia, Vasco and Michael Woodford, “Credit Spreads and Monetary Policy,” Journal of
Money, Credit and Banking, 2010, 42 (s1), 3-35.

Erceg, Christopher and Andrew Levin, “Optimal Monetary Policy with Durable Con-
sumption Goods,” Journal of Monetary Economics, 2006, 53 (7), 1341-59.

37



Forlati, Chiara and Luisa Lambertini, “Risky Mortgages in a DSGE Model,” International

Journal of Central Banking, 2011, 31 (1), 3228-54.
Horvath, Michael, “Sectoral Shocks and Aggregate Fluctuations,” Journal of Monetary Fco-
nomics, 2000, 45 (1), 69-106.
Iacoviello, Matteo, “House Prices, Borrowing Constraints and Monetary Policy in the Busi-

ness Cycle,” American Economic Review, 2005, 95 (3), 739-64.

_, “Financial Business Cycles,” Manuscript, 2010.

and Stefano Neri, “Housing Market Spillovers: Evidence from an Estimated DSGE

Model,” American Economic Journal: Macroeconomics, 2010, 2 (2), 125-64.

Kiyotaki, Nobuiro and John Moore, “Credit Cycles,” Journal of Political Economy, 1997,

105 (2), 211-48.
Miam, Atif and Amir Sufi, “The Consequences of Mortgage Credit Expansion: Evidence

from the US Mortgage Default Crisis,” Quarterly Journal of Economics, 2009, 12/ (4), 1449—
96.
Monacelli, Tommaso, “New Keynesian Models, Durable Goods, and Collateral Constraints,”

Journal of Monetary Economics, 2009, 56 (2), 242-54.

Schmitt-Grohe, Stephanie and Martin Uribe, “Optimal Inflation Stabilization in a
Medium-Scale Macroeconomic Model,” in Klaus Schmidt-Hebbel and Richard Mishkin, eds.,

Monetary Policy Under Inflation Targeting, Central Bank of Chile, 2007, pp. 125-186.
Sterk, Vincent, “Credit Friction and Comovement between Durable and No-Durable Con-
sumption,” Journal of Monetary Economics, 2010, 57 (2), 217-25.

Topel, Robert and Sherwin Rosen, “Housing Investment in the United States,” Journal

of Political Economy, 1988, 96 (4), 718-40.
Townsend, Robert M., “Optimal Contracts and Competitive Markets with Costly State

Verification,” Journal of Economic Theory, 1979, 21 (2), 265-293.

38



Woodford, Michael, Interest and Prices: Foundations of a Theory of Monetary Policy,

Princeton University Press, 2003.

A Model Equations

A.1 Borrowers

The first-order conditions relative to Cy, Hii1, New, Nty L1, 01 441, W12, given x, are:
Uct — Apcy = 0, (36)

Unt— Apeapus + B(1 —0)E: {Unit1 + (1 — 0)Giy1 (01,441)PH 1 BC 11 + APctr1PH+1 (37)
X [Ceg1(@1641) — pGryr(@1441)]} + 52(1 - 5)2EtPH,t+2 {ABeisall — Giyr(@01,441)]

1 — pGis1(02442)] + Apciraliga(@oi12) — pGria(Wo42)]} = 0,

w it

UNj,t + /\BC,t_] = 07 j = Ca H7 (38)
Hij,t
A A A A
Aot — B(1+ Rups)eEr [ PC1t+1 T+ BC’,t+1:| B 52(1 ¥ Rusy)(1— 1) [ po2t+2 + BC’,t+2:| ~0.
TCt+1 TC44+1TC 142
(39)
U I (@

U i d (U= )+ Aper e | t) WL a8(1-8) (40)

B(1—4) Gt+1(wl,t+1)

{ABC,H—Q[l — 1Gyo(Wap42)] + |:ﬂ0,t+2%>\P01,t+1:| [Ciio(Watt2) — HGt+2(w2,t+2)]} =0

_)\BC,t+2ﬂG;+2(w2,t+2) + [Apcatre — Apcii+1To+2Qir1,042] [F;+2(@2,t+2) - MG;+2(@2¢+2)] =0,

(41)
where Apc, is the Lagrangian multiplier on Borrowers budget constraint (13), Apc141 is the
Lagrangian multiplier on the participation constraint (15), Apca 442 is the Lagrangian multiplier
on the participation constraint (14), u;,,7 = C, H is the Lagrangian multiplier on the labor
market constraint (18) in sector j. Notice that the first-order conditions with respect to @y ;11
and w949 are state by state and not in expected terms.

To find the first-order conditions relative to We(k), Wy (k), we rewrite the relevant part of
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the Lagrangian associated with the optimization problem of Borrowers as follows

[e ) W k —Ew w k —ew
Ly = Eq Z(Qﬂ)s)\BC,t—&-s { [Ng’,t—f—swC,t(k) (L()) + Ngiﬁw&t(k) (—Ht( >) +

w w
5—0 Cit+s H,t+s

(42)
W 45 d th(lf)>_Ew WH,i+s d wr(k)\
WOks | Ny — N& ( ’ W NG .
s [ t+s s \ woirs s t+s Hes \ e

The first-order condition relative to we (k) is

= we(k)\ ™ 1 cw— 1\  weu(k W prs
Ey Z(Qﬁ)s)\BC,HsNg,HS ( cul )) Ttz [— ( ) T8 calk) + 2t ] =0,

w
s—0 W t+s =0 Ew 2=0 TC,t+2 IuC,t-l—s

and the first-order condition relative to wy (k) is

- we (k) ™ 1 Ew— 1 wp(k WH 45
EtZ(Q6>S)‘BC,t+sNICLlIt+s ( H’t( )> ﬂ-gl,]tJrz [_ ( ) Hs H’t( ) + Lt ] = 0.

w
—0 WH t+s 20 Ew 2=0 TCt+z  HHirs

To write these equations in a recursive manner we define

wig (k) 7 B )
fljt ’U)Jt EtZ)\BCtJrs ]t+s( Jt( )> Wéqft—&-}{:? j:C,H,

w;
J,t+s k=0

s

_ Ew Ew ]t+$ £ ;
foje = —(wj (k) Ey E Apcss Ny 05, Ty J=C,H.
s=0 Hijt+s k=0

Making use of (38) and simplifying, the wage-setting equations simplify to

Ew— 1 a ((wie(k)\ co—t [(Witr1(K) e .
Jije = wj,t(k?)Nj,t - JrQﬁEth,tH YA fijern,  J=C,H, (43)

Wiy w;i (k)

wi (k) Wi (K)\ ™ ,
fgj,t = _UNj,t ( ]’t( >> + QﬁEtWCt_A,_l ('jf’t:—z](f))) f2j7t+1a J= O? Hv (44)
]7

flj,t = f2j,t7 .] = Ca H. (45)

The Borrowers’ stochastic discount factor between period ¢ and ¢ + 1 is given by

1

=_ 46
Qs = (46)
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which corresponds to what the Borrower should pay if he could borrow with a risk-free one-

period bond.

A.2 Savers

The first-order conditions with respect to 6,5, ﬁt+1, th, ]\7H7t, E+1, A1, We(k), wi (k) are:

Ué,t - XBC’,t - Oa (47)
U 11— XBC,tpH,t + (1 = 9)E, [XBC,t+1pH,t+1] =0, (48)
Ug,e T XBC,t@j,t =0, j=CH, (49)
~ by by
—Xpey +v2(1+ Rpi) By | 2295 4 42(1 — 2)(1 + Rpay) By ﬂ] =0, (50)
TCt+1 TCt+1TCt+2
_pAl,tXBC7t + E; [(pAl,t—i-l + TAl,t+1)XBC,t+1i| =0, (51)

where A)\VBC,t is the Lagrangian multiplier on Savers budget constraint (20). The first-order

conditions relative to we(k), wp (k) are given by

s ew—1 o (W RN (W ()T ,
fije = ——w(k)Nj, | —=—=— +ovEmea | = fijer,  §=C,H, (52)
Ew j w; (k)

~ ~ wi(k)\ %Y ~ _ . w; )\ ~ ,
fojr = _Uﬁj,t ( 1~t< )) Nﬁt + ovEimet (z%tJr—(llE;))) fojer1, J=C,H, (53)
it

flj,t = };j,ta j = Ca H. (54)
We follow Curdia and Woodford (2010) and assume that real non-durable resources are used
in the process of originating loans. More precisely, total loans [, + ©l; are required in order to

originate a quantity I, = [, where © > 0. Perfect competition in the loan market then implies

that (1 + Rp;t) = (1 4+ Rpir)/(1 +0O), for ¢ = 1,2 and Vt.
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A.3 Intermediate Firms in the Non-Durable Sector

The maximization problem for firm ¢ is given by

E, {ZeéAt,t—Hﬂ [Pat(i)yc,tmt(i) — WewrkNen (i) — WC,t+kNC,t+k\t(i> (55)
k=0

c—1

e e Pases Ao [ Nowmn() S + (1= O B0 = Youuutd)] |}

where Ye 1 4:(7) denotes output in period ¢ + k for a firm ¢ that last changed its price in period
t. A similar interpretation applies to Ne ¢4 (2) and ]A\?C,Hk“(i). mce4k () is the real marginal
cost of a firm ¢ that last changed its price in period t.

In (55) the demand and the stochastic discount factor are respectively given by

* . —€cC kN
. P 4(4) A _ Por Y Aok
YC,t+k\t(Z) = YC,t+k> ti+k = = .
FPe ik Peuvk Aoy

The first-order conditions relative to Neyqx):(7) and NC,HW(Z') are

1
<

. 1-1 N N
Wik +mee (1) PopnAc S p Yo r k() s €5 Nog g (i)~ =0, (56)

1
3

=~ . 1-1 . 1~ N1l
~Wesk +mecn (1) PopnAcp Yorruie(d)s (1 —C)s Nopyr(i) £ =0, (57)

which state that the nominal marginal cost equals the ratio of the nominal wage to the marginal
product of each type of labor input. By rearranging (56) and (57) we obtain:

1
1 i

mecup(i) Wi+ (1= QW] (58)

Ac ik Poitk

According to (58), mce k(i) = mcogqr. Marginal costs are equal across firms because wages
are the same across all firms.

The first-order condition relative to the price is given by

(Pév’t(i))(—ac—l)ycvﬁk(Pc*',t(i) ec mCat+k)]}:0~ (50)

Po itk Poy ec—1

E {zegmm
k=0
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Finally, it can be shown!® that, under Calvo price setting, the optimal price set by re-

optimizing firms is linked to the aggregate price behavior by the following condition:

Pé’,t (1=ec) o 1- ecﬂacft_l
Pc o 1—6s

where ¢, denotes gross inflation in sector C.
A.4 Intermediate Firms in the Housing Sector

o t~
Y )\BC,t

E; Pk (O)Yea k(1) = Prerg Ve (d) = Yesr—1(2)) — Wik N i (3)

k=0 ’Yk)\BC,Hk
~ ~ . . . _ . 1 N S—1
~ W4k Ni 16 (8) = Tay ek A (7)) + mem e ()P [AH,tAll,t-:k(Z) [CCNH,Hk(Z):

H1 = O T = Yaess(9)] .
where g(Yr (1) — Yu+—1(7)) are firm-level adjustment costs as in Topel and Rosen (1988) such

that g(0) = ¢’(0) =0 and ¢”(0) = x > 0. Ry, is the nominal rental price of land; the demand

and the stochastic discount factor are respectively given by

Vird(i) = (pH’f(“)_” Yirs

PH

The first-order conditions with respect to Ny (i), N m(1) and A;; are

s—1

—wpt +mep (1) pu kY (i) [C%NHt(z)% +(1— C)%]\Nth(z)T} - C%NH,t(i)i% =0, (61)
— B + mem()pek Y (i) [&NH,t(z’)% La- C)%NH,t(i)%] Ot Rt —0.

—Ta + mcH7t(i)pH7t(1 — H)YHJ(?;)AI_; = O,
By using (61), (62) and (63) we obtain:

1
B Appp (1 — K

me (i) i (ol + (1= Q)™ (64)

10For a formal proof see for instance Woodford (2003).
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Condition (64) states that the marginal cost of producing one more unit in the H sector is
equal across firms and depends on Dixit-Stiglitz aggregator of the input prices, i.e. the land
rental rate, Borrower and Saver wages.

The first-order condition relative to the price is given by

pusli) __en {m% iy ((pﬂ,tm) Yis = (pH,H@)) YHH)
DH.t eg —1 DH.t DH,t—1
)\ . —c . —€
VABCJH it q <<pH’t+1 (Z)) Yi i1 — (p—H’t(z)) YH,t> } =0. (65)
BCt PH¢t PHt+1 PH

According to condition (65), in the absence of adjustment costs firms set prices as a mark-up

+E;

over the their marginal cost. With adjustment costs, the price is set as a mark-up over the

marginal cost gross of the effect of a price change on current and future adjustment costs.
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