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ABSTRACT. High breakdown-point regression estimators protect against large errors and
data contamination. We adapt and generalize the concept of trimming used by many of
these robust estimators so that it can be employed in the context of the generalized method
of moments. The proposed generalized method of trimmed moments (GMTM) offers a
globally robust estimation approach (contrary to existing only locally robust estimators)
applicable in econometric models identified and estimated using moment conditions. We
derive the consistency and asymptotic distribution of GMTM in a general setting, propose a
robust test of overidentifying conditions, and demonstrate the application of GMTM in the
instrumental variable regression. We also compare the finite-sample performance of GMTM
and existing estimators by means of Monte Carlo simulation.

Keywords: asymptotic normality, generalized method of moments, instrumental variables
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1. INTRODUCTION

The generalized method of moments (GMM; [Hansen, 11982) and related procedures are
important econometric tools for estimation and inference in models based on moment condi-
tions. During last two decades, the estimation by GMM has been enhanced in many areas,
which include primarily its behavior in small and moderate samples (e.g., [Altonji and Segal,
1996; Tmbens et all, [1998; Newey and Smithl, [2004) and its robustness against small devi-
ations from the assumed model (e.g., Ronchetti and Trojani, 2001; Honore and Hu, 2004;
Lo and Ronchetti, [2006). In this paper, we concentrate on the second area and propose the
generalized method of trimmed moments that is, contrary to most existing methods, robust
to large deviations from the model and that can achieve practically the same variance of esti-
mates as the original GMM in many situations. By being robust to small or large deviations

from the model, we mean how large is the smallest fraction of a sample that, if modified in
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some way (e.g., by data contamination or heterogeneity not presumed by the model), can

arbitrarily change the estimates under consideration. This measure is called breakdown point

(see

Rousseeuw and Leroy,

1987

, for the standard definition and

Genton and Lucad,

200

, for

a discussion of the breakdown point under dependence) and it is asymptotically equal to zero

for the majority of typically used GMM estimators (see

discussion of the robust properties of GMM).

Ronchetti and Trojani,

2001, for

a

The need for robust estimation methods have been demonstrated in various contexts

both theoretically by

Krasker and Welsc

1985),

Hampel et al

1986)

Peracch

1990

Hubert and Rousseeuw

1997),

Krishnakumar and Ronchett

1997)

Ferretti et al

1999

b

Cantoni and Ronchetti

200

Genton and Ronchett

200

Bramati and Crou

2007

and |Cizek (2008b

);

)7

), for instance, and in real (GMM) applications by

Knez and Ready

1997

1998),

Templ

Sakata and Whit

1998),

Dell’Aquila et al

2003

), and

Czellar et al

2007

for instance. In the case of GMM and its particular applications such as the linear instru-

mental variable (IV)

estimation (e.g., see

Amemiy

1982, [Honore and Hu,

200

200

)

Krishnakumar and Ronchett

,[1997

and

Wagenvoort and Waldman

1200

and |Ortelli and Trojan

, in IV regression) and on the M-estimation (e.g., see

and

regression, existing research concentrates on the quantile-based GMM

Chernozhukov and Hanse

Krasker,

1986,

Peracchi,

199

, in simultaneous equation models;

, and

)

Miiller and Kiml,

200

Y

, in linear panel data; and

Ronchetti and Trojani,

200

)

, 12005, for general GMM estimation). All mentioned robust methods

applicable in models estimated by IV or GMM are however only locally robust and usu-

ally cannot withstand large deviations from the model (see

and Section [ for the methods based on quantile regression and

Ronchetti and Trojani,

200

He et al

1990

Cizek, 12008

Maronna. et _al.,

)

1979, and

, for the GMM based on M-estimation). Even though the M-

estimators can be made more robust by means of one-step estimation

as in

Wagenvoort and Waldman

200

Simpson et al

,1199

)

), such a procedure nevertheless requires an initial

highly robust estimator, which is not available for general method-of-moments estimation so

far.

Hence, we aim to propose a high breakdown-point estimator for models based on gen-

eral nonlinear moment conditions.

198

tremum (Cizek, 2008

), maximum trimmed likelihood

Hadi and Lucen

1997

Y

Motivated by the least trimmed squares

Rousseeuw,

), and general trimmed ex-

) regression estimators, which eliminate the influence of deviating ob-

servations on estimates by trimming the observations from estimators’ objective functions,



we propose the generalized method of trimmed moments (GMTM). For a given model, the
GMTM method relies on the moment conditions characterizing the model that are extended
in order to include trimming of observations inconsistent with the original moment conditions.
Because GMTM represents a very general concept, we demonstrate several ways to create
trimmed moment conditions in the case of linear IV regression and discuss a data-dependent
choice of trimming designed to minimize the number of trimmed observations. Furthermore,
since the proposed trimming of observations in the moment conditions depends implicitly on
the underlying parameter values and is thus endogenous, GMTM requires new asymptotic
theory. We therefore study the consistency and asymptotic distribution of GMTM, discuss
its implications for the estimation, and propose a GMTM analog of the test of overidentify-
ing conditions (Hansen, [1982). On the other hand, the breakdown properties of GMTM will
not be derived in general because they are model- and data-dependent in nonlinear models
or under dependence (Genton and Lucas, 2003); we discuss the robust properties of GMTM
only in the linear IV regression. Finally, we also do not address here questions concerning
weak identification in the context of (robust) GMM estimation, although the extension of the
current results along the lines of |Stock and Wright (2000) is relatively straightforward.

In the rest of the paper, we first propose the GMTM estimator in Section 2 where we
also provide various examples of GMTM in linear IV regression and discuss how the number
of trimmed observations can be chosen in a data-dependent way. Assumptions needed for
studying the asymptotic properties of GMTM as well as the main asymptotic results are
summarized in Section Bl Later, the proposed and some existing estimators are studied by

means of Monte Carlo simulations in Section @l The proofs are provided in Appendix.

2. GENERALIZED METHOD OF TRIMMED MOMENTS

Let us now introduce the generalized method of trimmed moments (Section2.T]) and demon-
strate its use in the context of linear IV regression (Section 2.2]). Later, a data-dependent

choice of the trimming amount is discussed (Section [2.3]).

2.1. Generalized method of trimmed moments estimator. To introduce the idea of

trimming, let us consider data {d;}]"; = {(vi,z:)}}'_; and a linear regression model with
intercept

_ T
(2.1) yi = x; B+ i,
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where § € RP denotes the vector of unknown parameters. Assuming E(g;|z;) = 0 and
E(x;x] ) > 0, the standard least squares (LS) estimator BA,(LLS) is consistent, but very non-
robust: being a linear function of y;, a single outlying observation can arbitrarily change the
value of BAT(LLS) and its breakdown point is thus at most 1/n and equals asymptotically zero
(He et _all, [1990).

To achieve a high breakdown point, many robust methods exclude (or downweight) obser-
vations unlikely under a model from their objective functions (e.g., Hadi and Lucena, [1997;
Stromberg et all, [2000; and |Cizek, 20084). A well-known alternative to LS is, for example,
the least trimmed squares (LTS) estimator (Rousseeuw, |1985), which minimizes the trimmed

sum of the h,, smallest squared residuals:

hn
(2.2) (LTS) — arg minz e%j)(ﬁ),
geB

where e%j)(ﬁ) represents the jth smallest order statistics of squared residuals e?(3) = (y; —

z} )% i=1,...,n,and n/2 < h, < nis the trimming amount. By (endogenously) excluding
n — h, observations from the objective function, LTS becomes insensitive to the presence of
data inconsistent with the linear model. In general, n/2 < h,, because we cannot distinguish
which part of the data should be fit by the model and which one should be rejected if
hyn, < mn/2. Thus for the maximum amount of trimming, (n—h,)/n — 1/2 as n — oo and the
breakdown point of LTS then converges asymptotically to 1/2, the maximum possible value
for affine-equivariant estimators (Rousseeuw and Leroy, 1987).
The LTS estimator can be alternatively expressed also by means of moment conditions. If

e;(B) is continuously distributed, |Cizek (2006) showed that (ZZ) can be expressed as

n

BETS) = argmin 3 2(0) - HeH (D) < e, ()
i=1

and that the corresponding first-order conditions for the LTS estimator are
n

(2.3) 2> ei(B)wi - I{e} (8) < €, (B)} =0,
i=1

where I(-) is the indicator function. Note that the normal equations (2.3]) consist of two
parts: one corresponding to the LS moment conditions, Y ;- ; e;(8)x; = 0, and another one
performing trimming of observations with large squared residuals, I{e?(8) < e%hn)(ﬁ)} =0,

where e%hn)(ﬁ) approximates a quantile of the distribution of squared residuals e?(3).



To generalize, let us now consider a stationary data sequence {d;}!' , d; € R* and a

function s : R¥ x B — RM that imposes a set of unconditional moment conditions
(2.4) Es(di; 8°) =0

on the underlying model. We also assume that 3° € B C RP? is the unique solution of (Z4)
and that the number M of conditions is equal to or larger than the number p of parameters.
The GMM estimator proposed by [Hansen (1982) is then defined by

AGMM w I ¢ T
(2.5) B¢ ) = argmin QY (3) = arg min [— Z s(dy; B)] w [E Z s(di;ﬂ)] )

n
peB peB i=1 i=1

where W is a positive definite M x M matrix and Y., s(d;; )/n represents the sample
equivalent of (2.4]).

Typically relying on an unbounded moment function s, the GMM estimator is not ro-
bust as a single data point can have an arbitrarily large influence of the GMM estimates
(Ronchetti and Trojani, 2001). To improve robust properties of GMM, trimming of observa-
tions similar to (2.3]) could be employed. Therefore, we now propose to base the estimation

on the trimmed moment conditions
(2.6) E [s(di 8°) - Tr(di 8°) < Gt (0)}] =0

instead of conditions (2.4]), where function s(d;; ) represents the original moment condition,
r(d;; B) : RF x RP — R is a general trimming function that ranks observations and determines
their inclusion in or trimming from the objective function, and GEI()\) denotes the A-quantile
of the distribution of r(d;; 3), 1/2 < A < 1; A is referred here as the trimming constant. For
example in the case of linear regression (2.I]), the LTS estimator (2:2]) corresponds to setting
s(di; B) = (yi — ] B)x; = ei(B)a; and r(d;; B) = (yi — x B)* = e (), see equation ([Z3). In
general, the trimming function r(d;; #) should be designed so that its small values indicate
likely observations (“good fit”, small squared residuals, high likelihood) and its large values
indicate unlikely observations (“bad fit”, large squared residuals, low likelihood) in a given
model (Cizek, [2008a). Apart from weak regularity assumptions, the only other requirement
on r(d;; #) is that the trimmed moment equation (2.6) holds.

To construct a sample equivalent of (2.0]), Ggl()\) is replaced by the [An]th smallest order

statistics of r(d;; 3), where [t] represents ¢ rounded to the closest integer value. Consequently,



the generalized method of trimmed moments can be defined by

(2.7) JEMTMA) = arg min QIV(8),
BEB

where

(2.8)

n T n
ZS duﬂ I{T duﬁ) sr [)\n])(ﬂ)}] w [%Z‘S(dlaﬁ)l{r(dlaﬁ) < T’([An})(ﬁ)} :

[ i=1
Although this definition is analogous to the standard GMM, the use of trimmed moments
(24), which trim observations depending on the values of all variables d; and model pa-
rameters (3, requires a new asymptotic theory and results that establish the behavior of the
proposed GMTM method (see Section [3). Further note that, for the asymptotic analysis
of GMTM, we can assume A\ € (0,1), whereas the robustness and equivariance properties
of GMTM impose A € (1/2,1), A = 1/2 being the most robust choice in many continuous-
response models (e.g., see Miiller and Neykov, 2003, for the case of generalized linear models).
Thus, A close to 1/2 can produce very robust consistent estimates, but on the other hand, it
will probably lead to much larger variances of estimates than A = 1, that is, the original GMM
[23) without any trimming. A data-dependent choice of A, which combines high robustness

and small variances of estimates, is discussed later in Section 2.31

2.2. Linear IV regression. To demonstrate possible implementations and uses of trimming,
let us consider the linear IV regression model with y; = z} 8 + &; as in (1)), E(g;]x;) # 0,
and E(g;]z;) = 0, where z; represents a vector of instrumental variables; the data vector
d; equals then to d; = (y;, ;I" ;F)T The standard IV and GMM estimators are based on
the identification condition E(g;|z;) = 0 (together with other assumptions such as dim(z;) >
dim(z;) and x; and z; being correlated), which implies the unconditional moment conditions

E(eiz;) =0 and

(2.9) Es™ (di; B) = E[(yi — z{ B)zi] =0

In the case of exact identification, dim(z;) = dim(z;), 8 = {E(ziz])} ' E(ziy:), and the

sample analog is



Being a linear function of responses y; like LS, the IV estimator is obviously very sensitive to
outliers as even a single large observation can arbitrarily change the estimate Bﬁf” as noted
already by [Krasker and Welsch (1985).

A robust alternative can be provided by the proposed GMTM estimator (2.7]), which solves

the trimmed moment equations (2.6):

(210) E[s"(dis 8) - H{r(dis ) < G5 NV} = E| (i — ] B)2 - H{r(dis ) < G5 (W)} =0,

This trimmed instrumental variable (TIV) estimator however requires a choice of the trim-
ming function 7(d;; ). Analogously to LTS in (2.3]), a (seemingly) straightforward protection
against outliers in the dependent variable y; could be implemented by setting r(d;; 5) =
r¢(d;; B) = (y; — =] 3)? in (ZI0). The corresponding GMTM estimator using s = s’V and
r = r® will be denoted TIV-TE and corresponds to the linear IV method by [Visek (2006).
Before analyzing the robust properties of TIV-TE, let us discuss the parameter identi-
fication. Similarly to the linear regression case and LTS, the standard (29) and trimmed

(210) moment conditions identify the same set of parameters if the distribution function of

2

€ = Y — xiTBO is symmetric because the trimming by r¢(d;; 8°) = €7 is symmetric around
Z€ro (CiZek, 2006). If the underlying distribution of ¢; is not symmetric, the slope estimates
are still identified and consistently estimated, see Marazzi and Yohai (2004). On the other
hand, the trimmed equation for intercept 3y identifies instead of the usual mean value Gy =
Evi — (B1,---Bp—1) E(z14,...,2p—1;) | a different value Bo = Bo + E{e;l(e; < Ggol()\)} # 0o,
where 5 = (B, ... ,ﬁp,l)—r and z; = (1,214, ... ,xp,h-)—r. The lack of “mean identification”
is a common feature of practically all positive breakdown-point regression estimators appli-
cable under asymmetric errors: for example, the median regression (Bassett and Koenker,
1978) estimates medians rather than means and generalized S-estimators (Croux et all, [1994;
Stromberg et all, 2000) do not identify intercept at all. If the intercept estimate is needed,
one can use BNO, use some other intercept estimate such as the median, or compute Gy by
evaluating E{e;I(g; < Ggol()\)} for an assumed parametric family of e; distributions as in
Marazzi and Yohai (2004).

Returning to the robust properties of the TIV-TE estimator, it protects against the extreme

influence of observations with large residuals 7¢(d;, (3) on the estimates by trimming them from

the moment equation (ZI0). This mechanism is similar in spirit to the IV estimators based



on the median conditions (Med-IV) such as

(2.11) E{sgn(y; — z; 3)zi} =0

(Honore and Hu, 2004) in the sense that sgn(y; — mZT B) is not influenced by large values of
residuals (only by their signs). In both cases, the protection against large values of residuals
however does not guarantee that estimates cannot be arbitrarily changed, for example, if
additionally atypical or erroneous values of instruments z; occur in data: a large value of a
particular instrument value z; gives a disproportionally large weight to the residual y; — x;rﬁ
in (2.9), (Z10), or (Z.I11]), which can lead to an estimation bias and possible breakdown of an
estimator even in the presence of a single contaminated observation (cf. [He et all, (1990, and
Wagenvoort_and Waldmann, 2002).

On the other hand, the results of He et all (1990) for the quantile-regression and M-
estimators indicate that the estimators can reach a positive (although design-dependent)
breakdown point if the values of the instruments z; in (2I0) for » = 7€ or in (ZI1]) are
bounded. Since transforming the instruments z; does not invalidate the consistency of GMM
as long as the employed moment conditions stay valid, one way to add protection against
atypical values in z; is their standardization. Specifically, we propose replacing z; by z;/||zil|
and using s°7V(d;; B) = (yi — =] 8)2i/||2]| to obtain trimmed moment conditions
(2.12)

|17 (dis B) - 1{r(dis ) < G5 (VY] = E| (i = 2 B)za/ 1] - 1" (e ) < G5 ()} | =0

The corresponding GMTM estimator using s = s°7V and r = r¢ will be denoted TIV-TESZ.

While normalizing instruments can make the TIV-TE and Med-IV estimators globally ro-
bust (although the size of the breakdown point generally depends on the design of z;), the
generality of GMTM also allows for another protection against observations “incompatible”
with the moment conditions (29]). For example, we can trim observations with large con-
tributions to the moment conditions (because a single large value can arbitrarily change the
sample average). Defining 7(d;; ) = r%*(d;; ) = ||(y; — ! B)z|? as the Euclidean norm of
the moment contribution (y; — xiTB)zi, we can use the trimmed moment conditions based on
the original moments s’V (d;; 8) = (y; — ;' 3)z with the unmodified instruments:

(2.13)
!V (di; B)1{r(dis B) < G3" (VY] = E[(y — ] B)2 - 1{r*(dis §) < G3' (W} = 0.



The corresponding GMTM estimator using s = s’V and r = r** will be denoted TIV-TETZ.
The main advantage of this approach is its generality compared to TIV-TESZ or Med-IV.
Whereas the robustness of TIV-TESZ achieved by standardizing the instruments relies on
the linearity of the moment conditions s’V (d;; 3), the trimming by the norm of the moment
contribution ||s!V(d;; 8)| is applicable in general nonlinear models. On the other hand, note
that the previous discussion of the intercept and slopes identification also applies to (ZI3))
because trimming r¢*(d;; 4°) is symmetric with respect to g; = y; — ﬂ:;r (39 conditional on z;.

More detailed comparison of the proposed robust IV estimators is in Section [4l

2.3. Adaptive choice of trimming. While trimming 30% or 50% observations can well
protect estimates against the influence of outliers, erroneous, and atypical observations, elim-
inating many observations from an estimator’s objective function will intuitively lead to
a worse performance of the estimator: less observations imply a higher variance. On the
other hand, the moment conditions (2.4]) usually depend on the (unobservable) error term
expressed as a function of observables, &; = e(d;; 8°), and trimming will typically protect
against observations unlikely in a given model, that is, observations with large values of
regression residuals e(d;; 3). For example in the linear IV regression, the moment condi-
tions (29) equal E{e(d;; B)z:} = E{(y; — =, B)z;} = 0 and trimming in the TIV estimators
depends on €2(d;; 3) = (y;— =] B)2. Therefore, the choice of the trimming constant X in (26—
[238) can be made data-dependent by looking at the tail behavior of e(d;; 3) as proposed by
Gervini and Yohai (2002).

Specifically, even though GMM estimators do not typically require the error term ¢; to be
from a specific parametric family of distributions, GMM for a given model often performs
optimally under some specific parametric distribution g; ~ Fy, 0 € ©. For example, LS in the
standard linear regression (2.1]) require only E(g;|z;) = 0, but LS perform optimally if the
error term is normally distributed, &; ~ N(0,6),60 € R;. Consequently, we can determine the
fraction 5\n of sample observations having residuals consistent with the assumption g; ~ Fy
(in its tail) and trim only remaining n — [\,n] observations in GMTM.

Such an adaptive choice of trimming was proposed by (Gervini and Yohai (2002) in linear
regression. Let us assume that we obtain initial robust estimates 39 and 69 of the regression
parameters ( and distribution parameters 6, for example, by using GMTM with A = 1/2

and ég = 1.4826 - MAD;—1,. ei(di;Bg) if Fy = N(0,60), where MAD denotes the median
9



absolute deviation. The choice of trimming is then done by comparing the empirical distribu-
tion function 13’,9 of the absolute residuals |e(d;; ﬁg)] and the estimated optimal distribution
function FH(z) = Fy (2) — Fyo (—2z) of |&;| under the assumption ¢; ~ Fy, where Fy is sym-
metric (equivalently, squared residuals can be used). The two distributions are compared by
measuring the largest difference between 13’,9 and FH in the tail of the distributions,

(2.14) . = supmax{0, £} (1) = (1)}

where the cut-off point ¢ equals 99% or 99.5% quantile of FI-I' Using this measure, the
data-dependent choice of trimming is determined by A = 1—d,. In the linear regression
@), GMTM with this data-dependent choice of trimming corresponds to LTS with the
same choice of trimming, is asymptotically equivalent to LS under normality, and at the
same time, it preserves the breakdown point of the initial estimator 32 (Gervini and Yohai,
2002). It also performs very well under various light- and heavy-tailed distributions and
under heteroscedasticity despite “assuming” the same distribution for all data in (2.14)) (Cfiek,
2007a).

Finally, let us note that the comparison of the empirical and optimal distributions in (2.14))
was done for the absolute values of residuals, |e(d;; 3)|, as proposed by |Gervini and Yohai
(2002) because the trimming by the TIV estimators in Section depends on e2(d;; 3),
which is symmetric around 0 and is equivalent to trimming using |e(d;; 3)|. In a general case
with a possibly asymmetric distribution Fy and trimming, we can construct An by comparing
the empirical distribution function F,? of the residuals e(d;; Bg) and the distribution function
F(z) = Fé%(z) of ¢; under the assumption ¢; ~ Fy in both tails, for example:

(2.15) dp = sup max{0, FO(t) — F(t)} + sup max{0, F'(t) — F°(t)},

where ¢ and ¢ represent the 0.5% and 99.5% quantiles of a , respectively.

3. ASYMPTOTIC PROPERTIES OF GMTM

In this section, we introduce the assumptions for the asymptotic analysis of GMTM (Sec-
tion [B.1]), derive the main asymptotic properties of GMTM (Section [3.2)), and propose a test

of overidentifying conditions (Section [B.3]).
10



3.1. Assumptions. Let us now complement the GMTM definition first by some notation
and definitions and later by assumptions on the random variables and moment and trimming
functions needed for further analysis.

First, we refer to the distribution function of r(d;; 3) in (28] as Gg(z) and to the corre-
sponding probability density function as gs(z) if it exists. We also use a simpler notation
G = Gpo and g = ggo at the true parameter value (Y. Whenever we need to refer to the
quantile function corresponding to G, notation GEI is used. Next, because the derivatives of
functions s(d; 3) and r(d; 3) are taken only with respect to 3 here, we denote them simply by
s'(d; 8), r'(d; 3), ... meaning ds(d;3)/0B", Or(d;3)/08, .... We also need a notation for an
open d-neighborhood of a point z in a Euclidean space R: U(z,6) = {z € R'| ||z — z| < }.

Second, let us introduce the concept of B-mixing, which is central to the distributional
assumptions made in this paper. A sequence of random variables {X;};cn is said to be
absolutely regular (or f-mixing) if 8, = sup,ey EsupBeog+m |P(B|oY) — P(B)| — 0 as m —
oo, where the o-algebras of = o(Xy, X;—1,...) and O{ = o(X¢, Xt41,...); seeDavidson (1994)
or |Arcones and Yu (1994) for details. Numbers 3,,, m € N, are called mixing coefficients.

Now, I specify all the assumptions necessary to derive the consistency and asymptotic
normality of GMTM (a smaller subset of assumptions sufficient for the consistency of GMTM
is discussed at the end of the section). They form three groups: distributional Assumptions D
for random variables d;, Assumptions F concerning properties of the moment function s(d; 3)

and auxiliary trimming function r(d; 3), and finally, identification Assumptions I.

Assumptions D.

D1: Random variables {d; };cn form a strongly stationary absolutely regular sequence of
random vectors with mixing coefficients satisfying m/s/("s—2) (log m)2(rﬁ71)/ (r5=2) Bm —
0 as m — 400 for some rg > 2.
D2: The distribution function Gg of r(d;; 3) is absolutely continuous for any 8 € B.
D3: Assume that for mg = infgep GEI()\) and Mg = supgep GEI()\), it holds that
Mgyq = sup sup 95(2) < 00
BEB z€(mg—6g,Mc+dg)

and

. . -1
g = il inf g3 (G510 +2) >0

for some 9, > 0.
11



Having a general moment function s(d;3), Assumption D1 is one of relatively weak condi-
tions for the uniform central limit theorem used by |[Andrews (1993) and |Arcones and Yu
(1994), for instance. Assumption D2 indicates that at least one random variable has to be
continuously distributed so that trimming by 7(d;; 3) is well defined (note though that the
absolute continuity of Gz is really necessary only in a neighborhood of its A-quantile Ggl()\)
as used in Assumption D3; see its discussion below for more details). Moreover, Assumption
D2 is purposely formulated in a simple way, which however seem to exclude distributional
variation such as heteroscedasticity across observations. That is not the case: for example, if
d; includes both observable and unobservable random variables u; driving heteroscedasticity
in data, then the distribution of r(d;; ) conditional on u; changes across different realizations
(observations) of u; even though r(d;; 3) as a function of observables does not explicitly refer
to unobservables u; contained in d;. Nevertheless, we do not need the conditional distribu-
tions of r(d;;3) at each i € N to study the behavior of trimmed moments, but rather the
unconditional univariate distribution function of r(d;; 3), which “averages out” all differences
in distribution across observations (there is one common trimming point for all r(d;; 3)).
Alternatively, if d; contains only observed quantities and the distribution of r(d;; 3) varies
with ¢ € N, we could define Gg = lim,,_, Gg, where Gg denotes the distribution function of
r(dy,; ) and U, is the random variable attaining all values 1,...,n with probability 1/n.

Further, Assumption D3 formalizes two things. First, the density function gz has to be
bounded uniformly in 3 € B, which prevents distribution Gz to become or to be arbitrarily
close to a discrete or singular one for some 3 € B. Second, the density function has to be
positive in a neighborhood of the A-quantile of G, that is, around the chosen “trimming” point
of the r(d;; #) distribution. In a less general setting when the structure of a model is known
and 7(d;; () is differentiable, Assumption D3 is usually implied by G' = Ggo being absolutely
continuous with a density function g = ggo positive, bounded, and differentiable around
G~1(\); see [Cizek (2006) for nonlinear regression. Let us recall here that differentiability
of the density function g is a standard condition needed for the asymptotic analysis of rank
statistics (e.g., see Hossjer, 11994, and |[Zinde-Walsh, 2002).

Next, several conditions on the moment function s(d; 3) and auxiliary trimming function
r(d; ) have to be specified. The GMTM concept aims to add robust qualities to moment
estimators that lack robustness, but preferably possess other desirable properties such as

asymptotic normality and some kind of optimality. Since an estimator’s objective function
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typically has to be smooth to guarantee such properties, we will assume that both functions
s(d; ) and r(d; 3) are differentiable, at least in a neighborhood U(3°,6) of 8°. Similarly to
the GMM estimator, the asymptotic variance of GMTM will then depend on the expectations
of the moment function and its derivatives (cf. [Manski, [1988). Specifically, it will depend on
the variance of the trimmed moment equations (cf. [Hansen, (1982, p. 1042),

(3.1)

e e}

Vi) =E | Y s(di; 8%)s(di—g; 8°) T - T{r(di; 8°) < G N {r(dis; B°) < GTH W)}

k=—00
and on the expected value of the derivative of the moment equations with respect to pa-
rameters (3, which, by the product rule, consists of the trimmed derivative of the moment

function,
(3.2) Js(N) = E [s/(dis 8°) - I{r(di; 8°) < G (N},
and the derivative of the expectation of the trimming indicator in the moment equations,

(3.3) Jr(\) = 3T E [s(di;ﬁo) I{r(di; B) < Ggl(A)}H

op B=30
Assumptions F. Let us assume that there are a positive constant § > 0, a neighborhood

U(B°,6), and an integer ng € N such that the following assumptions hold.

F1: Let s(d;;3) and r(d;; 3) be continuous (uniformly over any compact subset of the
support of (z,y)) in B € B, r(d;; 8) be differentiable in 3 on U(BY,4) almost surely,
and s(d;; 3) be twice differentiable in 3 on U(3%,d) almost surely.

F2: Lot {s(d; B)|3 € U(F, )}, {#(ds B)I € U(F,8)}, and {r(ds A)I6 € U(5°,0)}
form VC classes of functions. Moreover, let us assume that the trimmed envelopes
Ek(z) = SUPer(39,6) SUPn>ng |15 (dy; B) - I{r(ds; B) < 7((wn)) (B8) )] have finite 75-th
moments for k € {0,1}.

F3: Expectations Esupgep |7((an)) (8)], ESupgep Supysn, [s(dis 8)-I{r(ds; 8) < () (B) }H],
E Supgeu(50,5) SUPp>n, [105(dis 3)/0Bk -I{r(di; B) < r((an))(B)}H], and Esup,>,,
10%5(ds; 8°)/ 0Bk 06, - I{r(di; 8°) < r(anp) (8°)}| exist and are finite for k,1 =1,...,p.
Moreover, assume that Js(\) and Js(A) + Jr(A) are full-rank matrices and Vs(A) is a

non-singular positive definite matrix.
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F4: Conditional expectation

(3.4) E { sup ||s(di; 8°) - I{r(di; 8) € Z(8)}]|| 38 € U(5°,6):7(di; ) € I(ﬁ)} ;
BeU(8Y,9)

where Z(8) = {z : [z — G"1(A)| < |z — 7(an)) ()]}, is uniformly bounded for n > ng.

As already discussed, the differentiability of the moment and trimming functions are standard
assumptions. On the other hand, Assumption F2, which facilitates deriving the convergence
rate of the order statistics in this general framework, limits the class of functions s(d; 3),
§'(d; ), and r(d; B) to VC classes (see [Powell, 1984, and [Van der Vaart and Wellner, 1996,
for a definition). Although limited, they cover many common functions including polynomial,
logarithmic, and exponential functions, their sums, products, maxima and minima, monotonic
transformations, and so on. For example, trimming functions having a single-index form
Tk (x;r () with a monotonic link function 7 and k € N are covered by Assumption F2.

Further, let us discuss Assumptions F2 and F3 concerning the existence of various expec-
tations. First, the expectations Vi(\), Js(\), and Jr(A\) are trimmed forms of the standard
expectations (variances) that appear in the asymptotic variances of extremum estimators
(e.g., see Pakes and Pollard, 1989, and ICizek, 2008a). Next, we assume that the trimmed
derivatives of the moment function s(d; 3) have an integrable majorant in some small neigh-
borhood U(3°,§). This is not very restrictive given that those expectation have to exist at
(39, that is for § = 0, and the derivatives are continuous. Additionally, we have to assume the
existence of integrable majorants of the trimming function and trimmed moment function
on the whole parametric space B. The identification assumptions presented below however
require that the parametric space B is compact and thus bounded, which makes Assumption
F3 much less strict (alternatively, one can assume that supge g E [r(d;; 3)|*"¢ is finite for some
e > 0). The assumptions of the bounded parametric space and the existence of the integrable
majorants of r(d; 3) and trimmed s(d; 3) can be relaxed only if the moment conditions are
linear in the parameters, at least conditionally (cf. [Manski, [1988).

Additionally, the proof of \/n consistency requires an unusual regularity assumption As-
sumption F4, which is one of the (weak) links between the moment function s(d;3) and
auxiliary trimming function r(d; ). This assumption is however not very restrictive and
would usually follow from the fact that the moment conditions have finite expectations, see
Cizek (20084) for a discussion.

Finally, we introduce the identification conditions.
14



Assumptions I.

I1: B is a compact parametric space.

I12: W is a positive definite matrix.

I3: For any n € N, it holds that E [s(d;; 8) - I{r(di; B) < 7(an))(8)}] = 0 if and only if

B =Y, and for any 6 > 0, that
s o IE [s(dis 8) - 1r(dis 8) < oy (B)][| > 0

While Assumptions 12 and I3 guarantee that the GMTM objective function (Z.8) has a
global minimum at 4°, Assumption I3 primarily states that the employed trimming does
not invalidate the moment equations under consideration, see (2.4]) and (2:6]). Note that the
identification Assumption I3 can be relaxed by allowing for more solutions of equation (2.6);
the GMTM estimate Bn will then converge to one of the solutions rather than to a unique
one.

To close this section, let us note that Assumptions D, F, and I are sufficient to prove the
asymptotic normality of GMTM. If only consistency is required, one can omit all assumptions
concerning the derivatives of the functions s(d;; 3) and r(d;; 3) (Assumptions F), Assumption
F2 on VC classes, Assumption F4, and also weaken Assumption D1, since centered s(d;; ()

can form an L!'T9-mixingale in the most general case (Andrews, 1988).

3.2. Consistency and asymptotic normality. Let us now present the main asymptotic
results concerning GMTM: its consistency and asymptotic distribution. In all cases, we split
the sample trimmed moment conditions to two parts:

SMB) = =37 s(di B) - H{r(dis B) < rpua ()}

(3.5) - %Z sdi: 0) - [10r(d B) < rpapy (9} — Tr(dis ) < G5 (V)

(3.6) + —Z ) - {r(di; 8) < G5 (M)}

Whereas the first term (B.5) on the right-hand side will be shown to be small because of the
convergence of order statistics to quantiles, r((x,))(8) — Ggl (A), the second term (B.6) on the
right-hand side will be dealt with by standard asymptotic tools and shown to converge to

SMB) = E [s(dis ) - {r(d:: 8) < G5' ()}

15



First, using the uniform law of large numbers for trimmed sums, we prove the consistency

of the GMTM estimator BA,(LGMTM’)‘) minimizing (2.8 on the parametric space B.

Theorem 1. Let s(d;; 3) and r(d;; 3) be continuous functions with integrable majorants as
specified in Assumptions F1 and F8 and let Assumptions D and I hold. Then the GMTM

(GMTM,\)

estimator B is weakly consistent, that is, B.C MM

— 3% in probability asn — +oo.

Proof: See the Appendix. [J

Next, the asymptotic distribution of GMTM will be studied. To derive it, one has to study
the behavior of the moment equations S} (3) in a neighborhood of 3% and to prove their
asymptotic linearity, that is, the linearity of S) (8% — nfét) — 8MB%) as a function of ¢ for
n — o0o. Once the /n consistency of GMTM is established (Lemma [ in the Appendix),
the asymptotic linearity of GMTM and the decomposition [B.35)—(B.6]) allow us to apply the

central limit theorem, which results in the asymptotic normality of GMTM.

Theorem 2. Let Assumptions D, F, and I hold. Then the GMTM estimator B,(LGMTM’)‘) 18

asymptotically normal, that is, \/n < JEMTMA) _ BO) 5 N(0,V (X)) as n — +o0, where
1 —1T
V) = [LO) WL + 10} TN T WV WL [ LWL + 0}

Proof: See the Appendix. [J

Comparing the asymptotic variances of GMTM and GMM, we see that the variance matrix
V(A) of GMTM depends on J;(\) in an asymmetric way. Consequently, it is not possible to
find a generally optimal choice of the weighting matrix W as in the case of GMM (Hansen,
1982). Moreover, while the other matrices V5(A) and Js(\) needed to evaluate V(A) for an
estimate Bn can be estimated by the corresponding sample means, for example by

n

1

(3.7) Vs(\) = - Z s(di; B,)s(di; B,) " - T{r(di; B,) < r(pwy (B) }
=1

and

(38) o) = 37 8 B) - THr(ds ) < raa(Ba)

i=1
for independent observations (see Hansen, 1982, and [Newey and West, [1987, for a general
discussion of the V() estimation), the matrix J;(\) defined in (B3] is difficult to estimate,
which limits the use of the formula for V' (\) derived in Theorem [2l To facilitate the variance

estimation in typical situations such as the IV estimation discussed in Section 2.2] we impose
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additional restrictions on the random variables entering the trimming function, for example,
that the dependent variable conditionally on the explanatory variables is continuously dis-
tributed, and derive a practically relevant expression for Jr(A). Without loss of generality,
we will also assume that the trimming function r(d;; ) is a square of some function h(d;; )
because r(d;; 3), measuring a norm of random variables, is typically non-negative and any

monotonic transformation of r(d;; 3) does not affect ordering of r(dy;3),...,7(dn; 5).

Lemma 3. Consider the assumptions of Theorem [2 and let us assume that r(d;,3) =
h2(dy; B) = {h1(d;) + ha(vi; B)}, where v; denotes a subset of variables d; such that hy(d;)|v;
is absolutely continuously distributed with density f,, and independent of parameters 3. The
density function f,, is assumed to be uniformly bounded and differentiable on U(\/GT()\), of)
for some §y > 0. Additionally, we normalize ha(vi; 3°) = 0 and assume that ho(v;; 3) is
twice differentiable in 3 on U(B°,9), h/2/ (vi;8°) = 0, and possesses derivatives with uniformly
bounded expectations, supge;(go 5 E |h;k) (vi; B)|" < Kp € R for k=1,2 andn > 1. The final

assumption 1s
(3.9) E { s(d; 8")] senhu (i), | ()] = V/GTN), 01} = sgnhu (d;) - 5(vy)

and ||s(d;; B°) —sgn hy(d;)-5(v;)|| < d{|h1(d;)| — /G L(N)}5(v;), where d is a locally Lipschitz
norm on R and 5(v;) has the finite first moment. Then it holds that

(310) S = —E{smy (i ) - [£ (VETON) + £ (VETO)| -

Proof: See the Appendix. [
Lemma ] covers, for example, the linear IV regression and TIV estimators introduced in

Section TIV-TE(SZ) corresponds to

(3.11)  r(disB) = (i — i B)* ={lyi — 2] 81+ [&] (B° = B)]}* = {es + 2/ (B° — B)}°

and TIV-TETZ corresponds to
r(di; 8) = (g — 2 B)zill* = {lyi — i B°)+ 2] (8° = DN Nlzll* = {eillzill + 2 (8° = B)|zl1}>.

To discuss the assumptions of Lemma [3] let us consider the TIV-TE estimator, see (3.11):
vi = (&],2))7, s(di; 0°) = (yi — 2/ 8%z = eizi, hi(di) = yi — 2] 8 = &, ha(vi;8) =

z] (80— p), h/z/ (vi; B%) = 0, and the density function f,,, describes the conditional distribution

(2

gilvi. Assumption (B9) just means that s(d;; 8°) = ;2; depends on hi(d;) = &; only by
17



means of sgne; once we fix the value of trimming function at 8°: r(d;; 8°) = h3(d;) = € =
G~Y(N). This is however trivially satisfied in this case and §(v;) = /G~1(\)z;. Consequently,
|s(di; B°) — sgn hi(d;) - 3(v;)| < |les| — v/G~1(N\)]]|2]| and the existence of assumed moments

follows from Assumptions D1 and F3. Under these assumptions and for €; being identically

distributed with a density function f for simplicity, Lemma Bl implies that

I = VTN {f [-VETN] + £ [VETN] } - ECaia]),

where G denotes the distribution of 2. The matrix J;(\) can be estimated in this case using

any consistent nonparametric density estimator for the density f at points ++/G~1(\), which

are in turn consistently estimated by i\/ 7((an)) ( AﬁbGMTM’A)) (Cizek, 2008a, Lemma A.2).

In a general case, the estimation of the GMTM asymptotic variance V' (\) has to be done
by bootstrap. Theoretically, bootstrap can be used for GMTM in the same situations as
for the original GMM estimator. However to preserve the robust properties of GMTM
also in the case of variance estimation, a weighted bootstrap has to be used to prevent
bootstrap samples containing an improportionally large share of contaminated observations

(Salibian-Barrera and Zamai, 2002) unless a parametric bootstrap can be employed.

3.3. Test of overidentifying conditions. Similarly to the seminal paper by Hansenl (1982),
we also design a test for the validity of overidentifying trimmed conditions if the number
of moment restrictions M is greater than the number p of the estimated parameters [3.
Specifically, we consider the statistics of the form T}, = nS)(5,)T©;15)(5,) and find a
matrix O, such that T, asymptotically follows the X?\/[_p distribution with M — p degrees of
freedom. Contrary to the standard GMM case, the matrix ©,, will require the computation of
all elements of the GMTM variance matrix because there is no optimal choice of the weighting
matrix W resulting in a simple form of V(A) and ©,,. On the other hand, let us note that
the proposed test will be robust to outliers and atypical values of instruments because ©,
will depend only Vi(X), Js(N), Jr(A), and W. Hence, the test statistics T}, is related to
data only by means of the trimmed moment conditions S} and matrices Vi ()), Js()\), Jr(\),
that is, only via quantities containing the trimming indicators I{r(di; 3) < r(jxn))(8)} and
I{r(di;; 8) < G5' (M)}

Theorem 4. Under the assumptions of Theorem[2 and M > p > 1, let

TO) = {20 + 1)} [ TWHL) + Ji03] 10T
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and let TI,(N) and Vi, (X\) be consistent estimates of IL(A) and Vy(\), respectively. Then the

test statistics T,

T = nS)(5) T {11 = O]V I = LT S2(B,),
converges in distribution to the x> distribution with M — p degrees of freedom, T}, ~ X?pr,

where the notation A~ means the Moore-Penrose generalized inverse of matriz A.

Proof: See the Appendix. [J

Theorem @l is straightforward to apply if all matrices J5(), Jr(\), and Vi(\) can be directly
estimated, for example, using Lemma Bl Otherwise, the variance matrix V(\) of GMTM is
estimated by some resampling method and Js(A) + Jr(A) has to be “reconstructed” from the
knowledge of estimates V;,(A), J()), and V(). In particular, if A'/2 denotes the square
root of a positive semidefinite matrix A, one can employ the variance formula derived in

Theorem [ and show that
(3.12) TsN)TWLTN) + TN} = [T TW V)W TNV 2 ().

(The square roots of matrices can be obtained by the Choleski decomposition, for instance.)
If Js(A\) + Jr(X) itself is needed, one can solve the joint system of linear equations (3:12I)
obtained for at least [ M /p] different values of W (such that a sufficient number of equations
for J5(A) + Jr(X) is generated).

4. MONTE CARLO SIMULATIONS

In this section, we study and compare performance of some existing GMM and proposed
GMTM estimators by means of simulations. We will first discuss the models and estimators
used in the comparison (Section [£1]). Later, we compare all methods using data with and

without aberrant observations (Sections [4.2] and [4.3)).

4.1. Simulated models and estimation methods. Various existing and proposed esti-
mators will be compared in the context of the linear IV model. Let us first discuss the
estimation methods compared in simulations. We compare the standard estimators including
LS and GMM with the methods proposed in Section TIV-TE, TIV-TESZ, and TIV-
TETZ both with the fixed trimming A = 0.55 and the data-dependent amount of trimming

An using N(0,02) as the reference distribution, see Section L3} the choice of trimming is
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indicated in brackets, for example, TIV-TE(0.55). Because we study here the robust prop-
erties of GMM estimators, we also include two median IV estimators: the Med-IV estimator
by [Honore and Hu (2004) and the instrumental variable quantile estimator (IV-Quant) intro-
duced by |Chernozhukov and Hansen (2008) at 7 = 0.5 quantile. Finally, the robust properties
of Med-IV could benefit from the standardization of instruments introduced for TIV-TESZ
in Section 2.2] and therefore, we also propose and use Med-IV using instruments normalized
to have a unit Euclidean norm (IV-Quant cannot benefit from such a transformation); this
method is referred to as Med-IV-SZ. Please note that all presented estimates are one-step
GMM estimates using the identity weighting matrix W = I because: (i) the two-stage least
squares weighting matrix converges to the identity matrix in our setup; (ii) this choice im-
proves robustness of all methods (even standard ones) in simulations as weights cannot be
influenced by atypical values of instruments; and (iii) the two-step GMM estimates with esti-
mated optimal weighting matrix W do not improve estimation results except for two models
containing heteroscedasticity, where this improvement is rather limited (at most 7% decrease
in the median squared error) and does not influence the qualitative results of the study.

All methods are compared using the linear regression model with an endogenous variable.
As the results do not qualitatively depend on the number of included variables, we use here

the following simple model:

(4.1) yi = 1+xy —x9 +6,

(4.2) Toi = (14 2154 221)/V2 + v,

where y; is the dependent variable and xo; represents the endogenous variable because error
terms g; ~ F and v; ~ N(0,1) are correlated, cor(e;,v;) = p = 0.5 (the results are insensitive
to the value of p). The distribution function F of &; can be normal N (0, c2) with a constant
variance or variance depending of other variables (heteroscedasticity), Student Std(d) with d
degrees of freedom, or double exponential DExp(A\) with a rate A. The remaining variables
x1; ~ N(0,1) and 214, zj2 ~ N(0,1) are exogenous, independent of each other, and represent
the exogenous and instrumental variables, respectively. Furthermore, data are contaminated
by erroneous observations in some cases. Then « denotes the fraction of sample being con-
taminated. For the corresponding [an] observations, an additional error term ¢; following the
uniform distribution on (—30, 30), ¢; ~ U(—30, 30), is added to y;: y; = 1+ x1; — x9; +&; +€;.

(Note that this definition does not invalidate the moment conditions used by standard IV
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TABLE 1. The MSE of estimates for the linear IV regression model with nor-
mally distributed errors, €; ~ N(0,1), and sample sizes n = 50, 100, 200, and

400.

MSE Sample size

Estimator n=50 n=100 n =200 n =400
GMM 0.056 0.025 0.013 0.007
IV-Quant 0.120 0.053 0.028 0.014
Med-IV 0.094 0.040 0.023 0.012
Med-IV-SZ 0.106 0.044 0.025 0.011
TIV-TE(0.55) 0.343 0.174 0.098 0.055
TIV-TE(Ay) 0.068 0.028 0.016 0.007

TIV-TESZ(0.55)  0.325 0.183 0.105 0.054

TIV—TESZ(S\n) 0.073 0.030 0.016 0.008
TIV-TETZ(0.55) 0.361 0.177 0.118 0.071

(0.
TIV-TETZ(\,) 0.073 0.029 0.015 0.008

estimators yet.) In some setups, the values of explanatory or instrumental variables x1;, x;,
214, OT 29; are additionally shifted by A = 10 for contaminated observations so that the model
(E1)—(#2) does not hold anymore for these observations. This is referred to as contamination
with leverage points in x1;, x9;, 214, OF 29;, respectively.

The results presented in the following sections were obtained for samples sizes n = 50, . ..,400
and are based on 1000 simulated samples. To summarize the estimation results, we use the

median of squared errors (MSE).

4.2. Clean data. The first discussed experiment concerns the model (£I)—(42) using nor-
mally distributed errors ¢; ~ N(0,1) and no contamination. Results for sample sizes n =
50,100,200, and 400 are summarized in Table [[l First of all, all estimators are consistent
in this setting. Comparing various quantile IV estimators, they all perform similarly with
Med-IV being the best one and they exhibit approximately two times higher MSEs than the
standard GMM estimator. Looking at the trimmed estimators TIV with the fixed amount
of trimming A = 0.55, they perform poorly in terms of MSEs since they neglect almost half
of all observations. On the other hand, all trimmed estimators with the adaptive choice of
trimming An outperform the quantile IV estimators and can match the standard GMM at
the large sample size n = 400. Finally, one can observe that the qualitative results, that is,
the ordering of methods by their MSEs, do not significantly change for different samples. For
the sake of brevity, we therefore restrict to n = 200 in what follows.

Next, let us consider the IV model with other error distributions such as normal, Student,

and double exponential, and additionally, with heteroscedastic normally distributed errors.
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TABLE 2. The MSE of estimates for the linear IV regression model with errors
following the Gaussian, Student, and double exponential distributions and
sample size n = 200. The random variable u follows the uniform distribution,
u~ U(0.25,4), and w, = 21 + 2.

MSE Distribution of ¢;

Estimator N(0,1) N(0,e*) N(0,ev=) Std(5) DEzp(1)
GMM 0.013 0.166 0.034 0.021 0.027
IV-Quant 0.028 0.178 0.019 0.030 0.022
Med-1V 0.023 0.130 0.015 0.022 0.017
Med-IV-SZ 0.025 0.151 0.016 0.025 0.018
TIV-TE(0.55) 0.098 0.313 0.053 0.068 0.041
TIV-TE(A\,) 0.016 0.165 0.025 0.019 0.025

TIV-TESZ(0.55) 0.105  0.356  0.060  0.076  0.045
TIV-TESZ(\,)  0.016  0.168  0.024  0.020  0.027
TIV-TETZ(0.55) 0.118 0416  0.064  0.084  0.054
TIV-TETZ(),) 0015 0166 0018  0.020  0.025

The estimation results for n = 200 are presented in Table[2l The first three columns compare
the performance of all estimators for normally distributed homoscedastic and heteroscedastic
errors. The presence of heteroscedasticity leads to a worse results for GMM: the Med-IV(-SZ)
method now exhibits the smallest MSE. Although the TIV estimates are usually worse than
Med-IV in this scenario, the TIV estimators using adaptively chosen trimming match (the
second column) or outperform (the third column) the standard GMM estimator. Further-
more, comparing all methods under the Student distribution (the fourth column), all TIV
variants with adaptively chosen trimming are slightly better than the GMM and quantile
IV estimators. The role reverses for the errors following the double exponential distribution
(the fifth column), where the quantile IV estimators outperform GMM and TIV estimators
in terms of MSE. Additionally, notice that both the absolute and relative differences between
MSEs of the TIV estimates with the fixed and adaptive trimming are quite smaller in the

last two cases than in the case of normal errors.

4.3. Contaminated data. We will now consider contaminated data with contamination
levels @ = 0.10,0.25, and 0.40, where there are either no leverage points (Table [3)) or lever-
age points in the direction of the endogenous explanatory variable xo (Table [B]), exogenous
explanatory variable z; (Table ), or instrumental variables z; and zo (Table [).

Let us first discuss the simulation results summarized in Table Bl If there are no leverage
points, the GMM moment conditions are correctly specified for all observations from the

model ([@I)-(£2) and only some observations exhibit a very large variance. All estimates are
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TABLE 3. The MSE of estimates for contaminated data originating from the
linear IV regression model with Gaussian errors and sample size n = 200.
Contamination levels are o = 0.10,0.25, and 0.40 with no leverage points or
leverage in the endogenous variable xo.

MSE Contamination, no leverage Contamination, leverage in xo
Estimator a=010 =025 a=040 a=010 a=0.25 a=0.40
GMM 0.356 0.969 1.617 0.991 8.347 27.68
IV-Quant 0.034 0.047 0.076 0.037 0.071 0.170
Med-1V 0.024 0.040 0.060 0.032 0.060 0.247
Med-1V-SZ 0.027 0.041 0.066 0.031 0.067 0.234
TIV-TE(0.55) 0.072 0.059 0.042 0.087 0.058 0.044
TIV—TE(S\n) 0.016 0.021 0.047 0.018 0.023 0.058
TIV-TESZ(0.55) 0.080 0.070 0.042 0.093 0.060 0.042
TIV—TESZ(S\n) 0.018 0.023 0.051 0.018 0.025 0.058
TIV-TETZ(0.55)  0.095 0.072 0.044 0.103 0.075 0.046
TIV—TETZ(XH) 0.017 0.021 0.046 0.018 0.025 0.051

thus consistent, but high variability of observations with errors ¢; + U(—30, 30) leads to large
MSEs of GMM estimates. The MSEs of GMM obviously increase with «, but unreported
results confirm that they decrease as the sample size n grows. All other estimates exhibit
small MSEs, where TIV with fixed trimming is worst unless « is very high, TIV with the
data-dependent trimming is best unless a = 0.40, and the quantile IV estimates have about
1.5 larger MSEs than the best TIV estimates.

If we simulate data from model ([@I)-([42) and the values of the endogenous variable
are shifted for contaminated data points, the model no longer holds for the contaminated
data. The GMM estimates then exhibit a large bias and MSE, which increase with the level
of contamination «, but do not decrease with a sample size (as unreported results show).
The quantile IV estimators are influenced by contamination only to a small extent since the
leverage does not occurs in any variable used as an instrument. An exception is the case
with the a = 0.40 level of contamination as the levels « above 0.30 are generally beyond the
breakdown capabilities of the L; estimators (cf. He et al! [1990). The smallest MSEs can be
attributed to TIV estimators, all of which outperform quantile IV estimators for o > 0.25
(for @ = 0.10, only TIV with the data-dependent triming are better than the quantile IV
estimators). Similarly to the previous simulation, the TIV estimators with fixed trimming
A = 0.55 are worse than those with the adaptive trimming 5\n unless o = 0.40. The reason is
that there is practically no benefit of the adaptive choice of trimming for o = 0.40 because
the initial estimator with fixed trimming excludes 100(1 — X) = 45 percent of observations

from the GMTM objective function, which is almost the optimal amount of trimming.
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TABLE 4. The MSE of estimates for contaminated data originating from the
linear I'V regression model with Gaussian errors and sample size n = 200. Con-
tamination levels are v = 0.10,0.25, and 0.40 with leverage in the exogenous
variable 1 and in instrumental variables z; and zs.

MSE Contamination, leverage in z; Contamination, leverage in z1, 2o
Estimator a=010 a=0.25 a=040 a=010 a=0.25 «a=0.40
GMM 1.014 1.471 1.577 3.483 4.178 3.046
IV-Quant 0.181 0.510 0.794 7.301 5.717 4.645
Med-1V 0.164 0.470 0.738 2.453 52.12 56.31
Med-1V-SZ 0.036 0.090 0.216 0.030 0.047 0.092
TIV-TE(0.55) 0.094 0.116 0.134 0.100 0.156 0.605
TIV—TE(S\n) 0.029 0.122 0.455 0.053 0.958 4.715
TIV-TESZ(0.55) 0.093 0.072 0.047 0.079 0.070 0.058
TIV—TESZ(S\n) 0.018 0.026 0.039 0.016 0.028 0.073
TIV-TETZ(0.55)  0.095 0.072 0.033 0.091 0.079 0.035
TIV—TETZ(XH) 0.024 0.081 0.287 0.031 0.252 0.526

Next, we will study contaminated data with leverage in the space of exogenous variable
x1, see Table @ In this case, the variables with the values shifted by A enter both the
regression residuals and the set of instruments. The MSEs of GMM are large even for 10%
contamination and increase with an increasing level « of contamination. Additionally, the
IV-Quant and Med-IV are substantially affected by any level of contamination as well (though
less than GMM) given that many robust estimators have MSEs below 0.1 in all experiments
with contaminated normal data. The only exception to this is the proposed Med-1V-SZ
estimator, which normalizes all instruments and is thus insensitive to leverage points at least
for @ < 0.25. Considering TIV-TE, which is not protected anyhow against atypical values
of instruments similarly to Med-IV, we see its MSE increase significantly with «, especially
for the adaptive choice of trimming and o = 0.40, where it is no longer reliable. On the
other hand, the TIV variants that protect against atypical values of instruments, TIV-TESZ
and TIV-TETZ, exhibit the same behavior as in previous experiments: the most stable and
smallest MSEs of all methods irrespective of the level of contamination. The only exception
to the rule is the TIV-TETZ method with the adaptive trimming for a = 0.40 probably
because the data-dependent choice of trimming proposed in Section 2.3]is designed only with
the residual-trimming in mind, not with trimming by the moment values.

Finally, contaminated data with leverage in the space of instrumental variables z; and
zo are considered (which technically satisfy the moment conditions for model (I)—(Z.2])).
The results summarized in Table M are structurally similar to those using leverage in x1,

but are more pronounced since more instrumental variables are affected while the residuals
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are not affected in the case of consistent (robust) estimators. Hence, GMM, IV-Quant,
and Med-1V show very large MSEs and only the proposed Med-1V-SZ is not influenced by
contamination. Similarly, TIV-TE protecting only against large residuals is substantially
influenced by contamination, whereas TIV-TESZ with both trimmings and TIV-TETZ with
fixed trimming provide stable estimates with small MSEs. TIV-TETZ with the adaptive
trimming is biased by contamination because of the adaptive choice based on residuals only.

Summarizing all results for the IV regression, there is only one method which always has
the smallest or close to the smallest MSE and which is not influenced by contaminated data
in any considered setup: TIV-TESZ with the adaptive choice of trimming. It matches or
outperforms GMM for non-contaminated data, it is not significantly influenced by any com-
bination of large residuals and large values of regression variables, and it always outperforms
Med-IV-SZ in contaminated samples. Another candidate and successful method is TIV-
TETZ, which represents a more generally applicable method than TIV-TESZ or Med-1V-SZ
(see Section [22]) because it does not rely on the normalization of instruments, which can
be effectively applied only in linear models. TIV-TETZ would however require a different
procedure to achieve good results both in clean and contaminated data. This could be a
different adaptive-trimming procedure or a one-step M-estimator combining TIV-TETZ and

the robust GMM of [Ronchetti and Trojani (2001).

5. CONCLUSION

Complementing locally robust GMM methods by Ronchetti and Trojani (2001) and oth-
ers, we proposed a globally robust generalized method of trimmed moments, which extends
the applicability of high breakdown-point methods to a wide range of econometric models,
including time series, panel data, and limited dependent variable models. We derived the
asymptotic distribution of GMTM as well as an analogy of the Sargan test of overidentify-
ing restrictions. Moreover, we also show in simulations that the data-dependent choice of
trimming can make GMTM performing as well as the standard GMM estimator in a variety
of situations, while being preferable for its robust properties. An alternative approach to
efficient robust GMM estimation could combine GMTM as a starting estimator with one
iteration step of the robust M-estimation-based GMM by [Ronchetti and Trojani (2001).

On the other hand, we discussed only the most basic form of trimmed estimation, where
observations are either included in or excluded from the GMTM objective function. Nev-

ertheless, various weighted trimmed estimators as in [Vigek (2006) and |Cizek (2007a) are
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straightforward to apply. Furthermore, we argued that the breakdown properties will be
analogous to existing results concerning existing trimmed estimators such as LTS, for in-
stance, which are typically studied and applied in the context of location or linear regression
models. Although this applies in simple linear regression models, possible applications of
GMTM can involve rather complex (non)linear models under dependency. Hence, the robust
properties of GMTM in such models have to be further studied.

Finally, we did not address and left for further research recent developments of GMM and
related methods that address, for example, improving finite-sample performance (e.g., the
generalized empirical likelihood methods, see [Newey and Smith, 12004) or inference in the

presence of weak identification (e.g., [Stock and Wright, 12000; |Chao and Swanson, 2005).

APPENDIX

Here we present the proofs of lemmas and theorems presented in the paper. Addi-
tional notation is used: the moment and trimming functions are written as s;(3) = s(d;; 3)
and 7;(8) = r(d;;[3), respectively; the sample trimmed moment conditions are denoted
Sp(B) = n7tY00 s(dis B) - I{r(di; B) < 7 (B)} and their asymptotic counterpart is
SMNB) = E[s(di; B) - I{r(ds; ) < Ggl()\)}]. Similarly, the limit of the GMTM objective
function Q) (8) = SMNB)TWSA(B) is denoted QWA (8) = SM(3)TWSA(3). Finally, since we
extensively study and use the indicators I{r(d;; 8) < rqn)(8)}, I{r(di; 8) < Ggl()\)}, and
their differences, we define 1, (3) = I{r(d;; 3) < T(an)) (8) )5 v (B) = H{r(d;; B) < Ggl()\)},

and

S (B) = 1 (B) = 1 (B°) = I{r(ds; B) < r(puyy(B)} — I{r(di; 8°) < r(pap (B°)}-

Then S} (8) = n~ 130, 5(di; B) - 2, (8) and SMB) = E{s(d;; B) - v(B)}. Note that S, and
SA correspond to the symbols S, = S, /n and S" in the notation of ICizek (2008a) whose
results for trimmed sums are used in the proofs.

We first present the proof of the consistency of GMTM.

Proof of Theorem [t This is a standard proof of consistency based on the uniform law

of large numbers and the convergence of the order statistics T([An})(ﬁ) to the corresponding
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quantile Ggl()\). By definition, P(Q,ZV’A <A,(1GMTM’)‘)> < Q,ZV’A (ﬂo)) = 1. For any § > 0,

1 = p QnW,A (BT(LGMTM,A)) <QnW,A

(
QnW,A (AT(LGMTM,A)) < QnW,A (BO) and AT(LGMTM,A) c U(BO,6))
(

<

<

+ P<QW,A (AT(LGMTM,A)) < QW,A BO) and AT(LGMTM,A) GB\U(60,6)>
<

< p(peMTMN) o 1r 0§ +P< inf WA < QWA (g0 )

< P(A (3°,0) + P(,_imt QA (0) < & ()

Hence, P<1nf[3€B\U(6075) any)\ (/3) < QXV,)\ (BO)) —~ 0asn — +oo lmphes P(BT(LGMTM,)\) c
U(B°6)) — 1 as n — +oo, that is, the consistency of B,(LGMTM’)‘), because § is an arbitrary

positive number. To verify P(infBeB\U(ﬁo,g) QrVLVJ\ (8) < Qrvlv,)\ (50)> 0 note that
P inf WA _ WA WA < OWA (g0 >
<5EB{2@0@ QX (8) - QWA(B) + Q"A(B)| < @ (8°)

. WA AW WA 0y . WA
< P(ﬁeBi%) @B = QMO <N - it Q w))

. WA AW . WAray _ AWM 20
< P(;gg\Qn (5) - QB> | mt | QUAB) - @A ))
< P<2sup‘Q}f/’)‘(ﬁ)—QW’)‘(ﬁ)‘> inf QW’A(ﬁ)—QW(ﬁO))-

BeB BEB\U(8°,9)

Since Assumptions I2 and I3 imply for any ¢ > 0 that there is a > 0 such that infge g\ (g0 5)
QWA (B) — QWA BY) > a, it is enough to show that P<supﬁeB ‘Q}/LV’)‘ (B) — QW’)‘(ﬁ)‘ > a) N
0 as n — 4o0 for all @ > 0.

To prove this, let us first note that it holds for the trimmed moment conditions

(1) Sp(B) = 8X(8) = %Zn:sz'(ﬁ){bﬁn(ﬁ)—ﬁ(ﬁ)}
=1

(2 v I3 Lo —e[sene)).
=1

Using Assumptions D and F, we can apply [Cizeld (2008a, Corollary A.6) to the term ()
and |Cizek (2008a, Lemma A.1) to the term (Z) to show that both terms are asymptotically

negligible in probability, that is, for n — 400 and any a > 0

(.3) P(sup

BeB

S2(8) - 8*(9)| > a) - 0.
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Next, the objective function of GMTM is a quadratic form ¢"W¢ in moment conditions
t = SNB) (cf. QWANB) = SNB)TWSN3)). Moreover, the function ¢ Wt is locally Lipschitz:

for ||t1|| < K, ||t2|| < K, and K > 0, it holds that (¢;,t2 € RM and W is symmetric)
[t Wity — tg Wia| = |(t1 — t2) W (t1 +t2)| < 2KW [t — to].

Because S)(8) — S*(B) in probability uniformly on B by (3), S*(8) is continuous on
compact B by Assumptions F1 and I1, and thus S*(3) is bounded, we can find for any & > 0
some ng € N and K > supgep S*(8) such that P(|S)(8)] > K) < /2 and P(2KW supgcp
|5 (B) = SMB)| > a) < /2 for all n > ng. Thus,

P<sup QI (8) - Q") > a) - P(

BeB

(BT WSNB) - SMNB)TWSB)| > a>

BeB

P
BeB

< g/24+¢/2 =¢,

IN

28) - $20)| > a> + P(SM(A)| > K)

which concludes the proof as € > 0 can be arbitrarily small. [J

After proving the consistency of GMTM, we aim to derive its asymptotic distribution

using the asymptotic linearity of moment conditions. To do so, we have to show first that

-

the GMTM estimates converge at rate n™ 2.

Lemma 5. Let Assumptions D, F, and I hold. Then BnGMTM T n-consistent, that is,

/i (ﬁnGMTMA 60> = 0p(1) as n — +oo.

Proof: We already know that ﬂ(GMTM N is consistent and P <||B (GMTMA)

— > p) =0
as n — +oo for any p > 0 (Theorem [l). Moreover, we showed in the proof of Theorem [I]
that S)(3) — S*(B) uniformly in probability as n — oo. The same argument can be now

used also for the derivatives of the moment conditions. Since s;(3) is twice differentiable in

BeU(B6) and

8kS>‘ o si(B




almost surely for k € {0, 1,2}, seeCizek (2008a, Lemma 2.1), we can apply the decomposition
(X)) used for S)}(B) in the proof of Theorem Ml to derivatives 8*S)(3)/03*:

(o) o0 e f Tl - Zf’;;k {0 -0}
(6) + —z{ak;;k 20 -2}

Subsequently, we again apply (Cizek (20084, Corollary A.6) and (Cizek (20084, Lemma A.1)

to these terms to show that, as n — 400, it holds uniformly on U(3°,§) in probability

k QA ksi
(7 T~ e{ TG ) = )

Because the GMTM objective function Q) *(8) is a quadratic form in S}(3) and U(3°, )
is bounded, the uniform convergence of QKV ’)‘(B) to Q™A (B) follows. The same applies to the
derivatives of QXV’A(ﬂ), which are quadratic forms in 9*S)(3)/08*, k € {0,1,2}, and where
we use notation QWM*(B) = plim,, o 0" nW’)‘(ﬁ)/(?Bk for k € {1,2}. Specifically, denoting
H3, () = 9253,(8)/0808" and T1,(8) = WS3,(8), j = 1,..., M,

M

PQNNE") _ L0528 ", 98 (8°)
apo5T 2 08T 237 +ZH

)

see [Abadir and Magnus (2005, p. 382), and we can conclude that

PO o [t} W (s} = LA
because H;‘n(ﬁo) — E[(?2  (8°)/0B0BT] is bounded by Assumption F3 and H (8% —
WS;‘(BO) = 0 by Assumption I3 (Sj‘(ﬂ) denotes the jth component of vector S*(3)).
Consequently, 92 w ’/\(BO) /0BOBT converges to a positive definite matrix Q":M2(50) =
Js(\)TWJ,(X) > 0 by Assumption F3 and 12, and therefore, there exists a constant p,§ >
p > 0, such that HQWv)Vl H > C’Hﬂ—BOH for all 3 € U(B% p) and some C > 0. Due

(GMTM A)

to the consistency of ﬁ this implies that for any € > 0 there is some ng € N

such that G € U(8%,p) and subsequently QWM (FHMTH) | = 0 MM
B for all n > ng with probability at least 1 — e. Therefore, it is sufficient to show that

V|| QW 1( (GMTAM, /\))H O,(1) to prove the lemma.
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Since QWM (3) = 25M(B) TW SA(B), we can analyze

(.8) \/ESA,1(B1SGMTM,A))TWSA( A1(1GMTM,)\))

(.9) _ \/ES,\J(B?SGMTM,,\))TW {S’\( A1(1GMTM,)\)) _ 51,1\( A1(1GMTM,)\))}
A1 AGMTMA 35, ( Af(wGMTM’)\)) ! A/ AGMTMA

(-10) + Vi SNBSS )) - —= o5 WS (54 )

(recall that the first-order conditions imply 9S;( 3 EMTMA) ) /0BT W S} (Bn 3{CMTM, /\)) 0). We
now verify that both terms on the right hand side of (8))—(I0) are bounded in probability.
Since the verification follows exactly the same steps for both terms, we will do it just for

(I0). First, ﬁ (GMTMA) 17 (8°, p) with probability higher than 1 — ¢ for n > ng. As we

5(GMTM,\) )

have shown that S)(3) — S*(3) in probability uniformly on U(3°,4), |S) (3 <

SUPgey(0,p) |SA(B)| is bounded in probability by Assumption F3. The other part of the

expression can be bounded as follows. It holds with an arbirtarily high probability that

. ({95)‘( (G’MTMA)) as)\(ﬁ)
M1 A(GMTM,\) A1 G0y
1 = , :
(11) <7 1> {E[siBwrs)] - s@-w)u?(m}'
(12) fﬁeé‘&%’ |0 [2(8) - m]‘

The second term ([(I2)) is bounded in probability due to [Cizek (2008a, Corrolary A.6) under
Assumptions D and F. The other part (I1]) on the right-hand side can be bounded in prob-
ability by the following argument. Assumption F2 together with [Van der Vaart and Wellner
(1996, Lemma 2.6.18) imply that F, s = {S;(B)I/Z)‘(ﬂ) 1B € U(ﬂo,é)} forms a VC class of
functions. Therefore, Assumptions D1 and F2 permit the use of the uniform central limit
theorem of |Arcones and Yu (1994), which implies that 7, ; converges in distribution to a
Gaussian process with uniformly bounded and continuous paths and confirms that (IT) is
bounded in probability, which concludes the proof. [

The proof of the asymptotic normality of GMTM follows.

Proof of Theorem [Z The asymptotic normality of GMTM is a direct consequence of its

v/n consistency (Lemma [B]) and the asymptotic linearity of the trimmed moment equations
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following from |Cizek (20084, Lemma A.7) who proved under Assumptions D and F that
(13)  n2 sup |nSp(8° — n”2t) = nS(8) + n{ (V) + Jr(N)In 2] = 0,(1),
teTpm

where Ty = {t € RP|||t|| < M} and M > 0.

Since t,, = \/ﬁ(BAT(LGMTM’A) — %) = Oy(1) as n — 400 by Lemma[5, we can write
(.14) SNB° = 1”3 ta) = SAB°) + 173 LN + TN = 0 (n7H)

with a probability arbitrarily close to one uniformly in ¢, € Th. Moreover, 9S)(3° —
nfétn)/ﬁﬂ—r — Jg(\) in probability as n — oo, see (7)) in the proof of Lemma [ (nfétn =
op(1)). Hence, the first order conditions of GMTM (see also (4])),

T
aﬁ aﬂ‘r )] WS?L\(BV(LGMTM)\)) = 07

imply after substituting for Sy ( A,SGMTM’)‘)) = SN — nfétn) from equation (I4)) and sub-

stituting 05} (B TMN) /08T = 05N (B° — n~2t,) /08T = J,(N) + 0p(1) that

[Ts(\) + 0, ()] W [Sé(ﬁo) —n72 {Js(\) + Jr(\)} n + 0p <n7>] _o.
Expressing now t,, from this equation results in
(15) t = VA(HEITYN — 60) = Vi [ L)W L) + 0] ) TWSAE) 0,1

(note that Js(\), Js(A\)+Jr(A), and W are non-singular matrices by Assumptions F3 and 12).

To find the asymptotic distribution of the GMTM estimate, we thus have to analyze the
asymptotic behavior of \/nS)(4°) as all other terms on the right hand side of (28) are
constants (except for op,(1), of course). By definition, it follows that

n

VS A = 02 Y si(B0)(8)

=1

(.16) = nE Y si(8) {h(8) - () }
=1

(17) + o072 > s (N0
=1

First, we show that (1)) is asymptotically negligible in probability. Expectations

E[|ntsi(8) {12,080 ~ 2@} = € {nt s8]
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are bounded for I = 1,2 due to Assumption F2 and |Cizek (2008a, Corollary A.5). Assump-
tions D1, F2, and I3 further indicate that the summands in (I6) multiplied by ni form a
stationary sequence of random variables with zero means and finite variances (v(3°) is the
probability limit of ¢} (3%), see the proof of Theorem [ or [Cizekl, 2008a, Lemma A.1). Thus,

the law of large numbers for mixingales (Davidson, 1994, Corollary 20.16) leads to
ni st (8°) {2 (8) = (8 } —

which implies that (I6]) is negligible in probability as n — oo.

Second, the summands in (I7), s;(8°)v}(3°), form a stationary sequence of absolutely
regular random variables with zero mean and finite second moments (Assumptions D1, F2,
and 13). We can thus employ the central limit theorem for (I7) (e.g., |Arcones and Yu,
1994, by Assumptions D1 and F2). This results directly in the asymptotic normality of
VS (B%) ~ N(0,Vi(N)) (cf. Davidson, 1994, Theorem 25.3).

ﬁ(GMTM A)

Using equation ([IH]), the asymptotic normality of follows with the asymptotic

variance given by (Davidson, 1994, Theorem 22.8)
-1 —1T
V) = [LO)TWLO) + i)} L) WV )WL) [0 WL + (0}

O
Next, we attempt to derive an analytic form of J;(A) in order to be able compute the

asymptotic variance matrix V' (A). To achieve this, we have to study probability that the

trimming indicator Lf‘n(ﬂ) changes if we use § = ﬂnGMTM N instead of B =Y.

Lemma 6. Under the assumptions of Lemma [3, it holds for any (B € U(ﬁO,TF%M) and
M >0 that

P(I(ri(8) < rpmp(8) # I(ra(8%) < rpap(8°)) | vi)

= [P BT (B8 = ] - { £ (-VETN) + fu (VETO)) } + 0 (n72)

in probability as n — co and

E {sgnh(ds; 8°) - [I(ri(B) < rpu)(B)) — L(ri(B°) < 7(ppnp (B)) ]| i }
= ~By(i )T (8 = ) { o (~VGTTO) + fur (VETO) } + 0p (%),
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Proof: To simplify notation, let us first denote gy = /G~1()\) and recall that 02 (3) =
2 (B) — 3, (8Y). Our aim is then to compute P(|62,(3)] = 1|v;).

m

Consider first P(63,(3) = —1|v;). Apparently, 53, (8) = —1 if and only if
ri(B) = h*(di; B) > rpap (B) and 73(8°) = hi(ds; 8°) < r(png (8%,

which implies
(.18)
Bz B) € (=00, (D) U (r{fy)(8),00) and h(dis 8°) € (=ril ) (8°), 7l (5°))

By means of the Taylor expansion we can write (ha(v;; 8°) = 0)
h(dy; ) = ha(d;) + ha(vi; 8) = ha(ds) + ha(vi; &) T (8 = 8°),

where h(d;; 8°) = hi(d;), & € [Bo,ﬁ]%, and [Bo,ﬁ]% denotes a convex span of 3 and Y.
Combining this result with (I8) and denoting Ay, (v; 3) = ho(vi; 1) (3 — B°), we see that

(19) hald) € (=r(fio (8°), =ribugy (B) = An(wis ) U (r{fa (8) = Anlwis B), iy (89 )

where the convention (a,b) = ) if b < a is used. For 67 (3) = 1, it is possible to analogously

derive that
(:20) hald) € (=rifo (8) = Anwis B), =1l (87) U (i (B il (B) = An(is 8) ) -

Next, combining (I9) and (20) allows us to express P(|0) (3)] = 1]v;) as

).

P(ha(ds) € [=r il (8 =il (B) = An(wis 8)] U [y (80 vy () = Anwis )]

r

This can be further simplified using (Cizek (2004, Lemma A.4) to

P(hi(d5) € [~y (8 =1 (87) = Ba(wis B)] U [t (877 ey (8°) = An(vi; 6)]
by 1) )

1)2‘>
>

as fy, is uniformly bounded. At this point, let us note that, conditionally on v;, 5l>‘n(ﬂ) #0
implies 62, (8) -sgn h(d;; 3°) = —sgn Ay, (v;; B) with probability approaching 1 as 1— (’)(n_%)
with n — oco. We prove it as follows. On the one hand, Ap(v;;3) is (conditionally on v;)
bounded and converges to zero as n — oo because 8 € U(ﬁo,nféj\/l). We can thus choose
no € N such that |Ap(vi; 8)] < ga/V2 for all n > ng. On the other hand, P( 1/2 (BO)
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O/V2) = O(nfé) by [Cizek (2008a, Lemma A.3). Hence, it follows that we can write for
Ap(vi;8) < 0 and n > ng with probability 1 — O(n_%>, see ([(I9) and (20):

Oh(B) =1 = h(di,8°) = ha(d;) € (vl (3°):7 by () = Anlvis B) € (0, +00),

(B =1 = h(di,8) = h(di) € (=rifi (8°).=r{oy) (8) = Au(vi )) € (=00,0).

A similar discussion can be made for the case of Ay (v;;3) > 0.
Now, let us return to the analysis of (2I). Because the density function f,, of hy(d;)|v; is

bounded and differentiable in a neighborhood of ¢y, we can rewrite probability (2I]) as

(22)  P(hi(di) € [—qxn — &2, —an — & — Ap(vi; B)], U [an + &2, an + &2 — Ap(vis B)], | vi),

where £ = r [M] (B°) —qn = O, (nfé) as n — oo by [Cizek (2008a, Lemma A.2). The mean

value theorem and Taylor expansion for the distribution function f,, further lead to

P(hi(d;) € [—qx — &2, —qx — &2 — Ap(vi; B)],, U [ax + &2, ax + &2 — An(vs; B)],.| vi)
= A (05 D)) {fur (—ar) + foi(@r) + fo, (&3)[E2 + An(vis B)] + £ (E0)[€1 + Ap(vi; B)]
= By €)T (B8 = B { (=) + fu(an)} + 0p (n72)

because of 3 € U(/3°, niéM) and the assumptions of the lemma. The first conclusion of the

lemma now follows from
P €1) = Bl 8°) + iy (05 O) (61 — B°) = (w3 8°) + 0 (n )

since max{& — 82|, I = A1} < 18— 8] = O(n~%) as n — oo and hi (vi; €) — hj (v 8°) =
0 in probability. The second conclusion is a direct consequence of the note explaining 5l)‘n(ﬁ) .
sgnh(ds; 6°) = —sgn Ap(vi; 8). O

The derivation of an analytic form of J;(\) follows.

Proof of Lemma [& Using the definition of partial derivatives and [Cizek (20084, Lemma
A.3), we can write (see |Cizek, 2007h, Lemma A.7)
(.23)

0

) = 5 Elsi @), = lim nléT E [si(8) {h(8° = nHt5) = (80},

where e¢; = (0,...,0,1,0,... ,0)T represent the jth basis vector of RP, t; = Te; and T' € R,

and j =1,...,p. Thus, we can employ the results of Lemma [f] to derive J;(A). To do so, let
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us express for any ¢t € RP

E [5(5°) {8 —n20) = 250 }] = EE [s(#)5 (2 — 0o

If, conditional on v;, &2, (3% — n_%t) # 0 for some value of ¢, the proof of Lemma [6l equation

([22), implies ([[&1 — 8°1 < £]l)

(.24) ‘hl(di) - \/GT()\)‘ < (h;(vi;gl)Tn*%t

+ 0, <n*1/2>.

This motivates the following decomposition:

E[Si(ﬂo)@n(ﬂo —n73t) m]
(25 EEKSZ'(BO) _ E{s(di7g0){ sgn hi(d;), |hi(d;)| = G—l()\)wi}) 5 (80 — n_%t)
(263 BE[E{ s(di, ) sgn b (d:), I (d)] = /&I, v | 8 (8° =™ 2) i)

The first term (25]) will be shown to behave like to o(rf%). We can namely bound the
absolute value of (25)) using (24) and Lemma [6] by

E[Si(ﬁo)—E{s(di,ﬁo){sgnhl(di),|h1(dl-)|: G*l()\),vl-} A (B° —n3t)

< E[a{|my(vi &) T3t + 0, (n712) b s(oi) E{ 0 (8° — n30)|| i}
< (’)(n_%> E[d <‘h2(v,~;§1) n"3t| + (’)p(n_%)) 5(v;) {‘h;(vi;BO)Tt‘ + (’)p(l)}] )

y

§

The last expectation is asymptotically negligible since supgerr(go 5) E |h,2(vl-; B < Kj, € R,
[y i €1) T 3

thus asymptotically negligible both in probability and expectation (d is a locally Lipschitz

+ O, (n’l/z) is uniformly integrable (Davidson, 1994, Theorem 12.10), and

norm).

Hence, we now have to deal only with term ((26]), which by the assumptions of the lemma
can be written as E, E[sgn hy(d;)3(v;)82, (8° — n_%t)]vi] Using Lemma [6] and the uniform
integrability of the moment and trimming functions and their derivatives (Assumption F3
and [Davidson, [1994, Theorem 12.10), it follows that

E{g(vi) : E[sgn ha (di) o) (8°

v

)|}

= B )T [ (VETO) + £ (VET)] -
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Substituting back to (23)) results in the claim of the lemma:

i) = = E{s@hy(vis 87 - | £ (—VETO) + £ (VETO) | |- =

Finally, the test of overidentifying restrictions is derived.

Proof of Theorem [ft We showed in the proof of Theorem [ for ¢, = Op(1) that
(:27) SMB° —n73t,) — SN(B) + 12 {Ts(N) + Ji ()} e = 0, <n*%>,

see equation (I4]), and that
(.28)
b = VBTN 30) = i [T L) + T )W) + 0,(1),

see equation ([I5]). Substituting ¢, from (28] to (27]), multiplying the whole equation by
v/n, and using t,, = /n( JEMTMA) _ %), we obtain that

VRSMGEITIN) = Vi [ (100 + 510} [0 WLLO) + 2i00)] 10T s26°)
+0p(1)

= [I =TI ]VnSy (%) + 0p(1).

At the same time, we showed in the proof of Theorem B that /nS}(3°) converges in
distribution to a normally distributed random variable with variance Vi()\), see the discus-
sion of (I6)-(IT). Consequently, we see that \/nSy( A,(LGMTM’)‘)) is asymptotically normally

distributed with its asymptotic variance matrix equal to
+
L) = =IO ViAW) [T =TI(N]

. . . . T
which can be consistently estimated by X, (\) = {I - Hn()\)} Vin(N) [I - Hn()\)} by the

assumptions of the theorem. Hence, the test statistics
T, = RS (AC T TS )RS (AT)

has asymptotically the same distribution as Z'X7(\)Z, where Z ~ N(0,%()\)) and the
generalized inverses 3. (\) and ¥~ ()\) are defined in the same way in order to 3 (\) — L7 ())
in probability. The distribution of the quadratic form ZT%~(\)Z is the x? distribution with
the degrees of freedom equal to the rank of ¥(\). Due to Assumption F3, the rank of ()
equals to the rank of I — II(A) and thus to M — rank{II(\)}. Since II()) is idempotent, the
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rank of an idempotent matrix equals its trace, and
-1
T} = tr [[JS<A>TW{JS<A> IO )T LI + TV} = T

it follows that rank{3(\)} = M — p and thus asymptotically T;, ~ X?Wfp' O
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