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Bertrand and Price-Taking Equilibria in Markets wit h
Product Differentiation

Germéan Colom&’

Abstract

In this paper we show that a homogeneous-produatken with multiple
Bertrand equilibria becomes a market with a singetrand equilibrium when we
introduce a small degree of product differentiatidhen differentiation tends to zero,
that Bertrand equilibrium converges to the unique&eptaking equilibrium of the
homogeneous-product market, which is in turn onéhefmultiple Bertrand equilibria
for that market.

Resumen en castellano

En este trabajo se muestra que un mercado de agugio homogéneo que
presenta multiples equilibrios de Bertrand se cant@ien un mercado con un Unico
equilibrio de Bertrand cuando se le introduce uqupéo grado de diferenciacion de
productos. Cuando dicha diferenciacién tiende eo,cet equilibrio de Bertrand
converge al unico equilibrio competitivo del meroattl producto homogéneo, que es a
su vez uno de los mdltiples equilibrios de Bertrdadeste ultimo mercado.

JEL Classification Number: D43, L13.

Keywords: Bertrand equilibrium, price-taking equilibriumrgaluct differentiation.

1. Introduction

Since the very beginning of the history of the aptcof Bertrand equilibrium
(Bertrand, 1883), there exists the idea that sughlibrium exhibits some equivalence
or convergence with the concept of perfectly cortipetor price-taking equilibrium.
However, Dastidar (1995) has shown that, in theteodnof oligopolies with
homogeneous products and convex cost functionstra®er equilibria are typically
multiple while price-taking equilibria are uniquend Vives (1999) has shown that, in
those markets, the price-taking equilibrium allamatcoincides with one of the possible

Bertrand equilibrium onésThese results are in sharp contrast with the trescan be

©) CEMA University; Av. Cérdoba 374, Buenos Aires,G5#AAP, Argentina; Telephone: (54-11)6314-
3000; E-mail: gcoloma@cema.edu.ar. | thank Alejar8aporiti and Sergio Pernice for some comments
to a preliminary version of this paper, which mawle correct several mistakes. All remaining erroes a
imputable to me. The views and opinions expressdHis publication are those of the author andnate
necessarily those of CEMA University.

Y In previous work (Coloma and Saporiti, 2006) wevehahown that some of those results can be
extended to homogeneous-product markets with nomeo cost functions, which may have multiple
Bertrand equilibria even in cases where no prikaitpequilibria exist.



obtained for differentiated-product markets, in ethBertrand equilibria are typically
unique (see, for example, Caplin and Nalebuff, 2991

The aim of this paper is to develop a homogeneoodyzt model that follows
Dastidar's idea, and to show that, if we allow far small degree of product
differentiation, it becomes a case where there stngle Bertrand equilibrium. When
differentiation tends to zero, that Bertrand eduilim converges to the unique price-
taking equilibrium of the homogeneous-product markée way to introduce product
differentiation is to allow for a representativensamer who possesses a generalized
CES utility function, for which the substitution amyg the different varieties of the same
product can be measured through a single parameterder to keep the model more
tractable, we will concentrate on a case with onwlp varieties, each of which is
supplied by a different firm. The corresponding tB&rd equilibria, therefore, are those
of a duopoly in which suppliers are symmetrical.

The paper is organized as follows. In section 2stuely the Bertrand equilibria
of homogeneous-product markets, and find conditfonsnultiple Bertrand equilibria
to exist. In section 3, we study the unique Bedraquilibrium of the corresponding
differentiated-product markets, and its convergetwethe price-taking equilibrium
outcome when differentiation tends to zero. Finallysection 4, we analyze the main

conclusions of the paper.

2. Homogeneous-product markets

Let us imagine a market with two firms, each ofickhwith a continuous,
differentiable, increasing and strictly convex tatast functionC(Q), whereQ; is the
guantity supplied by the ith firm. Let us also assuthatC(0) = Q.

The product traded in this market is homogeneoltb, tetal demand equal ©Q
= D(P), whereQ is total quantity,P is the price paid by consumers, abdis a
continuous, differentiable and decreasing functibR, with limp_ .D(P) = 0.

In a situation of price competition, each of theotfirms faces the following

individual demand:

0 (if F?>PJ.)
2 it r=r) ;
D(R) (if R<P)

D, R.P)=



whereP; is the ith firm’s price an@; is the price chosen by its compettor

The ith firm’s profits, therefore, can be defiresi
MR, R) = RDi(R, B) - CO(R, R)) ;

or, alternatively, as a function of its output, Viewy implicit the price vector and the

corresponding individual demand. This implies that:

Mi(Q) = RQ - C(Q).

Definition 1 (Price-taking equilibrium) : Given a non-negative price.Pa price-taking
equilibrium (PTE) is a pair (Q Q) O/F, such that, for each i =1, 2:

Q = argmaXQiDD,,{Pc [Q —C(Q; )} (C1);
P@ -C(Q)=0 (C2);
Q1+ Q@ =D(R) (C3).

Note that C3, together with the sharing rule imiplin the definition of
individual demands, implies that, Q(, Q) is a PTE for a giveR. =0, thenQ; = Q, =
D(Pc)/2. We can therefore refer t&4 Q) as a PTE, understanding that this means that
(Q1, @) = (Qi, Q) satisfies conditions C1-C3 above under the dpice

The assumptions abolt and C guarantee that it is always possible to find a
unique pair of positive values 8 andQ; that satisfies C1 and C3. C2, moreover, will
also be satisfied by the pai{( Q) implied by C1 and C3. Conceptually, this occurs
because C1 and C3 determine an allocation for whiicie is equal to the marginal cost
of each of the firms that operate in the market] #me strict convexity ofC(Q)
guarantees that its average cost is always snihldar its marginal cost for positive
values ofQ;. P, therefore, will always be larger than the coroegping average cost,
and hence profits will be non-negative and C2 hallfulfilled in equilibrium.

Definition 2 (Bertrand equilibrium) : A pure-strategy Bertrand equilibrium (PBE) is a
pair (Py, P,) [J/7. such that, for each#j:

M, (?.P)=M,(PP) (forall POO,) (E1);
N, R.P)=0 (E2) ;
Q; (E)'P,) = Di(hpj) (E3) ;

% Note that this definition of the individual demaafithe ith firm implies assuming an “equal sharing



whereQi(P;, P) is the output supply of the ith firm at pricg3, P).

It is relatively easy to show that, if a PBE exidt®enP; = P, = P,. As the
market-sharing rule assumed implies tBa(Py, P,) = D2(Pp, Po) = D(Pp)/2, then E2
can be re-written as:

Pbdjgab)—c(D(ZPb)jzo (E4) ;

while E1 simply requires that:

PP (ZPb) —C(D(;*’)J >Pm@) -clp@®) (foralP<p) (ES).

When E4 is satisfied as a strict equality, we iobthhe minimum pricéP,, that
can be supported as a PBE. Similarly, when ES5tisfigsl as a strict equality we get the
maximum pricePnax that can be supported as a PBE. For the set of tBBie non-
empty, it is necessary thBf,ax = Prin. In fact, if Pnax> Pmin, there exists a continuum of
Bertrand equilibria®1, P,), with the property that in each of them it hotbatP; = P,

[T [Pmin, Pma] 3. One of the elements of this set is the PTE piiel as it is shown in

proposition 1.

Proposition 1 If (P., Q) is a PTE, then (R P) is a PBE, and P/Z/[Pmin, Pmai-

Proof: Assume, by contradiction, tha®{ P;) is not a PBE. Note first that, sincB,
Q) is a PTE, then C2 and C3 imply that E3 and E4satisfied atR., P.). Hence, there
must exist a pric®; such that'z(P;, Pc) > 77(Pc, Pc) = 0. That means that(P;, P.) =
P Di(P;, P.) — C(D(P;, Py)) > 0 and, thereforeR; < P..

In equilibrium, thenQ; = Di(P;, P) = D(P;). Totally differentiatingP;42; — C(Q) > 0
with respect tdQ;, we haveP; > A&C(Q)/X;. But we know, by C1, th&. = odC(Q.)/ ;.
Moreover, sincé; < P, D’ < 0 andC” > 0, it follows thatdC(Qc)/R; < &(Q)/X.
Therefore,P, > &C(Q)/AQ; implies thatP; > P, and this is a contradiction. HencB,(
P is a PBE, i.e.Pc 7[Pmin Pmal, qed.

The existence of the price-taking equilibrium igrfore a sufficient condition
for the Bertrand equilibria to exist, and the reeeis also true. This is because, by

definition, Pc > Pmin andPmax > Pe, so if the interva[Pmin, Pmad IS Not empty, thei.

rule”. For other alternative rules applicable tmations of price competition, see Hoernig (2007).

% Note that all these are “Bertand equilibria” arat tBertrand-Edgeworth equilibria”, since E3 reasir
that firms meet all the demand at the equilibriumcgs. Their only strategic choice, therefore his price
that they charge and not the quantity that thely Bet an explanation of the difference betweentfaed

and Bertrand-Edgeworth equilibria, see Vives (198Bapter 5.



must belong to that interval and the PTE must foeeeexist. The PTE allocation,
therefore, is one of the multiple PBE allocatidmattthis type of markets exhibit.

Let us now consider a numerical example of a nankeh two firms, each of
which with a total cost functiof; = Q% Let us assume that the total demand function
of this market isQ = 2/P. The corresponding PTE occurs whep = 2:Q; (profit
maximization condition for the ith firm) and the rket-clearing price is equal @, =
2/(2Q;). Equating both conditions we end up with an elydiim in whichQ@; = 0.7071
and P. = 1.4142 This allocation generates a positive profit fbe ttwo duopolists,
which is equal td7; = 0.5. To check thaP. is a price that belongs to the interval of PBE
symmetric equilibria, we can check tiax > Pc > Pnmin. Indeed, in this example =
Pmin is the number for which it simultaneosuly holdatth = Q andP = 2/(2Q;), and
this occurs whe®, = 1 andPpi, = 1. ConverselyP = Phaxis the number for which it
simultaneosuly holds th® -Q — Q% = P -(2:Q) — (2Q))? andP = 2/(2Q), and this
occurs wherQ, = 0.5774andPpnax= 1.7321 As we seel.7321 > 1.4142 > land this

confirms that the intervdP max Pmin] IS Not empty and th&. belongs to that interval.

1. Homogeneous product market

Price
N
Il
4
4

Quantity

[—Dt = = D2 —MCi -+~ ACi ----Pmin ---Pc =— Pmax]

The numerical example referred to in the previoasagraphs is graphically
represented on figure 1. In it we see the totalatehcurve that we have postulatéd)(
and the portion of that curve that correspondsathef the two firms that operate in the

* This proof is a slight variation of a similar otat appears in Coloma and Saporiti (2006).

5



market Dt/2). We have also depicted the individual marginataurve MCi), and the
individual average cost curvéACi). Given those elements, the lower limit of the
interval of PBE pricesRmin) is determined by the point whef&€i crossedDt/2, while
the PTE priceRc) is that for whichMCi crossedt/2. Finally, the upper limit of the
interval of PBE pricesRmay is that for which the distance betweBltCi and Dt/2

exactly coincides with the distance betw&trandMCi.

3. Differentiated-product markets

Let us now assume that each of the duopolistsjerate in the market supplies
a differentiated product. For the sake of simpficite will assume that differentiation is

symmetric, and each firm faces the following demfumttion:
Q=—- (fori=1, 2)

In this contextD is the same demand function used in section 2,Raml the

following function ofP; andP;:

11
0

R;% (fori=1,2and#1i) ;
where@ /70, 1] is a parameter that measures product differeatiaiivhend tends to
one, product differentiation is maximal, a@d = D(P;)/2 for any value ofP;, andP;.
When @ tends to zero, conversely, the product approadiwrogeneity (and the
individual demand function converges to the oné Wehave seen in section 2).

This demand function can be derived from the opttion problem of a
representative consumer. The preferences of thigesentative consumer are a
generalization of the so-called “constant-elastioif-substitution utility function”
(CES), whose form i&) = U(Q:*%+Q,*?, @Q;, ..., Q). The two products under analysis
are products 1 and 2, respectively, and the im@gsumption is that income and prices
of the other products are held constant.

In a market like this, a PBE must fulfill the sac@nditions stated by definition

2, namely:
M, (R.P)=M,(PP) (forall POO,) (E1);
N, R.P)=0 (E2) ;



Q (R.R)=D,(PP) (E3).

If a PBE exists for this market, it must be unigitewill imply an allocation
formed by a symmetric pair of prices and quantiti® Q" that simultaneously
satisfies conditions E1 and E3, and it will exist lang as that pair also satisfies
condition E2. Whené tends to zero, this allocation converges to thé& RT the
homogeneous-product case, and it therefore existso exists for any > 0. Bertrand
equilibrium prices are increasing i, and the profits that the firms obtain in
equilibrium are also increasing & The PTE allocation, conversely, is the same figr a
6 [7]0, 1], and therefore its corresponding equilibrium pika@lways smaller than the
Bertrand equilibrium price. All these results arerenformally stated in propositions 2
and 3.

Proposition 2 If (P, Q) is a PTE whed = 0, then it is also a PTE for afl > 0.

Proof: If (P, Q) is a PTE wher® = 0, thenP. = J&Ci/AQ; andQ; = D(P.)/2. As this
implies a symmetric allocation, théf = P; = R;, and therefordy =dCi/XJ; andQ; =
D(R)/2. As these equalities hold for aéiy> 0, then P, Q) is also a PTE for ang > 0,
ged.

Proposition 3 When# > 0, there exists a unique PBE allocation, whogailérium
price converges to the PTE price (B P;) whené - 0.

Proof: Applying E1 and E3 in a context of a continuodscreasing and differentiable
demand function and continuous, increasing, diffeadle and convex cost functions,
implies that the ith firm maximizes its profits whi holds that:

N _o +(P. _aC, jE(OD/aR‘)[E“e):O ., R-cjq _ 268

or T Q) 2 (2@ R n{L+6)
where 7 is the absolute value of the own-price elasti@fyD(P;). If & > 0, then
(2:0)/[n-(1+0)] > 0, and therefor®; > &(Q)/X; > IC(Q)/X; = P.. This guarantees
that E2 is satisfied. Whe# - O, then (2:0)/[#(1+60)] - O, and thereforeP; -

X(Q) Xy — XL(Q)/ R = Pe, ged.

To illustrate these results, consider the numkeggample developed in section
2. If we introduce product differentiation in thisimerical example, then the demand
function for the ith firm becomes:
4
Qi = } E‘ ,
P +Pe [IP] ]
and the symmetric PTE occurs wh@en= 0.7071andP; = 1.4142 This is independent

of the value off because, wheR; = P;, thenQ = 2/P. The corresponding PBE



allocation, conversely, occurs whén= [2 {1+ 6)/(1-6)] %% andQ; = [(2-8/(2+2/9)] 03
and does therefore depend on the valuefoffhe PBE price is increasing in the
parameterd, and converges to infinity whefltends to one and tB, = P, = 1.4142
when it tends to zero. The PBE quantity is decrgpsn the parametef, and it

converges to zero wheh tends to one and @ = 0.7071whené tends to zero.

2. PBE and PTE prices with product differentiation

6 4
‘
5 L
L4
s
4 .
. »

(] . -
g 3+ L. -
a .-

2 I

1 -

O T T T T T T T T T

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1
Theta (8)
- = P(PBE) --- Pc]

Figure 2 is a graphical representation of our micakexample. In it we can see
that, while the PTE priceP() is always the same for any valueétbetween 0 and 1,
the PBE priceR(PBE) is increasing ir#, and it equals the PTE price wh&nonverges
to zero.

The reader may wonder why the range of multiplenregtric PBE of the
homogeneous-product case, given bPnil, Pmal, disappears when product
differentiation arises. The answer has to do whih fiact that, whe@ = 0, individual
demands are not continuous in the symmetric eqialiand they “jump” fromQ; to
20, whenP; decreases slightly. # > 0, conversely, individual demands are continuous
when both firms charge the same price, and thisiraaty is precisely the characteristic

that determines that the PBE allocation is unique.



4. Concluding remarks

This paper has tried to conciliate two opposirsults of the literature associated
to the concept of Bertrand equilibrium. One of thisnthe one that appears in Dastidar
(1995), who shows that pure-strategy Bertrand dayial are typically multiple in a
homogeneous-product cdseThe other one is the one that appears in Capiih a
Nalebuff (1991) and other similar articles, whidhow that Bertrand equilibrium is
typically unique in a differentiated-product case.

By building a duopoly model in which product diéatiation is measured
through a single parameter, we find that uniqueregseserved, and that the Bertrand
equilibrium of a differentiated-product market cenges to the price-taking equilibrium
when differentiation tends to zero. Consequentig, PTE allocation is the only PBE
allocation of the homogeneous-product case thatva&s a “perturbation” consisting in

the introduction of a small degree of product défgiation.
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