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Abstract

High breakdown-point regression estimators protect against large errors both in
explanatory and dependent variables. The least trimmed squares (LTS) estimator
is one of frequently used, easily understandable, and thoroughly studied (from the
robustness point of view) high breakdown-point estimators. In spite of its increasing
popularity and number of applications, there are only conjectures and hints about its
asymptotic behavior in regression after two decades of its existence. We derive here
all important asymptotic properties of LTS, including the asymptotic normality and
variance, under mild f-mixing conditions.
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1 Introduction

In statistics and econometrics, a more attention is paid to techniques that can deal with data
contamination, which can arise from miscoding or heterogeneity not captured or presumed
in a model. This can occur, for instance, if some data points come from a different data-
generating process that the majority of observations. Sakata and White (1998) evidence
data contamination in financial time series and its adverse effects on estimators such as
quasi-maximum likelihood. The sensitivity or robustness of an estimator against large
errors and data contamination is typically characterized by the breakdown point, which
measures the smallest fraction of a sample that can arbitrarily change the estimator under
contamination; see Rousseeuw and Leroy (1987) and Rousseeuw (1997) for an overview,
Stromberg and Ruppert (1992) for a breakdown point in nonlinear regression, and Sakata
and White (1995) for some finite-sample alternative definitions. In this paper, we study
a classical high breakdown-point estimator, the least trimmed squares (LTS), proposed
by Rousseeuw (1985) and derive asymptotic results allowing for nonlinear-regression and

time-series applications.



The LTS estimator belongs to the class of affine-equivariant estimators that achieve
asymptotically the highest breakpoint 1/2 and it is generally preferred to the similar, but
slowly converging least median of squares (LMS; Rousseeuw, 1984). Thus, it has been
receiving a lot of attention from the theoretical, computational, and application points of
view. First, let us mention its extensions to nonlinear regression (Stromberg, 1993) and
regression with categorical dependent variables (Christmann, 1998). Results are also avail-
able regarding strong consistency (Chen, Stromberg, and Zhou, 1997), sensitivity analysis
(Tableman, 1994), small-sample corrections for LTS (Pison, Van Aelst, and Willems, 2002),
and bootstrap (Willems and Van Aelst, 2004). Further, there has been a significant de-
velopment in computational methods (Agull6, 2001; Bai, 2003; Gilloni and Padberg, 2002;
Rousseeuw and Van Driessen, 1999). Last, but not least, there are many application ar-
eas where LTS has been used: in economics (Benécek, Jarolim, and Visek, 1998; Temple,
1998; Zaman, Rousseeuw, and Orhan, 2001), finance (Knez and Ready, 1997; Kelly, 1997),
but also in clustering (Ye and Haralick, 2000) and pattern recognition (Wang and Sutter,
2003). Further applications could stem from areas, where LMS is suitable and applicable
(see Zinde-Walsh, 2002, for details). In spite of its many extensions and uses, rigorously
proved results are limited only to the i.i.d. setting and location model (see Hawkins and
Olive, 1999, for an overview) and the knowledge concerning the asymptotic distribution
of LTS in regression models consist of a vague conjecture on deriving asymptotic variance
made by Stromberg, Hossjer, and Hawkins (2000).

The aim of this work is to address this deficiency and derive the asymptotic distribution
of LTS, and as a side effect, to prove the consistency of LTS under weaker conditions than
Chen, Stromberg, and Zhou (1997). The main difficulty in deriving such a result stems from
the LTS objective function: being a sum of A smallest residuals at any given parameter
estimate, it is not differentiable at many points. Thus, the standard tools such as the
Taylor expansion of the objective function are not applicable. On the other hand, the
standard results of the empirical process theory (see for example Pollard, 1984, van der
Vaart and Wellner, 1996, and Andrews, 1993) cannot be readily employed either as noticed
by Stromberg, Hossjer, and Hawkins (2000). For this reason, we study first behavior of
ordered residual statistics and prove the asymptotic linearity of the LTS normal equations.
Next, combining the first set of results with the (uniform) law of large numbers (Andrews,
1987 and 1992) and the stochastic equicontinuity results (Arcones and Yu, 1994, and Yu,
1994) for mixing processes allows us to derive the consistency and the rate of convergence
of the LTS estimates. Finally, the consistency of LTS and the asymptotic linearity of the
LTS normal equations leads to the asymptotic normality of the LTS estimator.

In the rest of the paper, LTS and its existing extensions to nonlinear regression are in-
troduced in more details in Section 2, where we also extensively discuss assumptions needed

for the asymptotic normality of LTS. Asymptotic results are summarized and discussed in



Sections 3/ and 4. The proofs are provided in Appendix.

2 Least trimmed squares in nonlinear regression

Let us consider the nonlinear regression model (i =1,...,n)

yi = h(z, 3°) + &, (1)

where y; represents the dependent variable, h(x;, 3) is a regression function, and 3° repre-
sents the underlying parameter value. The vector z; € R¥ represents explanatory variables
and the error term ¢; is assumed to form a sequence of independent and identically dis-
tributed random variables with an absolutely continuous distribution function.* The vector
(6 of unknown parameters is assumed to belong to a parametric space B C RP.

The nonlinear least trimmed squares estimator BT(LLTS’h) is then defined by

h
BETSH — argmin " r3(9), 2)
i=1

BERP

where 7“[%‘] (13) represents the ith order statistics of squared residuals 72(3) = {y; — h(z;, 3)}°
and § € B. The trimming constant h must satisfy 5 < h < n and determines the
breakdown point of the (nonlinear) LTS estimator since definition (2) implies that n — h
observations with the largest residuals do not affect the estimator (except for the fact that
the squared residuals of excluded points have to be larger than the hth order statistics
of the squared residuals). For h(x,3) = g(z'3), where g(t) is unbounded for ¢ — o0,
Stromberg and Ruppert (1992) showed that the breakdown point equals asymptotically 1/2
for h = [n/2] + 1 (most robust choice) and 0 for h = n (nonlinear least squares). For other
cases, only upper and lower bounds for the breakdown point can be established. For an
overview of the properties of LTS in linear and nonlinear regression, see Cizek and Visek
(2000), Visek (2000), and Cizek (2001), Stromberg (1993), respectively.

Naturally, the choice of the trimming constant h should vary with the sample size n.
Because the asymptotic properties of LTS are studied here, that is n — oo, we have to
work with a sequence of trimming constants h, (for every sample size n, there has to be
a corresponding choice of h). As h,/n determines the fraction of sample included in the
LTS objective function, and consequently, the robustness properties of LTS, we want to

1

asymptotically fix this fraction at A, 5 < A < 1.2 The trimming constant for a given

! Although I assume throughout the work that all variables are of stochastic nature, all presented results
hold even in the presence of nonstochastic variables (e.g., seasonal dummies).

2The case of A = 1 will be excluded for the sake of simplicity from some proofs. This case corresponds
to the usual nonlinear least squares estimator, which is extensively studied in the literature anyway. All
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sample size n can be then defined by h,, = [An], where [z] represents the integer part of z;
in general, one can also consider any sequence {h, },en such that h,/n — A.

In the rest of this section, we discuss assumptions (Section 2.1) and an alternative
definition of LTS (Section 2.2) used throughout the paper.

2.1 Assumptions

Let us now complement the model and LTS estimator definition first by some notation
and definitions and later by assumptions on the regression function and random variables
needed for further analysis.

First, we refer to the distribution functions of ¢; and €? as F/(z) and G(z) and to the
corresponding probability density functions, if they exist, as f(z) and g(z), respectively.
Note that since G describes the distribution of the square of the random variable g; ~ F,
it follows that G(z2) = F(y/z) — F(—+/z) for z > 0 and G(z) = 0 otherwise. Hence, if F
is absolutely continuous, G is absolutely continuous too and the corresponding probability
density function is g(z) = 53= {f(v/2) + f(—v/z)} for z > 0. Last, but not least, whenever

NG
I need to refer to the quantile functions corresponding to F' and G, I use F~! and G,

respectively. Two purely mathematical symbols we need are indicator I(A), which equals
1 for x € A and 0 elsewhere, and an open d-neighborhood of a point z in a Euclidian space
R: U(z,6) = {z e R!| ||z — z| <}

Second, let us introduce the concept of S-mixing, which is central to the distributional
assumptions made here. A sequence of random variables {X;};cn is said to be absolutely

regular (or G-mixing) if

fBm =supE sup |P(Bl|o})— P(B)] — 0

teN Beatf-‘rm

as m — oo, where the o-algebras of = o(X;, Xy 1,...) and af = o(Xy, Xi1,...); see
Davidson, 1994, or Arcones and Yu, 1994, for details. Numbers 3,,,m € N, are called
mixing coefficients.

Another concept crucial to this paper are the Vapnik-Cervonenkis (VC) classes of func-
tions, which are rigorously defined and studied in monographs Pollard (1984) and van
der Vaart and Wellner (1996), for instance. Very closely related are also the Euclidian
classes of functions (Pollard, 1989). To avoid rather technical definitions, let us say that
VC classes cover many common functions including any set of functions forming a finite
vector space (e.g., polynomial, logarithmic, and exponential functions), functions for which
|f(z,t) — f(z,t)] < &(x) ||t —t'||” for some @ > 0 and a nonnegative function &(x), their

the propositions given later are valid for A = 1 too, but their proofs are slightly different or trivial in this
case.
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sums, products, maxima and minima, monotonic transformations, composed functions, and

SO On.

Now, I specify all the assumptions necessary to derive the asymptotic linearity of LTS.
They form three groups: distributional Assumptions D for random variables in model (1)),
Assumptions H concerning properties of the regression function h(z,(3), and finally, the

identification Assumptions I.

Assumptions D

D1 Explanatory variables {x;};eny form an absolutely regular sequence with finite second
moments and mixing coefficients satisfying

78752 (log )28~/ r5-2) 3

m — 0

as m — oo for some rg > 2.

D2 Let {&;}ien be a sequence of independent symmetrically and identically distributed
variables with finite second moments, and additionally, let ¢; and z; are mutually
independent. Further, the distribution function F' of ¢; is absolutely continuous and
its probability density f is assumed to be positive, bounded from above by M; > 0,
and continuously differentiable in a neighborhood of —\/GT()\) and \/G-1()\).

D3 Assume that mg = infgep Ggl()\) > 0,

mgy = inf inf gs (G5 (N\)+2) >0

BEB z€(—0g,5y)
for some 6, > 0, and

My, =sup sup gp(z) < oo,
BEB ze(mg,+0)

where Gz and gg are the cumulative distribution function and probability density

function of rZ(3).

Having a general regression function h(z, 3), Assumption D1 is a necessary condition for the
uniform central limit theorem, see Andrews (1993) and Arcones and Yu (1994), for instance.
The first part of Assumption D2 is standard and is mainly made for the ease of presentation.
The mutual independence of €; and z; can be relaxed, although we need at least conditional
symmetry of g; given z; in the later case. The second part of Assumption D2 on distribution
function F', especially its twice differentiability around the points corresponding to the

A-quantiles of 2, is a standard condition needed for the analysis of rank statistics (see
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Zinde-Walsh, 2002, for instance). Most importantly, it bounds F' and f away from zero
in a neighborhood of the mentioned quantiles: inf,cy(p-1(0)) min{F(z), f(z2)} > 0 for
a = (1—=X)/2 and a = (1 + X)/2. Note that this property together with the absolute
continuity of F' transfer to G due to the relation G(z) = F(y/z) — F(—+/z). Assumption
D3 formalizes this property for the distribution G of squared residuals across the whole
parameter space B. Although unfamiliar, this assumption excludes above all convergence
of G to a discountinuous distribution function for some 3 € B and should not restrict us
in common regression models since B is assumed to be compact, see Assumption I below.
Finally, although Assumption D implies stochastic nature of all explanatory variables, the
presented results are valid also in the presence of nonstochastic variables, such as seasonal
dummies.

Next, several conditions on the regression function h(z, ) have to be specified. Most
of them are just regularity conditions that are employed in almost any work concerning
nonlinear regression models. For example, the regression function of a nonlinear regression
model is almost always assumed to be twice differentiable; see Amemiya (1983) and White
(1980), for example. Further, since some assumptions stated below rely on the value of 3
and I do not have to require their validity over the whole parametric space, I restrict § to
a neighborhood U(3°,4) in these cases.

Assumptions H

Let us assume that there are a positive constant 6 > 0 and a neighborhood U(3°,d) such

that the following assumptions hold.

H1 Let h(z;, 3) be a continuous (uniformly over any compact subset of the support of x)
in 3 € B and twice differentiable function in 3 on U(3°,§) almost surely. The first

derivative is continuous in 3 € U(3°,9).

H2 Furthermore, let us assume that the second derivatives hgj B (z, ) satisfy locally the
Lipschitz property, that is, for any compact subset of supp x there exists a constant
L, > 0 such that for all 8,8 € U(3°,9), and j,k=1,...,p

hgjﬁk(x’ﬁ) - hgjﬂk(x’ﬁ/) < Lp : Hﬁ - ﬁ/H .

H3 Let {h(x;,3)|3 € B} and {h/ﬁ(xi,ﬁ)\ﬁ e U(3°,6)} form VC classes of functions such
that their envelopes Ey(x) = supgep |h(, 8)| and Ey(z) = supgep g0 ) ‘h/ﬁ(x, 3)| have

finite rg-th moments.

H4 Let

n_1/4 max max
1<i<n 1<j<p

h, (1, 8)| = Op(1) (3)
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and

n_1/2 max Imax
1<i<n 1<5,k<p

iy, (@8] = 0,(1) (4)
as n — oo uniformly over 3 € U(3,6).

H5 Apart from the existence of moments implied by Assumption H3, we also have to

postulate the existence of the following expectations:

e Integrals E[r?(3)]™ and E [h(x, 3)]™ exist and are finite for m = 1,2 and 3 € B.

i

o Let E My (a0 8)] /[y, (i, SO0, (i, 80)] 7 and E [ (i, 80015, (2, 8°)|
exist and are finite for m = 1,2, all j, k.l =1,...,p, and 3 € U(°,9).

Moreover, assume that E [h/ﬁ(xi,ﬁo)h'ﬂ(xi, ﬁO)T} = @y, where @, is a nonsingular

positive definite matrix.

Whereas the differentiability of the regression function and the existence of some moments
are standard assumptions (Assumption H5 corresponds to the assumption of finite fourth
moments of z; in the linear case), Assumptions H3 and H4 deserve further comments. First,
Assumption H3 limits the class of regression functions h(zx, 3) to a VC class. Even though
this assumption does not seem to be very restrictive, it can be omitted as long as we impose
stronger distributional assumptions. More specifically, if x; and e; are independent and the
distribution function F' of ¢; has everywhere differentiable density, it is possible to prove
the L™-continuity of I (r#(8) < Ggl()\)) and to limit the braketing cover numbers following
results of Andrews (1993). Consequently, the results of Doukhan, Massart, and Rio (1995)
could be employed instead of Arcones and Yu (1994) and Yu (1994) that are used in the
current paper.
Second, Assumption H4 is a nonlinear equivalent of

Y max | = 0,(1), (5)

1<i,j<n

n

and actually, it is the direct consequence of (5) if h(z, 3) = h(xT3) with bounded deriva-
tives, which implies hjy (2, 3) = h'(x] B)ai; and hy 5 (x, 3) = h" (] f)zyxu. The restriction
(5), in a nonrandom setup, was first introduced by Jureckova (1984) to be able to cope
with the discontinuous objective function (this discontinuity has to be understood from the
inclusion-of-observations point of view: every observation either fully enters the objective
function or does not enter it at all). Nevertheless, it should not pose a considerable restric-
tion on the explanatory variables: for example in the i.i.d. case, it follows from Proposition
2.1l below that equation (5) holds even for some distribution functions with polynomial
tails, namely for those that have finite second moments. Additionally, one can notice that

random variables with a finite support are not restrained by this assumption in any way.
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Proposition 2.1 Let xq,x2,... be a sequence of independent identically distributed ran-
dom wvariables with a distribution function F(z). Let b(z) be a lower bound for F(z) in a
neighborhood Uy of +00. If b(z) can be chosen as 1 — #(Z), where Py(z) is a polynomial of
the fourth order, then it holds that n~ I max;—i

c(z) be an upper bound for F(z) in a neighborhood Uy of —oco. If ¢(z) can be chosen as #(z),
n i = Op(1)

n; = Op(1) as n — +oo. Analogously, let

.....

where Py(z) is a polynomial of the fourth order, then it holds that n~1 min;_;

.....

as n — +o00.

Proof: See Appendix Al [J

Finally, we introduce two standard identification conditions.

Assumptions 1
I1 B is a compact space.

12 For any € > 0 and U(3°, €) such that B\U(3°, €) is compact, there exists a(e) > 0 such
that it holds

in E[r2(8) - 1(r2(8) < G5'(V)] —E [r2(8°) - 1(r2(8") < G5 (V)| .
,BGBI\I%}&O,E) [rz (ﬂ) (Tz (B) — B ( ))] Tz (ﬁ ) Tz (6 ) — /30( ) > Oé(E)
To close this section, let us note that Assumptions D, H, and I are sufficient to prove the
asymptotic normality of LTS. If only consistency is needed, one can omit all assumptions
on differentiability of the regression function h(zx, 3) and the VC-class Assumption H3. To

prove the \/n-rate of convergence, Assumptions H4 and H5 are superfluous.

2.2 Alternative definition

Before proving the main results of the paper, some basic properties of the LTS objective
function S, (5) = Zf" [211 (6) and its alternative formulation, which is more suitable for

deriving asymptotic linearity, are introduced.

Lemma 2.2 Under Assumptions D2 and H1, S,((3) is continuous on B, twice differen-
tiable at ﬁnLTSh ") gs long as ﬁ(LTSh e U(3°,9), and almost surely twice differentiable at

any fived point 3 € U(B°,6). Furthermore,

n

Sa(f) = Zr?(ﬂ) I(r3(B) < r51(8)), (6)

s;w):a =—2Zn (e B) - 1(2(5) < 721 (8) (7)
" %S (5) - 2 2




almost surely at any 8 € B and 3 € U(B,0), respectively.

Proof: See Appendix Al [J
In general, this definition is not equivalent to the one used in (2) unless all the residuals
are different from each other. However, Assumption D2 guarantees this with probability

one. Hence, we will use this notation and definition of S, (/) in the rest of the paper.

3 Asymptotic linearity

Although the consistency of LTS can be proved directly using standard tools such as the
uniform law of large numbers (see Section4), this is not the case of the asymptotic normality
of LTS. Hence, assuming +/n-consistency of the LTS estimator, we have to analyze the
behavior of the normal equations 95,,(3)/93 = 0 around 3° as a function of 3 — 3°. More
specifically, we shall investigate the difference D} (t) = S (3° — n-at) — S’ (%), that is,

DAO = 3 [{— h(ew — b)) hi (20— be)
x](rf (ﬁo - n’%t> < r[zhn] (ﬁo - n’%t>> 9)
— = bl )} (e ) - TOH) < 75,0(5)]

for t € Ty = {t € R?|||t]| < M}, where 0 < M < oo is an arbitrary, but fixed constant.
Intuitively, D(¢) describes the change in normal equations when some 3 = % — n-st
(e.g., an estimate that converges at the \/n-rate to 3°) is used instead of the true value
3°. We show now that D} () behaves asymptotically as a linear function of n2t over the
whole set 7,;, which allows us later to explicitly express the first order approximation of

the difference between an estimate B,(LLTS) and the true value 3°.

Theorem 3.1 Let Assumptions D, H, and I hold. Given constants X\ € <%, 1> and M > 0,
it holds that

n

N|—=

sup
teTy

DL(t) + niQut - CAH = 0,(1)

as n — +oo, where

Cr = A= VG {F (-VET0) + £ (VET) } = A =267 (g (67()

Proof: See Appendix B. [J
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4 Consistency and asymptotic normality

Let us now present the main asymptotic results concerning LTS: its consistency, rate of
convergence, and asymptotic normality. In all cases, we split the LTS objective function to

two parts:

n

Su(B) = D _ri(B) - 1(r}(8) < 1%,.1(8))

= D orHO) - T(B) < r,(8) = 1(3(0) < G5 (V)] (10)
+ 2 riB) - 1(r(8) < G5' (). (11)

Whereas the first part (10) will be shown to be small because of the convergence of order
statistics to quantiles in mean, rfhn](ﬁ) — G/gl()\), the second part (11) will be dealt with

by standard asymptotic tools and shown to converge to

S(B) =E{ri(B) - I(ri() < G5' ()}

First, using the uniform law of large numbers, we prove the consistency of the LTS
estimator B,(LLTS) minimizing S, () on the parametric space B. It is worth noticing that
we do not have to limit the regression function h(z, 3) to be from a VC class of functions.
Therefore, this consistency result is stronger than the one by Chen, Stromberg, and Zhou

(1997) both from the distributional and regression-function points of view.

Theorem 4.1 Let Assumptions D, H1, H5, and I hold. Then the least trimmed squares

@(lLTS,hn) @(LLTS,hn

estimator minimizing (6) is weakly consistent, that is, ) 3° in probability

as n — +oo.

Proof: See Appendix [C. [J

Next, we will derive the rate of convergence of B,(LLTS’}L") to 3°, which should later allow
us to employ the asymptotic linearity of LTS. Although the auxiliary results necessary to
establish /n-consistency are non-trivial, the basic idea of the proof is simple. The second-
order differentiability of S(3) at 8° together with Assumption H5, Q) > 0, implies that
10S(8)/03]] > C'||3 — £°]| in a neighborhood U(3°, p) for some C > 0 and p > 0. Since
the consistency of LTS guarantees that BA,SLTS’h"
1 as n — +o00, we just have to prove that H@S( AT(LLTS’h”))/aﬁ‘

done again by using decomposition (10)—(LL).

Jeu (8%, p) with probability approaching
=0, (n_%). This can be
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Theorem 4.2 Let Assumptions D, H, and I hold. Then B(LTSh" 18 \/n-consistent, that

18,

\/ﬁ (Bq(zLT&hn) — ﬁ()) = Op(l)

as n — +o00.

Proof: See Appendix [C. [J
Finally, the asymptotic distribution of LTS can be derived by combining the /n-
consistency of the estimator, Theorem 4.2, and its asymptotic linearity, Theorem [3.1. We

discuss its main consequences in Section [4.1.

Theorem 4.3 Let Assumptions D, H, and I are fulfilled and Cy = A\—2G~*(\)g (G™Y(N\)) #
0. Then

\/—(ﬁ(LTShn) 50) _ oo Z {yi — h(zs, 8°) }hg(zs, B8°) - 1(e] < GTHN)) +0,(1)

and BT(LLTS’}Z") 15 asymptotically normal

i (3 ) £ o, ),

where Vy = C3% - Q' var [g; - hy(x;, 8°) - I(e7 < G (V)] Q' = C1 %03 - Q) where o3 =
B[22 122 < G-1(\).

(2

Proof: See Appendix [C. [
Let us note that the symmetry of the distribution function F' implies that /G~1(\) =
F71((1+ X)/2), and consequently, we can write

oo (2)1( ().

Therefore in the case of a location model, the asymptotic variance V' derived in Theorem
4.3 corresponds to the results of Tableman (1994) and Hawkins and Olive (1999). The later
study also examines the convergence of the finite-sample LTS variance to the asymptotic
variance V5 and documents that the speed of convergence depend on the residual distri-
bution F' to a great extent. For example, whereas the asymptotic variance V5 provides
us with a good variance approximation for n > 30 in the case of the double exponential
distribution, one needs several hundreds of observation to claim that Vj 5 approximates well

finite-sample variance in the case of the standard normal distribution.
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Figure 1: The dependence of C on A € (0.5,1) for the Gaussian (left panel) and double
exponential (right panel) distributions.

4.1 Implications

The asymptotic normality and variance derived in Theorem 4.3 have several interesting
implications that concern the constant C'y and the variance V) as a function of the trimming
proportion A.

Although one can construct a distribution such that C = 0 at some specific A > 1/2,
this is not the case of usual unimodal distributions (e.g., the normal, Student, exponential,
uniform distributions, see Figure1)). Nevertheless, one can imagine, for example, a mixture
of two distributions like ' = 0.80N(0,1) +0.10N (¢, 1) + 0.10N(—¢, 1), ¢ > 0; the “smaller”
parts of the mixture, N(c,1) and N(—c, 1), can for a large ¢ represent a contamination.
In this case, C'\ could be equal or very close to zero for a sufficiently large ¢ and A ~ 0.80
and the LTS variance V) would extremely increase. This indicates and confirms a common
wisdom that even if one has an idea about the maximal contamination « in data, the
trimming constant A should not be set to a value just below 1 — « (to keep as much as data
points within the objective function), but rather to a significantly smaller value.

Therefore, the choice of the trimming constant A is very important because it influences
both the robustness and variance of LTS. Theorem 4.3/ can be used to determine whether
there is a trade-off between the high breakdown point (i.e., A close to 0.5) and the variance
of LTS (usually, larger A reduces variance) and how pronounced it is. To demonstrate, let
us compare the behavior of o, /C) (the A-dependent part of asymptotic variance V) under
two specific distributions: the Gaussian and double exponential distributions (Figure 2). In

the case of the normal distribution, the trade-off is very significant since using the maximal
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Figure 2: The dependence of 0, /C) on A € (0.5,1) for the Gaussian (left panel) and double
exponential (right panel) distributions relative to the least squares, A\ = 1.

trimming, A = 0.5, increases the LTS variance more than 10 times compared to the least
squares (A = 1). Moreover, even a relatively minor increase to A = 0.6 reduces V) by
42%. Thus, it may be preferable to keep A above its most robust choice unless there is a
strong reason to set A = 0.5. On the other hand, in the case of the double exponential
distribution, the trade-off between the robustness and variance of LTS is almost negligible.
Even the maximal trimming at A = 0.5 results only in a 19% increase in variance relative
to the least squares.

Although the results mentioned here are just distribution-specific examples, one can
often have an approximate idea about the error distribution in applications; for example,
from previous evidence, distribution tests, residual analysis and so on. The demonstrated
analysis of the trade-off between the breakdown point and variance of LTS can then provide

an additional guidance in selecting A.

5 Conclusion

We consider the least trimmed squares estimator and study its behavior in a nonlinear
regression model under mild S-mixing conditions on the explanatory variables. First, we
prove its consistency under weaker conditions than Chen, Stromberg, and Zhou (1997).
Second, the main result concerns the asymptotic distribution of LTS in regression, which
is derived under under conditions allowing for time series applications. Finally, the asymp-
totic variance of LTS is analyzed with respect to the trade-off between the robustness and

variance of LTS. Although the results are distribution-specific, they point out that while
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the trade-off is very significant under the normal model, it can be close to non-existent

under other distributional laws.

Appendix

Here we present the proofs of important lemmas on the order statistics of squared residuals
and the LTS objective function (Appendix Al), on the asymptotic linearity of the LTS
normal equations (Appendix B), and finally, on the consistency and asymptotic normality
of LTS (Appendix [C). Note that the alternative definition (6) of LTS is employed in all
proofs, and additionally, notation S,,(3) = S,(3)/n is used.

We introduce now the notation used in proofs, which extends the notation used in
the body of the paper and introduced in Section 2. The dependent variable is denoted
y; - Q, — R, the vector of explanatory variables is z; : Q, — R¥, whereby z;; refers to the
value of the jth variable (1 < j < k), and ¢; : Q. — R represents the error term; symbols
€y, €, and €. refer to the probability spaces that y;,z;, and ¢;, respectively, are defined
on (thus, Q = Q, x Q. is the probability space of the random vector (z;,¢;)). The true
underlying value of the vector 3 in model (1) will be referred to by 3°.

Further, the order statistics T[Qi] (B) used to define the LTS estimator B,SLTS’}L”) in defi-
nition (2) stands for the ith order statistics of squared residuals r2(3) = {y; — h(z;, 5)}°.
In other words, it holds that 0 < 7“[21]<5,w) <. < r[%ﬂ(ﬁ,w) for any 3 € B and w € Q.7
Given an w € ), we understand by symbol rj;(5,w) the value of residual 7,(f,w) such
that 72(3,w) = r[zi] (8,w); hence, |ry(8)| = 4 /T[QZ.] (B). If it is necessary to refer to the order
statistics of sample 71(f),...,r,(3), symbol r)(3) is used.

To complete notation, I discuss some purely mathematical notation. As observations
and parameters considered here always belong to an Euclidean space R!, we shall need to
define a neighborhood of a point # € R%: an open neighborhood (open ball) U(z,d) =
{z €R'| |z — x| < 6} and analogously a closed neighborhood (closed ball) U(z,§) = {z €
R!| ||z — z|| < 6}. Moreover, let us denote a convex span of @1, ..., z,, € R' by [z1,..., 2] .
Finally, several symbols from linear algebra are introduced: 1, represents n-dimensional
vector of ones, Z,, is the identity matrix of dimension n, and by, ..., b, are standard basis
vectors of R", that is, by, = (0,...,0,1,0,...,0).

3Since y; = h(z;, B) +¢€; and r; = y; — h(w;, B) = h(;, 8°) — h(z;, B) + €, regression residuals can be
written as a function of § and w € 2 = Q, x Q..
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A Lemmas on order statistics and LTS objective func-
tion

Proof of Proposition |2.1: We prove the proposition just for the case of the lower bound,
b(z), the other case can be derived similarly. The cumulative distribution function of
..... n @i 18 Fp(z) = F™(z). We want to show that for any ¢ > 0 there is
K > 0 such that P(xmax > K/n) =1—F,(K+/n) < e. This is equivalent to the assertion
that F,,(K+/n) — 1 as K — +oo uniformly for n > ng and some ngy. Because b(z) < F(z),
it also holds b"(z) < F™(z) = F,(z), and thus, it is enough to verify that b"(K+/n) — 1

as K — +oo uniformly for n > ng. In general, Py(z) = a12? + a223 + az2? + a4z + a5 and

Tmax = MaxX;=1

its leading coefficient a; has to be positive—otherwise, b(z) > 1 for z large enough and it
could not be a lower bound to a distribution function, which is at most equal to one. So,
1

let us assume without loss of generality that Py(z) = z* and b(z) = 1 — 2. Hence,

b”(K%):(l—%)n: [(1%)“]?! (E)K: e

that is, 0™ (K+/n) converges monotonically to a positive number smaller than one for a

fixed K > 0. Moreover, this number %@ as well as 0™ (K /n) increase with K. Therefore,

we can find ng > 0 such that 0" (K+/n) > I{/% for all n > ny and K > 1. Since I{/g — 1
for K — +00, also b"(K+/n) — 1 as K — +oo uniformly for n > ng. This closes the proof.

O

Proof of Lemma 2.2: For a given sample size n, let us consider a fixed realization
w € Q" The objective function S, () at a particular point 5 € B equals to one of functions
Ty(8),..., Ti(B), where Ty(8) = X7 12 (8), j = 1,....1 = (,j) and {kj1, ... kn,} €
{1,...,n}" are sets of h,, indices selecting observations from the sample. Each function
T;(5) is uniformly continuous on B and twice differentiable in a neighborhood U(3, ).

There are two cases to discuss:

1. If one can find an index j and a neighborhood U(f3,¢) such that S, (5) = T;(8) for
all B € U(B,¢e), Sn(B) is continuous at B. Additionally, if 3 € U(8°,6) there is a
neighborhood U(8,e) C U(3°,8) and S,,(3) = T;() is even twice differentiable at .

2. In all other cases, ( lies on a boundary in the sense that there are some ji,..., 7,
such that S,(8) = 1,,(B) = ... = T;,(8) (that is, some residuals being present
in the LTS objective function S, (/) are “switching” their place with those that are
not present in the objective function and are all equal at this particular 3). Since
Sn(B) =T;,(8) = ... =1T;,(B) and all functions Tj,,7 = 1,...,m are continuous at
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B, Sn(B) is continuous at 3 as well.

Furthermore, S, () is also differentiable provided that T’ ( ) = (5) and €
U(°,8). This condition is always satisfied at ﬁ (LTShn) g TJ/1 (ﬁ) =...= T (B) =0;
otherwise, 37" would not minimize Sn(B).

Now, consider a fixed 3 € U(3,0) (n is still fixed). Assumption D2 implies that r2(3) =
{ei + h(x;, 8°) — h(z;, 8)} is continuously distributed. Therefore, the probability that any

two residuals at a given 3 are equal is zero:
P (QO = {w e Q" |3i,j € {1,...,n},i # j, such that r?(8°, w) = rjz-(ﬂo,w) }) =0.

Moreover, there is a &' > 0 such that 7;(3) is continuous on U(f3,d"), and therefore, it is
also uniformly continuous on U(3,4"), i = 1,...,n. Therefore, for any given w ¢ Qy and
p(w) = Sming i1z [17(8) — 7"2(6)} > 0 we can find an (w) > 0 such that it holds
that supgcp e [77(3") — 77(3)| < r(w) for all s = 1,...,n. Consequently, the ordering of
residuals r7(3),...,r2(f') is constant for all 3’ € U(3,d') and there exist j such S, (3) =
T;(8) on U(3,0") almost surely as stated in point 1 (P(Q\€y) = 1). Thus, S,(3) is twice
differentiable at 3 almost surely .

Finally, since we just derived that there are almost surely no i and j such that 72(3) =
7“]2- (B) at any § € B and any fixed n € N and that S, (/) is almost surely twice differentiable
at any 3 € U(°,0), we can write

n

Su(B) = Z r2(B) - 1(r¥(B) < r3,,(9))

5.9 = S5 = 2 @it 0) - 1639) < 4, 0)
S = 5500 23 [ s B — s )} 1G39) < ,(0)

almost surely. [
The next lemma just verifies that the uniform law of large numbers is applicable for
LTS-like functions.

Lemma A.1 Let Assumptions D, H1, and I1 hold and assume that t(x,e; ) is a real-
valued function continuous in (3 uniformly in x and € over any compact subset of the

1+9

support of (v,e). Moreover, assume that Esupgep [t(z,¢;8)] " < oo for some § > 0. Then

sup |— Z [t(xi,&;ﬁ) : [(7}'2(5) < G,El()‘) + K)]

— E [t e58) - 1(2(8) < G3* (V) + K)]| — 0
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as n — +oo in probability.

Proof: This result is an application of the generic uniform law of large numbers and we use
here its variant due to Andrews (1992, Theorem 4).* Most of the conditions of the uniform
law of large numbers are satisfied trivially or by assumption: (i) the parameter space B is

compact by Assumption I1; (ii) differences
t(zi, e 0) - 1(r7(8) < G5 () + K) — E [t(wi, e 8) - 1(r}(8) < G5 (A) + K)]

are identically distributed (Assumption D1 and D2) and uniformly integrable because
Esupgep |t(x,&?;6)|1+(S is finite for some § > 0 (see Davidson, 1994, Theorem 12.10); and

(iii) finally, the pointwise convergence of
% S [t B) - I(r2(8) < G5'(\) + K)] — E [t(wi,258) - I(12(8) < G5' (V) + K)] 50
i=1

at any § € B and K € R follows from the weak law of large numbers for mixingales due
to Andrews (1988) (any mixing sequence forms a mixingale, and moreover, the differences
d(x;, g5 3, K) are L'*°-bounded, see Andrews (1988) for more details).

Therefore, the only assumption of Andrews (1992, Theorem 4) which remains to be

verified is assumption TSE:

limP( sup sup ltr(zi e 0, K') — tr(zs, 6558, K)| > /{) =0 (12)
p=0  \ BeB,KER B'cU(B,p),K'cU(K,p)

for any x > 0, where t;(x;,e;; 8, K) = t(x;, e, 0) - I(rf(ﬁ) < G/gl()\) —|—K). To simplify
the notation, we write only suprema only with the respective variables 3, K, ', K’ without
the corresponding sets B, R, U (3, p), U(K, p), respectively, which are fixed throughout the
proof. First, note that it holds for all € B and K € R

sup sup [t;(z1,e1; 0, K') — tr(x1, €15 8, K)|

BK K’
< sup sup t(zy, e 0) - [1(r3(8) < G5H(AN) + K') = I(r1(8) < G5' (M) + K)]| (13)
+ sup sup [t(z1,61;8') — t(ar,e1;8)] - (13 (8) < G5'(N) + K))| (14)

Hence, we can verify assertion (12) by proving it for expressions (13) and (14). For a given
e > 0, we find py > 0 such that the probabilities of these two expression exceeding given

k > 0 are smaller than ¢ for all p < py.

4For some function we apply this lemma to, namely to those forming a VC class, the result directly
follows from Yu (1994).
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1. Let us start with (13)). First, observe that

sup sup
ﬁ7K 18/7K/

< sup|t(zy1,e1;3)| - sup sup !I(r%(ﬁ’) < G/g,l()\) + K’) — I(r%(ﬂ) < Ggl()\) + K)| (15)
BeB BK §,K'

t(xy,e1;0) - [I(r%(ﬁ/) < Gg,l()\) + K’) — I(r%(ﬁ) < Ggl(/\) + K)} ‘

where supgcp [t(21,€1;3)| is a function independent of 3 possessing a finite expectation.
Because the difference |1 (rf(3') < Gg,l()\) + K') —I1(r¥(8) < GEl()\) + K)| is always lower
or equal to one, (I3) has an integrable majorant independent of 3. Therefore, if we show
that the probability

iE?)P(Sgu[E;}l}I()/ [1(r}(3) < Gyl (N +K') —I(ri(8) < G3'(\) +K)| = 1) =0, (16)
it implies, that (15) converges in probability to zero for p — 0 and n — oo as well.
Second, let us derive an intermediate result regarding the convergence of distribution func-
tion Gz to Gg. Assumption H1 states that r2(3') — r3(3) for 3 — [ uniformly over
any compact subset of the support of z, that is, ri(5’) — ri(8) for 3’ — 3 in probability
uniformly on B. Recalling that G(z) is the cumulative distribution function of r#(3), it
follows that Gz (z) — Gg(z) for all x € R (convergence in distribution) uniformly on B
because Gg(x) is an absolutely continuous distribution function. The absolute continuity
of G also implies that Gg,l()\) to Ggl()\) uniformly on B.

Third, given the uniform convergence result of the previous paragraph, we can find some
p1 > 0 such that ‘Gg,l()\) + K' — Ggl()\) - K| < gﬂf[gg for any g € B, § € U(B, p1), and
K' € U(K, p1), where M, is the uniform upper bound for the probability density functions
of r}(6) (Assumption D3). Further, we can find a compact subset Q; C Q, P(Q;) > 1 — £,
and corresponding p, > 0 such that supg g [17(8,w) — r(3,w)| < gi— for all w € Q) and

8 Mg
p < pa (Assumption H1). Hence, setting py = min {p1, p2}, it follows that

P (sup sup [1(30) < G500 + ) = 10809) < G50 + K) | = 1)
B,K p',K’

9 © :

< = : i g CAM. 5

- 9 ‘|‘P(35 €B:n(f) e (Gﬁ 2 4Mgg7G5 W+ 4ng)>
£ 2¢e

< e - . g

s ot Me=ce

99

for any p < py because M, is the uniform upper bound for the probability density functions
of r#(8) over all 3 € B. Thus, we have proved (16), and consequently, we have verified

that the expectation of (13) converges to zero for p — 0 in probability.
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2. We should deal now with (14) and prove that for any given x > 0

lim P <sup sup
p=0 \BK B.K'

[t(21, 615 0") — t(ar,e1; 0)] - I(r}(B) < G5 (N + K)|> /i) =0. (17)
First, note that the difference
‘t($1>51§5/) —t(z1,e1;0)] < ’t(x17€1;5/)’ + |t(z1,€1; 0)] < QZUE [t(x1, €15 5)]
€

can be bounded from above by a function that is independent of 3 and has a finite expec-
tation, as follows from the assumptions of this lemma. Let 2 Esupgcp |t(71,€1; 8)| = Ug.

Second, for an arbitrary fixed € > 0, we can find a compact subset A. of the support of
(71,¢1) (and its complement A.) such that P((x1,e;) € A.)

random variables with finite second moments) and 2fA SUPgep |t(:v1, e1; 0)] <

(both x, and £; are
. Given
this set A, and f € B, we can employ continuity of ¢(z1,e1;3) in # (uniform over all
(z1,e1) € A.) and find a py > 0 such that

KE

sup Sup|t<x1a61;ﬁ/) _t(xlveh )| < ?
(z1,61)€EA: BB

Hence,

E{Sﬁuﬁll)’t(xl,&;ﬁ’)_t(fﬂl,&;ﬁ)‘} < /QSUP’t(l’h&;ﬂ)‘de(wl)dFs(ﬁ)

BeB

—+ / —dF Z'l dF (81)

= 2 7:’%’

and consequently,

P(sup sup
ﬁ7K ﬂ/7K/

[t(z1,61; 8') — t(zr,e1;8)] - 1(r3(8) < G5'(AN) + K)| > “)

IN

1 E {sup sup ! (v1,61;0") — t(z1,21;8)] - [(r%(ﬁ) < Ggl()\) + K)’]

Ko LpK p K
< ke/k=c¢

for any p < po. Hence, we have verified that (17).
Thus, the assumption TSE of Andrews (1992), is valid as well and the claim of this

lemma follows from the uniform weak law of large numbers. [J

The following assertions present some fundamental properties of order statistics of re-

gression residuals.
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Lemma A.2 Let \ € <%, 1> and put h, = [An] forn € N. Under Assumptions D, H1, and
11, it holds that

sup |1,,,1 (8) — G5 (A)] — 0 (18)
BeB

as n — +oo in probability, and consequently,

Egy = Esup |rf, ) () = G5'(\)| = 0 (19)

BeB

as n — +o00.

Proof: Let us recall that r2(3) = [e; + h(xi, °) — h(z:, 8)]> ~ Gs. Further, let us take
an arbitrary Ky > 0, set K. = K - mgy, (see Assumption D3 for definition of m,), and

consider some ¢ € (0,1). For any choice of ¢, we find ny € N such that for all n > ny

P(sup |rf (B) — G5 (V)| > KI) <e, (20)
BeB

which proves the lemma. Without loss of generality, we can assume that K; < d,, where
d4 comes from Assumption D3.

First, denote
vii(B, K1) = 1(r} (8) < GEI(/\) + K1)

As it holds for all G € Bandi=1,....n
Evii(8, K1) = P(vy(8, K1) = 1) = P(r}(B) < G?O\) + K1) > A,

it follows that Evy;(5, K1) € (A, 1). Further, LemmaA.1 for choice t(z, e, ) = 1 guarantees

that we can use the weak law of large numbers for vy;(/3, K7) uniformly on B x R, . Hence,

sup 1 Z {v1i(8, K1) — Evy(68, K1)}‘ — 0

BEB,K1€Ry [T

i=1

in probability. Consequently, we can find some ng such that it holds for all n > n

% D~ {08, K) — Evi(B. K1)}

1
P sup <-K.|>1- E.
BEB,K R, 2 2

Thus, it holds uniformly in 5 and K; with probability greater or equal to 1 —&/2
1 n n
—§Ka+;EUu(57 Ky) < ;Uu(ﬁ, Ky). (21)

Second, because K; < d,, Assumption D3 implies Evy; (3, K1) > A+ Ky -mgg = A+ K.
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for all § € B and K; < §,. This result together with equation (21) implies that

1 1 1 g .
n\+ (n — §)Ks = —§K€ + TL()\ + Ks) < —§K5 + ; Evli(ﬂ, Kl) < ;Uli(ﬂ, Kl)

But this means for all 8 € B that at least n\ > h, of residuals r?(3) are smaller than
Ggl(A) + K. In other words, 7"[2%} (8) < G5'(\) + Ky with probability at least 1 — /2.

The corresponding lower inequality, holding also with probability at least 1 — /2, can
be found by repeating these steps for

vi(B,Ky) = I(r(B) = G5'(\) — K,).

Finally, combining these two inequalities results in (I8). Since 72(3) is uniformly integrable
due to Assumption H5 and Davidson (1994, Theorem 12.10), T[th} (B) is uniformly integrable
as well and the second claim follows directly from the (18) by Davidson (1994, Theorem
18.14), which shows that the convergence in probability of uniformly integrable random

variables implies the convergence in LP-norm. []

Lemma A.3 Let )\ € <%, 1> and put h, = [An] for n € N. Under Assumptions D, H, and
11, there is some € > 0 such that

Vn o osup ’T[th} (B8) — Ggl()\)‘ = 0,(1)
BeU(B%,)

and

BeU(8%¢)

Er,=E {ﬁ sup |rf,. 1 (8) — G;l(A)|} = O(1)
forn — +oo.

Proof: The proof has a rather similar structure to the proof of Lemma [A.2. First, let us
take a fixed € € (0,1), an arbitrary Ky > 0, and set K. = K; - m,. Further, denote

v (B, Ky) = f(@(ﬁ) <G5\ +n_%K1>.
Asit holds forall e Bandi=1,...,n
Eou(5, K1) = Powi(8, K1) = 1) = P(12(8) < G () + 173 K,) 2 X,

it follows that Evy;(8, K1) € (A, 1).
Now, Assumption H3 and van der Vaart and Wellner (1996, Lemmas 2.6.15 and 2.6.18)
imply that {vi;(3, K1); 8 € U(8°,0), K; € R} form a VC class, which is uniformly bounded
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by 1. Because of Assumption D1 on the mixing coefficients, we can apply the uniform

central limit theorem of Arcones and Yu (1994) to see that

{% Z {v,(8, K1) — Evyi(B, K1)} - B e UG, 0), Ky > o}

converges in distribution to a Gaussian processes with uniformly bounded and uniformly

continuous pathes. Consequently, we can find some € > 0 and a constant U > 0

2

sup E sup <U

neN  peU(8%e),K1>0

\/‘ Z v1; (3, K1) — Ev (8, K1)

(functions vy;(8, K1) are bounded). By the Chebyshev inequality P(|X| > K) < E|X|P/K?,
it finally follows that

)<t

\/_Z v1(8, K1) — Evy (8, Ky)) 5 KEQ

P sup
BeU(8%¢),K1>0

Thus, it holds uniformly in 3 € U(3°,¢) with probability greater or equal to 1 — 4U/K?
1 n n
_5\/E'Ke+;EU1i(ﬁaKl) < izlvu(ﬂ,Kl)- (22)

Further, we can find ng such that ni K 1 < 04 for all n > ng (6, comes from Assumption
D3), and thus, Evy; (3, K1) > A+n 2K, My = A+n 2K, for all 8 € U(B%¢) and n > ny.
This result together with equation (22) imply that

1 1 1 - u
n\ + 5\/51;(5 = —§¢EK€ + X+ ik, < —5\/%[(5 + Z_; Evy(8) < ;uu(g)

But this means for all 3 € U(°, ¢) that at least n\ > h,, of residuals r?(3) are smaller than
G5 (N + n~2K.. In other words, i (8) < G5 + n~2K,. on U(B°, ) with probability
at least 1 — 4U/K?2. The corresponding lower inequality can be found by repeating these
steps for

(B, K7) = f(rf(ﬁ) >G5 0 — n*%Kl).

These inequalities can be rewritten as Z, = supgeygo ) nz

.08 = G5O < K-,
which holds with probability 1 — 4U/K?. Thus, for any € > 0 we find K. = 1 + /4U/¢
such that P(Z,(8) < K.) > 1 —¢, so Z, = O,(1). Furthermore, denoting the cumulative
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distribution function of Z,, by F’,, the expectation
EZ, = [1—F,,(x)de <1+ —dr=1+4U
0 1 T

is finite. [

Lemma A.4 Let Assumptions D, H, and I1 be satisfied. Moreover, let A\ € (%,1>, T €
(3,1), and put h, = [An] for n € N. Then ’r[th] (ﬁo_n*%t> —r[th] (go)’ = Oy(n7)
uniformly in t € Tyy = {t € R*|||t|| < M} as n — +oo.

Proof: As the first and main step, we show that for any ¢ € (0,1) there exist K. and n.
such that uniformly in ¢ € 7y, for all n > n.

P(‘r[hn] (ﬁo - n’%t> — T[] (60)‘ <n - K€> >1—¢ (23)

(please, remember the convention introduced in the introduction of Appendix that r,(3) =
sgn 7 (B) - 4 /r[zh] (8), whereas the order statistics of residuals r;(3) is referred by r(4)(5)).

1
Additionally, note that assuming n. 2K, < ¢ (6 comes from Assumptions H), the Taylor

expansion leads to
ri(8° = n7wt) = ri(8°) + by, )" -2t (24)

where £ € [ﬁo, 30 — n_%t]

Now, all assertions in the following part of the proof are meant conditionally on values
of z;. Let us suppose that hlﬁ(xi,f)Tt > 0 for a given i (the other case can be analyzed
analogously). Then r;(3°) + h;;(:l:i,f)Tn’%t > r;(3°) which means that all such residuals
r:(8° —n~2t) are larger then residuals 7;(3°) = ;. In other words, some residuals evaluated
at point % — n~2t compared to 3° are shifted out of interval (=T, (8°),7(h) (B°)) on
its right hand side and some are shifted into it on its left hand side. The assertion (23)
can be proved in the following way: considering a bit larger interval <—r[hn} (8% —n Ky,
i, (BY) + n_TK1>, it is to be shown that such an interval contains at least h,, residuals
i (5° —n’%t) for some sufficiently large constant K;. To do so, we shall try to find a number

my of indices i = 1,...,n for which (with a probability close to 1)
r2(8%) <%0 (8%) and (B0 —n7Et) > g (B°) + 0K (25)

Such indices represent the observations that decrease the number of residuals inside the
interval (—rp,,) (6°) — n" K1, 1, (%) + n7Ky). Similarly, we try to find a number m,
of indices i = 1,...,n for which (with a probability close to 1)

ri(8%) < —T[h] (8°) and ri(B° — n_%t) > =Tl (60) —n K. (26)
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These indices correspond to the observations that were not in the interval <—r[hn} (8%,
T(ha) (3°)) before but they move inside the interval (—r,) (8°) — n™" Ky, 7, (%) + n7"Ky),
and thus, increase the number of residuals contained in it. Since there are just h, in-
dices among all i+ = 1,...,n satisfying 7?(8°) < Tfhn] (8%), the number of indices such that
r2(BY — n-zt) < r%hn] (8°) +n~" K, equals h,, — mj +msy. Therefore, all we have to do is to
verify that the difference mo — m; is positive with probability close to 1.

Using (24)), case (25) is equivalent to
) (3%) + 0Ky = B, €7 n 7 < e < g (8°)
Similarly, (26)) is valid if and only if
1) (B%) = 0Ky — hig(w,€)" - nT2t < ey < =1 (8°).

Thus, it seems to be helpful to study the probability of the events z =n""K; — h/’g(xi, £)T
n-st < e; < z for some z € R. This probability can be expressed by means of the
distribution function F'(x) (remember, everything till now is conditional on x;):

F(z)—F (z 0Ky — hg(2,€)" - n—%t) - / f(t)dt.

1
z:l:n*TKl—h/ﬁ(xi,ﬁ)T-nfﬁt

Expanding the density in the integral, f(t) = f(2) + f'({)t, we get

/z f)ydt > f(z) [j:n*TKl _ hlg(ﬂii,f)T _ nfét} N

1
z:l:n*‘rKl—hza (z:,6)Tn"2¢

l\‘)\»—t

+L; [in TR, — hﬁ(azz, )7

n-
/z Cfdt < f(2) [in—TKl hﬁ )l %}

z4n T K1 —hj(2:,6) T n T 2t

tr

+Uy [j:n_TKl h/@(xz,f)T n 24 :
which results in

F(z)— F <z +n K, — h/lg(xi, IR n_%t> = f(2) [:i:n_TKl - h/ﬁ(:pi,g)T : n_%t} +0(n).

(27)

Having these results in hand, the same idea as in the previous Lemmas A.2/ and |A.3
can be used. Let us consider for a fixed z € R

wy;(z) = I(z +nTK; — hjg(xz,f)T nTIt < e; < z>
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and
wai(2) = —7(_2 —n Ky — hig(w;, )" - n"it <e; < —Z>'

Apparently, mo —my = >0, (wo(2) — wii(2)) for z = 7, (8Y). Let us denote s;(z) =
wo(2) — wi;(z). Employing (27), we obtain Es;(2) = n" Ky - (f(2) + f(—2)) + O(n™1)
and hence also var s;(z) = 2n""K; - (f(2) + f(—=2)) + O(n™'). Note that both moments do
not depend on x; apart from term O(n~1). The Feller-Lindeberg conditions for the central

limit theorem can be easily verified, and thus, two constants K. and n. such that for all
P<‘ZZ:1(SZ(2_ E81(2>)’ < K5> > 1— c

can be found, where C? = n'"K; - (f(2) + f(—2)) + O(1). Further, it follows that with
probability greater than 1 —¢

n > ne

n

Y silz) = =2 COVK ((2) + f(=2) K+t T (F(2) + f(=2)) + O(1). (28)

=1

As T € (%, 1), the last expression increases in n above all limits for a given K; because
f(2) is bounded from above and away from zero as well in a neighborhood of G~!(\).
Thus, we can find n. such that for all n > n. the right hand side of (28) is positive,
and consequently, the number of the residuals r? <ﬁ0 — n_%t> that fall to the interval
(=7, (B°) = 0" Ky, v, (B°) + 77Ky ) is at least h, with probability greater than 1—e.

We can conclude that for some co > Ky > 0
_1 .
T‘[hn}(ﬁo —n Zt) < T[] (ﬁo) +n" 7 K.

This result was derived conditionally on z;, but the upper bound rp,,)(8°) + n™" - K is
independent of x; realizations, which means that it holds not only conditionally on x;
but without conditioning as well. Analogously, the corresponding lower inequality can be
derived.

Finally, Lemma [A.3 implies that both ry,,)(8° — n~2t) and rp,1(3°) are bounded in
probability. Thus, utilizing equality a*> — b* = (a + b)(a — b), we obtain immediately the

assertion of this lemma. O

The following lemma and corollaries translate the results on the convergence of the
order statistics of residuals to the convergence of the indicators [ (Tf(ﬂ) < T[th] (5)) to
I(r}(8) < G5'()\)) and their expectations.
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Lemma A.5 Under Assumptions D, H1, and 11, it holds for any i <n

Pg = P(sup [1(r}(B) < T[Zhn](ﬂ)) —1(r}(B) < Ggl()\))} £ 0) — o(1).

BeB

Additionally, under Assumptions D, H, and I1, there exists ¢ > 0 such that

P, = P( sup | 1(r2(8) < 13,,(8)) — 1(3(8) < G5 ()| # 0> —o(n)

BeU(8Y¢)

as n — —+0o0.

Proof: To facilitate easier understanding, let us define the difference between indicators

vin(B) = 1(r7(8) < 1,1 (8)) = 1(r{ (8) < G5 (N)).

Without loss of generality, we discuss only the case v;,(3) = —1, which corresponds to
T[th](ﬁ) < r(B) < Ggl()\). The other case v;,,(8) = 1 can be derived analogously. Also
notice that P(supgep [vin(8)]) = P(36 € B : |vin(B)] # 0) because |vi,(6)] € {0,1}.

So, let us consider an event w = (w1, .. .,w,) € 2" and assume without loss of generality

that ¢ = n. Given W' = (w1, ...,w,—1) € Q"L and (r}(B,w1),...,72_1(8,wn-1))

T[th—ﬂ (ﬂ7 w/) lf T121<B7 wn) < T[th_l] (67 w/>
BB =4 20w i (0w) < 2(Bw) < (B) (29)
7"[2,1”} (B, if T[th](ﬁ,w’) <ri(B3,wn)

Denoting €, €25, and Q3 subsets of Q" corresponding to the three (disjoint) cases in (29),

we can write

P{weQ"3B € B :vp(B)=-1}) = PHwe N3 E€ B:vu(f) =-1})
P({w € Q|30 € B : v(B) = —1})
P({w € Q3130 € B : vp(B) = —1})

and analyze this sum one by one.

I. AP=P{weN|FB € B :v,(p)=-1}) <
P(Elﬁ € B: r[zhn](ﬁ,w) <r}B,w) < T[zhn](ﬁ,w)> = 0.
2. PQZP({CUG QZ|E|ﬁ€BVnn(ﬂ) = _1}) =

P(Elﬁ €B: r[zhn_l}(ﬁ,w’) <7r2(B,wp) = r[Qhﬂ](ﬁ,w) < Ggl()\)) can be analyzed in ex-
actly the same way as P({w € Q3|30 € B : v,,(8) = —1}), see point 3.
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3. b=PHwe Q|30 € B :v,,(3) = —-1}) =
P(EIB € B g, (B,0) =15, (B,w) <ri(B,wn) < Gy (A)) We can structure this

last term in the following way (Assumption D3):

P(B € B 7f,)(5,) < 73(B,0n) < G5 (V) = (30)
/GQ" 1/ €0 Ls;elgl T[h (8,6) < (ﬁ’w”) <G (A))dp(uh)dP(w’) (31)
B / s Moo 5D |1 (3, ) = G (V)] AP (W) (32)
A )

The first claim of the lemma, Pg = o(1), is then a direct consequence of Lemma (A.2.
The second result, P, = O(n_%>, can be derived analogously, if we consider only a

neighborhood U(3°, €) instead of B, write last expectation as

My, E{ﬂsupm (8.u) - G;(A)\},

peB

and employ Lemma A.3. [J

Corollary A.6 Let Assumptions D, H1, and I1 hold and assume that t(x,e; 3) is a real-
valued function continuous in B uniformly in x and € over any compact subset of the support

of (x,€). Moreover, assume that Esupgcp |t(7,€; 8)| < oo. Then it holds that

E {sup |t(zi, €0, 8) - [I(r7(B) < 7,y (B8)) — I(r7(B) < G5 (V)] I} = o(1).

BeB

Additionally, under Assumptions D, H, and 11, there exists € > 0 such that

E{ sup [tz 0) - [L(2(8) < vy (8)) — T(2(8) < G5 (V)] I} = 0(n?)

BEU(B°.¢)

as n — +oo.

Proof: This can verified along the same lines are Lemma/A.5.  Defining functions v;, () and
sets 21, 29, and 23 exactly the same way as in Lemma [A.5, we can express the expectation
of any random variable E X as {fQI + o, +f95} xdF (z). By the same argument as in
Lemma A.5, we will treat only part concerning ng, and assume without loss of generality

that i« = n. Analogously to (30)—(33)), we can write

E {sup (2, €0y B) - Vm<ﬁ)\}

BeB
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< [ {sup (@ 2y B)] - s rvinw)\} 1P(w)
Q3 peB

BeB

- /em 1/ sup [t(zn, €n, 0)| - sup[( i (3,0) < 2B, wn) < G5H(A))dP(w,)dP(W)

n€Q BEB

< / Sp [t(&s s ) - / sup I(%, ((B.") < r2(Brwn) < G5 (V) dP(')AP(wy)

nEQ BEB 'eQn—1 BeB

IN

/ sup |t( :En,sn,ﬁ)\/ sup‘r[h (B, — !dP )dP(wy,).

n€Q BEB reQn-1 BeB

Thus, we obtain from Lemma A.2

E {sup [t(xn, En, B) - l/m(ﬁ)|} < My,Ecy - / sup [t(zp, en, B)] dP(wyn) = o(1).

BeB ~€Q BEB

Similarly, repeating the same steps only over some neighborhood U(3°, ¢) and using Lemma
A.3 leads to

e (s im0, 8) va(9)

BeB

<ty [ swlendl [ vl 6. (V)] dP()dP(w,)

wn€Q BEB reQn-1 BeB

< 0 My B [ supltan.cn, B dP,) = O(n ),

wn€N BEB

which closes the proof. [

Corollary A.7 Let Assumptions D, H1, and I1 hold and assume that t(x,e; 3) is a real-
valued function continuous in 3 uniformly in x and € over any compact subset of the support

of (x,€). Moreover, assume that Esupgcp |t(z,€;8)| < oo. Then

sup |—

BeB |1

Z {ti = 8) - [L(2(8) < vy (8) — 1(r2(8) < G5 (V)] }| — 0,(1)
as n — +oo. Additionally, under Assumptions D, H, and I1, there exists € > 0 such that

sup
BEU(8%,¢)

Z {t T, €45 8) - ( 12(5) < T[zhn](ﬁ)) - [(Tz2<ﬁ) < GEI()‘»} }| = OP(D

as n — +oo.

Proof: The corollary follows directly from the Chebyshev inequality for non-negative ran-
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dom variables, P(X > K) < E X/K, since by Corollary |A.6

E < sup
BeB

< E {sup !t(xi,ei;ﬂ) . [I(Tf(ﬁ) < T[zhn](ﬁ» - [(7"@‘2(5) < Gﬁl()‘))} ‘}

BeB

n

DS twnes ) [10205) < oy (9) ~ 1(2(8) < G5 (V) |}

n -
=1

and

< nt/? E{ sup ’t(l‘i,gz‘;ﬁ) : [I(Tf(ﬁ) < T[2hn]<5)) - ](Tzz(ﬁ) < Ggl(/\)ﬂ ‘}
- oW

as n — +o0o and the expectation is thus uniformly bounded in n € N. [J

Finally, the last two lemmas of this section study in more details differences of prob-
abilities that [ <ri2(ﬁ0) < T (50)) and [ (r?(ﬁn) < T[th}(ﬂn)> for sequences 3, converging
to 5% at \/n rate.

Lemma A.8 Let Assumptions D and H hold and 3 € U(Bo,n’%M) for some M > 0.
Then it holds as n — 400

1. For the conditional probability

and

E {sgnri(8°) - (1(r7(8°) <1y (8%) = I(r7(B) < v y(8)))] i} =
= (w0 ) (3= ) - {1 (-VGT0N) + £ (VETN) } + 0, (n

N

).

2. For the corresponding unconditional probability

P(I(r?(B°) <1y (8%) # 1(r7(8) <7y (9)))
= [ )= )] {7 (-VET) + 1 (VET) } + 0 ()
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3. For the conditional probability taken over all § € U(ﬁo,n_%M)

)
= by i )| { (-VET) + 1 (VETI) 4 0, (n72)

= o,(nt).

4. For the corresponding unconditional probability taken over all B € U(ﬁo,n_%M)

P(38 U (8 n 30 1(r2(8) < 78,,(87) # L(r2(9) < ,1(8))

P(38 U (8 n50)  1(r2(8°) <7, y(8) # 1(2(8) < 78,(9)) )
- b3 G )] {1 (—VETI) 1 (VG o

- o)

as n — +0o0.

NI

)

Proof: To facilitate easier understanding, let us first define the constant ¢, = /G~1(\),
difference between residuals Ay (z;, 8) = r;(8°) — r;(3) at 4° and 3, and difference between

indicators

vin(B) = I(r}(8) < vf,,(8)) = I(r2(8°) < 1,1(8%))

at 3 and 3°. Then we have to compute
P(|I(r7(8°) <1y (8%) = 1(ri(B) < 15,0 (8)| = 1| 5) = P([vin(B)] = 1| 2:)

and to prove that the corresponding unconditional probability is (asymptotically) linear in

3 — Y. In addition to that, we shall estimate

P sup lvin(B)] = 1|x; | = P(Elﬁ € U(ﬁo,n_%M) v (B)] = 1‘ xz>
BEU(B9,n™ 2 M)

(these two probabilities are equivalent because the supremum is always attained—|v;, ()]
can be only zero or one). Note that randomness, that is the dependence on events w € €2,
is represented just by the index ¢ here: r;(8) = h(z;, 3) — h(z;, 3) + &; is a function of the
ith realization (x;,&;) and the same applies to v;,(3) as a function of r?(3),i = 1,...,n.

Finally, let us assume without the loss of generality that n > [M?/min{J, }?], where § and
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e come from Assumption H1 and Lemma [A.3| respectively.

1. First, let us compute P(v,(8) = —1| x;). In the following derivations, it is necessary
to keep in mind that we consider all § € U (ﬁo,n_%]\/[ ) so that most of the results can
be reused later when P<E|ﬁ e U(Bn"2 M) : vy (8) = —1‘ .CEZ> is estimated. Apparently,
vin(6) = —1 if and only if

i (B) > 1, (8)  and (8% < v, (7).

It holds that
7 (8°) <r5,1(6°) = ri(8°) € (=7 (8°), 7ina (8°)) (34)

and

r2(8) > rf,1(8) = r:(B) € (=00, =r(n,1(8)) U (rin,)(B), +00) . (35)

By means of the Taylor expansion we can write (for a given w € Q)

ri(B) = {yi—hlzi, 8)}
= {yi - h(%,ﬁo)} - hl@(%;f)T(ﬁ - 50)
= (%) = h(:,€)" (8 — B°)
= 1(8°) = An(zs, B)

where £ € [8°, 3], and difference Ap(z;, ) = h;;(:vi,ﬁ')T (8= 03% ([,-],, denotes a convex
span, see the introduction to Appendix). Taking this result into account, assertions (34)
and (35) imply that

Ti(ﬁo) € (—T[hn](ﬁo), —T[hn] (5) + Ah(%ﬁ)) U (T[hn](ﬁ) + Ah(%ﬁ)ﬁ[m] (50)) ) (36)

where the convention (a,b) = 0 if b < a is used. For v;(8) = 1, it is possible to derive

analogously
ri(6°) € (=rna(B) + An(xi, 3), =1 (6°) U (rpn,) (6°), 1) (B) + An(zi, 8)) . (37)
Given results (36) and (37), we can write P(|v;(8)| = 1] 1) as
P(ri(8%) € [=rmna(B°), =1 (B) + Anws, B)] U [ria,g (B%), i (8) + A, B)] | ).
Lemma A4 allows us to simplify this expression even further:

P(ri(8%) € [=rpa(B%), =rina(6°) + (i, B)] U [riaa) (6°), 71,1 (8°) + Dnlwi, B)] | i)
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as n — +oo. Please, notice that, conditionally on x;, v;,(3) # 0 implies sgnr;(5°) -
Vin(B) = sgn Ay (x;, 3) with probability approaching 1 as 1 — (’)(n_%> with n — oo0.
First, Ay(z;,3) is given by z; and [, and for a fixed z;, it is bounded by Ay(x;, 5) =
hlﬁ(xi,f)T(ﬁ - 3% <001 )(ﬁ (%) and converges to zero for 3 — [°. So we can choose
no € N such that |Ap(z;, 5 LG-1(\) for all n > ng (remember, § € U(3°,n"2M)).

5
Second, Lemma A.3 implies that P( *1()\)> = O(n_%), and consequently,

P(’r[hn} (8%)] < ,/%G*%A)) = O(n’%> as n — o0o. Therefore, we can write with proba-

1

bility higher than 1 — O(n’i) that for Ap(x;, 5) > 0 and n > ng (see (36) and (37))

e 1;(8) = 1 corresponds to 7;(3%) € (rpn,(8%), 7. (6°) + An(zs, 3)) C (0, +00), thus
vi(B) > 0if r;(8%) > 0.

e ;(3) = —1 corresponds to 7;(8°) € (=7r5,1(8%), =7 (8°) + An(zs, 3)) C (—00,0),
thus v;(3) < 0 if r;(8°) < 0.

Similarly for the case of Ap(x;,5) < 0.

Let us now analyze probability (39). Keeping in mind that residual 7;(3°) = &, its
probability density function f(x) is bounded from above by a positive constant M; and is
differentiable in a neighborhood of \/GT()\) due to Assumption D2, we can write using
Lemma A.3 (remember that ¢, denotes \/G~1(\)):

P(Tz‘(ﬂo) € [—T[hn] (50)7 —T[hn](ﬁo) + Ah(xh 5)}% U [T[hn] (50)7 T[hy) (50) + Ah($i> 5)} %} %)
= P(r:i(8°) € [—r — &, —an — &+ An(@i, B)] U [on + &, an + &+ An(zs, B)],| @),

where & and &, are random variables behaving like O, (n_%>. Taylor’s expansion for the

distribution function of &; further implies

P(ri(B8°) € [=ring (8°); =rna(8) + An(zi, B)],, U [rin,g (8°), rina (8°) + Dn(i, B)] | :)
= |Ah< Z,mr {7 (=) + £ (@) + 1'(&) - (Bules, B) + &) + ['(€) - (Duae, B) + &)
o(2, )" (8- /30)\ {£ (-V&T0) + £ (VET0) } + 0, (n74), (40)

(remember, 3 € U(B°,n~2 M), so Ay (z;,3) = h/ﬁ(xi,f)T (B—p0% = Op<n*i>), where the

last step uses Taylor’s expansion of the first derivative of h(x, 3) at point 3°:
h(i,€) = hg (2, 8°) + hpy(xi, O)(E — B°) = hiy (21, 8°) + Oy(1)
(see Assumption H4). Hence, the first assertion of part 1 is proved—the inequality

P(I(r2(8°) <13,,(8%) # I(r3(8) <12, 1(8))| =) < O, <n7i>
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follows from Assumptions D2, H3, and the fact that g € U (ﬁo,n*%M ). The second as-
sertion follows immediately from the note explaining that sgnr;(3°) - v;(3) = sgn Ay (z;, B)
with probability higher than 1 — O(mé).

2. Next, we shall evaluate the corresponding unconditional probability, that is the

expectation of P(|v;(B3)| = 1| x;) over z;, and check its asymptotic linearity in 3 — 3°. As

<f< 2(5°) < 15 () £ 1(2(8) < r,1(9))
= EP(n(3) = 1]2)
i 7350 (V@) (V) w0 (o),

the result is apparent once we take into account 3 € U (60,n_%M ) and the fact that the
random variable denoted O, (n_%> in (40) can be expressed as a product of a random
variable and difference 5 — 3.

3. We have derived in part 1 of this proof that

P(ly(B) =1 x;) = P(ri8°) € [=rng(6°), =rm(8°) + An(zs, 6)] U
U [P (B%), 711 (B°) + An(i, B)] | ) + 0p <”_%> (41)

as n — 00, where op( %) holds uniformly over all 3 € U(3° n 2 M ) due to Lemma
A4l The length of the intervals in (41)) is a function of 3 — 3°. Further, notice that the
lower bound of the interval and 7;(3°) itself does not depend on (3, only the length of
the interval is 3-dependent, and this length converges to zero as 8 — (Y with increasing
n. Now, the crucial point here is that the set of events w € ) such that a continuously
distributed random variable r;(3°) = &; belongs to intervals specified in (41) depends purely
on the lower and upper bounds of the intervals, and consequently, only on their lengths
Ay, B) = hig(xi,g)T(ﬁ — %) in our case. Therefore, the set of events w € Q such that
there exists 3 € U(8Y, n-2M ) for which the continuously distributed random variable ¢;
belongs to the intervals specified in (41) and the probability of this set reduce to finding
the supremum of the length of the interval over all 3 € U(/3°, n-2M ).

Hence, using the argument employed to derive (40), we can write

i

U [P (B°)s 7y (B°) + A (i, 8 }%‘ i)
_ ‘hg x“ﬁo ) (8- 50)’ {f <_ G—l(/\)) _|_f( G—I(A)>} —|—(’)p<n*%)

ﬁeU(ﬂUn §M
-{f(— G*l()\)>+f< G*l()\)>}+(’)p(n*%>

P (35 eU <ﬁ0,n_%M> :Ti(ﬁo) € [—T[hn}(ﬁo), —T[hn](ﬂ + Ah xz, )} U
)

(25, 0%)
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as n — +o00. Thus, the third assertion is verified using the same argument as in part 1 of
the proof.

4. Finally, we should find the corresponding unconditional probability, that is the
expectation of P(Elﬁ e U(3, n*%M) Cwi(B)] = 1). The assertion is a direct consequence

of the fact that
ExP(Hﬁ eu (ﬁo,n*%M> |w(B)] =1 :c)

- w3 )] {1 (V) ¢ (V)] o)

(note again that E, O, (n’%) =0 (n’%) because we integrate a random variable multiplied
by the non-random difference 3 — 3° € U(0,n"2M)). O

Corollary A.9 Under the assumptions of Lemma 'A.S, suppose that there exists some
Be U3, n 2 M) such that

I(r2(8°) <7§,1(8) # I(r3(B8) < r5,,(8)).

Then
(@) = V&I = [ = snr(6) - VGO
< |Pa@ )" (5 - )| + 0, (n )
- o)
and

E{ |Ir(a") w1 < [P €7 (3 = )| + Oy (7).

Proof: In the proof of Lemma A.8| see (36)—(39), we have shown that

vin(B) = 1(r}(8) < 1,1 (8)) — I(r} (8°) < 1f,,0(8%))

can be non-zero for a given x; if and only if

T‘i(ﬁo) € [—T[hn](ﬁo) —T[hn] (5) + Ah(ﬁi,ﬁ)] [ T[] (ﬁ ), T'[hn] (B) + Ah(iﬁz‘,ﬁ)}% —
= ri(8°) € [ VG =&, = — &+ Ap(y, B }
[\/ A) &L+ &+ A, )} ;

where &; and & are random variables behaving like O, (n_%> and Ap(z;, 8) = hlﬁ (z:,6)" (B—
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3%). Hence,

(%) = /G~ ’ ‘hﬂxz, (8- 50)‘ (n—%>7

and by the first claim of Lemma A.8, we also obtain

E{ ).
Finally, Ap(z;, 5) = (:p,,g) (B-p8° =0 < ) due to Assumption H4, and conse-

quently,
r(8)] = VG| = 0, (n )

N

‘7”@(50)‘

561,} < ‘hlg(%,f)T(ﬁ - 50)’ + Oy (”7

asn — +oo. U

B Proof of asymptotic linearity

/

Proof of Theorem 3.1: We are to analyze the term D} (t) = S, (3° — n-et) — S’ (%), that

is,

3

5 o o )} )
><I(7"i2 <ﬂ0 - n’%t> < T[th] (60 - n’%ﬁ))
(b B By ) - 1G3) < 05,y (57)]

for t € Ty = {t € R?|||t|| < M}. There is apparently an ng € N such that 8° — n~2t €
U(B°,6) for all n > ng and t € Ty (M > 0 is a given constant). Therefore, using Taylor’s

expansion for all n > ng and t € Ty, we get
0 -1 0 ! T -1
h(a:,ﬁ —n 2t> = h(z, 8°) — hy(w, &) n 3t

and

7 _1 ’ " 1
0 (x,ﬁo —n 2t> = Wy (x, 8%) — Wyy(w, &)n~3t,
where £, ¢ € [60, B9 — n’%t} . Consequently, we may write D} (t) in the following form:

n

{ (= (e 80)) - (0, 8°) - 1 (2 (0 = n2t) <8, (50— n73t) )
=1
(o Bl ) - (a 80) - 102 (8) <y (99) )
— (yi — h(z:,8°%)) - hgﬁ(a:i,ﬁ’)n_%t : [(rf <60 — n_%t> < T (50 — n_%t>>
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—h/ﬁ(xi,é)Tn*%t . h}, (x,;,ﬁo) . I(r? (60 — n*%t> < T[Zhn} (ﬁo — n*%t)>
+ hjg(xi,f)Tn_%t . hgﬁ(xi, f’)n_%t . ](rf (50 — n_%t> < T[th] (ﬁo — n‘ﬁ))]

< [1(r2 (50 = nte) <:ra/]( —n 2t>) HE) < ha ()]} @)
( <r

h
— (yi — h(z, 8°%)) - h;ﬁ(xi,g )n’it X (44)
fr@“w%0s%AW—w%D—uﬁw%s@mwm
(%50) 1(r7 (8°) < 7,0 (5)) (45)

xPﬁ@“w%OS%AW—W%»—MWWMwMWW] (46)
+ hlﬁ(xi,f)Tn’%t : hﬂﬁ(xi,f’)n’%t . I(rf (ﬂo - n’%t> < T[th] (ﬂo — n’%ﬁ))] (47)

Let us now analyze the parts of the previous expression one by one. We will show
that sums (43), (44), (46), and (47) behave like O, (ni) or o, (n%>, and therefore, are

asymptotically negligible with respect to parts (42) and (45), which behave like O, (n%>
Moreover, we find asymptotic representations of (42) and (45).

First of all, the last part (47) can be bounded from above in the following way (see
Assumption H4):

sup E thﬂ(xi,f)Tn’%thgﬁ(:z:i,f')n’%ﬁ[(rf(ﬁo—n 51&) <r [ ]<60—n’%t>)H
teTy i=1

<o ()

o teT i=1

<0,(u) (3 e (1) ).

where the last result follows from Assumption H2 (the Lipschitz property for hgﬂ(xi, B))
and the fact that ¢’ € [60, B9 — n_%t} . Once we realize that Assumptions D1 and H5 and

5. (0 )|

the law of large numbers (e.g., Andrews, 1988) guarantee » ., thﬁ(mi,ﬁo)H = O,(n) as

n — +o00, we get immediately

oo o () < ()|

€T 2y
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as n — +00.
Next, we are going to analyze part (46), that is,

sup i th(xi,g)Tn_%t . hlﬁ(x,»,ﬁo) . Vi(n,t)‘ ,

€T oy

where v;(n, t) denotes the difference of indicators

il ) = 157 (3 = n-4e) < ofy ) (80 = n7de) ) = TG30) < 1 ().

As

sup h/ﬁ(xi, §)Tn_%t . hlﬁ (:L‘i, ﬁo) - vi(n, t)H
teTy =1

= sup Z <h/ﬁ<xi,ﬁ0)Tn_%t . hjg(xi, %) + n-z¢T . h;;ﬁ(xi,ﬁ) n"2t- h/lg(xi, ﬁ0)> . yi(n,t)H
t€7—1\4 i=1

< sup Z hlg(xi,ﬁo)Tn_%t : h/g(%ﬁo)H [vi(n, t)| (48)
€T oy

+ 0y(1) - sup S [l R (i, 8°) | - o, ) (49)

tETIM i=1

(see Assumption H4), we need to analyze these two summands. This can be done in the
same way for both of them, so we will do it here just for (48). To do this, we employ
the Chebyshev inequality for non-negative random variables: for any non-negative random

variable X it holds that P(X > K) < E X/K. Therefore,

P(sup 2": ’ / (xi,ﬂO)Tn_%t . h/ﬁk (xi,ﬂo) . l/i(n,t)H > Kn}l>

1 T E (sup i thﬁ(xi,ﬂo)Tn_%t . h,ﬂ(afi,ﬁo) 'l/i(n,t)H>

<
KTL tGT]M i=1
3 n
n 4 T ’
< sup Hh z;, 3°) t - hy(xi, 5° H-su vi(n,t }
K {teT g ) il ) t€T£)4| (n,9)

and by the Schwartz inequality and Lemma [A.8

- sup |y;(n, t)]}
teTy

hﬁ xi, 3 )Tt . hlﬂ(xi,ﬁo)

3
n-
sup
K teTy
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<L (;‘;p w7 i) - o
< ﬂ B i 9] - s ||) o(n?)
< &) co}r;st (50)

Apparently, for any € > 0 there is a K > 0 such that the constant term (50), which is

proportional to %, is smaller than €. Thus, we have shown that

sup > ||y (i, €050 Wy (2, 8°)

teTn S5
x (1(r2 (80 = n3e) < of ) (80— no3t) ) = 1028 < 75,0(8) ) | = 0, (n)

as n — 4o00. Please, note that (44) can be estimated in the same way, so we have also

shown how to prove

wup 37 [ = e ) it e

t€Tn S
) (1(r2 (90 = nt) <08y (8° = n72e) ) = 1025 < 70(8) ) | = 0, (n)

as n — 400.

The next summand to be analyzed is (43):

sup Z {yl — h xz, 0)} . hgﬁ(xi,ﬁ')n_%t . I(rf (50) < r[th] (ﬁo)).

teTrs i=1

This can be rewritten as (Assumption H2)

ap > {0~ A B} Wy ) TOHE) <)) (6D

teTpr i=1

n

O,(71) -3 s — A )} TG2(3) < v (). (52

i=1

Assumption D2 implies that the expectation of (5I)) conditional on z; is equal to zero, thus
the unconditional expectation is zero as well. Moreover, the variance of a component of

(51) given by indices j, k,l € {1,...,p} equals (Assumptions D2 and H5 are used)

var [(yz — h(z;, 8°)) - hgjﬂk (24, 8°)ty - T(r2(8°) < 7y (50))]
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= var, { g, (0 )10 E [ (5 = (e 9)) - T(2(5°) < 73,0 (8%)) ] ]}

b B (W )0) v L= o)) 1GH) < o8y (9] ]}
= var, {hgjﬂk (i, %)t - 0} + B, { (hgj@k (wvﬁo)tl)Z ' 02}

= o E{W (0 )} < o'M7E B ()}

so it exists and is finite and uniformly bounded over all ¢ € 7;,. Because of Assumption
D2, the summands in (51) form a triangular array of martingale differences and we can
employ the law of large numbers for martingales (see Davidson, 1994, Theorem 19.7, for

instance) to conclude for components of (51) that for every 7.k, 0l =1,...,p,

w4y L s B} by (e 000 1 (8°) < 75, (8%)) — 0
=1

in probability (uniformly in ¢ € 7y, since ||t|] < M is non-random). Because (52) is
apparently bounded in probability, it holds that

o Z (i = 0w 8°)} - Bl 3t T(2(8°) < 73,1(5°)) = 0p(n})
te M ;—q

as 1 — OQ.

The last but one term to be estimated is (45), that is,
e 6B ) 1) < g ()
= e ) o 8 TG2) <y () 59
+ Zn 3T by (4, €7) -2t b (g, B0) - 1 (r2(8°) < v,0(5°))- (54)

The supremum of the second part (54) over ¢t € 7Ty, behaves like O,(1), as we shall argue

now. Since

n

Yot g, &) - n 2t g (s, 8°) - 1(r2(8°) < o1 (8°))

=1

Z‘n_it hﬁﬁ r, ") n ~3¢ . hﬂ(xz,ﬁo)

we can simply use the law of large numbers for mixingales (Andrews, 1988) and the uniform
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law of large number (Andrews, 1992) for the right hand side of the inequality over all
B eU(B,d):

_Z’tT Wi, B) -t By (i, 80)| = E [T Wy, 57) - £+ B (a1, 8°)

in probability as n — oo (the conditions BD, TSE-1D, DM, and P-WLLN of Andrews,
1992, are satisfied by means of Assumptions 11, H2, H5, and D1, respectively). Since the
expectation is bounded uniformly over ¢ € Ty, (||t|| < M and Assumption H5), (54) is
bounded in probability.

Let us look now at (53):

S h (i 8°) e (i, B°) - T(r2(8°) < 1 5(8))
=1

- Zh;;(xi,ﬁo):rn_%t-hlﬁ(xi,ﬁo) X (55)
x [1(r7 (ﬁo) <7 (7)) = 102 (8°) < G )]
+ o (B (i ) - iy (i, B - 1(r2(8°) < G2 () (56)

—E[w,ﬂ%-hz<xi,ﬁ°>%<r3<ﬁ°> <c()]}e
oS TE [ (w 8°) - by (e 8T 102(8°) < G OV) | (57)

=1

3

The supremum of the first part, that is, sum (55), over ¢t € 7y, behaves again like O, <n%>
for n — oo. This can be proved in the same manner as we did for (48)), this time utilizing
Lemma [A.5. Next, using the central limit theorem, each element of matrix (56) converges
in distribution to a normally distributed random variable with zero mean and a finite
variance uniformly bounded for ¢t € 7y, (the result of Arcones and Yu, 1994, applies due to
Assumptions D1, D2, and H3; alternatively, one can apply standard central limit theorem
such as Davidson, 1994, Theorem 24.5). Hence, it is bounded in probability as well. Finally,

the last element (57) can be rewritten as n2 - A - Qpt since
E (1 (0. 8°) - Wy ) 1(r2(8°) < G V)]
= B[R0 8) - () ELT(E(8) < G N) | i}
— AE (i %) - By )] = A @
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Therefore, we can conclude that

sup
teTrr

Zhﬂ (i, 82t - hy (i, 8°) - 1(r2(8°) < rf,,1(8°) — n - \-Qut

i=1

O,(1)

as n — +00.

Finally, let us move our attention to the term (42). Using once again notation

vilnt) = 1(r2(8° = n~dt) <o (8= n73t) ) = 1(2(8°) < 7,y (5°)),

we can rewrite (42) as

Z{yl — h x,, } hﬂ(ml,ﬁ ) vi(n,t)

= Zri(ﬁo) . hlﬁ(xi,ﬁo) - vi(n,t)

= {8 = senri(8) - VG| - (o ) - i, ) (59)

i=1

+ ngn ri(8°) - V/GY(N) - hy (4, 8°) - vi(n, t). (59)

For the simplicity of notation, let us use ¢, = 1/G~1(\). The first part (58) multiplied by

n~1 is bounded in probability. This can be shown as follows: the Chebyshev inequality
implies

Z{Ti(ﬂo)_sgnrz Q)\} hg(xz,ﬁ) vi(n,t)

> K) (60)

< %E <n 411 Squ Z {7”1 50 — sgnrl( 0) .q/\} . h/g(xi,ﬁo) -Vi(n, t) )
te€Tm =1
= %Z E (‘Ti(ﬁo) —sguri(8°) - C]A\ ' thg(%ﬁo)‘ -tseup \vi(n, t)|)

and by Lemma|A.8 together with Corollary A9 (r;(8°) = ¢; and x; are independent random

variables)
( )

E(o(n—l)- ’(x,-,g)HHop ] [th (21, 8°) H+Op(1)D

/ (%60)” -E [\n(ﬁo) —sgnri(8°) - qa| - sup |vi(n, t)|

teTy
)|

IA
N| i\w R| §\w
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O(1) _ const.
- K K

Therefore, the probability (60) can be made smaller than € by an appropriate choice of K,
and hence, (58) multiplied by n~7 is bounded in probability. In other words, it holds that

Z {Ti(ﬁo) — sgn Ti(ﬁo) : qA} . h/ﬁ (xi, ﬂo) X

x [1(r2 (80 = nbt) <o (80 = ne)) = 102(8°) < 0y(8°) ]| = 00 (n?)

as n — 0o. All we have to do now is to treat

sup
teTyr

Z senr;(8%) - qy - h;; (xi, ﬁo) - vi(n,t). (61)
i=1

This is done again in two steps: first, we show that the sum less its expectation is o, (n%),
and second, the expectation of the sum is evaluated. For the first part, we have shown in
Lemma |A.8 that the probability of

vilnt) = 1(r2(8° = n=3t) <o (8= n73e) ) = 1(3(8°) < 73,,4(9"))

being non-zero conditional on x; (and thus the conditional expectation of this term in

absolute value) is equal to
€ (im0 1) = (s )75 = )| {5 (VGTO) + 7 (VET)) } + 0 (1)

as n — 400, and that the expectation of this conditional probability behaves like O <n_%> :

Therefore, the random variable v;(n, t) multiplied by n? will have its expectation conditional
on z; behaving like ||h/5(xz, 3%)]|-O(1)+ O,(1) in absolute value. Consequently, Assumption
Hb5 implies for any 7 =1,...,k,

E[n2 - sgnr(5°) - hy, (z:,8°) - vi(n,t)
/ 2 1
— €[ty ()| € It 0l1n}

/ 2 11
E{‘hﬁj(f"ivﬁo) ne H

‘ 2

’

CY

IN

‘ L0(1) + op(1)] } —0(1).

Hence, the law of large numbers for L?-mixingales (Davidson and de Jong, 1997, Corollary
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2.1) can be applied to the following sum of random variables:
% I Zn?p {sgnrl q,\hﬁ (xl,ﬁ ) vi(n,t) — E [sgnri(ﬁo) . th:g(ﬁi,ﬁO) . Ui(n,t)} }
As a direct consequence, it follows that
ngn ri(67) - qx - hﬁ (:v,,ﬁo) vi(n,t) —

—E:E{:sgnrZ Q- hﬂ(xz,ﬁo)-ui(n,t)} = op(n

as n — +00.
Finally, the expectation of (61))

E {Zn: sgnri(8°) - /G1(N) - h/ﬁ (z1,8°) - vi(n, t)} (62)
{Z 0 (s, %) - E (senra(8) - (n, )] @-)}
can be proved to be a linear function of ¢ by means of Lemma A.8. Since
E {sgnri(0) - v, 0] a} = B (o 8°) " (T (=) + T (@)} + 0y (n72).
(63) can be rewritten as

{Z ax - (@i, 8 [hﬁ(f‘?wﬁ ) nE - {f(—q) + flan)} + Op(na)}} _

= {f(=an) + flan)} {ZE [hﬁ mz,ﬁ h%(l‘i,ﬂo)T] _'_O(n—é)} .no3t
= qr - {f(=ax) + flar)} - Qu -2t + O(1).

Therefore, we can conclude that

sup Z {y, — h .7}2, )} -h;;(x,-,ﬁo) ~vi(n,t)—

tETA[ i=1

—nt VGO {HVETO) + FVET) - @ut|| = 01)

as n — +o0o. This closes the proof once we recall that g(z) = 2\15 {f(V=)+ f(—=/=2)}. O
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C Proof of consistency and asymptotic normality

Proof of Theorem 4.1: This is a standard proof of consistency based on the uniform law

of large numbers and the convergence of the order statistics T[th](m to the corresponding

quantile G5'()).

Let us denote the LTS objective function and its expectation by

(@) = E {rl I(2(8) < G5' )}
By definition, P<Sm < AﬁLTS’h")) < Spn (ﬁ0)> = 1. For any § > 0 and an open neighborhood

U(p°,6) of 5°

IN

AN

R
3
5

(BETS) < 5un ()
Snn<AT(ZLTS,hn)><Snn (ﬁo and ﬁ(LTShn EU(ﬁO )>
€ ) < S () AT € B0
(8%, 0

BeB\U (O, 5

)
(8%)
00) 4 P(E, Son () < Sun (7)),

Therefore, P(infﬁeB\U(ﬁom Spn (B) < Spn (50)) — 0 as n — 400 implies

as n — o0, that is, the consistency of ﬁ

P(BT(LLTS,hn) c U(50,5)> 1

(LTS,hn) (5 was an arbitrary positive number). To

verify P (infgep\(g0,5) Snn (3) < Snn (%)) — 0 note that

IN

IN

P( inf Sy, (8) < S (5()))

BeB\U(8°,9)
P <5€B<2fﬁo ;) [5an (8) = S(8) + S(B)] < Sun (ﬁ“))
P (5€B<3f606 A (O) = SO < S - int - S(6))
P (222 [San (8) = S@B) > inf | S(8) = Snn(ﬁ°>)
P(250p 15,0 (9) = SO)| > _jnt 5(5) - S())
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Since the identification Assumption 12 implies

(Vo > 0) (Fa > 0) ( inf  S(B) —S(8°) > a) ,

BeB-U(B,6)

it is enough to show that for all a > 0

P(sup]Sn (B) = S(B)| > a) — 0 as n — +o0.

BeB

This is a direct consequence of Lemma [A.1 and Corollary [A.7 for function t(z;,&;;3) =
r?(3), see Assumptions D, H1, and H5, because

i

S (9) = 58) = LI 2B) [1629) <,09) ~ T029) < G )]
£ LS R0)- 16209 < G ON) — E [R9) - 10309 < G5 O0)]}-

U

Proof of Theorem |4.2: We already know that B#TSM) is consistent. Hence
P(’ GLLTS ) _ ﬂOH > p) — 0 as n — oo for any p > 0 (Theorem 4.1)).
Further, we employ the almost sure second-order differentiability of

Sunl) = 3735 1(4(5) < 15,(5))

and
S(B) = E{ri(B) - I(r7(8) < G5'(N)}

at 3° (see Lemma 2.2 and Assumption H1). Since
Sl = 370 [(H5) < 8y(9) 1030 < GO (69)
bSO 1) < G5 ), (65)

Assumptions H, Lemma |A.1l and Corollary [A.7 imply S,.,(5) — S(5) as n — oo in prob-
ability. Using the same argument for the first two derivatives of S, (), see Lemma 2.2

/

S, (B) — S (B) and S, (B) — S"(B) as n — oo uniformly in 3 € U(3°, ), whereby

S'(3) = 2B { b (w8 (w0 )+ ra (s (i 8)] - 1(3(8) < G5 O) |
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= 2B { [ (i, )My (w0, )" T(0R3) < G5 0) b =22Q0 > 0

by Assumptions D2 and H5. Since @ is a POSitive definite matrix by Assumption H5,
B)|| = 18— for all B € U, p)
and some C' > 0. Due to the consmtency of ﬁ(LTS hn)

there is some ny € N such that ﬁ (LTShn) < 11 (8% p) and subsequently

there is a constant p,

, this implies that for any ¢ > 0
(LTS hn H

LTS’h" — ﬁOH for all n > ny with probability at least 1 — e. Therefore, it is sufficient
to LTS in) H = ) to prove the theorem.
To analyze \/_ S ( 3L S ) ) let us express it for n > ny with probability greater than
1—c¢as

VIE L (BEN B (s, BETD) - 1(r3(BET9) < G5 |
< Z{— (B (s, 6) - 1((5) < G5 () (66)

)

+E [7«1(5)%(%6) I(ri(9) < G?W)] }

BeU(8%,p)

+  sup % 2 {7’1(5)’1}3(%5) [I(r(B) < G5H V) = I(r(B) < Tfhn](ﬁ))}} (67)

(recall that S;n(ﬁA,(LLTS)) = 0 by Lemma 2.2). We only have to show that both terms are
bounded in probability. This result for (67) is a consequence of Lemma [A.7 together with
Assumptions H1 and H5. The other part (66) can be bounded in probability by the following
argument. Assumption H3 together with van der Vaart and Wellner (1996, Lemma 2.6.18)
imply that

Fos = {n (@) ) - 1(3(8) < G5'(N) : B € U, 0)}

form a VC class of functions. Therefore, Assumptions D1 and H3 permit the use of uniform
central limit theorem of Arcones and Yu (1994), which implies that F, s converges in
distribution to a Gaussian process with uniformly bounded paths, which confirms that (66)

is bounded in probability. [
_ _ ANNLTShn) a0\ _
Proof of Theorem [4.3: Due to Theorem 4.2, t,, = \/ﬁ< n —p ) = O,y(1) as

n — +o00. Therefore, using the asymptotic linearity of LTS (Theorem 3.1), we can write

with probability arbitrarily close to one

[N

n" (D}I(tn)%—n%thn-C,\)
{D}l [\/ﬁ(ﬁLTShn 60)} _i_n%QhC«/\_\/ﬁ(ﬁLTShn ﬁ0>}

= 0p(1),

= N

N



47

where Cy = XA —2G7'(\)g (G71()\)). Substituting for D] () yields

n-s zn: Hy’ _ h<$i’B7(LLTS,hn)>} (x“ BUTS )> ( ( (LTS,hn )> < hn] <B7(1LTS,hn)>>
<r

i o ) K 8) - THE) < ()] +
+  n2QuCh -V (ﬁ (LTS fun) ﬁ(])
= op(1),

(LTS,hy)

and since the first summand in the previous equation is by the definition of 5 equal

to zero, it follows that

Jn (ﬁ(LTShn) ﬁo> _ nhoriont Z Ly — B, 8°) Y By (o, B°) - T(r2(5°) < 2 (39)
+0p(1) :
= n2Q Oy Y (B (2 B°) - 1(H(B°) < GTI(N) + (1)
+ n—%leC;l . Zri(ﬁo)h:@,(xi,ﬁo) X (68)
x [I(r(8°) <, (89) = I(r7(8%) <G (V)] -

First, we show that term (68) is negligible in probability. Recalling that r;(5°) = &;, we

can rewrite (68) as
W QRO S e (o 89 (12 < <)) — 122 < GI()].
i=1
Assumption D2 and Corollary 'A.6/ implies for £ = 1 and 2 that

el [1(2F < ) — 16 < 6 O] = 0n?)

as n — oo. Therefore, the summands in (68) multiplied by ni have a finite expectation

and variance (g; and x; are independent random variables):

E

nt e (e, ) - [1(E2 < 28,)) = 1(2 < G V)] | = o(1)

and by Assumption H5

var {ni e hiy(ws, 8°) - [1(e2 < e, ) = 12 < G ()]}
< nb B W (e 8°) -var (s [1(2 < o) = 1(2 < G ) | ) - (i )"}
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+ nbvar, {j (2, ) - E (e |1 < ) = 12 < G )]|22) }
< o) {E A (i, 8| +var |njy(w:, 8°)] } = 0(1).

Now, because all indicators depend only on the squares of residuals €2 and error terms ¢;

are symmetrically distributed (Assumption D2), we get for any ¢ = 1,...,n and any n € N

1

E{nt et (o ) - [1(E2 < b)) — 12 < G O)] ) =0

and even conditionally,

e {nt e W ) (12 < ) — 1(2 < 67 (V)]

51,...,82‘_171’1,...,IZ’_1} =0.

Therefore, ni - ¢; - hig (i, 3°) - [I (522 < E[th]> —I(e? < G_l()\))] forms a sequence of mar-
tingale differences with finite variances and we can apply the law of large number for the

sum of martingale differences (68) (see Davidson, 1994, Theorem 20.11, for instance):
nTIQ O D e by 8°) - [1(eF < £f,,)) — 1(eF < GTIN)] -0
i=1
in probability as n — co. Thus, (68) is negligible in probability o,(1). Given this result,

i (BT ) = QS i e )} - ) - TG2() < 674 ()
+0,(1)

= QO Y e by, 8) - 1(e2 < GTIN) +o,(1), (69)
i=1

which is the first assertion of the theorem.
Second, by the same argument as used in the above discussion of (68), the summands
in (69) form a sequence of identically distributed martingale differences with finite second

moments (Assumptions D2 and H5). Since by the law of large numbers for L'-mixingales
(Andrews, 1988)

= ZE hﬂ x;, 3 hﬁ(:cz,ﬁo) I(e7 < G7H(N)) — var [ai : h,ﬁ(xi,ﬁo) (g7 < G’l()\))}

in probability as n — oo, we can employ the central limit theorem for martingale differ-
ences (for example, Davidson, 1994, Theorem 24.3) for (69). This results directly in the
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asymptotic normality of

BTSLTS’}Z"). The asymptotic variance can be then expressed as

Vo= G Qpt var (e e 1 < GTVON) |- Q7
— O3 Q" E [my (s, )i 122 < G N) | [Pl )i 1 (22 < G‘l()\))r Q!
= O Q" E [y )y i )] B[ I(2 < G ON)] - Qi
= O3 Q- Quoy- Q' = Cy%0% - Q.

O

References

1]

Agull6 J. (2001) New algorithms for computing the least trimmed squares regression
estimator, Computational Statistics € Data Analysis 36(4): 425-439.

Amemiya T. (1983) Non-linear regression models, in Griliches Z. and Intriligator M.
D. (eds.) Handbook of Econometrics Vol. 1, North Holland, Amsterdam, 333-389.

Andrews D. W. K. (1988) Laws of large numbers for dependent non-identically dis-
tributed random variables, Econometric theory 4: 458-467.

Andrews D. W. K. (1992) Generic uniform convergence, Econometric Theory 8: 241
257.

Andrews D. W. K. (1993) An introduction to econometric applications of empirical
process theory for dependent random variables, Econometric Reviews 12(2): 183—
216.

Arcones M A. and Yu B. (1994) Central limit theorems for empirical and U-processes

of stationary mixing sequences, Journal of Theoretical Probability 7: 47-T1.

Bai E.-W. (2003) A random least-trimmed-squares identification algorithm, Auto-
matica 39: 1651-1659.

Beiidéek V., Jarolim M., and Visek J. A. (1998) Supply-side characteristics and the
industrial structure of Czech foreign trade, Proceedings of the conference Business
and economic development in central and eastern Furope: Implications for economic
integration into wider Europe, ISBN 80-214-1202-X, Technical university in Brno
together with University of Wisconsin, Whitewaters, and the Nottingham Trent uni-
versity, 51-68.



REFERENCES 50

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

Chen Y., Stromberg A., and Zhou M. (1997) The least trimmed squares estimate in
nonlinear regression. Technical report, 1997/365, Department of statistics, University

of Kentucky.

Christmann A. (1998) On positive breakdown point estimators in regression models
with discrete response variables, Habilitation thesis, University of Dortmund, Ger-

many.

Cizek, P. (2001) Robust estimation in nonlinear regression models, SFB 878 Discus-
sion paper, 2001 /25, Humboldt University, Berlin.

Cizek P. and Visek J. A. (2000) Least trimmed squares, in Hardle W., Hldvka Z., and
Klinke S. (eds.) XploRe Application Guide, Springer, Heidelberg,.

Davidson, J. (1994) Stochastic Limit Theory, Oxford University Press, New York.

Davidson, J. and de Jong, R. (1997) Strong laws of large numbers for dependent and
heterogeneous processes: a synthesis of new and recent results, Econometric Reviews
16(3): 251-79.

Giloni A. and Padberg M. (2002) Least trimmed squares regression, least median
squares regression, and mathematical programming, Mathematical and Computer
Modelling 35(9): 1043-1060.

Hawkins D. M. and Olive D. (1999) Applications and algorithms for least trimmed
sum of absolute deviations regression, Computational Statistics € Data Analysis 32:
119-134.

Jureckova J. (1984) Regression quantiles and trimmed least squares estimator under
a general design, Kybernetika 20: 345-357.

Kelly M. (1997) Do noise traders influence stock prices?, Journal of Money, Credit
and Banking 29(3): 351-363.

Knez P. J. and Ready M. J. (1997) On the robustness of size and book-to-market in
cross-sectional regressions, The Journal of Finance 52(4): 1355-1382.

Pison G., Van Aelst S., and Willems G. (2002) Small sample corrections for LTS and
MCD, Metrika 55: 111-123.

Pollard D. (1984) Convergence of Stochastic Processes, Springer, New York.

Pollard D. (1989) Asymptotics via empirical processes, Statistical Science 4(4): 341
366.



REFERENCES 51

23]

[24]

[25]

[26]

[29]

[30]

[31]

[34]

[35]

Rousseeuw P. J. (1984): Least median of squares regression. Journal of American
Statistical Association 79: 871-880.

Rousseeuw P. J. (1985): Multivariate estimation with high breakdown point, in Gross-
man W., Pflug G., Vincze 1., and Wertz W. (eds.) Mathematical statistics and appli-
cations, Vol. B, Reidel, Dordrecht, Netherlands, 283-297.

Rousseeuw P. J. (1997) Introduction to positive-breakdown methods, in Maddala G.
S. and Rao C. R. (eds.) Handbook of statistics, Vol. 15: Robust inference, Elsevier,
Amsterdam, 101-121.

Rousseeuw P. J. and Leroy A. M. (1987): Robust regression and outlier detection,
Wiley, New York.

Rousseeuw, P. J.,; and Van Driessen, K. (1999): Computing LTS regression for large

data sets, Technical report, University of Antwerp, submitted.

Sakata S. and White H. (1995) An alternative definition of finite-sample breakdown
point with application to regression model estimators, Journal of the American Sta-
tistical Association 90: 1099-1106.

Sakata S. and White H. (1998) High breakdown point conditional dispersion esti-
mation with application to S&P 500 daily returns volatility, Econometrica 66(3):
529-567.

Stromberg A. J. (1993): High breakdown estimation of nonlinear regression parame-
ters, Journal of American Statistical Association 88: 237-244.

Stromberg A. J., Hossjer O., and Hawkins D. M. (2000) The least trimmed difference
regression estimator and alternatives, Journal of the American Statistical Association
95: 853-864.

Stromberg A. J. and Ruppert D. (1992) Breakdown in nonlinear regression, Journal
of American Statistical Association 87: 991-997.

Tableman M. (1994) The influence functions for the least trimmed squares and the
least trimmed absolute deviations estimators, Statistics € Probability Letters 19(4):
329-337.

Temple J. R. W. (1998) Robustness tests of the augmented solow model, Journal of
Applied Econometrics 13(4): 361-375.

Van der Vaart A. W. and Wellner J. A. (1996): Weak convergence and empirical

processes: with applications to statistics, Springer, New York.



REFERENCES 52

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

Visek J. A. (2000): On the diversity of estimates, Computational Statistics & Data
Analysis 34: 67-89.

Wang H. and Suter D. (2003) Using symmetry in robust model fitting, Pattern Recog-
nition Letters 24(16): 2953-2966.

Willems G. and Van Aelst S. (2004) Fast and robust bootstrap for LTS, Computa-

tional Statistics € Data Analysis, in press.

White H. (1980) Nonlinear regression on cross-section data, Econometrica 48(3):

721-746.

Ye M. and Haralick R. M. (2000): Optical flow from a least-trimmed squares
based adaptive approach, International conference on pattern recognition ICPR 2000,

Barcelona, Spain.

Yu B. (1994) Rates of convergence for empirical processes of stationary mixing se-
quences, The Annals of Probability 22(1): 94-116.

Zaman A., Rousseeuw P. J., and Orhan M. (2001) Econometric applications of high-

breakdown robust regression techniques, Fconomics Letters 71: 1-8.

Zinde-Walsh V. (2002) Asymptotic theory for some high breakdown point estimators,
Econometric Theory 18: 1172-1196.



