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Abstract

This paper presents a method for estimating returns to schooling that takes

into account that returns may be heterogeneous among agents and that edu-

cational decisions are made sequentially. A sequential decision model is in-

teresting because it explicitly considers that the level of education of each

individual is the result of previous schooling choices and so, the variation of

supply-side instruments over time will emerge as a source of identification

of the desired parameters. A test for heterogeneity in returns from sequen-

tial schooling decisions is developed and expressions for Marginal Treatment

Effects are obtained in this context. Returns are estimated and tested from

cross-sectional data from a Spanish household survey that contains rich fam-

ily background information and useful instruments. This data is stratified

by level of education and so estimators are adapted to take this feature into

account. Finally, this methodology is used to analyze possible effects of the

1970 reform of the Spanish education system.

JEL Classification: I21, I28, C10, J31. Keywords: Schooling, Selection

Models, Heterogeneity, Sequential decisions, Policy Evaluation.



4 Lqwurgxfwlrq

Hgxfdwlrq sod|v d fhqwudo uroh lq wkh prghuq oderu olwhudwxuh dqg lq sduwlfxodu wkh

hfrqrplf uhwxuq wr vfkrrolqj lv d ixqgdphqwdo sdudphwhu ri lqwhuhvw lq pdq| duhdv ri

hfrqrplfv dqg sxeolf srolf|1 Dowkrxjk wkhuh duh pdq| rwkhu zd|v wr phdvxuh uhwxuqv

wr vfkrrolqj/ prvw ri wkh olwhudwxuh kdv irfxv rq uhwxuqv lq whup ri zdjhv dqg wklv lv

dovr wkh fdvh lq wklv sdshu1

Wkh wudglwlrqdo dssurdfk wr hvwlpdwh uhwxuqv wr vfkrrolqj lq whupv ri zdjhv frq0

vlvwv lq uhjuhvvlqj wkh orjdulwkp ri revhuyhg zdjhv rq d yduldeoh derxw vfkrrolqj +l1h1

|hduv ri vfkrrolqj ru d gxpp| yduldeoh iru d jlyhq ohyho ri hgxfdwlrq, frqwuroolqj

iru yduldeohv wkdw pd| d�hfw zdjhv +l1h1 whqxuh/ nlqg ri mre/ nlqg ri dfwlylw|,1 Wkh

pdlq frqfhuq zkhq wu|lqj wr gudz lqihuhqfhv iurp suhylrxv htxdwlrqv lv wkh srvvleoh

hqgrjhqhlw| ri wkh vfkrrolqj yduldeoh xvhg1 Wkdw lv/ lw lv gl!fxow wr nqrz zkhwkhu

lqglylgxdov zkr kdyh kljkhu hgxfdwlrq dovr kdyh kljkhu hduqlqjv ehfdxvh ri wkhlu

vfkrrolqj ru ehfdxvh lqglylgxdov zlwk wkh delolw| wr rewdlq juhdwhu hduqlqjv kdyh fkr0

vhq wr dftxluh kljkhu hgxfdwlrq +vhohfwlrq sureohp,1 Dv d uhvxow ri wklv/ d zlgh udqjh

ri hvwlpdwhv/ xvlqj gl�huhqw phwkrgv/ kdyh ehhq suhvhqwhg1 Wkh wudglwlrqdo dssurdfk

frqvlvwlqj lq dvvxplqj frpprq uhwxuqv iru doo lqglylgxdov dqg xvlqj lqvwuxphqwdo

yduldeohv iru wkh vfkrrolqj rxwfrphv1 Vxsso|0vlgh yduldeohv hphujh lq wklv frqwh{w dv

qdwxudo fdqglgdwhv iru lqvwuxphqwv1 Fdug +4<<</ 5334, vxuyh|v wklv olwhudwxuh zlwk

vshfldo hpskdvlv rq lqvwuxphqwdo yduldeoh phwkrgv hvwlpdwhv1

Krzhyhu/ gl�huhqw shrsoh pd| kdyh gl�huhqw uhwxuqv1 Li wklv lv wkh fdvh wkhuh lv

qr vlqjoh uhwxuq ri wkh vfkrrolqj fkrlfh exw udwkhu d glvwulexwlrq ri wkhp dqg wkh dv0

vxpswlrqv wkdw ydolgdwh lqvwuxphqwdo yduldeohv hvwlpdwhv euhdn grzq1 Wklv lv ehfdxvh

hvwlpdwhv xvlqj wudglwlrqdo lqvwuxphqwdo yduldeoh phwkrgv zloo uhfryhu wkh dyhudjh uh0

wxuq iru wkrvh lqgxfhg wr fkdqjh wkhlu ghflvlrqv e| fkdqjhv lq wkh lqvwuxphqw ydoxhv1
�

Wklv vxppdu| phdvxuh pd| qrw qhfhvvdulo| dqvzhu wkh srolf| txhvwlrqv zh kdyh lq
�
Lpehqv dqg Dqjulvw +4<<7, vkrz wkdw/ xqghu lqghshqghqfh dqg prqrwrqlflw| dvvxpswlrqv/ olqhdu

lqvwuxphqwdo yduldeohv hvwlpdwhv fdq eh lqwhusuhwhg dv d zhljkwhg dyhudjh ri wuhdwphqw h�hfwv1 Lq
sduwlfxodu/ wkh| vkrz wkdw li wkh lqvwuxphqw xvhg lv d elqdu| yduldeoh zh fdq uhfryhu wkh dyhudjh
h�hfw iru wkrvh lqgxfhg wr fkdqjh wkhlu ghflvlrqv ehfdxvh ri wkh lqvwuxphqw ydoxh1 Wklv vxppdu|
phdvxuh lv nqrzq dv Orfdo Dyhudjh Wuhdwphqw H�hfw +ODWH,1 Pruhryhu/ wkh| vkrz wkdw lq wkh
jhqhudo fdvh/ zkhuh wkh lqvwuxphqw lv qrw d elqdu| yduldeoh/ lqvwuxphqwdo yduldeohv hvwlpdwhv lghqwli|
d sduwlfxodu zhljkwhg dyhudjh ri suhylrxv whupv1
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plqg1 Wkhq/ wkhuh duh wzr sureohpv wkdw dulvh zkhq zh wu| wr dqdo|}h wkh glvwulexwlrq

ri uhwxuqv1 Wkh �uvw rqh lv krz wr vxppdul}h wkh glvwulexwlrq wr uhvsrqg wr srolf|

uhohydqw txhvwlrqv dqg wkh vhfrqg rqh/ lv krz wr rewdlq hvwlpdwhv ri wkhvh vxppdu|

phdvxuhv1 Wklv lv wkh dlp ri dq hphujlqj prghuq olwhudwxuh rq uhwxuqv wr vfkrrolqj1

Hvwlpdwhv ri wkh h{shfwhg uhwxuq ri wkrvh zkr duh olnho| wr eh d�hfwhg e| d srolf| fdq

eh xvhixo wr frqvwuxfw sdudphwhuv wkdw jlyh dq dqvzhu wr wkh �uvw txhvwlrq1 Wklv vxp0

pdu| phdvxuh lv fdoohg Pdujlqdo Wuhdwphqw H�hfw +PWH, dqg zdv �uvw lqwurgxfhg

lq wklv frqwh{w e| Khfnpdq +4<<:,1
�
Frqfhuqlqj wkh vhfrqg txhvwlrq/ wkh wudglwlrqdo

hfrqrphwulf dssurdfk iru ghdolqj zlwk lw frqvlvwv lq vshfli|lqj vwuxfwxudo prghov iru

zdjh dqg ghflvlrq htxdwlrqv mrlqw zlwk glvwulexwlrqdo dvvxpswlrqv iru wkh huuru whupv

lq wkh prgho1
�
Krzhyhu/ lq vslwh ri lwv srsxodulw| dqg lwv frpsxwdwlrqdo frqyhqlhqfh/

wklv dssurdfk kdv ehhq fulwlfl}hg iru lwv uholdqfh rq duelwudu| glvwulexwlrqdo dvvxps0

wlrqv1 Rq wkh rwkhu kdqg/ wkh Srolf| Hydoxdwlrq dssurdfk/ zklfk kdv irfxvhg rq wkh

kljk vfkrro0froohjh wudqvlwlrq/ vhhn wr rewdlq urexvw hvwlpdwhv ri gl�huhqw vxppdu|

phdvxuhv ri wkh glvwulexwlrq ri uhwxuqv zlwkrxw lqyrnlqj glvwulexwlrqdo dvvxpswlrqv1

Dv dq h{dpsoh ri wklv dssurdfk zh �qg Fduqhlur/ Khfnpdq dqg Y|wodflo +5336, zkr

sursrvhg d vhplsdudphwulf whvw iru wkh krprjhqhlw| ri wkh uhwxuqv wr froohjh/ irfxvlqj

rq wkh kljk vfkrro0froohjh wudqvlwlrq1 Lq wkh hpslulfdo dssolfdwlrq ri wkhlu whvw wkh|

irxqg wkdw vhohfwlrq lq wkh uhwxuqv wr froohjh zdv dq hpslulfdoo| lpsruwdqw skhqrp0

hqrq xvlqj gl�huhqw XV gdwd vhwv1 Wkh| vkrzhg wkdw lq wklv fdvh gl�huhqw hvwlpdwruv

dqg lqvwuxphqwv |lhog gl�huhqw phdvxuhv ri wkh glvwulexwlrq ri uhwxuqv zklfk gr qrw/

lq jhqhudo/ dqvzhu wkh hfrqrplf txhvwlrq zh duh lqwhuhvwhg lq1 Ilqdoo|/ wkh| xvhg wkh

PWH wr frqvwuxfw hvwlpdwhv ri gl�huhqw wuhdwphqw sdudphwhuv dqg wr fkdudfwhul}h

zkdw lqvwuxphqwdo yduldeohv phwkrgv hvwlpdwh lq wklv fdvh1

Li uhwxuqv wr vfkrrolqj duh khwhurjhqhrxv dqg lqglylgxdov duh vruwhg dffruglqjo|/

lw lv qrw vx!flhqw wr irfxv wkh dqdo|vlv ri hgxfdwlrqdo srolflhv rq wkh kljk vfkrro0

froohjh wudqvlwlrq1 Wklv lv vr ehfdxvh kljk vfkrro judgxdwhv duh d vhoi0vhohfwhg jurxs

ri wkh srsxodwlrq1 Vr/ wkh g|qdplfv dqg wlplqj ri vfkrrolqj ghflvlrqv zloo eh yhu|

lpsruwdqw li zh zdqw wr gudz ydolg frqfoxvlrqv iru wkh zkroh srsxodwlrq1 Krzhyhu/
�
Emrunodqg dqg Pr!w +4<;:, lqwurgxfhg d �uvw yhuvlrq ri d pdujlqdo wuhdwphqw h�hfw lq wkh

frqwh{w ri wkh sdudphwulf qrupdo Ur| prgho1�
Vhh/ h1j1/ Zloolv dqg Urvhq +4<::,/ Khfnpdq +4<<3,1
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ohvv dwwhqwlrq kdv ehhq sdlg wr wklv idfw zkhq hvwlpdwlqj uhwxuqv1 Dq h{fhswlrq

lv Fduqhlur/ Kdqvhq dqg Khfnpdq +5336,/ zkr xvhg idfwru vwuxfwxuh prghov dqg d

jhqhudol}hg yhuvlrq ri rughuhg fkrlfh prghov wr lghqwli| wkh zkroh glvwulexwlrq ri

uhwxuqv1 Krzhyhu/ wkh dssolfdwlrq ri rughuhg fkrlfh prghov lv mxvwl�hg rqo| li wkhuh

duh qr rswlrq ydoxhv ri frqwlqxlqj vwxg|lqj wkdw d�hfw wkh ghflvlrqv1 Wkdw lv/ lw lv

qrw srvvleoh iru lqglylgxdov wr ghflgh wr frqwlqxh vwxg|lqj ehfdxvh ri wkh rqo| uhdvrq

ri dffhvvlqj kljkhu ohyhov ri hgxfdwlrq zlwk juhdwhu hduqlqjv1 Frqfhuqlqj wklv/ Wdehu

+5334, ghyhorsv dqg hvwlpdwhv dq vwuxfwxudo g|qdplf surjudpplqj prgho wkdw doorzv

iru vxfk rswlrq ydoxhv ri frqwlqxlqj vwxg|lqj1 Khfnpdq/ Orfkqhu dqg Wrgg +5336,

frqvlghuhg dovr d prgho wkdw doorzhg iru wkh h{lvwhqfh ri wkhvh rswlrq ydoxhv dqg

dqdo|}hg wkh hpslulfdo uroh wkdw wkh| sod| lq ghwhuplqlqj udwhv ri uhwxuq wr vfkrrolqj1

Wkh| frqfoxghg wkdw pruh uhvhdufk lv qhhghg wr ghwhuplqh wkhlu hpslulfdo lpsruwdqfh1

Lq wklv sdshu L dovr dqdo|}h wkh sureohp ri khwhurjhqhrxv uhwxuqv iurp pxowlsoh

hgxfdwlrqdo fkrlfhv exw iurp d gl�huhqw shuvshfwlyh1 L h{whqg h{lvwlqj phwkrgv ri

hvwlpdwlqj khwhurjhqhrxv uhwxuqv wr froohjh/ frqvlghulqj pxowlsoh ohyhov ri hgxfdwlrq

dqg wkdw hgxfdwlrqdo ghflvlrqv duh pdgh lq d vhtxhqwldo zd|1 D vhtxhqwldo ghflvlrq

prgho lv lqwhuhvwlqj ehfdxvh lw h{solflwo| frqvlghuv wkdw wkh ohyho ri vfkrrolqj ri hdfk

lqglylgxdo lv wkh uhvxow ri suhylrxv vfkrrolqj fkrlfhv1 Wkhq/ dw dq| vwdjh/ dq dowhudwlrq

lq wkh ehqh�wv ru frvwv ri d jlyhq ohyho ri hgxfdwlrq d�hfwv wkh sursruwlrq ri shrsoh

lq dq| suhfhglqj vwdjh1 Wkhuhiruh/ wkh yduldwlrq ri vxsso|0vlgh lqvwuxphqwv ryhu wlph

zloo hphujh dv d vrxufh ri lghqwl�fdwlrq ri wkh ghvluhg sdudphwhuv1 Pruhryhu/ wkh

qrwlrq ri wkh rswlrq ydoxh ri hgxfdwlrq hphujhv qdwxudoo| lq wklv frqwh{w1 Vr/ hvwl0

pdwhg uhwxuqv zloo wdnh lqwr dffrxqw wkh vhohfwlrq ri lqglylgxdov lq suhylrxv ohyhov ri

hgxfdwlrq lq d pruh jhqhudo idvklrq wkdq rughuhg fkrlfh prghov1 Dowhuqdwlyh phwkrgv

uhfhqwo| ghyhorshg lq wkh qrqsdudphwulf vwdwlvwlfv olwhudwxuh duh dssolhg wr whvw iru

wkh krprjhqhlw| ri vhtxhqwldo uhwxuqv +Vwxwh +4<<:, dqg Vwxwh/ Jrq}äoh} Pdqwhljd

dqg Suhvhgr Txlqglplo +4<<;,,1

Lq dgglwlrq/ wklv sdshu kdv dq hpslulfdo frqwulexwlrq1 Hvwlpdwhg uhwxuqv duh re0

wdlqhg dqg whvwhg/ xqghu gl�huhqw dvvxpswlrqv/ xvlqj dq lqwhuhvwlqj furvv0vhfwlrqdo

Vsdqlvk gdwd vhw +�Hqfxhvwd gh Frqflhqfld | Elrjudiðd gh Fodvh� +HFEF, +4<<4,,1

Vsdlq kdv h{shulhqfhg d udslg jurzwk lq wkhlu vhfrqgdu| dqg srvw0vhfrqgdu| vfkrro
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hquroophqw udwhv dw wkh vdph wlph dv vxevwdqwldo wudqvirupdwlrqv rffxuuhg lq wkh hg0

xfdwlrqdo v|vwhp1 Wkhuhiruh/ vxsso| vlgh yduldeohv zloo hphujh dv jrrg fdqglgdwhv

iru ehlqj lqvwuxphqwv1 Lq sduwlfxodu/ wkh yduldwlrq lq glvwdqfh wr froohjh gxh wr wkh

fuhdwlrq ri qhz xqlyhuvlwlhv wkdw wrrn sodfh lq Vsdlq zloo eh xvhg dv d vrxufh ri lghqwl0

�fdwlrq ri wkh ghvluhg sdudphwhuv1 Wkh HFEF lv d vxuyh| zklfk frqwdlqv ulfk idplo|

edfnjurxqg lqirupdwlrq/ lqfoxglqj duhd ri uhvlghqfh dw wkh wlph ri vfkrrolqj ghflvlrqv/

exw lw lv vwudwl�hg e| ohyho ri hgxfdwlrq1 Wklv lv khosixo ehfdxvh lw surylghv pruh lq0

irupdwlrq derxw wklv jurxs ri shrsoh wkdw fdq kdyh vsduh uhsuhvhqwdwlrq lq d udqgrp

vdpsoh1 Krzhyhu/ wklv lv vrphwklqj wkdw vkrxog eh frqvlghuhg zkhq hvwlpdwlqj wkh

prgho1 Hvwlpdwruv wkdw gr qrw wdnh wklv lqwr dffrxqw zloo eh lqfrqvlvwhqw1 Lq rughu

wr vroyh wklv sureohp zhljkwhg hvwlpdwruv duh xvhg zkhuh ryhuvdpsohg fdwhjrulhv duh

jlyhq d orz zhljkw zkloh xqghuvdpsohg rqhv duh jlyhq d kljk zhljkw1 Wkh hpslulfdo

dssolfdwlrq vxjjhvwv wkdw khwhurjhqhlw| lv dq lpsruwdqw ihdwxuh ri wkh gdwd vhw xvhg1

Pruhryhu/ pdujlqdo uhwxuqv duh rewdlqhg wr dqdo|}h srvvleoh h�hfwv ri wkh 4<:3 uhirup

ri wkh Vsdqlvk hgxfdwlrqdo v|vwhp1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv= Vhfwlrq 5 vkrzv wkh iudphzrun wr

hvwlpdwh dqg whvw khwhurjhqhrxv uhwxuqv wr vfkrrolqj1 H{suhvvlrqv iru PWHv zkhq

uhwxuqv duh khwhurjhqhrxv dqg vfkrrolqj ghflvlrqv duh pdgh vhtxhqwldoo| duh suhvhqwhg

lq Vhfwlrq 61 Vhfwlrq 7 ghvfulehv vrph idfwv derxw wkh Vsdqlvk hgxfdwlrq v|vwhp1

Wkh pdlq fkdudfwhulvwlfv ri wkh gdwd vhw xvhg duh vkrzq lq Vhfwlrq 81 Vhfwlrq 9

vkrzv hvwlpdwhv ri wkh uhwxuqv wr vfkrrolqj dvvxplqj frpprq uhwxuqv/ d whvw iru

wkh krprjhqhlw| ri vhtxhqwldo uhwxuqv dv zhoo dv/ hvwlpdwhg uhwxuqv zkhq wkh| ydu|

dprqj lqglylgxdov dqg vfkrrolqj ghflvlrqv duh pdgh vhtxhqwldoo|1 Pruhryhu/ odwwhu

phwkrgrorj| lv xvhg wr dqdo|}h wkh 4<:3 uhirup ri wkh Vsdqlvk hgxfdwlrqdo v|vwhp1

Ilqdoo|/ Vhfwlrq : frqfoxghv1

5 Khwhurjhqhlw| lq wkh uhwxuqv wr vfkrrolqj

Dffrxqwlqj iru lqglylgxdo0ohyho khwhurjhqhlw| rq wkh uhwxuqv dqg lqglylgxdo ghflvlrqv

rq hgxfdwlrq ohyho wdnlqj uhwxuqv lqwr dffrxqw lv wkh pdlq frqfhuq ri prghuq olwhudwxuh

rq uhwxuqv wr vfkrrolqj1 Li wklv lv wkh fdvh/ wkh g|qdplfv dqg wlplqj ri wkh ghflvlrqv

zloo eh yhu| lpsruwdqw wr eh deoh wr gudz frqfoxvlrqv wkdw duh ydolg iru wkh zkroh
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srsxodwlrq1 Iurp wkh srlqw ri ylhz ri srolf| ghvljqhuv/ nqrzlqj wkh ydoxh dgghg

ri dwwhqglqj gl�huhqw hgxfdwlrqdo ohyhov zrxog eh hvvhqwldo1 Lq rughu wr rewdlq d

frpsuhkhqvlyh hydoxdwlrq ri wkhvh srolflhv lw zloo qrw eh vx!flhqw wr frqvlghu kljk0

vfkrro judgxdwhv rqo|1 Wklv lv ehfdxvh wkhvh lqglylgxdov zrxog pdnh xs d vhoi0vhohfwhg

jurxs ri wkh srsxodwlrq1

Lq wklv vhfwlrq/ L h{whqg wkh phwkrgrorj| ghyhorshg e| Fduqhlur/ Khfnpdq dqg

Y|wodflo +5336,/ iru whvwlqj dqg hvwlpdwlqj khwhurjhqhrxv uhwxuqv wr froohjh/ frqvlghu0

lqj pxowlsoh ohyhov ri hgxfdwlrq dqg wkdw ghflvlrqv dprqj wkhp duh pdgh vhtxhqwldoo|1

D qdwxudo h{whqvlrq wr wkh elqdu| fkrlfh fdvh lv wr frqvlghu wkuhh ohyhov ri hgxfdwlrq1

H{whqvlrqv wr pruh frpsoh{ �qlwh krul}rq vshfl�fdwlrqv duh/ krzhyhu/ vwudljkw iru0

zdug1 Ohw ph gh�qh wkh iroorzlqj jhqhudo ohyhov ri hgxfdwlrq dqg d gxpp| yduldeoh

iru hdfk rqh=

G
�� ' � li wkh lqglylgxdo l ohiw vfkrro dw d orz ohyho ri hgxfdwlrq1

G
� � ' � li wkh lqglylgxdo l ohiw vfkrro dw d phglxp ohyho1

G
�	 ' � li wkh lqglylgxdo l ohiw vfkrro dw d kljk ohyho ri hgxfdwlrq1

Pruhryhu/ frqvlghu wkdw hdfk lqglylgxdo fdq rewdlq wkh iroorzlqj odwhqw orj zdjhv

E*?E|
�
 � ;m ' f> �> 2� dffruglqj wr wkh ohyho ri hgxfdwlrq dfklhyhg=

*?E|
�� � ' �E{

�
� n x

� � iru wkh orz ohyho

*?E|
� � � ' �E{

�
� n 7� � n x

� � iru wkh phglxp ohyho

*?E|
�	 � ' �E{

�
� n 7� 	 n x

� 	 iru wkh kljk ohyho

zkhuh { duh revhuydeoh yduldeohv lq wkh zdjh htxdwlrqv/ zkhuhdv x � > x � dqg x 	 duh
xqrevhuydeoh yduldeohv wkdw duh dvvxphg wr eh lqghshqghqw ri {1 7� � dqg 7� 	 duh

frqvwdqw1 Lw lv dvvxphg wkdw *?E|
�
 � ;m ' f> �> 2 duh gh�qhg iru hdfk lqglylgxdo dqg

wkdw wkhvh rxwfrphv duh lqghshqghqw dfurvv shuvrqv/ l1h1 wkdw wkhuh duh qr lqwhudfwlrqv

dprqj djhqwv1 Wkhq/ wkh uhwxuqv/ lq whupv ri zdjhv/ ri dfklhylqj d fhuwdlq ohyho ri

hgxfdwlrq duh=

�
� ��� ' *?E|

� � � � *?E|
�� � ' 7� � n x

� � � x
� �

�
� 	�� ' *?E|

�	 � � *?E|
�� � ' 7� 	 n x

� 	 � x
� �

�
� 	� ' *?E|

�	 � � *?E|
� � � ' �

� 	�� � �
� ���
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Dv fdq eh vhhq iurp suhylrxv htxdwlrqv/ li wkhuh lv d glvwulexwlrq ri xqrevhuydeoh

yduldeohv lq wkh srsxodwlrq wkhuh lv dovr d glvwulexwlrq ri uhwxuqv dfurvv lqglylgxdov1

�
� ��� dqg �

� 	�� ghqrwh wkh lqglylgxdo uhwxuqv/ lq whupv ri zdjhv/ wr dfklhyh phglxp

dqg kljk ohyho ri hgxfdwlrq dv frpsduhg wr wkh orz ohyho1 �
� 	� ghqrwhv wkh uhwxuq wr

dfklhylqj wkh kljk ohyho ri hgxfdwlrq dv frpsduhg wr wkh phglxp ohyho1
�

Krzhyhu/ iru hdfk lqglylgxdo zh rqo| revhuyh wkh zdjhv uhodwhg wr klv2khu vfkrrolqj

fkrlfh +*?E|
�� � li G

�� ' �> *?E|
�� � li G

� � ' � dqg *?E|
�	 � li G

�	 ' ��= Wkhq/ wkh revhuyhg

orj zdjhv pd| eh zulwwhq dv=

*?E|
�
� ' G

� � *?E|
�� � n G

�	 *?E|
�	 � n G

�� *?E|
�� � ' +4,

' G
� � *?E|

�� � n G
�	 *?E|

�	 � n E� � G
� � � G

�	 � *?E|
�� � '

' �E{
�
� n E7� � n x

� � � x
� � �G

� � n E7� 	 n x
� 	 � x

� � �G
�	 n x

� � '
' �E{

�
� n �

� ��� G
� � n �

� 	�� G
�	 n x

� �

zkhuh wkh frh!flhqwv ri hgxfdwlrq yduldeohv duh doorzhg wr eh gl�huhqw dfurvv lqgl0

ylgxdov1 Iru vlpsolflw| wkh lqglylgxdo vxshuvfulsw + l , zloo eh gursshg iurp qrz

rq1

Iluvwo|/ frqvlghu wkdw uhwxuqv duh wkh vdph dprqj lqglylgxdov Ex
� � ' x

� � ' x
� 	 �/ l1h1

wkdw �
� ��� dqg �

� 	�� zloo eh frqvwdqw1 Ohw } ghqrwh d vhw ri revhuyhg yduldeohv wkdw d�hfw

wkh suredelolw| ri fkrrvlqj hdfk ohyho ri hgxfdwlrq dqg wkdw duh lqghshqghqw ri wkh

xqrevhuyhg whupv +x � > x � / x 	 ,1 Wkhq/ wkh iroorzlqj h{suhvvlrq iru wkh h{shfwhg ydoxh

ri *?E|� frqglwlrqdo rq } dqg { lv ydolg lq wklv fdvh=

HE*?E|�m}> {� ' �E{� n HE� ��� =G � m}> {� n HE� 	�� =G 	 m}> {� '

' �E{� n � ��� �hEG � ' �m}> {� n � 	�� �hEG 	 ' �m}> {�

Wklv lv d olqhdu ixqfwlrq ri wkh surshqvlw| vfruhv +�hEG � ' �m}> {�> �hEG 	 ' �m}> {�,1

Wkh uhvxow zrxog eh wkh vdph lq fdvh ri phdq lqghshqghqfh ehwzhhq G � / G 	 dqg
wkh glvwulexwlrq ri Ex � � x � � dqg Ex 	 � x � �1 Wkdw lv/ li wkhuh lv khwhurjhqhlw| lq wkh

�
Lq wkhvh h{suhvvlrqv lw lv dvvxphg wkdw wkhuh lv qr revhuyhg khwhurjhqhlw| lq wkh uhwxuqv1 Wklv lv

dq dvvxpswlrq qrupdoo| pdgh lq wkh uhwxuqv wr vfkrrolqj olwhudwxuh1 Fduqhlur/ Khfnpdq dqg Y|wodflo
+5336, frqvlghuhg wkdw wkh rqo| revhuyhg khwhurjhqhlw| lq wkh uhwxuqv fdph iurp wkh vfruhv ri wkh
lqglylgxdov lq gl�huhqw whvwv1 L gr qrw frqvlghu wklv fdvh jlyhq wkdw L gr qrw kdyh wklv lqirupdwlrq
iru wkh hpslulfdo dssolfdwlrq vhfwlrq1
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uhwxuqv wr vfkrrolqj exw lw grhv qrw d�hfw wkh ghflvlrqv ri wkh lqglylgxdov1 Lq erwk

fdvhv/ wkh rqo| hfrqrphwulf sureohp wkdw frxog dulvh zkhq hvwlpdwlqj +4, lv gxh wr wkh

fruuhodwlrq ehwzhhq wkh ghflvlrqv +G � dqg G 	 , dqg wkh huuru whup Ex � � +delolw| eldv

ru phdvxuhphqw huuru eldv,1 Wklv sureohp fdq eh vroyhg xvlqj lqvwuxphqwdo yduldeohv

phwkrgv1

Rq wkh rwkhu kdqg/ dvvxph wkdw wkhuh lv d glvwulexwlrq ri uhwxuqv lq wkh srsxodwlrq/

wkhq=
�

HE*?E|�m}> {� ' �E{� n HE� ��� G � m}> {� n HE� 	�� G 	 m}> {� '

' �E{� n HEE7� � n Ex � � x � ��G � m}> {� n HEE7� 	 n Ex 	 � x � ��G 	 m}> {� '

' �E{� n 7� � �hEG � ' �m}> {� n 7� 	 �hEG 	 ' �m}> {� n NE�hEG � ' �m}> {�>�hEG 	 ' �m}> {��

zkhuh

NE�hEG � ' �m}> {�>�hEG 	 ' �m}> {�� '

' HEEx � � x � �mG � ' �>�hEG � ' �m}> {�>�hEG 	 ' �m}> {�� �hEG � ' �m}> {�n

nHEEx 	 � x � �mG 	 ' �>�hEG � ' �m}> {�>�hEG 	 ' �m}> {�� �hEG 	 ' �m}> {�

Wklv lv dq xqnqrzq ixqfwlrq ri �hEG � ' �m}> {� dqg �hEG 	 ' �m}> {�= Vr/ wr whvw

wkh khwhurjhqhlw| ri wkh uhwxuqv wr vfkrrolqj d olqhdulw| whvw ri HE*?E|�m}> {� zlwk

uhvshfw wr �hEG � ' �m}> {� dqg �hEG 	 ' �m}> {� fdq eh shuiruphg1
�

Dowhuqdwlyh

phwkrgv uhfhqwo| ghyhorshg lq wkh qrqsdudphwulf vwdwlvwlfv olwhudwxuh duh dssolhg/ lq

wkh hpslulfdo dssolfdwlrq wr whvw iru wkh krprjhqhlw| ri vhtxhqwldo uhwxuqv1

6 Pdujlqdo Wuhdwphqw H�hfwv

Li uhwxuqv ydu| zlwk xqrevhuyhg delolw| dqg wkxv wkhuh lv d glvwulexwlrq ri uhwxuqv lq

wkh srsxodwlrq/ zh qhhg wr �qg d pdqqhu lq zklfk wr vxppdul}h wklv udqgrp yduldeoh1
�
Lq rewdlqlqj wklv h{suhvvlrq wkh iroorzlqj lv dvvxphg=

H+oq+|,m{> Su+G � @ 4m}> {,> Su+G � @ 4m}> {,, @ H+oq+|,m{> },

Wklv dvvxpswlrq fdq eh rewdlqhg iurp d yhuvlrq ri wkh lqgh{ vx!flhqf| uhvwulfwlrq dvvxpswlrq
iuhtxhqwo| xvhg lq wkh vhohfwlrq prghov* olwhudwxuh +vhh/ h1j1/ Srzhoo +4<<7,,1�

Wkh vdph uhvxow iru wkh elqdu| fkrlfh fdvh zdv suhvhqwhg lq Fduqhlur/ Khfnpdq dqg Y|wodflo
+5336,1

:



Wkh wudglwlrqdo wuhdwphqw sdudphwhuv gh�qhg lq wkh olwhudwxuh= wkh dyhudjh uhwxuq iru

d shuvrq udqgrpo| gudzq iurp wkh srsxodwlrq +Dyhudjh Wuhdwphqw H�hfw +DWH,,/ wkh

dyhudjh uhwxuq iru wkrvh wkdw dfklhyhg d fhuwdlq ohyho ri hgxfdwlrq +Wuhdwphqw rq wkh

Wuhdwhg +WW,,/ wkh dyhudjh uhwxuq iru wkrvh wkdw ghflghg qrw wr dfklhyh d fhuwdlq ohyho

ri hgxfdwlrq +Wuhdwphqw rq wkh Xqwuhdwhg +WXW,,/ dv zhoo dv/ gl�huhqw lqvwuxphqwdo

yduldeohv sdudphwhuv zloo jlyh gl�huhqw vxppdu| phdvxuhv ri wkh glvwulexwlrq1 Wkh

sureohp lv wkdw/ wkhvh sdudphwhuv zloo qrw lq jhqhudo dqvzhu wkh srolf| txhvwlrqv zh

pd| kdyh lq plqg1
�
Lw lv lq wklv frqwh{w zkhuh wkh PWH jurzv lq lpsruwdqfh ehfdxvh

lw fdq eh xvhixo wr rewdlq wkh ghvluhg vxppdu| phdvxuhv1 Wklv lv vr ehfdxvh wkh

PWH jlyhv xv wkh dyhudjh uhwxuq iru wkrvh zkr duh olnho| wr eh d�hfwhg e| srolflhv1

Pruhryhu/ xqghu wkh dssursuldwh dvvxpswlrqv/ doo wkh frqyhqwlrqdo wuhdwphqw h�hfw

sdudphwhuv fdq eh hvwlpdwhg dv zhljkwhg dyhudjhv ri wkh PWH1
�

Wkh PWH zdv gh�qhg lq d elqdu| fkrlfh iudphzrun lq wkh iroorzlqj zd|1 Frqvlghu

wzr ohyhov ri hgxfdwlrq +kljk vfkrro Ef� dqg froohjh E��, dqg wkh iroorzlqj rxwfrphv

wkdw fruuhvsrqg wr kljk vfkrro dqg froohjh/ uhvshfwlyho|/ oqE\
�� � dqg oqE\

�� �= Gh�qh
dovr wkh elqdu| yduldeoh G vxfk wkdw=

G
�
'

�
f li wkh lqglylgxdo ohiw zlwk wkh kljk vfkrro ohyho
� li wkh lqglylgxdo ohiw zlwk wkh froohjh ohyho

dqg dvvxph wkdw wkh iroorzlqj odwhqw yduldeoh prgho jhqhudwhv wkh yduldeoh G lq wklv

zd|=
�

G
�
� ' � � E}

�
� � X

�
�

G
�

' � li G
�� � f> ' f rwkhuzlvh1

�
Vhh Fduqhlur/ Khfnpdq dqg Y|wodflo +5336,1�
Vhh/ Khfnpdq dqg Y|wodflo +4<<</ 5333,1�
Wkh dvvxpswlrq ri wkh h{lvwhqfh ri wklv nlqg ri xqrevhuyhg lqgh{ wkdw ghwhuplqhv vhohfwlrq lv

htxlydohqw wr wkh dvvxpswlrqv qhhghg lq wkh ODWH dssurdfk1 Lq wklv dssurdfk zh qhhg wr lqyrnh
lqghshqghqfh dqg prqrwrqlflw| dvvxpswlrqv wr eh deoh wr lqwhusuhw olqhdu lqvwuxphqwdo yduldeohv
hvwlpdwhv dv d zhljkwhg dyhudjh ri wuhdwphqw h�hfwv1 Y|wodflo +5335, vkrzv wkdw/ jlyhq wkh dgglwlyh
vhsdudelolw| dvvxpswlrq/ odwhqw lqgh{ prghov lpso| ODWH dvvxpswlrqv1 Rq wkh rwkhu kdqg/ kh vkrzv
wkdw/ jlyhq ODWH dvvxpswlrqv/ wkhuh dozd|v h{lvwv d vhohfwlrq prgho wkdw udwlrqdol}hv wkh revhuyhg
dqg frxqwhuidfwxdo gdwd1 Wkhq/ ODWH dvvxpswlrqv duh qrw zhdnhu wkdq wkh dvvxpswlrq ri d odwhqw
lqgh{ prgho/ wkh| lpsrvh wkh vdph uhvwulfwlrqv rq wkh frxqwhuidfwxdo gdwd/ zkhq qrqsdudphwulf
ixqfwlrqdo irupv ru glvwulexwlrqdo dvvxpswlrqv duh lqyrnhg1

;



G
�� ghqrwhv wkh qhw xwlolw| ru jdlq wr wkh ghflvlrq0pdnhu iurp fkrrvlqj jrlqj wr fr0

oohjh1 }
�
lv d vhw ri fryduldwhv wkdw lqfoxghv ydolg lqvwuxphqwdo yduldeohv dqg X

�
� lv dq

xqrevhuyhg udqgrp yduldeoh1 Zlwkrxw orvv ri jhqhudolw| X � zloo eh dvvxphg wr eh

xqlirupo| glvwulexwhg ehwzhhq f dqg �= Dv lq suhylrxv vhfwlrq/ wkh revhuyhg zdjhv

kdyh wkh iroorzlqj irup=

*?E\
�
� ' G

�
*?E\

�� � n E� � G
�
� *?E\

�� �

Wkhq/ wkh PWH lv gh�qhg lq wklv frqwh{w dv=

PW HEx� � HE*?E\ � � � *?E\ � �mX � ' x�

Li wkh lqvwuxphqw lv h{whuqdoo| vhw vxfk wkdw sE}� ' x> zkhuh sE}� ' �hEG ' �m}�>

wklv lv wkh dyhudjh uhwxuq ri jrlqj wr froohjh iru wkrvh lq wkh pdujlq ri lqgl�huhqfh

ehwzhhq jrlqj ru qrw1 Lq rughu wr hvwlpdwh wkh PWH/ wkh Orfdo Lqvwuxphqwdo Yduldeoh

Sdudphwhu +OLY, lv xvhg1 Wklv wuhdwphqw sdudphwhu lv gh�qhg dv=

OLY EsE}�� '
CHE*?E\ �mS E}� ' sE}��

CsE}�

OLY lv wkh olplw yhuvlrq ri wkh Orfdo Dyhudjh Wuhdwphqw H�hfw +ODWH, sdudphwhu lq0

wurgxfhg e| Lpehqv dqg Dqjulvw +4<<7, dqg/ jlyhq wkh suhylrxv lqgh{ prgho/ lv htxdo

wr PW HEsE}��= Rqh wklqj wr qrwlfh lv wkdw xqghu krprjhqhlw| ru li uhwxuqv duh khw0

hurjhqrxv exw shrsoh lv qrw vruwhg lq hdfk hgxfdwlrqdo ohyho dffruglqjo| PW HEsE}��

zloo eh wkh vdph wkdq hvwlpdwhg uhwxuqv xvlqj lqvwuxphqwdo yduldeohv phwkrgv1

Lq wklv vhfwlrq/ h{suhvvlrqv iru wkh PWH lq wkh fdvh ri kdylqj pxowlsoh ohyhov ri

hgxfdwlrq dqg ghflvlrqv derxw hquroolqj lq hdfk rqh pdgh lq d vhtxhqwldo idvklrq duh

suhvhqwhg1 Frqvlghu wkuhh ohyhov ri hgxfdwlrq dqg wkdw shrsoh pdnh wkhlu vfkrrolqj

ghflvlrqv vhtxhqwldoo|=

Orz ohyho

- phglxp ohyho

- frqwlqxh wr wkh kljk ohyho �"!�# ��$

ohdyh dw wkh phglxp ohyho �&%�# ��$

ohdyh dw wkh orz ohyho �"'�# ��$

<



Wklv prgho wdnhv lqwr dffrxqw wkdw ghflvlrqv duh pdgh dw gl�huhqw prphqwv lq wlph1

Iluvwo| +w ' f,/ hyhu|erg| dfklhyhv wkh orz ohyho ri hgxfdwlrq1 Wkhq/ +w ' �,/ wkh

lqglylgxdo kdv wr ghflgh zkhwkhu wr ohdyh vfkrro dw d orz ohyho ru wr frqwlqxh wr

d phglxp ohyho1 Ilqdoo| +w ' 2�/ wkh lqglylgxdo ghflghv wr dwwhqg d kljk ohyho ri

hgxfdwlrq ru wr ohdyh dw wkh phglxp ohyho1 Wkhq/ gh�qh dv � � E}� wkh suredelolw| ri

frqwlqxlqj vwxg|lqj iurp wkh orz ohyho ri hgxfdwlrq dqg dv � � E}�� wkh suredelolw| ri

frqwlqxlqj vwxg|lqj iurp wkh phglxp ohyho iru wkrvh zkr dw ohdvw dfklhyhg wklv ohyho1
��(

Jlyhq wkdw wkh ghflvlrq ri frqwlqxlqj vwxg|lqj iurp wkh phglxp ohyho ri hgxfdwlrq

wdnhv sodfh lq d vhfrqg prphqw ri wlph wkh vhw ri yduldeohv lq }�fdq eh gl�huhqw ru

fdq kdyh gl�huhqw ydoxhv frpsduhg wr wkh yduldeohv lq }= Wkhq/ wkh suredelolwlhv ri

dfklhylqj hdfk ohyho ri hgxfdwlrq fdq eh zulwwhq dv=

�hEG � ' �m }> } ) � ' E� � � � E}��
�hEG � ' �m }> } ) � ' � � E}�E� � � � E} ) ��

�hEG 	 ' �m }> } ) � ' � � E}�� � E} ) �

Zlwk wklv qrwdwlrq/ frqvlghu wkh htxdwlrq iru revhuyhg orj zdjhv dqg uhzulwh lw lq wkh

iroorzlqj zd|=

*?E|� ' �E{� n � ��� G � n � 	�� G 	 n x � ' +5,

' �E{� n � ��� EG � n G 	 � n E� 	�� � � ��� �G 	 n x � '
' �E{� n � ��� E �G � � n � 	*� G 	 n x �

zkhuh �G � lv htxdo wr G � n G 	 1 Lq wkh frqwh{w ri rxu dssolfdwlrq �G � wdnhv wkh ydoxh
rqh li wkh lqglylgxdo ryhufdph wkh orz ohyho ri hgxfdwlrq1 Jlyhq wkh vhtxhqwldo prgho

wkh suredelolw| ri wklv hyhq zdv gh�qhg dv � � E}�1 Pruhryhu/ G 	 wdnhv d ydoxh ri rqh
li wkh lqglylgxdo dfklhyhg wkh kljk ohyho ri hgxfdwlrq1 Dffruglqj wr wkh vhtxhqwldo

ghflvlrq prgho wkh suredelolw| ri wklv rffxuulqj lv htxdo wr � � E}�� � E}��=
Dv lq wkh elqdu| fdvh/ frqvlghu wkdw lqglylgxdov zloo ghflgh wr ohdyh zlwk wkh orz

ohyho ri hgxfdwlrq E �G � ' f�/ lq d �uvw vwdjh/ li wkh iroorzlqj lv wuxh=
�,+
Vhh Dsshqgl{ sduw G iru dq h{dpsoh ri dq hfrqrplf prgho wkdw fdq eh ehklqg wkhvh suredelolwlhv1
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G
�� ' �

� � E}� � % � ? f

wkdw lv/ li wkh h{shfwhg qhw xwlolw| ri frqwlqxlqj vwxg|lqj iurp wkh orz ohyho ri hgx0

fdwlrq lv ohvv wkdq f= } duh revhuyhg yduldeohv wkdw d�hfw wkh ghflvlrq ri frqwlqxlqj

vwxg|lqj lq d �uvw prphqw ri wlph1

Rq wkh rwkhu kdqg/ frqvlghu wkdw lqglylgxdov/ wkdw dfklhyhg wkh phglxp ohyho ri

hgxfdwlrq/ ghflgh wr dftxluh wkh kljk ohyho dffruglqj wr wkh iroorzlqj odwhqw yduldeoh

prgho=

G
�	 ' �

�	 E} ) � � % 	

G 	 ' � li G
�	 � f dqg �G � ' �

G
�	 uhsuhvhqwv wkh h{shfwhg qhw xwlolw| ri dfklhylqj wkh kljk ohyho ri hgxfdwlrq1 Lq

wklv vwdjh lqglylgxdov pdnh wkh ghflvlrq zlwk wkh lqirupdwlrq wkh| kdyh lq wklv vhfrqg

prphqw ri wlph dqg vr/ wkh ydoxh ri wkh yduldeohv lq } ) fdq eh gl�huhqw wr wkh ydoxh

ri wkh yduldeohv lq }=
���
Zlwkrxw orvv ri jhqhudolw|/ zh fdq dvvxph wkdw % � dqg % 	 duh

xqlirupo| glvwulexwhg ehwzhhq f dqg � lq zklfk fdvh zh kdyh= �
� � E}� ' � � E}� dqg

�
�	 E} ) � ' � � E} ) �=
Wkhq/ wdnlqj h{shfwdwlrqv lq +5, frqglwlrqdo wr � � E} ) � dqg � � E}� G

� �
���
Lw lv dvvxphg wkdw lqglylgxdov pdnh wkhlu ghflvlrqv derxw frqwlqxlqj vwxg|lqj zlwk wkh lqirupd0

wlrq wkdw lv frpprq nqrzohgjh dw hdfk prphqw ri wlph1�-�
Lq wklv uhvxow lw lv dvvxphg wkdw=

H+oq+|,m{> }> } . , @ H+oq+|,m{> � / 0 +},> � /1 +} . ,,

dqg wkdw Vxss+i% 2 j, @ ? ;m @ 4> 5= Li wklv lv wkh fdvh=

H+oq+|,m{> }> } . , @ H+oq+|,m{> � 3 +},> � 0 +} . ,,

Wklv d yhuvlrq ri wkh lqgh{ vx!flhqf| uhvwulfwlrq xvxdoo| h{sorlghg lq wkh olwhudwxuh derxw vhpl0
sdudphwulf hvwlpdwlrq ri vhohfwlrq prghov +Vhh Srzhoo +4<<7,,1
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Hd*?E|�m{> � � E}��> � � E}�o ' +6,

' �E{� n Hd� ��� �G � m{> � � E}��> � � E}�o n Hd� 	*� G 	 m{> � � E}��> � � E}�o '
' �E{� n HdE7� � n Ex � � x � �� �G � m{> � � E}��> � � E}�on

nHdE7� 	*� n Ex 	 � x � ��G 	 m{> � � E}��> � � E}�o '
' �E{� n 7� � � � E}� n 7� 	*� � � E}�� � E}�� n HdEx � � x � � �G � m� � E}��> � � E}�on

nHdEx 	 � x � �G 	 m� � E}��> � � E}�o

Zkhuh=

HdEx � � x � � �G � m� � E}��> � � E}�o ' H 45&6 EHdEx � � x � �m� � E}��> � � E}�> � 7 � E}� � % � � f� '

'

8:9 6  ; $]

�

<]

= <
Ex � � x � �iEx � � x � m% � ' u�gEx � � x � �gu

'

>:?  ; $]

�

<]

= <
Ex � � x � �=iEx � � x � m% � ' u�gEx � � x � �gu

HdEx 	 � x � �G 	 m� � E}��> � � E}�o '
' H 5"@ EHdEx 	 � x � �m� � E}��> � � E}�> � 7 � E}� � % � � f> � 7	 E}�� � % 	 � f� '

'

8 9@  ;-A $]

�

8 9 6  ; $]

�

<]

= <
Ex 	 � x � �iEx 	 � x � m% � ' u � > % 	 ' u 	 �gEx 	 � x � �gu � gu 	

'

> 6  ;-A $]

�

> ?  ; $]

�

<]

= <
Ex 	 � x � �iEx 	 � x � m% � ' u � > % 	 ' u 	 �gEx 	 � x � �gu � gu 	

Vr/

Hd*?E|�m� � E}��> � � E}�o ' �E{� n 7� � � � E}� n 7� 	*� � � E}�� � E}��n +7,

n* � E� � E}�> � � E}���� � E}� n * � E� � E}�> � � E}���� � E}�� � E}��

zkhuh * � E� � E}�> � � E}��� dqg * � E� � E}�> � � E}��� duh jhqhudo ixqfwlrqv ri wkh surshqvlw|
vfruhv +� � E}�> � � E}� �,1
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Lq wklv frqwh{w lw lv qdwxudo wr gh�qh wkh iroorzlqj PWHv=

PW H � Ex> � � E} B �� � HE*?E|
C� 9 � � *?E|

C� �m% � ' x> � � E} B ��
PW H � E� � E}�> x� � HE*?E|

C	 � � *?E|
C � �m% 	 ' x> � � E}�> �G � ' ��

zkhuh *?E|
C� 9 � ghqrwhv wkh orjdulwkp ri zdjhv lq wkh �qdo ehvw rswlrq lq wkh vhw ri doo

fkrlfhv h{fhsw wkh orz ohyho ri hgxfdwlrq +*?E|
C� 9 � ' G

C	 *?E|
C	 � n G

C � *?E|
C � ��1 Li x lv vhw

htxdo wr � � E}� PW H � Ex> � � � ghqrwhv wkh dyhudjh uhwxuq wr frqwlqxh vwxg|lqj iurp

wkh orz ohyho ri hgxfdwlrq iru wkrvh zkr duh lq wkh pdujlq ri lqgl�huhqfh ehwzhhq

frqwlqxlqj ru qrw1 PW H � E� � > x� ghqrwhv wkh dyhudjh uhwxuq ri dfklhylqj wkh kljk

ohyho ri hgxfdwlrq iru wkrvh zkr dfklhyhg dw ohdvw wkh phglxp ohyho exw wkdw gr qrw

kdyh d suhihuhqfh derxw frqwlqxlqj diwhu wklv ohyho zkhq x htxdov � � E}��1
Dv lq wkh elqdu| fdvh/ srlqw0zlvh hvwlpdwhv ri wkhvh PWHv fdq eh rewdlqhg iurp

wkh iroorzlqj Orfdo Lqvwuxphqwdo Yduldeoh sdudphwhuv=

OLY � E� � E}�> � � E}��� ' CHd*?E|�m� � E}��> � � E}�o
C� � E}� ' 7� � n 7� 	*� =� � E}��n

n

<]

= <
Ex � � x � �=iEx � � x � m% � ' � � E}��=gEx � � x � �n

n

> 6  ;-A $]

�

<]

= <
Ex 	 � x � �=iEx 	 � x � m% � ' � � E}�> % 	 ' u 	 �=gEx 	 � x � �gu 	 '

' PW H � E� � E}�> � � E}���

OLY � E� � E}�> � � E}��� ' CHd*?E|�m� � E}��> � � E}�o
C� � E}�� ' 7� 	*� =� � E}�n

n

> ?  ; $]

�

<]

= <
Ex 	 � x � �=iEx 	 � x � m% � ' u � > % 	 ' � � E}���=gEx 	 � x � �=gu � '

' PW H � E� � E}�> � � E}���

Iru wkh ydolglw| ri wklv uhvxow lw lv qhhghg wr eh deoh wr fkdqjh � � E}� zlwkrxw fkdqjlqj
� � E}�� dqg ylfh yhuvd1 D vx!flhqw frqglwlrq wr dvvxuh wklv yduldwlrq lq � � E}� zlwkrxw
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ydu|lqj � � E}�� lv zlwk h{foxvlrq uhvwulfwlrqv1 Wkdw lv/ kdylqj d yduldeoh lq } wkdw lw

lv qrw lq }�1 Rq wkh rwkhu kdqg/ zh fdq kdyh wkh yduldwlrq qhhghg lq � � E}�� jlyhq wkh

vhtxhqwldo qdwxuh ri wkh ghflvlrqv D�E 1 Wkdw lv/ jlyhq wkdw wkh ghflvlrq derxw dfklhylqj

wkh kljk ohyho ru vwrsslqj dw wkh phglxp ohyho ri hgxfdwlrq wdnhv sodfh lq d vhfrqg

shulrg dqg vr lw fdq eh dq xqh{shfwhg vkrfn wkdw fkdqjhv lw zlwkrxw fkdqjlqj wkh

ghflvlrq pdgh lq d �uvw vwdjh1 D-F Vr/ wkh yduldwlrq ri vxsso|0vlgh lqvwuxphqwv ryhu

wlph fdq eh xvhg wr rewdlq wklv uhvxow1 Wkh h{sdqvlrq ri wkh qxpehu ri xqlyhuvlwlhv

wkdw wrrn sodfh lq Vsdlq/ vshfldoo| lq wkh |hduv ehwzhhq 4<:3 dqg 4<<3/ lv dq h{dpsoh

ri wklv nlqg ri yduldwlrq1 Qrwh wkdw zkdw zh fdq rewdlq duh srlqw0zlvh hvwlpdwhv

iru wkh ydoxhv ri � � E}� dqg � � E}� � lq wkh vxssruw ri wkh gdwd vhw xvhg1 Ilqdoo|/ lw

vkrxog eh srlqwhg rxw wkdw lq wklv fdvh/ lq frqwudvw zlwk wkh elqdu| fdvh/ lq vslwh ri

dvvxplqj krprjhqhlw| ri wkh uhwxuqv hvwlpdwhg uhwxuqv xvlqj LY phwkrgv zloo qrw

frlqflgh zlwk suhylrxv PWHv1 Li zh dsso| lqvwuxphqwdo yduldeoh phwkrgv xvlqj wzr

ydolg lqvwuxphqwv lqwr htxdwlrq E2� zh zloo rewdlq hvwlpdwhv ri= � � dqg E� 	 � � � �=
Zkhuhdv PWHv sdudphwhuv kdyh wkh iroorzlqj irup xqghu krprjhqhlw|=

PW H � E� � E}�> � � E} B �� � � � n E� 	 � � � �� � E} B �
PW H � E� � E}�> � � E} B �� � E� 	 � � � �� � E}�

7 Vrph idfwv frqfhuqlqj Vsdqlvk hgxfdwlrq1

Vsdlq lv wkh frxqwu| ri wkh RHFG +Rujdql}dwlrq iru Hfrqrplf Fr0rshudwlrq dqg

Ghyhorsphqw, wkdw kdv xqghujrqh/ lq uhfhqw |hduv/ wkh prvw vshfwdfxodu hgxfdwlrqdo

wudqvirupdwlrq1 Wkh dyhudjh ohyho ri hgxfdwlrq lq wkh srsxodwlrq kdv lqfuhdvhg jhq0

hudwlrq e| jhqhudwlrq dv vkrzq lq Wdeoh 41 Wklv wdeoh vkrzv wkh sursruwlrq ri lqgl0

ylgxdov lq hdfk �qlvkhg ohyho ri hgxfdwlrq iru �yh0|hdu frkruwv ri wkrvh eruq ehwzhhq

4<4; dqg 4<9:1 Dv rqh fdq vhh lq wklv wdeoh wkh ohyho ri loolwhudf| kdv ehhq idoolqj
G,H
Qrwh wkdw h{foxvlrq uhvwulfwlrqv duh d vx!flhqw exw qrw qhfhvvdu| frqglwlrq iru kdylqj lqghshq0

ghqw yduldwlrq1 Lw wkh frh!flhqwv ri wkh yduldeohv lq � I +}, duh vx!flhqwo| gl�huhqw iurp wkrvh ri wkh
yduldeohv lq � J +}�, zh fdq kdyh wklv lqghshqghqw yduldwlrq zlwkrxw lqyrnlqj h{foxvlrq uhvwulfwlrqv1G,K

Wdehu +5333, vkrzhg wkdw wkh vdph nlqg ri h{foxvvlrq uhvwulfwlrqv/ dorqj zlwk d prqrwrqlf
wudqvirupdwlrq dqg vwurqj vxssruw frqglwlrqv/ zhuh qhhghg iru wkh vhplsdudphwulf lghqwl�fdwlrq ri
jhqhudo vhtxhqwldo glvfuhwh fkrlfh prghov1
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gudpdwlfdoo| zkloh wkh sursruwlrq ri shrsoh zlwk d froohjh ghjuhh lqfuhdvhg iurp 819;

( iru wkrvh eruq ehwzhhq 4<4; dqg 4<55 wr 49147 ( iru wkrvh zkr zhuh eruq ehwzhhq

4<86 wr 4<8:1 Wkhq/ wklv sursruwlrq ihoo grzq wr 471;:(/ iru wkrvh eruq ehwzhhq 4<8;

dqg 4<95/ dqg wr 46146(/ iru wkrvh eruq ehwzhhq 4<96 dqg 4<9:1 Wklv fdq eh gxh wr

wkh idfw wkdw d juhdw sursruwlrq ri wkrvh zkr ghflghg wr jr wr froohjh lq wkhvh frkruwv

kdg qrw �qlvkhg vwxg|lqj lq wkh prphqw wkh vxuyh| zdv fduulhg rxw1 Rqh wklqj wr

qrwlfh lv wkdw wkh juhdwhvw sursruwlrq ri shrsoh ohiw vfkrro zkhq wkh| zhuh 43 |hduv

rog iru wkrvh zkr zhuh eruq ehwzhhq 4<4; dqg 4<8:/ zkhuhdv wkrvh eruq ehwzhhq wkh

|hduv 4<8; dqg 4<9: ohiw vfkrro dw 47 |hduv rog1 Wklv skhqrphqrq wrrn sodfh dw wkh

vdph wlph dv wkh 4<:3 uhirup ri wkh Vsdqlvk hgxfdwlrqdo v|vwhp1

Wkh 4<:3 uhirup ri wkh Vsdqlvk hgxfdwlrqdo v|vwhp udlvhg wkh djh ri frpsxovru|

vfkrrolqj iurp 43 wr 47 |hduv rog1 \hw dqrwkhu uhirup/ lq 4<<3/ udlvhg wklv djh wr 49

|hduv1 Iljxuh 4 vkrzv wkh pdlq fkdudfwhulvwlfv ri wkh v|vwhp suhylrxv wr wkh 4<:3

uhirup dqg wkh rqh ehwzhhq 4<:3 dqg 4<<31 D�L Wkhvh duh wkh uhohydqw rqhv iru wkh

lqglylgxdov lq wkh gdwd vhw xvhg1

Frqfhuqlqj wkh vxsso| vlgh/ wkh qxpehu ri xqlyhuvlwlhv kdv lqfuhdvhg d orw vshfldoo|

lq wkh |hduv ehwzhhq 4<:3 dqg 4<<31 Ehiruh 4<:3 wkhuh zhuh 4< xqlyhuvlwlhv lq Vsdlq1

Wklv �jxuh lqfuhdvhg wr 66 lq wkh 4<:3*v dqg wr 6; lq 4<;3*v1 Ilqdoo|/ wkh qxpehu

ri xqlyhuvlwlhv lqfuhdvhg wr 9; lq wkh 4<<3*v1 Lw vkrxog eh srlqwhg rxw/ krzhyhu/ wkdw

Vsdqlvk xqlyhuvlwlhv r�hu wzr nlqg ri ghjuhhv= wkh xqlyhuvlw| glvflsolqhv/ wkdw duh

frqvlghuhg wudglwlrqdo lq rwkhu frxqwulhv dqg wkdw duh ghvljqhg wr odvw iru ehwzhhq

irxu dqg vl{ |hduv/ dqg vwxglhv wkdw duh frpsohwhg lq d wkuhh |hdu gxudwlrq1 Wkh

odwwhu nlqg ri vwxg| pd| eh wr wudlq qxuvhv/ whdfkhuv/ sk|vlrwkhudslvwv hwf1 dqg duh

frqvlghuhg yrfdwlrqdo vwxglhv lq pdq| rwkhu frxqwulhv1 Prvw ri wkh qhz xqlyhuvlwlhv

zhuh orfdwhg lq sodfhv zkhuh wkuhh0|hdu frxuvhv zhuh douhdg| lqvwuxfwhg1 Dv d uhvxow

ri wklv/ wkh fuhdwlrq ri xqlyhuvlwlhv d�hfwhg pdlqo| wkh ghflvlrq ri dffhvvlqj irxu0|hdu

froohjh ghjuhhv1 Wklv skhqrphqrq zdv vwuhqjwkhqhg ehfdxvh wkh qxpehu ri irxu0|hdu

ghjuhhv r�huhg lq vrph h{lvwlqj xqlyhuvlwlhv dovr lqfuhdvhg gxulqj wkh 93*v dqg :3*v1 Lq

idfw/ wkhuh duh rqo| �yh rog xqlyhuvlwlhv wkdw wudglwlrqdoo| kdyh r�huhg d juhdw ydulhw|

ri irxu0|hdu frxuvhv1
G-M
Wkhvh slfwxuhv duh edvhg rq Srqv dqg Jrq}dor +5334,1
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Lq dgglwlrq/ qr dxwkrulwdwlyh frpsdudwlyh udqnlqj kdv hyhq ehhq gudzq xs ri

Vsdqlvk xqlyhuvlwlhv1 Ixuwkhupruh/ vwxghqwv xvhg wr jr wr wkh xqlyhuvlw| forvhvw wr

krph1 Lq idfw/ wkh| zhuh qrw deoh wr jr wr d gl�huhqw rqh e| jryhuqphqw ghfuhh1

Wklv glg qrw fkdqjhg xqwlo 4<<4/ zkhq wkh jryhuqphqw/ wu|lqj wr lqwurgxfh vrph

frpshwlwlrq lq wkh krsh ri udlvlqj vwdqgdugv/ doorzhg survshfwlyh vwxghqwv wr fkrrvh

ehwzhhq dq| ri wkh xqlyhuvlwlhv lq wkh uhjlrq zkhuh wkh| olyhg1

8 Gdwd

Wklv sdshu hvwlpdwhv uhwxuqv wr vfkrrolqj edvhg rq wkh HFEF +�Hqfxhvwd gh Frq0

flhqfld | Elrjudiðd gh Fodvh�, vxuyh| +4<<4,1 D�N Rqh shfxoldulw| ri wklv vxuyh| lv wkdw
lw kdv lqirupdwlrq uhodwhg wr wkh hgxfdwlrqdo ohyho ri wkh lqglylgxdov/ hduqlqjv dqg

idplo| edfnjurxqg1 Lw vkrxog eh vwuhvvhg wkdw wklv lqirupdwlrq lv qrw irxqg lq rwkhu

Vsdqlvk vxuyh|v1 Lq sduwlfxodu/ wklv vxuyh| kdv wkh iroorzlqj gdwd derxw wkhvh wrslfv=

� Ohyho ri hgxfdwlrq frpsohwhg e| wkh lqglylgxdov dqg qxpehu ri |hduv frpsohwhg

lq wkdw ohyho1

� Lqirupdwlrq rq zkhwkhu wkh lqglylgxdo rewdlqhg hgxfdwlrq sulru wr ru diwhu wkh

uhirup ri 4<:31

� Lqirupdwlrq derxw wkh nlqg ri vwxglhv sxuvxhg e| wkrvh lq yrfdwlrqdo vwxglhv ru

dw froohjh1

� Uhwurvshfwlyh gdwd derxw wkh khdg ri krxvhkrog dw wkh djh ri 49/ olnh wkh ohyho ri

hgxfdwlrq dqg oderu vlwxdwlrq1 Wkh vdph lqirupdwlrq lv dydlodeoh iru wkh prwkhu

li vkh lv qrw wkh khdg ri krxvhkrog1

� Lqirupdwlrq derxw zkhuh wkh lqglylgxdo olyhg iru wkh prvw sduw ri klv2khu fklog0

krrg1

� Zdjhv1
G-O
Vhh Dsshqgl{ sduw D iru d ghwdlohg ghvfulswlrq ri wklv vxuyh|1
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Lw kdv ehhq irxqg wkdw lq prvw vxuyh|v zlwk d vl}h vlplodu wr wkh HFEF dqg wkdw

kdyh ehhq grqh zlwk wkh vdph dlp dv wklv rqh/ wkhuh lv vfdqw uhsuhvhqwdwlrq ri wrs sur0

ihvvlrqdov/ vxfk dv hqwuhsuhqhxuv ru pdqdjhuv1 Wklv lv wkh uhdvrq iru ryhu0uhsuhvhqwlqj

wkhvh fdwhjrulhv lq wkh HFEF1 Lw zdv ghflghg wr ryhuuhsuhvhqw wkhvh lqglylgxdov/ zlwk

wkh khos ri gdwd wkdw lv dydlodeoh lq wkh Vsdqlvk Hohfwrudo Fhqvxv +�Fhqvr Hohfwrudo�,

+4<;9,1 Vshfl�fdoo|/ wkh vxuyh| ryhu0uhsuhvhqwhg wkrvh zlwk d phglxp ru kljk ohyho ri

hgxfdwlrq1 Wklv eldv vkrxog eh frqvlghuhg zkhq hvwlpdwlqj wkh prgho1 Lq sduwlfxodu/

wkh iroorzlqj zhljkwv +zEv�, duh frqvwuxfwhg iru hdfk lqglylgxdo ghshqglqj rq wkh

vwudwxp +v, kh2vkh ehorqjv wr=

zEv� '
TEv�

KEv�

zEv� A f

zkhuh TEv� ghqrwhv wkh srsxodwlrq ghqvlw| ri vwudwxp Ev� dqg KEv� lv wkh duelwudu|

glvwulexwlrq xvhg zkhq vdpsolqj wkh gdwd1 TEv� lv frqvwuxfwhg zlwk wkh khos ri

gdwd lq wkh 4<<4 Fhqvxv1 Wkhvh zhljkwv holplqdwh wkh eldv jlylqj d orz zhljkw wr

ryhu0vdpsohg fdwhjrulhv dqg ylfh yhuvd1 Wkhq/ hdfk revhuydwlrq lv zhljkwhg surshuo|

dffruglqj wr wkh hvwlpdwlrq phwkrg xvhg1 D�P

9 Hpslulfdo Dssolfdwlrq

Lq wklv vhfwlrq L suhvhqw hvwlpdwhv ri uhwxuqv wr gl�huhqw ohyhov ri hgxfdwlrq xvlqj d

vdpsoh iurp wkh HFEF vxuyh| +4<<4,1 Iluvwo|/ L dvvxph wkdw uhwxuqv duh krprjhqrxv

dprqj lqglylgxdov ri d vdph ohyho ri hgxfdwlrq ru wkdw wkh| duh khwhurjhqhrxv exw

shrsoh lv qrw pdnlqj wkhlu vfkrrolqj ghflvlrqv frqvlghulqj wkhlu uhwxuqv1 Xqghu wklv

dvvxpswlrq hvwlpdwhv dvvxplqj wkdw hdfk dgglwlrqdo xqlw ri vfkrrolqj kdv wkh vdph

uhwxuq dv zhoo dv/ ri prghov zkhuh gl�huhqw ohyhov ri vfkrrolqj kdyh gl�huhqw uhwxuqv

duh rewdlqhg1 Wkhq/ dowhuqdwlyh phwkrgv uhfhqwo| ghyhorshg lq wkh qrqsdudphwulf

vwdwlvwlfv olwhudwxuh duh dssolhg wr whvw li uhwxuqv duh khwhurjhqhrxv dqg lqglylgxdov duh

vruwhg lq hdfk ohyho ri hgxfdwlrq frqvlghulqj wkhp1 Wklv whvw vkrzv wkdw khwhurjhqhlw|

lv dq lpsruwdqw ihdwxuh ri wkh vdpsoh xvhg1 Wkhq/ hvwlpdwhv ri wkh PWHv duh rewdlqhg/
G-Q
Vhh Dsshqgl{ sduw E iru d ghvfulswlrq ri krz wkhvh zhljkwv duh frqvwuxfwhg dqg xvhg1
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erwk dvvxplqj qrupdolw| dv zhoo dv zlwkrxw lpsrvlqj glvwulexwlrqdo dvvxpswlrqv1

Ilqdoo|/ hvwlpdwhv ri PWHv duh xvhg wr dqdo|}h vrph h�hfwv ri wkh 4<:3 uhirup ri wkh

Vsdqlvk hgxfdwlrqdo v|vwhp1

Lq rughu wr rewdlq wkhvh hvwlpdwhv gl�huhqw vfkrrolqj dwwdlqphqwv duh fodvvl�hg lq

wkh iroorzlqj wkuhh ohyhov ri hgxfdwlrq=

41 Orz ohyho1 Loolwhudwh shrsoh/ shrsoh zlwkrxw vwxglhv dqg shrsoh zkr ohiw vfkrro

dw wkh sulpdu| ohyho +�HJE�/ �Judgxdgr Hvfrodu�/ �Sulpduld�/ �Edfkloohu Ho0

hphqwdo�, +dw djh 47 dw prvw, duh lq wklv jurxs1

51 Phglxp Ohyho1 Shrsoh lq wklv jurxs frpsohwhg dw ohdvw rqh |hdu ri srvw0

frpsxovru| vhfrqgdu| hgxfdwlrq +yrfdwlrqdo vwxglhv ru kljk vfkrro, +�ISL �/

�ISLL �/ �Edfkloohu Vxshulru�/ �EXS�/ �FRX�/ �Glsorpdgr�,1 D-R

61 Kljk Ohyho1 Shrsoh lq wklv jurxs frpsohwhg dw ohdvw rqh |hdu ri froohjh1 D�S

Frqfhuqlqj wkh lqvwuxphqwdo yduldeohv xvhg lq wkh dqdo|vlv/ d �uvw jurxs ri lq0

vwuxphqwv frqvlghuhg lv uhodwhg wr lqvwlwxwlrqdo vrxufhv ri yduldwlrq lq vfkrrolqj1 Lq

sduwlfxodu wkh iroorzlqj yduldeohv duh xvhg= T�U

� Glvwdqfh wr wkh qhduhvw xqlyhuvlw|1 Yduldeohv derxw glvwdqfh wr froohjh kdyh

ehhq xvhg dv lqvwuxphqwv lq wkh olwhudwxuh ri uhwxuqv wr vfkrrolqj dv wkh| duh

d jrrg phdvxuh ri wkh frvw ri kljkhu hgxfdwlrq1 TVD Wkhvh yduldeohv kdyh ehhq

fulwlfl}hg dv ehlqj jrrg lqvwuxphqwv ehfdxvh ri wkh srvvlelolw| ri hqgrjhqrxv

prelolw| ghflvlrqv1 Krzhyhu/ uhjlrqdo pljudwlrqv lq Vsdlq/ iru wkh shulrg ri wkh

vdpsoh xvhg/ zkhuh prvwo| prwlydwhg e| idplolhv prylqj iurp wkh frxqwu|0vlgh

wr elj flwlhv vhdufklqj iru d mre1 Wklv/ mrlqw zlwk wkh idfw wkdw lqglylgxdov zkhuh
G,W
Jlyhq wkh vlplodulw| ehwzhhq wkuhh0|hdu frxuvhv lpsduwhg lq Vsdqlvk xqlyhuvlwlhv dqg zkdw duh

frqvlghuhg yrfdwlrqdo vwxglhv lq pdq| rwkhu frxqwulhv/ wkh| duh lqfoxghg lq wkh phglxp ohyho ri
hgxfdwlrq1 Wklv pdnhv wkh uhvxowv frpsdudeoh wr vlplodu zrunv zlwk gdwd iru rwkhu frxqwulhv1 Rqh
sureohp zlwk wklv fodvvl�fdwlrq lv wkdw lqglylgxdov lq wkh phglxp ohyho wkdw dfklhyhg d wkuhh0|hdu
froohjh ghjuhh kdyh vwxglhg d juhdwhu qxpehu ri |hduv wkdq vrph gursrxwv lq wkh kljk ohyho1 Krzhyhu/
wklv sureohp grhv qrw vhhp wr eh uhohydqw lq wkh vdpsoh xvhg dv rqo| 718;( ri wkrvh lq wkh kljk
ohyho duh lq wklv vlwxdwlrq1G-X

Frxuvhv lpsduwhg lq Vsdqlvk xqlyhuvlwlhv wkdw odvw iru pruh wkdq wkuhh |hduv1Y�Z
Vhh dsshqgl{ sduw F iru d ghvfulswlrq ri wkhvh yduldeohv1Y�G
Vhh iru h{dpsoh Fdug +4<<</ 5334, dqg Fduqhlur/ Khfnpdq dqg Y|wodflo +5336,1
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reoljhg wr jr wr wkh qhduhvw xqlyhuvlw|/ pdnhv ri wkhvh yduldeohv jrrg fdqglgdwhv

iru ehlqj lqvwuxphqwv lq wkh fdvh ri Vsdlq1

� Lqirupdwlrq derxw zkhwkhu wkh lqglylgxdo vwxglhg ehiruh wkh 4<:3 uhirup ru

diwhu lw1

Wkh vhfrqg jurxs ri lqvwuxphqwv frqvlvwv rq yduldeohv zklfk uh hfw wkh oderu

vlwxdwlrq lq wkh prphqw ri ghflvlrq ri wkh lqglylgxdov1 Lq sduwlfxodu/ hdfk lqglylgxdo

lv dvvljqhg wkh idplo| lqfrph dqg hpsor|phqw lq wkh surylqfh ri uhvlghqfh zkhq

wkh| zhuh pdnlqj vfkrrolqj ghflvlrqv1 Gdwd xvhg wr frqvwuxfw wkhvh yduldeohv zdv

rewdlqhg iurp Dofdlgh +5336,1 Ilqdoo|/ edfnjurxqg lqirupdwlrq lv xvhg dv lqvwuxphqw1

Lq sduwlfxodu/ L xvh lqirupdwlrq derxw wkh ohyho ri hgxfdwlrq dqg nlqg ri mre ri wkh

khdg ri krxvhkrog zkhq wkh lqglylgxdo zdv d fklog dv zhoo dv/ d gxpp| wkdw wdnhv

ydoxh rqh li kh zdv d zdjh hduqhu grlqj d vxshuylvru| mre1 Dowkrxjk wklv nlqg ri

lqirupdwlrq kdv ehhq fulwlfl}hg iru ehlqj jrrg lqvwuxphqwv lw wxuqhg rxw wr eh dq

h{wud vrxufh ri lghqwl�fdwlrq dqg vr/ lw lv xvhg lq vrph ri wkh iroorzlqj hvwlpdwhv1

914 Hvwlpdwhv xqghu krprjhqhlw|

Wkh wudglwlrqdo olwhudwxuh rq uhwxuqv wr vfkrrolqj wuhdwhg uhwxuqv dv li wkh| zhuh

krprjhqrxv1 Edvlfdoo|/ wzr nlqg ri prghov kdyh ehhq frqvlghuhg lq wklv frqwh{w=

prghov zkhuh hdfk dgglwlrqdo xqlw ri vfkrrolqj kdv wkh vdph uhwxuq dqg pruh  h{leoh

prghov/ zkhuh gl�huhqw ohyhov ri vfkrrolqj kdyh gl�huhqw uhwxuqv1 Dv dq h{dpsoh ri wkh

�uvw nlqg ri prghov zh �qg wkh srsxodu Plqfhu*v prgho ri hduqlqjv +Plqfhu/ 4<:7,1

Plqfhu*v vshfl�fdwlrq kdv ehhq zlgho| xvhg ryhu wkh odvw �iw| |hduv dqg frqwlqxhv wr

eh dssolhg lq uhfhqw zrun1 Wdeoh 6 vkrzv hvwlpdwhv ri wkh Plqfhu*v prgho xvlqj wkh

HFEF vxuyh|1 T�T Wkh vdpsoh frqvlghuhg frqvlvwv rq lqglylgxdov ehwzhhq 4< dqg 98

|hduv rog/ zkr zhuh zrunlqj/ zkr vwdwhg kdyh �qlvkhg vwxg|lqj dqg zkr uhsruwhg d
Y�Y
Lq wklv Wdeoh ROV hvwlpdwhv zlwk zhljkwv dqg zlwkrxw zhljkwv duh uhsruwhg1 Hvwlpdwhg uhwxuqv

xvlqj ROV zlwk zhljkv zhuh yhu| vlplodu wr wkh rqhv zlwkrxw zhljkwv1 Qrwh wkdw li zh gh�qh wkh
zhljkwhg hvwlpdwru dv=

a� [ @ +[ \ Z [, ] J +[ \ Z \ ,

zh kdyh wkdw wkh gl�huhqfh ehwzhhq wkh zhljkwhg dqg xqzhljkwhg hvwlpdwru kdv wkh iroorzlqj irup=

a� [ � a� ^�_ ` @ +[ \ Z [, ] J +[ \ Z +L � [+[ \ [, ] J [ \ ,,\
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ydolg zdjh lq wkh prphqw ri wkh vxuyh|1 Zdjhv duh phdvxuhg shu krxu dqg qhw ri

wd{hv1 Yduldeohv lq { duh= 44 gxpplhv iru Vsdqlvk uhjlrqv/ djh/ djh vtxduhg/ whqxuh/

whqxuh vtxduhg/ d jhqghu gxpp| wkdw htxdov rqh li wkh lqglylgxdo lv d zrpdq/ 7

rffxsdwlrqdo gxpplhv dqg 43 lqgxvwu| gxpplhv1 Wkh h�hfw ri wkhvh fryduldwhv rq

orj zdjhv lv dvvxphg olqhdu iru frpsdudelolw| zlwk wkh olwhudwxuh1

JPP hvwlpdwhv duh shuiruphg xvlqj dv lqvwuxphqwv= wzr yduldeohv zlwk wkh lq0

frph lq wkh surylqfh ri uhvlghqfh zkhq wkh lqglylgxdo zdv 47 dqg 4; |hduv rog/ wkh

hpsor|phqw wr srsxodwlrq udwlr lq wkh surylqfh ri uhvlghqfh zkhq wkh lqglylgxdo zdv

47 |hduv rog/ d gxpp| wkdw wdnhv wkh ydoxh 4 li wkh khdg ri krxvhkrog/ zkhq wkh lq0

glylgxdo zdv d fklog/ zdv d zdjh hduqhu grlqj d vxshuylvru| mre dqg d yduldeoh derxw

wkh glvwdqfh wr wkh qhduhvw xqlyhuvlw| zkhq wkh lqglylgxdo zdv 4; |hduv rog1 T�E Rqh

wklqj wr qrwlfh lv wkdw LY hvwlpdwhv ri wkh uhwxuqv wr vfkrrolqj duh juhdwhu wkdq ROV

hvwlpdwhv1 Wklv lv d uhvxow iuhtxhqwo| irxqg lq vwxglhv wkdw xvh vxsso|0vlgh yduldeohv

dv lqvwuxphqwv1

Suhylrxv hvwlpdwhv frqvlghuhg wkdw hdfk dgglwlrqdo |hdu ri hgxfdwlrq kdv wkh vdph

uhwxuq1 Qrz wklv dvvxpswlrq lv uhod{hg frqvlghulqj wkdw wkh wkuhh ohyhov ri hgxfdwlrq

+orz/ phglxp dqg kljk, kdyh gl�huhqw uhwxuqv1 Krzhyhu/ uhwxuqv duh vwloo dvvxphg

wr eh wkh vdph dprqj lqglylgxdov lq wkh vdph ohyho ri hgxfdwlrq1 Wdeoh 7 vkrzv

hvwlpdwhv iru wklv prgho xvlqj ROV dqg JPP1 T�F Wkh vhw ri lqvwuxphqwv iru wkh

JPP hvwlpdwhv frqvlvwv rq= wkuhh gxpplhv iru wkh ohyho ri hgxfdwlrq +loolwhudwh/

sulpdu| dqg kljk vfkrro, dqg wkuhh gxpplhv iru wkh nlqg ri mre +djulfxowxuh/ plqlqj/

eoxh froodu mre, ri wkh khdg ri krxvhkrog zkhq wkh lqglylgxdo zdv d fklog/ d gxpp|

wkdw wdnhv d ydoxh ri rqh li wklv shuvrq lv d zdjh hduqhu grlqj d vxshuylvru| mre/ d

yduldeoh derxw wkh lqfrph lq wkh surylqfh ri uhvlghqfh zkhq wkh lqglylgxdo zdv 47

|hduv rog dqg d yduldeoh iru wkh glvwdqfh wr wudglwlrqdo xqlyhuvlwlhv zkhq wkh lqglylgxdo

zdv 4; |hduv rog1 Lw vkrxog eh vwuhvvhg wkdw xqghu krprjhqhlw| lw zloo eh frqfoxghg

Vr/ d whvw iru wkh vljql�fdqfh ri wkh gl�huhqfh ehwzhhq wkh wzr frh!flhqwv fdq eh shuiruphg e|
whvwlqj li wkh frh!flhqw ri wkh zhljkwhg uhjuhvvlrq ri wkh xqzhljkwhg uhjuhvvlrq huuruv rq [ duh
gl�huhqw iurp }hur +Vhh Ghdwrq +5333,,1 Lq wklv fdvh/ wklv k|srwkhvlv frxog qrw eh uhmhfwhg dw d
frq�ghqfh ohyho ri <<( +I +64> 4955, @ 3=9;> s � ydoxh @ 3=<4,1Y�H

Vhh Dsshqgl{ sduw F iru ghwdlov ri krz wkhvh yduldeohv duh frqvwuxfwhg1Y�K
Hvwlpdwhg uhwxuqv wr vfkrrolqj xvlqj ROV zlwkrxw zhljkwv zhuh vlplodu wr wkh rqhv xvlqj zhljkwv1

Wkh k|srwkhvlv ri ehlqj htxdo frxog qrw eh uhmhfwhg dw d frq�ghqfh ohyho ri <<( +I +65> 4953, @ 3=:9>
s � ydoxh @ 3=;6,1
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wkdw lqglylgxdov zloo ehqh�w iurp hgxfdwlrqdo srolflhv wkdw hqfrxudjh wkhp wr dftxluh

kljkhu ohyhov ri vfkrrolqj1

915 Vfkrrolqj fkrlfhv hvwlpdwhv

Wkh vdpsoh frqvlghuhg wr hvwlpdwh wkh vhtxhqwldo ghflvlrq prgho frqvlvwv ri lqglylg0

xdov zkr zhuh ehwzhhq 4< dqg 98 |hduv rog dqg vwdwhg kdyh �qlvkhg vwxg|lqj1 Wkrvh

zkr vwdwhg d ohyho ri hgxfdwlrq orzhu wkdq wkh ohyho uhjlvwhuhg lq wkh 4<;9 Fhqvxv ru

d ohyho ri hgxfdwlrq wkdw lpsolhv dq lqfuhphqw ri pruh wkdq irxu dfdghplf |hduv zhuh

qrw frqvlghuhg1

Dv lw fdq eh vhhq lq Wdeoh 5/ T*L wkrvh zlwk wkh kljk dqg phglxp ohyho ri hgxfdwlrq

duh rq dyhudjh |rxqjhu/ kdyh pruh hgxfdwhg sduhqwv lq kljkhu txdol�hg mrev dqg olyhg

lq ulfkhu uhjlrqv gxulqj wkhlu fklogkrrg wkdq wkrvh zlwk wkh orz ohyho ri hgxfdwlrq1 Rq

wkh rwkhu kdqg/ wkh sursruwlrq ri zrphq lv kljkhu lq wkh orz ohyho1 Ilqdoo|/ wkrvh zlwk

d kljk ohyho xvhg wr olyh lq uhjlrqv wkdw zhuh forvhu wr d surylqfh wkdw wudglwlrqdoo|

r�huhg d juhdw ydulhw| ri irxu0|hdu froohjh ghjuhhv1

Dv lw zdv vkrzq lq Vhfwlrq 6/ iru wkh lghqwl�fdwlrq ri PWHv xvlqj OLY sdudphwhuv

lw lv qhhghg wr kdyh lqghshqghqw yduldwlrq ri wkh suredelolw| ri frqwlqxlqj vwxg|lqj

diwhu wkh orz ohyho ri hgxfdwlrq +� a E}�� dqg wkh suredelolw| ri dfklhylqj wkh kljk ohyho
iru wkrvh wkdw frpsohwhg wkh orz ohyho +� b E}���1 Rqh zd| ri rewdlqlqj wklv yduldwlrq

lv lpsrvlqj h{foxvlrq uhvwulfwlrqv1 Lq wkh iroorzlqj hvwlpdwhv yduldeohv derxw wkh

idplo| lqfrph lq wkh prphqw ri ghflvlrq zloo eh h{sodqdwru| yduldeohv lq � a E}� exw
qrw lq � b E}��1 Rq wkh rwkhu kdqg/ yduldeohv derxw uhjlrqdo hpsor|phqw udwh lq wkh

prphqw ri ghflvlrq zloo eh frqvlghuhg iru hvwlpdwhv ri � b E}�� exw qrw iru wkh rqhv

ri � a E}�= Wkhvh yduldeohv duh h{foxghg dv h{sodqdwru| yduldeohv lq wkhvh suredelolwlhv

ehfdxvh wkh| wxuqhg rxw qrw wr eh vljql�fdqw1 Rq wkh rwkhu kdqg/ dqrwkhu vrxufh

ri yduldwlrq frphv iurp wkh vhtxhqwldo qdwxuh ri vfkrrolqj ghflvlrqv1 Lw fdq eh wkdw

vrphwklqj fkdqjhv � b E}��> lq wkh vhfrqg prphqw ri ghflvlrq/ zlwkrxw fkdqjlqj � a E}�=
Iru wkh vdpsoh frqvlghuhg/ wkh lqfuhphqw ri wkh qxpehu ri irxu0|hdu ghjuhhv r�huhg

lq h{lvwlqj xqlyhuvlwlhv gxulqj wkh odwwhu 93*v dqg :3*v fdq eh xvhg dv d vrxufh ri wklv

nlqg ri yduldwlrq1 Krzhyhu/ lw frxog qrw eh srvvleoh wr wdnh dgydqwdjh ri wkh fuhdwlrq
Y�M
Vhh wkh Dsshqgl{ sduw F iru d ghvfulswlrq ri wkh yduldeohv lq wklv wdeoh1
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ri qhz xqlyhuvlwlhv wkdw wrrn sodfh lq Vsdlq dprqj wkh ;3*v dqg <3*v gxh wr wkh

olplwdwlrq lq wkh qxpehu ri Vsdqlvk krxvhkrog vxuyh|v zlwk wkh uhtxluhg lqirupdwlrq1

Lq sduwlfxodu/ wzr yduldeohv derxw wkh glvwdqfh wr xqlyhuvlwlhv duh xvhg1 Wkh �uvw

rqh lv d phdvxuh ri wkh glvwdqfh wr xqlyhuvlwlhv zklfk r�hu d juhdw ydulhw| ri irxu0|hdu

ghjuhhv1 Pdgulg/ Edufhorqd/ Vdodpdqfd/ Ydoodgrolg/ dqg Judqdgd duh frqvlghuhg wkh

surylqfhv wkdw kdyh kdg vxfk d xqlyhuvlw| iru wkrvh zkr zhuh eruq ehiruh 4<941 Wklv

jurxs zdv dxjphqwhg frqvlghulqj dovr Vhylooh/ ]dudjr}d/ D Fruxôd/ Dvwxuldv dqg

Ydohqfld iru wkrvh zkr zhuh eruq diwhu 4<941 Wklv yduldeoh lv xvhg dv dq h{sodqdwru|

yduldeoh iru rewdlqlqj hvwlpdwhv ri � b E}��= Zlwklq wkh h{sodqdwru| yduldeohv lq � a E}� L
frqvlghu d gxpp| yduldeoh wkdw wdnhv ydoxh rqh li wkh lqglylgxdo zdv olylqj idu dzd|

iurp rqh ri wkh surylqfhv wkdw wudglwlrqdoo| kdg d xqlyhuvlw|1 Lq wklv fdvh/ Pdgulg/

Edufhorqd/ Vdodpdqfd/ Ydoodgrolg dqg Judqdgd duh wkh surylqfhv lq wklv jurxs iru

wkrvh zkr zhuh eruq ehiruh 4<991 Wkh dxjphqwhg jurxs frqvlghulqj dovr Vhylooh/

]dudjr}d/ D Fruxôd/ Dvwxuldv dqg Ydohqfld zdv wkh uhohydqw iru wkrvh zkr zhuh eruq

diwhu 4<991 Zkhq xvlqj wklv gh�qlwlrq ri wkh yduldeohv L dp frqvlghulqj wkdw wkrvh zkr

zhuh eruq ehwzhhq 4<94 dqg 4<99 duh wkh rqhv wkdw h{shulhqfhg wkh dxjphqwdwlrq ri

wkh qxpehu ri ghjuhhv r�huhg lq wkh shulrg lq ehwzhhq wkh wzr hgxfdwlrqdo ghflvlrqv1

Wdeoh 8D vkrzv hvwlpdwhv ri � a E}�> xvlqj d surelw prgho zlwk dqg zlwkrxw zhljk0
wlqj1 Wdeoh 8E doorzv gl�huhqw yduldeohv wr kdyh gl�huhqw h�hfwv ghshqglqj rq wkh

lqglylgxdo vwxg|lqj ehiruh wkh 4<:3 uhirup ru diwhu lw1 Hvwlpdwhv ri � b E}��/ xvlqj d

surelw prgho/ duh suhvhqwhg lq Wdeohv 9D dqg 9E1 Djdlq Wdeoh 9E doorzv gl�huhqw

h�hfwv ri wkh yduldeohv dffruglqj wr wkh gl�huhqw hgxfdwlrqdo v|vwhpv1 Dv zh fdq vhh

lq wkhvh wdeohv/ wkrvh zkr olyhg lq d uhjlrq zlwk kljkhu idplo| lqfrph dqg zkr vwxglhg

ehiruh wkh 4<:3 uhirup kdyh d kljkhu suredelolw| ri frqwlqxlqj vwxg|lqj iurp wkh orz

ohyho ri hgxfdwlrq1 Pruhryhu/ li wkh khdg ri krxvhkrog zkhq wkh lqglylgxdo zdv d

fklog zdv loolwhudwh/ kdg sulpdu| vwxglhv ru zrunhg lq wkh djulfxowxuh ru pdqxidfwxuh

vhfwru wklv suredelolw| lv vpdoohu1 Ehlqj d zrpdq ru ohdylqj idu dzd| iurp rqh ri wkh

wudglwlrqdo xqlyhuvlwlhv kdv d qhjdwlyh h�hfw rq wklv suredelolw| hvshfldoo| iru wkrvh

vwxg|lqj ehiruh wkh 4<:3 uhirup1 Frqfhuqlqj � b E}��/ li wkh khdg ri krxvhkrog kdg

d orz ohyho ri hgxfdwlrq wkh suredelolw| ri dfklhylqj wkh kljk ohyho ri hgxfdwlrq lv

orzhu1 Lq dgglwlrq/ wklv suredelolw| lv dovr vpdoohu li wkh khdg ri krxvhkrog kdg d mre
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lq wkh djulfxowxuh/ plqlqj ru pdqxidfwxuh vhfwru1 Ixuwkhupruh/ olylqj lq d surylqfh

qhduhu wr rqh ri wkh wudglwlrqdo xqlyhuvlwlhv kdv d srvlwlyh h�hfw rq wklv suredelolw|1

Ilqdoo|/ ehlqj d zrpdq dqg vwxg|lqj ehiruh wkh 4<:3 uhirup kdv d qhjdwlyh h�hfw rq

wkh suredelolw| ri dfklhylqj wkh kljk ohyho ri hgxfdwlrq1 Wkh vljq ri wkh hvwlpdwhg

frh!flhqwv zdv wkh rqh h{shfwhg iru doo yduldeohv h{fhsw iru wkh frh!flhqw ri djh/

iru wkrvh zkr vwxglhg diwhu wkh 4<:3 uhirup/ lq wkh hvwlpdwlrq ri � b E}��= Djh kdv d
srvlwlyh dqg vljql�fdqw h�hfw lq wklv fdvh1 Wklv fdq eh gxh wr wkh idfw wkdw wkrvh lq

|rxqjhu frkruwv zkr dfklhyhg wkh kljk ohyho ri hgxfdwlrq zrxog eh vwloo vwxg|lqj lq

wkh prphqw ri wkh vxuyh|1 Lw fdq eh vhhq iurp d frpsdulvrq ri hvwlpdwhv zlwk dqg

zlwkrxw zhljkwv wkdw zhljkwlqj fkdqjhv wkh hvwlpdwhg frh!flhqwv ri wkh yduldeohv dv

zhoo dv wkhlu ohyho ri vljql�fdqfh1

Wkh vxssruw ri wkh hvwlpdwhg suredelolwlhv � a E}� dqg � b E}��/ xvlqj hvwlpdwhv ri

Wdeohv 8E dqg 9E/ lv vkrzq lq Iljxuhv 5 dqg 61 Dv lw fdq eh vhhq lq wkhvh �jxuhv lw

lv doprvw wkh ixoo xqlw lqwhuydo iru � a E}� zkhuhdv lw lv frqfhqwudwhg lq vpdoo ydoxhv iru

� b E}��1 Pruhryhu/ dw wkh kljk h{wuhph ri wkh fhoo ri gdwd lw ehfrph yhu| wklq/ hvshfldoo|

iru � b E}��= Wklv zloo pdnh lw kdug wr hvwlpdwh vrph ri wkh sdudphwhuv gh�qhg ryhu wkh
ixoo vxssruw ri � a E}� dqg � b E}��= Krzhyhu/ lw zloo vwloo eh srvvleoh wr rewdlq srlqw0zlvh

hvwlpdwhv ri lqwhuhvwlqj sdudphwhuv iru d zlgh udqjh ri hydoxdwlrq srlqwv> wkhvh srlqwv

ehlqj uhsuhvhqwdwlyh ri wkh vdpsoh xvhg1 Hvwlpdwhg suredelolwlhv xvlqj hvwlpdwhg

frh!flhqwv ri Wdeohv 8E dqg 9E duh xvhg zkhq qhhghg wr rewdlq hvwlpdwhv suhvhqwhg

lq qh{w vhfwlrqv1

916 Whvwlqj krprjhqhlw|

Zlwk wkh iudphzrun ri Vhfwlrq 5 lq kdqg/ rqh zd| ri whvwlqj wkh krprjhqhlw| ri

vhtxhqwldo uhwxuqv wr vfkrrolqj frqvlvwv lq whvwlqj li HE*L}E|�m{> S b > S c � lv olqhdu zlwk
uhvshfw wr wkh surshqvlw| vfruhv ES b ' �hEG b ' �m}> {�> S c ' �hEG c ' �m}> {��= TdN
S b dqg S c duh frqvlghuhg wr eh wkh uhvxow ri vhtxhqwldo hgxfdwlrq ghflvlrqv pdgh

e| lqglylgxdov1 Lq wklv vhfwlrq/ wkh phwkrg ghyhorshg e| Vwxwh +4<<:, dqg Vwxwh/

Jrq}äoh} Pdqwhljd dqg Suhvhgr Txlqglplo +4<<;,/ iru whvwlqj wkh jrrgqhvv ri �w ri

d sdudphwulf uhjuhvvlrq prgho/ lv dssolhg wr whvw wkh krprjhqhlw| ri uhwxuqv1
Y�O
Dowhuqdwlyho|/ rqh frxog frqvlghu htxdwlrq +7, dqg whvw iru wkh olqhdulw| ri H^oq+|,m� J +}�,> � I +},`

zlwk uhvshfw wr � I +}, dqg � I +},� J +}�,=
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Xqghu wkh qxoo k|srwkhvlv ri krprjhqhrxv uhwxuqv wr vfkrrolqj=

HE*L}E|�m{> S b > S c � '
' �E{� n 7� b S b n 7� c S c

Li wklv lv wkh fdvh/ zh fdq zulwh=

*L}E|� ' �E{� n 7� b S b n 7� c S c n �

zkhuh � lv dq huuru whup vxfk wkdw=

HE�m{> S b > S c � ' f

Vr/ Wkh qxoo k|srwkhvlv zh zdqw wr whvw lv=

K a G HE�m{> S b > S c � ' f

djdlqvw wkh dowhuqdwlyh k|srwkhvlv=

K b G HE�m{> S b > S c � ' NES b > S c �

zkhuh NE � lv d jhqhudo ixqfwlrq rq wkh surshqvlw| vfruhv1 T*P
Li K a lv wuxh wkhq zh zloo kdyh wkdw=

HENES b > S c ��� ' f

Wkdw lv/ wkh huuru whup � lv xqfruuhodwhg zlwk dq| ixqfwlrq ri wkh surshqvlw| vfruhv1

Gl�huhqw phwkrgv kdyh ehhq xvhg wr whvw iru wklv nlqg ri k|srwkhvlv1 Iru h{dpsoh/

hvwlpdwhv ri wkh frqglwlrqdo h{shfwdwlrq ri �> lq d frpsohwho| qrq sdudphwulf iudph0

zrun/ fdq eh rewdlqhg dqg whvwv iru lwv ghshqghqfh rq wkh surshqvlw| vfruhv frxog

eh shuiruphg1 Krzhyhu/ wkh pdlq glvdgydqwdjh ri wklv phwkrg lv wkdw lw uhtxluhv

vprrwklqj ri wkh gdwd dqg ohdgv wr ohvv suhflvh �wv lq jhqhudo1 T�R Rwkhu phwkrgv xvhg

dssur{lpdwh NE � xvlqj sro|qrpldov ru dvvxph gl�huhqw glvwulexwlrqdo irupv iru lw1
Y�Q
Khuh lw lv dvvxphg wkdw doo wkh ghshqghqfh rq { lv fdswxuhg lq d jhqhudo idvklrq e| �+{,=Y�W
Vhh Vwxwh +4<<:,1
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D sureohp xvlqj wklv dssurdfk lv wkh odfn ri frqvlvwhqf| rq wkh zkroh K b 1 Vwxwh

+4<<:, dqg Vwxwh/ Jrq}äoh} Pdqwhljd dqg Suhvhgr Txlqglplo +4<<;, ghyhorshg d whvw

wkdw ryhufrphv wkhvh sureohpv1 Wkh lghd xqghuo|lqj wklv whvw lv wr fdswxuh doo wkh gh0

shqghqfh ehwzhhq wkh huuru whupv dqg wkh surshqvlw| vfruhv xvlqj lqglfdwru ixqfwlrqv

dqg wkhq vxppdul}h lw wdnlqj dq dyhudjh phdvxuh1

Wkh whvw sursrvhg e| Vwxwh +4<<:, lv edvhg rq wkh lqwhjudwhg uhjuhvvlrq ixqfwlrq

wkdw/ lq wklv frqwh{w/ kdv wkh iroorzlqj irup=

LE �S b > �S c � '

ef:g]

a

efih]

a
E�E{� n pES b > S c ��gI ES b > S c �

Zkhuh �S b dqg �S c duh jlyhq ydoxhv ri wkh surshqvlw| vfruhv> I lv wkh glvwulexwlrq

ixqfwlrq ri wkhvh suredelolwlhv dqg pES b > S c � lv=

pES b > S c � ' 7� b S b n 7� c S c

Whvwv ri K a fdq eh edvhg rq LE �S b > �S c � ehfdxvh wklv ixqfwlrq xqltxho| ghwhuplqhv

�E{� n pES b > S c �= D frqvlvwhqw hvwlpdwru ri LE �S b > �S c � iru d vdpsoh ri vl}h q lv=

	LE �S b > �S c � ' �

q

j[
kml b

�ES
k
b � �S b > S

k
c � �S c �E*L}E|

k
��

zlwk wklv hvwlpdwru wkh iroorzlqj ixqfwlrq lv frqvwuxfwhg=

	UE �S b > �S c � ' q n b�o�c
j[
kml b

�ES
k
b � �S b > S

k
c � �S c �d*L}E|

k
� � 	�E{

k
� � 	pES

k
b > S

k
c �o

Zkhuh �ED� lv wkh lqglfdwru ixqfwlrq iru wkh hyhqw D rffxuulqj1 Wkhq/ pdlqo| wzr

vwdwlvwlf whvwv duh xvhg lq rughu wr whvw iru K a G Wkh Nroprjrury0Vpluqry dqg Fudpìu0
Yrq Plvhv vwdwlvwlfv zklfk kdv/ uhvshfwlyho|/ wkh iroorzlqj irup lq wklv frqwh{w=

	G ' t�Tp m 	UE �S b > �S c �m

dqg

	Z
c
'

�

e� c q c
j[
kml b

	UE �S b > �S c � c
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zkhuh

e� c ' q n b
j[
kml b

d*L}E|
k
� � 	�E{

k
� � 	pES

k
b > S

k
c �o c

Ilqdoo|/ wkh qxoo k|srwkhvlv lv uhmhfwhg li wkhvh vwdwlvwlfv h{fhhg d fulwlfdo ydoxh1

Jlyhq wkh frpsoh{lw| ri wkh dv|pswrwlf glvwulexwlrq ri 	UE �S b > �S c � errwvwuds whfkqlfv

duh uhtxluhg wr rewdlq lw1 Vwxwh/ Jrq}äoh} Pdqwhljd dqg Suhvhgr Txlqglplo +4<<;,

irxqg wkdw wkh zlog errwvwuds vfkhph |lhog d ydolg dssur{lpdwlrq iru wkh glvwulex0

wlrq ri 	UE �S b > �S c �/ zkhuhdv/ fodvvlfdo errwvwuds/ vprrwk errwvwuds dqg uhvlgxdo edvhg

errwvwuds gr qrw/ lq jhqhudo1

Wdeoh : vkrzv wkh uhvxowv iru wkh krprjhqhlw| whvw zlwk wkh vdpsoh xvhg lq Vhfwlrq

9141 833 uhsolfdwlrqv xvlqj zlog errwvwuds zhuh shuiruphg wr rewdlq wkh glvwulexwlrq

ri Fuäphu Yrq0Plvhv dqg Nroprjrury vwdwlvwlfv1 T�S Wkh k|srwkhvlv ri olqhdulw| rq wkh
surshqvlw| vfruhv lv uhmhfwhg dw d frq�ghqfh ohyho ri <8( iru wkh Fuäphu Yrq0Plvhv

dqg dw d frq�ghqfh ohyho ri <3( iru wkh Nroprjrury vwdwlvwlf1 E�U Jlyhq wklv uhvxow/ wkh
k|srwkhvlv ri khwhurjhqhlw| lq wkh uhwxuqv wr vfkrrolqj dqg lqglylgxdov ghflglqj wr

dwwhqg gl�huhqw ohyhov ri hgxfdwlrq zlwk vrph nqrzohgjh ri wkhp fdqqrw eh uhmhfwhg1

Wkdw lv/ vhohfwlrq eldv lv uhohydqw lq wkh vdpsoh frqvlghuhg1

917 Pdujlqdo Wuhdwphqw H�hfwv

91714 Frqwuro ixqfwlrq Dssurdfk

Iurp odwwhu hvwlpdwhv zh vdz wkdw vhohfwlrq eldv zdv dq lpsruwdqw ihdwxuh ri wkh vdp0

soh xvhg1 Rqh srsxodu dssurdfk iru ghdolqj zlwk vhohfwlrq eldv frqvlvwv rq dvvxplqj

d qrupdo glvwulexwlrq iru wkh huuru whupv ri wkh prgho1 Dowkrxjk wklv dssurdfk kdv

ehhq fulwlfl}hg iru lwv uholdqfh rq glvwulexwlrqdo dvvxpswlrqv dqg odfn ri urexvwqhvv

zkhq ghsduwxuhv iurp qrupdolw| lw lv d qdwxudo srlqw ri uhihuhqfh iru wkh hvwlpdwhv ri

wkh pdujlqdo uhwxuqv lq wklv frqwh{w1
Y�X
Zlog errwvwuds lv shuiruphg rewdlqlqj gudzqv iurp wkh iroorzlqj glvwulexwlrq iru wkh uhvlgxdov=

� q @

;
?
=

rts�uwv x�yz a� q zlwk suredelolw|
r{s-|}v x�y
z v xr{s-|}v x�yz a� q zlwk suredelolw| 40
r{s-|}v x�y
z v x

zkhuh a� q @ +orj+|
q
, � a�+{

q
, � ap+S

qs > S
qz ,,H�Z

Lq rughu wr shuirup wklv whvw/ �+{, lv dvvxphg wr eh olqhdu rq {= Wkhq/ orj+|,� �+{, � p+S s > S z ,
lv hvwlpdwhg e| wkh uhvlgxdov ri d olqhdu uhjuhvvlrq ri orj zdjhv rq wkh h{sodqdwru| yduldeohv dqg wkh
surshqvlw| vfruhv1
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Frqvlghu wkh htxdwlrq iru Hd*?E|�m{> � ~ E}��> � � E}�o +htxdwlrq +��� dqg dvvxph wkdw
wkh huuru whupv lq wkh prgho kdyh wkh iroorzlqj mrlqw glvwulexwlrq= ��

3
C

x �
% ~
% �

4
D �Q

3
C

3
C

f
f
f

4
D >

3
C

� � ��� �� � ��� ���
� ��� �*� � f
� ��� ��� f �

4
D

4
D l ' f> �> 2

Jlyhq wklv dvvxpswlrq dqg wkh odwhqw yduldeoh prghov dvvxphg iru wkh vfkrrolqj

ghflvlrqv zh kdyh wkdw=

HEEx ~ � x � �m �G ~ ' �> G � ' f� ' HEEx ~ � x � �m� � ~ E}� � % ~ > � �� E}�� ? % � � '

' E� ~�� �*� � � �� �*� �
�

�!E� � ~ E}��xE�� �� E}���
xE� � ~ E}��xE�� �� E}���

�
n E� ~�� ��� � � �� ��� �

�
!E� �� E}���xE� � ~ E}��
xE� � ~ E}��xE�� �� E}���

�
'

' E� ~�� �*� � � �V� �� �
�

�!E� � ~ E}��
xE� � ~ E}��

�
n E� ~�� ��� � � �� ��� �

�
!E� �� E}���

� � xE� �� E}���

�

dqg

HEEx ~ � x � �m �G ~ ' �> G � ' �� ' HEEx � � x � �m� � ~ E}� � % ~ > � �� E}�� � % � � '

' E� �*� �*� � � �� �� �
�

�!E� � ~ E}��
xE� � ~ E}��

�
n E� �*� ��� � � �V� ��� �

�
�!E� �� E}���
xE� �� E}���

�

Wkhq=

*?E|� ' �E{� n 7� ~ �G ~ n E7� � � 7� ~ �G � n E� ~�� �� � � �V� �� �
�

�!E� � ~ E}��
xE� � ~ E}��

�
G ~ n

nE� ~�� ��� � � �V� ��� �
�

!E� �� E}���
� � xE� �� E}���

�
G ~ n E� �*� �� � � �� �� �

�
�!E� � ~ E}��
xE� � ~ E}��

�
G � n

E� �*� ��� � � �� ��� �
�

�!E� �� E}���
xE� �� E}���

�
G � n �

zkhuh HE�m{> }> }�� ' f= Wkh vhfrqg froxpq ri Wdeoh ; vkrzv hvwlpdwhv ri wklv htxd0

wlrq xvlqj lqvwuxphqwdo yduldeohv phwkrgv1 Wkhvh hvwlpdwhv duh ydolg lq suhvhqfh ri
HdG
Dv lw zdv dvvxphg wkdw=

i+% z m �G s @ 4, � Q+3> 4,

zkhq hvwlpdwlqj wkh vhtxhqwldo ghflvlrq prgho/ lpsolflwo| zh duh dvvxplqj wkdw % z dqg % s duh lqgh0
shqghqw1
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vhohfwlrq eldv dv zhoo dv delolw| eldv ru phdvxuhphqw huuru eldv1 Rq wkh rwkhu kdqg/ li

wkh rqo| lpsruwdqw eldv frphv ehfdxvh ri wkh khwhurjhqhlw| ri wkh uhwxuqv zh gr qrw

qhhg wr xvh lqvwuxphqwdo yduldeohv phwkrgv1 Hvwlpdwhv iru wklv fdvh duh suhvhqwhg lq

wkh �uvw froxpq ri wkh vdph wdeoh1

Wkh pdujlqdo wuhdwphqw h�hfwv kdyh wkh iroorzlqj irup jlyhq wkh qrupdolw| glv0

wulexwlrq dvvxpswlrq= ���

PW H � E� � E}�> � ~ E}��� ' 7� ~ n E7� � � 7� ~ �� ~ E}�� n E� ~d� �� � � �� �*� �x � ~ E� � E}��E� � � ~ E}���n

nE� �*� �*� � � �� �� �x � ~ E� � E}��� ~ E}�� n E� ~d� ��� � � �� ��� �
�

!Ex � ~ E� ~ E}����
� � � ~ E}��

�
E� � � ~ E}���

nE� �*� ��� � � �V� ��� �
�

�!Ex � ~ E� ~ E}����
� ~ E}��

�
� ~ E}��

PW H ~ E� � E}�> � ~ E}��� ' E7� � � 7� ~ �� � E}� n EE� �*� �� � � �� �*� � � E� ~�� �*� � � �V� �� ���
�!Ex � ~ E� � E}���

� � E}�

�
� � E}� n EE� �*� ��� � � �� ��� � � E� ~d� ��� � � �� ��� ��x � ~ E� ~ E}���� � E}�

Li zh frpsduh odwwhu h{suhvvlrq zlwk wkh rqh wkdw zrxog eh ghulyhg lq fdvh ri

kdylqj rqo| wzr ohyhov ri hgxfdwlrq wkh pdlq gl�huhqfhv duh lq wkh suhvhqfh ri wkh

vhfrqg whup dqg ri � � E}� lq wkh uhvw ri whupv1 �d� Wklv lv wkh zd| wkh vhohfwlrq lq wkh

�uvw ohyho ri hgxfdwlrq lv ehlqj frqvlghuhg1 Iljxuh 7 dqg Iljxuh 8 vkrz wkh PWHv=

PW H � E� � E}�> � ~ E}�� ' f=�f� dqg PW H ~ E� � E}� ' f=e�> � ~ E}���1 Wkhlu ydoxhv duh edvhg
rq wkh JPP hvwlpdwhg frh!flhqwv uhsruwhg lq Wdeoh ;1

91715 Vhplsdudphwulf Hvwlpdwlrq Dssurdfk

Wkh remhfwlyh ri wklv vhfwlrq lv wr shuirup hvwlpdwhv ri wkh Pdujlqdo Wuhdwphqw H�hfwv

zlwkrxw lpsrvlqj duelwudu| glvwulexwlrqdo dvvxpswlrqv1 Lq rughu wr gr wklv/ hvwlpdwhv

ri � � E}� dqg � ~ E}�� wkdw dulvh iurp wkh vhtxhqwldo prgho duh xvhg exw qrq dvvxpswlrqv

rq wkh glvwulexwlrq ri +x � > % ~ > % � , +l ' f> �> 2� duh lqyrnhg1

Wkhq/
���
Wr rewdlq wkhvh h{suhvvlrqv zh qhhg wr xvh wkh idfw wkdw= � � s +}, @ � � s +� � +},, dqg � �z +}�, @

� � s +� s +}�,,=���
Vhh/ Khfnpdq/ Wreldv dqg Y|wodflo +5334, iru wkh elqdu| fdvh h{suhvvlrqv1
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NE� � E}�> � ~ E}��� ' 7� ~ � � E}�E� � � ~ E}��� n 7� � � � E}�� ~ E}��n
nHEEx ~ � x � �m �G ~ ' �> E� � G � � ' �> � � E}�> � ~ E}���� � E}�E� � � ~ E}���n

nHEEx � � x � �m �G ~ ' �> G � ' �> � � E}�> � ~ E}���� � E}�� ~ E}��

lv dq xqnqrzq ixqfwlrq wkdw zloo eh hvwlpdwhg qrqsdudphwulfdoo|1 Lq jhqhudo/ xqohvv

� � E}� dqg � ~ E}� � kdyh ixoo vxssruw zh zloo qrw eh deoh wr lghqwli| vhsdudwho| wkh

frqvwdqw whup lq �E{�/ 7� ~ dqg 7� � = ��� Dv wklv lv qrw wkh fdvh lq wkh vdpsoh xvhg/

lw lv qrw srvvleoh wr vhsdudwho| lghqwli| wkhvh sdudphwhuv exw zh vwloo zloo eh deoh

wr rewdlq wkh Pdujlqdo Wuhdwphqw H�hfwv dv hvwlpdwhv ri OLY � E� � E}�> � ~ E}� �� dqg
OLY ~ E� � E}�> � ~ E}���> iru wkh srlqwv lq wkh vxssruw ri � � E}� dqg � ~ E}��1

Hvwlpdwhv duh shuiruphg iroorzlqj qh{w vwhsv wkdw duh d yhuvlrq ri wkh phwkrg

xvhg e| Fduqhlur/ Khfnpdq dqg Y|wodflo +5336, iru wkh elqdu| fdvh=

41 Iluvwo|/ hdfk frqwlqxrxv yduldeoh lq { dqg *?E|� lv uhjuhvvhg rq � � E}� dqg � ~ E}��>
xvlqj Orfdo Olqhdu Uhjuhvvlrq/ �d� dqg uhvlgxdov ri hdfk ri wkhvh uhjuhvvlrqv duh

rewdlqhg1 D surelw prgho lv hvwlpdwhg iru hdfk elqdu| yduldeoh1

51 Wkhq/ wkh uhvlgxdov ri wkh uhjuhvvlrq ri *?E|� duh uhjuhvvhg rq wkh uhvlgxdov ri wkh

uhjuhvvlrqv ri { dqg wkh surelw prghov/ xvlqj ROV1 �d� Uhvlgxdov ri wklv uhjuhvvlrq
duh rewdlqhg djdlq1

���
Iroorzlqj Khfnpdq +4<<3, zh fdq lghqwli| wkhvh sdudpdwhuv vhsdudwho| xvlqj dq �lghqwl�fdwlrq

dw lq�qlw|� dujxphqw=

41 Iru wkrvh zlwk � � +},+4 � � s +}�,, * 4 zh zloo lghqwli| �� s soxv wkh frqvwdqw whup lq �+{,1

51 Iru wkrvh zlwk � � +},� s +}�, * 4 zh zloo lghqwli| �� z soxv wkh frqvwdqw whup lq �+{,=

Wkhq dvvxplqj wkdw N+� � +},> � s +}�,, @ 3 iru suhylrxv jurxsv ri lqglylgxdov zh pdqdjh wr lghqwli|
vhsdudwo| wkh frqwdqw whupv lq �+{, dqg lq N+� � +},> � s +}�,,> dv zhoo dv/ �� s dqg �� z = Hvwlpdwruv wkdw
xvh wklv dujxphqw duh suhvhqwhg/ iru h{dpsoh/ e| Khfnpdq +4<<3, dqg e| Dqguhzv dqg Vfkdijdqv
+4<<;,1���

Doo wkh Orfdo Olqhdu Uhjuhvvlrq hvwlpdwhv duh shuiruphg xvlqj d elyduldwh qrupdo nhuqho dqg d
frpprq edqgzlgwk htxdo wr 3=57 +uxoh ri wkxpe edqgzlgwk,= Wkh surshqvlw| vfruhv duh glylghg e|
wkh vwdqgdug ghyldwlrq wr dyrlg sureohpv ehfdxvh ri wkhlu glvsdudwh yduldwlrq1���

Wklv uhjuhvvlrq grhv qrw lqfoxgh d frqvwdqw yduldeoh jlyhq wkdw lw lv qrw vhsdudwo| lghqwl�hg iurp
N+� � > � s ,=
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61 Ilqdoo|/ suhylrxv uhvlgxdov duh uhjuhvvhg rq � � E}� dqg � ~ E}��> xvlqj Orfdo Olqhdu
Uhjuhvvlrq1 Wklv ohdgv wr dq hvwlpdwh ri NE� � E}�> � ~ E}���= �d�

Iljxuh 91 vkrzv hvwlpdwhg NE� � > � ~ � dv d ixqfwlrq ri � � iru wkrvh lqglylgxdov

zlwk � ~ vpdoohu wkdq DI> zkhuhdv/ Iljxuh : vkrzv lw dv d ixqfwlrq ri � ~ iru wkrvh
zlwk dq hvwlpdwhg ydoxh ri � � ehwzhhq 2fI dqg �fI= Dv lw lv vkrzq lq wkhvh �jxuhv/

wkhuh duh vljqv ri ghsduwxuh iurp olqhdulw|1 Wklv uhvxow djuhhg zlwk wkh uhvxow ri wkh

krprjhqhlw| whvw ri suhylrxv vhfwlrq1

Rqfh wkh hvwlpdwh ri NE� � E}�> � ~ E}��� lv rewdlqhg lwv ghulydwlyhv duh dssur{lpdwhg
wdnlqj glvfuhwh gl�huhqfhv=

CNE� � E}�> � ~ E}���
C� � E}� *

NE� � E}� n k> � ~ E}��� � NE� � E}�> � ~ E}���
k

CNE� � E}�> � ~ E}���
C� ~ E}�� *

NE� � E}�> � ~ E}�� n k� � NE� � E}�> � ~ E}���
k

zkhuh k lv vhw wr eh htxdo wr f=f�= Wkhvh svhxgr ghulydwlyhv duh hvwlpdwhv ri wkh

PWHv= PW H � E� � E}�> � ~ E}� �� dqg PW H ~ E� � E}�> � ~ E}� �� uhvshfwlyho|1 Iljxuh ; dqg

Iljxuh < vkrz hvwlpdwhg PW H � dv d ixqfwlrq ri � � dqg PW H ~ dv d ixqfwlrq ri

� ~ = Rqh wklqj wr uhpdun iurp wkhvh �jxuhv lv wkdw wkhuh duh lqglylgxdov iru zkrp

hvwlpdwhg PW Hv duh qhjdwlyh1 Li wklv lv wkh fdvh/ wkh| zloo qrw ehqh�w iurp srolflhv

wkdw reoljhg wkhp wr frqwlqxh vwxg|lqj1 Wklv lv vrphwklqj wkdw vkrxog eh wdnhq lqwr

dffrxqw zkhq hydoxdwlqj wklv nlqg ri srolflhv dqg wkdw fdqqrw eh lqihuuhg iurp wkh

wudglwlrqdo wuhdwphqw h�hfw sdudphwhuv lq wkh olwhudwxuh1 Pruhryhu/ hvwlpdwhg PW Hv

gl�hu iurp wkh rqhv rewdlqhg xqghu qrupdolw| dvvxpswlrqv1 Wklv vxjjhvwv wkdw wkhvh

dvvxpswlrqv duh qrw ydolg lq wkh vdpsoh xvhg1

918 Wkh 4<:3 uhirup

Wkh 4<:3 uhirup ri wkh Vsdqlvk hgxfdwlrq v|vwhp udlvhg wkh djh ri frpsxovru| vfkrro0

lqj wr 47 |hduv rog1 Vr/ doo wkh lqglylgxdov diwhu wkh uhirup zhuh reoljhg wr frpsohwh
���
Dq dowhuqdwlyh phwkrg frqvlvwv rq dssur{lpdwh N+� � > � s , xvlqj vhulhv edvhg rq ruwkrjrqdo

sro|qrpldov lq zklfk wkh qxpehu ri whupv lqfuhdvhv zlwk wkh vdpsoh vl}h +Qhzh| +4<;;,,1 Vhh/
Qhzh|/ Srzhoo dqg Zdonhu +4<<3, iru dq hpslulfdo dssolfdwlrq ri wklv nlqg ri hvwlpdwruv1 Wkhvh
hvwlpdwhv zhuh dovr shuiruphg xvlqj d elyduldwh qrupdo nhuqho dqg d frpprq edqgzlgwk htxdo wr
3=83=
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wkh orz ohyho ri hgxfdwlrq1 Wkhq/ wkrvh lqglylgxdov zkr kdg vxfk elj frvwv wr frqwlqxh

vwxg|lqj wkdw zrxog kdyh ghflghg qrw wr frpsohwh wklv ohyho ri hgxfdwlrq zhuh reoljhg

wr gr lw1 Rq wkh rwkhu kdqg/ li frvwv ri vfkrrolqj duh hqgrjhqrxv/ dv lqglylgxdov zhuh

reoljhg wr frpsohwh pruh |hduv ri hgxfdwlrq/ wkhlu frvwv frxog kdg ehhq uhgxfhg eh0

fdxvh ri wkh uhirup1 Lq wkh vdpsoh xvhg/ S�I ri wkh lqglylgxdov vwxglhg ehiruh wklv

uhirup1 Pruhryhu/ wkh sursruwlrq ri lqglylgxdov zkr ghflghg wr frqwlqxh vwxg|lqj

diwhu wkh orz ohyho urvh iurp DbI iru wkrvh zkr vwxglhg ehiruh wkh uhirup wr .2I iru

wkrvh zkr vwxglhg diwhu lw1 Wkhq/ d qdwxudo txhvwlrq lv li wkrvh zkr vwxglhg ehiruh

wkh 4<:3 uhirup zrxog kdyh ehqh�whg lq whupv ri zdjhv iurp lw1 Iljxuh 43 vkrzv

wkh Pdujlqdo Wuhdwphqw H�hfw ri frqwlqxlqj vwxg|lqj diwhu wkh orz ohyho ri hgxfdwlrq

+PW H � , dv d ixqfwlrq ri wkh suredelolw| ri ehlqj d�hfwhg e| wkh uhirup1 Wklv sured0
elolw| lv gh�qhg dv wkh gl�huhqfh ehwzhhq wkh suredelolw| ri frqwlqxlqj vwxg|lqj iurp

wkh orz ohyho wkdw zrxog kdyh ehhq rewdlqhg li wkh lqglylgxdo kdg vwxglhg diwhu wkh

uhirup dqg wkh suredelolw| wkdw lv rewdlqhg jlyhq wkdw wkh lqglylgxdo vwxglhg ehiruh

lw1 Dv lw fdq eh vhhq lq wklv �jxuh wkrvh lqglylgxdov zkr zrxog kdyh ehqh�whg duh

wkrvh zlwk d orzhu suredelolw| ri fkdqjlqj wkhlu ghflvlrqv1 Lqglylgxdov lq wklv jurxs

kdg pruh hgxfdwhg sduhqwv/ lq vxshuylvru| mrev dqg zlwk d orzhu sursruwlrq ri wkhp

zrunlqj lq djulfxowxuh1 Rq wkh rwkhu kdqg/ wkrvh lqglylgxdov zlwk d kljkhu fkdqjh

lq wkh suredelolw| ehfdxvh ri wkh uhirup glg qrw ehqh�w iurp frqwlqxlqj vwxg|lqj1

Iljxuh 441 vkrzv wkh udwlr ri wkh suredelolw| wkdw zrxog eh rewdlqhg li wkh lqglylgxdo

zrxog kdyh vwxglhg diwhu wkh uhirup dqg klv suredelolw| d sulrul dv d ixqfwlrq ri wklv

odwwhu suredelolw|1 Dv lw fdq eh vhhq lq wklv �jxuh wkrvh zkr zrxog kdyh fkdqjhg

pruh wkhlu suredelolw| ri frqwlqxlqj vwxg|lqj iurp wkh orz ohyho duh wkrvh zlwk d

vpdoo suredelolw| d sulrul1 Ilqdoo|/ wkh h{shfwhg uhwxuq iru wkrvh zkr zrxog fkdqjh

wkhlu ghflvlrq ehfdxvh ri wkh uhirup/ jlyhq � � E}�> � ~ E}�� dqg d fhuwdlq fkdqjh lq � � E}�
kdv wklv irup=

S HE� � E}�> �
�
� E}�> � ~ E}��� '

�����  ¡]

� � �  ¡
PW H � Ex> � ~ E}��� �

E� �� E}� � � � E}��gx

Wdeoh < vkrzv hvwlpdwhv ri wklv sdudphwhu iru gl�huhqw ydoxhv ri � � E}� dqg gl�huhqw

lqfuhphqwv lq wklv suredelolw| +{� � ,1 Dv lw fdq eh vhhq lq wklv wdeoh wkrvh zkr zrxog
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ehqh�w duh wkrvh zlwk kljk ydoxhv ri � � E}� dqg vpdoo lqfuhphqwv lq wklv suredelolw|1

Wkhvh lqglylgxdov kdyh dovr kljkhu ydoxhv ri wkh suredelolw|/ d sulrul/ ri frqwlqxlqj

vwxg|lqj iurp wkh phglxp ohyho ri hgxfdwlrq � ~ E}��=

: Frqfoxvlrqv

Wklv sdshu suhvhqwv d iudphzrun wr hvwlpdwh vhtxhqwldo uhwxuqv wr vfkrrolqj zkhq wkh|

ydu| dprqj wkh srsxodwlrq dqg lqglylgxdov ghflgh wkhlu ohyho ri hgxfdwlrq wdnlqj lqwr

dffrxqw wkhlu uhwxuqv1 D whvw iru krprjhqhlw| lq uhwxuqv iurp vhtxhqwldo vfkrrolqj

ghflvlrqv/ edvhg rq phwkrgv uhfhqwo| ghyhorshg lq wkh qrqsdudphwulf vwdwlvwlfv ol0

whudwxuh/ lv suhvhqwhg1 Xvlqj wklv iudphzrun/ uhwxuqv duh hvwlpdwhg dqg whvwhg xvlqj

Vsdqlvk gdwd1 Wkh gdwd vhw xvhg frqwdlqv ulfk idplo| edfnjurxqg lqirupdwlrq dqg

xvhixo lqvwuxphqwv exw lw lv vwudwl�hg e| ohyho ri hgxfdwlrq1 Wkhq/ hvwlpdwruv zhuh

dgdswhg lq rughu wr rewdlq frqvlvwhqw hvwlpdwhv1

Iluvwo|/ krprjhqhlw| lq wkh uhwxuqv wr vfkrrolqj zdv dvvxphg dqg hvwlpdwhg uh0

wxuqv zhuh rewdlqhg xvlqj lqvwuxphqwdo yduldeohv phwkrgv1 Wkhvh hvwlpdwhv vxjjhvw

wkdw wkrvh lqglylgxdov zkr qrupdoo| zrxog eh d�hfwhg e| d vxsso| vlgh srolf| pd|

ehqh�w iurp lw1

Krzhyhu/ wkh gdwd vxjjhvw wkdw wkhuh lv d glvwulexwlrq ri uhwxuqv lq wkh srsxodwlrq

dqg shrsoh lv vruwhg lq hdfk ohyho ri hgxfdwlrq wdnlqj lqwr dffrxqw wkhlu uhwxuqv1 Li

wklv lv wkh fdvh/ gl�huhqw lqvwuxphqwv/ dv zhoo dv gl�huhqw wuhdwphqw h�hfwv/ zloo jlyh

xv gl�huhqw vxppdu| phdvxuhv ri wklv glvwulexwlrq1 Lw lv lq wklv frqwh{w zkhuh wkh

dyhudjh uhwxuq iru wkrvh lqglylgxdov lq wkh pdujlq ri lqgl�huhqfh +PWH, jdlqv lpsru0

wdqfh1 Hvwlpdwhg uhwxuqv duh rewdlqhg lq wklv fdvh erwk lpsrvlqj qrupdo glvwulexwlrq

dvvxpswlrqv dv zhoo dv qrqsdudphwulfdoo|1 D frpsdulvrq ri wkh hvwlpdwhg pdujlqdo

h�hfwv xqghu hdfk ri wkhvh iudphzrunv vxjjhvwv wkdw qrupdolw| dvvxpswlrqv gr qrw

krog1 Pruhryhu/ wkh hpslulfdo dssolfdwlrq vkrzv wkdw wkhuh frxog eh jurxsv ri wkh

srsxodwlrq iru zkrp pdujlqdo h�hfwv duh qhjdwlyh1 Lq wklv fdvh/ wkhvh lqglylgxdov zloo

qrw ehqh�w/ lq whup ri zdjhv/ iurp dq lqfuhphqw ri wkhlu vfkrrolqj ohyhov1 Wklv lv

vrphwklqj wkdw vkrxog eh frqvlghuhg zkhq hydoxdwlqj srolflhv wkdw reoljh lqglylgxdov

wr dfklhyh d fhuwdlq ohyho ri hgxfdwlrq1 Dq dqdo|vlv ri wkh 4<:3 uhirup ri wkh Vsdqlvk

hgxfdwlrqdo v|vwhp vxjjhvwv wkdw wkrvh lqglylgxdov/ zkr vwxglhg ehiruh wkh uhirup/
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zkr zrxog kdyh h{shulhqfh d eljjhu fkdqjh lq wkh suredelolw| ri frqwlqxlqj iurp wkh

orz ohyho ri hgxfdwlrq gxh wr wkh uhirup/ kdyh rq dyhudjh qhjdwlyh pdujlqdo uhwxuqv1

Ilqdoo|/ dv dq h{whqvlrq ri wklv zrun/ lw zrxog eh xvhixo wr ghyhors phwkrgv wkdw

wdnh lqwr dffrxqw vhoi0vhohfwlrq ehfdxvh ri xqhpsor|phqw ru qrq sduwlflsdwlrq lq wkh

oderu pdunhw/ zkhq hvwlpdwlqj wkh uhwxuqv1 Wklv lv vrphwklqj wkdw fdq eh lpsruwdqw

hvshfldoo| iru zrphq dqg iru kljk xqhpsor|phqw frxqwulhv olnh Vsdlq1 Lw vkrxog dovr

eh qrwhg wkdw wklv phwkrgrorj| gr qrw frqvlghu h{solflwo| wkh h{lvwhqfh ri jhqhudo

htxloleulxp h�hfwv1 Lw vkrxog eh dovr jrrg wr wkh ghyhors phwkrgv wr dvvhvv wkh

lpsruwdqfh ri vxfk h�hfwv1
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DSSHQGL[

D WKH HFEF

Wkh HFEF +�Hqfxhvwd gh Frqflhqfld | Elrjudiðd gh Fodvh�, zdv fduulhg rxw lq 4<<4

e| wkh Vsdqlvk Qdwlrqdo Vwdwlvwlfdo R!fh +LQH, dw wkh lqlwldwlyh ri wkh uhjlrqdo jr0

yhuqphqw ri Pdgulg dqg �Lqvwlwxwr gh od Pxmhu�1 Wkh pdlq sxusrvh ri wklv vxuyh|

zdv wkh froohfwlrq ri gdwd wr fduu| rxw d vrflrorjlfdo vwxg| ri gl�huhqw uhjlrqv lq

Vsdlq/ dv zhoo dv/ wr frpsduh lw zlwk vlplodu zrunv lq rwkhu frxqwulhv1 9965 shrsoh

iurp doo uhjlrqv zhuh lqwhuylhzhg dqg gdwd derxw shuvrqdo lqirupdwlrq/ fxuuhqw dqg

suhylrxv oderu vwdwxv/ idplo| edfnjurxqg/ lqirupdwlrq derxw wkh vsrxvh dqg rslqlrqv

derxw gl�huhqw lvvxhv zhuh froohfwhg1

Wkh surfhvv wr froohfw wkh gdwd zdv wkh iroorzlqj= Lq hdfk uhjlrq dqg hdfk vl}h

ri glvwulfw/ h{fhsw iru Pdgulg/ wkh qxpehu ri lqwhuylhzv zdv fkrvhq lq rughu wr eh

sursruwlrqdo wr wkhlu srsxodwlrq1 D wrwdo ri 8333 lqwhuylhzv zhuh �uvw sodqqhg iru

wkhvh uhjlrqv1 Rq wkh rwkhu kdqg/ lq Pdgulg duhd wkh| sodqqhg wr gr 4933 lqwhuylhzv1

Wkhq/ lq d vhfrqg vwhs/ wkh| ghflghg rq wkh qxpehu ri lqwhuylhzv wkdw vkrxog eh

grqh lq hdfk uhjlrq/ vl}h ri glvwulfw dqg ohyho ri hgxfdwlrq iru wkh ryhuuhsuhvhqwlqj

ri shrsoh zlwk d phglxp ru kljk ohyho ri hgxfdwlrq1 Wkh| djjuhjdwhg wkh ohyhov ri

hgxfdwlrq uhsruwhg lq wkh Vsdqlvk hohfwrudo fhqvxv +4<;9, lq wkh qh{w fdwhjrulhv= orz

ohyho ri hgxfdwlrq +loolwhudwh shrsoh/ wkrvh zlwkrxw dq| ghjuhh exw zkr kdyh hyhu jrqh

wr vfkrro dqg shrsoh zlwk dq hohphqwdu| ghjuhh +�Edfkloohu Hohphqwdo� ru �HJE�,,/

phglxp ohyho +yrfdwlrqdo vwxglhv +�Irupdflöq Surihvlrqdo�, dqg shrsoh zlwk d kljk

vfkrro ghjuhh +�Edfkloohu Vxshulru� ru �EXS�,, dqg kljk ohyho +shrsoh zlwk dw ohdvw

d froohjh ghjuhh +�Hvfxhodv gh Judgr Phglr� lqfoxghg,,1 Lq wkh uhjlrqv Fdwdoxôd

dqg Pdgulg wkuhh wlphv dv pdq| lqwhuylhzv zhuh frqgxfwhg iru shrsoh zlwk kljk ohyho

ri hgxfdwlrq1 Iru wkh uhvw ri uhjlrqv ri Vsdlq/ wkh qxpehu ri lqwhuylhzv iru shrsoh

zlwk phglxp ohyho ri hgxfdwlrq zdv grxeohg dqg irxu wlphv pruh lqwhuylhzv zhuh

frqgxfwhg iru wkrvh zlwk kljk ohyho ri hgxfdwlrq1 Wkh lqwhuylhzv qhhghg iru wkh ryhu0

uhsuhvhqwlqj ri wkhvh ohyhov ri hgxfdwlrq zhuh vxewudfwhg ri wkh rqhv dvvljqhg wr wkh

orz ohyho1

Rqfh wkh qxpehu ri lqwhuylhzv iru hdfk vwudwxp +uhjlrq/ vl}h ri glvwulfw dqg ohyho
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ri hgxfdwlrq, zdv ghflghg/ shrsoh zkr vkrxog eh lqwhuylhzhg zhuh fkrvhq/ zlwk d olvw

ri srvvleoh shrsoh wr eh lqwhuylhzhg dv uhsodfhphqwv1 Wkh vxevwlwxwhv zhuh rughuhg

dffruglqj wr wkh vlplodulwlhv wkh| suhvhqwhg zlwk wkh lqglylgxdov fkrvhq lq wkh �uvw

sodfh1 Wkrvh vlplodulwlhv ehlqj= �uvw jhqghu/ wkhq ohyho ri vfkrrolqj dqg �qdoo|/ djh1

Dv d uhvxow ri wklv surfhvv wkhuh zhuh pruh lqwhuylhzv ri |rxqj shrsoh zlwk kljk ohyhov

ri hgxfdwlrq wkdq sodqqhg1

E Hvwlpdwhv iurp vwudwl�hg vdpsohv

Lw lv txlwh frpprq wr �qg wkdw vdpsohv xvhg lq hfrqrphwulf hvwlpdwhv duh qrw udq0

grpo| gudzq iurp wkh srsxodwlrq> vwudwl�hg vdpsohv duh riwhq rewdlqhg1 Lq wklv fdvh/

wkh srsxodwlrq lv glylghg lqwr gl�huhqw vwudwd/ edvhg rq wkh ydoxh ri dq revhuyhg

yhfwru dqg d udqgrp vdpsoh ri d suh0dvvljqhg vl}h lv wkhq gudzq1 Wklv lv xvhixo lq

rughu wr vdpsoh gl�huhqw vxevhwv ri wkh srsxodwlrq zlwk gl�huhqw iuhtxhqflhv1 Iurp

wkh srlqw ri ylhz ri prghoolqj vwudwl�fdwlrq pd| eh edvhg rq h{rjhqrxv yduldeohv/

hqgrjhqrxv yduldeohv ru d pl{wxuh ri erwk1 Zh zrq*w nqrz lq zklfk fdvh zh duh xqwlo

wkh vshfl�fdwlrq ri wkh prgho dqg wkh dvvxpswlrqv lq lw1

Ohw v ' �> 2====V ghqrwh wkh vwudwd dqg l ghqrwhv hohphqwv ri wkh srsxodwlrq1

Wkhq/ ohw � ' E� � > � ~ > ====> � ¢ � eh wkh �{hg �qlwh srsxodwlrq sdudphwhuv wkdw zh zlvk

wr hvwlpdwh xvlqj d vwudwl�hg vdpsoh ri vl}h q 1 Frqvlghu wkh iroorzlqj gh�qlwlrqv=

Gh�qlwlrq 4 T£ lv wkh srsxodwlrq iuhtxhqf| ri vwudwxp v1 Wkdw lv/ lw lv wkh suredelolw|

wkdw d udqgrpo| gudzq revhuydwlrq idoov lqwr vwudwxp v=

Gh�qlwlrq 5 K £ lv wkh duelwudu| suredelolw| glvwulexwlrq ryhu wkh vwudwd wkdw lv xvhg

zkhq vdpsolqj wkh gdwd1

Wkhq/ iru hdfk hohphqw lq wkh vdpsoh> gh�qh wkh ixqfwlrq zEv� lq wkh iroorzlqj

zd|=

zEv� '
TEv�

KEv�

zEv� A f
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zkhuh lw lv dvvxphg wkdw TEv�> wkdw ghqrwhv wkh srsxodwlrq ghqvlw| ri wkh vwudwxp v/

lv nqrzq dqg zh duh deoh wr uhfryhu KEv�1 Dv wkh vwudwd duh vxssrvhg wr eh h{kdxvwlyh

dqg pxwxdoo| h{foxvlyh=

T ~ n T � n ========= n T ¤ ' �

Ryhuvdpsohg fdwhjrulhv duh jlyhq d orz zhljkw/ dqg ylfh yhuvd/ zkloh xvlqj wkhvh

zhljkwv1

E1314 ROV zlwk zhljkwv

Dvvxph wkdw zh zdqw wr hvwlpdwh wkh srsxodwlrq sdudphwhuv � iurp wkh iroorzlqj

prgho=

\ ' [� n x +8,

HE[
�
x� ' f

zkhuh \ dqg [ duh revhuyhg yduldeohv/ zkhuhdv/ x lv dq xqrevhuyhg yduldeoh1

Wkhq/

HE[
�
E\ � [��� ' f , HE[

�
\ � � HE[

�
[�� ' f

e� ' E
�

q

¥[

�m¦§~
{
�� � ¨ ~ E �

q

¥[

�m¦§~
{ � | � �

Lq rughu wr rewdlq d frqvlvwhqw hvwlpdwh lq wkh fdvh ri kdylqj d vwudwl�hg vdpsoh zh

qhhg wkh srsxodwlrq wrwdov ri {
�� dqg { � | � dqg vr/ zh rewdlq wkh iroorzlqj zhljkwhg

hvwlpdwru= ©�ª

e� « ' E
�

q

¥[

�m¦§~
z � { �� � ¨ ~ E �

q

¥[

�m¦§~
z � { � | � �

¬�
Li zh dvvxph H++\ � [�,m[, @ 3 dqg wkh vwudwl�fdwlrq lv edvhg rq h{rjhqrxv yduldeohv lq wkh

prgho wkhq/ wkh xqzhljkwhg hvwlpdwru lv frqvlvwhqw dqg pruh h!flhqw wkdq wkh zhljkwhg hvwlpdwru
+Vhh Ghdwrq +5333, iru d glvfxvvlrq rq wklv wrslf,1

69



E1315 JPP zlwk zhljkwv

Frqvlghu wkdw zh zdqw wr hvwlpdwh htxdwlrq +8, exw qrz=

HE[
�
x� 9' f

Pruhryhu/ dvvxph wkdw wkhuh lv d vhw ri ydolg lqvwuxphqwv ] vxfk wkdw=

HE]
�
x� ' f

dqg wkdw zh zdqw wr hvwlpdwh wkh vhw ri sdudphwhuv � xvlqj wkh Jhqhudol}hg Phwkrg

ri Prphqwv +JPP,1

Lq wklv frqwh{w/ hvwlpdwhv duh edvhg rq d jurxs ri prphqwv frqglwlrqv [E[> ](��

wkdw duh vdwlv�hg lq wkh srsxodwlrq1

H ® i[E[> ]( ��j ' f ,

]
[E[> ]( ��i ® E[> ]�gE[> ]� ' f

[E[> ]( �� ' ] � x lq rxu fdvh1 H ® ghqrwhv wkh H{shfwdwlrq zlwk uhvshfw wr wkh wuxh

srsxodwlrq glvwulexwlrq ri wkh yduldeohv [ dqg ] Ei ® E[> ]��1

Krzhyhu/ li zh kdyh d vwudwl�hg vdpsoh ri wkh srsxodwlrq zh zloo kdyh=

H ¯ i[E[> ]( ��j 9' f ,

]
[E[> ]( ��i ¯ E[> ]�gE[> ]� 9' f

zkhuh H ¯ ghqrwhv wkh H{shfwdwlrq zlwk uhvshfw wr wkh duelwudu| glvwulexwlrq ri wkh

yduldeohv [ dqg ] Ei ¯ E[> ]��> xvhg zkhq vdpsolqj wkh gdwd1

Krzhyhu/

]
[ ° E[> ]( ��i ¯ E[> ]�gE[> ]� ' f

zkhuh [ ° E[> ](�� '
±�² � ³ � ´ ¡±�µ � ³ � ´ ¡ [E[> ]( ��= Wkhq zh fdq xvh JPP lq wklv prgl�hg pr0

phqwv* frqglwlrqv lq rughu wr rewdlq frqvlvwhqw hvwlpdwhv lq fdvh ri kdylqj d vwudwl�hg

vdpsoh1 Li wkh qxpehu ri prphqwv* frqglwlrqv lv juhdwhu wkdq wkh qxpehu ri sdudph0

whuv zh fdq frpsxwh d whvw iru ryhulghqwli|lqj prphqwv* uhvwulfwlrqv xvlqj wkh JPP

edvhg M0vwdwlvwlf1
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E1316 Glvfuhwh fkrlfh prghov zlwk zhljkwv

Frqvlghu wkdw | lv d elqdu| yduldeoh dqg wkdw zh duh lqwhuhvwhg rq hvwlpdwlqj d glvfuhwh

fkrlfh prgho zklfk jlyhv xv wkh iroorzlqj suredelolw| ri fkrrvlqj wkh dowhuqdwlyh | � =

S E| � m}(��

zklfk lv dvvxphg wr eh nqrzq h{fhsw iru wkh ydoxhv ri d vhw ri sdudphwhuv +�, wkdw

zh zdqw wr hvwlpdwh iurp wkh fkrlfhv ri d vdpsoh ri lqglylgxdov1

Ixuwkhupruh/ dvvxph wkdw wkh vdpsoh lv glylghg lqwr vxevhwv hdfk frqvlvwlqj rq

lqglylgxdov zkr fkrrvh d sduwlfxodu dowhuqdwlyh dqg wkdw zh vdpsoh dw gl�huhqw udwhv

iurp gl�huhqw vxevhwv1 Zkhq wkh vwudwl�hg vdpsoh lv rqo| edvhg rq wkh ghflvlrqv ri

wkh lqglylgxdov lw lv xvxdoo| uhihuuhg wr dv d fkrlfh edvhg vdpsoh1

Lq wklv fdvh/ wkh orj0olnholkrrg ri wkh vwudwl�hg vdpsoh zloo kdyh wkh iroorzlqj

irup= ¶�·

OrjOE�� '

¤[

£�¦§~
[

��¸�¹ � £ ¡
*L} iE} � m| � � ' +9,

'

¤[

£�¦§~
[

��¸�¹ � £ ¡
*L}

S E| � m} � (��=iE} � �
TEvm�> i�

zkhuh QEv� ghqrwhv wkh qxpehu ri revhuydwlrqv lq vwudwxp v1 Lq rughu wr rewdlq wkh

hvwlpdwru wkdw pd{lpl}hv wkh olnholkrrg ri wkh vdpsoh zh vkrxog pd{lpl}h wkh odwwhu

h{suhvvlrq vxemhfw wr wkh iroorzlqj uhvwulfwlrqv=

TEvm�> i� '

]
S E| � m} � (��=iE} � �g}

v ' �> 2=====V

Wkh sureohp wkdw zh idfh li zh zdqw wr xvh wklv hvwlpdwru lv wkdw iE} � � lv dq xqnqrzq
ixqfwlrq1

Li zh kdg dq h{rjhqrxv vdpsoh zh zrxog pd{lpl}h wkh iroorzlqj orj0olnholkrrg

ixqfwlrq=
º�»
Vhh Frvvohww +4<<6,1
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Lq wklv fdvh/ zkhq zh pd{lpl}h/ zlwk uhvshfw wr �> iE} � � lv d frqvwdqw dqg lw fdq eh

ljqruhg1

Dv zh fdq vhh/ +:, dqg +9, duh gl�huhqw dqg vr pd{lpl}dwlrq ri +:, jlyhv xv hv0

wlpdwruv wkdw duh jhqhudoo| lqfrqvlvwhqw lq fdvh ri kdylqj d vdpsoh wkdw lv vwudwl�hg

edvhg rq wkh ghflvlrqv ri wkh lqglylgxdov1 Wklv lv ehfdxvh zh zrxog eh pd{lpl}lqj wkh

zurqj olnholkrrg1 Krzhyhu/ wkhuh lv d vwudljkwiruzdug prgl�fdwlrq ri +:, wkdw jlyhv

xv frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo hvwlpdwruv iru wkh srsxodwlrq sdudphwhuv1

Wklv hvwlpdwru lv fdoohg zhljkwhg pd{lpxp olnholkrrg hvwlpdwru +ZHVPO, dqg zdv

�uvw suhvhqwhg e| Pdqvn| dqg Ohupdq +4<::,1 Dowkrxjk/ lq wkh fdvh ri hqgrjhqrxv

vdpsolqj/ wkh vwdqgdug hvwlpdwruv duh jhqhudoo| lqfrqvlvwhqw rqfh wkh sureohp ri frq0

vlvwhqw hvwlpdwlrq lv uhfrjql}hg dqg vroyhg hqgrjhqrxv vwudwl�fdwlrq fdq lpsuryh wkh

suhflvlrq ri hvwlpdwhv/ xvxdoo| e| wkh ryhuuhsuhvhqwlqj ri wkrvh lqglylgxdov zkr fkrrvh

dq dowhuqdwlyh wkdw lv xqfrpprqo| fkrvhq1 Sohdvh/ qrwh wkdw li wkh vwudwl�fdwlrq lv

edvhg rq h{rjhqrxv yduldeohv lw lv qrw d sureohp/ dv wkh rqo| wklqj wkdw zh fkdqjh lv

iE} � �> hvwlpdwruv wkdw ljqruh lw duh frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo1

Wkh ZHVPO hvwlpdwru kdv wkh iroorzlqj irup=

	� °¼¾½ ¤À¿ÂÁ ' @h}4@ Ã
�

Q

¹[

�m¦§~
T �
K � *L}S E| � m} � (�� +;,

Xqghu uhjxodulw| frqglwlrqv vlplodu wr wkrvh uhtxluhg lq pd{lpxp olnholkrrg hvwl0

pdwlrq/ hvwlpdwhv rewdlqhg e| wkh pd{lpl}dwlrq ri +;, duh vwurqjo| frqvlvwhqw dqg

dv|pswrwlfdoo| qrupdo/ exw jhqhudoo| qrw dv|pswrwlfdoo| h!flhqw1 Ä�Å Wkh lghd xqghu0

o|lqj frqvlvwhqf|/ lv wkh iroorzlqj=

Frqvlghu wkh orj0olnholkrrg iru h{rjhqrxv vdpsolqj ri Q revhuydwlrqv hydoxdwhg dw

dq| � G

OrjOE�� '

¹[

�m¦§~
E*L}S E| � m} � ( �� n *L}EiE} � �� +<,

Æ�Ç
Vhh Zrroguljh +5334,1
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Zkhq zh pd{lpl}h +<, zh rewdlq wkh hvwlpdwru e� G

e� ' @h}4@ Ã
�

Q

¹[

�m¦§~
*L}S E| � m} � ( ��

Wkhq wkh wuxh ydoxh ri wkh sdudphwhu � lv wkh iroorzlqj=

� � ' @h}4@ È H ® d*L}S E| � m} � ( ��o

Krzhyhu/ wkh svhxgr wuxh ydoxh wkdw zh rewdlq lq wkh fdvh ri kdylqj d vwudwl�hg vdpsoh

lv=

� ° ' @h}4@ Ã H ¯ d*L}S E| � m} � ( ��o

dqg vr xqohvv K htxdov T zh zloo qrw rewdlq frqvlvwhqw hvwlpdwruv zlwkrxw zhljkwlqj1

Rq wkh rwkhu kdqg/ wkh ZHVPO hvwlpdwru zloo eh frqvlvwhqw=

� °¼É½ ¤À¿ÂÁ ' H ¯ dT
¥

K ¥ *L}S E| � m} � (��o ' H ® d*L}S E| � m} � ( ��o

Jlyhq wklv/ zh vkrxog zhljkw hdfk revhuydwlrq zlwk wkh zhljkwv=

zEv� '
TEv�

KEv�
'

TEv�
¹ËÊ¹

lq rughu wr rewdlq frqvlvwhqw hvwlpdwruv1

E14 HFEF vdpsolqj

Lq wkh fdvh ri wkh HFEF zh kdyh gl�huhqw vxevdpsohv lq zklfk wkh| prgli| wkh

suredelolwlhv ri wkh hgxfdwlrqdo ohyhov1 Vr/ lq wklv vdpsoh zh kdyh erwk h{rjhqrxv

dqg hqgrjhqrxv vwudwl�fdwlrq1 Li wkh vwudwl�fdwlrq zhuh rq W h{rjhqrxv vwudwd/ wkh

vwudwl�fdwlrq frxog eh ljqruhg1 Qhyhuwkhohvv/ li hdfk ri wkrvh vwudwd lv wkhq vsolw lqwr

J hqgrjhqrxv vwudwd/ zh kdyh wr zrun zlwk W � J hqgrjhqrxv vwudwd> wkh h{rjhqrxv

vwudwl�fdwlrq fdq qr orqjhu eh ljqruhg1 Lq wklv fdvh/ wkh srsxodwlrq suredelolwlhv TEv�

zloo eh gl�huhqw iru hdfk h{rjhqrxv vwudwxp1 ÄÍÌ
Lq sduwlfxodu/ lq wkh fdvh ri wkh HFEF wkh vdpsolqj lv edvhg rq wkh iroorzlqj

vwudwd= surylqfh/ vl}h ri glvwulfw dqg ohyho ri hgxfdwlrq uhsruwhg lq wkh 4<;9 Fhqvxv1
ÆdÎ
Vhh Frvvohw +4<<6,1
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Wklv lv d fdvh ri hqgrjhqrxv vwudwl�hg vdpsolqj ehfdxvh wkh ohyho ri hgxfdwlrq uhsruwhg

e| wkh 4<;9 Fhqvxv lv kljko| fruuhodwhg zlwk wkh ohyho ri hgxfdwlrq uhsruwhg lq wkh

prphqw ri wkh lqwhuylhz +Ghfhpehu 4<<32 Pdufk 4<<4,1 Wkh qxpehu ri vwudwd wkdw

vkrxog eh frqvlghuhg lv jlyhq e| wkh qxpehu ri frpelqdwlrqv lq wkh fdwhjrulhv ri

surylqfh/ vl}h ri glvwulfw dqg ohyho ri hgxfdwlrq1

Wkh vdpsoh ghqvlw| ri vwudwxp m lv rewdlqhg lq wkh iroorzlqj zd|=

KEv� '
QEv�

Q

Q '

¤[

£�¦§~
QEv�

zkhuhdv wkh srsxodwlrq ghqvlwlhv TEv� duh hvwlpdwhg dv=

TEv� ' �hEOhyho ri hgxfdwlrqm Surylqfh/ Vl}h ri glvwulfw�=�hESurylqfh> Vl}h ri glvwulfw�

' �hEOhyho ri hgxfdwlrqmSurylqfh> Vl}h ri glvwulfw�=�hEVl}h ri glvwulfwmSurylqfh�

�hESurylqfh�

�hEOhyho ri hgxfdwlrqm Surylqfh/ Vl}h ri glvwulfw� dqg �hEVl}h ri glvwulfwmSurylqfh� duh

uhsruwhg lq wkh HFEF dqg �hESurylqfh� lv wdnhq iurp wkh 4<<4 Fhqvxv1

Wkhq hdfk lqglylgxdo revhuydwlrq lv dvvljqhg wkh iroorzlqj zhljkw ghshqglqj rq

wkh vwudwxp wkh| ehorqj wr=

zEv� '
TEv�

KEv�

Dv dq h{dpsoh ri krz wklv zhljkwv zrun/ frqvlghu wkh kljkhvw ohyho ri hgxfdwlrq

frpsohwhg iru wkh shrsoh zkr zhuh eruq ehwzhhq 4<5; dqg 4<651 Wkh HFEF vdpsoh

vkrzv wkh iroorzlqj vkduhv iru hdfk ohyho ri hgxfdwlrq=

Ohyho ri Hgxfdwlrq Shufhqw ShufhqwÏ{ÐÒÑ Ó�ÔÕÐ§Ö*Ñ ×ØÔØÓ-Ù�Ú
frpsxovru| ohyho 881:8 ;3176
kljk vfkrro <153 :167
froohjh 68139 45156
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Dv lw fdq eh vhhq lq suhylrxv wdeoh/ zhljkwlqj fkdqjhv wkh vkduh ri lqglylgxdov lq

hdfk ohyho ri hgxfdwlrq1 Xvlqj gdwd iurp wkh vxuyh|v HSI;3/ HSI<3 dqg Hqfxhvwd

Frqwlqxd gh Suhvxsxhvwrv idplolduhv <8 zh kdyh wkdw wkhvh sursruwlrqv duh= ;4176(

iru wkh frpsxovru| ohyho/ ;138( iru kljk vfkrro ohyho dqg 43185( iru froohjh1

F Gh�qlwlrq ri yduldeohv

� Glvwdqfh +Lq 433 np,1 Wklv yduldeoh phdvxuhv wkh glvwdqfh iurp wkh surylqfh

zkhuh wkh lqglylgxdo xvhg wr olyh gxulqj klv2khu fklogkrrg wr wkh qhduhvw surylqfh

lq wkh jurxs ri surylqfhv wkdw wudglwlrqdoo| kdg d xqlyhuvlw|1 Pdgulg/ Edufhorqd/

Vdodpdqfd/ Ydoodgrolg/ dqg Judqdgd duh wkh surylqfhv frqvlghuhg lq wklv jurxs

iru wkrvh zkr zhuh eruq ehiruh 4<941 Jlyhq wkh lqfuhphqw ri wkh qxpehu ri

irxu0|hdu froohjh ghjuhhv r�huhg e| vrph h{lvwlqj vpdoo xqlyhuvlwlhv gxulqj wkh

odwwhu 93*v dqg :3*v/ wklv jurxs zdv dxjphqwhg iru wkrvh zkr zhuh eruq diwhu

4<941 Lq dgglwlrq wr suhylrxv surylqfhv/ Vhylooh/ ]dudjr}d/ D Fruxôd/ Dvwxuldv

dqg Ydohqfld zhuh dovr lqfoxghg lq wklv fdvh1

� Glvwdqfh wr wkh qhduhvw xqlyhuvlw| dw wkh djh ri 4;1 Wklv yduldeoh wdnhv

ydoxh 3 li wkh lqglylgxdo olyhg lq d surylqfh zklfk kdg d xqlyhuvlw| zkhq kh zdv

4; |hduv rog1 Li wkhuh zdv qr xqlyhuvlw| lw lv htxdo wr wkh qxpehu ri nlorphwhuv

wr wkh qhduhvw fdslwdo ri surylqfh zklfk kdg d xqlyhuvlw| lq wkdw prphqw1

� Kljk glvwdqfh1 Gxpp| yduldeoh wkdw wdnhv ydoxh rqh li wkh lqglylgxdo zdv

olylqj idu dzd| iurp rqh ri wkh surylqfhv wkdw wudglwlrqdoo| kdg d xqlyhuvlw|

+pruh wkdq 685 np, lq wkh prphqw ri ghflvlrq1 Pdgulg/ Edufhorqd/ Vdodpdqfd/

Ydoodgrolg/ dqg Judqdgd duh wkh surylqfhv frqvlghuhg lq wklv jurxs iru wkrvh

zkr zhuh eruq ehiruh 4<991 Wklv jurxs zdv dxjphqwhg iru wkrvh zkr zhuh eruq

diwhu 4<99 frqvlghulqj dovr Vhylooh/ ]dudjr}d/ D Fruxôd/ Dvwxuldv dqg Ydohqfld1

� Idplo| lqfrph 47 dqg idplo| Lqfrph 4;1 ÄdÛ Shu fdslwd jurvv idplo| lqfrph

lq sulfhv ri 4<<81 Wklv yduldeoh phdvxuhv wkh wrwdo lqfrph ri wkh idplolhv/ qhw ri

wd{hv dqg Vrfldo Vhfxulw| sd|r�v1 Lw lqfoxghv wudqvihuv ri wkh jryhuqphqw1 Lw lv
Æ�Ü
Wklv gdwd zdv wdnhq iurp Dofdlgh +5336,1
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phdvxuhg shu fdslwd glylglqj e| wkh wrwdo srsxodwlrq ri hdfk surylqfh dv dw wkh

4vw ri Mxo| ri hdfk |hdu1 Hdfk lqglylgxdo lq wkh vdpsoh lv dvvljqhg wkh idplo|

lqfrph dw wkh djh ri 47 dqg 4;/ uhvshfwlyho|/ ri wkh surylqfh zkhuh kh2vkh xvhg

wr olyh gxulqj klv2khu fklogkrrg1

� Hpsor|phqw 47 dqg hpsor|phqw 4;1 Ä*¶ Qxpehu ri rffxsdwlrqv lq wkh

surylqfh/ zkhuh wkh lqglylgxdo xvhg wr olyh gxulqj klv2khu fklogkrrg/ dw wkh djh

ri 47 dqg 4;/ glylghg e| wkh srsxodwlrq ri wkh surylqfh lq wkdw prphqw1

� Loolwhudwh/ sulpdu|/ kljk vfkrro1 Gxpp| yduldeohv iru wkh ohyho ri hgxfdwlrq

ri wkh khdg ri krxvhkrog zkhq wkh lqglylgxdo zdv d fklog1

� Eoxh froodu/ djulfxowxuh/ plqlqj/ pdqxidfwxuh1 Gxpp| yduldeohv iru wkh

nlqg ri mre ri wkh khdg ri krxvhkrog zkhq wkh lqglylgxdo zdv d fklog +eoxh froodu

mre/ djulfxowxuh vhfwru*v mre/ plqlqj vhfwru*v mre dqg pdqxidfwxulqj vhfwru*v mre,1

� Xqhpsor|hg1 Gxpp| yduldeoh wkdw wdnhv ydoxh rqh li wkh khdg ri krxvhkrog

zkhq wkh lqglylgxdo zdv d fklog zdv xqhpsor|hg1

� Vxshuylvru|1 Gxpp| yduldeoh iru wkh khdg ri krxvhkrog/ zkhq wkh lqglylgxdo

zdv d fklog/ grlqj d vxshuylvru| mre1

� Ihpdoh1 Gxpp| yduldeoh wkdw wdnhv ydoxh rqh li wkh lqglylgxdo lv d zrpdq1

� Lvodqgv1 Gxpp| yduldeoh wkdw wdnhv ydoxh rqh li wkh lqglylgxdo olyhg lq Fdqdu|

Lvodqgv/ Edohdulf Lvodqgv/ Fhxwd ru Pholood zkhq kh2vkh zdv d fklog1

� Phglxp dqg kljk1 Gxpp| yduldeohv wkdw wdnh ydoxh rqh li wkh lqglylgxdo

dfklhyhg wkh phglxp dqg kljk ohyho ri hgxfdwlrq/ uhvshfwlyho|1

G D Vhtxhqwldo Ghflvlrq Prgho iru Vfkrrolqj Fkrlfhv

Wklv vhfwlrq suhvhqwv dq hfrqrplf prgho iru vhtxhqwldo vfkrrolqj ghflvlrqv1 Prghov

ri wklv nlqg zkhuh suhvhqwhg/ iru h{dpsoh/ e| Khfnpdq/ Orfkqhu dqg Wrgg +5336,

dqg Frpd|/ Phoqln dqg Sroodwvfkhfn +4<:6,1
Æ�º
Wklv gdwd zdv wdnhq iurp Dofdlgh +5336,1
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D vhtxhqwldo ghflvlrq prgho wdnhv lqwr dffrxqw wkdw wkh ohyho ri vfkrrolqj ri hdfk

lqglylgxdo lv wkh uhvxow ri suhylrxv vfkrrolqj fkrlfhv1 Wkxv/ wkh suredelolw| wkdw d

shuvrq hqwhuv wr xqlyhuvlw| ghshqgv rq kljk vfkrro judgxdwlrq zklfk dovr ghshqgv

rq ghflglqj wr vwduw kljk vfkrro dqg vr iruwk xqwlo wkh hduolhvw vfkrrolqj ghflvlrq1

Jlyhq wklv/ vrphwklqj wkdw dowhuv wkh ehqh�wv ru frvwv ri d jlyhq ohyho ri hgxfdwlrq/

dw dq| vwdjh/ zloo d�hfw wkh sursruwlrq ri shrsoh lq dq| suhfhglqj vwdjh1 Wklv lv

lpsruwdqw ehfdxvh ri vhoi0vhohfwlrq ri lqglylgxdov lq hdfk ohyho ri hgxfdwlrq wkdw vkrxog

eh frqvlghuhg zkhq hvwlpdwlqj uhwxuqv1 Pruhryhu/ d vhtxhqwldo prgho doorzv wkh

frqvlghudwlrq ri wkh h{lvwhqfh ri dq rswlrq ydoxh ri hdfk hgxfdwlrq ohyho zklfk zloo

d�hfw wkh ghflvlrqv pdgh e| wkh lqglylgxdov1 Dv h{sodlqhg e| Khfnpdq/ Orfkqhu dqg

Wrgg +5336, wkhuh duh pdlqo| wzr uhdvrqv wkdw fdq h{sodlq wkh idfw wkdw wkh rswlrq

ydoxh ri d jlyhq ohyho ri vfkrrolqj lv gl�huhqw iurp }hur=

41 Uhwxuqv wr vfkrrolqj pd| eh qrw frqvwdqw dfurvv gl�huhqw ohyhov ri hgxfdwlrq1 Lq

wklv fdvh/ dq lqglylgxdo fdq eh lqwhuhvwhg lq �qlvklqj d fhuwdlq ohyho ri vfkrrolqj

lq rughu wr dffhvv d kljkhu ohyho zlwk juhdwhu hduqlqjv1

51 Li wkhuh lv xqfhuwdlqw| wkdw lv uhvroyhg dv dgglwlrqdo |hduv ri vfkrrolqj duh �q0

lvkhg/ wkh uhwxuqv wr vfkrrolqj vkrxog lqfoxgh wkh h{shfwhg ydoxh ri wkh qhz

lqirupdwlrq wkdw lv uhyhdohg1 Wklv xqfhuwdlqw| fdq eh uhodwhg/ iru h{dpsoh/ wr

frvwv ri vfkrrolqj/ hduqlqjv ru wkh delolw| ri wkh lqglylgxdov1

Lq erwk fdvhv/ lw zloo qrw eh vx!flhqw wr dqdo|}h wkhvh ghflvlrqv lq d vwdwlf elqdu|

fkrlfh iudphzrun olnh lw kdv ehhq xvxdoo| grqh lq wkh olwhudwxuh +vhh/ h1j1/ Zloolv dqg

Urvhq +4<:<, ru pruh uhfhqwo| Fduqhlur/ Khfnpdq dqg Y|wodflo +5336,,1

Frqvlghu wkh fdvh lq zklfk wkhuh duh qr gursrxwv dqg li lqglylgxdov zdqw wr dfklhyh

d ohyho wkh| duh doorzhg wr gr lw1 Shrsoh ghflgh wkhlu ohyho ri hgxfdwlrq pd{lpl}lqj wkh

h{shfwhg suhvhqw glvfrxqwhg ydoxh ri olihwlph hduqlqjv/ jlyhq wkh dydlodeoh lqirupdwlrq/

wkdw zrxog eh rewdlqhg zlwk hdfk fkrlfh1 Dq lqglylgxdo kdv wzr rswlrqv lq hdfk

prphqw ri ghflvlrq= frqwlqxh vwxg|lqj ru vwduw zrunlqj1 Wkhq/ wkh suhvhqw glvfrxqwhg

ydoxh ri hduqlqjv qhw ri frvwv dv ri wkh vfkrrolqj frpsohwlrq gdwh duh=
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zkhuh/ W ~ dqg W � duh wkh qxpehu ri |hduv wkdw wkh lqglylgxdo +l, kdv wr vwxg|/ iurp
wkh orz ohyho/ wr dfklhyh wkh phglxp dqg kljk ohyho/ uhvshfwlyho|1 W å ghqrwhv wkh djh
ri uhwluhphqw dqg u lv wkh glvfrxqw udwh lq wkh prphqw ri ghflvlrq zklfk lv dvvxphg

wr eh h{whuqdoo| vshfl�hg1 F � > F ~ dqg F � duh wkh gluhfw frvwv ri dfklhylqj wkh orz/

phglxp dqg kljk ohyho ri hgxfdwlrq1

Gh�qh dv H � EY �~ � wkh wrwdo h{shfwhg ydoxh ri dfklhylqj wkh phglxp ohyho ri hgx0

fdwlrq jlyhq wkh lqirupdwlrq lq wkh prphqw ri ghflvlrq Ew ' �� G

H � EY �~ � ' H � 4@ iz
� ~ > �

E� n u�
Ýßä
â
Ýæã H ~ Ez �� �j

zkhuh Y
�ç iru m ' �> 2 ghqrwh wkh ehqh�wv ri vwxg|lqj xs wr wkh orz dqg phglxp

ohyho ri hgxfdwlrq/ uhvshfwlyho|1 Hç iru m ' f> � ghqrwhv wkh h{shfwhg ydoxh jlyhq wkh

lqirupdwlrq wkh lqglylgxdo kdv lq wkh prphqw ri ghflglqj wr frqwlqxh vwxg|lqj xs wr

hdfk ohyho ri hgxfdwlrq +w ' �> w ' 2,1

Zkhq pdnlqj wkhlu ghflvlrqv/ lqglylgxdov frqvlghu qrw rqo| wkh gluhfw ehqh�wv

iurp frpsohwlqj wkh qh{w ohyho ri hgxfdwlrq exw dovr wkh ydoxh ri wkh r�huhg rswlrq ri

hqwu| lqwr hyhq kljkhu ohyhov1 Wkh rswlrq ydoxh ri frqwlqxlqj vwxg|lqj iurp wkh orz

ohyho/ dv gh�qhg lq Khfnpdq/ Orfkqhu dqg Wrgg +5336,/ lv=

R
�� ' H � EY �~ � z

� ~ � ' H � 4@ 
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â
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� z
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Dq lqglylgxdo zloo ghflgh lq +w ' �, wr frqwlqxh vwxg|lqj iurp wkh orz ohyho ri hgxfd0

wlrq li wkh iroorzlqj lv wuxh=
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Wklv lv dvvxplqj wkdw dq lqglylgxdo nqrzv rqhv hduqlqj srwhqwldo diwhu frpsohwlrq

ri hdfk ohyho ri hgxfdwlrq/ exw fdqqrw iruhvhh klv srwhqwldo diwhu frpsohwlrq ri kljkhu

ohyhov ri hgxfdwlrq1

Rq wkh rwkhu kdqg/ jlyhq wklv prgho/ dq lqglylgxdo ghflghv wr frqwlqxh vwxg|lqj

iurp wkh phglxp ohyho ri hgxfdwlrq li wkh iroorzlqj lv wuxh=

z
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dqg jlyhq wkdw kljk lv wkh �qdo ohyho ri hgxfdwlrq frqvlghuhg wkh rswlrq kdv ydoxh

htxdo wr }hur lq wklv fdvh=

R
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Wkhuhiruh/ wkh suredelolw| ri fkrrvlqj hdfk ohyho ri hgxfdwlrq lv=
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Dvvxph/ iru lqvwdqfh/ wkdw lqglylgxdov duh p|rslf/ l1h1/ lq ghflglqj derxw frqwl0

qxlqj vwxg|lqj iurp wkh orz ohyho ri hgxfdwlrq wkh| idoo suh| wr wkh pdnlqj wkh hdvlhu

fkrlfh ri hqwhulqj wkh oderu pdunhw diwhu frpsohwlqj wkh phglxp ohyho1 Pruhryhu/

dvvxph wkdw wkh iroorzlqj wzr frqglwlrqv duh vdwlv�hg=
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Li wklv lv wuxh/ wkhq/ ghflvlrqv pdgh e| p|rslf lqglylgxdov dqg wkrvh wkdw ghflgh

vhtxhqwldoo| zrxog eh wkh vdph1 Lw lv lpsruwdqw wr qrwh wkdw/ lq wklv fdvh/ wkhuh lv dq

rswlrq ydoxh wr frqwlqxh vwxg|lqj iurp wkh orz ohyho ri hgxfdwlrq zklfk lv gl�huhqw

iurp }hur exw lqglylgxdov duh qrw fkdqjlqj wkhlu ghflvlrqv ehfdxvh ri lw1 Rq wkh rwkhu

kdqg/ li erwk ri wkh iroorzlqj frqglwlrqv duh vdwlv�hg=
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D elqdu| vwdwlf prgho suhglfwv wkdw lqglylgxdov wkdw idoo xqghu wkh deryh fdwhjru| zloo

vwrs vwxg|lqj dw wkh orz ohyho/ zkhuhdv/ d vhtxhqwldo prgho vd|v wkdw wkhvh lqglylgxdov

zloo frqwlqxh vwxg|lqj vroho| iru wkh sxusrvh ri dfklhylqj kljkhu hduqlqjv iurp wkh

kljk ohyho ri hgxfdwlrq1

Dvvxph iru dq lqvwdqfh wkdw wkhuh lv qr xqfhuwdlqw|1 Wkhq/ lq d pxowlqrpldo

+vwdwlf, prgho wkh suredelolw| ri hdfk ohyho ri hgxfdwlrq fdq eh zulwwhq dv=
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Dowkrxjk shrsoh grq*w pdnh ghflvlrqv wklv zd| li wkh| nqrz hyhu|wklqj/ wkh vhtxhqfh

lv qrw lpsruwdqw> wkh vhtxhqwldo prgho jlyhv wkh vdph ghflvlrqv dv lq d pxowlqrpldo

vwdwlf prgho zlwk shrsoh ghflglqj dw w ' f1
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Rq wkh rwkhu kdqg/ li wkhuh lv vrphwklqj wkdw fkdqjhv iurp rqh vwdjh wr wkh rwkhu

wkhq wkh suredelolw| ri hdfk ghflvlrq zloo eh prghoohg e| +43,1 Ohw �
� � dqg �

� ~ ghqrwh
wkh suredelolw| ri frqwlqxlqj vwxg|lqj iurp wkh orz dqg phglxp ohyho ri hgxfdwlrq1

Wkhq/ wkh suredelolwlhv ri hdfk ohyho ri hgxfdwlrq fdq eh uhzulwwhq lq wkh iroorzlqj

zd|=
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Wkh ydoxh ri wkh yduldeohv lq } fdq eh gl�huhqw ri wkh ydoxh ri wkh yduldeohv lq }�dv

vrph xqfhuwdlqw| lv uhvroyhg dv dgglwlrqdo |hduv ri hgxfdwlrq duh frpsohwhg1

Wkh olnholkrrg ri d vdpsoh ri vl}h Q kdv wkh iroorzlqj irup=
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Zklfk/ wdnlqj orjdulwkpv/ uhvxowv lq wkh iroorzlqj h{suhvvlrq=
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Wkhq / zh fdq hvwlpdwh wkh iroorzlqj uhgxfhg irup prghov= ÄdÄ

41 Frqvlghulqj doo wkh vdpsoh hvwlpdwh d prgho iru wkh suredelolw| ri frqwlqxlqj

vwxg|lqj iurp wkh orz ohyho1

51 Zlwk wkrvh zkr kdyh dfklhyhg dw ohdvw wkh phglxp ohyho hvwlpdwh d prgho iru

wkh suredelolw| ri dfklhylqj wkh kljk ohyho1

Æ�Æ
Dvvxplqj wkdw wkhuh duh qhlwkhu uhvwulfwlrqv ehwzhhq wkh sdudphwhuv qru wkh xqrevhuydeohv lq

hdfk fkrlfh1
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Uhihuhqfhv

^4` Dofdlgh/ L +5336,/ Hyroxflöq Hfrqöplfd gh odv Uhjlrqhv | Surylqfldv Hvsdôrodv

hq ho Vljor [[/ lq Ixqgdflöq EEYD/ hgv1

^5` Dqguhzv/ G dqg P1 Vfkdijdqv +4<<;,/ �Vhplsdudphwulf Hvwlpdwlrq ri wkh Lqwhu0

fhsw ri d Vdpsoh Vhohfwlrq Prgho�/ Wkh Uhylhz ri Hfrqrplf Vwxglhv 98/ qr1 6/

7<:084:1

^6` Eoxqghoo/ U1/ Ghdughq/ O1 dqg E1 Vldqhvl +5334,/ �Hvwlpdwlqj wkh Uhwxuqv wr

Hgxfdwlrq= Prghov/ Phwkrgv dqg Uhvxowv�/ xqsxeolvkhg1

^7` Fdug/ G1 +5334,/ �Hvwlpdwlqj wkh Uhwxuq wr Vfkrrolqj= Surjuhvv rq Vrph Shu0

vlvwhqw Hfrqrphwulf Sureohpv�/ Hfrqrphwulfd 9</ qr1 8/ 445:044931

^8` Fdug/ G1 +4<<<,/ �Wkh Fdxvdo H�hfw ri Hgxfdwlrq rq Hduqlqjv�/ lq R1 Dvkhqihowhu

dqg G1 Fdug/ hgv1/ Kdqgerrn ri Oderu Hfrqrplfv/ yro1 6D/ fds1 63/ Dpvwhugdp/

Qruwk0Kroodqg1

^9` Fduqhlur/ S/ Kdqvhq/ N1 dqg M1 Khfnpdq +5336,/ �Hvwlpdwlqj Glvwulexwlrqv ri

Wuhdwphqw H�hfwv zlwk dq Dssolfdwlrq wr wkh Uhwxuqv wr Vfkrrolqj dqg Phdvxuh0

phqw ri wkh H�hfwv ri Xqfhuwdlqw| rq Froohjh Fkrlfh�/ Lqwhuqdwlrqdo Hfrqrplf

Uhylhz 77/ qr1 5/ 69407551

^:` Fduqhlur/ S1/ Khfnpdq/ M1 dqg H1 Y|wodflo +5336,/ �Xqghuvwdqglqj Zkdw Lqvwux0

phqwdo Yduldeohv Hvwlpdwh0Hvwlpdwlqj Pdujlqdo dqg Dyhudjh Uhwxuqv wr Hgxfd0

wlrq�/ xqsxeolvkhg1

^;` Frpd|/ \/ Phoqln/ D1 dqg P1D1 Sroodwvfkhn +4<:6,/ �Wkh Rswlrq Ydoxh ri Hg0

xfdwlrq dqg wkh Rswlpdo Sdwk iru Lqyhvwphqw lq Kxpdq Fdslwdo�/ Lqwhuqdwlrqdo

Hfrqrplf Uhylhz 47/ qr1 5/ 75407681

^<` Frvvohww/ V1 +4<<6,/ �Hvwlpdwlrq iurp Hqgrjhqrxvo| Vwudwl�hg Vdpsohv�/ lq J1V1

Pdggdod/ F1 U1 Udr dqg K1G1 Ylqrg/ hgv1/ Kdqgerrn ri Vwdwlvwlfv yro1 44/ Fds1

4/ Dpvwhugdp/ Hovhylhu1
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^43` Ghdwrq/ D1+5333,/ Wkh Dqdo|vlv ri Krxvhkrog Vxuyh|v1 D Plfurhfrqrphwulf Ds0

surdfk wr Ghyhorsphqw Srolf|/ lq Wkh Zruog Edqn/ hgv1

^44` Khfnpdq/ M1 +5334,/ �Plfur Gdwd/ Khwhurjhqhlw|/ dqg wkh Hydoxdwlrq ri Sxeolf

Srolf|= Qreho Ohfwxuh�/ Mrxuqdo ri Srolwlfdo Hfrqrp| 43</ qr1 7/ 9:60:6:1

^45` Khfnpdq/ M1 +4<<:,/ �Lqvwuxphqwdo Yduldeohv= D Vwxg| ri Lpsolflw Ehkdylrudo

Dvvxpswlrqv Xvhg lq Pdnlqj Surjudp Hydoxdwlrqv�/ Wkh Mrxuqdo ri Kxpdq

Uhvrxufhv 65/ qr1 6/ 77407951

^46` Khfnpdq/ M1 +4<<3,/ �Ydulhwlhv ri Vhohfwlrq Eldv�/ Wkh Dphulfdq Hfrqrplf Uh0

ylhz ;3/ qr1 5/ Sdshuv dqg Surfhhglqjv ri wkh Kxqguhg dqg Vhfrqg Dqqxdo

Phhwlqj ri wkh Dphulfdq Hfrqrplf Dvvrfldwlrq/ 646064;1

^47` Khfnpdq/ M1+4<:<,/ �Vdpsoh Vhohfwlrq Eldv dv d Vshfl�fdwlrq Huuru�/ Hfrqrphw0

ulfd 7:/ qr1 4/ 48604941

^48` Khfnpdq/ M1/ Orfkqhu/ O1 dqg S1 Wrgg +5336,/ �Iliw| \hduv ri Plqfhu Hduqlqjv

Uhjuhvvlrqv�/ Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk Zrunlqj Sdshu <:651

^49` Khfnpdq/ M1/ Vplwk/ M1/ dqg Q1 Fohphqwv +4<<:,/ �Pdnlqj wkh Prvw Rxw ri

Surjudpph Hydoxdwlrqv dqg Vrfldo H{shulphqwv= Dffrxqwlqj Iru Khwhurjhqhlw|

lq Surjudpph Lpsdfwv�/ Uhylhz ri Hfrqrplf Vwxglhv 97/ 7;:08681

^4:` Khfnpdq/ M1/ Wreldv/ M1 dqg H1 Y|wodflo +5334,/ �Iru Sdudphwhuv ri Lqwhuhvw lq wkh

Hydoxdwlrq ri Vrfldo Surjudpv�/ Vrxwkhuq Hfrqrplf Mrxuqdo 9;/ qr15/ 54305561

^4;` Khfnpdq/ M1 dqg H1 Y|wodflo +5333,/ �Orfdo Lqvwuxphqwdo Yduldeohv�/ lq F1 Kvldr/

N1 Prulpxqh/ dqg M1 Srzhoo/ hgv1/ Qrqolqhdu Vwdwlvwlfdo Lqihuhqfh= Hvvd|v lq

Krqru ri Wdnhvkl Dphpl|d/ Fdpeulgjh/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^4<` Khfnpdq/ M1 dqg H1 Y|wodflo +4<<<,/ �Orfdo Lqvwuxphqwdo Yduldeohv dqg Odwhqw

Yduldeoh Prghov iru Lghqwli|lqj dqg Erxqglqj Wuhdwphqw H�hfwv�/ Hfrqrplf

Vflhqfhv <9/ 7:6307:671

^53` Lpehqv/ J1 dqg M1 Dqjulvw +4<<7,/ �Lghqwl�fdwlrq dqg Hvwlpdwlrq ri Orfdo Dyhu0

djh Wuhdwphqw H�hfwv�/ Hfrqrphwulfd 95/ qr1 5/ 79:07:81
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^54` Qhzh|/ Z1 +4<;;,/ �Wzr Vwhs Hvwlpdwlrq ri Vdpsoh Vhohfwlrq Prghov�/ xqsxe0

olvkhg1

^55` Qhzh|/ Z1/ Srzhoo/ M1 dqg M1 Zdonhu +4<<3,/ �Vhplsdudphwulf Hvwlpdwlrq ri

Vhohfwlrq Prghov= Vrph Hpslulfdo Uhvxowv1�/ Wkh Dphulfdq Hfrqrplf Uhylhz

;3/ qr1 5/ Sdshuv dqg Surfhhglqjv ri wkh Kxqguhg dqg Vhfrqg Dqqxdo Phhwlqj

ri wkh Dphulfdq Hfrqrplf Dvvrfldwlrq/ 657065;1

^56` Pdqvn|/ F1 dqg V1 Ohupdq +4<::,/ �Wkh Hvwlpdwlrq ri Fkrlfh Suredelolwlhv iurp

Fkrlfh Edvhg Vdpsohv�/ Hfrqrphwulfd 78/ qr1 ;/ 4<::04<;;1

^57` Srqv/ H1 dqg P1 Jrq}äor +5334,/ �Uhwxuqv wr Vfkrrolqj lq Vsdlq1 Krz uholdeoh

Duh LY HvwlpdwhvB�/ Txhhq Pdu| Xqlyhuvlw| ri Orqgrq Zrunlqj Sdshu 7791

^58` Srzhoo/ M1 +4<<7,/ �Hvwlpdwlrq ri Vhplsdudphwulf Prghov�/ lq U1 I1 Hqjoh dqg

G1O1 PfIdgghq/ hgv1/ Kdqgerrn ri Hfrqrphwulfv/ Yro1 7/ fds1 74/ Dpvwhugdp/

Qruwk0Kroodqg1

^59` Vwxwh/ Z1 +4<<:,/ �Qrqsdudphwulf Prgho Fkhfnv iru Uhjuhvvlrq�/ Wkh Dqqdov ri

Vwdwlvwlfv 58/ qr1 5/ 94609741

^5:` Vwxwh/ Z1/ Jrq}äoh} Pdqwhljd/ Z1 dqg P1 Suhvhgr Txlqglplo1 +4<<;,/ �Errw0

vwuds Dssur{lpdwlrqv lq Prgho Fkhfnv iru Uhjuhvvlrq�/ Mrxuqdo ri wkh Dphulfdq

Vwdwlvwlfdo Dvvrfldwlrq <6/ qr1 774/ 474047<1

^5;` Wdehu/ F1 +5334,/ �Wkh Ulvlqj Froohjh Suhplxp lq wkh Hljkwlhv= Uhwxuq wr Fro0

ohjh ru Uhwxuq wr Xqrevhuyhg Delolw|�/ Wkh Uhylhz ri Hfrqrplf Vwxglhv 9;/ qr1

6/ 99809<41

^5<` Wdehu/ F1 +5333,/ �Vhplsdudphwulf Lghqwl�fdwlrq dqg Khwhurjhqhlw| lq Glvfuhwh

Fkrlfh G|qdplf Surjudpplqj Prghov�/ Mrxuqdo ri Hfrqrphwulfv <9/ 534055<1

^63` Y|wodflo/ H1 +5335,/ �Lqghshqghqfh/ Prqrwrqlflw|/ dqg Odwhqw Lqgh{ Prghov= Dq

Htxlydohqw Uhvxow�/ Hfrqrphwulfd :3/ qr1 4/ 66406741

^64` Zloolv/ U1 dqg V1 Urvhq +4<:<,/ �Hgxfdwlrq dqg Vhoi0Vhohfwlrq�/ Mrxuqdo ri Sr0

olwlfdo Hfrqrp| ;:/ qr1 8/ :0691
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^65` Zrrogulgjh/ M1 +5334,/ �Dv|pswrwlf Surshuwlhv ri Zhljkwhg P0Hvwlpdwruv iru

Vwdqgdug Vwudwl�hg Vdpsohv�/ Hfrqrphwulf Wkhru| 4:/ 78407:31

^66` Zrrogulgjh/ M1 +4<<<,/ �Dv|pswrwlf Surshuwlhv ri Zhljkwhg P0Hvwlpdwruv iru

Yduldeoh Suredelolw| Vdpsohv�/ Hfrqrphwulfd 9:/ qr1 9/ 46;8047391
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Wdeoh 41 Ohyhov ri Hgxfdwlrq e| frkruwv1 +(,

Ohyho ri Hgxfdwlrq
\hdu ri Eluwk

3 4 5 6 7 8

4<4;04<55 8/9; 58/5: 86/3: 8/68 7/<8 8/9;
4<5604<5: 7/37 59/:7 85/96 8/99 7/<: 8/<9
4<5;04<65 6/<3 59/3: 83/98 9/6; 8/97 :/6:
4<6604<6: 5/;8 56/44 84/8; :/77 9/<4 ;/44
4<6;04<75 4/<; 53/5< 7;/95 43/54 </44 </:;
4<7604<7: 3/;< 45/93 7;/3< 46/89 45/43 45/:9
4<7;04<85 3/:4 </3; 75/64 4:/9: 49/6: 46/;8
4<8604<8: 3/84 8/85 66/7; 55/98 54/:3 49/47
4<8;04<95 3/49 6/:7 58/4: 5</5; 59/:; 47/;:
4<9604<9: 3/5: 4/83 49/;6 6;/8; 5</9< 46/46

Qrwh= +l, Vrxufh= HSI ;3/ HSI <3 dqg Hqfxhvwd Frqwlqxd gh Suhvxsxhvwrv Idplolduhv <81
+ll, Ohyho 3 uhihuv wr loolwhudwh shrsoh/ wkrvh zkr glg qrw frpsohwh dq| ohyho ri hgxfdwlrq exw fdq
uhdg dqg zulwh duh lq Ohyho 41 Ohyho 5 uhsuhvhqwv wkh hgxfdwlrq ri wkrvh zkr ohiw vfkrro zkhq wkh|
zhuh 43 |hduv rog/ ohyho 6 lv iru wkrvh zkr gursshg rxw dw 47/ ohyho 7 lv iru wkrvh zkr �qlvkhg kljk

vfkrro ru wkh yrfdwlrqdo vwxglhv/ dqg ohyho 8 lv iru shrsoh zkr kdyh d froohjh ghjuhh1

87



Wdeoh 51 Vdpsoh Vwdwlvwlfv

G � ' � G ~ ' � G � ' �

djh 75189 68183 6:186
ihpdoh 941:6 861:9 771<6

loolwhudwh 7;193 551:3 <14;
sulpdu| 7:178 881:3 7;1:<

kljk vfkrro 519: 44164 48179
froohjh 415; 43163 5918:

zklwh froodu 5146 441:6 55179
eoxh froodu 49149 5<187 741:<
djulfxowxuh 651;4 4714; ;178

plqlqj ;1<< <1:3 6147
pdqxidfwxuh 66174 5<16: 4:1;:
xqhpsor|hg 9195 81:7 :133
vxshuylvru| 7189 4814< 58169

glvwdqfh 48;1<8 48:14; 47819:
kljk glvwdqfh ;159 9174 :1<:

idplo| lqfrph047 3199 31;9 31;8
hpsor|phqw047 316; 3169 316;

idplo| lqfrph04; 31<7 31<6
hpsor|phqw04; 3169 316:

q1rev 4979 44;8 747
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Wdeoh 61 Plqfhu htxdwlrq1 ROV ) JPP hvwlpdwhv

Y duldeoh ROV« � àñð «óò � ô ðà £ ROV« � à�ðVõ�ö÷à «áò �tô ðVà £ JPP« � àñð «óò � ô ðà £
djh f=feb� �Vø �d��ù�ú ¡

û�ûdû
f=f�b� �ø ���*üdü ¡

ûdû�û
f=fDf� �Vø �d��ý�ý ¡

û�ûdû

djh5 �f=fffD�� �ø �����V~�~ ¡
û�ûdû

�f=fffe�� �ø �������dù�� ¡
û�û�û

�f=fffeb� �ø �����V~�~ ¡
û�ûdû

whqxuh f=f��� �ø ���dþ�ú ¡
û�û

f=f�e� �ø ����údÿ ¡
ûdû�û

f=f�e� �Vø �d��þd� ¡
û�ûdû

whqxuh5 �f=fff22� �ø �����V~�þ ¡ �f=fff2�� �Vø �d������ùdú ¡
ûdû

�f=fff2D� �ø ���d�~�� ¡
û

ihpdoh �f=2f� �ø ��úd� ¡
û�ûdû

�f=�.� �ø �d��ú ¡
ûdû�û

�f=�.� �ø ��údú ¡
û�ûdû

vfkrrolqj f=fee� �Vø �d���V~ ¡
û�ûdû

f=feS� �ø ����údþ ¡
ûdû�û

f=fHS� �ø �d�d� ¡
û�û�û

frqvwdqw D=22� �ø ��� ¡
û�û�û

D=2f� �Vø ~�þ ¡
û�ûdû

e=�D� �ø ú�ù ¡
û�û�û

Qrwh= +l, Qxpehu ri revhuydwlrqv= 4986/+ll, Vrxufh= HFEF/ +lll, Vwdqgdug huuruv lq sduhqwkhvlv1
--- phdqv vljql�fdqfh dw d <<( ohyho/ -- dw d <8( ohyho dqg - dw d <3( ohyho/ +ly, 44 gxpplhv iru
Vsdqlvk uhjlrqv/ dv zhoo dv/ 7 rffxsdwlrqdo gxpplhv dqg 43 lqgxvwu| gxpplhv zhuh dovr lqfoxghg
lq wkhvh hvwlpdwhv/ +y, Wkhvh hvwlpdwhv duh shuiruphg xvlqj dv lqvwuxphqwv= lqfrph ri wkh idplo|
dw 47 dqg 4; |hduv rog/ glvwdqfh wr wkh qhduhvw xqlyhuvlw| zkhq wkh lqglylgxdo zdv 4; |hduv rog
dqg d gxpp| iru wkh khdg ri krxvhkrog grlqj d vxshuylvru| mre1 Vdujdq lghqwl�fdwlrq whvw= 51<3
+s0ydoxh@318:,
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Wdeoh 71 Ohyhov ri vfkrrolqj ROV ) JPP hvwlpdwhv

Y duldeoh ROV« � à�ð «óò � ô ðVà £ ROV« � àñðÍõ�ö÷à «óò � ô ðà £ JPP« � à�ð «óò � ô ðVà £
djh f=feb� �ø ����ùü ¡

ûdû�û
f=f�b� �Vø ���ü�þ ¡

û�û�û
f=fDe� �Vø �V~�ÿ ¡

û�û�û

djh5 �f=fffD.� �ø ���d�~�� ¡
ûdû�û

�f=fffe�� �ø �����d��ù~ ¡
û�ûdû

�f=fffD.� �ø ���d�~�ÿ ¡
ûdû�û

whqxuh f=f�e� �ø ����þdþ ¡
ûdû�û

f=f�D� �Vø ���dú�ÿ ¡
û�û�û

f=f2f� �ø ����þdÿ ¡
ûdû�û

whqxuh5 �f=fff2�� �ø ���d�~�ÿ ¡
ûdû�û

�f=fff22� �ø �����d��ù�ú ¡
û�ûdû

�f=fff�S� �ø �����V~�ÿ ¡
û�û

ihpdoh �f=2f� �Vø �dú~ ¡
ûdû�û

�f=�.� �ø �d��ú ¡
û�û�û

�f=�D� �Vø �dú�ÿ ¡
ûdû�û

phglxp f=�H� �Vø �dú�� ¡
û�û�û

f=2�� �ø �d�dü ¡
û�ûdû

f=SD� �ø ú~ ¡
û�û

kljk f=e.� �Vø ���V~ ¡
û�û�û

f=ee� �ø ��ú*ü ¡
û�ûdû

f=H�� �ø ú�ý ¡
û�û

frqvwdqw D=�b� �ø ��� ¡
û�ûdû

D=DH� �ø ~�� ¡
ûdû�û

e=.H� �ø �dú ¡
û�ûdû

Qrwh= +l, Qxpehu ri revhuydwlrqv= 4986/+ll, Vrxufh= HFEF/ +lll, Vwdqgdug huuruv lq sduhqwkhvlv1
--- phdqv vljql�fdqfh dw d <<( ohyho/ -- dw d <8( ohyho dqg - dw d <3( ohyho/ +ly, 44 gxpplhv iru
Vsdqlvk uhjlrqv/ dv zhoo dv/ 7 rffxsdwlrqdo gxpplhv dqg 43 lqgxvwu| gxpplhv zhuh dovr lqfoxghg
lq wkhvh hvwlpdwhv/ +y, Wkhvh hvwlpdwhv duh shuiruphg xvlqj dv lqvwuxphqwv= lqfrph ri wkh idplo|
dw 47 dqg 4; |hduv rog/ glvwdqfh wr d flw| wkdw wudglwlrqdoo| kdyh d xqlyhuvlw| +Pdgulg/ Edufhorqd/
Vdodpdqfd/ Ydoodgrolg dqg Judqdgd duh wkh surylqfhv frqvlghuhg,/ hpsor|phqw lq wkh surylqfh
ri uhvlghqfh dw wkh djh ri 4;/ d gxpp| iru vwxg|lqj lq wkh v|vwhp diwhu wkh 4<:3 uhirup dqg
yduldeohv derxw wkh khdg ri krxvhkrog zkhq wkh lqglylgxdo zdv d fklog +wkuhh gxpplhv iru wkh ohyho
ri hgxfdwlrq/ wkuhh gxpplhv iru wkh nlqg ri mre dqg d gxpp| iru grlqj d vxshuylvru| mre,1 Vdujdq
lghqwl�fdwlrq whvw= 91<6 +s0ydoxh@3183,1
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Wdeoh 8D1 Suredelolw| ri frqwlqxlqj vwxg|lqj iurp wkh orz ohyho + � � ,
Yduldeoh Zlwkrxw zhljkwv Zlwk zhljkwv

djh �f=f2f
ûdû�û

� �Vø �d���dú ¡ �f=f�2
û�û

� �ø �d��þd� ¡
loolwhudwh ��=eb� �ø ~�þ ¡

û�û�û
��=S�� �ø ��� ¡

û�ûdû

sulpdu| �f=bS� �ø ~�þ ¡
û�û�û

��=�e� �ø ~�ù ¡
û�ûdû

kljk vfkrro �f=ef� �Vø ~�ü ¡
û�û

�f=ef� �ø ��ú ¡
û

eoxh froodu �f=�e� �ø ~�ú ¡ �f=f�H� �ø ~�ü ¡
djulfxowxuh �f=.D� �ø ~�ú ¡

û�û�û
�f=S�� �ø ~�ý ¡

û�ûdû

plqlqj �f=De� �ø ~�þ ¡
û�û�û

�f=2S� �ø ~�ù ¡
pdqxidfwxuh �f=D.� �ø ~�ú ¡

û�û�û
�f=e�� �ø ~�ü ¡

û�û

xqhpsor|hg �f=2e� �ø ~�þ ¡ �f=22� �ø ~�ù ¡
vxshuylvru| f=�e� �ø ��ùdþ ¡

ûdû�û
f=2S� �ø ~�ú ¡

ûdû

hpsor|phqw047 f=ef� �ø ÿ~ ¡ �f=.�� �ø üd~ ¡
idplo| lqfrph047 f=2�� �ø ~�� ¡ f=.D� �ø ~�ü ¡

û�û�û

ihpdoh �f=�2� �ø ��þd� ¡
û�û�û

�f=��� �Vø ��ÿV~ ¡
û�ûdû

kljk glvwdqfh �f=�f� �ø ~�� ¡ �f=��� �ø ~�� ¡
UL?t|@?| 2=fS� �ø ��ù ¡

û�û�û
�=�H� �ø ú*ü ¡

û�û�û

Qrwh= +l, Qxpehu ri revhuydwlrqv= 6578/+ll, Vrxufh= HFEF/ +lll, Vwdqgdug huuruv lq sduhqwkhvlv1
--- phdqv vljql�fdqfh dw d <<( ohyho/ -- dw d <8( ohyho dqg - dw d <3( ohyho1
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Wdeoh 8E1 Suredelolw| ri frqwlqxlqj vwxg|lqj iurp wkh orz ohyho + � � ,
5)t|i4 MiuLhi �b.f���	��
 ���� � Zlwkrxw zhljkwv Zlwk zhljkwv

djh �f=f2e
û�û�û

� �ø �����*ÿ ¡ �f=f��
û

� �Vø �d��þ�ý ¡
loolwhudwh ��=DH� �ø ~�ÿ ¡

ûdû�û
��=DD� �ø ��� ¡

û�û�û

sulpdu| ��=f�� �ø ~�þ ¡
ûdû�û

��=fD� �ø ��� ¡
û�û�û

kljk vfkrro �f=eb� �ø ~�ý ¡
ûdû�û

�f=2S� �ø �dü ¡
djulfxowxuh �f=S�� �Vø �dý~ ¡

ûdû�û
�f=S�� �ø ��ù*ü ¡

û�û�û

plqlqj �f=e�� �ø ~�� ¡
ûdû�û

�f=2H� �ø ~�þ ¡
û

pdqxidfwxuh �f=De� �Vø �ü�ù ¡
ûdû�û

�f=ee� �ø ~�� ¡
û�û�û

vxshuylvru| f=��� �ø ~�� ¡
û�ûdû

f=2S� �ø ~�ÿ ¡
û

idplo| lqfrph047 f=��� �ø ~�ü ¡ f=.�� �ø �*~ ¡
û�û�û

kljk glvwdqfh �f=�f� �ø ~�� ¡ �f=22� �ø ~�� ¡
û

ihpdoh �f=Df� �Vø �dÿ~ ¡
ûdû�û

�f=eb� �ø �*ü�ÿ ¡
û�û�û

UL?t|@?| 2=D�� �ø ú�� ¡
û�ûdû

�=f�� �Vø �dþ ¡
ûdû

Qrwh= +l, Qxpehu ri revhuydwlrqv= 6578/+ll, Vrxufh= HFEF/ +lll, Vwdqgdug huuruv lq sduhqwkhvlv1
--- phdqv vljql�fdqfh dw d <<( ohyho/ -- dw d <8( ohyho dqg - dw d <3( ohyho1
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Wdeoh 8E1 Suredelolw| ri frqwlqxlqj vwxg|lqj iurp wkh orz ohyho + � � ,
+frqwlqxdwlrq,

5)t|i4 @u|ih �b.f������
 ���� � Zlwkrxw zhljkwv Zlwk zhljkwv

djh f=fSD
û�û�û

� �Vø �V~�� ¡ f=f2e
û

� �ø �~�� ¡
loolwhudwh ��=.2

ûdû�û
� �ø ú�ú ¡ �2=�D

û�û�û
� �ø ú�ú ¡

sulpdu| ��=22
ûdû�û

� �ø úd� ¡ ��=.�
û�û�û

� �ø úd� ¡
kljk vfkrro �f=D2� �ø ú�ÿ ¡ �f=bb

û�û�û
� �ø ú*ü ¡

djulfxowxuh �f=DS
ûdû�û

� �ø ~�� ¡ �f=e.
û�û�û

� �ø ~�ÿ ¡
plqlqj �f=�2

û�û
� �ø ~�þ ¡ �f=��� �ø ~�ý ¡

pdqxidfwxuh �f=2S
û�û

� �ø ~�� ¡ �f=22
û

� �ø ~�ú ¡
vxshuylvru| f=e�

û�û
� �ø ~�ü ¡ f=�D� �ø ��� ¡

idplo| lqfrph047 f=�2� �ø ��� ¡ f=�H� �ø ��ÿ ¡
kljk glvwdqfh �f=fH� �ø ~�~ ¡ �f=fS� �ø ��ú ¡

ihpdoh �f=f�2� �Vø �dý�ÿ ¡ �f=f.�� �ø ~�� ¡
UL?t|@?| f=f��� �ø þ�þ ¡ �=�H

û
� �ø ÿ~ ¡

Qrwh= +l, Qxpehu ri revhuydwlrqv= 6578/+ll, Vrxufh= HFEF/ +lll, Vwdqgdug huuruv lq sduhqwkhvlv1
--- phdqv vljql�fdqfh dw d <<( ohyho/ -- dw d <8( ohyho dqg - dw d <3( ohyho1
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Wdeoh 9D1 Suredelolw| ri frqwlqxlqj vwxg|lqj iurp wkh phglxp ohyho + � ~ ,
Yduldeoh Zlwkrxw zhljkwv Zlwk zhljkwv

djh f=ff.H� �ø ����údù ¡
û

f=f�f� �ø ����údù ¡
ûdû

loolwhudwh �f=b.� �ø ~�ÿ ¡
û�ûdû

�f=bS� �ø ~�ù ¡
û�û�û

sulpdu| �f=D2� �ø ~�ú ¡
û�ûdû

�f=D2� �ø ~�ÿ ¡
û�û�û

kljk vfkrro �f=ef� �ø ~�� ¡
û�ûdû

�f=eb� �ø ~�ü ¡
û�û�û

eoxh froodu f=�.� �ø ~�� ¡ f=fb2� �ø ~�þ ¡
djulfxowxuh �f=�S� �ø ~�ÿ ¡ �f=�b� �ø ~�ù ¡

plqlqj �f=DH� �ø ��� ¡
û�ûdû

�f=S2� �ø ��� ¡
û�û�û

pdqxidfwxuh �f=�D� �ø ~�� ¡ �f=2�� �ø ~�ü ¡
xqhpsor|hg f=2f� �ø ~�ý ¡ f=�.� �ø �*~ ¡
vxshuylvru| f=�.� �Vø ~�� ¡

û
f=2f� �ø ~�� ¡

û

lvodqgv �f=2f� �ø ~�ù ¡ �f=2b� �ø ��� ¡
glvwdqfh �f=fS�� �ø �d�dü ¡

ûdû
�f=f.b� �ø ��ú�� ¡

û�û

hpsor|phqw04; �f=�S� �ø ý*ü ¡ �2=fS� ~dø ��ùdý ¡
û

ihpdoh �f=2.� �Vø �üd~ ¡
û�ûdû

�f=22� �ø ��ý�� ¡
û�û�û

UL?t|@?| �f=�D� �ø ú�� ¡ �f=2b� �ø ú�ú ¡
Qrwh= +l, Qxpehu ri revhuydwlrqv= 48<</+ll, Vrxufh= HFEF/ +lll, Vwdqgdug huuruv lq sduhqwkhvlv1

--- phdqv vljql�fdqfh dw d <<( ohyho/ -- dw d <8( ohyho dqg - dw d <3( ohyho1
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Wdeoh 9E1 Suredelolw| ri frqwlqxlqj vwxg|lqj iurp wkh phglxp ohyho + � ~ ,
5)t|i4 MiuLhi �b.f���	��
 ���� � Zlwkrxw zhljkwv Zlwk zhljkwv

djh �f=ffD�� �ø ����þ*� ¡ �f=f�2� �ø ����ÿ�� ¡
û

loolwhudwh �f=.2� �ø ~�ý ¡
ûdû�û

�f=.�� �ø �*~ ¡
û�û�û

sulpdu| �f=��� �ø ~�� ¡
û�û

�f=�.� �Vø ~�ý ¡
ûdû

kljk vfkrro �f=2S� �ø ~�ü ¡ �f=ef� �ø �*~ ¡
û

djulfxowxuh �f=�e� �ø ~�þ ¡
û�û

�f=e�� �ø ~�ÿ ¡
û�û�û

plqlqj �f=SS� �ø ��ú ¡
ûdû�û

�f=Df� �Vø ��� ¡
ûdû

pdqxidfwxuh �f=ef� �ø ~�ú ¡
ûdû�û

�f=ee� �ø ~�þ ¡
û�û�û

lvodqgv �f=2b� �ø ��� ¡ �f=ee� �Vø �*~ ¡
ûdû

glvwdqfh �f=fb2� �Vø �*��ý ¡
û�û�û

�f=��� �ø ��ú~ ¡
û�û�û

vxshuylvru| f=�2� �ø ~�� ¡ f=�.� �ø ~�� ¡
hpsor|phqw04; �=�b� ~�ø ~�~ ¡ f=ef� ~�ø ��ý ¡

ihpdoh �f=ee� �ø ~�~ ¡
ûdû�û

�f=ee� �ø ~�~ ¡
û�û�û

UL?t|@?| f=��� �ø �dù ¡ f=��� �ø �dù ¡
Qrwh= +l, Qxpehu ri revhuydwlrqv= 48<</+ll, Vrxufh= HFEF/ +lll, Vwdqgdug huuruv lq sduhqwkhvlv1

--- phdqv vljql�fdqfh dw d <<( ohyho/ -- dw d <8( ohyho dqg - dw d <3( ohyho1
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Wdeoh 9E1 Suredelolw| ri frqwlqxlqj vwxg|lqj iurp wkh phglxp ohyho + � ~ ,
+frqwlqxdwlrq,

5)t|i4 @u|ih �b.f���	��
 ���� � Zlwkrxw zhljkwv Zlwk zhljkwv

djh f=��
ûdû�û

� �ø �~�ý ¡ f=��
û�û�û

� �ø �d��ú ¡
loolwhudwh ��=2f

û�ûdû
� �ø ��ú ¡ ��=��

û�û�û
� �Vø ��þ ¡

sulpdu| �f=��
û�û

� �ø ~�� ¡ �f=DD
û�û�û

� �Vø ��� ¡
kljk vfkrro �f=2.� �ø ~�ü ¡ �f=eb

ûdû
� �Vø ��ú ¡

djulfxowxuh �f=�S� �ø ��ú ¡ �f=�e� �Vø ��� ¡
plqlqj �f=SS

û�ûdû
� �ø ��ú ¡ �f=bf

û�û�û
� �Vø ��ÿ ¡

pdqxidfwxuh �f=ef
û�ûdû

� �ø ~�ú ¡ �f=2b
ûdû

� �Vø ~�þ ¡
lvodqgv �f=�f� �ø ~�ý ¡ �f=ee� �ø �*~ ¡

ûdû

glvwdqfh �f=fb2
ûdû�û

� �ø �d��ý ¡ �f=��
û�û�û

� �ø ��ú~ ¡
vxshuylvru| f=�2� �ø ~�� ¡ f=�.� �Vø ~�� ¡

hpsor|phqw04; �e=H�
û�ûdû

� ~�ø þ�ú ¡ ��=Db� ~�ø ÿ~ ¡
ûdû

ihpdoh �f=��� �ø ~�~ ¡ �f=fSb� �Vø ~�� ¡
UL?t|@?| ��=S.� �ø ÿ~ ¡

û�ûdû
�2=��

û�û�û
� �Vø ÿV~ ¡

Qrwh= +l, Qxpehu ri revhuydwlrqv= 48<</+ll, Vrxufh= HFEF/ +lll, Vwdqgdug huuruv lq sduhqwkhvlv1
--- phdqv vljql�fdqfh dw d <<( ohyho/ -- dw d <8( ohyho dqg - dw d <3( ohyho1
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Wdeoh :1 Olqhdulw| Whvw rq wkh Surshqvlw| Vfruhv

Vwdwlvwlf Fuäphu Yrq0Plvhv Nroprjrury

Ydoxh 4163��f â � 3174
Fulwlfdo Ydoxh +� ' f=fD� 31<5��f â þ 3176
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Wdeoh ;1 ROV ) JPP hvwlpdwhv1 Frqwuro Ixqfwlrq

Y duldeoh ROV« � à�ðVõ�ö÷à «áò � ô ðVà £
~

Y duldeoh JPP« � à�ð «óò � ô ðVà £
�

djh f=fDH� �ø �d��ù�þ ¡
û�ûdû

djh f=fS�� �ø �~d~ ¡
û�û�û

djh5 �f=fffDb� �ø �����V~�~ ¡
û�ûdû

djh5 �f=fffSH� �ø �����V~�� ¡
û�ûdû

whqxuh f=f�f� �ø �d��ú�ý ¡
û�ûdû

whqxuh f=f�H� �Vø �d��þ�ú ¡
û�û�û

whqxuh5 �f=fff�.� �Vø ���d����ùdÿ ¡
û�ûdû

whqxuh5 �f=fff�2� �Vø �d���~�þ ¡
û�û

ihpdoh �f=�.� �ø �d��þ ¡
û�ûdû

ihpdoh �f=�b� �ø ��úV~ ¡
û�û�û

phglxp f=�2� �ø ~�ü ¡
û

phglxp f=Sb� �ø ~�ý ¡
û�û�û

kljk f=SH� �ø �dþ ¡ kljk �=fH� �ø �d� ¡
û�û�û

�
û
~ �f=.2� �ø ��þ ¡

û�ûdû
� ~ f=�2� �ø ~�~ ¡

û�û�û

�
û
� f=SS� �ø ÿ�þ ¡ � � �f=DD� �Vø ��ÿ ¡

û�û

�
û
ú �f=f�H� �ø ü�� ¡ � ú �f=fD�� �ø ~�þ ¡

� � f=e�� �ø ú�ú ¡
frqvwdqw D=fb� �ø ��� ¡

û�û�û
frqvwdqw D=f2� �ø ��� ¡

û�û�û

Qrwh= +l, Qxpehu ri revhuydwlrqv= 4986/+ll, Vrxufh= HFEF/ +lll, Vwdqgdug huuruv lq sduhqwkhvlv1
--- phdqv vljql�fdqfh dw d <<( ohyho/ -- dw d <8( ohyho dqg - dw d <3( ohyho/ +ly, 44 gxpplhv iru
Vsdqlvk uhjlrqv/ dv zhoo dv/ 7 rffxsdwlrqdo gxpplhv dqg 43 lqgxvwu| gxpplhv zhuh dovr lqfoxghg lq
wkhvh hvwlpdwhv/ +y, Vdujdq Lghqwl�fdwlrq Whvw= :17< +s0ydoxh@317;,

4, �
û
~ ' �!E�

û ~ E}��E� � � ~ E}���( �
û
� ' �!E�

û ~ E}��� ~ E}��( �
û
ú ' !E�

û� E}���� � =
5, Wkhvh hvwlpdwhv duh shuiruphg xvlqj dv h{whuqdo lqvwuxphqwv= lqfrph ri wkh idplo| zkhq wkh
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Spanish Educational System

Before 1970

Elementary School I
(10 years old)

High School I
(14 years old)
(4 years)

High School II
(16 years old)
(2 years)

Preuniversity 
course
(17 years old)
(1 year)

University

Elementary school II
(14 years old)
(4 years)

Vocational
Studies I
(16 years old)
(2 years)

Vocational
Studies II
(19 years old)
(3 years)

After 1970 - Before 1990

Elementary School
   (14 years old)

Vocational
Studies I
(16 years old)
(2 years)

Vocational
Studies II
(19 years old)
(3 years)

High School
(17 years old)
(3 years)

Preuniversity
course
(18 years old)
(1 year)

University
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