
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
No. 2004–94 

 
 
 
 

INEQUALITY, REDISTRIBUTION AND GROWTH 
 

By D.T. Haile, A.C. Meijdam 
 

October 2004 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
ISSN 0924-7815 

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Research Papers in Economics

https://core.ac.uk/display/6651566?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


Lqhtxdolw|/ Uhglvwulexwlrq dqg Jurzwk�

Gdqlho W1 Kdloh dqg Oh{ Phlmgdp
�

Rfwrehu 46/ 5337

Devwudfw

Wklv sdshu dqdo|}hv wkh srolwlfdo hfrqrp| ri uhglvwulexwlrq ehwzhhq
wzr lqfrph jurxsv lq d g|qdplf hfrqrp| dqg surylghv wkhruhwlfdo olqndjhv
ehwzhhq oree|lqj dfwlylwlhv/ lqfrph glvwulexwlrq dqg jurzwk1 Lw h{sodlqv
zk| wkh uhodwlrqvkls ehwzhhq uhglvwulexwlrq dqg jurzwk lv qrq0prqrwrqlf1
Pruhryhu/ lw lv vkrzq wkdw lq wkh suhvhqfh ri lqyhvwphqw lqglylvlelolwlhv
lq kxpdq fdslwdo dqg plvvlqj fdslwdo pdunhwv erwk wkh suhvvxuh iru uh0
glvwulexwlrq dqg wkh lqlwldo zhdowk glvwulexwlrq d�hfw hfrqrplf jurzwk1
Shuvlvwhqfh lq lqhtxdolw| suhydlov zkhq wkh srolwlfdo suhvvxuh e| wkh orz0
vnloohg wr lqfuhdvh uhglvwulexwlrq lv eorfnhg e| wkh oree| iru orzhu wd{hv
e| wkh vnloohg/ doorzlqj iru pxowlsoh vwhdg|0vwdwh htxloleuld1 Wkh uhvxowlqj
uhodwlrqvklsv duh h{soruhg erwk wkhruhwlfdoo| dqg txdqwlwdwlyho|1
Nh|zrugv= Hfrqrplf Jurzwk/ Lqhtxdolw|/ Oderxu Wd{dwlrq/ Oree|lqj
dqg Uhglvwulexwlrq1
MHO Fodvvl�fdwlrq= G64/ G:5/ K56/ R731

4 Lqwurgxfwlrq

Wudglwlrqdoo|/ hfrqrplvwv dvvxphg d wudgh0r� ehwzhhq htxdolw| dqg jurzwk1
Wklv dvvxpswlrq zdv edvhg rq wkh idfw wkdw krxvhkrogv zlwk orz lqfrphv kdyh
d kljkhu surshqvlw| wr frqvxph/ vr wkdw orzhu lqhtxdolw| uhgxfhv vdylqjv dqg
wkxv orzhuv jurzwk1 Wklv frqyhqwlrqdo zlvgrp zdv fkdoohqjhg e| d qxpehu ri
hpslulfdo vwxglhv vkrzlqj wkdw lqlwldo lqhtxdolw| lv ghwulphqwdo iru jurzwk +iru d
vxuyh| vhh Ehqderx/ 4<<9,1 Wklv hylghqfh vwlpxodwhg d qhz zdyh ri olwhudwxuh rq
wkh uhodwlrq ehwzhhq lqhtxdolw| dqg jurzwk/ ohdglqj wr vhyhudo h{sodqdwlrqv iru
d qhjdwlyh uhodwlrqvkls ehwzhhq lqlwldo lqhtxdolw| dqg jurzwk1 Vrph ri wkhvh h{0
sodqdqwlrqv duh sxuho| edvhg rq hfrqrplf phfkdqlvpv1 Vdlqw Sdxo dqg Yhuglhu
+4<<6, dqg Djklrq dqg Erowrq +4<<:,/ iru h{dpsoh/ dujxh wkdw lq xqhtxdo vrfl0
hwlhv uhglvwulexwlrq vwlpxodwhv jurzwk dv lw hqkdqfhv rssruwxqlwlhv wr lqyhvw lq
kxpdq fdslwdo dffxpxodwlrq dqg sur�wdeoh surmhfwv1 Pdq| rwkhu h{sodqdwlrqv
uho| rq srolwlfdo0hfrqrp| dujxphqwv1 Iru lqvwdqfh/ Dohvlqd dqg Shurwwl +4<<9,
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frqwhqg wkdw lqhtxdolw| ohdgv wr srolwlfdo lqvwdelolw| zklfk kdv d qhjdwlyh h�hfw
rq lqyhvwphqw dqg jurzwk1 Dqg sdshuv olnh Ehuwrod +4<<6,/ Dohvlqd dqg Urguln
+4<<7, dqg Shuvvrq/ dqg Wdehoolql +4<<7,/ uho| rq wkh phgldq yrwhu wkhruhp dqg
vkrz wkdw juhdwhu vnhzqhvv lq wkh glvwulexwlrq ri lqfrph ohdgv wr pruh uhglvwule0
xwlrq lq ghprfudwlf vrflhwlhv1 Kljk uhglvwulexwlrq lq wxuq lv dvxphg wr jhqhudwh
glvlqfhqwlyhv iru fdslwdo dffxpxodwlrq dqg wkxv wr kdpshu jurzwk1 Wkh �uvw vwhs
lq wklv uhdvrqlqj lv fkdoohqjhg hpslulfdoo| e| Urguljxh} +4<<<,/ zkr �qgv wkdw
suhwd{ lqhtxdolw| kdv d vljql�fdqwo| qhjdwlyh h�hfw rq wudqvihuv dv zhoo dv rq wkh
fdslwdo wd{ udwh/ dqg e| Iljlql +4<<<, zkr suhvhqwv hylghqfh wkdw uhglvwulexwlrq
lv orzhu zkhq wkhuh lv lqhtxdolw|1 Wkh hpslulfdo hylghqfh iru wkh vhfrqg vwhs lq
wkh dujxphqwdwlrq/ wkh qhjdwlyh uhodwlrqvkls ehwzhhq jurzwk dqg uhglvwulexwlrq
lv zhdn wrr1 Lq idfw/ wkh uhodwlrq vhhpv wr eh qrq0prqrwrqlf1 Shurwwl +4<<9,/ iru
h{dpsoh/ �qgv d srvlwlyh uhodwlrqvkls ehwzhhq uhglvwulexwlrq dqg jurzwk xvlqj
pdujlqdo wd{ udwhv/ vrfldo vhfxulw|2zhoiduh vshqglqj dqg h{shqvhv rq krxvlqj
dqg khdowk dv uhglvwulexwlrq phdvxuhv1

Lq wklv sdshu/ zh suhvhqw d srolwlfdo hfrqrp| prgho ri uhglvwulexwlrq zklfk
doorzv iru d qrq0prqrwrqlf uhodwlrqvkls ehwzhhq uhglvwulexwlrq dv phdvxuhg e|
wkh wd{ udwh dqg jurzwk1 Xqolnh wkh deryh phqwlrqhg srolwlfdo hfrqrp| prg0
hov/ rxu prgho grhv qrw uho| rq wkh phgldq yrwhu wkhruhp1 Lqvwhdg/ zh xvh d
suhvvxuh jurxs prgho/ dvvxplqj dfwlyh sduwlflsdwlrq ri srwhqwldo yrwhuv lq wkh
irup ri oree|lqj wr lq xhqfh srolflhv1 Vxfk dfwlylwlhv duh d frpprq sudfwlfh
lq ghprfudflhv dqg riwhq uhtxluh uhdo uhvrxufhv zklfk zrxog rwkhuzlvh eh xwl0
ol}hg lq gluhfw surgxfwlrq +vhh Urguljxh}/ 5333,1 Iru h{dpsoh/ srolwlfdoo| dfwlyh
jurxsv lqyhvw wlph lq srolwlfdo dfwlylwlhv vxfk dv vwulnhv/ zrunlqj rq fdpsdljqv/
zulwlqj wr phpehuv ri sduoldphqw/ orfnrxwv hw fhwhud1 Lq olqh zlwk wklv/ zh
dvvxph wkdw lqglylgxdov lqyhvw wlph wr lq xhqfh wkh srolwlfdo rxwfrph/ l1h1 wkh
ohyho ri uhglvwulexwlrq1 O Zkloh lw lv dssduhqw wkdw zh fdqqrw vd| wrr pxfk derxw
wkh ghwdlov ri srolwlfdo dfwlylw|/ wklv dvvxpswlrq doorzv xv wr olqn wkh ohyho ri uh0
glvwulexwlrq wr hfrqrplf yduldeohv olnh gl�huhqfhv lq rssruwxqlw| frvw ri wlph
ehwzhhq jurxsv ri djhqwv1

Rxu sdshu lv qrw wkh �uvw wr h{dplqh wkh qrq0srvlwlyh uhodwlrqvkls ehwzhhq
lqhtxdolw|/ uhglvwulexwlrq dqg jurzwk1 Ehqderx +5333,/ iru h{dpsoh/ dvvxphv
wkdw wkhuh h{lvwv d zhdowk eldv lq wkh srolwlfdo v|vwhp dqg wkdw wkhuhiruh wkh ghfl0
vlyh yrwhu kdv d kljkhu lqfrph wkdq wkh phgldq yrwhu1 Li klv lqfrph lv vx!flhqwo|
kljk/ wkhq uhglvwulexwlrq zloo udlvh klv frvw dqg khqfh kh zloo rssrvh kljkhu wd{0
dwlrq1 Ehqderx*v lghd lv lqghhg d uhohydqw srlqw/ exw klv prgho grhv qrw h{sodlq
zkdw ghwhuplqhv wkh srvlwlrq ri wkh ghflvlyh yrwhu dqg krz lw fkdqjhv ryhu wlph1
Wklv lv h{dfwo| zkdw zh zdqw wr vroyh lq wkh suhvhqw sdshu e| lqyhvwljdwlqj d
prgho zkhuh wkh suhvvxuh iru uhglvwulexwlrq fkdqjhv hqgrjhqrxvo| gxulqj wkh
lqwhudfwlrq ri hfrqrplf djhqwv dqg wkh jurzwk surfhvv ryhu wlph1 Erxujxljqrq
dqg Yhuglhu +5333, dovr suhvhqw d prgho ri hqgrjhqrxv srolwlfdo sduwlflsdwlrq1
Lq wkhlu prgho djhqwv fdq sduwlflsdwh lq srolwlfdo ghflvlrq pdnlqj rqo| li wkh|P E����4"��
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duh hgxfdwhg/ l1h1 srolwlfdo srzhu lv dv|pphwulf e| dvvxpswlrq1 g Rxu prgho/
lq frqwudvw/ grhv qrw dvvxph h{ dqwh wkdw wkh srvvlelolwlhv wr lq xhqfh srolwlfdo
ghflvlrq pdnlqj duh dv|pphwulfdo1 Wkh rxwfrph ri wkh srolwlfdo ghflvlrq surfhvv
pd| eh dv|pphwulfdo h{ srvw/ krzhyhu/ iru h{dpsoh dv d uhvxow ri gl�huhqfhv lq
wkh lqyhvwphqw ri wlph lq oree|lqj gxh wr gl�huhqfhv lq rssruwxqlw| frvwv/ exw
dovr dv d uhvxow ri gl�huhqfhv lq wkh vl}h ri wkh jurxsv1

Wkh dlp ri rxu sdshu lv wr vwxg| wkh surfhvv e| zklfk vxssruw dqg rssrvl0
wlrq wr uhglvwulexwlrq hphujhv lq d g|qdplf frqwh{w1 Zh ghyhors d prgho ri d
vpdoo rshq hfrqrp| zlwk ryhuodsslqj jhqhudwlrqv dqg lqwhu0jhqhudwlrqdo dowux0
lvp +iurp sduhqwv wr nlgv,1 Djhqwv zlwk wzr0shulrg olyhv ghflgh zkhwkhu ru qrw
wr lqyhvw lq kxpdq fdslwdo/ dqg doo zkr lqyhvw dftxluh wkh vdph ohyho ri nqrzo0
hgjh1 Khwhurjhqhlw| dulvhv vlpso| ehfdxvh ri gl�huhqfhv lq lqkhulwhg zhdowk
zklfk surgxfhv lqh!flhqf| lq lqyhvwlqj lq kxpdq fdslwdo/ dv wkh xqvnloohg fdq
qrw d�rug wr lqyhvw lq ehfrplqj vnloohg gxh wr fdslwdo pdunhw lpshuihfwlrqv1
Wklv zloo ohdg wr d vlwxdwlrq zlwk d ulfk g|qdvw| zklfk hdfk shulrg lqyhvwv lq
kxpdq fdslwdo dqg ohdyhv d odujh ehtxhvw/ dqg d srru g|qdvw| wkdw uhpdlqv
xqvnloohg dqg ohdyhv ohvv ehtxhvw wr wkhlu fkloguhq1 Lw lv lpsruwdqw wr qrwh wkdw
lqyhvwphqw lq kxpdq fdslwdo lv lqglylvleoh dv lq Jdoru dqg ]hlud +4<<6,/ zklfk
lq wxuq lpsolhv wkdw lq wkh orqj uxq wkhuh zloo eh srodul}dwlrq ri zhdowk eh0
wzhhq hgxfdwhg +ulfk, lqglylgxdov dqg xqhgxfdwhg +xqvnloohg, rqhv1 Orqj0uxq
lqfrph zloo ghshqg rq erwk wkh lqlwldo zhdowk glvwulexwlrq dqg rq zkhwkhu wkh
uhglvwulexwlrq vfkhph khosv lq plwljdwlqj wkh oltxlglw| frqvwudlqwv ri �qdqflqj
hgxfdwlrq1 Lqlwldoo|/ wkhuh pd| eh d odujh jurxs ri xqvnloohg zkr kdyh orz rs0
sruwxqlw| frvwv ri wlph uhodwlyh wr wkh ehqh�wv ri oree|lqj dqg wkhuhiruh lqyhvw d
uhodwlyho| odujh dprxqw ri wlph lq oree|lqj1 Wklv zloo uhvxow lq d uhodwlyho| kljk
ohyho ri uhglvwulexwlrq/ zklfk pd| hqdeoh vrph fkloguhq ri xqhgxfdwhg sduhqwv
wr sdvv wkh wkuhvkrog frvw ri hgxfdwlrq1 Wklv zloo lqfuhdvh wkh uhodwlyh vl}h ri
wkh jurxs ri vnloohg dqg udlvh wkh rssrvlwlrq wr uhglvwulexwlrq1 Wkhvh wzr rssrv0
lqj irufhv/ l1h1 wkh frvw0ehqh�w h�hfw dqg wkh jurxs vl}h h�hfw pd| h{sodlq wkh
qrqprqrwrqlflw| ri uhglvwulexwlrq dqg jurzwk +zhdowk glvwulexwlrq,1 D vwhdg|
vwdwh suhydlov li wkh wzr h�hfwv fdqfho rxw1 Wklv vwhdg| vwdwh lv qrw qhfhvvdulo|
xqltxh/ krzhyhu/ exw pd| ghshqg xsrq wkh lqlwldo glvwulexwlrq ri zhdowk1

Zh zloo vkrz wkdw/ lq wkh suhvhqfh ri lqyhvwphqw lqglylvlelolwlhv lq kxpdq
fdslwdo dqg uljlglwlhv lq fdslwdo pdunhwv/ erwk wkh suhvvxuh iru uhglvwulexwlrq dqg
wkh lqlwldo zhdowk glvwulexwlrq d�hfw hfrqrplf jurzwk1 Jurzwk lv pdlqo| ghwhu0
plqhg e| kxpdq fdslwdo dffxpxodwlrq lq erwk vhfwruv1 h Whfkqlfdo nqrzohgjh lv
hqgrjhqrxv/ dv wkh nqrzohgjh surgxfwlrq h{klelwv erwk ohduqlqj0e|0grlqj dqg
nqrzohgjh vsloo ryhuv1 Ehfdxvh ri vsloo0ryhu h�hfwv ehwzhhq wkh vnloohg dqg wkh
xqvnloohg vhfwru/ wkh orqj uxq0jurzwk udwh lq erwk vhfwruv lv htxdo1 Zh vkrz wkdwi(j �41 �C��� 1 ��"��#���5�4��1 �	������1 !���f,���	� 1 �)�+���	��� .&� ���.��#� � ��dS�����
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wkh orqj0uxq jurzwk udwh ghshqgv rq wkh vl}h ri erwk vhfwruv dqg wkhuhiruh rq
uhglvwulexwlrq1 Zh ghulyh d qrq0prqrwrqlf uhodwlrq ehwzhhq wkh uhglvwulexwlyh
wd{ udwh dqg orqj0uxq jurzwk1 Wkh uhvxowlqj uhodwlrqvklsv duh h{soruhg erwk
wkhruhwlfdoo| dqg txdqwlwdwlyho|1 Lq sduwlfxodu/ zh suhvhqw qxphulfdo vlpxodwlrq
h{shulphqwv wkdw looxvwudwh wkh g|qdplf dgmxvwphqw surfhvv wrzdugv d vwhdg|
vwdwh diwhu d whfkqrorjlfdo vkrfn wkdw lqfuhdvhv wkh zdjh jds ehwzhhq vnloohg dqg
xqvnloohg zrunhuv dqg diwhu d uhglvwulexwlrq ri lqlwldo zhdowk1 Wkh vlpxodwlrqv
vkrz wkdw lq erwk fdvhv wkh qxpehu ri vnloohg dqg jurzwk hyhqwxdoo| ulvh1 Wklv
jrhv dorqj zlwk d orzhu wd{ dqg d odujhu zdjh jds lq wkh orqj0uxq1

Zh surfhhg dv iroorzv1 Zh �uvw lqwurgxfh wkh hfrqrp| e| vshfli|lqj sur0
gxfwlrq/ suhihuhqfhv/ wkh h{whqw ri uhglvwulexwlrq dqg krz wklv uhglvwulexwlrq lv
ghwhuplqhg hqgrjhqrxvo|1 Lq Vhfwlrq 5/ zh dovr dqdo|}h wkh lpphgldwh h�hfwv ri
dq lqfuhdvh lq wkh surgxfwlylw| ri vnloohg zrunhuv rq suhvvxuh iru uhglvwulexwlrq1
Vhfwlrq 6 h{dplqhv wkh g|qdplfv ri ehtxhvwv dqg uhglvwulexwlrq1 Vhfwlrq 7 h{0
sodlqv wkh qrq0prqrwrqlflw| ri wkh uhodwlrq ehwzhhq uhglvwulexwlrq dqg jurzwk1
Lq Vhfwlrq 8 zh suhvhqw vrph qxphulfdo vlpxodwlrq uhvxowv1 Lq sduwlfxodu/ zh
looxvwudwh krz wkh hfrqrp| uhdfwv wr dq xqdqwlflsdwhg lqfuhdvh lq wkh surgxf0
wlylw| ri vnloohg zrunhuv lq wkh vkruw uxq dv zhoo dv lq wkh orqj uxq dqg krz
d fkdqjh lq wkh lqlwldo zhdowk glvwulexwlrq d�hfwv orqj0uxq jurzwk1 Wkh odvw
vhfwlrq frqfoxghv1 Doo surriv duh jdwkhuhg lq wkh Dsshqgl{1

5 Wkh Prgho

Lq wklv vhfwlrq zh ghvfuleh wkh hfrqrplfv/ srolwlfv dqg wkh g|qdplf vwuxfwxuh ri
wkh vrflhw| dw kdqg1 Zh lqwurgxfh d vwdqgdug wzr0ROJ prgho ri d vpdoo rshq
hfrqrp| zkhuh sduhqwv duh dowuxlvwlf dqg ohdyh ehtxhvwv1 Zh �uvw suhvhqw d
eulhi ghvfulswlrq ri wkh whfkqrorj| dqg ehkdylru ri krxvhkrogv jlyhq wkh srolwlfdo
lqvwlwxwlrqv1 Vxevhtxhqwo| zh hoderudwh rq wkh srolwlfdo surfhvv1

514 Wkh Whfkqrorj|

Wkhuh lv d vlqjoh jrrg wkdw fdq eh surgxfhg zlwk d vlpsoh olqhdu whfkqrorj|
xvlqj vnloohg oderxu V q dqg xqvnloohg oderxu X q =

\ q @ D rq X q . D sq V q
Hdfk w|sh ri oderxu lv sdlg lwv pdujlqdo surgxfw/ wkdw lv/ z rq @ D tq dqg z sq @ D sq =
Lw lv dvvxphg wkdw kljk vnloohg oderxu lv pruh surgxfwlyh wkdq xqvnloohg oderxu=
D sq A D rq = Zh dvvxph wkdw wkhuh lv d frqwlqxxp ri nqrzohgjh lqqrydwlrqv lq
wkdw lqfuhdvhv surgxfwlrq e| vnloohg dqg xqvnloohg yld ohduqlqj e| grlqj1 Wkdw
lv/ nqrzohgjh fuhdwlrq lv gulyhq e| surgxfwlrq e| vnloohg dqg xqvnloohg zrunhuv
dqg wkhuh duh vsloo ryhuviurp rqh w|sh ri zrunhuv wr wkh rwkhu=

�

�D sq @ � s +D sq V q , u +D rq X q , v�w�u
�D rq @ � r +D sq V q , x +D rq X q , v�w x +4,
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Wkh sdudphwhuv ! dqg � uh hfw wkh h�hfw ri surgxfwlrq +dqg wkxv ri wkh h{lvwlqj
vwrfn ri nqrzohgjh, rq wkh vxffhvv ri qhz nqrzohgjh surgxfwlrq1 Zh dvvxph
wkdw surgxfwlrq lq wkh vnloohg vhfwru lv pruh lpsruwdqw iru nqrzohgjh surgxfwlrq
lq wklv vhfwru wkdq surgxfwlrq lq wkh xqvnloohg vhfwru +l1h1 3=8 ? ! ? 4, dqg
wkdw wkh vslooryhu iurp wkh vnloohg vhfwru wr wkh xqvnloohg rqh lv odujhu wkdq wkh
vslooryhu iurp wkh xqvnloohg vhfwru wr wkh vnloohg +l1h1 � A 4 � !,= Qrwh wkdw
ehfdxvh ri lqwhu0vhfwrudo vsloo ryhuv/ wkh jurzwk udwhv lq erwk vhfwruv zloo eh wkh
vdph lq wkh orqj uxq wkrxjk wkh ohyhov ri D sq dqg D rq zloo eh gl�huhqw1 Iurp wklv
zh fdq ghulyh wkdw lq wkh vwhdg| vwdwh=

D sq
D rq @

�

� s
� r

� yy)z�{N|�} �

V

X

�
},|�{y�zR{N|�}

+5,

Soxjjlqj wklv lq htxdwlrq +4, jlyhv wkh iroorzlqj h{suhvvlrq iru orqj0uxq jurzwk=

j @ � s V
�

� s
� r

�
},|~yy)z�{N|�} �

V

X

�
},|~yy�zR{N|�}

= +6,

Qrwh wkdw wkh dvvxpswlrqv lpso| wkdw erwk surgxfwlylw| e| vnloohg zrunhuv dqg
e| xqvnloohg zrunhuv udlvhv orqj0uxq jurzwk/ exw wkdw wkh hodwlflw| ri jurzwk
zlwk uhvshfw wr dq lqfuhdvh lq vnloohg surgxfwlrq lv odujhu wkdq wkh hodvwlflw|
zlwk uhvshfw wr dq lqfuhdvh lq xqvnloohg surgxfwlrq1

515 Wkh Krxvhkrogv

Wkh hfrqrp| lv srsxodwhg e| ryhuodsslqj jhqhudwlrqv ri lqglylgxdov/ hdfk olylqj
iru wzr shulrgv1 Hdfk djhqw kdv rqh fklog/ khqfh wkh srsxodwlrq/ Q / lv frqvwdqw1
Djhqwv frqvxph rqo| lq wkh vhfrqg shulrg ri wkhlu olih1 Ixuwkhupruh/ zh zloo
dvvxph wkdw sduhqwv duh dowuxlvwlf/ l1h1 phpehuv ri d g|qdvw| duh olqnhg wkurxjk
ehtxhvwv ohiw wr wkhlu fkloguhq1 Djhqwv ri d jhqhudwlrq gl�hu lq wkh dprxqw wkdw
wkh| kdyh lqkhulwhg iurp wkhlu sduhqwv/ exw duh wkh vdph lq wkhlu suhihuhqfhv
dqg delolwlhv1 Xwlolw| ri dq djhqw eruq lq shulrg w lv dvvxphg wr eh d orjdulwplf
ixqfwlrq ri frqvxpswlrq lq wkh vhfrqg shulrg ri klv olih +f q)� v , dqg wkh ehtxhvw
ohiw wr klv fklog +e q)� v ,=

Y q @ � orj f q)� v . +4 � �, orj e q)� v >zkhuh 3 ? � ? 4 +7,

Lq wkh vhfrqg shulrg ri wkhlu olih/ lqglylgxdov duh hqgrzhg zlwk rqh xqlw ri wlph
hdfk wkdw wkh| fdq vshqg hlwkhu rq zrunlqj +o q ,ru oree|lqj dfwlylwlhv +� q ,1 Wkdw
lv/

� q . o q @ 4 +8,

Djhqwv fdq zrun dv d vnloohg oderxuhu lq wkh vhfrqg shulrg ri wkhlu olih li
wkh| lqyhvw lq kxpdq fdslwdo gxulqj wkh �uvw shulrg1 Wkh lqyhvwphqw lq kxpdq
fdslwdo lv lqglylvleoh= wkdw lv hlwkhu rqh lqyhvwv k q A 3 ru rqh grhv qrw lqyhvw dw
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doo1 � Doo lqyhvwphqw pxvw eh �qdqfhg rxw ri lqkhulwdqfhv/ l1h1 wkh fdslwdo pdunhw
uhvwulfwlrqv suhyhqw djhqwv iurp eruurzlqj djdlqvw ixwxuh hduqlqjv wr �qdqfh
h{shqglwxuhv rq hgxfdwlrq zkhq |rxqj1 � Vr rqo| djhqwv zlwk dq lqkhulwdqfh
e q � k q duh deoh wr ehfrph vnloohg1 Zh ghqrwh e| Q sq wkh qxpehu ri vnloohg
lqglylgxdov lq shulrg w dqg e| Q rq @ Q � Q sq wkh qxpehu ri lqglylgxdov ri wkh
vdph jhqhudwlrq +l1h1 eruq lq shulrg w � 4, zkr uhpdlq xqvnloohg1 Iru doo rwkhu
yduldeohv +h{fhsw e, zh dovr glvwlqjxlvk ehwzhhq vnloohg dqg xqvnloohg djhqwv e|
wkh vxshuvfulsw v dqg x uhvshfwlyho|1 Vr wkh vxsso| ri vnloohg oderxu lv V q @ Q sq o sq
dqg wkh vxsso| ri xqvnloohg oderxu lv X q @ Q rq o rq =

Wkh jryhuqphqw uxqv d uhglvwulexwlrq vfkhph iurp wkh vnloohg wr wkh xqvnloohg
ri wkh vdph jhqhudwlrq dv d edodqfhg exgjhw vfkhph/ �qdqfhg e| d wd{ rq zdjh
lqfrph ri wkh vnloohg=

� q @ +
Q sq
Q rq ,� q z �q o �q +9,

zkhuh � q lv wkh oderxu lqfrph wd{1
Lq wkh vhfrqg shulrg ri wkhlu olih/ wkh xqvnloohg frqvxph d sduw � ri wkhlu

zdjh lqfrph/ wkhlu ehtxhvw soxv uhwxuqv dqg wkh wudqvihu sd|phqwv � q / zkloh wkh
uhvw lv ohiw dv d ehtxhvw1 Vr frqvxpswlrq dqg ehtxhvw iru wkh xqvnloohg lv jlyhq
e| =

f rq @ � ^e q w0v +4 . u, . z rq o rq . � q ` > +:,

e q @ +4 � �, ^e q w4v +4 . u, . z rq o rq . � q ` +e q w4v ? k q w0v , +;,

Xqolnh wkh xqvnloohg/ wkh vnloohg lqyhvw lq kxpdq fdslwdo lq wkh �uvw shulrg
dqg uhfhlyh d qhw zdjh ri +4 � � q ,z sq lq wkh vhfrqg shulrg= Wkh frqvxpswlrq ri
d vnloohg djhqw lv wkxv jlyhq e|=

f sq @ � ^+e q w4v � k q w4v , +4 . u, . +4 � � q , z �q o sq ` +<,

dqg wkh ehtxhvw wkh| ohdyh lv=

e q @ +4 � �, ^+e q w4v � k q w4v , +4 . u, . +4 � � q , z �q o sq ` +e q w4v � k q w4v , +43,

Zh dvvxph wkdw dq lqglylgxdo suhihuv wr zrun dv vnloohg/ l1h1 zh dvvxph Y s A Y r >
zklfk lpsolhv= �

z �q o sq A k q w4v +4 . u, . z rq o rq . � q z �q o sq
�

4 .
Q sq
Q rq

�

+44,

Zh dvvxph wklv frqglwlrq wr krog1� E���1 "-� �,.����Q1 "X�R���
���	��"-$T��"��X�N1 �JdS��.o�	"-���	!������
!�1 !��&1 !�,��"��
� ��!,�-1 !o��1 �	�����X��.������5�
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1 �C��)�p�!�.�"
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516 Uhglvwulexwlyh Oree|lqj

Wkh sxusrvh ri wklv vxevhfwlrq lv wr olqn krxvhkrog khwhurjhqhlw| wr uhglvwule0
xwlyh oree|lqj1 Wklv lv dffrpsolvkhg e| dvvxplqj wkdw lq wkh vhfrqg shulrg
ri wkhlu olih/ djhqwv lqyhvw wlph wr lq xhqfh wkh jryhuqphqw1 Lq grlqj vr wkh|
lpsolflwo| fkrrvh wkh wd{ udwh ri wkh uhglvwulexwlrq vfkhgxoh1 Lw lv lpsruwdqw wr
qrwh wkdw zh devwudfw iurp frpplwphqw dqg shuvlvwhqfh1 Wkdw lv/ hdfk shulrg
wkh wd{ udwh lv ghwhuplqhg lqghshqghqwo| iurp wkh wd{ udwhv lq suhylrxv ru ixwxuh
shulrgv1

Ri frxuvh/ wkh qrwlrq ri srolwlfdo oree|lqj lv qrw qhz1 D ydulhw| ri vwdwlf
prghov wkdw ghdo zlwk oree|lqj dqg wkh uhodwhg lvvxh ri hqgrjhqrxv srolf| h{lvw/
sduwlfxoduo| lq wkh �hog ri lqwhuqdwlrqdo wudgh/ iru h{dpsoh Nuxhjhu +4<:7, dqg
Gdv +4<<3,/ wr qdph exw ihz1 Rxu prgho ri wkh srolwlfdo surfhvv lv vlplodu wr
Ehfnhu +4<;6>4<;8, dqg Nulvwry hw do1+4<<5, � 1 Krzhyhu/ wkhvh sdshuv w|slfdoo|
qhjohfw g|qdplf lvvxhv dqg irfxv rq hqgrjhqrxv srolf| prgho zlwk lqwhuhvw
jurxsv ri d �{hg vl}h1

Lw lv dvvxphg wkdw wkh jryhuqphqw grhv qrw sod| dq dfwlyh uroh lq wkh srolwlfdo
surfhvv exw lv fdswxuhg e| wkh vshfldo lqwhuhvwv ri wkh vnloohg dqg wkh xqvnloohg1
Zh qhjohfw zlwklq0jurxs gl�huhqfhv dqg dvvxph wkdw wkh frpprq lqwhuhvwv ri
hdfk ri wkh jurxsv lv uhsuhvhqwhg e| d oree| jurxs1 Pruhryhu/ zh devwudfw iurp
iuhh ulglqj h�hfwv dqg dvvxph wkdw hdfk jurxs fkrrvhv wkh dprxqw ri wlph wkdw
lwv phpehuv lqyhvw lq lq xhqflqj wkh uhglvwulexwlyh srolf| vr dv wr pd{lpl}h wkh
jurxs phpehuv* olihwlph xwlolw|1 Wkxv dw dq| wlph w> wkh uhglvwulexwlyh wd{ rq
wkh vnloohg lv ghwhuplqhg e| d srolwlfdo surfhvv wkdw lv lpsolflwo| ghvfulehg e|=

� q @ �+Q rq > Q sq > � rq > � sq , +45,

Vr wkh rxwfrph ri wkh srolwlfdo ghflvlrq surfhvv ghshqgv qrw rqo| rq wkh lqglylg0
xdo lqyhvwphqw ri wlph lq oree|lqj/ exw dovr rq wkh vl}h ri wkh jurxsv1 Wkh odwwhu
lv lq olqh zlwk Fdphurq +4<;;,/ zkr qrwhg wkdw jurxs vl}h uh hfwv d uhohydqw
uhvrxufh lq jhwwlqj srolwlfdo srzhu1 Hyhq wkrxjk Rovrq +4<98, kdv hpskdvl}hg
wkh iuhh0ulghu sureohpv d�hfwlqj wkh rujdql}dwlrq ri odujh jurxsv/ uhfhqwo| Dfh0
prjox dqg Urelqvrq +5334, kdyh vkrzq wkdw odujhu jurxsv kdyh pruh lq xhqfh
lq srolwlfdo ghflvlrq pdnlqj1 Wkhuhiruh/ zh dvvxph wkdw lqglylgxdo oree| wlph
dv zhoo dv jurxs vl}h kdyh d srvlwlyh h�hfw rq srolwlfdo lq xhqfh1

Lw lv dvvxphg wkdw wkh lpsolflw wd{ ixqfwlrq +48, lv wzlfh gl�huhqwldeoh/ zlwk
wkh iroorzlqj �uvw0rughu dqg vhfrqg0rughu ghulydwlyhv=

� rq �
C� q
C� rq A 3> � sq �

C� q
C� sq ? 3>

� r�rq �
C � � q

+C� rq , � ? 3> � s�sq �
C � � q

+C� sq , � A 3> � sJrq �
C � � q

C� sq C� rq
�

A
3 +46,

� �+�")�-��������!�-���	!�#��1 $��N�#1 �!�"��#���5�-�	����� �A�
��1 "X1 !�������!���� � ��!��J�#1 �	!����������	�#���#���
���U�T�	� 1 �#1 ��"��	�1 !,�
���U�	��!������5�#1 �	!��	�0����.�1 "��
�
1 $��N�
1 �	!]�	�
�+�S���J*	��� �!�.@�+��� � 1 ��	!�\)^�__5�,a-�!�.@�+��� � 1 ��	!]�	!�.l%,�	� �5V�1 V�+��)�#1 !o\)^(_	_	_aJ6
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Li rqh jurxs lqyhvwv pruh lq oree|lqj/ lw lv fhwhulv sdulexv pruh vxffhvvixo lq
dfklhylqj lwv remhfwlyh/ exw wkh pdujlqdo h�hfw ri wkhvh uhqw0vhhnlqj lqyhvwphqwv
lv ghfuhdvlqj lq devroxwh ydoxh1 Wkh vljq ri wkh furvv sduwldo ghulydwlyh lv qrw
xqdpeljxrxvo| fohdu1 Dv zh zloo vhh odwhu rq/ wklv furvv ghulydwlyh lv d ghwhu0
plqlqj idfwru iru wkh uhdfwlrq ri rqh oree| jurxs wr fkdqjhv lq wkh uhqw vhhnlqj
dfwlylwlhv ri wkh rwkhu jurxs1

Wkh iroorzlqj gh�qlwlrq/ zklfk dgrswv wkh whuplqrorj| ri Dlgw +4<<:,/ fkdu0
dfwhul}hv wkh oree| jurxsv dffruglqj wr wkhlu ehvw uhvsrqvh wrzdugv d fkdqjh lq
wkh srolwlfdo dfwlylwlhv ri wkhlu rssrqhqwv1

Gh�qlwlrq 4 Wkh w|sh ri d oree| jurxs lv ghwhuplqhg e| wkh vorsh ri jurxs m*v
ehvw uhvsrqvh ixqfwlrq1 Wkhuh duh wkuhh gl�huhqw fdvhv=

+l, D oree| jurxs l lv r�hqvlyh li lwv ehvw uhvsrqvh ixqfwlrq lv xszdug vors0

lqj/l1h1/ ���
��

�(�
� � A 3> l> m @ x> v> m 9@ l>

+ll, D oree| jurxs l lv ghihqvlyh li lwv ehvw uhvsrqvh ixqfwlrq lv grzqzdug

vorslqj/l1h1/ ���
��

�(�
� � ? 3> l> m @ x> v> m 9@ l>

+lll, D oree| jurxs l lv sdvvlyh li lwv ehvw0uhvsrqvh ixqfwlrq lv krul}rqwdo l1h1/

�(�
��

���
� � @ 3> l> m @ x> v> m 9@ l>

Frqvlghu/ iru h{dpsoh/ wkh �uvw fdvh lq wkh deryh gh�qlwlrq1 Dq lqfuhdvh lq
wkh srolwlfdo lqyhvwphqw ri jurxs l zloo xqghu wkhvh flufxpvwdqfhv/ lqfuhdvh wkh
pdujlqdo oree|lqj dfwlylwlhv ri wkh rwkhu oree| jurxs dqg lw zloo eh lq wkh ehvw
lqwhuhvw ri jurxs m wr h{sorlw wklv dqg lqfuhdvh lwv oree|lqj dqg khqfh jurxs m
lv r�hqvlyh1 D ghihqvlyh jurxs zloo +sduwldoo|, uhwuhdw iurp wkh srolwlfdo duhqd
li lw hqfrxqwhuv lqfuhdvhg krvwloh dfwlylwlhv1 Sdvvlyh jurxsv gr qrw uhdfw dw doo li
wkh rssrvlwlrq dowhuv lwv oree|lqj h�ruwv1

Dv phqwlrqhg deryh/ zh dvvxph wkdw hdfk oree| jurxs pd{lpl}hv wkh olihwlph
xwlolw| ri lwv jurxs phpehuv e| fkrrvlqj wkh rswlpdo dprxqw ri oree|lqj h�ruw1
Pruhryhu/ zh dvvxph wkdw lw wdnhv wkh ghflvlrq ri lwv srolwlfdo rssrqhqw dv jlyhq
zkhq ghflglqj rq wkh oree| h�ruw1 Wkh �uvw0rughu frqglwlrq iru wkh oree| jurxs
uhsuhvhqwlqj wkh vnloohg lq shulrg w lv

�� sq o sq @ 4 � � q +47,

Wkh dqdorjrxv �uvw0rughu frqglwlrq iru wkh oree| jurxs uhsuhvhqwlqj wkh xq0
vnloohg lv

Q sq
Q rq � rq z sq o sq @ z rq +48,

Khqfh/ erwk oree| jurxsv lqyhvw lq srolwlfdo lq xhqfh xqwlo wkh pdujlqdo h�hfw ri
oree|lqj htxdov wkh rssruwxqlw| frvwv ri wlph/ l1h1 wkh +diwhu0wd{, zdjh1 Iru wkh
xqvnloohg/ wkh pdujlqdo ehqh�w ri oree|lqj ghshqgv rq wkh zdjh ri wkh vnloohg
dv zhoo dv rq wkh qxpehu ri vnloohg uhodwlyh wr wkh qxpehu ri xqvnloohg1 Dv d
uhvxow/ wkh xqvnloohg zloo/ iru h{dpsoh/ oree| pruh li wkh qxpehu ri vnloohg ulvhv1
Ri frxuvh/ rqh jurxs*v uhvsrqvh wr vxfk d fkdqjh pd| lqflwh wkh rwkhu jurxs wr
fkdqjh lwv ehkdylru dv zhoo/ ghshqglqj rq wkh uhvsrqvh ixqfwlrqv1 Dv phqwlrqhg

;



deryh/ wkh ehvw uhvsrqvh ri d jurxs ghshqgv rq lwv fkdudfwhu/ zklfk lq wxuq
ghshqgv rq � rq dqg � sJrq 1 Wkh iroorzlqj ohppd uhodwhv wkh fkdudfwhu ri wkh oree|
jurxs wr wkh sduwldo ghulydwlyhv1

Ohppd 4 Wkh fkdudfwhu ri wkh rssrvlqj oree| jurxsv dqg wkh sduwldo ghulyd0
wlyhv � rq dqg � s�rq duh uhodwhg dv iroorzv=

l, � sJrq A � rq , wkh oree| uhsuhvhqwlqj wkh vnloohg lv ghihqvlyh dqg wkh oree|
uhsuhvhqwlqj wkh xqvnloohg lv r�hqvlyh1

ll,� sJrq ? � rq , wkh oree| uhsuhvhqwlqj wkh vnloohg lv r�hqvlyh dqg wkh oree|
uhsuhvhqwlqj wkh xqvnloohg lv ghihqvlyh1

Surri1 Vhh dsshqgl{ D4

Li iru h{dpsoh � sJrq lv qhjdwlyh/ wklv phdqv wkdw dq lqfuhdvh lq wkh oree|lqj
dfwlylwlhv e| wkh oree| jurxs uhsuhvhqwlqj wkh vnloohg zloo pdnh wkh oree| jurxs
ri wkh xqvnloohg pdujlqdoo| ohvv vxffhvvixo1 Wkh ehvw uhvsrqvh ri wkh oree| jurxs
uhsuhvhqwlqj wkh xqvnloohg wr lqfuhdvlqj srolwlfdo dfwlylw| e| wkh rwkhu jurxs lv/
wkhuhiruh/ wr lqyhvw ohvv lq uhqw vhhnlqj1 Wkh xqltxh Qdvk htxloleulxp lv vwdeoh
li +vhh Dsshqgl{ D5,

 N¡
¢�o£ ¡�	¤  N¢�
�   ¡�5¤�£ ¡�   ¡
¡� ? �

 �¢	¢�I£ ¡�  ¡
¢�o£ ¡�5¤   ¢� +49,

Wkh deryh frqglwlrq vkrzv wkdw wkh devroxwh ydoxh ri wkh vorsh ri wkh ehvw
uhvsrqvh ixqfwlrqv ri wkh ulfk vkrxog eh vpdoohu wkdq wkh devroxwh ydoxh ri
wkh vorsh ri wkh uhdfwlrq ixqfwlrq ri wkh xqvnloohg1 Wkh iroorzlqj vxevhfwlrq
glvfxvvhv wkh h�hfwv ri d fkdqjh lq zdjh ri wkh vnloohg wr looxvwudwh wkh zrunlqj
ri wkh srolwlfdo prgho1

Dq lqfuhdvh lq wkh zdjh ri vnloohg zrunhuv

Lq wklv vxevhfwlrq zh looxvwudwh wkh zrunlqj ri wkh oree| prgho e| dqdo|}lqj
wkh h�hfwv ri dq lqfuhdvh lq lqhtxdolw| wkdw uhvxowv iurp d fkdqjh lq whfkqrorj|
wkdw lqfuhdvhv wkh surgxfwlylw| ri vnloohg zrunhuv +uhodwlyh wr wkh surgxfwlylw|
ri xqvnloohg,/ l1h1 dq lqfuhdvh lq D s 1

Dvvxph wkdw lqlwldoo|/ dw w @ 3> wkh hfrqrp| lv lq wkh vwhdg| vwdwh dqg xqdq0
wlflsdwhg lqfuhdvh lq D s rffxuv1 Qrwh wkdw wkh qxpehu ri vnloohg dqg xqvnloohg
lv suhghwhuplqhg dqg wkxv zloo qrw fkdqjh lqlwldoo|1 Wkh lpphgldwh h�hfw ri dq
lqfuhdvh lq D s lv uh hfwhg lq d kljkhu jurvv zdjh ri vnloohg zrunhuv z s > ohdglqj
wr dq lqfuhdvh lq wkh zdjh jds ehwzhhq vnloohg dqg xqvnloohg zrunhuv1 Dv fdq eh
vhhq iurp wkh �uvw0rughu frqglwlrq +4;,/ dq lqfuhdvh lq wkh zdjh jds lqflwhv xq0
vnloohg wr oree| pruh1 Wklv lv gxh wr wkh lqfuhdvh lq wkh wd{ edvh dxwrpdwlfdoo|
lpso|lqj dq lqfuhdvh lq wkh uhqw wkh xqvnloohg vhhnv/ zkloh wkh frvwv ri oree|lqj
gr qrw fkdqjh1 Wklv vr0fdoohg frvw0ehqh�w h�hfw zloo 0 fhwhulv sdulexv 0 kdyh d
srvlwlyh h�hfw rq wkh wd{ udwh1 Krzhyhu/ wkh vnloohg zloo uhdfw wr wkh lqfuhdvh
lq wkh uhqw vhhnlqj dfwlylw| ri wkh xqvnloohg1 Wkh h�hfw rq wkh oree| h�ruw ri
wkh vnloohg ghshqgv rq wkh fkdudfwhu ri wkh oree| jurxs1 Li � sJrq A � rq A 3> wkh
oree| jurxs uhsuhvhqwlqj wkh vnloohg lv ghihqvlyh dqg zloo uhdfw wr wkh lqfuhdvhg
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srolwlfdo dfwlylw| ri wkh xqvnloohg e| uhgxflqj lwv oree| h�ruw1 Wklv lv looxvwudwhg
lq Iljxuh 4D=

LQVHUW ILJXUHV 4D DQG 4E
Wkh zdjh lqfuhdvh iru wkh vnloohg zrunhuv lpsolhv d sdudooho vkliw uljkwzdug

ri wkh ehvw uhvsrqvh ixqfwlrq ri wkh oree| jurxs uhsuhvhqwlqj xqvnloohg zrunhuv1
Frqvhtxhqwo|/ wkh srolwlfdo htxloleulxp pryhv iurp H ¥ wr H v dqg wkh wd{ udwh
zloo xqdpeljxrxvo| ulvh1 Lw lv hylghqw wkdw wkh xqvnloohg*v zhoiduh zloo lqfuhdvh
gxh wr srvlwlyh whfkqrorjlfdo vkrfn dv wkh| zloo uhfhlyh d kljkhu ehqh�w/ iru
dq| jlyhq ohyho ri oree|lqj dfwlylw|/ wkdw lv/ wkh h{wud wlph orvw lq oree|lqj zloo
eh r�vhw e| d jhqhurxv uhglvwulexwlyh srolf|1 Wkh h�hfw rq wkh zhoiduh ri wkh
vnloohg lv dpeljxrxv= wkh zdjh lqfuhdvh dv zhoo dv wkh ghfuhdvh lq oree|lqj kdyh
d srvlwlyh h�hfw rq xwlolw|/ exw wklv pd| eh r�vhw e| dq lqfuhdvh lq wkh wd{ udwh li
wkh h{wud oree| h�ruwv ri wkh xqvnloohg duh yhu| vxffhvvixo1 Li wkh oree| jurxs ri
wkh vnloohg lv r�hqvlyh +l1h1 � s�rq ? 3 ru � rq A � sJrq A 3, +vhh Iljxuh 4E, wkh vnloohg
uhdfw wr wkh lqfuhdvhg oree| h�ruw ri wkh |rxqj e| udlvlqj wkhlu dfwlylw| lq wkh
srolwlfdo duhqd1 Dv d uhvxow pruh uhvrxufhv duh orvw lq wkh srolwlfdo vwuxjjoh/ exw
wkh h�hfw rq wkh wd{ udwh lv dpeljxrxv1 Iru wkh lqfuhdvh lq wkh uhqw vhhnlqj
dfwlylwlhv ri wkh xqvnloohg wr grplqdwh wkh lqfuhdvh lq wkh oree|lqj h�ruw ri wkh
vnloohg/ dqg wkxv iru wkh wd{ udwh dqg wkh zhoiduh ri wkh xqvnloohg wr ulvh/ lw lv
uhtxluhg wkdw  N¡
¢�o£ ¡�5¤  �¢�

�   ¡�5¤�£ ¡�   ¡
¡� ? 4 +4:,

Wkh h�hfw rq wkh xwlolw| ri wkh vnloohg zloo eh dpeljxrxv djdlq= wkh zdjh lqfuhdvh
zloo srvlwlyho| d�hfw wkhlu zhoiduh/ exw wkh h{wud wlph orvw lq oree|lqj dv zhoo dv
wkh lqfuhdvh lq wkh wd{ udwh zloo kdyh d qhjdwlyh h�hfw1

Vr idu/ zh rqo| orrnhg dw wkh h�hfwv ri wkh lqfuhdvh lq surgxfwlylw| ri wkh
vnloohg lq wkh �uvw shulrg dqg wkxv rq wkh zhoiduh ri wkh fxuuhqw jhqhudwlrq ri
vnloohg dqg xqvnloohg zrunhuv1 Krzhyhu/ lw lv hylghqw wkdw vxfk d vkrfn zloo kdyh
h�hfwv rq wkh zhoiduh ri ixwxuh jhqhudwlrqv dovr1 Iluvwo|/ wkhuh lv d gluhfw h�hfw
rq wkh lqkhulwdqfh ri wkh fkloguhq ri wkh fxuuhqw zrunhuv= dvvxplqj wkdw wkh
lqfuhdvhg uhqw vhhnlqj dfwlylwlhv e| wkh xqvnloohg gr qrw frpsohwho| r�vhw wkh
zhoiduh jdlq iru wkh vnloohg gxh wr wkh kljkhu zdjh/ doo ehtxhvw zloo eh kljkhu1
Wklv pd| hqdeoh vrph fkloguhq ri xqvnloohg sduhqwv wr d�rug hgxfdwlrq dqg
wkxv udlvh wkhlu olihwlph lqfrph e| pruh wkdq mxvw wkh lqfuhdvhg lqkhulwdqfh1
Vhfrqgo|/ wkh lqfuhdvh lq wkh qxpehu ri vnloohg wkdw uhvxowv li pruh nlgv fdq
d�rug hgxfdwlrq/ zloo fkdqjh wkh srolwlfdo htxloleulxp dqg ohdg wr d orzhu wd{
udwh1 Wklugo|/ d fkdqjh lq wkh qxpehu ri vnloohg pd| d�hfw wkh whfkqrorjlfdo vsloo
ryhuv dqg wkxv lq xhqfh hfrqrplf jurzwk1 Ilqdoo|/ wkhvh h�hfwv duh ri frxuvh
qrw uhvwulfwhg wr wkh �uvw shulrg/ exw zloo sursdjdwh wkhpvhoyhv wr wkh iroorzlqj
shulrgv/ ohdglqj wr d judgxdo wudqvlwlrq wr d qhz vwhdg| jurzwk sdwk1 Lq wkh
vxevhtxhqw vhfwlrqv/ wkhvh g|qdplf h�hfwv duh vwxglhg1 Lq sduwlfxodu/ Vhfwlrq 6
glvfxvvhv wkh g|qdplfv ri zhdowk dqg uhglvwulexwlrq/ l1h1 wkh �uvw dqg wkh vhfrqg
h�hfw1 Vhfwlrq 7 hoderudwhv rq wkh uhodwlrq ehwzhhq qxpehu ri +xq,vnloohg dqg
wkh jurzwk udwh1 Dvvxplqj d vlpsoh vshfl�fdwlrq iru wkh wd{ ixqfwlrq +48,/
wklv vhfwlrq dovr ghulyhv wkh orqj0uxq uhodwlrq ehwzhhq wkh wd{ dqg wkh jurzwk
udwh1 Lw lv vkrzq wkdw wklv uhodwlrq lv w|slfdoo| qrq0prqrwrqlf1 Lq Vhfwlrq 8 zh
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suhvhqw wkh uhvxowv ri vrph qxphulfdo vlpxodwlrq h{shulphqwv looxvwudwlqj wkh
dgmxvwphqw surfhvv wrzdugv d qhz vwhdg| jurzwk sdwk1

6 G|qdplfv ri Zhdowk dqg Uhglvwulexwlrq

Dv douhdg| qrwhg/ lqglylgxdov zkr lqkhulw dq dprxqw odujhu wkdq k q duh deoh +dqg
zloolqj, wr lqyhvw lq kxpdq fdslwdo dqg ehfrph vnloohg lq wkh vhfrqg shulrg ri
wkhlu olih1 Frqvhtxhqwo|/ wkh glvwulexwlrq ri lqkhulwdqfhv lq shulrg w ghwhuplqhv
wkh qxpehu ri vnloohg lq shulrg w . 4= Ohw G q eh wklv glvwulexwlrq= U ¦§ gG q +e q , @
Q / wkhq wkh qxpehu ri vnloohg lq wkh qh{w shulrg lv=

Q sq)� v @

] ¦
¨ gG q +e q , +4;,

dqg wkh qxpehu ri xqvnloohg=

Q rq)� v @

]

¨
§ gG q +e q , +4<,

Wkh glvwulexwlrq ri zhdowk dw wlph w qrw rqo| ghwhuplqhv wkh qxpehuv ri
vnloohg dqg xqvnloohg lq shulrg w.4/ exw dovr d�hfwv uhglvwulexwlrq/ whfkqrorjlfdo
vsloo ryhuv dqg jurzwk lq erwk vhfwruv/ dqg wkxv lqgluhfwo| wkh glvwulexwlrq ri
lqkhulwdqfhv lq ixwxuh shulrgv1 Wkhvh g|qdplf h�hfwv duh txlwh frpsoh{1 Lq
wklv vhfwlrq zh qhjohfw wkh h�hfwv rq whfkqrorj| dqg jurzwk +l1h1 zh dvvxph
� s @ � r @ 3 vr wkdw z s dqg k duh frqvwdqw, dqg glvfxvv wkh g|qdplf uhodwlrq
ehwzhhq uhglvwulexwlrq dqg zhdowk1 Wkhvh g|qdplfv fdq eh ghvfulehg e|

e q)� v @ +4 � �, +4 . u, e q . t q +53,

zkhuh t q lv
t q @

�

+4 � �, ^o rq z r . � q ` � t rq li e q ? k
+4 � �, ^+4 � � q , o sq z s � +4 . u, k` � t sq li e q � k

+54,

Zh dvvxph wkdw wkh g|qdplf htxdwlrq lv vwdeoh/

+4 � �, +4 . u, ? 4

Pruhryhu/ zh dvvxph wkdw lqlwldoo| t rq ? ^4 � +4 � �,+4 . u,`k dqg t sq ? ^4 �
+4 � �,+4 . u,`k= Wkdw lv/ zh dvvxph wkdw srodul}dwlrq suhydlov dqg fkloguhq ri
xqvnloohg sduhqwv zloo eh xqvnloohg dqg fkloguhq ri vnloohg sduhqwv zloo ehfrph
vnloohg1 Wklv fdvh lv looxvwudwhg e| wkh olqhv DE dqg FG lq Iljxuh 5=

LQVHUW ILJXUH 5
Lq wklv fdvh/ wkh qxpehu ri vnloohg dqg xqvnloohg lv frqvwdqw/ dqg khqfh

+jlyhq wkdw wkh zdjhv duh dovr dvvxphg wr eh frqvwdqw, wkh wd{ udwh dqg t r dqg
t s zloo eh frqvwdqw1 Dv d uhvxow/ htxdwlrq +55, lv d slhfhzlvh olqhdu ixqfwlrq

wkdw lqwhuvhfwv wkh 78
¥
0olqh wzr wlphv/ dw wkh htxloleuld/ e ©r � ª ¢v ¤�« v ¤�¬�#« v �S®  dqg
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e ©s � ª ¡v ¤�« v ¤�¬�#« v �S®  1 Vr/ lq wkh orqj uxq/ zhdowk ohyhov zlwklq wkh jurxsv frqyhujh/exw wkhuh lv frpsohwh glfkrwrp| ehwzhhq wkh wzr jurxsv1 Wkh orqj0uxq ohyho ri
dyhudjh zhdowk fdq eh h{suhvvhg dv �e @ e ©r . +e ©s � e ©r , >zklfk lv lqfuhdvlqj zlwk¯ ¡¯ li e ©r dqg e ©s duh wdnhq wr eh frqvwdqw1 Krzhyhu/ d fkdqjh lq wkh qxpehu ri
vnloohg zloo vkliw wkh srolwlfdo htxloleulxp dqg wkxv d�hfw e ©r dqg e ©s = Lq sduwlf0
xodu/ dq lqfuhdvh lq wkh qxpehu ri vnloohg zloo ghfuhdvh wkh wd{ udwh/ dqg orzhu
e ©r dqg udlvh e ©s = Vr wkh uhodwlrq ehwzhhq uhglvwulexwlrq dqg dyhudjh zhdowk lv qrw
vwudljkwiruzdug1

Lq rughu wr ixuwkhu lqyhvwljdwh wkh uhodwlrq ehwzhhq uhglvwulexwlrq dqg zhdowk/
wkh qh{w vxevhfwlrq suhvhqwv wkh g|qdplf h�hfwv ri dq lqfuhdvh lq wkh zdjh ri
wkh vnloohg1

Dq lqfuhdvh lq wkh zdjh ri wkh vnloohg

Wkh dqdo|vlv vwduwv iurp wkh lqlwldo vlwxdwlrq dv looxvwudwhg e| wkh olqhv DE dqg
FG lq Iljxuh 51 Zh dqdo|}h wkh h�hfw ri d rqfh0dqg0iru0doo lqfuhdvh lq z s =
Dv glvfxvvhg lq Vhfwlrq 516/ wklv d�hfwv oree|lqj dqg wkxv uhglvwulexwlrq/ exw
wkh h{dfw h�hfwv ghshqg rq wkh irup ri wkh wd{ ixqfwlrq1 Wkh dqdo|vlv lq wklv
vxevhfwlrq lv edvhg rq wkh dvvxpswlrq wkdw wkh wd{ udwh dqg wkh qhw lqfrph ri
erwk wkh vnloohg dqg wkh xqvnloohg ulvhv1

Wkh lqfuhdvh lq z s udlvhv t s 1 Wklv uhvxowv lq dq xszdug vkliw ri wkh olqh FG
lq Iljxuh 5 wr F*G*1 Wkh vxevhtxhqw lqfuhdvh lq uhglvwulexwlrq udlvhv t r dqg
orzhuv t s > exw zh dvvxph wkdw t s zloo vwloo eh odujhu wkdq lq wkh lqlwldo vlwxdwlrq1
Vr F*G* vkliwv grzq wr F�G� dqg DE vkliwv xs1 Qrz wkhuh duh wzr srvvlelolwlhv=
wkh lqfuhdvh lq t r pd| ru pd| qrw eh odujh hqrxjk wr doorz wkh fkloguhq ri wkh
xqvnloohg zlwk wkh kljkhvw lqkhulwdqfh wr ehfrph vnloohg1 Lq wkh odwwhu fdvh/ DE
vkliwv xs wr D*E*/ exw wkh qxpehu ri vnloohg grhv qrw fkdqjh dqg wkh olqhv lq wkh
�jxuh gr qrw vkliw dq|pruh1 Lq wkh iruphu fdvh/ krzhyhu/ wkh g|qdplf surfhvv
lv pxfk pruh frpsolfdwhg1 Lq wklv fdvh DE vkliwv xs ixuwkhu/ iru h{dpsoh wr
D�E�1 Dv d frqvhtxhqfh/ fkloguhq zlwk dq lqkhulwdqfh mxvw ehorz k zloo eh
deoh wr d�rug lqyhvwlqj lq kxpdq fdslwdo dqg frqvhtxhqwo|/ lq wkh qh{w shulrg
wkh qxpehu ri vnloohg zloo eh kljkhu1 Wklv vkliwv wkh srolwlfdo htxloleulxp1 Lq
sduwlfxodu/ wkh xqvnloohg zloo oree| pruh dv wkh kljkhu qxpehu ri vnloohg lpsolhv
d odujhu wd{ edvh dqg wkxv dq lqfuhdvh lq wkh pdujlqdo ehqh�w iurp oree|lqj
iru d kljkhu wd{ udwh zkloh wkh pdujlqdo frvwv ri oree|lqj zloo qrw fkdqjh1 Wklv
ghshqghqf| udwlr h�hfw ° zloo kdyh dq xszdug h�hfw rq wkh wd{ udwh1 Dw wkh vdph
wlph krzhyhu/ wkh oree| ri wkh vnloohg zloo jdlq lq xhqfh uhodwlyh wr wkdw ri wkh
xqvnloohg ehfdxvh ri wkh lqfuhdvh lq wkhlu uhodwlyh qxpehu1 Wklv jurxs vl}h h�hfw
zloo 0 fhwhulv sdulexv 0 orzhu wkh wd{ udwh1 Zh dvvxph wkh g|qdplf surfhvv wr
eh vwdeoh/ l1h1 lw dvvxphg wkdw wkh jurxs vl}h h�hfw grplqdwhv wkh ghshqghqf|
udwlr h�hfw vr wkdw wkh wd{ udwh zloo idoo djdlq1 Wklv zloo lq wkh qh{w shulrg
vkliw D�E� grzqzdug djdlq zkloh F�G� vkliwv xs djdlq1 Rqfh pruh/ wkhuh duh
wzr srvvlelolwlhv= hlwkhu wkh qxpehu ri vnloohg uhpdlqv frqvwdqw iurp wkhq rq
dqg fxuyhv gr qrw vkliw dq|pruh/ ru wkh qxpehu ri vnloohg ulvhv ixuwkhu dqg wkh±5j !&� ��J��D��
���M²,³)´�³�µR²³�µR¶�·�¸�¹º » ¼+³�½0³#¶�º01 "0�U"��R����1 �	�2���	"
�X�	�~d0���5�0dS�X� �	$�$T��� ��.+�#���M¶#¼5¾JºW¿�À#³JµR³�ÁBº³�½�³#¶�º)Â

45



surfhvv jrhv rq vkliwlqj DE ixwxuh grzq dqg FG ixuwkhu xs1 Wklv frqwlqxhv
xqwlo DE lv vr idu grzq wkdw d qhz htxloleulxp lv uhdfkhg zkhuh wkh qxpehu ri
vnloohg grhv qrw ulvh dq|pruh1 Lq wklv qhz htxloleulxp/ wkh qxpehu ri vnloohg zloo
eh odujhu wkdq lq wkh lqlwldo vlwxdwlrq/ dqg wkh qxpehu ri xqvnloohg zloo wkhuhiruh
eh orzhu1 Pruhryhu/ uhglvwulexwlrq dqg wkh dprxqw ri wlph erwk jurxsv vshqg
rq srolwlfdo dfwlylwlhv zloo kdyh fkdqjhg1

Qrwh wkdw lq wklv vxevhfwlrq/ zh devwudfwhg iurp whfkqrorjlfdo vsloo0ryhuv dqg
jurzwk1 Krzhyhu/ lw lv hylghqw wkdw li zh wdnh jurzwk lqwr dffrxqw/ wkh jurzwk
udwh lq wkh qhz vwhdg| vwdwh zloo eh gl�huhqw iurp wkh lqlwldo jurzwk udwh1 Lw lv
qrw hylghqw zkdw wkh h{dfw h�hfw rq jurzwk lv/ krzhyhu1 Wkhuhiruh/ lq wkh qh{w
vhfwlrq/ zh dqdo|}h wkh uhodwlrq ehwzhhq uhglvwulexwlrq/ wkh vl}h ri erwk vhfwruv
dqg orqj0uxq jurzwk1

7 Uhglvwulexwlrq/ Vsloo0ryhuv/ dqg Jurzwk lq wkh

Orqj Uxq

Wkh dlp ri wklv vhfwlrq lv wr looxvwudwh wkh uhodwlrq ehwzhhq uhglvwulexwlrq/ whfk0
qrorjlfdo vsloo0ryhuv/ dqg hfrqrplf jurzwk1 Zh �uvw dqdo|}h wkh uhodwlrq eh0
wzhhq wkh orqj0uxq jurzwk udwh dqg wkh qxpehu ri vnloohg dqg xqvnloohg/ iru
jlyhq dprxqwv ri wlph vshqw rq oree|lqj e| erwk jurxsv1 Vxevhtxhqwo|/ zh
dvvxph d vshfl�f ixqfwlrqdo irup ri wkh wd{ lq xhqfh ixqfwlrq dqg dqdo|}h wkh
uhodwlrq ehwzhhq jurzwk dqg wkh wd{ udwh1

Lqfuhdvlqj wkh qxpehu ri vnloohg fhwhulv sdulexv lqfuhdvhv vnloohg surgxfwlrq
zklfk/ gxh wr vsloo0ryhu h�hfwv/ ohdgv wr kljkhu jurzwk udwhv lq erwk vhfwruv1
Krzhyhu/ jlyhq wrwdo srsxodwlrq vl}h/ dq lqfuhdvh lq wkh qxpehu ri vnloohg lpsolhv
d ghfuhdvh lq wkh qxpehu ri xqvnloohg zklfk h{huwv grzqzdug suhvvxuh rq wkh
jurzwk udwhv lq erwk vhfwruv1 Dv d uhvxow/ dq lqfuhdvh lq wkh qxpehu ri vnloohg
rqo| lqfuhdvhv jurzwk li wkh qxpehu ri xqvnloohg lv uhodwlyho| odujh/ l1h1 li wkh
qxpehu ri vnloohg lv ehorz lwv rswlpdo ohyho1 Wklv lv vxppdul}hg lq wkh iroorzlqj
sursrvlwlrq1

Sursrvlwlrq 4 Dq lqfuhdvh lq wkh qxpehu ri vnloohg ohdgv wr kljkhu orqj0uxq

jurzwk li dqg rqo| li Q s ?
�

xv � x ¤ u
�

Q=

Surri1 Vhh Dsshqgl{ E4 1

Wklv sursrvlwlrq dvvxphv wkh dprxqw ri wlph lqglylgxdov vshqg rq oree|lqj
wr eh frqvwdqw1 Krzhyhu/ zh nqrz iurp wkh srolwlfdo prgho wkdw/ lq jhqhudo/
fkdqjhv lq wkh vl}h ri erwk oree| jurxsv d�hfw oree| h�ruwv1 Frqvhtxhqwo|/
jlyhq zdjhv ri vnloohg dqg xqvnloohg/ wkhuh lv d uhodwlrq ehwzhhq jurxs vl}h dqg
wkh wd{ udwh1 Lq rughu wr eh deoh wr dqdo|}h wklv uhodwlrq/ zh vlpsoli| wkh prgho
e| lqwurgxflqj d vshfl�f ixqfwlrqdo irup iru wkh wd{ lq xhqfh ixqfwlrq +46,1 Zh
dvvxph wklv ixqfwlrq wr eh ri wkh iroorzlqj irup=

� q @ � ¥
�

Q rq
Q sq

� Ã �

� rq
� sq

� Ä
> � A 3> � ? 4> +55,
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Qrwh wkdw wklv ixqfwlrqv vdwlv�hv wkh frqglwlrqv zlwk uhvshfw wr wkh �uvw0 dqg
vhfrqg rughu ghulydwlyhv dqg wkdw wkh furvv ghulydwlyh � r�s ? 3= Wkh odwwhu lpsolhv
wkdw wkh oree| jurxs uhsuhvhqwlqj wkh xqvnloohg lv ghihqvlyh zkloh wkh jurxs
uhsuhvhqwlqj wkh vnloohg lv r�hqvlyh1 Xvlqj wklv ixqfwlrq dqg wkh fruuhvsrqglqj
�uvw0rughu frqglwlrqv wr vxevwlwxwh rxw � rq dqg � sq / zh fdq vshfli| wkh uhodwlrq
ehwzhhq jurxsv vl}h dqg wkh wd{ udwh1 Frpelqlqj wklv zlwk wkh uhodwlrq ehwzhhq
jurxs vl}h dqg orqj0uxq jurzwk dv vxppdul}hg lq Sursrvlwlrq 4/ zh duh deoh
wr ghulyh d uhodwlrq ehwzhhq wkh wd{ udwh dqg orqj0uxq jurzwk vwdwh/ l1h1 d
uhodwlrq ehwzhhq uhglvwulexwlrq dqg jurzwk dv vkrzq lq wkh iroorzlqj htxdwlrq
+vhh Dsshqgl{ E5 iru ghwdlov,1 Å

j @ ��+ Æ,Ç~ÈÉ Ç ¢,Ê È�ËRÌNÇ�Æ	Í , +4 � �,+
É Ê Æ,Ç~È�ÍÉ Ç ¢,Ê È)Ë�ÌNÇ�Æ	Í , +56,

Wklv uhodwlrq lv ghslfwhg lq Iljxuh 6 OJÎ 1

LQVHUW ILJXUH 6
Wklv �jxuh looxvwudwhv zkdw lv douhdg| hylghqw iurp htxdwlrq +57,= wkh uhod0

wlrq ehwzhhq jurzwk dqg wkh wd{ udwh lv w|slfdoo| qrq0prqrwrqlf1 Wklv lv wkh
uhvxow ri wkh lqwhusod| ehwzhhq vhyhudo h�hfwv1 Iluvw/ wkh srolwlfdo surfhvv sod|v
dq hvvhqwldo uroh1 Dq lqfuhdvh lq � lqfuhdvhv uhglvwulexwlrq zklfk hqdeohv vrph
fkloguhq ri xqvnloohg wr mrlq wkh srro ri vnloohg1 Wklv udlvhv wkh ehqh�w ri oree|0
lqj iru wkh xqvnloohg/ dqg wkxv wkh ohdgv wr dglwlrqdo srolwlfdo suhvxuh wr ixuwkhu
lqfuhdvh wkh wkh wd{ udwh1 Krzhyhuh/ yld wkh jurxs0vl}h h�hfw wkh kljkhu qxpehu
ri vnloohg lqglylgxdov zloo dovr ohdg wr d vwurqjhu oree| wr orzhu wkh wd{ udwh1
Pruhryhu/ dq lqfuhdvh lq � glvwruwv wkh oderxu vxsso| ghflvlrq dqg ohdgv wr d
uhgxfwlrq lq h�hfwlyh oderxu vxsso| 0 dqg wkxv dq lqfuhdvh lq oree|lqj dfwlylw|
0 e| wkh vnloohg1 Lq d orqj0uxq htxloleulxp/ wkh wd{ udwh lv vwdeoh/ zklfk lv rqo|
srvleoh li wkh srolwlfdo irufhv wr lqfuhdvh dqg wr ghfudhvh wkh uhglvwulexwlrq h{0
dfwo| edodqfh1 Vhfrqg/ wkh surfhvv ri nqrzohgjh fuhdwlrq lv lpsruwdqw1 Jlyhq
wkh ohyho ri wkh zdjh ri vnloohg zrunhuv uhodwlyh wr wkdw ri xqvnloohg/ wkh uhtxluh0
phqw wkdw wkh srolwlfdo irufhv vkrxog h{dfwo| edodqfh lpsolhv d fhuwdlq vl}h ri
erwk jurxsv dqg dq doorfdwlrq ri wlph/ dqg wkxv d fhuwdlq ohyho ri surgxfwlrq ri
vnloohg zrunhuv uhodwlyh wr wkdw ri xqvnloohg1 Exw/ jlyhq wkdw wkh jurzwk udwhv ri
vnloohg dqg xqvnloohg zdjhv duh htxdo lq d vwhdg| vwdwh/ wklv lq wxuq ghwhuplqhv
wkh uhodwlyh zdjhv +fi1 htxdwlrq +8,,1 Ri frxuvh/ lq rughu wr kdyh d orqj0uxq
htxloeulxp/ wkhvh uhodwlyh zdjhv vkrxog eh frqvlwhqw zlwk wkh rqhv dvvxphg lq
wkh srolwlfdo surfhvv1 Wklv uhtxluhphqw uhvxowv lq d xqltxh uhodwlrq ehwzhhq wkh
wd{ udwh rq wkh rqh kdqg dqg uhodwlyh zdjhv/ jurxs vl}h dqg doorfdwlrq ri wlphÏ5ÐWÑ;Ò
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rq wkh rwkhu1 Wklv lpsolhv d uhodwlrq ehwzhhq wkh wd{ udwh dqg wkh ohyho ri sur0
gxfwlrq ri vnloohg zrunhuv uhodwlyh wr wkdw ri xqvnloohg= orz wd{ udwhv jr dorqj
zlwk d uhodwlyho| odujh surgxfwlrq e| vnloohg zrunhuv/ kljk wd{ udwhv zlwk uhod0
wlyho| orz surgxfwlrq ri vnloohg1 Gl�huhqfhv lq uhodwlyh surgxfwlrq jr dorqj zlwk
gl�huhqfhv lq wkh jurzwk udwh1 Dv douhdg| vxjjhvwhg e| Sursrvlwlrq 4/ wkhuh lv
dq rswlpxp iru wkh uhodwlyh surgxfwlrq e| vnloohg zrunhuv dqg wkxv dq rswlpxp
wd{ udwh1 Dv orqj dv wkh wd{ udwh lv ehorz wklv jurzwk0pd{lpl}lqj ohyho/ udlvlqj
wkh wd{ udwh lqfuhdvhv jurzwk/ deryh wklv ohyho d kljkhu wd{ udwh ohdgv wr orzhu
jurzwk1 Wkh iroorzlqj sursrvlwlrq vxppdul}hv1

Sursrvlwlrq 5 D qrq0prqrwrqlf uhodwlrqvkls suhydlov ehwzhhq orqj0uxq jurzwk
dqg wd{ udwh= iru orz ydoxhv ri wkh wd{ udwh pruh uhglvwulexwlrq jrhv dorqj zlwk
kljkhu jurzwk/ iru kljk wd{ udwhv d ixuwkhu lqfuhdvh ri uhglvwulexwlrq jrhv dorqj
zlwk orzhu jurzwk1

8 Wkh G|qdplfv ri Zhdowk/ Uhglvwulexwlrq dqg

Jurzwk

Zkhq wkh hfrqrp| lv qrw lq wkh vwhdg| vwdwh/ lw frqyhujhv yld dq dgmxvwphqw
surfhvv wrzdugv dq htxloleulxp1 Gxulqj wklv dgmxvwphqw surfhvv/ zdjhv ri vnloohg
dqg xqvnloohg zloo jurz dw gl�huhqw udwhv1 Wklv dggv dgglwlrqdo h�hfwv wr wkh
uhodwlrqv glvfxvvhg vr idu1 Lq wkh qh{w vhfwlrq/ zh looxvwudwh wkh ixoo g|qdplf dg0
mxvwphqw surfhvv e| vrph qxphulfdo vlpxodwlrq h{shulphqwv1 Dv douhdg| qrwhg/
wkh dgmxvwphqw surfhvv dv zhoo dv wkh hyhqwxdo vwhdg| vwdwh ghshqgv rq wkh lql0
wldo zhdowk glvwulexwlrq1 Wkh edvlf vlpxodwlrq h{shulphqw vwduwv iurp d xqlirup
glvwulexwlrq ri zhdowk1 Zh suhvhqw wzr yduldqwv rq wklv edvlf vlpxodwlrq1 Iluvw/
zh looxvwudwh wkh h�hfw ri wkh lqlwldo zhdowk glvwulexwlrq rq wkh rxwfrph ri wkh
g|qdplf surfhvv1 Vhfrqg/ zh glvfxvv wkh ixoo g|qdplf h�hfwv ri d whfkqrorjlfdo
vkrfn wkdw lqfuhdvhv wkh zdjh ri wkh vnloohg1 Wklv frpsohphqwv wkh glvfxvvlrq
ri wkh sduwldo h�hfwv ri wklv vkrfn lq Vhfwlrqv 5 dqg 61

814 Wkh h�hfw ri wkh lqlwldo zhdowk glvwulexwlrq

Iljxuhv 7D0G suhvhqw wkh uhvxowv ri wkh edvlf vlpxodwlrq dqg wkh h�hfw ri d
fkdqjh lq wkh lqlwldo zhdowk glvwulexwlrq1

LQVHUW ILJXUHV 7D0G

Wkh sdudphwhuv iru wkh edvlf vlpxodwlrq fdq eh irxqg lq Dsshqgl{ F41 Wklv
edvlf vlpxodwlrq vwduwv zlwk 433 lqglylgxdov zlwk zhdowk ohyhov xqlirupo| glv0
wulexwhg rq wkh lqwhuydo ^4> 433`= Wkh vwduwlqj ohyho ri wkh lqyhvwphqw lq kxpdq
fdslwdo k lv 93/ dqg lq wkh vxevhtxhqw shulrgv k lv dvvxphg wr jurz dw wkh vdph
jurzwk udwh dv wkh zdjh ri wkh vnloohg1 Jlyhq wkh lqlwldo ydoxh ri k dqg wkh
glvwulexwlrq ri zhdowk/ lw lv hylghqw wkdw wkh lqlwldo qxpehu ri xqvnloohg lv 931
Krzhyhu/ jlyhq wkh lqlwldo zdjh ohyhov dqg wkh wd{ udwh wkdw lqlwldoo| uhvxowv iurp
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wkh srolwlfdo surfhvv/ vrph fkloguhq ri wkh lqlwldo jhqhudwlrq ri xqvnloohg zloo eh
deoh wr d�rug hgxfdwlrq dqg khqfh wkh qxpehu ri xqvnloohg gursv wr 891 Wklv
uhgxfhv wkh srolwlfdo lq xhqfh ri wkh xqvnloohg dqg khqfh wkh wd{ udwh lv orzhu
lq wkh vhfrqg shulrg +ghvslwh wkh idfw wkdw wkh jds ehwzhhq wkh zdjhv ri wkh
vnloohg dqg wkh xqvnloohg kdv lqfuhdvhg d elw gxh wr wkh jurzwk udwh ri vnloohg
zdjhv ehlqj kljkhu wkdq wkdw ri xqvnloohg zdjhv,1 Wklv ghyhorsphqw frqwlqxhv
dw zlwk ghfuhdvlqj lqwhqvlw| lq shulrgv 6 dqg 71 E| wkhq wkh qxpehu ri xqvnloohg
kdv ghfuhdvhg wr 86 dqg wkh wd{ udwh lv pruh wkdq 5 shufhqw ehorz lwv lqlwldo
ydoxh1 Iurp wkhq rq/ qr fkloguhq ri xqvnloohg duh deoh wr sdvv wkh wuhvkrog k
dqg wkhuh lv frpsohwh glfkrwrp| ehwzhhq vnloohg dqg xqvnloohg1 Dv d uhvxow/ wkh
ghfuhdvh lq wkh wd{ udwh wkdw uhvxowv iurp wkh jurzwk lq vl}h ri wkh oree| jurxs
ri wkh vnloohg vwrsv1 Iurp wkhq rq/ wkh wd{ udwh voljkwo| lqfuhdvhv djdlq1 Wkh
uhdvrq iru wklv lv wkdw wkh jurzwk udwh ri wkh zdjh ri wkh vnloohg lv vwloo odujhu
wkdq wkdw ri zdjh ri wkh xqvnloohg/ lpso|lqj d jurzlqj zdjh jds dqg lqfuhdvlqj
lqyhvwphqw lq srolwlfdo dfwlylw| e| wkh xqvnloohg1 Gxh wr vslooryhu h�hfwv/ wkh
gl�huhqfh lq wkh jurzwk udwhv ri zdjhv ri vnloohg dqg xqvnloohg ghfuhdvhv ryhu
wlph dqg hyhqwxdoo| wkh zdjh jds vwdelol}hv dqg wkh hfrqrp| uhdfkhv d vwhdg|
vwdwh1

Wr looxvwudwh wkh h�hfw ri d fkdqjh lq wkh lqlwldo glvwulexwlrq ri zhdowk/ zh
udq wkh vdph vlpxodwlrq vwduwlqj iurp d  dwwhu zhdowk glvwulexwlrq1 Wkdw lv/ zh
wrrn dzd| ;3 shufhqw ri wkh zhdowk deryh :8 dqg uhglvwulexwhg wklv zhdowk wr wkh
lqglylgxdov zlwk zhdowk ehorz :8/ lq vxfk d zd| wkdw d frqwlqxrxv exw nlqnhg
glvwulexwlrq uhvxowv1 O(O Wkh uhglvwulexwlrq ri lqlwldo zhdowk hqdeohv rqh dgglwlrqdo
fklog wr lqyhvw lq kxpdq fdslwdo/ ohdglqj wr d orzhu qxpehu ri xqvnloohg lq shulrg
rqh1 Wkh dgmxvwphqw surfhvv wkdw iroorzv lv txdolwdwlyho| frpsdudeoh wr wkh rqh
ghvfulehg deryh1 Krzhyhu/ wkh qxpehu ri vnloohg zloo shupdqhqwo| eh odujhu
wkdq lq wkh vlpxodwlrq wkdw vwduwv iurp d xqlirup glvwulexwlrq ri zhdowk/ vr
wkh hfrqrp| vwdelol}hv lq dqrwkhu vwhdg| vwdwh1 Lq sduwlfxodu/ wkh vwhdg| vwdwh
wkdw lv uhdfkhg vwduwlqj iurp d  dwwhu glvwulexwlrq lv fkdudfwhul}hg e| d odujhu
zdjh jds/ d orzhu wd{ udwh dqg kljkhu jurzwk udwh1 Wklv qxphulfdo h{dpsoh
vkrzv wkdw/ li wkh qxpehu ri vnloohg lv lqh!flhqwo| orz gxh wr lpshuihfw fdslwdo
pdunhwv/ uhglvwulexwlrq ri zhdowk pd| ghfuhdvh lqh!flhqf| dqg irvwhu jurzwk1
Dw wkh vdph wlph/ krzhyhu/ wklv uhlqirufhv wkh srolwlfdo lq xhqfh ri wkh vnloohg
dqg ohdgv wr pruh lqhtxdolw| dqg ohvv uhglvwulexwlrq lq wkh orqj uxq1 Vwloo/ gxh
wr wkh kljkhu jurzwk udwh/ dovr ixwxuh jhqhudwlrqv ri xqvnloohg zloo eh ehwwhu r�1

815 Dq lqfuhdvh lq wkh zdjh ri wkh vnloohg

Iljxuhv 8D0G suhvhqw wkh uhvxowv ri wkh dgmxvwphqw surfhvv li zh vwduw iurp dq
lqlwldo vlwxdwlrq zlwk d kljkhu zdjh iru wkh vnloohg dv frpsduhg wr wkh uhvxowv ri
wkh edvlf vlpxodwlrq1
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Wkh kljkhu zdjh ri wkh vnloohg zloo qrw d�hfw wkh lqlwldo qxpehu ri xqvnloohg1
Krzhyhu/ wkh lqfuhdvhg zdjh jds pdnhv wkhp oree| pruh1 Wkh vnloohg uhdfw wr
wklv e| dovr voljkwo| lqfuhdvlqj wkhlu lqyhvwphqw lq srolwlfdo dfwlylw|/ exw wklv lv
qrw vx!flhqw wr suhyhqw d kljkhu wd{ udwh lq wkh �uvw shulrg1 Wkh dgmxvwphqw
surfhvv lv djdlq vlplodu wr wkh rqh ghvfulehg deryh1 Krzhyhu/ wkh lqfuhdvhg
uhglvwulexwlrq hqdeohv pruh xqvnloohg wr ehfrph vnloohg lq wkh frxuvh ri wlph1
Vr/ lq wkh vwhdg| vwdwh/ wkh qxpehu ri vnloohg lv kljkhu1 Dv d uhvxow/ wkh wd{ udwh lv
orzhu dqg jurzwk lv kljkhu lq wkh orqj uxq wkdq lq wkh vlpxodwlrq vwduwlqj zlwk d
orzhu z , 1 Vr/ li wkh lqyhvwphqw lq kxpdq fdslwdo lv lqh!flhqwo| orz gxh wr fdslwdo
pdunhw frqvwudlqwv/ d whfkqrorjlfdo vkrfn wkdw lqlwldoo| rqo| ehqh�wv wkh vnloohg
zloo hyhqwxdoo| ehqh�w doo lqglylgxdov1 Yld wkh srolwlfdo uhglvwulexwlrq surfhvv/
wkh xqvnloohg zloo dssursuldwh sduw ri wkh jdlqv zklfk doorzv pruh xqvnloohg wr
ehfrph vnloohg dqg wkxv irvwhuv jurzwk1

9 Frqfoxglqj Uhpdunv

Zh kdyh dqdo|}hg wkh frqvhtxhqfhv ri hqgrjhqrxv srolwlfdo ghflvlrq pdnlqj rq
uhglvwulexwlrq lq d wzr0vhfwru hqgrjhqrxv jurzwk prgho zkhuh jurzwk lv gulyhq
e| kxpdq fdslwdo/ lqyhvwphqw lq kxpdq fdslwdo lv lqglylvleoh dqg fdslwdo pdunhwv
duh plvvlqj1 Fohduo|/ lq vxfk dq hfrqrp|/ lqyhvwphqw lq kxpdq fdslwdo whqgv wr
eh lqh!flhqwo| orz dqg uhglvwulexwlrq pd| kdyh vljql�fdqw h�hfwv rq jurzwk1

Wkh srolwlfdo0hfrqrp| prgho xvhg grhv qrw dvvxph h{ dqwh dv|pphwu| lq
srolwlfdo lq xhqfh O�g / exw wkh rxwfrph pd| eh dv|pphwulfdo gxh wr gl�huhqfhv
lq wlph lqyhvwhg lq oree|lqj1 Wkhvh gl�huhqfhv pd| eh wkh uhvxow ri frvw0ehqh�w
h�hfwv/ l1h1 gl�huhqfhv lq wkh edodqfh ehwzhhq wkh frvwv dqg ehqh�wv ri oree|lqj1
Li whfkqrorjlfdo surjuhvv lqfuhdvhv wkh zdjh jds ehwzhhq vnloohg dqg xqvnloohg/
iru h{dpsoh/ wklv zloo uhvxow lq pruh dfwlyh srolwlfdo vxssruw iru vrfldo dvvlvwdqfh/
plqlpxp zdjh odzv dqg rwkhu w|shv ri lqwud0jhqhudwlrqdo uhglvwulexwlrq1 Rq
wkh rwkhu kdqg/ zkhq wkh srolwlfdo dfwlylw| ri xqvnloohg zrunhuv lqfuhdvhv/ wkh
g|qdplfv ri uhglvwulexwlrq pd| fdxvh wkh qxpehu ri xqvnloohg wr vkulqn dqg wkh
jurxs ri vnloohg zrunhuv wr jurz1 Li jurxs vl}h h�hfwv duh lpsruwdqw/ wkdw lv/
li wkh uhodwlyh vl}h ri d oree| jurxs pdwwhuv iru lq xhqflqj jryhuqphqw srolf|
ghflvlrqv/ wklv pd| ohdg wr d frxqwhuydlolqj srzhu ri wkh vnloohg oree| iru wkhlu
vkhhu qxpehu1 Dv d uhvxow ri wkhvh wzr rssrvlqj irufhv shuvlvwhqfh lq lqhtxdolw|
pd| suhydlo zkhq uhglvwulexwlrq lv eorfnhg/ ohdglqj wr pxowlsoh vwhdg|0vwdwh
htxloleuld1

Zh kdyh vkrzq wkdw wkh htxloleulxp wkdw lv dfwxdoo| uhdol}hg lq wkh orqj
uxq lv ghshqghqw xsrq wkh lqlwldo glvwulexwlrq ri zhdowk1 Lq sduwlfxodu/ zh kdyh
looxvwudwhg wkdw h�hfwlyh uhglvwulexwlrq ri zhdowk fdq surprwh jurzwk1

Dv dqrwkhu h{dpsoh/ zh dqdo|}hg wkh h�hfwv ri d whfkqrorjlfdo vkrfn wkdw
lqfuhdvhv wkh zdjh jds ehwzhhq vnloohg dqg xqvnloohg zrunhuv1 Wklv h{dpsoh
looxvwudwhg wkdw srolwlfdo ghflvlrq pdnlqj pd| eh fuxfldo iru wkh h�hfwv ri hfr0
qrplf vkrfnv1 Lq sduwlfxodu/ zh ghprqvwudwhg wkdw li wkh xqvnloohg/ yld wkhì.- ä Ó�Û5Ñ4â Ò�î�Û	Ø�Ò)Ñ#Ý�ÛæJÑ
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rssrvlwh1 Pruhryhu/ gxh wr wkh hyroxwlrq ri wkh rssrvlqj irufhv lq wkh srolwlfdo
surfhvv/ wkh wlph sdwk ri wkh wd{ udwh wrzdugv lwv vwhdg|0vwdwh ohyho pd| eh
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Figure 3. Non-monotonic relationship between growth 
and tax rate.
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Figure 4A. Growth rates of skilled sector under 
different  Distribution of Wealth

68

70

72

74

76

78

80

0 50 100 150 200

Time in Periods

gr
ow

th
 r

at
es

 x
10

00

Uniform Distribution

Flatter Distribution

5:



Figure 4B. Tax rates Under different Distributions of Wealth
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Figure 4D. Number of Unskilled individuals under 
different Distribution of Wealth
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Figure 5A. Effect of wage increase on growth rates under 
uniform  Distribution
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Figure 5B. Effect of wage increase on Tax Rates under 
Uniform Distribution of Wealth
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Figure 5C. Effect of wage increase on wage gaps under 
uniform distribution of wealth
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Figure 5D. The Effect of wage increase on the evolution 
of Long run # of unskilled individuals  under uniform 

distribution
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Figure 6. Non-monotonic relationship between growth 
and tax rate
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