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Whvwlqj/ Frpsdulqj/ dqg Frpelqlqj Ydoxh0dw0Ulvn Phdvxuhv4

Shwhu Fkulvwr�huvhq
PfJloo Xqlyhuvlw|5

Mlq|rqj Kdkq
Xqlyhuvlw| ri Plfkljdq6

Dwvxvkl Lqrxh
Qruwk Fdurolqd Vwdwh Xqlyhuvlw|7

Rfwrehu 4/ 4<<<

4Zh zrxog olnh wr wkdqn Plnh Fkhuqry dqg Hulf Jk|vohv iru surylglqj xv zlwk wkhlu gdwd/ dqg \xlfkl Nlwd0
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Devwudfw

Ydoxh0dw0Ulvn +YdU, kdv hphujhg dv wkh vwdqgdug wrro iru phdvxulqj dqg uhsruwlqj �qdqfldo pdunhw

ulvn1 Fxuuhqwo|/ pruh wkdq hljkw| frpphufldo yhqgruv r�hu hqwhusulvh ru wudglqj ulvn pdqdjhphqw

v|vwhpv zklfk uhsruw YdU0olnh phdvxuhv1 Ulvn pdqdjhuv duh wkhuhiruh riwhq ohiw zlwk wkh gdxqwlqj

wdvn ri kdylqj wr fkrrvh iurp wklv sohwkrud ri ulvn phdvxuhv1 Dffruglqjo|/ wklv sdshu ghyhorsv d

iudphzrun iru dqvzhulqj wkh iroorzlqj txhvwlrqv derxw YdUv= 4, Krz fdq d ulvn pdqdjhu whvw wkdw

wkh YdU phdvxuh dw kdqg lv surshuo| vshfl�hg/ jlyhq wkh klvwru| ri dvvhw uhwxuqvB 5, Jlyhq wzr

gl�huhqw YdU phdvxuhv/ krz fdq wkh ulvn pdqdjhu frpsduh wkh wzr dqg slfn wkh ehvw lq d vwdwlv0

wlfdoo| phdqlqjixo zd|B Ilqdoo|/ 6, Krz fdq wkh ulvn pdqdjhu frpelqh wzr ru pruh gl�huhqw YdU

phdvxuhv lq rughu wr rewdlq d vlqjoh vwdwlvwlfdoo| vxshulru phdvxuhB Wkh xvhixoqhvv ri wkh phwkrg0

rorj| lv looxvwudwhg lq dq dssolfdwlrq wr gdlo| uhwxuqv rq wkh V)S8331 Lq wkh dssolfdwlrq/ frpshwlqj

YdU phdvxuhv duh fdofxodwhg iurp hlwkhu klvwrulfdo ru rswlrq0sulfh edvhg yrodwlolw| phdvxuhv/ dqg

wkh YdUv duh wkhq whvwhg dqg frpsduhg1

MHO Frghv= J43/ F55/ F86

Nh|zrugv= Ulvn pdqdjhphqw/ yrodwlolw|/ qrqqhvwhg whvwlqj/ rswlrqv



4 Prwlydwlrq

Vsdunhg e| wkh vwrfn pdunhw fudvk lq 4<;:/ wkh sdvw ghfdgh kdv zlwqhvvhg d vxujh lq wkh h�ruw

�qdqfldo pdunhw sduwlflsdqwv ghyrwh wr ulvn pdqdjhphqw1 Lq d uhfhqw vxuyh| ri ulvn pdqdjhphqw

vriwzduh/ Ulvn +4<<<, olvwv pruh wkdq hljkw| frpphufldo yhqgruv r�hulqj hqwhusulvh ru wudglqj

ulvn pdqdjhphqw lqirupdwlrq v|vwhpv1 Wklv h�ruw kdv ehhq hqfrxudjhg e| uhjxodwru| dxwkrulwlhv

lpsrvlqj ulvn0edvhg fdslwdo dghtxdf| uhtxluhphqwv rq �qdqfldo lqvwlwxwlrqv +vhh Glpvrq dqg Pduvk/

4<<8/ dqg Zdjvwhu/ 4<<9,1 Wkh uhfhqw wxuexohqfh lq hphujlqj pdunhwv/ vwduwlqj lq Ph{lfr lq

4<<8/ frqwlqxlqj lq Dvld lq 4<<:/ dqg vsuhdglqj wr Uxvvld dqg Odwlq Dphulfd lq 4<<; kdv ixuwkhu

h{whqghg wkh lqwhuhvw lq ulvn pdqdjhphqw wr frpsdqlhv rxwvlgh wkh wudglwlrqdo vskhuh ri edqnlqj

dqg lqvxudqfh1

Wzr lpsruwdqw ghyhorsphqwv/ rqh lq dfdghpld dqg rqh rq Zdoo Vwuhhw kdyh idflolwdwhg wkh

dgydqfhphqw lq nqrzohgjh derxw ulvn pdqdjhphqw1 Iluvw/ wkh ghyhorsphqw ri yrodwlolw| prghov iru

phdvxulqj dqg iruhfdvwlqj yrodwlolw| g|qdplfv ehjdq lq dfdghplfv zlwk Hqjoh +4<;5,1 Wkh kxqguhgv

ri sdshuv iroorzlqj Hqjoh*v ruljlqdo zrun � pdq| ri wkhp �qglqj dssolfdwlrqv wr �qdqfldo gdwd �

kdyh kdg lpsruwdqw lpsolfdwlrqv iru prghuq ulvn pdqdjhphqw whfkqltxhv1 Vhfrqg/ wkh lqwurgxfwlrq

ri UlvnPhwulfv e| MS Prujdq +4<<9, kdv hqdeohg frpsdqlhv zlwk mxvw d plqlpxp ri frpsxwdwlrqdo

srzhu dqg whfkqlfdo delolw| wr frpsxwh vlpsoh phdvxuhv ri pdunhw ulvn iru d jlyhq sruwirolr ri dvvhwv1

UlvnPhwulfv kdv dovr durxvhg wkh lqwhuhvw ri dfdghplfv dv lw r�huv d ehqfkpdun phwkrgrorj| xsrq

zklfk lpsuryhphqwv fdq eh pdgh/ dqg djdlqvw zklfk dowhuqdwlyhv fdq eh whvwhg1 Uhvhdufk lq wklv

wudglwlrq lv uhsruwhg lq Mrulrq +4<<9,/ Gx!h +4<<:,/ dqg Grzg +4<<;,1

Dq lpsruwdqw frqwulexwlrq ri wkh UlvnPhwulfv phwkrgrorj| lv wkh lqwurgxfwlrq ri wkh Ydoxh0

dw0Ulvn +YdU, frqfhsw zklfk froodsvhv wkh hqwluh glvwulexwlrq ri wkh sruwirolr uhwxuqv lqwr d vlqjoh

qxpehu zklfk lqyhvwruv kdyh irxqg xvhixo dqg hdvlo| lqwhusuhwhg dv d phdvxuh ri pdunhw ulvn1 Wkh

YdU lv hvvhqwldoo| d s0shufhqw txdqwloh ri wkh frqglwlrqdo glvwulexwlrq ri sruwirolr uhwxuqv1

Lq UlvnPhwulfv/ wkh YdU phdvxuh kdv rqo| d ihz xqnqrzq sdudphwhuv zklfk duh vlpso| fdol0

eudwhg wr ydoxhv irxqg wr zrun txlwh zhoo lq frpprq vlwxdwlrqv1 Krzhyhu/ vhyhudo vwxglhv vxfk dv

Gdqlhovvrq dqg gh Yulhv +4<<:,/ Fkulvwr�huvhq +4<<;,/ dqg Hqjoh dqg Pdqjdqhool +4<<<, kdyh irxqg

vljql�fdqw lpsuryhphqwv srvvleoh zkhq ghyldwlrqv iurp wkh uhodwlyho| uljlg UlvnPhwulfv iudphzrun

duh h{soruhg1 Exw/ zkhq rqh dwwhpswv wr dsso| wkh uhvxowv zklfk kdyh hphujhg iurp wkh JDUFK

dqg uhodwhg olwhudwxuhv wr ulvn pdqdjhphqw/ vhyhudo txhvwlrqv uhpdlq rshq1 Zh dvn wkh iroorzlqj

txhvwlrqv= 4, Jlyhq d YdU phdvxuh/ krz fdq wkh ulvn pdqdjhu whvw wkdw wkh sduwlfxodu phdvxuh

dw kdqg lv dssursuldwho| vshfl�hgB 5, Jlyhq wzr gl�huhqw YdU phdvxuhv/ vd| rqh xvlqj JDUFK

dqg rqh xvlqj lpsolhg yrodwlolw|/ krz fdq wkh ulvn pdqdjhu frpsduh wkh wzr dqg slfn wkh ehvw

lq d vwdwlvwlfdoo| phdqlqjixo zd|B Ilqdoo|/ 6, Krz fdq wkh ulvn pdqdjhu h{soruh wkh srvvlelolw|

ri frpelqlqj wzr ru pruh gl�huhqw YdU phdvxuhv lq rughu wr rewdlq d vlqjoh vwdwlvwlfdoo| rswlpdo

phdvxuhB Fkrrvlqj dq rswlpdo YdU phdvxuh lv lpsruwdqw1 Ehghu +4<<8, �qgv iru h{dpsoh wkdw

dsso|lqj gl�huhqw YdU prghov wr wkh vdph sruwirolr fdq |lhog vljql�fdqwo| gl�huhqw dvvhvvphqwv ri

ulvn1

Zh looxvwudwh wkh xvhixoqhvv ri rxu dssurdfk lq dq dssolfdwlrq wr gdlo| uhwxuqv rq wkh V)S833
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lqgh{1 Zh whvw dqg frpsduh YdU phdvxuhv edvhg rq JDUFK0w|sh yrodwlolwlhv hvwlpdwhg iurp

klvwrulfdo uhwxuqv zlwk phdvxuhv edvhg rq lpsolhg dqg hvwlpdwhg yrodwlolwlhv iurp rswlrqv frqwudfwv

zulwwhq rq wkh V)S833 lqgh{1 Zh xvh wkh yrodwlolw| phdvxuhv frqvwuxfwhg e| Fkhuqry dqg Jk|vhov

+4<<;,1

Wkh ghyhorsphqw ri d vshfl�fdwlrq whvwlqj phwkrgrorj| lv frpsolfdwhg e| wkh idfw wkdw wkh YdU

frqfhsw lqwurgxfhv dq lpsruwdqw qrqgl�huhqwldelolw| zklfk lqydolgdwhv h{lvwlqj vwdwlvwlfdo whvwlqj

surfhgxuhv1 Lq dgglwlrq/ zkhq frpsdulqj wzr frpshwlqj phdvxuhv/ lw lv hvvhqwldo wr doorz iru wkhp

wr eh qrqqhvwhg1 Zh wdfnoh wkhvh fkdoohqjhv e| h{whqglqj wkh uhfhqw uhvxowv e| Nlwdpxud +4<<:, wr

doorz iru qrqgl�huhqwldelolw|1

Wkh uhpdlqghu ri rxu sdshu lv vwuxfwxuhg dv iroorzv= Lq Vhfwlrq 5/ zh hvwdeolvk vrph qrwdwlrq

dqg ghyhors d prphqw0edvhg iudphzrun iru YdU vshfl�fdwlrq whvwlqj/ qrqqhvwhg YdU frpsdulvrq

whvwlqj/ dqg YdU prgho frpelqdwlrq1 Lq Vhfwlrq 6/ zh lqwurgxfh wkh hfrqrphwulf phwkrgrorj|

dqg vkrz krz lw fdq eh dssolhg wr whvwlqj YdU prghov1 Lq Vhfwlrq 7/ zh dsso| rxu phwkrgrorj|

wr uhwxuqv rq wkh V)S833 lqgh{/ frpsdulqj wudglwlrqdo wlph vhulhv edvhg YdU phdvxuhv wr YdUv

edvhg rq lpsolhg yrodwlolwlhv iurp rswlrqv sulfhv1 Vhfwlrq 8 frqfoxghv dqg jlyhv gluhfwlrqv iru ixwxuh

uhvhdufk1

5 Ydoxh0dw0Ulvn zlwk Frqglwlrqdo Prphqw Uhvwulfwlrqv

Zh vhw rxw e| gh�qlqj wkh qrwdwlrq qhfhvvdu| iru hvwdeolvklqj rxu whvwlqj iudphzrun1

514 Gh�qlqj Ydoxh0dw0Ulvn

Ohw wkh dvvhw uhwxuq surfhvv xqghu frqvlghudwlrq eh ghqrwhg e|

|| @ �| . %|>

zkhuh %|m�|3� �
�
3> �2

|

�
> dqg zkhuh �|3� lv wkh wlph0w�4 lqirupdwlrq vhw1 Wkhq wkh Ydoxh0dw0Ulvn

phdvxuh zlwk fryhudjh suredelolw|/ s> lv gh�qhg dv wkh frqglwlrqdo txdqwloh/ I|�|3� +s, > zkhuh

Su
�
|| � I|�|3� +s,

���|3�

�
@ s=

Wkh frqglwlrqdolw| ri wkh YdU phdvxuh lv nh|1 Wkurxjkrxw wklv sdshu/ zh zloo dvvxph wkdw || lv

dssursuldwho| ghphdqhg vr wkdw �| @ 3 dqg || @ %|1 Exw yrodwlolw| zloo eh doorzhg wr eh wlph0

ydu|lqj1

515 Vshfli|lqj Yrodwlolw|

Ulvn pdqdjhuv kdyh d sohwkrud ri yrodwlolw| phdvxuhv wr fkrrvh iurp zkhq fdofxodwlqj Ydoxh0dw0Ulvn

+YdU, phdvxuhv1 Wlph vhulhv prghov ri yrodwlolw| udqjh iurp h{srqhqwldoo| vprrwkhg dqg vlpsoh

dxwruhjuhvvlyh prghov/ ryhu vlqjoh0vkrfn JDUFK prghov/ wr wzr0vkrfn vwrfkdvwlf yrodwlolw| prghov1

Ixuwkhupruh/ wkh ulvn pdqdjhu fdq xvh rswlrq edvhg phdvxuhv ri yrodwlolw| wr phdvxuh ulvn1 Ohw xv

wkhuhiruh �uvw jlyh d eulhi ryhuylhz ri dydlodeoh yrodwlolw| prghov1
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Wkh ehqfkpdun phdvxuh dgyrfdwhg lq MS Prujdq*v +4<<9, UlvnPhwulfv vhwv wkh frqglwlrqdo

phdq frqvwdqw/ dqg vshfl�hv wkh yduldqfh dv dq h{srqhqwldo �owhu

�2
| @ +4� �, %2|3� . ��2

|3�> +4,

zkhuh � lv vlpso| vhw wr 1<7 iru gdlo| gdwd1 Wkh lqqrydwlrqv duh dvvxphg wr eh Jdxvvldq/ wkxv wkh

YdU phdvxuh lv

I-�
|�|3� +s, @ �.�3� +s,�|=

Reylrxvo|/ iru s @ =38/ zh zrxog kdyh �3� +s, @ �4=971 Lq wkh vwdqgdug Jdxvvldq JDUFK+4/4,

fdvh +Eroohuvohy 4<;9, wkh frqglwlrqdo yduldqfh hyroyhv dv

�2
| @ $ . �%2|3� . ��2

|3�> +5,

dqg wkh rqh0vwhs dkhdg frqglwlrqdo txdqwloh zlwk fryhudjh s lv

IC
|�|3� +s, @ �|�|3� .�3� +s,�|=

Vwrfkdvwlf Yrodwlolw| prghov lqvwhdg dvvxph yrodwlolw| lv gulyhq e| dq xqrevhuyhg idfwru1 Lq wkh

vlpsohvw fdvh/

|| � �|�|3� @ %| h{s
��|

5

�
>

zkhuh

�| @ �f . ���|3� . �|3�=

Zlwklq hdfk w|sh ri yrodwlolw| prgho/ pdq| yduldqwv h{lvw/ edvhg rq frqvlghudwlrqv uhjduglqj orqj

yhuvxv vkruw phpru|/ qrqolqhdu yhuvxv olqhdu vshfl�fdwlrqv/ dqg h{rjhqrxv yduldeohv vxfk dv vhdvrqdo

dqg wudglqj yroxph h�hfwv1

JDUFK/ UlvnPhwulfv dqg vwrfkdvwlf yrodwlolw| prghov duh doo edvhg vroho| rq wkh klvwru| ri

wkh uhwxuq || lwvhoi1 Exw lqirupdwlrq rq yrodwlolw| pd| dovr eh rewdlqhg iurp fxuuhqw pdunhw gdwd

vxfk dv rswlrq sulfhv1 Lq dq h�ruw wr lqfrusrudwh wkh pdunhw*v eholhi derxw ixwxuh uhwxuqv/ wkh ulvn

pdqdjhu fdq dsso| lpsolhg yrodwlolwlhv iurp rswlrqv sulfhv1 Jlyhq gdwd rswlrqv frqwudfwv wudghg/

wkh Eodfn dqg Vfkrohv +4<:5, lpsolhg yrodwlolw| ri d Hxurshdq fdoo rswlrq fdq eh irxqg dv wkh �

zklfk vroyhv

F @ V � �+g�,� h{s +�u +W � w,,N � �+g2, > +6,

zkhuh F lv wkh txrwhg rswlrqv sulfh/ �+�, lv wkh vwdqgdug qrupdo f1g1i1/ dqg

g� @
orj 7

g .
�
u . j2

2

�
+W � w,

�
s
W � w

> g2 @ g� � �
s
W � w=
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zkhuh N>V> u> W � w> dqg � ghqrwh wkh vwulnh sulfh/ wkh xqghuo|lqj dvvhw sulfh/ wkh ulvn0iuhh lqwhuhvw

udwh/ wkh wlph0wr0pdwxulw|/ dqg wkh lpsolhg yrodwlolw| uhvshfwlyho|1 Mrulrq +4<<8,/ iru h{dpsoh/ kdv

irxqg lpsolhg yrodwlolwlhv wr zrun zhoo dv suhglfwruv ri ixwxuh yrodwlolw| zkhq xvlqj d vwdqgdug phdq

vtxduhg huuru fulwhulrq1

Rqh fdq dovr xvh rswlrq sulfhv dqg dvvhw uhwxuqv wr hvwlpdwh d pruh uhdolvwlf prgho ri uhwxuqv

doorzlqj iru wlph0ydu|lqj yrodwlolw|1 D ehqfkpdun prgho lq wklv wudglwlrq lv irxqg lq Khvwrq +4<<6,/

zkr dvvxphv wkdw wkh sulfh ri wkh xqghuo|lqj dvvhw/ V+w,/ hyroyhv dffruglqj wr

gV+w, @ �Vgw.
s
y+w,Vg}�+w,>

dqg yrodwlolw|/ y+w,/ hyroyhv dffruglqj wr

gy+w, @ �^� � y+w,`gw. �
s
y+w,g}2+w,> +7,

zkhuh wkh wzr Zlhqhu surfhvv lqqrydwlrqv/ g}�+w, dqg g}2+w, duh doorzhg wr eh fruuhodwhg1 Khvwrq

+4<<6, ghulyhv d forvhg0irup vroxwlrq iru d Hxurshdq fdoo rswlrq sulfh zklfk lv vlplodu lq vwuxfwxuh

wr htxdwlrq +6,1 Fkhuqry dqg Jk|vhov +4<<;, vkrz krz wkh sdudphwhuv fdq eh hvwlpdwhg xvlqj

gdwd rq rswlrqv dqg uhwxuqv1

Rwkhu phdvxuhv ri yrodwlolw|/ zklfk gl�hu lq wkh uhwxuq gdwd dssolhg/ lqfoxgh Jdupdq dqg Nodvv

+4<;3,/ dqg Jdoodqw dqg Wdxfkhq +4<<;, zkr lqfrusrudwh gdlo| kljk dqg orz txrwhv/ dqg Dqghuvhq

dqg Eroohuvohy +4<<;, dqg Dqghuvhq/ Eroohuvohy/ Glherog dqg Ode|v +4<<<,/ zkr dyhudjh lqwudgd|

vtxduhg uhwxuqv wr hvwlpdwh gdlo| yrodwlolw|1

Lq wkh hpslulfdo dssolfdwlrq dw wkh hqg ri wkh sdshu zh zloo vwxg| YdU phdvxuhv edvhg rq

yrodwlolw| phdvxuhv iurp htxdwlrqv +4,/ +5,/ +6,/ dqg +7, uhvshfwlyho|1

516 Frqglwlrqdo Prphqw Uhvwulfwlrqv

Lpsolflw lq wkh frqwh{w ri ulvn pdqdjhphqw dqg wkh uhodwhg sxuvxlw ri d jrrg phdvxuh ri yrodwlolw|

lv dq dvvxpswlrq wkdw wkh uhwxuq vwdqgdugl}hg e| lwv frqglwlrqdo phdq dqg vrph wudqvirupdwlrq

ri yrodwlolw|/ vd| � +�|,/ lv l1l1g1= Li +|| � �|,2 � +�|, lv qrw l1l1g1 iru dq| wudqvirupdwlrq � +�, ri

yrodwlolw|/ wkhq yrodwlolw| dorqh zrxog qrw eh vx!flhqw iru fkdudfwhul}dwlrq ri frqglwlrqdo txdqwloh1

W|slfdoo|/ zh pdnh dq lpsolflw dvvxpswlrq wkdw || ehorqjv wr d orfdwlrq0vfdoh idplo|= Zh dvvxph

wkdw +|| � �|,2�| lv l1l1g1/ zklfk zrxog lpso| wkdw wkh frqglwlrqdo txdqwloh lv vrph olqhdu ixqfwlrq

ri yrodwlolw|/ zkhuh wkh uhohydqw frh!flhqwv ri vxfk d olqhdu ixqfwlrq lv ghwhuplqhg e| wkh frpprq

glvwulexwlrq ri wkh vwdqgdugl}hg uhwxuq1 Wkhuhiruh/ rqh fdq wklqn ri wkh YdU phdvxuh dv wkh

rxwfrph ri d txdqwloh uhjuhvvlrq1 Wuhdwlqj yrodwlolw| dv d uhjuhvvru/ dqg ljqrulqj frqglwlrqdo phdq

g|qdplfv/ zh kdyh iru h{dpsoh/ wkdw

I|�|3�

�
�R

�
@ �Rc� . �Rc2�|

iru vrph �Rc� dqg �Rc21 Qrwlfh wkdw wkh sdudphwhuv zloo ydu| zlwk wkh fkrvhq fryhudjh/ s1 D gl�huhqw

YdU phdvxuh/ edvhg rq d gl�huhqw yrodwlolw| prgho �W
| / ru d gl�huhqw glvwulexwlrqdo dvvxpswlrq/ ru
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erwk/ frxog eh zulwwhq dv

I W
|�|3� +�R, @ �Rc� . �Rc2�

W
| =

Dw ohdvw wkuhh txhvwlrqv qrz dulvh= Iluvw/ �Krz gr zh hydoxdwh wkh dssursuldwhqhvv ri wkh vshfl0

�fdwlrq ri wkhvh phdvxuhvB� Vhfrqg/ �Krz gr zh frpsduh wkhpB� Dqg wklug/ �Fdq zh frpelqh

wkhp wr pdnh dq hyhq ehwwhu phdvxuhB�

Lq rughu wr dqvzhu wkhvh txhvwlrqv/ zh dsso| wkh iroorzlqj frqglwlrqdo prphqw iudphzrun=

Frqvlghu �uvw wkh vshfl�fdwlrq whvwlqj txhvwlrq1 Jlyhq wkh ulvn pdqdjhu*v lqirupdwlrq vhw/ �|3�/

dqg xqghu wkh qxoo wkdw wkh YdU phdvxuh lv fruuhfwo| vshfl�hg/ wkh iroorzlqj pxvw krog=

Gh�qlwlrq 4 Wkh YdU lv h!flhqw zlwk uhvshfw wr wkh lqirupdwlrq vhw/�|3�> zkhq

H
�
L
�
|| ? I|�|3�

�
�R

��� s
���|3�

�
@ 3>

zkhuh L +�, lv wkh lqglfdwru ixqfwlrq1

Wklv prphqw frqglwlrq vwdwhv wkdw qr lqirupdwlrq dydlodeoh wr wkh ulvn pdqdjhu dw wlph w � 4

vkrxog khos suhglfw zkhwkhu wlph w*v uhwxuq idoov deryh ru ehorz wkh YdU phdvxuh uhsruwhg dw wlph

w � 41 Wkh YdU phdvxuh vkrxog lq rwkhu zrugv eh h!flhqw zlwk uhvshfw wr wkh lqirupdwlrq vhw

�|3�1 Zh zloo uhihu wr wklv dv wkh h!flhqw YdU frqglwlrq1 Wkh �uvw txhvwlrq fdq qrz eh uhvwdwhg

dv/ �Grhv d sduwlfxodu YdU phdvxuh vdwlvi| wkh h!flhqw YdU frqglwlrqB�

Lw vhhpv sodxvleoh wkdw prvw YdUv duh srwhqwldoo| plvvshfl�hg1 Diwhu doo/ lw lv kdug wr lpdjlqh

wkdw dq| hfrqrphwulf prgho xqghuo|lqj d YdU lv dq h{dfw ghvfulswlrq ri wkh gdwd jhqhudwlqj surfhvv1

Wklv zrxog iru lqvwdqfh eh wkh fdvh li wkh wuxh glvwulexwlrq glg qrw ehorqj wr d orfdwlrq0vfdoh

idplo|1 Xqghu wkhvh flufxpvwdqfhv/ wkh frqglwlrqdo txdqwloh ri lqwhuhvw pd| qrw eh d ixqfwlrq ri

wkh frqglwlrqdo yduldqfh rqo|/ dqg frqglwlrqdo nxuwrvlv/ iru h{dpsoh/ pd| sod| dq dgglwlrqdo uroh lq

fkdudfwhul}lqj wkh frqglwlrqdo txdqwloh1 Lw lv wkhq olnho| wkdw hyhu| YdU phdvxuh zrxog eh uhmhfwhg

jlyhq d vx!flhqwo| odujh dprxqw ri revhuydwlrqv1 Zh wkhuhiruh zdqw rxu whvwlqj phwkrgrorj| wr

doorz iru wkh srvvlelolw| ri plvvshfl�fdwlrq14

Rxu vhfrqg uhvhdufk txhvwlrq pd| eh uhvwdwhg dv/ �Krz gr zh frpsduh plvvshfl�hg YdU

phdvxuhvB� Lq rughu wr dqvzhu wklv txhvwlrq/ frqvlghu qrz djdlq wkh frpshwlqj YdU phdvxuh/

I W
|�|3� +�R, = Zh fdq zulwh

H
k�

L
�
|| ? I W

|�|3� +�R,
�
� s

�
m�|3�

l
@ 3=

Zh wkhq zdqw wr whvw zkhwkhu I|�|3�

�
�R

�
lv vljql�fdqwo| ehwwhu wkdq I W

|�|3� +�R, lq d vwdwlvwlfdoo|

phdqlqjixo zd|/ xvlqj wkhvh prphqw frqglwlrqv1

Hyhq li rqh YdU phdvxuh grplqdwhv wkh rwkhu/ zh fdq vwloo dvn zkhwkhu zh fdq lpsuryh rq

lw1 Wklv frxog eh prwlydwhg djdlq e| txhvwlrqlqj wkh lpsolflw orfdwlrq0vfdoh dvvxpswlrq1 Li wklv
4Ri frxuvh/ lq �qlwh vdpsohv/ hyhq vwdwlvwlfdo dffhswdqfh ri wkh h!flhqw YdU frqglwlrq iru vrph sduwlfxodu YdU

phdvxuh grhv qrw qhffhvdulo| lpso| wkdw wkh h!flhqw YdU frqglwlrq lv vdwlv�hg lq srsxodwlrq/ dv d odfn ri srzhu

djdlqvw wkh uhohydqw dowhuqdwlyh frxog eh wkh fxosulw1
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dvvxpswlrq lv ylrodwhg/ lw lv hqwluho| srvvleoh wkdw rqh YdU phdvxuh lv vxshulru wr wkh rwkhu rqh/

exw qhlwkhu ri wkhp vdwlv�hv wkh h!flhqw YdU frqglwlrq lq srsxodwlrq1 Xqghu wkhvh flufxpvwdqfhv/

lw lv srvvleoh wr lpsuryh hyhq wkh �ehwwhu� YdU phdvxuh e| frpelqlqj lw zlwk d �zruvh� yrodwlolw|

phdvxuh1 Wklv frqfhsw ri iruhfdvw frpelqdwlrq zdv lqwurgxfhg wr wkh olwhudwxuh rq frqglwlrqdo phdq

iruhfdvwlqj e| Edwhv dqg Judqjhu +4<9<,/ dqg Vwrfn dqg Zdwvrq +4<<;, kdyh uhfhqwo| uhsruwhg qhz

hylghqfh ri lwv vxffhvv lq iruhfdvwlqj pdfurhfrqrplf wlph vhulhv1 Vr idu/ krzhyhu/ lw kdv uhpdlqhg

xqh{soruhg lq wkh frqwh{w ri ulvn pdqdjhphqw1

Zh kdyh qrz hvwdeolvkhg d prphqw frqglwlrq iudphzrun iru YdU phdvxuhv exw zh vwloo qhhg

wr �qg wkh glvwulexwlrq ri wkh prphqw frqglwlrqv1 Wklv wdvn lv frpsolfdwhg e| wkh suhvhqfh ri wkh

lqglfdwru ixqfwlrq1 Dv lw dozd|v wdnhv rq d ydoxh ri hlwkhu }hur ru rqh/ lw lqwurgxfhv d qrqgl�huhq0

wldelolw| lqwr wkh prphqw frqglwlrqv1 Zh zloo uhvroyh wklv frpsolfdwlrq sduwo| e| xvlqj wkh uhvxowv

ri Sdnhv dqg Sroodug +4<;<, dqg sduwo| e| h{whqglqj wkh iudphzrun ri Nlwdpxud +4<<:,1

6 Phwkrgrorj|

Uhfdoo wkdw/ li wkh YdU phdvxuh lv fruuhfwo| vshfl�hg/ zh pxvw kdyh

H
�
L
�
|| ? I|�|3�

�
�R

��� s
���|3�

�
@ 3= +8,

Vxssrvh wkdw wkh lqvwuxphqwv i}|> }|3�> = = = j duh frqwdlqhg lq wkh lqirupdwlrq vhw �|1 Qrwh wkdw/ e|

wkh odz ri lwhudwhg h{shfwdwlrqv/ zh vkrxog kdyh

H
��
L
�
|| ? I|�|3�

�
�R

��� s
�� n +}|3�> }|32> = = = ,

�
@ 3 +9,

iru hyhu| phdvxudeoh yhfwru0ydoxhg ixqfwlrq n+�, ri i}|> }|3�> = = = j1 Iru vlpsolflw|/ rplwwlqj wkh wlph
dqg s0vxevfulswv/ zh pd| zulwh htxdwlrq +9, jhqhulfdoo| dv H ^i+{> �,` @ 3/ zkhuh wkh yhfwru {

frqwdlqv wkh hohphqwv ri }| dqg || dv zhoo dv �|1

614 YdU Vshfl�fdwlrq Whvwlqj

Kdqvhq*v +4<;5, JPP ryhulghqwl�fdwlrq whvw/ vrphwlphv nqrzq dv wkh M0whvw/ fdq eh xvhg wr whvw

wkh lpsolfdwlrq lq +9,1 Wkh whvw vwdwlvwlf lv gh�qhg dv

W �iA

�e���
Z �iA

�e�� > +:,

zkhuh

e� @ dujplq
q

iA +�,�ZiA +�, > iA +�, @
4

W

A[
|'�

i +{|c�, >

dqg Z lv wkh rswlpdo zhljkwlqj pdwul{ pdnlqj JPP d frqvlvwhqw dqg dv|pswrwlfdoo| h!flhqw

hvwlpdwru1 Lw lv fohdu wkdw/ gxh wr wkh suhvhqfh ri wkh lqglfdwru ixqfwlrq/ L +�,/ wkh prphqw ixqfwlrq
i +{> �, lv qrw gl�huhqwldeoh lq �/ zklfk suhvhqwv dq hfrqrphwulf fkdoohqjh1 Iru vshfl�fdwlrq whvwlqj/

wklv fkdoohqjh kdv ehhq uhvroyhg e| Sdnhv dqg Sroodug +4<;<, zkr dsso| vlpxodwlrq0edvhg whfkqltxhv1
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Dowkrxjk wkh vwdqgdug JPP iudphzrun lv wkxv vxlwdeoh iru vshfl�fdwlrq whvwlqj ri YdU phdvxuhv/

lw lv loo vxlwhg iru qrqqhvwhg frpsdulvrqv ri srvvleo| plvvshfl�hg prghov1 Wklv lv wkh wrslf wr zklfk

zh qrz wxuq1

615 Qrqqhvwhg YdU Frpsdulvrq

Iru wkh vshfl�fdwlrq whvw ghvfulehg dw wkh hqg ri wkh suhfhglqj vxevhfwlrq/ zh frxog lq sulqflsoh

kdyh uholhg rq wkh lqirupdwlrq wkhruhwlf dowhuqdwlyh wr JPP gxh wr Nlwdpxud dqg Vwxw}hu +4<<:,/

zkr frqvlghu vroylqj wkh vdpsoh dqdorj ri wkh xqfrqvwudlqhg sureohp

�W @ dujpd{
q

plq
�

H>

�
h{s

�
��i +{> �,

��
l1h1/

e�A @ dujpd{
q

plq
�

PA +�> �, @ dujpd{
q

plq
�

4

W

A[
|'�

h{s
�
��i +{|> �,

�
= +;,

Wkhlu hvwlpdwru lv edvhg rq wkh lqwxlwlrq wkdw/ xqghu fruuhfw vshfl�fdwlrq/ �W plqlpl}hv wkh

Nxooedfn0Ohleohu Lqirupdwlrq fulwhulrq +NOLF,1 Lqwhuhvwlqjo|/ wkhlu lqwhusuhwdwlrq kdv d qlfh jhqhu0

dol}dwlrq wr wkh qrqqhvwhg k|srwkhvlv whvwlqj dv glvfxvvhg e| Nlwdpxud +4<<:,1

Vxssrvh qrz wkdw zh duh jlyhq wzr YdU phdvxuhv/ I|�|3�

�
�R

�
/ dqg I W

|�|3� +�R,/ wkh prphqw

frqglwlrqv ri zklfk fdq eh zulwwhq dv=

H
�
i
�
{> �R

�� � H
��
L
�
|| ? I|�|3�

�
�R

��� s
�� n +}|3�,

�
@ 3

dqg

H ^j +{> �R,` � H
k�

L
�
|| ? I W

|�|3� +�R,
�
� s

�
� n +}|3�,

l
@ 3>

zkhuh n +�, lv d jlyhq �qlwh0glphqvlrqdo yhfwru0ydoxhg ixqfwlrq1 Qrwh wkdw qhlwkhu YdU phdvxuh

qhvwv wkh rwkhu/ dqg wudglwlrqdo qhvwhg k|srwkhvlv whvwlqj fdqqrw eh xvhg iru frpsdulqj wkhvh wzr

YdU phdvxuhv1 Wklv dorqh suhvhqwv d wkhruhwlfdo fkdoohqjh iru YdU frpsdulvrqv1 Zh wdnh dq hyhq

pruh dpelwlrxv srvlwlrq e| dvvxplqj wkdw erwk vshfl�fdwlrqv duh srwhqwldoo| lqfruuhfw1

Nlwdpxud +4<<:, sursrvhg wr ghdo zlwk vxfk qrqqhvwhg k|srwkhvlv whvwlqj e| frpsdulqj wkh

NOLF glvwdqfh ri wkh wzr prphqw uhvwulfwlrqv lq srsxodwlrq1 Xqghu klv sursrvdo/ wkh prphqw

uhvwulfwlrq zlwk vpdoohu NOLF glvwdqfh zloo eh dffhswhg= Rxu whvw zloo eh edvhg rq wkh gl�huhqfh

ehwzhhq wkh NOLF glvwdqfhv

PA

�e�A > e�A� @ pd{
q

plq
�

PA +�> �,

#
@

4

W

A[
|'�

h{s
�
��i +{|> �,

�$

dqg
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�e�A > e�A� @ pd{
w

plq
b
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#
@

4
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A[
|'�

h{s
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=
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Nlwdpxud +4<<:, hvwdeolvkhg wkh surshuwlhv ri vxfk qrqqhvwhg k|srwkhvlv whvwlqj iru wkh fdvh zkhuh

erwk i dqg j duh gl�huhqwldeoh1 Gxh wr wkh lqglfdwru ixqfwlrq/ gl�huhqwldelolw| lv ylrodwhg lq rxu

dssolfdwlrq1 Zh wkhuhiruh jhqhudol}h klv uhvxow wr rxu qrqgl�huhqwldeoh fdvh/ dqg rewdlq wkh iroorzlqj

uhvxow1

Wkhruhp 4 Xqghu wkh qxoo wkdw P +�W> �W, @ Q +�W> �W,/ zh kdyh
s
W
�
PA

�e�A > e�A��QA

�e�A > e�A�� $ Q
�
3> �2

"
�
>

zkhuh �2" @ olpA<"Ydu
�

�I
A

SA
|'� h{s^�

W3i+{|> �W,`� h{s^�W3j+{|> �W,`
�
1

Surri1 Vhh Dsshqgl{1

Wkxv/ d vljql�fdqwo| odujh ydoxh ri wkh whvw vwdwlvwlf zloo fdxvh d uhmhfwlrq ri wkh k|srwkhvlv wkdw wkh

wzr phdvxuhv pdwfk wkh h!flhqw YdU frqglwlrq htxdoo| zhoo lq idyru ri wkh YdU prgho ghqrwhg e|

H ^j +{> �W,` @ 31

616 YdU Frpelqdwlrq

Frqvlghu qrz wkdw odvw ri rxu wkuhh uhvhdufk txhvwlrqv= Krz fdq wkh ulvn pdqdjhu rswlpdoo| frpelqh

frpshwlqj YdU phdvxuhvB Iru vlpsolflw| dqg sudfwlfdolw|/ zh irfxv rq wkh olqhdu frpelqdwlrq ri

YdU phdvxuhv1 Zh frqvlghu frpelqlqj wkh iroorzlqj q YdU phdvxuhv

Su
�
|| � I

E��
|�|3�

�
�E��
R

�����E��
|3�

�
@ s> +<,

iru l @ 4> 5> ===> q1 Ohw � @
�
�
E��
R > �

E2�
R > � � � > �E?�

R

�
/ � +�f> ��> � � � > �?,/ dqg �|3� @ _?

�'��
E��
|3�1 Ghqrwh

wkh frpelqhg YdU phdvxuh e|

I|�|3� +�> �, @ �f .
?[

�'�

��I
E��
|�|3�

�
�E��
R

�
=

Qrwh wkdw/ li dq| ri wkh lqglylgxdo YdU phdvxuhv lv fruuhfwo| vshfl�hg/ wkhq

Su
�
|| � I|�|3� +�> �,

���|3�

�
@ s +43,

iru vrph � wulyldoo|1 Hyhq li qrqh ri wkh YdU phdvxuhv duh fruuhfwo| vshfl�hg/ lw lv sodxvleoh wkdw

vrph olqhdu frpelqdwlrq zrxog lpsuryh rq doo lqglylgxdo YdU phdvxuhv1 Qrwlfh wkdw deryh zh

zurwh wkh prphqw frqglwlrq dv

H
��
L
�
|| � I|�|3� +�> �,

�� s
�� n +}|3�,

�
@ 3

zklfk lq wxuq fdq eh zulwwhq vlpso| dv

H ^i +}> �> �,` @ 3=

Qrwh wkdw zh fdq frqvlghu � d sduw ri wkh sdudphwhu yhfwru lq wkh prphqw frqglwlrq/ dqg wkh

dv|pswrwlf uhvxowv xqghuo|lqj Wkhruhp 4 fdq eh dssolhg djdlq1 Wkh uhvxowlqj frpelqhg YdU

phdvxuh lv rswlpdo lq wkh vhqvh wkdw plqlpl}hv wkh Nxooedfn0Ohleohu glvwdqfh lq srsxodwlrq1

;



7 Dssolfdwlrq wr Gdlo| Uhwxuqv rq wkh V)S833

Wkh irfxv ri wklv dssolfdwlrq lv wr dvvhvv dqg frpsduh wkh xvhixoqhvv ri gl�huhqw yrodwlolw| phdvxuhv

lq ulvn pdqdjhphqw1 Zh dsso| rxu whvwlqj phwkrgrorj| wr d sruwirolr frqvlvwlqj ri d orqj srvlwlrq

lq wkh V)S833 lqgh{ zlwk dq lqyhvwphqw krul}rq ri rqh gd|1 Wkh gdwd dssolhg zdv judflrxvo|

surylghg wr xv e| Fkhuqry dqg Jk|vhov +4<<;,1 Wkh| surylgh xv zlwk V)S833 lqgh{ uhwxuqv zklfk

duh uhfrughg gdlo| iurp Qryhpehu 4<;8 wr Rfwrehu 4<<7/ fruuhvsrqglqj wr 553< revhuydwlrqv1 Wkh|

dovr vxsso| d gdlo| Hxurshdq rswlrqv sulfh rq wkh dw0wkh0prqh|/ qhduhvw wr pdwxulw|/ fdoo rswlrq

frqwudfw rq wkh V)S833 lqgh{1 Xvlqj wkh h!flhqw JPP phwkrgrorj| ri Jdoodqw dqg Wdxfkhq

+4<<9,/ Fkhuqry dqg Jk|vhov +4<<;, hvwlpdwh wkh Khvwrq*v +4<<6, prgho lq htxdwlrq +7,/ dqg rewdlq

d vhulhv ri gdlo| ��wwhg� yrodwlolwlhv/ xvlqj wkh uhsurmhfwlrq dojrulwkp lq Jdoodqw dqg Wdxfkhq +4<<;,1

Zh vkdoo uhihu wr wkhvh dv uhsurmhfwhg yrodwlolwlhv ehorz1 Lq dgglwlrq wr wkh uhsurmhfwhg yrodwlolwlhv

iurp Khvwrq*v prgho/ Fkhuqry dqg Jk|vhov surgxfh d vhw ri gdlo| lpsolhg Eodfn0Vfkrohv yrodwlolwlhv

gh�qhg iurp htxdwlrq +6,1

Lq dgglwlrq wr wkh wzr yrodwlolw| vhulhv fdofxodwhg iurp rswlrq sulfhv/ zh dsso| wzr yrodwlolw|

phdvxuhv edvhg rq wkh klvwrulfdo gdlo| uhwxuqv gdwd1 Rqh lv dq hvwlpdwhg JDUFK+4/4, yrodwlolw|

dv lq htxdwlrq +5,/ wkh rwkhu lv wkh vr fdoohg UlvnPhwulfv yrodwlolw| zklfk lv frqvwuxfwhg vlpso|

dv dq h{srqhqwldo �owhu ri wkh vtxduhg uhwxuqv/ dv lq htxdwlrq +4,1 Dv lq UlvnPhwulfv/ zh vhw wkh

vprrwklqj sdudphwhu/ �> wr 1<71 Wkh irxu vwdqgdug ghyldwlrq vhulhv duh sorwwhg lq Iljxuh 41

Iru hdfk ri wkh yrodwlolw| vhulhv/ dqg dw hdfk ghvluhg YdU fryhudjh/ s> zh uxq d vlpsoh txdqwloh

uhjuhvvlrq ri uhwxuqv rq d frqvwdqw dqg wkh wlph0ydu|lqj vwdqgdug ghyldwlrq wr jhw lqlwldo sdudphwhu

hvwlpdwhv1 Zh wkhq rswlpl}h wklv �uvw hvwlpdwh xvlqj htxdwlrq +;, wr jhw d �qdo sdudphwhu hvwlpdwh/

dqg wkxv d �qdo YdU+s, phdvxuh iru hdfk prgho1 Zh wkhq wxuq wr wkh whvwlqj ri wkh irxu yrodwlolw|

phdvxuhv iru YdU sxusrvhv dfurvv d udqjh ri fryhudjh ydoxhv/ s=

714 YdU Vshfl�fdwlrq Whvwlqj

Zkhq whvwlqj hdfk ri wkh irxu YdUv iru plvvshfl�fdwlrq/ zh frxog ri frxuvh xvh wkh zhoo0nqrzq

JPP M0whvw vxjjhvwhg lq htxdwlrq +:,1 Krzhyhu/ lq rughu wr pdlqwdlq frqwlqxlw| zlwk wkh hqvxlqj

frpsdulvrq whvwv/ zh zloo lqvwhdg dsso| Nlwdpxud dqg Vwxw}hu*v +4<<:, ��whvw1 Wkh ��whvw lv wkh
lqirupdwlrq wkhruhwlf yhuvlrq ri wkh M0whvw/ dqg lw wdnhv wkh irup
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zkhuh u lv wkh qxpehu ri prphqwv/ dqg p lv wkh qxpehu ri hvwlpdwhg sdudphwhuv1 Zh zloo whvw wkh

YdU phdvxuhv frqvwuxfwhg iurp JDUFK yrodwlolwlhv/ UlvnPhwulfv yrodwlolwlhv/ lpsolhg yrodwlolwlhv/

dqg uhsurmhfwhg yrodwlolwlhv iurp wkh gdlo| V)S833 uhwxuqv1 Zh xvh d frqvwdqw dv zhoo dv wkh �uvw

odj ri wkh irxu yrodwlolw| phdvxuhv dv rxu olqhdu frqglwlrqlqj lqirupdwlrq1 Dv zh duh hvwlpdwlqj wzr

sdudphwhuv= wkh frqvwdqw dqg wkh vorsh rq yrodwlolw|1 Zh kdyh u �p @ +4 . 7,� 5 @ 6 ghjuhhv ri

iuhhgrp lq wkh dv|pswrwlf "2 glvwulexwlrq1 Wkh vshfl�fdwlrq whvwlqj uhvxowv duh vxppdul}hg lq wkh

iroorzlqj wdeoh1
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Wdeoh 4= Vshfl�fdwlrq Whvwlqj Dfurvv YdU Fryhudjh Udwhv
YdU Phdvxuh s @ =34 s @ =38 s @ =43 s @ =58

JDUFK Yrodwlolw| 61;7 71;8 6174 44168

UlvnPhwulfv 3166 ;13< :18; 43173

Lpsolhg Yrodwlolw| 71:9 <1:5 4313: 47177

Uhsurmhfwhg Yrodwlolw| :153 ;135 :177 <137

Wkh "2+6, glvwulexwlrq kdv d 8 shufhqw fulwlfdo ydoxh ri :1;5 dqg d 43 shufhqw fulwlfdo ydoxh

ri 91581 Fkrrvlqj wkh 8 shufhqw ohyho ri vljql�fdqfh/ zh vhh wkdw qr YdUv duh uhmhfwhg zkhq wkh

fryhudjh udwh s @ =34/ doo exw wkh JDUFK YdU duh uhmhfwhg zkhq s @ =38> wkh lpsolhg yrodwlolw|

YdU lv uhmhfwhg zkhq s @ =43> dqg doo YdUv duh uhmhfwhg zkhq s @ =58=

Dv yrodwlolw| lv lqkhuhqwo| d v|pphwulf skhqrphqrq rqh pljkw wu|/ lqvwhdg ri xvlqj d YdU

prphqw frqglwlrq/ wr xvh dq lqwhuydo w|sh prphqw frqglwlrq/ vxfk dv

H
�
L
��I|�|3�+�R, ? || ? I|�|3�+�R,

�� 5sm�|3�

�
@ 3= +44,

Zh jhw wkh iroorzlqj uhvxowv zkhq whvwlqj wkh irxu YdU vshfl�fdwlrqv xvlqj wkh grxeoh0vlghg

lqwhuydo=

Wdeoh 5= Grxeoh0vlghg Vshfl�fdwlrq Whvwlqj
YdU Phdvxuh s @ =34 s @ =38 s @ =43 s @ =58

JDUFK Yrodwlolw| ;13: 4;1<6 4<155 4;183

UlvnPhwulfv 41:3 58194 5<1:6 441:3

Lpsolhg Yrodwlolw| <1:6 ;155 91<7 441:<

Uhsurmhfwhg Yrodwlolw| 4519: 4:1<3 47197 47173

Zh qrz uhmhfw doo YdU dfurvv s ydoxhv zlwk wkh h{fhswlrq ri UlvnPhwulfv iru s @ =34> dqg Lpsolhg

yrodwlolw| iru s @ =431

Dq lpsruwdqw lpsolfdwlrq ri wkhvh uhvxowv lv wkdw gl�huhqw YdUv pljkw eh rswlpdo iru gl�huhqw

ohyhov ri fryhudjh1 Wklv lv qrw vxusulvlqj dv doo wkh YdU prghov duh qr grxew plvvshfl�hg1 Wkh

lpsruwdqw wklqj wr qrwh lv wkdw rxu whvwlqj iudphzrun doorzv wkh xvhu wr dvvhvv wkh txdolw| ri d

YdU phdvxuh jlyhq wkh ghvluhg fryhudjh suredelolw|/ s= Vkrxog d ulvn pdqdjhu zdqw wr whvw d prgho

dfurvv d vhw ri fryhudjh udwhv/ kh ru vkh frxog vlpso| vwdfn wkh prphqw frqglwlrqv fruuhvsrqglqj

wr hdfk s lq wkh vhw dqg uxq wkh whvw rq doo wkh frqglwlrqv vlpxowdqhrxvo|1

715 Qrqqhvwhg YdU Frpsdulvrq Whvwlqj

Lq wklv vhfwlrq zh shuirup wkh qrqqhvwhg YdU frpsdulvrq whvwv xvlqj wkh dv|pswrwlf uhvxow lq

Wkhruhp 41 Wkh uhvxowv iurp shuiruplqj sdluzlvh frpsdulvrq whvwlqj ri wkh irxu frpshwlqj YdUv

duh dv iroorzv=
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Wdeoh 6= YdU Frpsdulvrqv Dfurvv Fryhudjh Udwhv
YdU Prgho 4 yv YdU Prgho 5= s @ =34 s @ =38 s @ =43 s @ =58

JDUFK yv UlvnPhwulfv 031;; 3187 4165 03157

JDUFK yv Lpsolhg 3154 3198 31<6 317;

JDUFK yv Uhsurmhfwhg 318< 3173 3188 03167

UlvnPhwulfv yv Lpsolhg 4163 314: 3165 4139

UlvnPhwulfv yv Uhsurmhfwhg 419: 03134 03135 0315;

Lpsolhg yv Uhsurmhfwhg 3196 03177 03195 041<3

Hdfk hqwu| lq wkh wdeoh uhsuhvhqwv wkh whvw ydoxh iurp wkh qxoo k|srwkhvlv ri YdU Prgho 4 dqg

YdU Prgho 5 ehlqj htxdoo| vxlwdeoh1 D ydoxh odujhu wkdq 41<9 lq devroxwh whupv ghqrwhv d uhmhfwlrq

ri wkh qxoo k|srwkhvlv dw wkh 8 shufhqw vljql�fdqfh ohyho/ dqg d ydoxh odujhu wkdq 4198 ghqrwhv d

uhmhfwlrq dw wkh 43 shufhqw ohyho1 D srvlwlyh ydoxh lqglfdwhv wkdw YdU Prgho 4 lv suhihuuhg/ dqg d

qhjdwlyh ydoxh wkdw YdU Prgho 5 lv suhihuuhg1

Iurp wkh wdeoh/ rqo| d ihz uhmhfwlrqv duh srvvleoh/ dqg rqo| dw wkh 43 shufhqw vljql�fdqfh ohyho1

Dw d YdU fryhudjh ri 4 shufhqw/ wkh UlvnPhwulfv YdU lv suhihuuhg wr wkh uhsurmhfwhg yrodwlolw| YdU1

Iru s @ =58> wkh uhsurmhfwhg yrodwlolw| YdU lv suhihuuhg wr wkh lpsolhg yrodwlolw| YdU1

Zkhq frpsdulqj wkh YdUv xvlqj wkh lqwhuydo udwkhu wkdq wkh YdU fulwhulrq/ zh jhw wkh iroorzlqj

uhvxowv=

Wdeoh 7= Grxeoh0vlghg YdU Frpsdulvrqv
YdU Prgho 4 yv YdU Prgho 5= s @ =34 s @ =38 s @ =43 s @ =58

JDUFK yv UlvnPhwulfv 04157 31<6 4166 0415:

JDUFK yv Lpsolhg 3157 031<5 031<9 03186

JDUFK yv Uhsurmhfwhg 318: 0313; 03166 03163

UlvnPhwulfv yv Lpsolhg 4159 04165 04198 3134

UlvnPhwulfv yv Uhsurmhfwhg 4199 03185 04134 3155

Lpsolhg yv Uhsurmhfwhg 3176 414: 4149 3169

Djdlq/ zh vhh wkdw UlvnPhwulfv lv suhihuuhg wr wkh uhsurmhfwhg yrodwlolw| YdU zkhq s @ =34/ dqg

qrz wkh lpsolhg yrodwlolw| YdU lv suhihuuhg wr UlvnPhwulfv zkhq s @ =431

Qrwlfh wkdw wkh frpsdulvrq whvwlqj uhvxowv lq jhqhudo fruuhvsrqg zhoo wr wkh lqihuhqfh gudzq

iurp wkh vshfl�fdwlrq whvwlqj h{huflvh deryh1 Iru h{dpsoh/ wzr YdUv zklfk zhuh erwk uhmhfwhg

lq wkh vshfl�fdwlrq whvwv w|slfdoo| uhfhlyh d frpsdulvrq whvw ydoxh forvh wr }hur1 Qrwlfh dovr wkdw

hyhq wkrxjk zh gr qrw �qg d orw ri hylghqfh wr vljql�fdqwo| glvfhuq ehwzhhq YdU phdvxuhv lq wkh

frpsdulvrq whvwv/ wkh whvw ydoxhv zloo doorz iru dq lqirupdo sdluzlvh udqnlqj ri qrqqhvwhg YdUv/

hyhq li wkhlu gl�huhqfhv duh qrw vwdwlvwlfdoo| vljql�fdqw1

Ilqdoo|/ zh qrwh wkdw zh pljkw eh deoh wr vljql�fdqwo| udqn pruh prghov li zh fkdqjh wkh

lqyhvwphqw krul}rq iurp rqh wr �yh ru whq wudglqj gd|v1 Wkh JDUFK dqg UlvnPhwulfv prghov

w|slfdoo| surylgh yhu| vlplodu vkruw0whup yduldqfh iruhfdvwv/ exw wkh| kdyh yhu| gl�huhqw lpsolfdwlrqv

iru wkh orqjhu whup1
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8 Vxppdu| dqg Gluhfwlrqv iru Ixuwkhu Zrun

Ulvn pdqdjhuv kdyh dq dexqgdqfh ri Ydoxh0dw0Ulvn phwkrgrorjlhv wr fkrrvh iurp1 Frqvhtxhqwo|/

zh kdyh frqvlghuhg vshfl�fdwlrq whvwv ri ydulrxv YdU phdvxuhv1 Iurp wkh shuvshfwlyh wkdw uhohydqw

YdU phdvxuhv vkrxog vdwlvi| dq h!flhqw YdU frqglwlrq/ zklfk zh gh�qh/ zh kdyh surylghg ydulrxv

phwkrgrorjlhv zlwk zklfk vxfk uhohydqfh fdq eh whvwhg1 Wkh phwkrgrorj| fdq +l, whvw zkhwkhu d

YdU phdvxuh vdwlv�hv wkh h!flhqw YdU frqglwlrq> +ll, frpsduh wzr plvvshfl�hg YdU phdvxuhv>

dqg +lll, frpelqh vhyhudo plvvshfl�hg YdU phdvxuhv1 Wkh xvhixoqhvv ri wkh qhz phwkrgrorj| zdv

looxvwudwhg lq dq dssolfdwlrq wr gdlo| uhwxuqv rq wkh V)S833 lqgh{1

Vhyhudo lvvxhv duh ohiw iru ixwxuh uhvhdufk1 Zh kdyh lpsolflwo| dvvxphg dzd| hvwlpdwlrq huuruv

lq wkh yrodwlolw| phdvxuhv zklfk lv qrw frpsohwho| mxvwl�hg lq wkh JDUFK+4/4, fdvh1 Zh kdyh dovr

dvvxphg wkdw wkh yrodwlolw| phdvxuhv duh vwdwlrqdu|1 Wklv lv qrw zlwkrxw orvv ri jhqhudolw|/ exw zh

gr qrw |hw irxqg dq dghtxdwh |hw wkhruhwlfdoo| uljrurxv zd| ri lqfrusrudwh vxfk sureohpv1 Lq ixwxuh

zrun/ zh lqwhqg wr dgguhvv wkhvh lvvxhv1
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D Dsshqgl{= Surri ri Wkhruhp 4

D14 Dvvxpswlrqv

41 Wkh surfhvv {| lv vwdwlrqdu|1

51 � 5 �/ d frpsdfw/ p0glphqvlrqdo vhw1

61 Wkhuh h{lvwv d xqltxh vroxwlrq/ +�W> �W,/ wr

pd{
q

plq
�

H
�
h{s

�
��i +{> �,

��
71 Iru vx!flhqwo| vpdoo � A 3/

H

%
vxs

q�MKEqcB�
h{s

�
j�i

�
{> ����& ? 4

iru doo yhfwruv j lq wkh qhljkerukrrg ri �W1 Khuh/ � +�> �, ghqrwhv dq rshq edoo ri udglxv �

durxqg �1

81 H^i+{> �,i+{> �,�` lv qrqvlqjxodu iru doo � lq �1

91 i+{> �, ehorqjv wr d phdvxudeoh Y0F vxejudsk fodvv ri ixqfwlrqv wkh s0wk prphqw ri zklfk

hqyhorsh ixqfwlrq lv �qlwh1

:1 Wkh surfhvv {| lv � pl{lqj zlwk � pl{lqj frh!flhqwv �& vdwlvi|lqj

nR*ER32� +orj n,2ER3��*ER32� �& $ 3

iru vrph 5 ? s ? 41

;1 G � Y2

Y�Yq�H^h{s+�W�i+{> �W,,` lv ri ixoo froxpq udqn1

Y � olpA<"Ydu
k
�
A

SA
|'� h{s+�

W3i+{|> �W,,i+{|> �W,
l
lv srvlwlyh gh�qlwh1

<1 {| lv d frqwlqxrxv udqgrp yduldeoh/ dqg wkhuh lv dq lqwhjudeoh ?o�ydoxhg ixqfwlrq I +{, vxfk

wkdw ��h{s+��i+{> �,,i+{> �,�� � I +{,>��h{s+��i+{> �,,i+{> �,2�� � I +{,>��h{s+��i+{> �,,i+{> �,��� � I +{,>

iru doo { lq d qhljkerukrrg ri +�W> �W,/ zkhuh m�m/ srzhu/ dqg � duh hohphqw0e|0hohphqw1

Zh dovr lpsrvh frqglwlrqv rq �/ �/ dqg j +{> �, zklfk fruuhvsrqg wr Dvvxpswlrqv 50;1
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D15 Wkhruhp

Ohw �e�A > e�A� @ dujpd{
q

plq
�

PA +�> �,

#
@

4

W

A[
|'�

h{s+��i+{|> �,,

$
>

�e�A > e�A� @ dujpd{
w

plq
b

QA +�> �,

#
@

4

W

A[
|'�

h{s+��j+{|> �,,

$
=

Xqghu Dvvxpswlrqv 40;/

+d,
�e�A > e�A� R$ +�W> �W,1

+e,
s
W
�e�A � �W

�
_$ Q

�
3>
�
G�VG

�3�
G�V3�Y V3�G

�
G�VG

�3�
,
�
>

s
W +e�A � �W, _$ Q

�
3>
�
Lo �

�
G�VG

�3�
G�

�
V3�Y V3�

�
Lo �G

�
G�VG

�3�
��

>

zkhuh V � Y2

Y�Y��H^h{s+�W�i+{> �W,,`1

+f, Xqghu wkh qxoo k|srwkhvlv wkdw H
�
+�W,� i +{> �W,

�
@ H

�
+�W,� j +{> �W,

�
/

s
W
�
PA

�e�A > e�A��QA

�e�A > e�A�� _$ Q
�
3> �2

"
�
>

zkhuh �2" @ olpA<"Ydu
�

�I
A

SA
|'�

�
h{s

�
+�W,� i +{|> �

W,
�� h{s

�
+�W,� j +{|> �W,

���
1

D16 Surriv

D1614 Surri ri +d,= frqvlvwhqf|

Nlwdpxud dqg Vwxw}hu*v +4<<:, frqvlvwhqf| surri/ zklfk grhv qrw uhtxluh gl�huhqwldelolw|/ hvwdeolvkhv

wkdw

41 � +�, lv frqwlqxrxv lq � xqghu Dvvxpswlrq 81

51 Iru vrph O � H
�
h{s

�
� +�W,� i +{> �W,

��
H
�
h{s

�
� +�,� i +{> �,

��
? O

dqg

olp
B<f

H

%
vxs

q�MKEqcB�
h{s

�
�
�
���� i �

{> ����& @ H
�
h{s

�
� +�,� i +{> �,

��
=

61 Iru doo � A 3/ wkhuh h{lvwv vrph k A 3 vxfk wkdw

olp
A<"

Su

%
vxs

q�MX3KEqWcB�

4

W

A[
|'�

h{s
�
�
�
���� i �

{|> �
��� A O� k

&
@ 3= +45,
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71 E| gh�qlwlrq/

4

W

A[
|'�

h{s
�e�A +�,� i +{|> �,

� � 4

W

A[
|'�

h{s
�
� +�,� i +{|> �,

�
>

zklfk/ zkhq frpelqhg zlwk +45,/ |lhogv

olp
A<"

Su

%
vxs

q�MX3KEqWcB�

4

W

A[
|'�

h{s
�e�A �

���� i �
{|> �

��� A O� k

&
@ 3= +46,

Frqvlghu wkh plqlpl}dwlrq ri

4

W

A[
|'�

h{s
�
��i +{|> �

W,
�

zlwk wkh fruuhvsrqglqj plqlpl}hu e�A +�W,1 Qrwh wkdw/ iru �{hg j/ zh kdyh e| Wd|oru h{sdqvlrq

A[
|'�

h{s

��
�W .

4s
W
j

��
i +{|> �

W,
�
�

A[
|'�

h{s
�
�W�i +{|> �

W,
�

@
4s
W

A[
|'�

h{s
�
�W�i +{|> �

W,
�
i +{|> �

W,� � j

.
4

5
j�
+

4

W

A[
|'�

C2

C�C��
h{s

�
�W�i +{|> �

W,
�,

j . rR +4, >

iurp zklfk zh rewdlq

A[
|'�

h{s

��
�W .

4s
W
j

��
i +{|> �

W,
�
�

A[
|'�

h{s
�
�W�i +{|> �

W,
�

@
4

5
j�
�

C2

C�C��
H
�
h{s

�
�W�i +{> �W,

���
j

.
4s
W

A[
|'�

h{s
�
�W�i +{|> �

W,
�
i +{|> �

W,� � j . rR +4, = +47,

Sroodug*v +4<<4, frqyh{lw| ohppd vwuhqjwkhqv wkh frqyhujhqfh wr xqlirup frqyhujhqfh= Wkh odvw

rR +4, lv qrz ryhu dq| frpsdfw vhw ri jv1 E| uhsolfdwlqj Sroodug*v +4<<4, dujxphqw/ zh fdq suryh

wkdw

s
W +e�A +�W,� � +�W,, @ �

�
C2

C�C��
H
�
h{s

�
��i +{> �W,

���3�

�
+

4s
W

A[
|'�

h{s
�
�W�i +{|> �

W,
�
i +{|> �

W,

,
. rR +4, = +48,

Qrz/ revhuyh wkdw

H
�
h{s

�
�W�i +{> �W,

�
i +{> �W,

�
@ 3
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ehfdxvh lw lv wkh �uvw rughu frqglwlrq iru plqlpl}dwlrq ri H ^h{s ^��i +{> �W,`` zlwk uhvshfw wr �1

Fhqwudo olplw wkhruhp wkhq lpsolhv wkdw

e�A +�W, @ � +�W, .RR

�
4s
W

�
@ � +�W, . rR +4, = +49,

Ixuwkhupruh/ soxjjlqj +48, lqwr +47,/ zh rewdlq

A[
|'�

h{s
�e�A +�W,� i +{|> �

W,
�� A[

|'�

h{s
�
�W�i +{|> �

W,
�

@ �4

5

4

W

+
A[
|'�

h{s
�
�W�i +{|> �

W,
�
i +{|> �

W,

,��
C2

C�C��
H
�
h{s

�
�W�i +{> �W,

���3�

�
+

A[
|'�

h{s
�
�W�i +{|> �

W,
�
i +{|> �

W,

,
. rR +4, = +4:,

Qrwh wkdw +49, lq sduwlfxodu lpsolhv wkdw

olp
?<"Su

%
4

W

A[
|'�

h{s
�e�A +�W,� i +{|> �

W,
�
? O� k

&
@ 3= +4;,

Frpelqdwlrq ri +46, dqg +4;, gholyhuv wkh frqvlvwhqf| ri e�A 1

Zh qrz vkrz wkdw e�A @ e�A �e�� R$ �W1 Wklv fdq eh dffrpsolvkhg e| wkh frqyh{lw| ohppd

djdlq1 Iru wklv sxusrvh/ zh qrwh wkdw

4

W

A[
|'�

h{s
�
��i

�
{|> e��� R$ H

�
h{s

�
��i +{> �W,

��
xqlirupo| lq � zlwklq vrph frpsdfw qhljkerukrrg ri �W1 Wklv fdq eh suryhg dv iroorzv1 Wkhruhp 514

ri Dufrqhv dqg \x +4<<7, dqg Wkhruhp 4315 ri Sroodug +4<<3, lpso| wkh vwrfkdvwlf htxlfrqwlqxlw|

ri �
A

SA
|'� h{s +�

�i +{|> �,,1 Iru �{hg �/ wkh frqvlvwhqf| ri e�A dqg wklv vwrfkdvwlf htxlfrqwlqxlw|

gholyhu

4

W

A[
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��
� 4
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h{s
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� k +�> �W, . rR +4, >

zkhuh

k +�> �, � H
�
h{s

�
��i +{> �,

��
=

Iru �{hg �/ wkh doprvw vxuh frqwlqxlw| ri i +{> �, lq � frpelqhg zlwk Dvvxpswlrq < gholyhuv

k
�
�> e�A

�
� k +�> �W, @ rR +4, =

Zh wkhuhiruh kdyh
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A[
|'�

h{s
�
��i
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{|> e�A
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� 4

W
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��i +{|> �
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@ rR +4,
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srlqwzlvh lq �1 Qrwh wkdw
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W

A[
|'�

h{s
�
��i +{|> �
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h{s
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��i +{> �W,

��
. rR +4,

e| wkh hujrglf wkhruhp1 Zh wkhuhiruh kdyh

4

W

A[
|'�

h{s
�
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{|> e�A
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@ H
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h{s

�
��i +{> �W,

��
. rR +4,

iru hdfk �{hg �1 Frqyh{lw| vwuhqjwkhqv lw wr xqlirup frqyhujhqfh/ dqg wkh frqvlvwhqf| ri e�A �e�A

�
iroorzv1

D1615 Surri ri +e,= Urrw0W0Frqvlvwhqf|

Zh �uvw vkrz wkdw
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