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Empirical Tests of Models of Catastrophe Insurance Futures !

April 29, 1996

Abstract : In this paper we empirically investigate models of insurance futures derivatives
contracts. In the fall of 1993 the Chicago Board of Trade (CBOT) started trading a contract
designed to scrutinize catastrophic risk, which is currently done in the reinsurance markets.
There are obvious advantages to trading on organized exchanges (standardization, liquidity,
much reduced credit risk, etc.) as opposed to OTC markets. There has so far been little
academic on these contracts. In this paper we look at the price history for the first two
years within the context of a pricing model of Aase [1995].

'Knut K. Aase and Bernt Arne @degaard are at the Norwegian School of Economics and Business
Administration and the Norwegian School of Management.

We thank the Chicago Board of Trade for providing the data for this study.



Empirical tests of models of catastrophe insurance futures.

Knut K Aase and Bernt Arne @degaard’

29 April 1996

Abstract
In this paper we empirically investigate models of insurance futures derivative contracts.

1 Introduction.

In the fal of 1993 the Chicago Board of Trade (CBOT) started trading a contract designed to securitize
catastrophe risk, which is currently done in the reinsurance markets. There are obvious advantages to trading
on organized exchanges (standarization, liquidity, much reduced credit risk, etc) as opposed to OTC markets.

There has so far been little academic work on these contracts. In this paper we look at the price history for
the first two years within the context of a pricing model of Aase [1995]. The questions we investigate are

Z Does the model seem to be able to explain the data?
Z Are the estimated parameters meaningful. (E.g: Does the risk parameters seem meaningful ?)

Z In what dimensions do the model have problems?

2 Contracts.

2.1 Futures.
2.2 Options.
2.3 Spreads.

3 Data.

Our data consists of the observed prices for various insurance futures derivatives. The time period is the first
two years of trading. Appendix B lists the contracts in more detail.

Figure 3 gives an example of the typical price development for the SEP 94 40/60 spread contract.

Figure 1 Price observations for the SEP 94 40/60 spread contract.

We are also getting data on the underlying claims process, which will be incorporated in the estimations in
a later version of the paper.

"Norwegian School of Economics and Business Administration and Norwegian School of Management. We thank the Chicago
Board of Trade for providing the data for this study.



4 Pricing model

There has so far been little academic interest in the pricing of these contracts. In the estimations we do in
this paper we investigate the model described in Aase [1995].

The only other published work we are aware of is Cummins and Geman [1995]. (Describe model)

Although we will want to compare these models at a later stage, the Cummins and Geman [1995] does not
have a closed form solution, which makes it hard to estimate without going to simulation methods, as e.g.
used in Bossaerts and Hillion [1993]

Let us now describe the Aase model. The important feature of the model is an assumed stochastic process
for the underlying claims process.

Figure 2 illustrates the assumed process. The process is assumed to be a compound jump process. The
waiting time till the next jump is distributed as Poisson with parameter A. The size of the jump has a gamma
distribution with parameters (u,n).

Figure 2 The underlying stochastic process for claims.
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A Notation.

This appendix summarizes the notation that is used in the paper.

c cap/call parameter
c spread parameter
C2 spread parameter
Futures price relative
Jump size parameter (Gamma)
Settlement date
—t Time to settlement
Loss ratio
Risk aversion parameter
Jump waiting time parameter (Poisson).
Jump size parameter (Gamma)
Total insurance premium paid
m(@r)(Fy t) Price for a futures cap
7(=7)T (F, ) Price for a futures option
79 (Fy,t) Price for a futures spread
() Spread payoff description

NSNS

N

HE >R

B Description of the price data.

The price data has been provided by the CBOT, and consists of daily price observations.

Table ?? gives an overview of the various contracts available to us, with the time intervals we have price
observations for.
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An equilibrium model of
catastrophe insurance futures and spreads
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Abstract

This paper presents a valuation theory of futures contracts and derivatives on such contracts
when the underlying delivery value follows a stochastic process containing jumps of
random claim sizes at random time points of accident occurrence. Applications of the theory
are made on insurance futures, a new type of instrument for risk management launched by
the Chicago Board of Trade in 1992, anticipated to start soon in Europe, and perhaps also
in other parts of the world in the near future.

The welfare loss in ordinary insurance markets due to adverse selection is likely to be
reduced due to the introduction of this new market.

Several closed pricing formulas are derived, both for futures contracts and for futures
derivatives, such as caps, call options and spreads. The framework is that of general, and
partial, economic equilibrium theory under uncertainty.

Key words: Insurance futures, futures derivatives, claims processes, reinsurance
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1. Introduction

The newly founded market for insurance derivatives is the motivation behind this
paper. This market was established in December 1992 by the Chicago Board of Trade
(CBoT), and offers insurers an alternative to reinsurance as a hedging device for
underwriting risks. The terminal cash flow isrelated to the aggregate claims incurred
during a calender quarter, or more precisely, to movesin aloss ratio based on figures for
claims and premiums compiled by the Insurance Services Office (1SO). The settlement
price for each futures contract increases by $250 for each percentage point upwards
movement in the ratio.

Another interesting innovation is a set of new agricultural insurance contracts approved
by the CBoT on October 18, 1994, expected to begin trading in the first half of 1995.
These contracts - known as area yield options - provide a means for hedging against
shortfalls in the harvest of particular crops. An advantage of the crop yield contracts is that
thereisalready an OTC derivatives market in this area. More ambitious OTC deals are on
the drawing board. For example it would be possible to devise instruments which would
effectively swap hurricane risk for earthquake risk. Another possibility is “act of God”
bonds with coupons which decline as the number of catastrophe insurance claims rises.
Insurers would be natural issuers of such products. With al these new and old
instruments, markets are getting more and more complete, and we are indeed getting close
to Arrow-Debreu securities in the end.

The present paper presents a situation where the underlying stochastic dynamics is
assumed to allow for unpredictable jumps at random time points. In particular we have in
mind claims caused by accidents in an insurance framework, as the loss ratio index in the
CBoT exchange, and we intend to model an index of such claims by a random, marked
point process. An arbitrage pricing model based on this assumption usually contains many
equivalent martingale measures, so this approach does not lead to a unique pricing rule.
Although some progress has been made in this direction (see e.g., Fallmer and
Sondermann (1986), Schweitzer (1991)), we choose to stay within the framework of
equilibrium theory, and derive prices of forward contracts and relevant derivatives within
this setting. There is, however, an arbitrage type approach given by Cummins and Geman
(1995) for catastrophe insurance futures. They use the time integral of geometric Brownian
motion as a model for the accumulated claims, and use an Asian options approach.

Unlike reinsurance, hedging through futures has the advantage of reversibility since
any position may be closed before the maturity of the contract. In principle also atraditional

reinsurance contract may be reversed, however in practice reversing a reinsurance



transaction exposes the insurer to relatively high transaction costs presumably to protect the
reinsurer against adverse selection.

Adverse selection is also present in traditional reinsurance even if transactions are
supposed to take place under umberrimae fidei. The rating system for insurance companies
by e.g., Insurance Solvency International may be taken as an indication of this. Traditional
insurance against shortfallsin the harvest of crops would be practically impossible because
of the adverse incentives this would create for the farmers. Insurance through area yield
options or catastrophe insurance futures are not subject to these kinds of objections since
the contracts relate to anonymous indexes rather than individual crops or contracts, so it
may seem like the problem with moral hazard is essentially eliminated with these new
instruments. Because of this and the absence of adverse selection, the low transactions
costs that are common to traditional futures contracts could be presumed to prevail aso for
these new types of contracts. Furthermore there should be the advantages of liquidity
associated with ordinary futures markets. Put together this new market is likely to improve
welfare.

The paper deals with the delicate problem of pricing catastrophe risk, as such, risk
which is priced in this model and not treated as unsystematic risk. In the representation of
the loss ratio index, we follow insurance tradition by using a standard actuarial approach.
The presented model thus combines economic theory with actuarial practice and theory.

The paper is organized as follows. In section 2 the underlying economic model is
presented as well as the pricing results from general equilibrium theory under the kind of
uncertainty indicated above. In section 3 the theory is applied to futures contracts on
indexes represented by random marked point processes, and in section 4 some applications
are made to the CBoT market, where a simple futures pricing formula is derived. In section
5 derivatives on the futures index are discussed, and as some particularly important
applications we analyze in detail a futures cap, afutures call option and a futures spread. In
section 6 we offer some concluding remarks.

2. The economic model

We consider a pure exchange economy along the lines of Aase (1992, 19933, b).
2.1 The model of uncertainty.

A complete probability space (£2, 7, P) is given, where € is the set of states of nature
with generic element w, ¥ is the G-algebra of possible events on (£, 7). A random measure
v(w, A; t) is defined on (2, 7, P), where v(A; t) is the number of jumps some fundamental

stochastic process makes in the time interval (0, t] with values falling in the set A, A € 34,



where B¢ equals the Borel measurable subsets in RY. The interpretation is that at random
time points T;, T5, "+ events happen and a corresponding sequence of jumps U(l), U(z),
-+ with values in RY are realized by the fundamental stochastic process. The economy has a
finite horizon 7= [0, T]. The flow of information is given by a natural filtration. i.e. the

augmented filtration { #; t € 7'} of ¢-algebras of ¥ generated by v. Let L be the set of

T
adapted processes satisfying the integrability constraintEU Y(t)zdt)<oo.
0

We assume that the preferences of | agents, I={1,2, ..., I}, can be represented by
utility functions U'which are additively separable, that is
T
(2.1) Uix®) = E{J.ui(X(i)(t),t)dt}, ie I,
0

where u;: Lx [0, T] — R is sufficiently smooth. Conditions are known on the

“of the agents, and the utility functions U'for a

endowments, or accumulated portfolios X
contingent-capital market equilibrium of the Arrow-Debreu type to exist (see e.g. Araujo
and Monteiro (1989) and Duffie and Zame (1989)). Given an equilibrium, a utility function
representing the market is a function U, of the form

I
2.2) UL(X) = max D kUKD subject to T, x® < X,
Xi€R vin
such that (¢, X) is the no trade equilibrium for the single agent economy (U, X), where @
is the pricing functional. The function U, is also known as the utility function of the
representative agent (see e.g. Lucas (1978)). Under assumptions known in the literature it
has been shown that there exists a contingent capital market equilibrium (@, XDy with a

function Uy for some k € R.. Let u, be defined by

1
@3 ui(X.t) = max Zkiui(X(i), ) subject to 241 XP < X,
XM in
T
Then U, is additively separable, i.e. U (Y) = E{Juk(Y(t),t)dt} forany Ye L,andk € Ri
0

can be picked so that, forany Y € L, ¢(Y) = E{J-uf((X(t),t)Y(t)dt}, where X(t) = 2,;X%(1)
0

is the aggregate endowment in the market, and where prime stands for differentiation with



respect to the first argument. Our underlying assumption is that the vector of dividend
processes in the market are marked point processes driven of random measures explained
in the beginning. We may change to real security price processes S defined by $(t) =
Styp(1), where p(t) is the spot price of the aggregate endowment X. With these conventions,

the following result can be proved (see e.g., See Aase (1993b))

Proposition 1

Let {(Q2, F {#}, P), (Ui, Xy, D] be a security-spot market economy such that:

(a) U is additively separable and “sufficiently” regular,i=1, 2, -1

(b) The aggregate endowment X = 2,X® is bounded away from zero.

Then there is a capital market equilibrium with a set of Pareto optimal allocations {Y(i)(t);
0 <t <T} and a market representation U}, additively separable and “sufficiently” regular,
for which the real price process S of the real dividend process D satisfies

T
(2.4) S = ﬁE{J’u{((Xs,s)dﬁ(s) | fﬁ}, P-as., t<T.
t>

t

2.2 An insurance index of the CBoT-type

We now think of the model above as an insurance syndicate, where each member is
l . .
characterized by a utility function U* and net reserves XP(t) = w{’ + La(‘)(s)ds - 70,

where w8) is the initial endowment of insurer i, a(‘)(t) is a premium rate, a predictable
process, and where
N9

t oo

25y 20w = [ hPusyvOidu: ds)= > hO <= Y p®

25 zZ (t)—J N (u,s)v(du; ds) = ) hV(U,t)l(t, s = 2 h¥W(Up,ty).
0

+ n=1 n=1

Here N(i)(t) is the number of claims incurred by time t in the portfolio of insurer i, R, =
[0,00), v® is a random measure on R,,and h(i)(Un,‘tn) is the size of the n-th claim

occurring at time T,

We now define an index of insurance claims as the aggregate of processes of the above
type, i.e. let
t

(2.6) X)) =W(@) + J;)a(s)ds —Z(1)



t
where W is a stochastic process independent of the insurance claims and where I a(s)ds =
0
premiums earned in the market by time t. The length of the calendar quarter (the “event
T
quarter”) equals T, and J:) a(s)ds = I is known before the event quarter starts. In general a,

is a (possibly time-varying) premium rate, which may be a bounded variation, predictable
stochastic process. The stochastic process Z(t) represents the aggregated claims by time t
reported to, say, the ISO pool. Since claims, and in particular catastrophes, can not be
considered as infinitesimal, we represent Z by a process of the type

t oo N()
2.7) Z(0) = 6[ J‘R*uv(du; ds) = EUnl(tn <t)= EUH

where N(t) is the number of claims incurred by time t, R, = [0,00), and where U, is the
size of the n-th claim occurring at time t,,. This interpretation will be used in the rest of the

paper. For more on this model in reinsurance markets, see e.g., Aase (1992), (1993 c).

3. Futures and forward contracts on insurance indexes
3.1 The CBoT-index

In this section we apply the results of the previous section to the pricing of forward and
futures contracts on insurance indexes. We start by describing the index introduced by the
Chicago Board of Trade in December 1992, but we do not intend to give any detailed
explanation of these contracts, only the skeleton necessary to understand the principles.

Before the insurance risk can be securitised, it must be standardized. In the case of the
CBoT’ S catastrophe insurance contracts, this meant devising an index on which to base
derivatives. Unlike the equity, bond or commodity markets, the insurance market has no
obvious, continuously updated underlying cash price. The solution chosen by the Board of
Trade is the loss ratio index, calculated by the Insurance Service Office, which uses data
from at least 25 designated reporting companies. The loss ratio is the dollar value or
reported losses incurred in a given quarter (the loss quarter) and reported by the end of the
following quarter (the run-off quarter) divided by one fourth of the dollar value of the
premiums collected in the previous year. The contract value is $25,000 times the loss ratio.

The premiums in the pool is a known constant throughout the trading period, and price
changes are attributable solely to changes in the market’ s attitude towards risk and

expectations of loss liabilities at each time t, given the available information at that time.



Theideafor the insurersisto use this market to hedge against unexpected losses in the
following quarter. Clearly, if the loss ratio of the pool is not perfectly correlated with that
of the insurer, this hedge will not be perfect. The splitting of the index into different
regions, with some common pattern of risk exposures within each region, and with the risk
inhomogenity being between the regions, is clearly an advantage towards making the hedge
more effective.

The opposite side of the market (sellers of futures) consists primarily of investors and
speculators. We should add here that the way the loss ratio index is constructed may lead to
amoral hazard problem. It would be an advantage if it had been a purely scientific index of
some sort.

A perfect hedge can only be obtained using traditional reinsurance, but since insurers
business is precisely that of risk bearing, they will normally not be interested in a “perfect”
hedge, since the best they can hope for then is profits close to the riskless rate, which will
not satisfy most stock holders of insurance companies. Partly due to adverse selection, a
perfect hedge can be expensive, and sometimes traditional insurance isimpossible to
obtain. This new futures insurance market may therefore be an excellent innovation in the
insurance business, and possibly improving welfare at large through better risk sharing and
risk distribution, at least when combined with traditional insurance and reinsurance.

Since risk averse insurers are seeking “reinsurance” protection in the CBoT futures
index, they should normally be willing to pay arisk premium for this protection. On the

other side are the investors requiring compensation for bearing risk.

3.2 Forward (and futures) prices on insurance indexes.
Returning to the general economic theory in section 2, consider now a forward contract

written on an index Z. The aggregate endowment process appearing in Proposition 1 is
t

then X(t) = W(t) + J:)a(s)ds —Z(t) forall0 £t <T. We now set

t

(3.1 p(t) = cxp(— J r(s)ds),
0

where r is the short term world interest-rate in the market, which we assume exogenously
given for the moment, making our approach a partial equilibrium analysis. We return to a
full equilibrium model below. With an appropriate independence assumption, our price for
the forward contract will also coincide with the futures price. Thus we concentrate on
forward contracts for the moment. We denote one fourth of the dollar value of the

premiums collected in the previous year by I'l. To this end, the real accumulated dividend



process D for the forward contract is given by

0 whent<s<T
(3.2) D, ={

S

(Zr -F) whens2T

where Z(T) = Z(T)/IT is the loss ratio. Furthermore, the spot price S(t) of a forward

contract is zero. We now use the pricing rule of Proposition 1 and get

o E(uiX1, )21 | %)
E{ui(Xp,D | %)

Since our application isto the insurance market, where it seems reasonable to assume that

(3.3)

fort<T.

the short interest rate r is conditionally statistically independent of Z, given %, we should
perhaps anticipate that the theoretical futures priceis close to the forward price. More
precisely, the following can be shown in the present model:

Proposition 2.

Then the equilibrium real futures price process F(t) is given by

E{uf((XT,T)Z(T)exp{J-(tﬂr(u)du} | 7}

3.4) F(t) =
E(u(XpTexp| j( rwdu | 7)

A proof can be constructed using the definition of afutures contract.

In the case that the interest rate process r is conditionally statistically independent of the
insurance loss ratio index Zr and endowment process X, given ¥, the formula (3.4)
reduces to the expression (3.3). Without the independence of r and X, still this may happen

for certain u,-functions, as we shall see below.

3.3 An equilibrium model involving also interest rate

In afull equilibrium model also the interest rate r must be endogenized, and thisis possible.
Referring to Aase (1993a), it follows from the analysis there that the equilibrium interest
rate r(t) is given by the expression

_ m(t)
(35) r(t) - uf((Xl,t) [}
where
(3.6) m() = S ul (X (0,0 + uX@O0a) +

JR JuX, - R (u,1),) — uf(X,1) + uf(X O (u,t) JAOF(5du),

where F(s; du) is the claim size distribution, and where h*stems from the representation



(3.7) dZ(t) = JR dh"(u,t)v(du;dt) fort<T.

In words; there exists an equilibrium under our stipulated conditions, in which the real
interest rate process r(t) equals minus the growth rate of the market’s marginal utility for
aggregate wealth.

If the dimension d islarge enough, all the relevant assets could in principle be included
in the model. In such aworld it would not be a natural assumption that r is independent of
Z; in fact the main reason for adopting this more involved model is precisely to take into
account a possible dependency here. Such a stochastic association is then motivated from
the fact that we are considering catastrophes, which, after having occurred also may
influence the values of the interest rate r (consider e.g. a scenario with amajor earthquake

in Tokyo).

3.4 An interpretation of the market price of insurance risk.
Returning to the model explained in section 2, consider a predictable process h.
Stochastic integrals can be defined with respect to such processes as follows:

t oo
(3.8) hev, = Oj IR (s uv(dy; ds) = ;h(tn, U™t <),

where 1(B) is the indicator function of the set B ¢ Q. We assume that the (P, ) -
predictable intensity-transition kernel A(, t; du) associated with the random measure Vv, the
dual predictable projection of v, can be factored into a conditional joint probability
transition kernel F(w,t;du) and a non-negative ¥, - predictable intensity process A(w, t) as
follows
(3.9) A(t; du)dt = A(DF(t; du)dt, te T,we Q.

For any dividend process D there exists a probability measure Q equivalent to P - an

equivalent martingale measure - such that for some predictable hp(t,u)
t
(3.10) D, = JJR Jfip(s,u)¥(du; ds),
0

under Q, where V is a centered random measure under Q, and (A", F*) are the local
characteristics of v under Q: The equation (3.10) is a consequence the martingale
representation theorem and Girsanov’s change of probability theorems for random
measures (see e.g., Jacod and Shiryaev (1987)). The Radon-Nikodym derivative &(T) =

d
d_(lg and its associated density process £(t) = E((T) ‘ 4, is given by



t
G.11) E@) = (I_Iu(‘tn)v(tn,U(“))l('cn < t))exp{”Rd(l ~ (s)v(su) JASECs: du)ds}
n 21 0

for any t € [0, T]. The local characteristics A* and F* of the random measure v under Q are

given by A*(t) = w(OA(t) and F*(t; du ) = v(t,u)F(t; du), where

T
(3.12) Ju(t)?»(t)dt < oo, P-as.
0

(3.13) j NOWE(E duy =1, Vie 7, P-as.
R

The two terms p(t) and v(t,u) we interpret as the market prices of frequency risk and of
claim size risk respectively. Using It6’s formula on the term In(ui(X(t),t)), we may
compare terms in the relation u(X(t),t) = p()E(t), where &(1) is interpreted as a state price.
After some calculations we obtain
up (X(0)-h*(t,u),0)

u(X(1),0)
Noticing from (3.7) that h*is positive, under risk aversion we see that the product

(3.14) p(Ov(t,u) = 0<t<T:ue R%

H(Ov(t,u) > 1 for all u and t, and since v(t,u) is a density for each t, (2.16) implies that pu(t)
> 1 for all t = Q. Thus, in a risk averse insurance market, the risk adjusted frequency A of
the claims is larger than the (objective) frequency A.

Asanillustration, consider the case of power intertemporal utility function and time
separation, i.e. up(x,t) = eP'x¥! x >0, t>0, where p is the subjective time impatience
discount rate, and (1 — ) is the intertemporal coefficient of relarive risk aversion. Here we

get

(3.149) H(tv(t,u) = —-1—, 0<t<T:ue Rd,

hX@w 1oy

where h%(t,u) < X(t). For the exponential intertemporal utility case we have ul(x,t) =
eP'e®™ x e R, 120, and now we get
(3.14b) HOV(Lu) = e W 0<t<T;ue RY,
where a is the intertemporal coefficient of absolute risk aversion.

We see that when the insurance claim size hx(t,u) increases the term p(t)v(t,u)
increases. This seems reasonable in view of our interpretations of the terms jL and v.
Furthermore, in both the above cases we observe that the term v increases as the

respective type of risk aversion increases. We return to these examples later.
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4 A model for catastrophe futures contracts

4.1 Introduction

In this section we apply the results of the previous sections to the pricing of futures
contracts on insurance indexes for a specific model.

4.2 A basic futures formula

In order to illustrate the ideas we make some simplifying assumptions. For the
representation of the claims index Z(1) = lii(i)Yi we assume that Z(t) is a compound
Poisson process with gamma (n, W) distributed claim size amounts, and with frequency A.
In this case Y; = Y/I1 is also gamma (n, pIT) - distributed, and as before Z(t) = Z(t)/I1 is
the loss ratio index. The model X(t) = wg + at — Z(t) is called the Lundberg model, well
known in insurance. Here both w, the initial endowments, and the premium rate a are
constants. Assume now that the aggregate endowment process X(t) = W(t) + at — Z(t),
where W is some stochastic process independent of Z. Furthermore we assume that the
marginal utility function of the representative agent is of the form ui(x,t) = e **e” P', where
o is the intertemporal coefficient of the absolute risk aversion, a constant here assumed
smaller that the parameter |, and where p is the subjective time impatience rate of the

market. We now want to show that the following:

Theorem 1
Under the assumptions above, and assuming that the short rate process r is conditionally

independent of Z, given #, the following futures formula obtains

nuW"A(T - 1)
n(u _ a)n+l
Proof: Direct computation. Alternatively, see section 4.5.

(4.1) F, = $25,000 (2, + ) fort <Tand0<a<p.

4.3 Discussion of the futures formula.
Notice that the formula (4.1) only depends on parameters that can be estimated from
market data. In particular this is true for the process parameters n, p and A, but also o may

be estimated from available data. The formula (4.1) can be written, modulo $25,000,

_ n}\.(T _ t) u )I‘H-l _ u )ﬂ'f‘l
=2+ () =arEe-zl ()
the last expression being true since E(Zr - Z | F) =A(T - t)_%ﬁ’ which follows from our

remark in section 4.2 concerning the distribution of the loss ratio Z. We remark the

1



following:

F, depends upon preferences in the market through the parameter o = intertemporal
coefficient of absolute risk aversion in the market. The futures price process F,is seen to
increase as o increases, ceteris paribus, i.e. more risk aversion in the market leads to more
expensive “reinsurance” as well as to higher required risk premiums for the
investors/speculators on the opposite side of the contracts. This seems to be well in
accordance with intuition.

In addition F, increases, ceteris paribus, with the time to settlement (T ~ t), with the
claims frequency A, and finally, as the expected sizes of the claims increase through the
parameter n (EY; = n/u).

It may be noticed that the expression F, does not depend on the endowment process W
in the market. Thisis a consequence of the fact that for the exponential utility, the absolute
risk aversion is not depending on the level of wealth. Thisis of course one unrealistic
feature of our model, since it would indeed be desirable with some kind of wealth
dependence on F, (even if the probability distribution of W is not really known).

The futures price process F, is seen to depend upon the premium level I1 = aT,
however, a known quantity in this market. More precisely, as the level of premiums

increase, ceteris paribus, the futures price F, decreases.

4.4 Risk premiums
From the information manual of the CBoT - market, it seems as if no economic risk
premium is included in the values of F, calculated so far. Of course, the market will decide

the futures prices and hence the risk premiums, not the actuaries. In our model the risk
premium equals

4.2) F~{Z+EZr-2| 7)) = ;;‘,—ux<T—t>{(u*_‘a)m— 1}

' n+1
Since a < [, the term (ﬁ) > 1 for n a positive integer, so the risk premium is

positive, in accordance with our earlier remarks. Under risk neutrality o = 0, in which case

V)
T
risk aversion in the market. For a given value of U, the risk premium is an increasing

n+1
it follows from (4.2) that the risk premium is zero. Thus the term ( ) corrects for
function of both o and n, and for given values of o and n, the risk premium is a decreasing
function of W. Since EY, = n/t and varY, = n/u?, an increase in W leads to a decrease in
both the expected size of the loss and in the variance of the loss, so as a result arisk averse

market would tend to require less compensations for risk bearing, also well in accordance
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with economic intuition. Finally we notice that the risk premium decreases with the

premium level I1 = aT, ceteris paribus.

4.5 Risk adjusted evaluation

Returning to the results of section 3, we may compute F(t) = EZ+| 7)) by alternatively
finding the distribution of Z under the equivalent martingale measure Q, which in the
present case corresponds to K-v(y) = €*¥, where x here equals the risk adjustment on the

frequency A (called L, in section 3). Let h(y) be the probability density of the gamma (n,

W)-distribution. Since J’v(y)h(y)dy = 1 from condition (2.16), we see that KJ'v(y)h(y)dy ==

—u—L_l—a)“, O<a<u,sok= (ﬁ)n > 1. Thus the risk adjusted frequency equals Ak >

a.

(

Furthermore the claim sizes Y., Y,, - are all independent and identically distributed
with density v(y)h(y), meaning that they are all gamma (n, L — ) - distributed. From the
comments in the above subsection, since o > 0, this risk adjustment amounts to making the
claim size distribution more risky under Q than under P. Thus, in the constructed Q -
economy where the “ pseudo-agents” are all risk neutral, they agree on a probability
distribution for the loss ratio index that is more risky than the objective distribution.

Now the above computation is straight-forward, since Z is a compound Poisson
process also under Q (see e.g. Delbaen and Haezendonck (1989), Aase (1993c)) and F(t) =

B2l 7)) =2, + B2 -2, ) =2, + Aw(T - o _rz 5 % which is exactly the formula

(4.1). Thus we here have an aternative proof of Theorem 4.1.

The condition that X, = W(t) + at — Z, is a (Q, #)-martingale, gives us a possibility to
find endogenously the market value of the premium rate a, or of the premium I1 = aT.
Since X(0) = EX(T) | %), and W(0) = X(0), we get that IT = aT = EX Z(T) | %) + (W(0)
~-EQwW(1)), or

(4.3) I = H;p
(u _ (X)n+1

with an obvious simplification if also W is Q-martingale.

+(W(©)-EW(D)

In conclusion the formulas (4.1), (4.2) and (4.3) for the market value of the insurance
catastrophe futures contract, the associated economic risk premium and the market value of
the insurance claims for the next quarter all seem to capture well some essential economic
features of the pricing of the risky instruments under investigation. In the final section of

the paper we turn to the pricing of derivatives on the futures index.
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Example 1. In order to illustrate the use of catastrophe insurance futures, consider the
following simple numerical example. Ins Ltd. expects to earn $1 million in premiums on its
insurance policies during the third quarter of 1995. Ins Ltd.’s actuaries have forecasted that
$400 000 in catastrophic losses will be incurred by the company for this period. It is aso
predicted that the third quarter catastrophic losses for the sample companies that report to
SO will be $200 million, with associated premiums amounting to $400 million. Ins Ltd.
decides to buy December 1995 Eastern Catastrophe contracts at the beginning of July.
Ignoring possible reporting lags, we assume that the key parameters are estimated as
follows: A = 10, (T = t) = .25, ii = 80, AL = 105, (Wi-8)®! = 1.10 corresponding to a 5%
risk premium, resulting in 10%6& = .00118. According to the formula (4.1) the futures price
equals $ 25000-(20%400)-1.10 = $ 13 750. The company decides to buy 40 contracts (= 1
million/25 000).

Scenario A: Assume that the weather in August and September was worse than
anticipated. Ins Ltd.’s actual catastrophic losses turn out to be $600 000, $200 000 more
than anticipated. The I SO reporting companies were similarly affected and the total
catastrophic losses incurred by these companies during the third quarter were $300
million, $100 million more than expected. The final settlement price then becomes $25
000-(39%400) = $ 18 750. The gain from 40 long futures contracts then becomes $ (18 750
— 13 750)-40 = $ 200 000, offsetting Ins Ltd. s unexpected catastrophic losses by 100%.

Scenario B: Assume that the weather in the third quarter turned out better than
forecasted. Ins Ltd. lost only $200 million ($ 200 million less than anticipated), the 1SO
reporting companies lost $150 million ($ 50 million less than expected). In this case the
final settlement price was $ 25 000- (}3%400) = $ 9 375. In the case that Ins Ltd. held the
futures position long until settlement, the loss would amount to $175 000 on this position,
resulting in only $25 000 more than anticipated in the final result. On these contracts the

investors/speculators on the opposite side of the contracts made $ 175 000. [J

14



5 Derivatives on the futures index

5.1 Introduction

In practice futures contracts are not the frequently traded instrumentsin CBoT - market,
but rather spreads on the futures index. Usually insurers are accustomed to profit from
losses that are less than originally anticipated. As an alternative the insurer can e.g., buy a
call option on the futures index.

Furthermore it islikely that a cap is needed to limit the credit risk in the case of
unusually large losses, and this will aso have the advantage of making the contract behave
more like a non-proportional reinsurance policy. The contract is therefore really afutures
derivative with price at maturity ¢(Fy), where Fr = Zr, and it is characterized in the CBoT-

market as follows:

(5.1)  ¢(Fp) = $25,000 min( Zg ), 2) = $25,000{2(T) - max(Z(T) -2, 0)},

where Z(T) is the loss ratio.

We make a distinction here between a pure futures option and a conventional futures
option. A conventional call option, for example, requires payment of the option premium
when purchased, and at exercise pays the buyer any excess of the underlying asset price
over the exercise price. A pure futures option, on the other hand, calls for the buyer to
receive (or pay) daily any change in the futures option price in order to mark the buyer’s
margin account to market. The equilibrium market price of a pure futures contract in our
model then becomes
E(uj(Xr. Dexp ([ mr(w)du}oEp | %)

(5.2) n®(F,) = - fort<T
E{ui(X.Dexp{J rr(w)du| )
while that of a conventional contract is
E{uj(X7. T)oFp) | )
(5.3) nOF) = — T fort<T.

u(Xpt)
The connection between the price of the conventional and the pure futures instrument is
as follows. Consider the price nf(F,t) of a forward contract on the underlying futures

instrument. It is
E{uj(X7.T) ¢Fp) | %)

(54) TC?(F[,t) = ; fort<T,
E(ui(Xr.D | 7)
and since the price of a zero coupon bond is given by
E{ui(Xr.T) | %)
ahaiat) : fort<T,

Ar= X

it follows that
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1
(5.5) nP(Fut) = = mn‘i’aﬁpt)

We notice that under our conditions (stated after Proposition 2) n?(F[,t) = nd’(Ft,t). Thus

. 1 .
under these assumptions 7t°(Ft,t) = A nS(Ft,t), and since At < 1, a pure futures
t,T

instrument has a price higher than or equal to that of a conventional futures contract.

5.4 Prices of futures derivatives for a fully specified model

We consider the model of section 4, where Z is a compound Poisson process and the
intertemporal representative utility function is exponential. We retain the conditions of
Theorem 1. Consider a pure futures instrument with terminal payoff ¢(x) on the futures
index x. The market premium is denoted by 7®(F,,t), whereas the market premium of the
corresponding conventional futures instrument is denoted by n(F,,t). We then have under

the above assumptions

Theorem 2

The market premium of the pure futures instrument is given by

H ink
AT -y = (MT-O)(———)"
6o wEn=e  F a2y Y —— B Eeeavy 23},

k!
k=1

where V, is conditionally gamma (kn, aT(i — o)) - distributed, given Z,. The market value

of the conventional futuresinstrument is

U mk
< (MT-)(——=)"
S (T- a -0
5.7 nEH=¢T "<P+"+°‘>{¢(Zl)+ z k!”

k=1

E{(¢Z+9D | Zt}}.

Proof.
Starting with the pure futures instrument, the market premium is given by
E (e WM +aT- Z(T))(P(Zr) l %)
E{expl— a(W(T) +aT - ZXPyp1| )
The denominator in (5.8) is given by the expression
exp{— aX(t) — aa(T — t) + A(T — t)(g(ew) — 1) }h(a,1),

(5.8) n®(Ft) =

where g(o) = (ﬁ) and h(o,t) = E{exp(a(W(T)—W(t))) | F.}. As for the numerator

we can use the same line of reasoning as in Theorem 1. This leads to
E{e o(W(T) + 4T -Z(T))(D(ZT) | %) =

o (L(T-t)¥
exp{— aX({®) —a(T—t) - M(T-1t) }{Q)(Z[) +2£_(F9_)— j e °“'¢(Zt+0)dH*k(v)}h(a,t),

k=1 [0, oo)
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where ¥ = v/aT. The first term in the parenthesis is the contribution if no accidents happen
in the time interval (t, T], in which case the size of the additional claims equals zero, an
event which happens with probability exp{—A(T — t)}. The convolution integral can be
written

kn
vl gy =

T
(

[ e oaoranri) = oje 6%+ T

[0, o)

knp kn
B -0 g o
(M- oc) ‘(!'¢(Zt+v) Tay V¢ dv.

The last integral is the conditional expected value of $(Z,+V,) given Z,, where V, = V,/aT
and the conditional distribution of V, given Z, is gamma (kn, i — o). Thus we obtain
(5.6). The expression (5.7) follows from (5.3) and the above result, assuming the
conditional interest rate-type independence from the insurance index Xr. [

We notice in particular that the market price of the conventiona instrument depends in
addition on the time impatience rate p of the representative agent.

The formulas (5.6) and (5.7) may be taken as the starting point for deriving useful
pricing formulas for futures derivatives in practice. Usually one would expect that
numerical techniques must be employed, but we are indeed able to derive closed form

expressions and approximations below.

5.4 A futures cap
As an important illustration of Theorem 2, let us consider a cap in where ¢(Zt) = $25,000

rmn(irr)

T’ 2). In ordinary reinsurance this contract exhibits similar characteristics to a

non-proportional reinsurance treaty with an upper limit. We concentrate on the pure futures
derivative, since the conventional market price just differs by some multiplicative constant,

given the information at time t. Consider the case where Z, < 2.

Theorem 3

Thereal market price at timet of the futures cap with expiration T is given by

(5.9) A1) = 3;25,000[1:t +

n n+l1
exp{— (= m@ - 2) - MT-0( ) }((2 - 20%; - M) 20)],
where
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MT-0)G, )“)“

(5.10) £y = Z e (0TI 2,),
k=0
MT-0), By
(5.11) 5=y € (-0)TI(2-2)),
k=1
and where
x2 xn-l
(5.12) e X)=1+x+ 57 T +GT),

The market value of I'l = aT is given in (4.3).

Proof. Let min (x, y) = (xAy). If Z, > 2, obviously n®**?)(E,,t) = $50,000, so let us
consider the interesting case where Z, < 2. According to Theorem 2 we then have to

compute

E{(Z+VA2] 2.} = Z, + E{(Vn2-2)| 2.} =

7 + J min(¥, 2-Z,) (th(kn)) kn-1o- (-0)vyy, =

aT(u ~o T kn+1, (u-0)TIC2- 2)) + 2= Z)(1 - T(kn, (u-o)I1(2-Z,))

where I'(n, {1x) is the cumulative probability distribution function of the Gamma (n, W)-
distribution, called the incomplete gamma function. Since n is supposed to be an integer,
we have the following relation

(5.13) I'(n, ux) = 1 — e, 1 (Ux)e™

(see e.g., Abramowitz and Stegun (1972)). Using (5.13) we obtain

E{(z[+vk)/\2 I Zt} = Zt + %}T_w‘(l — ekn((u_a)n(z_zt))e'(“—-a)n(z-i l>) +
@ — 2)ern 1 (L-)TIQR-2)e #O1C 2,
Inserting this into (5.6) we get

RV SR MT-0) 5 )“)“
n*D(F, 1) = $25,000{e hoor {Z + Z k, (Zt +
k=1 )

kn

aT(i-1) (1 e ((L-0)TI(2-Z))e -(u-o)lI(2-Z l)) + (2 - 2)er 1 (- a)H(Z-Zt))e'(‘"a)n(z'Z t))}.

Consider now the series. The first two terms are:

u 1!
AT - )(——)® n AT -t(——)"
z(e w m1)e -y )e e,

aT(u o)
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and the last two terms can be written
MT-0)g )")k

__n oy o (o Z)
_ _ ] ,.
aT(iL — o) AT t)(p - 2 e n((H-OTI(2-2,)) +
(-T2 7 3y (}\'(T-t))( - )n)k )
(2 -2y BONEE Y X en1 (U-0)TI(2-2,)
k=1

Using (5.10) and (5.11) we obtain the conclusion of the theorem. [

The two last terms in (5.9) adjust the futures price F, given in (4.1) for the capping off
at the 200% point of the loss ratio.

The above formulais fairly simple, and can be further simplified by observing that the
sum in (5.12) converges quickly to e*, so that for n large or moderately large we may
substitute the exponential for this truncated sum. Assume now that this approximation is
reasonable. We shall comment on the error we are doing below. In this case we get the

M
sl

approximations

(5.14) To= exp{ (-T2 - 2) + MT - t)(u

and

TN 1
- a) [ eXP{(u - Q-2

where the given formulas are both upper bounds. Inserting these expressions into (5.9) we

(5.15) %, = exp{(p. — 12 -2) + AT - t)(

get the approximation

(5.16) nAD(E ) = $25,000[2 +(2,— 2)exp{— MT - t)(u . a )rﬂ

We see that the futures cap price approaches $50,000 from below as Z, approaches 2
from below. Held together with the result for Z, = 2, the cap price is seen to converge to
$25,OOOZT as time t moves to the expiration time T. Since Zt < 2 in the above formula, we
observe that as the risk parameter L increases, the futures cap price decreases. Furthermore
the market price in (5.16) is seen to be an increasing function of the claim frequency
parameter A, of the claims size parameter n, of the intertemporal absolute risk aversion
parameter o of the market, and of the time to settlement (T — t). In the case of a
conventional futures cap, this priceisin addition a decreasing function of the subjective

time impatience rate p.

5.5 The bound of the approximation error
Here we give a bound on the approximations (5.14) and (5.15). Let us use the notation x =
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AT - t)(LL oy

Given positive constants K > 0 and € > 0 there exists an integer n, such that if l X l <K,

n
) and y = (U — a)(2 — Z,), where both x and y are seen to be positive.

lyl <K and n 2 ng, then
(K +¢e)"*! x K+t
(n+1)! (n+1)!
which tells us that the approximations we have done are good for n even of moderate size,

|e"+y—20| <ek and|(e"-1)ey——2'.1|<e

due to the rapid increase of factorials. Since the bounds of the above sums are both upper
bounds, and since these sums appear with opposite signsin all our pricing formulas, the
final error is further reduced. However, in certain ranges of the parameter values the
approximation is poor, for example when the term y gets large, which means when Z, is
small relative to 2, or in general, compared to some cap-off-point ¢ (see (5. 18)-(5. 19)
below).

5.6 Futures call options

In this subsection we compute the market price of futures call options. This contract
mimics to some extent a standard stop loss reinsurance treaty. Again we only treat the pure
futures version. Let us denote the market value of the pure futures call option by

% (F,1), where ¢ stands for the call exercise price, where ®(x) = (x —¢)* = max(x — c,
0O). Assuming the futures call option has the same expiration date as the underlying futures
contract, according to Theorem 2 we have to compute
oo M nk
o AT MT-0) 5™ PR
W E=525000e e {o2y+ Yy — E(2+7 -0 | 2},

k=1

This quantity can now readily be found for the interesting case Z, < ¢ from the results in the

previous section, Theorem 3 and the use of (5. 1) with c instead of the number 2 for the

cap-off point. For the case Z, > ¢ we immediately obtain n(x'cy(Ft,t) = $25,000(F, - ¢).

For Z, < ¢ we now get:

6.17) 7% EL = $25,000[exp{— (w-oIlc-2Z) - MT - t)( b )n}]

H—o
( Y O - 29%%),

aTu H—o
where
K ink
= (MT-HD)(——)"
(5.18) 5= e (- 2,)
k=0
and
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Honk
> (MT-D(=)
(5.19) 5= ) —— e (I 2).

k=1

From our two expressions for the market price for the futures call option, we see that

¥ (F,0) — $25,000(Zr —c)* as t — T, where we have to remember that the process Z
IS a non-decreasing process in the time parameter.
If we can use the above approximation, we get approximately in the interesting case

where Z, < c that

(5.20) n(x'°)+(Ft,t) ~ $25,000[(2t— c)(l —exp{ — MT - t)( m fl_ - )n}) +

n+l
alr‘lu A(T - t)(u B =) ]

We notice that the futures call option decreases as the strike price c increases, and it

increases as Z, increases, as normally is the case for a call option. Naturally, when ¢ grows
large compared to the other parameter values, the approximation becomes poor and
eventualy invalid, since the price can become negative because of the linearity in c. A
closer examination of the proof of Theorem 3 reveals why thisis so.

Example 2. Consider again Ins Ltd. in Example 1 in the same market structure. Instead
of buying futures contracts, the company decides to buy at-the-money call options on the
futures index. Using formula (5.20) with ¢ = .55 (corresponding to the futures contract
trading at $ 25 000 - .55 = $ 13 750) we obtain

23D (EL0) = $ 25 000[(-.55)(1 — exp{-10-.25-1.0987} + .55] = $ 881.85.
Still buying 40 contracts, the immediate call option cost equals $35 274.

Scenario A: In this case the final settlement price equals $18 750, so Ins Ltd.’s total
option position settled at a market value equal to $200 000, an overall market net gain of $
164 726, offsetting 82% of its $200 000 in unexpected incurred losses, a hedge slightly
less effective than the futures position of Example 1.

Scenario B: In this case the final settlement price equals $9 375, and with a strike price
of $ 13 750, the gain equals zero, resulting in an overall market loss of $35 274. In this
case the company made $200 000 more than anticipated, resulting in net $164 726 more
than expected. Thisisto be compared to the futures position in Example 1, leading to a net
result of $25 000 more than anticipated, illustrating the advantages to the buyer of call
options over that of a buyer of futures contracts in a scenario with losses less than
projected. In the present scenario the insurer keeps his upside potential.

Summary of examples 1 and 2:
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Ins Ltd. ISO Futures Options

Scenario A 600 000 300 m 200 000 164 726
Scenario B 200 000 150 m -175 000 -35 274
Net result 25000 164 726

O

5.7 A capped futures call option (a spread)
The final contract we consider is a capped futures call option By thiswe mean a

futures instrument with terminal payoff
0 if x<c

(5.21) o(x) = $25,000! (x—c;) ifc; <x<c,

(cp—cypifx>cy
The capping of the call option will limit the risk of the investors on the opposite side of the
insurers at the exchange. This contract looks very much like a conventional non-
proportional reinsurance treaty of the X.L.-type, with a “retention” ¢; and an upper limit
c,, Where c,< c,.

The market price of this contract follows from the above results, since to hold such a
contract is equivalent to hold long one futures call option with strike price c, and to sell
short one futures call option with strike price c,. This follows since the payoffs at
expiration are identical for these two positions. Thus
(5.22) OE,0) = 10 (E ) - 12 (B0,
where the two expressions to the right are found from equation (5.17) above. Thisisthe
market price of a bull spread. For the simplified version in (5.20), we get an approximation

of the market price of the contract (5.21) as

(1 = exp (AT = 0 E e —e)),  if2Z<c
o =
(523) n (th) $25;000< (C2 _ C1 + (Z‘ _ Cz)CXp{")\(T _ t)( m tl - )n})’ if cl < Zt < CZ
(C2—C1). if 2[2 )

\

a simple formula. The most interesting case is Z, < c¢;, where we see that the premium
increases with the difference (c, — c,) between the upper limit and the “retention” limit, the
claim frequency parameter A, time to settlement (T — t), the market parameter o of risk
attitude, and with the risk parameter n of the loss ratio index. The market price is seen to be
a decreasing function of the risk parameter i, which seems natural in view of the fact that

increasing this parameter decreases the “riskiness’, properly interpreted, of the loss ratio
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index. In the case ¢, < Z, < c, we notice that the price increases with the value of Z,, and
otherwise we get the same signs'in the comparative statics analysis for the parameters A,

(T —t), n and « as in the first case. It is not likely that this approximation is very accurate,
especially in the region Z, < ¢;, when Z, is small. The approximation improves as the index
increases. Otherwise the same remark about the validity of this approximation isvalid here,
as for the formula (5.20), in terms of the parameter (c,— c)).

The formulasin this section remain valid also in the case where there is no underlying
futures index which is traded, since we have used the principle of convergence F(T)=
Z(T), and only considered futures instruments with the same expiry date T as the futures

contract. Thus only aloss ratio index is really needed.

6. Conclusions

We have presented a valuation theory of forward and futures contracts, and of futures
derivatives, when the underlying asset is an accumulated insurance loss ratio. We have
taken into account the essentials in modeling such an index; by arelevant non-decreasing
stochastic process containing claim size jumps at random time points of accidents.

We have derived partial equilibrium market premiums of futures prices and of futures
derivatives. In particular we have presented closed form formulas for the futures price,
futures call options, futures caps and capped futures call options - the most important
contracts traded on the CBoT-insurance futures exchange. From these the prices of most
other futures instruments can readily be derived. We have used an approximation to
simplify the formulas for the futures derivatives, making the expressions tractable for
comparative statics and anaytic treatment.

The theory isin aform where it may easily be tested from market data. This may reveal
if we have gone too far in our simplification. Parsimony is important in theoretical
analyses, but realism isimportant in practice. It will be an interesting question to see how
well the values derivable from this paper will fit observed pricesin this insurance market.
We will also get an estimate of the risk attitude in this market. The paper contains the
general theory, however, from which more realistic approaches could start. Thisis not
likely to lead to closed form solutions, but numerical techniques can then be employed.

Using statistical inference for stochastic processes on the data from the CBoT -
exchange, we intend to test our results empirically, in particular the simple formulas. If
more realism is needed, we will try to handle that as well, within the framework of this
paper, in a subsequent investigation.
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