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4 Lqwurgxfwlrq

Pdq| Hxurshdq frxqwulhv vx�hu iurp vwuxfwxudo oderxu0pdunhw sureohpv/
vxfk dv kljk xqhpsor|phqw dqg orz sduwlflsdwlrq1 Wr wdfnoh wkhvh sure0
ohpv/ ydulrxv wd{ sursrvdov kdyh ehhq sxw iruzdug/ lqfoxglqj fxwv lq sd|uroo
wd{hv rq hpsor|huv/ hduqhg lqfrph wd{ fuhglwv dqg qhjdwlyh lqfrph wd{hv
+vhh Vqrzhu dqg Gh od Ghkhvd +4<<9,/ Kdyhpdq +4<<9,/ Vûuhqvhq +4<<:,/
Eryhqehuj hw do1 +5333,,1 Wkhvh sursrvdov dlp wr uhgxfh xqhpsor|phqw dqg
vwlpxodwh sduwlflsdwlrq/ zlwkrxw vhulrxvo| gdpdjlqj wkh lqfrphv ri wudqvihu
uhflslhqwv ru fxwwlqj jryhuqphqw vshqglqj1 Krzhyhu/ wkhvh phdvxuhv w|sl0
fdoo| pdnh wkh wd{ v|vwhp pruh surjuhvvlyh1 Wklv lv wkh fdvh li wkh orzhu
dyhudjh wd{ exughq rq orz0sdlg zrun lv �qdqfhg e| d kljkhu pdujlqdo wd{
exughq rq kljkhu lqfrphv1 Ru/ dv lq wkh fdvh ri dq HLWF/ li d wd{ uhgxf0
wlrq dw orz lqfrphv lv skdvhg rxw wr uhgxfh wkh exgjhwdu| frvwv ri wkh wd{
uhgxfwlrq dqg wr jhw edfn wr wkh ruljlqdo wd{ vfkhgxoh dw kljk lqfrphv1 Df0
fruglqjo|/ wkh jryhuqphqw w|slfdoo| idfhv d wudgh0r� ehwzhhq wkh srvlwlyh
h�hfwv ri wkh orzhu dyhudjh wd{ shu mre rq sduwlflsdwlrq dqg wkh srwhqwldo
dgyhuvh lqfhqwlyh h�hfwv ri kljkhu pdujlqdo wd{hv1

Wklv sdshu looxvwudwhv wklv wudgh0r� lq d prgho ri vhdufk rq wkh oderu
pdunhw zlwk wudlqlqj1 Rq wkh rqh kdqg/ rxu prgho lv d vshfldo fdvh ri wkh
iudphzrun ghyhorshg e| Slvvdulghv +4<<3, dqg Pruwhqvhq dqg Slvvdulghv
+4<<<,1 Lq sduwlfxodu/ zh xvh d vwdwlf +ru rqh vkrw, yhuvlrq ri wkhlu prghov/
zkhuh djhqwv lqfxu vhdufk frvwv wr �qg d ydfdqf| dqg �upv srvw ydfdqflhv
dw d �{hg frvw1 Diwhu ehlqj pdwfkhg/ d zrunhu dqg d �up Qdvk edujdlq
derxw wkh zdjh1 Lw lv zhoo0nqrzq wkdw lq wklv w|sh ri prghov wd{hv lq x0
hqfh wkh glylvlrq ri wkh vxusoxv ehwzhhq zrunhu dqg �up +vhh iru lqvwdqfh
Pruwhqvhq dqg Slvvdulghv +4<<;, dqg Slvvdulghv +4<<<,,1 Khqfh/ wd{hv lq x0
hqfh vhdufk lqwhqvlw|/ wkh qxpehu ri ydfdqflhv dqg xqhpsor|phqw1 Rq wkh
rwkhu kdqg/ zh h{whqg wkh Pruwhqvhq0Slvvdulghv iudphzrun e| lqwurgxflqj
wudlqlqj ghflvlrqv1 Dv vwuhvvhg e| wkh wudlqlqj olwhudwxuh/ kljk pdujlqdo wd{
udwhv w|slfdoo| uhgxfh wkh lqfhqwlyh wr dftxluh vnloov +vhh h1j1 Wurvwho +4<<6,/
Gxsru hw do1 +4<<9,/ Vûuhqvhq dqg Qlhovhq +4<<:,/ Eryhqehuj dqg ydq Hzlmn
+4<<:,/ Khfnpdq hw do1 +4<<<,,1 Zlwk rxu prgho/ zh dlp wr looxvwudwh wkh
wudgh0r� ehwzhhq wkh srvvleoh ehqh�fldo h�hfw ri dq HLWF rq xqhpsor|phqw
dqg wkh srvvleoh ghwulphqwdo h�hfw rq wudlqlqj1

Wkh dgydqwdjh ri irfxvlqj rq d vwdwlf yhuvlrq ri d vhdufk dqg pdwfk0
lqj prgho lv wkdw zh duh deoh wr ghulyh dqdo|wlfdo vroxwlrqv iru wkh rswlpdo
wd{hv1 Slvvdulghv +4<<<, dqg Pruwhqvhq dqg Slvvdulghv +4<<;, hydoxdwh wkh
h�hfwv ri wd{ uhirup lq g|qdplf vhdufk prghov qxphulfdoo| xvlqj vlpxodwlrq
whfkqltxhv1 Lq sduwlfxodu/ Slvvdulghv +4<<<, frqvlghuv wkh h�hfwv ri zdjh wd{
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uhirup rq xqhpsor|phqw dqg zdjhv lq irxu gl�huhqw prghov1 Lq wkh fdvh ri
frqvwdqw uhdo xqhpsor|phqw ehqh�wv/ kh �qgv wkdw d kljkhu pdujlqdo wd{
udwh uhgxfhv xqhpsor|phqw1 Wklv lv frpsdudeoh wr wkh uhvxowv zh �qg ehorz
e| dvvxplqj wkdw wudlqlqj frvwv duh frpsohwho| wd{ ghgxfwleoh1 Li wudlqlqj
frvwv duh rqo| sduwo| wd{ ghgxfwleoh/ krzhyhu/ lqfuhdvlqj wkh pdujlqdo wd{
udwh zloo uhgxfh oderxu pdunhw wljkwqhvv dqg hpsor|phqw1 Pruwhqvhq dqg
Slvvdulghv +4<<;, frqvlghu d idu eurdghu duud| ri wd{hv dqg vxevlglhv/ lqfoxg0
lqj klulqj vxevlglhv dqg �ulqj wd{hv1 Krzhyhu/ wkh| gr qrw ghulyh dqdo|wlfdo
uhvxowv rq wkh rswlpdo xvh ri wkhvh lqvwuxphqwv1

Lq rxu prgho/ wkh wd{ v|vwhp vhuyhv d wkuhhirog wdvn1 Iluvw/ lw vkrxog
fruuhfw iru glvwruwlrqv lq wudlqlqj1 Vxevlglhv rq wkh frvwv ri wudlqlqj duh
deoh wr doohyldwh wkhvh glvwruwlrqv1 Vhfrqg/ wd{hv qhhg wr uhvwruh lqh!flhq0
flhv dvvrfldwhg zlwk wkh plvpdwfk ehwzhhq wkh pdujlqdo surgxfwlylw| ri
vhdufk +ydfdqflhv, lq wkh pdwfklqj surfhvv/ dqg wkh fruuhvsrqglqj edujdlq0
lqj srzhu ri wkh zrunhu +�up, lq zdjh qhjrwldwlrqv/ zklfk ghwhuplqh wkh
sulydwh pdujlqdo ehqh�w iurp mre pdwfklqj14 Zh vkrz wkdw d frpelqdwlrq
ri d vshfl�f wd{ shu mre +l1h1 d wd{ wkdw lv lqghshqghqw ri krz wkh ydoxh ri d
mre pdwfk lv glvwulexwhg dfurvv wkh zrunhu dqg wkh �up, dqg dq dg0ydoruhp
pdujlqdo zdjh wd{ +zklfk ghshqgv rq wkh vkduh ri wkh vxusoxv wkdw  rzv
wr wkh krxvhkrog, fdq dozd|v eh xvhg wr uhvwruh wkh Krvlrv frqglwlrq e|
uhglvwulexwlqj wkh vxusoxv iurp d pdwfk ehwzhhq wkh zrunhu dqg wkh �up1
Ilqdoo|/ wkh wd{ v|vwhp dlpv wr udlvh sxeolf uhyhqxh zlwk ohdvw frvw wr wkh
sulydwh vhfwru1 Zh �qg wkdw/ li oderxu0pdunhw wljkwqhvv dqg wudlqlqj duh qrw
glvwruwhg lqlwldoo|/ wkh pdujlqdo zdjh wd{ lv dozd|v ohvv glvwruwlrqdu| wkdq
wkh vshfl�f wd{ shu mre dv dq lqvwuxphqw wr udlvh sxeolf uhyhqxh1 Wkh uhd0
vrq lv wkdw/ dowkrxjk erwk wd{hv glvwruw vhdufk wkurxjk dgyhuvho| d�hfwlqj
wkh h{shfwhg vxusoxv iru wkh zrunhu/ wkh vshfl�f wd{ glvwruwv oderxu0pdunhw
wljkwqhvv dv zhoo1 Zh uhodwh wklv uhvxow wr wkh Gldprqg dqg Pluuohhv +4<:4,
lqwxlwlrq ri surgxfwlrq h!flhqf|1 Wkh uhvxow kdv lpsruwdqw lpsolfdwlrqv iru
wkh zhoiduh h�hfwv ri dq HLWF1 Lqghhg/ li wkh jryhuqphqw zrxog dgrsw d vsh0
fl�f wd{ shu mre lqlwldoo| wr �qdqfh lwv vshqglqj +lq dgglwlrq wr xvlqj wkhp
wr fruuhfw iru oderxu0pdunhw wljkwqhvv,/ d vpdoo uhgxfwlrq lq wkh vshfl�f wd{
shu mre �qdqfhg e| d kljkhu pdujlqdo zdjh wd{ � zklfk pljkw eh lqwhusuhwhg
dv dq HLWF � lv zhoiduh lpsurylqj1

Wklv uhvxow pd| fkdqjh li wudlqlqj lv wd{hg rq d qhw edvlv/ h1j1 ehfdxvh
wkh jryhuqphqw grhv qrw kdyh dffhvv wr wudlqlqj vxevlglhv ru ehfdxvh wkh
frvwv ri wudlqlqj duh qrw ixoo| wd{ ghgxfwleoh1 Rqh pljkw jxhvv wkdw dgglqj

4Htxdolw| ehwzhhq wkh pdujlqdo surgxfwlylw| dqg pdujlqdo sulydwh ehqh�wv ri vhdufk
dqg ydfdqflhv lv nqrzq dv wkh Krvlrv frqglwlrq1
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wudlqlqj glvwruwlrqv wr wkh prgho zrxog dozd|v fdoo iru d orzhu pdujlqdo wd{
udwh1 Krzhyhu/ zh �qg wkdw wkh rssrvlwh pd| eh wuxh dv zhoo1 Lq sduwlfxodu/
lqlwldo wudlqlqj glvwruwlrqv lqwurgxfh wzr dgglwlrqdo h�hfwv ri wd{ uhirupv
rq zhoiduh1 Rq wkh rqh kdqg/ kljkhu pdujlqdo wd{hv h{dfhuedwh wkh lqlwldo
wudlqlqj glvwruwlrq e| ixuwkhu uhgxflqj wudlqlqj h�ruw1 Rq wkh rwkhu kdqg/
d kljkhu pdujlqdo wd{ uhgxfhv wkh vxusoxv iru wkh �up ehfdxvh wkh qhw wd{
exughq rq wudlqlqj uhgxfhv wkh ydoxh ri d pdwfk1 Wklv glvwruwv wkh udwlr
ri ydfdqflhv wr vhdufk li oderxu0pdunhw wljkwqhvv lv vxe0rswlpdo lqlwldoo|1
Zkhuhdv wkh �uvw h�hfw udlvhv wkh glvwruwlrqdu| lpsdfw ri pdujlqdo zdjh
wd{hv/ wkh vhfrqg h�hfw fdq zrun lq erwk gluhfwlrqv/ ghshqglqj rq zkhwkhu
oderu0pdunhw wljkwqhvv lv wrr kljk ru wrr orz1 Dffruglqjo|/ wudlqlqj glvwru0
wlrqv fdq pdnh wkh lqwurgxfwlrq ri dq HLWF hlwkhu pruh ru ohvv dwwudfwlyh1
Wklv uhvxow ruljlqdwhv lq wkh vhfrqg0ehvw fkdudfwhu ri wkh prgho1 Lq sduwlfx0
odu/ pdujlqdo wd{hv qrw rqo| h{dfhuedwh lqlwldo wudlqlqj glvwruwlrqv/ exw pd|
dovr doohyldwh glvwruwlrqv dvvrfldwhg zlwk oderxu0pdunhw wljkwqhvv1

Wkh sdshu h{soruhv wzr dowhuqdwlyh dvvxpswlrqv uhjduglqj wudlqlqj1 Iluvw/
edujdlqlqj sduwlhv pd| frpplw wr wkh zdjh sur�oh ehiruh wudlqlqj wdnhv
sodfh1 Lq wkdw fdvh/ zrunhuv dqg �upv vkduh wkh frvwv dqg ehqh�wv ri wudlq0
lqj1 Lq d vhfrqg prgho/ zdjh edujdlqlqj rffxuv diwhu wkh wudlqlqj1 Lq wklv
odwwhu iudphzrun/ zrunhuv ehdu wkh hqwluh frvw ri wudlqlqj/ zkloh wkh ehqh�wv
duh vkduhg dfurvv wkh zrunhu dqg wkh �up15 Lw wxuqv rxw wkdw wkh zdjh sur0
�oh lv  dwwhu lq wkh qr0frpplwphqw fdvh wkdq lq wkh frpplwphqw fdvh1 Wklv
fdxvhv wzr dgglwlrqdo glvwruwlrqv lq wkh qr0frpplwphqw fdvh1 Iluvw/ wudlqlqj
lv wrr orz vlqfh wkh vrfldo ehqh�wv ri wudlqlqj h{fhhg wkh sulydwh ehqh�wv iru
wkh zrunhu1 Wklv glvwruwlrq fdq eh doohyldwhg e| vhwwlqj wudlqlqj vxevlglhv
deryh wkh pdujlqdo zdjh wd{1 Vhfrqg/ vlqfh wudlqlqj frvwv gr qrw uhgxfh wkh
vxusoxv iurp d pdwfk wr wkh �up/ wkh| glvwruw oderxu0pdunhw wljkwqhvv1 Wklv
fdoov iru d kljkhu vshfl�f wd{ dqg d orzhu dg0ydoruhp zdjh wd{/ frpsduhg wr
wkh frpplwphqw fdvh1

Rxu frpsdulvrq ri wkh frpplwphqw dqg qr frpplwphqw fdvhv lv uhodwhg
wr wkh dqdo|vlv ri Dfhprjox dqg Vklphu +4<<<,1 Wkh| suhvhqw d prgho lq
zklfk �upv fdq lqfuhdvh wkh ydoxh ri d pdwfk e| lqyhvwlqj lq fdslwdo ehiruh
ehlqj pdwfkhg zlwk d zrunhu1 Wkh| vkrz wkdw/ zlwk +Qdvk, edujdlqlqj ryhu
zdjhv diwhu wkh pdwfk/ wkh sulydwh rxwfrph lv qhyhu h!flhqw1 Lq sduwlfxodu/
hyhq li edujdlqlqj jlyhv �upv wkh uljkw lqfhqwlyhv wr srvw ydfdqflhv/ wkhuh lv
xqghulqyhvwphqw lq fdslwdo1 Dovr/ li �upv* lqfhqwlyhv ohdg wr h!flhqw fdslwdo

5Wkh lqh!flhqf| dvvrfldwhg zlwk wkh jds ehwzhhq wkh pdujlqdo sulydwh frvw dqg ehqh�wv
ri wudlqlqj zrxog glvdsshdu li wkh frvw ri wudlqlqj duh vkduhg dfurvv wkh zrunhu dqg wkh
�up lq wkh vdph zd| dv wkh ehqh�wv duh glvwulexwhg1
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vwrfnv/ wkhuh lv ryhulqyhvwphqw lq ydfdqflhv1 Dfhprjox dqg Vklphu vkrz
wkdw li �upv fdq frpplw wr d zdjh ehiruh ehlqj pdwfkhg dqg wkh| srvw wklv
zdjh wr zrunhuv vhdufklqj iru d mre/ wkhq wkh sulydwh rxwfrph fdq eh h!flhqw1
Lq rxu prgho/ lw lv wkh zrunhu zkr fdq lqfuhdvh wkh ydoxh ri wkh pdwfk
e| lqyhvwlqj lq wudlqlqj1 Dowkrxjk wkh wudlqlqj ghflvlrq lv wdnhq diwhu wkh
zrunhu dqg �up duh pdwfkhg/ lw lv wdnhq ehiruh zdjhv duh +uh,qhjrwldwhg1 Li
wkh �up dqg zrunhu fdq frpplw wr d +Qdvk edujdlqhg, zdjh vfkhgxoh ehiruh
wkh wudlqlqj ghflvlrq lv wdnhq/ wkh zrunhu fkrrvhv wkh h!flhqw wudlqlqj h�ruw1
Krzhyhu/ li wkh sduwlhv fdqqrw frpplw dqg +uh,qhjrwldwh diwhu wkh wudlqlqj
ghflvlrq/ lw lv qrw srvvleoh wkdw erwk wkh wudlqlqj dqg �upv* ydfdqf| ghflvlrqv
duh h!flhqw1 Wklv lv vlplodu wr wkh Dfhprjox dqg Vklphu uhvxow1 Zkhuhdv
wkh| frqvlghu gl�huhqw zd|v ri pdunhw rujdql}dwlrq wr vroyh wkh sureohp/ zh
irfxv rq wkh xvh ri wd{ lqvwuxphqwv wr uhvwruh dq h!flhqw rxwfrph1

Wkh prgho zlwk frpplwphqw pd| eh pruh uhohydqw iru Hxurshdq oderxu
pdunhwv zkloh wkh oderxu pdunhw lq wkh XV pd| eh fkdudfwhul}hg e| ohvv
frpplwphqw1 Lqghhg/ d kljkhu ghjuhh ri frusrudwlvp lq Hxurshdq oderxu
pdunhwv suhfoxghv wkdw lqglylgxdov uhqhjh rq h{0dqwh djuhhg zdjh rxwfrphv1
Wklv frpplwphqw lq HX oderxu pdunhwv hqfrxudjhv lqyhvwphqw lq �up0
vshfl�f wudlqlqj +Whxolqjv dqg Kduwrj/ 4<<;,1 Rxu dqdo|vlv uhyhdov wkdw
wd{ uhirupv zklfk uhgxfh wkh vshfl�f wd{ shu mre dqg udlvh wkh pdujlqdo
dg0ydoruhp zdjh wd{ � zklfk fruuhvsrqgv wr dq HLWF ru d qhjdwlyh lqfrph
wd{ � whqg wr eh pruh dwwudfwlyh lq Hxursh wkdq lq wkh XV1

Wkh uhvw ri wklv sdshu lv rujdql}hg dv iroorzv1 Wkh qh{w vhfwlrq hoderudwhv
rq wkh vhdufk prgho zlwk wudlqlqj1 Lq wkdw prgho/ edujdlqlqj sduwlhv frpplw
wr wkh zdjh sur�oh ehiruh wkh wudlqlqj ghflvlrq lv pdgh1 Vhfwlrq 5 dovr
looxvwudwhv krz wd{hv lq wkh sulydwh rxwfrph pd| uhvwruh wkh vrfldo rswlpxp
dqg h{soruhv d uhirup iurp d vshfl�f wd{ shu mre wr dq dg0ydoruhp pdujlqdo
zdjh wd{ li wkh jryhuqphqw kdv d srvlwlyh uhyhqxh uhtxluhphqw1 Vhfwlrq
6 suhvhqwv krz wkh prgho fkdqjhv li wkhuh lv qr frpplwphqw zlwk uhvshfw
wr wkh zdjh sur�oh dqg uhyhdov krz wkh wd{ v|vwhp fdq uhvwruh wkh vrfldo
rswlpxp lq wklv fdvh1 Vhfwlrq 7 frqfoxghv1 Wkh dsshqgl{ frqwdlqv wkh surriv
ri doo uhvxowv lq wkh sdshu1

5 Prgho zlwk frpplwphqw

Wklv vhfwlrq ghyhorsv d prgho ri vhdufk rq wkh oderxu pdunhw1 Wkh prgho gh0
vfulehv wkh pdwfklqj surfhvv ehwzhhq ydfdqflhv srvwhg e| �upv/ dqg zrunhuv
wkdw vhdufk iru d mre1 D mre pdwfk |lhogv d vxusoxv wkdw lv glylghg dfurvv wkh
zrunhu dqg wkh �up wkurxjk d edujdlqlqj surfhvv1 Zrunhuv fdq dovr hqjdjh
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lq wudlqlqj lq rughu wr udlvh wkhlu vnloo ohyho dqg wkxv wr uhfhlyh d kljkhu zdjh1
Ilupv pd| lq xhqfh wkh wudlqlqj ghflvlrq e| fkdqjlqj wkh zdjh sur�oh1

Lq frqwudvw wr prvw vhdufk prghov/ rxu iudphzrun lv ri d rqh0vkrw qdwxuh1
Wklv lv d frqvlghudeoh vlpsol�fdwlrq ri wkh g|qdplf prghov lq Pruwhqvhq dqg
Slvvdulghv +4<<<,1 Krzhyhu/ wkh vwdwlf prgho fdswxuhv d qxpehu ri ihdwxuhv
ri wkh g|qdplf prghov1 Prvw qrwdeo|/ lw fdswxuhv wkh Krvlrv frqglwlrq glv0
fxvvhg ehorz1 Wkh vlpsol�fdwlrq doorzv xv wr lqwurgxfh d wudlqlqj ghflvlrq
lq wkh prgho dqg vwloo ghulyh dqdo|wlfdo vroxwlrqv iru wkh rswlpdo wd{ udwhv1
Wklv irfxvhv wkh dqdo|vlv rq wkh wkuhh glvwruwlrqv lq wkh prgho= wkh krog
xs sureohp lq vhdufk dqg ydfdqf| fuhdwlrq/ wkh glvwruwlrq lq wudlqlqj dqg
wkh srvlwlyh uhyhqxh uhtxluhphqw ri wkh jryhuqphqw1 Pruhryhu/ wkh uhvxowv
fdq eh lqwhusuhwhg lq wkh oljkw ri wkh Gldprqg dqg Pluuohhv +4<:4, surgxf0
wlrq h!flhqf| uhvxow/ zklfk dsshduv wr eh qhz lq wkh vhdufk dqg pdwfklqj
olwhudwxuh1

Lq wkh prgho/ vhtxhqflqj lq wkh ghflvlrq surfhvv lv lpsruwdqw1 Lq sduwlf0
xodu/ wkh frpplwphqw prgho kdv wkh iroorzlqj wlplqj vwuxfwxuh1

wlph w

djhqwv �upv

3 vhdufk lqwhqvlw| v� ydfdqflhv y

4 pdwfkhv p+y> v,

5 edujdlqlqj Ye

6 zdjh sur�oh +zf> z�,

7 wudlqlqj h�ruw �

8 rxwsxw +|f> |�,

Dw w @ 3/ �upv ghflgh zkhwkhu ru qrw wr rshq xs d ydfdqf| dw d �{hg
frvw n= Dw wkh vdph wlph/ zrunhuv fkrrvh wkhlu vhdufk lqwhqvlw| v� dw frvw
�+v�,/ zkhuh �+3, @ 3> ��+3, @ 3> ���+v�, A 3 dqg olp

r�<�
��+v�, @ .41 Wkh vhw

ri zrunhuv lv prghoohg dv wkh xqlw lqwhuydo/ khqfh l 5 ^3> 4`1
Dw w @ 4/ �upv dqg zrunhuv duh pdwfkhg/ zkhuh wkh wrwdo qxpehu ri

pdwfkhv htxdov p+y> v, zlwk v @
U �
f v�gl1 Wkh pdwfklqjvixqfwlrq lv kr0

prjhqrxv ri ghjuhh rqh lq y dqg v dqg lv lqfuhdvlqj dqg frqfdyh lq hdfk
+vhsdudwh, dujxphqw1 Zh ghqrwh wkh pdwfklqj hodvwlflw| ri vhdufk e| � dqg
wkh hodvwlflw| ri ydfdqflhv e| 4� �1 Dv dujxhg e|/ dprqj rwkhuv/ Eodqfkdug
dqg Gldprqg +4<;<, dqg Eurhuvpd dqg Ydq Rxuv +4<<<,/ d Free0Grxjodv
pdwfklqjvixqfwlrq lv d uhdvrqdeoh dssur{lpdwlrq lq uhdolw|/ l1h1

8



p+y> v, @ pfy
�3#v#

Zh dvvxph wkdw wkh pdwfklqjvixqfwlrq lv ri wklv irup dqg khqfh � lv d
frqvwdqw1 Ilupv dqg zrunhuv wkdw duh qrw pdwfkhg kdyh ydoxh 31

Dw w @ 5/ �upv dqg zrunhuv edujdlq derxw wkh ydoxh ri ehlqj hpsor|hg
iru d zrunhu Ye1

Dw w @ 6/ wkh �up ghwhuplqhv wkh zdjh sur�oh +zf> z�, zkhuh zf lv wkh
qhw +ri wd{hv, zdjh iru dq xqwudlqhg zrunhu dqg z� wkh qhw zdjh ri d wudlqhg
zrunhu1 Wkh sur�oh kdv wr vdwlvi| wkh surshuw| wkdw wkh h{shfwhg ydoxh ri
ehlqj hpsor|hg htxdov +dw ohdvw, wkh edujdlqhg ydoxh Ye1

Dw w @ 7/ wkh zrunhu fkrrvhv klv wudlqlqj h�ruw � dw d frvw f�= D wudlqlqj
h�ruw � eulqjv wkh zrunhu lq wkh wudlqhg vwdwh zlwk suredelolw| s+�, dqg
ohdyhv wkh zrunhu lq wkh xqwudlqhg vwdwh zlwk suredelolw| 4 � s+�,/ zkhuh
s�+�, A 3 dqg s��+�, ? 31 Wklv wudlqlqj whfkqrorj| dvvxpswlrq vlpsol�hv
wkh dqdo|vlv lq wzr glphqvlrqv1 Iluvw/ lw fdswxuhv d g|qdplf ghflvlrq lq d
vwdwlf iudphzrun1 Wkh olwhudwxuh rq wudlqlqj jhqhudoo| prghov wkh lqfhqwlyh
wr wudlq dv wkh jdlq lq ixwxuh zdjh lqfrph frpsduhg wr wkh fxuuhqw glvxwlolw|
ri wudlqlqj/ riwhq prghoohg dv wkh lqfrph irujrqh gxh wr wkh wlph vshqg rq
wudlqlqj +vhh h1j1 Khfnpdq hw do1 +4<<<, dqg wkh uhihuhqfhv wkhuhlq,1 Rxu
irupdol}dwlrq fdswxuhv wkhvh lqfhqwlyhv/ dowkrxjk lq d vrphzkdw gl�huhqw
pdqqhu1 Lq sduwlfxodu/ rxu vwdwlf iudphzrun grhv qrw lqfoxgh wkh wlph odj
ehwzhhq wkh prphqw ri wudlqlqj dqg wkh dsshdudqfh ri wkh ehqh�wv lq wkh
irup ri kljkhu zdjhv16 Ixuwkhupruh/ wkh glvxwlolw| ri wudlqlqj lv fdswxuhg
e| h�ruw frvwv/ udwkhu wkdq wlph1 Wkh fuxfldo hohphqw lq wkh wudlqlqj olw0
hudwxuh/ krzhyhu/ lv qrw zkhwkhu wudlqlqj frvw uhihu wr wlph/ exw udwkhu wkh
ghjuhh ri wd{ ghgxfwlelolw| ri wudlqlqj frvwv +Wurvwho/ 4<<6,1 Zh fdswxuh wd{
ghgxfwlelolw| lq rxu dqdo|vlv e| phdqv ri d wudlqlqj vxevlg|17 Vhfrqg/ rxu
wudlqlqj whfkqrorj| kdv rqo| wzr vwdwhv/ wudlqhg dqg xqwudlqhg/ zkloh wkh
wudlqlqj ghflvlrq � lv d frqwlqxrxv yduldeoh1 Dowhuqdwlyho|/ rqh frxog kdyh
prghoohg wudlqlqj dv d ghwhuplqlvwlf surfhvv zkhuh d zrunhu*v surgxfwlylw| lv
d frqwlqxrxv ixqfwlrq ri wudlqlqj h�ruw �1 Vlqfh zrunhuv duh h{ dqwh lghqwl0
fdo dqg ulvn qhxwudo wklv lv htxlydohqw wr wkh prgho deryh18 Krzhyhu/ lq wklv

6Wkh prgho lv wkxv d vshfldo fdvh ri wkh g|qdplf iudphzrun e| dvvxplqj d }hur glvfrxqw
udwh1

7Zh wxuq wr wkh srvvleoh olplwdwlrqv ri rxu dssurdfk lq wkh frqfoxglqj uhpdunv1
8Wklv fdq eh vhhq dv iroorzv1 Ohw +Ej� ghqrwh d zrunhu*v surgxfwlylw| dv d ixqfwlrq

ri klv wudlqlqj h�ruw j1 Ixuwkhu/ ohw +� ++f, ghqrwh d zrunhu*v surgxfwlylw| lq wudlqhg
+xqwudlqhg, vwdwh1 Wkhq gh�qlqj +Ej� 
 REj�+� n E�3 REj��+f vkrzv wkh htxlydohqfh1
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fdvh rqh zrxog kdyh kdg wr prgho krz wkh zdjh ghshqgv rq surgxfwlylw|
iru dq lqwhuydo ri surgxfwlylwlhv lqvwhdg ri mxvw wzr ohyhov ri surgxfwlylw|1

Dw w @ 8/ rxwsxw lv surgxfhg dqg zdjhv duh sdlg/ zkhuh d wudlqhg zrunhu
surgxfhv |� dqg uhfhlyhv qhw zdjh z� dqg dq xqwudlqhg zrunhu surgxfhv |f
+zlwk |� A |f, dqg uhfhlyhv zf1

Wklv vhtxhqflqj lq wkh ghflvlrq pdnlqj surfhvv lpsolhv wkdw edujdlq0
lqj sduwlhv frpplw wr wkh zdjh sur�oh ehiruh wkh wudlqlqj ghflvlrq lv pdgh1
Khqfh/ wkh prgho grhv qrw jlyh ulvh wr wkh krog0xs sureohp lq wudlqlqj lqyhvw0
phqwv1 Vhfwlrq 7 zloo hoderudwh rq wkh dowhuqdwlyh fdvh lq zklfk edujdlqlqj
sduwlhv fdq uhqhjrwldwh wkh zdjh/ diwhu wkh wudlqlqj ghflvlrq lv pdgh1 Krz0
hyhu/ wkh prgho lq wklv vhfwlrq frqwdlqv dqrwkhu krog0xs sureohp/ ehfdxvh
�upv dqg djhqwv fdqqrw frpplw wr wkh uhwxuq wr vhdufk ru ydfdqflhv1 Khqfh
hdfk ri wkh sduwlhv lqyhvwv wr fuhdwh d mrlqw vxusoxv/ zkloh wkh glylvlrq ri wkh
vxusoxv lv edujdlqhg ryhu diwhu wkhvh lqyhvwphqwv duh vxqn1 Fruuhfwlqj wklv
krog xs sureohp wxuqv rxw wr eh dq lpsruwdqw ixqfwlrq ri wkh wd{ v|vwhp1

514 Wkh sulydwh rxwfrph

Wkh surfhvv ri mre pdwfklqj
Wkh suredelolw| iru d zrunhu zlwk vhdufk lqwhqvlw| v� ri ehlqj pdwfkhg

zlwk d �up htxdov

v�

v
p+y> v, @ v�p+

y

v
> 4, @ v�p+�,

zkhuh wkh �uvw htxdolw| iroorzv iurp wkh dvvxpswlrq wkdw p+v> y, lv krprjh0
qrxv ri ghjuhh 4 lq y dqg v/ � � �

r
ghqrwhv wkh oderxu pdunhw wljkwqhvv dqg

p+�, �p+�> 4,1 D zrunhu fkrrvhv v� wr pd{lplvh wkh h{shfwhg vxusoxv iurp
vhdufk

pd{
r�
iv�p+�,Ye � �+v�,j

zkhuh wkh ydoxh ri qrw ehlqj pdwfkhg lv dvvxphg wr eh htxdo wr 31 Orrnlqj
dw d v|pphwulf htxloleulxp zkhuh hdfk djhqw fkrrvhv wkh vdph v� @ v zh
�qg wkdw v vroyhv

��+v, @ p+�,Ye +4,

Khqfh/ pdujlqdo vhdufk frvwv htxdo wkh h{shfwhg pdujlqdo jdlq iurp
vhdufk1 Vlqfh zh dvvxph d vwulfwo| frqyh{ frvw ixqfwlrq iru vhdufk +l1h1
���+v, A 3,/ wkh qhw h{shfwhg vxusoxv iru wkh zrunhu/ vp+�,Ye � �+v, @
v��+v,� �+v,/ lv srvlwlyh1

:



Wkh suredelolw| wkdw d �up lv pdwfkhg zlwk d zrunhu htxdov 6E�cr�
�

@
6Ew�
w

1 Dvvxplqj iuhh hqwu| lqwr wkh ydfdqf| srvwlqj exvlqhvv/ wkh ydoxh iru
d �up ri hpsor|lqj d zrunhu Me vdwlv�hv

p+�,

�
Me � n @ 3 +5,

zkhuh zh xvh wkh dvvxpswlrq wkdw wkh ydoxh ri qrw ehlqj pdwfkhg htxdov 31
Khqfh/ �upv hduq }hur sur�wv lq htxloleulxp19

Wkh ydoxh ri d mre pdwfk
Jlyhq d fhuwdlq wudlqlqj h�ruw � dqg zdjh sur�oh +zf> z�,/ wr eh gh0

whuplqhg ehorz/ wkh ydoxh ri ehlqj hpsor|hg iru d zrunhu ghshqgv rq wkh
h{shfwhg zdjh plqxv wudlqlqj frvwv

Ye @ s+�,z� . +4� s+�,,zf � ^4�
vj

4 . vj
`f� +6,

zkhuh rj
�nrj

vwdqgv iru d vxevlg| rq wudlqlqj1 Wkh ydoxh ri hpsor|lqj d
zrunhu iru d �up htxdov

Me @ s+�,+|� � +4 . �,z�, . +4� s+�,,+|f � +4 . �,zf,� �@

@ s+�,|� . +4� s+�,,|f � �@ � +4 . �,Ye � +4 . #,f� +7,

zkhuh +4 . �,z. �@ htxdov wkh wrwdo zdjh frvw iru wkh �up ri sd|lqj d qhw
zdjh z wr wkh zrunhu Khqfh/ � ghqrwhv wkh dg0ydoruhp pdujlqdo wd{ udwh
rq zdjhv zkloh �@ vwdqgv iru wkh vshfl�f wd{ shu mre1 Xvlqj wkh whuplqrorj|
ri Slvvdulghv +4<<<, dqg Pruwhqvhq dqg Slvvdulghv +4<<;,/ zh uhihu wr wklv
odwwhu dv wkh dyhudjh wd{1:

Ixuwkhupruh/ 4 . # � �n�
�nrj

vr wkdw # phdvxuhv wkh qhw wd{ exughq rq
wudlqlqj +vhh ehorz,1

Wkh zrunhu dqg wkh �up edujdlq derxw Ye1 Wklv lv prghoohg zlwk d Qdvk
edujdlqlqj ixqfwlrq zlwk wkh wkuhdw srlqwv iru erwk zrunhu dqg �up htxdo

9 Li wkh frvw ri rshqlqj d ydfdqf| zrxog eh d ixqfwlrq ri � +l1h1 &E��/ zkhuh &E�� lv d
vwulfwo| frqyh{ ixqfwlrq,/ wkhuh zrxog eh d srvlwlyh vxusoxv iru wkh �up1 Wkh h�hfw rq
rswlpdo zdjh wd{hv ri vxfk d jhqhudol}dwlrq lv dqdo|}hg e| Errqh dqg Eryhqehuj +4<<<,1

: Lq sxeolf �qdqfh olwhudwxuh/ wkh dyhudjh wd{ jhqhudoo| uhihuv wr wkh wrwdo wd{ exughq
rq zdjhv dv d shufhqwdjh ri jurvv zdjh lqfrph1 Lq rxu prgho/ lw vkrxog eh lqwhusuhwhg dv
d vshfl�f wd{ rq wkh vxusoxv iurp d pdwfk1

;



wr 31; Khqfh Ye vroyhv

pd{
Te

Y q
e +s+�,|� . +4� s+�,,|f � �@ � +4 . �,Ye � +4 . #,f�,�3q

Lw lv urxwlqh wr yhuli| wkdw wklv |lhogv wkh iroorzlqj vroxwlrq

Ye @
�

4 . �
+�| � +4 . #,f� � �@, +8,

Me @ +4� �, +�| � +4 . #,f� � �@, +9,

zkhuh �| � s+�,|�.+4�s+�,,|f ghqrwhv wkh h{shfwhg rxwsxw ri d zrunhu1
Wkh edujdlqlqj rxwfrph uhyhdov wkdw wkh wrwdo vxusoxv iurp d pdwfk/ �| �
+4 . #,f� � �@/ lv glylghg ehwzhhq wkh hpsor|hh dqg wkh hpsor|hu rq wkh
edvlv ri wkhlu uhvshfwlyh edujdlqlqj srzhuv/ q

�n� dqg 4��/ uhvshfwlyho|1 Wkh
pdujlqdo zdjh wd{/ � / uhgxfhv wkh ydoxh ri d mre iru wkh zrunhu1 Wklv lv d zhoo
nqrzq uhvxow/ vhh iru lqvwdqfh Slvvdulghv +4<<<= 475/ 476,1 Wkh uhdvrq lv wkdw
d kljk pdujlqdo wd{ udwh pdnhv zrunhuv ohvv djjuhvvlyh lq edujdlqlqj vlqfh d
ulvh lq wkh jurvv zdjh wudqvodwhv lq d vpdoo fkdqjh lq wkh qhw zdjh1 Vlploduo|/
d kljk � pdnhv hpsor|huv pruh djjuhvvlyh lq edujdlqlqj/ vlqfh d ulvh lq z

wudqvodwhv lqwr d elj ulvh lq zdjh frvwv1 Lq wkh Qdvk edujdlqlqj vroxwlrq wklv
h�hfw ri � rq wkh zdjh h{dfwo| fdqfhov wkh kljkhu � iru hpsor|huv1

Wkh vxusoxv iurp d pdwfk/ �|�+4.#,f���@/ lv vxp ri wkuhh whupv1 Iluvw/
wkhuh lv h{shfwhg rxwsxw �|1 Vhfrqg/ wudlqlqj frvwv duh vxewudfwhg ehfdxvh
edujdlqlqj sduwlhv frpplw wr wkh edujdlqlqj vroxwlrq ehiruh wkh wudlqlqj gh0
flvlrq lv pdgh1 Khqfh/ wkh lqflghqfh ri wkh wudlqlqj frvwv lv glylghg ehwzhhq
wkh zrunhu dqg wkh �up1 Dsduw iurp wkh jurvv frvw ri wudlqlqj/ wkhuh lv
d qhw wd{ exughq rq wudlqlqj/ ghqrwhg e| #1 Rq wkh rqh kdqg/ wudlqlqj
frvwv duh vxevlgl}hg wkurxjk vj1 Rq wkh rwkhu kdqg/ wkh frpshqvdwlrq wr
hpsor|hhv iru wkh frvwv ri wudlqlqj rffxuv wkurxjk zdjh sd|phqwv wkdw duh
vxemhfw wr wkh pdujlqdo zdjh wd{1 Li # A 3/ wkh pdujlqdo zdjh wd{ h{fhhgv
wkh wudlqlqj vxevlg| vr wkdw wkh frpshqvdwlrq iru wudlqlqj frvwv lv wd{hg rq
d qhw edvlv1< Wklv uhgxfhv wkh ydoxh ri d pdwfk1 Dffruglqjo|/ wkh qhw wd{
exughq rq wudlqlqj lv vkduhg dfurvv wkh zrunhu dqg wkh �up1 Wkh �qdo whup

;Wklv iroorzv iurp wkh rqh vkrw qdwxuh ri wkh jdph1 Li wkh �up dqg zrunhu fdqqrw
djuhh rq wkh ydoxh Te/ wkh pdwfk lv glvvroyhg1 Wkhq wkh zrunhu dqg �up uhfhlyh wkh vdph
sd| r� dv wkh �upv dqg zrunhuv wkdw zhuh qrw pdwfkhg dw wlph 41 Lq htxloleulxp vxfk
glvdjuhhphqw qhyhu kdsshqv1

<Dq dowhuqdwlyh lqwhusuhwdwlrq ri wkh wudlqlqj vxevlg| lv wd{ ghgxfwlelolw|1 Lq sduwlfxodu/
li rj ' � / wudlqlqj frvwv zrxog eh ixoo| wd{ ghgxfwleoh1 Wklv zrxog eh wkh fdvh li wudlqlqj
frvwv frqvlvw ri iruhjrqh zrunlqj wlph +frpsduh Ervnlq +4<:9,,1 Li sduw ri wkh wudlqlqj
frvwv lv qrw wd{ ghgxfwleoh/ h1j1 ehfdxvh wxlwlrq lv qrw wd{ ghgxfwleoh ru li ohlvxuh lv lqfoxghg
lq wkh prgho/ zh �qg wkdw rj 	 � ru htxlydohqwo| � : f +vhh h1j1 Wurvwho +4<<6,,1

<



lv wkh dyhudjh wd{/ �@1 E| uhgxflqj wkh ydoxh ri d pdwfk/ wklv wd{ dovr ehduv
rq erwk wkh hpsor|hu dqg wkh hpsor|hh1

Xvlqj wkh iuhh hqwu| frqglwlrq +5, wrjhwkhu zlwk +8, dqg +9,/ zh fdq
uhzulwh Ye dv

Ye @
�

4� �

4

4 . �

n�

p+�,
+:,

Vxevwlwxwlqj wklv lqwr wkh �uvw rughu frqglwlrq iru v/ htxdwlrq +4,/ |lhogv

��+v, @
�

4� �

n�

4 . �
+;,

Wudlqlqj
Jlyhq wkh +suh0frpplwhg, ydoxh Ye/ wkh �up zloo vhw wkh zdjh sur�oh

+zf> z�, lq vxfk d zd| wkdw � pd{lpl}hv Me lq htxdwlrq +7,1 Khqfh � vroyhv

s�+�, @
f+4 . #,

|� � |f
+<,

Wkh zd| wkdw wkh �up lpsohphqwv wklv ydoxh iru � lv wr fkrrvh wkh gl�huhqfh
z��zf vxfk wkdw wkh zrunhu/ fkrrvlqj � wr pd{lpl}h Ye/ vhohfwv wklv ydoxh1
Khqfh/ htxdwlrq +<, ghwhuplqhv z��zf dqg +8, ghwhuplqhv Ye1 Lw lv urxwlqh
wr yhuli| wkdw wklv lpsolhv wkh iroorzlqj zdjh sur�oh

zf @
�

4 . �
+|f � �@, .

4� �

4 . �
++4 . #,f� � s+�,+|� � |f,, +43,

z� @
�

4 . �
+|� � �@, .

4� �

4 . �
++4 . #,f� . +4� s+�,,+|� � |f,, +44,

Xvlqj htxdwlrq +<, wr uhzulwh +4 .#,f� @ s�+�,�+|�� |f, lq htxdwlrqv +43,
dqg +44,/ rqh yhul�hv wkdw wkh frqfdylw| ri s+=, lpsolhv wkdw zf lv ehorz
wkh uhqhjrwldwlrq zdjh q

�n� +|f � �@, dqg z� deryh wkh uhqhjrwldwlrq zdjh
q

�n� +|� � �@,1 Wklv lv glvfxvvhg lq vhfwlrq 71
Dw wkh ohyho ri �/ ghwhuplqhg lq +<,/ wkh iuhh hqwu| frqglwlrq |lhogv

n�

p+�,
@ +4� �, +�| � +4 . #,f� � �@, +45,

Wkh wkuhh htxdwlrqv +;,/ +<, dqg +45, ghwhuplqh wkh wkuhh hqgrjhqrxv ydul0
deohv v/ � dqg �1 Iurp wkhvh/ zh fdq ghulyh wkh wrwdo qxpehu ri pdwfkhv
vp+�, dqg wrwdo xqhpsor|phqw x @ 4�vp+�,1 Wrwdo rxwsxw htxdov vp+�,+s+�,|�.
+4� s+�,,|f,=

43



515 Wkh vrfldo rswlpxp

Dv d phdvxuh ri zhoiduh/ zh xvh wrwdo h{shfwhg rxwsxw plqxv wkh wrwdo frvwv
ri wudlqlqj/ vhdufk dqg ydfdqflhv1 Vlqfh zrunhuv dqg �upv duh dvvxphg wr
eh ulvn qhxwudo/ wklv lv qrw dq xquhdvrqdeoh fulwhulrq1 Dovr qrwh wkdw wkh
ulvn qhxwudolw| dvvxpswlrq lpsolhv wkdw wkhuh lv qr uhdvrq wr uhglvwulexwh
lqfrph dprqj wudlqhg/ xqwudlqhg dqg xqhpsor|hg zrunhuv1 Zkhq ehorz zh
frqvlghu wkh fdvh zlwk srvlwlyh jryhuqphqw h{shqglwxuh/ j A 3/ wklv zhoiduh
fulwhulrq lpsolhv wkdw jryhuqphqw h{shqglwxuh kdv wkh vdph vrfldo ydoxh dv
sulydwh lqfrph dqg frqvxpswlrq1

vp+�, ^s+�,|� . +4� s+�,,|f � f�`� �+v,� nv� +46,

Dvvxph wkdw wkh vrfldo sodqqhu fkrrvhv v> � dqg � wr pd{lpl}h zhoiduh +46,1
Wkhq wkh iroorzlqj uhvxow lv d voljkw jhqhudol}dwlrq ri wkh Krvlrv +4<<3,
frqglwlrq wr wkh fdvh zlwk wudlqlqj1 Iru wkh fdvh zlwkrxw wudlqlqj lw lv zhoo
nqrzq +vhh iru lqvwdqfh Slvvdulghv +4<<3,, wkdw � @ � dqg � @ �@ @ vj @ 3
fdxvhv wkh sulydwh rxwfrph wr frlqflgh zlwk wkh vrfldo rswlpxp1

Ohppd 4 Li � @ � wkhq
+l, � @ �@ @ vj @ 3 lpsolhv wkdw wkh sulydwh rxwfrph frlqflghv zlwk wkh

vrfldo rswlpdo rxwfrph>
+ll, � A 3> �@ � 3 dqg # � 3 lpsolhv wkdw djhqwv xqghulqyhvw lq vhdufk>
+lll, # A 3 +# ? 3, lpsolhv wkdw zrunhuv xqghulqyhvw +ryhulqyhvw, lq

wudlqlqj dqg li ixuwkhu �@ � 3 wkhq �upv xqghulqyhvw +ryhulqyhvw, lq ydfdq0
flhv>

+ly, �@ A 3 +�@ ? 3, dqg � @ vj @ 3 lpsolhv wkdw djhqwv xqghulqyhvw
+ryhulqyhvw, lq vhdufk dqg �upv xqghulqyhvw +ryhulqyhvw, lq ydfdqflhv1

Li � @ �@ @ vj @ 3 wkhq
+y, � ? � +� A �, lpsolhv wkdw wljkwqhvv � lv wrr kljk +orz, lq wkh sulydwh

rxwfrph>
+yl, � 9@ � lpsolhv wkdw djhqwv xqghulqyhvw lq vhdufk1

Wkh lqwxlwlrq iru wkhvh uhvxowv lv dv iroorzv1
+l, Li wkhuh duh qr glvwruwlrqdu| wd{hv dqg wkh Krvlrv frqglwlrq/ � @

�/ lv vdwlv�hg +vhh iru lqvwdqfh Krvlrv +4<<3, ru Pruwhqvhq dqg Slvvdulghv
+4<<<,, wkhq wkh sulydwh uhwxuqv wr wudlqlqj/ vhdufk dqg fuhdwlqj ydfdqflhv
frlqflgh zlwk wkh vrfldo uhwxuqv1 Wkh lqwxlwlrq iru wkh Krvlrv frqglwlrq lv
wkdw dq djhqw*v +�up*v, edujdlqlqj srzhu vkrxog frlqflgh zlwk wkh pdujlqdo
frqwulexwlrq ri vhdufk +ydfdqflhv, lq hvwdeolvklqj d pdwfk1 Lq sduwlfxodu/ wkh
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edujdlqlqj vroxwlrq ghwhuplqhv wkh pdujlqdo sulydwh ehqh�wv ri d pdwfk iru
wkh �up dqg wkh zrunhu1 Li wkh pdujlqdo sulydwh ehqh�wv htxdo wkh pdujlqdo
vrfldo ehqh�wv/ wkh krog xs sureohp lv vroyhg dv hdfk sduw| jhwv wkh vrfldo
uhwxuq rq lwv vxqn lqyhvwphqwv lq vhdufk/ uhvshfwlyho|/ ydfdqflhv1

+ll, Li wkhuh duh srvlwlyh zdjh wd{ glvwruwlrqv +� A 3,/ wkh sulydwh uhwxuq
ri vhdufk idoov vkruw ri wkh vrfldo uhwxuq1 Wklv iroorzv iurp +;, ehfdxvh wkh
pdujlqdo wd{ � grhv |lhog vrfldo vxusoxv exw lv qrw fdswxuhg e| wkh zrunhu1

+lll, Li wkh wudlqlqj ghflvlrq lv qrw glvwruwhg +� @ vj vr wkdw # @ 3,/ wkh
pdujlqdo wd{ udwh kdv qr h�hfw rq �upv* lqfhqwlyhv wr fuhdwh ydfdqflhv1 Wklv
iroorzv lpphgldwho| iurp +9,1 Dv phqwlrqhg deryh/ wkh lqwxlwlrq lv wkdw d
kljk pdujlqdo wd{ udwh pdnhv zrunhuv ohvv djjuhvvlyh lq edujdlqlqj1 Li wkh
zdjh wd{ h{fhhgv wkh wudlqlqj vxevlg| +l1h1 � A vj vr wkdw # A 3,/ wkh
pdujlqdo wd{ udwh uhgxfhv wkh �up*v lqfhqwlyh wr fuhdwh ydfdqflhv1 Wklv lv
ehfdxvh wkh qhw wd{ exughq rq wudlqlqj udlvhv wkh �{hg frpshqvdwlrq wkdw
hpsor|huv surylgh wr zrunhuv wr frpshqvdwh wkhp iru wkh frvwv ri wudlqlqj1
Lq rwkhu zrugv/ � fuhdwhv dq dyhudjh wd{ exughq frpsdudeoh wr �@1 Df0
fruglqjo|/ wkh wrwdo vxusoxv dydlodeoh ghfolqhv vr wkdw d ulvh lq � uhgxfhv wkh
qxpehu ri ydfdqflhv dqg khqfh oderxu0pdunhw wljkwqhvv/ �1 Wklv lv wkh pdlq
gl�huhqfh zlwk d prgho zlwkrxw wudlqlqj zkhuh � grhv qrw d�hfw �1

+ly, Wkh wd{ �@ d�hfwv wkh ydoxh ri wkh pdwfk dqg khqfh wkh djhqwv* vhdufk
dfwlylw| dqg �upv* lqfhqwlyhv wr fuhdwh ydfdqflhv1 Dffruglqj wr +46, wkh wd{
�@ grhv fuhdwh vrfldo ydoxh/ exw lw uhgxfhv wkh sulydwh uhwxuq wr �upv dqg
zrunhuv1 Khqfh lw fdxvhv xqghulqyhvwphqw lq ydfdqflhv dqg vhdufk1 Vlqfh wkh
wudlqlqj ghflvlrq lv wdnhq diwhu wkh pdwfk/ lw lv rqo| d�hfwhg e| wkh pdujlqdo
wd{ udwh � dqg wkh wudlqlqj vxevlg|/ vj/ qrw e| �@=

+y, Li wkh Krvlrv frqglwlrq lv qrw vdwlv�hg/ oderu pdunhw wljkwqhvv lv wrr
kljk frpsduhg wr wkh vrfldo rswlpxp li wkh zrunhuv* edujdlqlqj srzhu � lv
wrr orz frpsduhg wr wkhlu surgxfwlylw| lq hvwdeolvklqj pdwfkhv �1 Wljkwqhvv
lv wrr orz li � h{fhhgv �/ ehfdxvh �upv gr qrw uhfhlyh d elj hqrxjk vkduh ri
wkh vxusoxv dqg khqfh fuhdwh wrr ihz ydfdqflhv1

+yl, Ilqdoo|/ djhqwv dozd|v xqghulqyhvw lq vhdufk luuhvshfwlyh ri zkhwkhu
wkhlu edujdlqlqj srzhu lv wrr elj ru wrr vpdoo1 Wkh lghd lv wkdw wrr pxfk
edujdlqlqj srzhu iru wkh zrunhu uhgxfhv wkh qxpehu ri ydfdqflhv fuhdwhg dqg
khqfh uhgxfhv wkh uhwxuq wr vhdufklqj1 Wrr olwwoh edujdlqlqj srzhu uhgxfhv
d zrunhu*v vkduh ri wkh vxusoxv dqg khqfh uhgxfhv klv vhdufk lqwhqvlw|1

Wkh qh{w ohppd uhyhdov wkdw/ li wkh Krvlrv frqglwlrq lv qrw vdwlv�hg/
wd{hv � > vj dqg �@ fdq eh xvhg wr uhvwruh wkh vrfldo rswlpdo rxwfrph/ lq wkh
fdvh zlwk }hur jryhuqphqw h{shqglwxuh/ j @ 31

Ohppd 5 Li j @ 3 dqg � 9@ � wkhq wkhuh duh wd{hv � > �@ dqg vj wkdw uhvwruh
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wkh vrfldo rswlpxp lq wkh sulydwh rxwfrph1 Pruhryhu/ wkhvh wd{hv edodqfh wkh
jryhuqphqw exgjhw1 Li wudlqlqj vxevlglhv duh qrw dydlodeoh dqg � 9@ � wkhq
wkh wd{ lqvwuxphqwv � dqg �@ duh lqvx!flhqw wr uhvwruh wkh vrfldo rswlpxp1
Lq sduwlfxodu/

4 . � @
�

4� �

4� �

�
+47,

�@ @
� � �

4� �
+�| � f�, +48,

vj @ � +49,

pdnh wkh sulydwh rxwfrph lq +;,/ +<, dqg +45, htxlydohqw wr wkh vrfldo rxw0
frph1

Wkh lqwxlwlrq lv dv iroorzv1 Wkh wudlqlqj vxevlg| vj @ � hqvxuhv wkdw
wudlqlqj ghflvlrqv duh qrw glvwruwhg1 Wkh wd{ lqvwuxphqwv � dqg �@ fdq
eh xvhg wr uhglvwulexwh wkh vxusoxv ri d pdwfk lq vxfk d zd| wkdw �upv
dqg zrunhuv jhw wkhlu fruuhfw vkduh ghwhuplqhg e| �1 Wr looxvwudwh/ li wkh
zrunhuv* edujdlqlqj srzhu � h{fhhgv wkhlu surgxfwlylw| �/ wkh jryhuqphqw
xvhv d srvlwlyh pdujlqdo wd{ udwh � wr uhgxfh wkh zrunhuv* edujdlqlqj srzhu
dqg vxevlglvhv wkh �up e| vhwwlqj �@ ? 31 Wkh uhdvrq wkdw wklv fdq eh grqh
zlwk d edodqfhg exgjhw lv wkdw wkhuh duh qr h{whuqdo h�hfwv lq wkh prgho1
Wkh wrwdo sulydwh ydoxh fuhdwhg htxdov wkh wrwdo vrfldo ydoxh fuhdwhg1 Wkh
ydoxh mxvw qhhgv wr eh +uh,glvwulexwhg lq wkh uljkw zd|143

Li wkh wudlqlqj vxevlg| zrxog qrw eh dydlodeoh � h1j1 ehfdxvh wkh jryhuq0
phqw fdqqrw revhuyh wudlqlqj h�ruwv dqg khqfh wkh| duh qrw wd{ ghgxfwleoh �
lw zrxog qrw eh srvvleoh lq jhqhudo wr duulyh dw wkh vrfldo rswlpxp1 Lqghhg/
wkh jryhuqphqw zrxog kdyh dffhvv wr mxvw wzr lqvwuxphqwv/ � / �@ wr fruuhfw
wkuhh yduldeohv/ v> � dqg �1 Wklv lv qrw srvvleoh lq jhqhudo1

Lq wkh qh{w vhfwlrq/ zh h{soruh wkh h�hfwv ri d wd{ uhirup/ vwduwlqj iurp
dq htxloleulxp wkdw lv qrw qhfhvvdulo| rswlpdo1 Ixuwkhupruh/ zh dqdo|}h wkh
fdvh ri d srvlwlyh uhyhqxh uhtxluhphqw iru wkh jryhuqphqw1

516 Wd{ uhirup

Lq wklv vhfwlrq/ sxeolf h{shqglwxuhv/ j/ duh srvlwlyh lq wkh lqlwldo htxloleulxp1
Khqfh/ zh vwduw iurp d vxe0rswlpdo htxloleulxp vlqfh wkh vrfldo rswlpxp lv

43Qrwh wkdw wkh edodqfhg exgjhw uhvxow ghshqgv rq rxu dvvxpswlrq ri frqvwdqw uhwxuqv
wr vfdoh lq wkh pdwfklqjvixqfwlrq1 Lq sduwlfxodu/ zlwk ghfuhdvlqj uhwxuqv wr vfdoh lq wkh
pdwfklqjvixqfwlrq wkh wd{hv qhhghg wr lqgxfh wkh vrfldo rswlpxp lq wkh sulydwh fdvh |lhog
d exgjhw vxusoxv iru wkh jryhuqphqw1 Zlwk lqfuhdvlqj uhwxuqv wr vfdoh wkh wd{hv |lhog d
gh�flw1
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dozd|v fkdudfwhul}hg e| }hur sxeolf uhyhqxhv +vhh Ohppd 5,1 Zh dvvxph
wkdw wkh ohyho ri j uhpdlqv �{hg/ h1j1 ehfdxvh srolwlfdo eduulhuv suhfoxgh exg0
jhwdu| fxwv1 Wkh jryhuqphqw grhv qrw kdyh dffhvv wr d qrq0glvwruwlrqdu|
oxps0vxp wd{ wr �qdqfh lwv vshqglqj1 Wklv eulqjv xv lqwr d vhfrqg0ehvw
zruog1 Lqghhg/ wkh jryhuqphqw kdv wr uho| rq wkuhh glvwruwlrqdu| wd{ lq0
vwuxphqwv/ � > �@ dqg vj/ wr udlvh sxeolf uhyhqxh1 Wklv vhfwlrq dqdo|}hv wkh
rswlpdo pl{ ehwzhhq wkhvh wd{hv1 Ixuwkhupruh/ zh h{soruh wkh zhoiduh hi0
ihfwv ri d edodqfhg exgjhw wd{ uhirup iurp wkh dyhudjh wd{/ �@/ wrzdugv wkh
pdujlqdo wd{/ � / li zh vwduw iurp d vxe0rswlpdo lqlwldo htxloleulxp1 Wklv
uhirup lv lqwhusuhwhg dv dq hduqhg lqfrph wd{ fuhglw +HLWF,1

Wkh jryhuqphqw exgjhw frqvwudlqw lv ri wkh irup

j @ vp+�,^s+�,+�z� . �@, . +4� s+�,,+�zf . �@,�
vj

4 . vj
f�`

Wkh jryhuqphqw vshqgv j dqg kdv wr �qdqfh wklv zlwk d zdjh wd{ �z�. �@
+�zf.�@, shu pdwfkhg dqg wudlqhg +xqwudlqhg, zrunhu1 Ixuwkhu/ iurp htxd0
wlrq +6,/ wkh jryhuqphqw sd|v d wudlqlqj vxevlg| rj

�nrj
f� shu pdwfkhg zrunhu1

Xvlqj htxdwlrq +6,/ wkh jryhuqphqw exgjhw frqvwudlqw fdq eh zulwwhq dv

j @ vp+�,^�Ye . �@ . #f�` +4:,

Qrz frqvlghu wkh irorzlqj wzr rswlpl}dwlrq surjudpv1

pd{
�c�@crj

vp+�, ^s+�,|� . +4� s+�,,|f � f�`� �+v,� nv� +S��,

vxemhfw wr htxdwlrqv +;,/+<,/+45, dqg +4:,

dqg

pd{
�c�@crj

v +S�2,

vxemhfw wr htxdwlrqv +;,/+<,/+45, dqg +4:,

Wkh iroorzlqj sursrvlwlrq vxevwdqwldoo| vlpsol�hv rxu zhoiduh dqdo|vlv1

Sursrvlwlrq 6 Rswlpl}dwlrq surjudpv +S��, dqg +S�2, duh htxlydohqw1

Khqfh/ lqvwhdg ri pd{lpl}lqj wkh h{suhvvlrq iru zhoiduh lq +S��, zh mxvw
qhhg wr pd{lpl}h zrunhuv* vhdufk lqwhqvlw| v vxemhfw wr wkh vdph htxdwlrqv
ghwhuplqlqj v> �> � dqg jryhuqphqw exgjhw edodqfh1 Wkh lqwxlwlrq zk| v lv
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d vx!flhqw vwdwlvwlf iru zhoiduh +46, lv dv iroorzv1 Wrwdo vxusoxv lv glylghg
ehwzhhq zrunhuv/ �upv dqg wkh jryhuqphqw1 Vlqfh �upv pdnh }hur h{shfwhg
sur�wv e| wkh iuhh hqwu| frqglwlrq dqg ehfdxvh zh pd{lpl}h zhoiduh iru
jlyhq jryhuqphqw h{shqglwxuh j/ rqo| zrunhuv* vxusoxv fuhdwhv zhoiduh1 Dv
phqwlrqhg deryh/ vxevwlwxwlqj +4, lqwr zrunhuv* h{shfwhg vxusoxv |lhogv

vp+�,Ye � �+v, @ v��+v,� �+v,

zklfk lv srvlwlyh dqg lqfuhdvlqj lq v gxh wr wkh dvvxpswlrq wkdw �+=, lv
frqyh{1 Khqfh v lv d vx!flhqw vwdwlvwlf iru wrwdo zhoiduh1

H�hfwv rq vhdufk
Wr duulyh dw wkh uhgxfhg irup iru vhdufk/ zh orj0olqhdul}h wkh prgho

durxqg dq lqlwldo htxloleulxp dqg vroyh wkh olqhdul}hg prgho dqdo|wlfdoo|1 Lq
sduwlfxodu/ zh vroyh wkh prgho iru wzr h{rjhqrxv yduldeohv � dqg vj1 Wkh
jryhuqphqw exgjhw frqvwudlqw lv xvhg wr dgmxvw �@ hqgrjhqrxvo|1 Lqwxlwlyho|/
wkh uhyhqxhv iurp d kljkhu pdujlqdo wd{ +ru d orzhu wudlqlqj vxevlg|, duh
xvhg wr uhgxfh wkh dyhudjh wd{ shu mre/ vxfk wkdw wkh jryhuqphqw exgjhw
uhpdlqv edodqfhg1

Ohppd 7 Wkh uhgxfhg irup iru vhdufk fdq eh zulwwhq dv

%r��v @ ^+� � �,+�| � f�, . +4� �,+�@ . #f�,`�� �
#f�

%j
+�� � �vj, +4;,

zkhuh

� � �+�| � f�,�
j

p+�,v
+4 .

4

%r
, A 3

dqg %r �
���Er�r
��Er� A 3 / %j � �

R��Ej�j
R�Ej� A 3> �v @ _r

r
> �� @ _�

�n� dqg �vj @ _rj
�nrj

=

Wkh ghwhuplqdqw/ �> vkrxog eh vwulfwo| srvlwlyh iru wkh prgho wr eh
vwdeoh1 Wklv phdqv wkdw zh vkrxog eh rq wkh ohiw vlgh ri wkh Od�hu fxuyh1
Lw uhtxluhv wkdw wkh vl}h ri wkh sxeolf vhfwru/ j/ lv qrw wrr odujh1 Vlqfh/ dw
wkh rswlpxp/ wkh pdujlqdo fkdqjh lq vhdufk lv }hur/ wkh uhgxfhg irup vkrzv
vrph gluhfw lpsolfdwlrqv iru wkh rswlpdo vhfrqg0ehvw wd{ vwuxfwxuh lq fdvh ri
d srvlwlyh uhyhqxh uhtxluhphqw iru wkh jryhuqphqw/ j A 31

Sursrvlwlrq 8 Frqvlghu wkh fdvh zkhuh j A 3=
+l, Li � @ � wkhq lw lv rswlpdo iru wkh jryhuqphqw wr vhw �@ @ 3 dqg # @ 3/
luuhvshfwlyh ri wkh ohyho ri j>
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+ll, li � 9@ � wkhq lw lv rswlpdo iru wkh jryhuqphqw wr vhw �@ @ #3q
�3q +�| � f�,

dqg # @ 3/ luuhvshfwlyh ri wkh ohyho ri j>
+lll, dw wkh rswlpdo wd{hv lw lv wkh fdvh wkdw Ye @ �+�| � f�,� }

r6Ew� 1

Khqfh/ lq d vhfrqg0ehvw iudphzrun zlwk d srvlwlyh uhyhqxh uhtxluhphqw/
wkh jryhuqphqw vkrxog dozd|v vhw wkh dyhudjh wd{ shu mre dqg wkh wudlqlqj
vxevlg| dw wkhlu �uvw0ehvw ohyhov ghulyhg lq htxdwlrqv +48, dqg +49,1 Sxeolf
uhyhqxhv vkrxog wkxv eh udlvhg e| wkh pdujlqdo zdjh wd{ dorqh1 Wkh lqwxlwlrq
iru wklv uhvxow lv wkh iroorzlqj1 Dv �upv hduq }hur sur�wv/ wkh| fdqqrw ehdu
wkh exughq ri wd{dwlrq1 Lqghhg/ wkh lqflghqfh ri doo wd{hv lv xowlpdwho| eruqh
e| zrunhuv lq wkh irup ri d orzhu qhw vxusoxv iurp vhdufk1 Wkh jryhuqphqw
fdq wd{ dzd| wklv vxusoxv wkurxjk hlwkhu � ru �@+zh ljqruh wkh wudlqlqj
vxevlg| iru wkh prphqw,1 Lw wxuqv rxw wkdw wd{lqj wkh vxusoxv iurp vhdufk
gluhfwo| wkurxjk wkh zdjh wd{ � lv pruh h!flhqw wkdq wd{lqj lw lqgluhfwo|
wkurxjk wkh dyhudjh wd{ shu mre1 Lqwxlwlyho|/ zkhuhdv erwk wd{hv glvwruw wkh
vhdufk lqwhqvlw| ri wkh zrunhu/ wkh dyhudjh wd{ glvwruwv dovr oderxu0pdunhw
wljkwqhvv e| uhgxflqj ydfdqflhv1 Dffruglqjo|/ wkh dyhudjh wd{ shu mre lv d
uhodwlyho| lqh!flhqw lqvwuxphqw wr wd{ dzd| wkh vxusoxv iurp vhdufk ri wkh
zrunhu1

Wklv uhvxow uhvhpeohv wkdw ri Gldprqg dqg Pluuohhv +4<:4,1 Wkhlu prgho
dvvxphv shuihfw frpshwlwlrq/ zklfk hqvxuhv }hur sur�wv iru wkh �up/ dqg
lpsolhv wkdw wkhuh lv qr vxfk glvwruwlrq dv d ghyldwlrq iurp wkh Krvlrv frq0
glwlrq/ ehfdxvh hdfk surgxfwlrq idfwru uhfhlyhv lwv pdujlqdo surgxfw1 Li wkh
jryhuqphqw uholhv rq glvwruwlrqdu| wd{hv wr udlvh sxeolf uhyhqxh/ Gldprqg
dqg Pluuohhv vkrz wkdw lw vkrxog dozd|v pdlqwdlq surgxfwlrq h!flhqf|/ l1h1
wkh jryhuqphqw vkrxog qrw lpsrvh wd{hv wkdw glvwruw wkh lqsxw pl{ lq sur0
gxfwlrq1 Lq rxu iudphzrun/ zh �qg wkdw wkh jryhuqphqw vkrxog qrw lpsrvh
wd{hv wkdw glvwruw wkh udwlr ehwzhhq ydfdqflhv dqg vhdufk/ l1h1 oderxu0pdunhw
wljkwqhvv1 Khqfh/ rqo| ghyldwlrqv iurp wkh Krvlrv frqglwlrq fdoo iru dq dy0
hudjh wd{ udwh/ �@/ qrw wkh qhhg wr �qdqfh j A 31

Lq whupv ri wkh rswlpdo lqflghqfh/ wkh h{suhvvlrq iru Ye xqghu +lll, vxp0
pdul}hv wklv glvfxvvlrq1 Wkh zrunhu jhwv klv h!flhqw +Krvlrv, vkduh � ri wkh
vxusoxv +�| � f�, dqg ehduv wkh exughq ri j shu pdwfk frpsohwho|1

Duphg zlwk wkh rswlpdo vwuxfwxuh/ wkh uhgxfhg irup uhyhdov xqghu zklfk
frqglwlrqv dq HLWF lpsuryhv zhoiduh li zh vwduw iurp d vxe0rswlpdo htxlole0
ulxp1 Wkh iroorzlqj uhvxow iroorzv lpphgldwho| iurp htxdwlrq +4;,1

Sursrvlwlrq 9 Lqwurgxflqj dq HLWF/ khuh lqwhusuhwhg dv d ulvh lq � zkhuh
wkh jryhuqphqw exgjhw lv edodqfhg e| d uhgxfwlrq lq �@/ kdv wkh iroorzlqj
lpsolfdwlrqv iru zhoiduh=
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+l, lq fdvh # @ 3/ wkhq lw udlvhv zhoiduh li dqg rqo| li �@ A
#3q
�3q +�| � f�,>

+ll, lq fdvh �@ @ #3q
�3q +�| � f�, dqg # A 3/ wkhq lw udlvhv zhoiduh li dqg rqo|

li 4� � A �
0j
>

+lll, lq fdvh �@ @
#3q
�3q +�|� f�, dqg # A 3/ lw dozd|v udlvhv zhoiduh li �� @ �vj1

Wkh lqwxlwlrq iru wkh uhvxow lv wkh iroorzlqj1
+l, Li wudlqlqj vxevlglhv duh vhw dw wkhlu �uvw0ehvw ohyho +l1h1 # @ 3,/ wkh

lqwurgxfwlrq ri dq HLWF zrxog udlvh zhoiduh li dqg rqo| li wkh lqlwldo �@
h{fhhgv wkh rswlpdo vhfrqg0ehvw ohyho lq sursrvlwlrq 8 +ll, +vhh dovr 48,1

+ll, Li �@ lv vhw dw lwv rswlpdo ohyho lq +48,/ d pdujlqdo lqfuhdvh lq � |lhogv
dq dpeljxrxv h�hfw rq zhoiduh li vj lv �{hg dw wrr orz d ohyho/ wkdw lv # A 31
Wklv fdvh zlwk � A vj vhhpv uhohydqw lq sudfwlfh1 Lq sduwlfxodu/ qrw doo frvwv
ri wudlqlqj duh wd{ ghgxfwleoh1 H{dpsohv lqfoxgh errnv/ pdwhuldov/ wudlqlqj
krxuv gxulqj ohlvxuh wlph dqg sxuh h�ruw frvwv1

Zlwk � A vj> wudlqlqj lv wd{hg rq d qhw edvlv1 Wklv qhw wd{ exughq
rq wudlqlqj fdxvhv wzr glvwruwlrqv1 Iluvw/ lw glvwruwv wkh glvwulexwlrq ri wkh
vxusoxv iurp d pdwfk dfurvv wkh zrunhu dqg wkh �up1 Lq sduwlfxodu/ wkh wd{
exughq rq wudlqlqj uhgxfhv wkh vxusoxv iru wkh �up vr wkdw d orzhu ohyho
ri �@ zrxog vx!fh wr pdlqwdlq wkh Krvlrv frqglwlrq1 Lqghhg/ lw lv dozd|v
rswlpdo wr dyrlg wd{lqj wkh �up wr udlvh uhyhqx1 Li rqh vwduwv iurp wkh rs0
wlpdo vhfrqg0ehvw ohyho ri �@ +l1h1 wkh ohyho zlwkrxw d wudlqlqj glvwruwlrq,/ d
pdujlqdo uhgxfwlrq wkxv |lhogv d �uvw0rughu zhoiduh lpsuryhphqw1 Vhfrqg/
wkh qhw wd{ exughq rq wudlqlqj lpsolhv wkdw wudlqlqj lv wrr orz1 D pdujlqdo
lqfuhdvh lq � h{dfhuedwhv wklv glvwruwlrq li wkh wudlqlqj vxevlg| lv qrw dg0
mxvwhg dffruglqjo|1 Khqfh/ wkh ryhudoo zhoiduh h�hfw ri dq HLWF lv dpeljxrxv
dqg ghshqgv rq wkh pdjqlwxgh ri d uhirup rq wkh wzr glvwruwlrqv/ l1h1 wkh
glvwruwlrq lq oderxu0pdunhw wljkwqhvv dqg wkh glvwruwlrq lq wudlqlqj1 Wkh hi0
ihfw rq wkh glvwruwlrq lq oderxu0pdunhw wljkwqhvv lv phdvxuhg e| 4��/ zklfk
ghqrwhv wkh h{whqg wr zklfk wkh wd{ exughq rq wudlqlqj uhgxfhv wkh vxusoxv
iru wkh �up1 Li �upv kdyh uhodwlyho| pxfk edujdlqlqj srzhu +l1h1 4 � � lv
odujh,/ wkh| dovr ehdu d odujh sduw ri wkh qhw wd{ exughq rq wudlqlqj vlqfh
wkhvh uhgxfh wkh vxusoxv iurp d pdwfk1 Wkh h�hfw rq wkh wudlqlqj glvwruwlrq
ghshqgv rq �j/ zklfk phdvxuhv wkh vshhg zlwk zklfk wkh udwh ri uhwxuq wr
wudlqlqj ghfolqhv zlwk wkh ohyho ri wudlqlqj1 Lq sduwlfxodu/ li udwh ri uhwxuq wr
wudlqlqj ghfolqhv udslgo| zlwk wkh ohyho ri wudlqlqj +l1h1 %j lv odujh,/ wkh h�hfw
rq wudlqlqj zloo eh vpdoo1 D qhw wd{ exughq rq wudlqlqj wkxv pdnhv dq HLWF
pruh dwwudfwlyh li wkh �uvw h�hfw grplqdwhv wkh vhfrqg h�hfw1 Rwkhuzlvh/ dq
HLWF ehfrphv ohvv dwwudfwlyh1

+lll, Li wkh jryhuqphqw zrxog udlvh wkh wudlqlqj vxevlg| lq olqh zlwk � / ru
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htxlydohqwo| doo wudlqlqj frvwv zrxog eh wd{ ghgxfwleoh/ lw zrxog r�vhw wkh hi0
ihfw ri � rq wkh wudlqlqj glvwruwlrq1 Khqfh/ dq HLWF +l1h1 d pdujlqdo lqfuhdvh
lq � dqg vj dqg d fruuhvsrqglqj uhgxfwlrq lq �@, zrxog xqdpeljxrxvo| udlvh
zhoiduh vlqfh lw doohyldwhv wkh glvwruwlrq lq oderxu0pdunhw wljkwqhvv1

6 Prgho zlwkrxw frpplwphqw

Lq wkh suhylrxv prgho/ djhqwv fkrrvh wudlqlqj diwhu edujdlqlqj sduwlhv frp0
plwwhg wr wkh zdjh sur�oh1 Lq wklv vhfwlrq/ zh h{soruh dq dowhuqdwlyh vhtxhqfh
ri ghflvlrq pdnlqj1 Lq sduwlfxodu/ zh frqvlghu wkh iroorzlqj wlplqj vwuxfwxuh1

wlph

djhqwv �upv

3 vhdufk lqwhqvlw| v� srvwlqj ydfdqflhv y
4 pdwfkhv p+y> v,
5 wudlqlqj h�ruw �
6 edujdlqlqj +zf> z�,
7 rxwsxw +|f> |�,

Khqfh/ krxvhkrogv ghflgh derxw wkhlu wudlqlqj h�ruw ehiruh qhjrwldwlqj
derxw wkh zdjh sur�oh1

614 Wkh sulydwh rxwfrph

Li �upv fdqqrw frpplw wr d zdjh sur�oh +zf> z�,/ wkh zrunhu dqg �up
+uh,qhjrwldwh wkh zdjh lq hdfk vwdwh/ wudlqhg dqg xqwudlqhg1 Djdlq dvvxp0
lqj }hur wkuhdw srlqwv/ z� lv ghwhuplqhg e| wkh Qdvk edujdlqlqj ixqfwlrq lq
vwdwh l @ 3> 4= Wkdw lv/ z� vroyhv

pd{
��

z
q
� +|� � +4 . �,z� � �@,

�3q

Frqvhtxhqwo|

z� @
�

4 . �
+|� � �@, +4<,

l @ 3> 41
Khqfh/ li edujdlqlqj sduwlhv qhjrwldwh wkh zdjh rxwfrph diwhu wkh wudlq0

lqj ghflvlrq/ wkh zdjh sur�oh gl�huv iurp wkh prgho zlwk frpplwphqw deryh1
Lqghhg/ frpsdulqj wkh zdjhv lq +43, dqg +44, uhyhdov wkdw wkh zdjh sur�oh
lv ohvv vwhhs lq wkh prgho zlwkrxw frpplwphqw/ ehfdxvh lq wkh frpplwphqw
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fdvh zf lv ehorz
q

�n� +|f � �@, dqg z� deryh
q

�n� +|� � �@,1 Wkh lqwxlwlrq lv
wkh iroorzlqj1 Dowkrxjk wkh glylvlrq ri wkh vxusoxv pd| qrw eh rswlpdo lq
wkh frpplwphqw fdvh deryh +li Krvlrv lv qrw vdwlv�hg,/ wkh �up kdv vwloo dq
lqfhqwlyh wr vhw wkh zdjh gl�huhqfh z� � zf lq vxfk d zd| dv wr pd{lpl}h
wkh wrwdo vxusoxv1 Lq wkh qr frpplwphqw fdvh khuh/ wkh wudlqlqj frvwv duh do0
uhdg| vxqn zkhq wkh �up dqg zrunhu edujdlq derxw wkh vxusoxv1 Khqfh wkh
uhohydqw vxusoxv iru wkh �up lv |���@/ qrw wkh wrwdo vxusoxv �|��@�+4.#,f�1
Lq rwkhu zrugv/ wkh �up kdv qhlwkhu wkh phdqv qru wkh lqfhqwlyh wr pd{lpl}h
wkh wrwdo vxusoxv1

Qrwh wkdw wkh frpplwphqw fdvh dvvxphv frpplwphqw iurp erwk wkh �up
dqg wkh zrunhu qrw wr uhqhjrwldwh zdjhv1 Lq sduwlfxodu/ lq wkh xqwudlqhg vwdwh
wkh zrunhu kdv dq lqfhqwlyh wr uhqhjrwldwh ehfdxvh wkh zdjh zf lq +43, lv
ehorz wkh uhqhjrwldwlrq zdjh q

�n� +|f � �@,1 Vlploduo|/ lq wkh wudlqhg vwdwh
wkh �up kdv dq lqfhqwlyh wr uhqhjrwldwh ehfdxvh z� lq +44, lv deryh wkh uhqh0
jrwldwlrq zdjh q

�n� +|�� �@,1 Lq rwkhu zrugv/ wkh frpplwphqw fdvh uhtxluhv
dq lqvwlwxwlrqdo vhwwlqj zkhuh erwk sduwlhv kdyh dq lqfhqwlyh wr vwlfn wr wkhlu
djuhhphqw1 Uhdvrqv pd| eh wkdw lqglylgxdo zrunhuv dqg �upv wu| wr exlog
d uhsxwdwlrq iru ehlqj deoh wr frpplw1 Wklv lv prvw olnho| li uhodwlrqvklsv
duh h{shfwhg wr odvw orqj1 Dowhuqdwlyho|/ xqlrqv dqg uhsuhvhqwdwlyhv ri �upv
edujdlq dw d fhqwudol}hg ohyho dqg irufh wkhlu frqvwlwxhqflhv wr vwlfn wr wkh
djuhhphqw ehfdxvh wkh djjuhjdwh vxusoxv lv eljjhu zlwk frpplwphqw1 Hlwkhu
zd|/ lq rxu lqwhusuhwdwlrq/ wkh frpplwphqw fdvh lv pruh olnho| wr frph derxw
rq wkh Hxurshdq frqwlqhqw wkdq lq wkh Dqjorvd{rq frxqwulhv +Whxolqjv dqg
Kduwrj/ 4<<;,1 Zh uhwxuq wr wklv ehorz1

Lw iroorzv wkdw

Ye @ s+�,z� . +4� s+�,,zf �
4

4 . vj
f� +53,

Khqfh zrunhuv fkrrvh � wr vroyh

pd{
j
is+�,

�

4 . �
+|� � |f,�

4

4 . vj
f�j

Wkxv

s�+�, @
f+4 . #,

�+|� � |f,
+54,

Frpsdulqj wklv h{suhvvlrq wr +<,/ iru jlyhq #/ zrunhuv lqyhvw ohvv lq wudlqlqj
lq wkh qr frpplwphqw fdvh wkdq lq wkh frpplwphqw fdvh1 Wkh lqwxlwlrq lv
wkdw lq wkh qr frpplwphqw fdvh/ zrunhuv sd| doo wudlqlqj frvwv zkloh wkh|
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vkduh wkh uhwxuqv ri wudlqlqj zlwk �upv1 Ixuwkhu/

Me @ s+�,+|� � +4 . �,z�, . +4� s+�,,+|f � +4 . �,zf,� �@

@ �| � f� � Ye �
j

vp+�,
+55,

zkhuh wkh odvw htxdolw| iroorzv iurp wkh jryhuqphqw exgjhw frqvwudlqw +4:,1
Wkh lqwhusuhwdwlrq lv wkdw wkh wrwdo vxusoxv diwhu d pdwfk/ �| � f�/ lv glv0
wulexwhg ryhu hpsor|huv/ Me/ hpsor|hhv/ Ye/ dqg wkh jryhuqphqw/ }

r6Ew� 1

Frpelqlqj wklv htxdwlrq zlwk wkh iuhh hqwu| frqglwlrq +5, |lhogv

n�

p+�,
@ �| � f� � Ye �

j

vp+�,
+56,

Wkh �uvw rughu frqglwlrq +4, iru vhdufk lqwhqvlw| v uhpdlqv xqfkdqjhg

��+v, @ p+�,Ye +57,

615 Wkh vrfldo rswlpxp

Wr �qg wkh vroxwlrq iru wkh rswlpdo wd{hv/ zh djdlq vlpsoli| wkh dqdo|vlv
e| surylqj wkh htxlydohqfh ri wzr rswlpl}dwlrq surjudpv1 Frqvlghu wkh
iroorzlqj rswlpl}dwlrq surjudpv

pd{
�c�@crj

vp+�, ^s+�,|� . +4� s+�,,|f � f�`� �+v,� nv� +S���,

vxemhfw wr +54,/ +56,/ +57,/ +4<, dqg +53,

dqg

pd{
�c�@crj

ivj +S��2,

vxemhfw wr +54,/ +56,/ +57,/ +4<, dqg +53,

Sursrvlwlrq : Wkh rswlpl}dwlrq surjudpv +S���, dqg +S��2, duh htxlyd0
ohqw1

Wkh lqwxlwlrq iru wklv htxlydohqfh lv wkh vdph dv lq sursrvlwlrq 61 Lq idfw/
wkh surri ri sursrvlwlrq 6 grhv qrw ghshqg rq wkh frpplwphqw dvvxpswlrq1
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Sursrvlwlrq ; Zlwk rswlpdo wd{hv/ wkh frpplwphqw dqg qr frpplwphqw
fdvhv |lhog wkh vdph ydoxhv iru v> �> � dqg Ye1 Frpsdulqj wkh rswlpdo wd{hv
lq hdfk fdvh |lhogv

��� @ �� �
�f�

Ye

���
@ @ ��@ . f�

#�� @ �+4� �,

#� @ 3

zkhuh wkh vroxwlrq wr +S��, lv ghqrwhg e| +�
� > ��@ > v

�
j , dqg 4.#� @ �n��

�nr�j
dqg

wkh vroxwlrq wr +S���, lv ghqrwhg e| +��� > ���
@ > v��

j , dqg 4.#�� @ �n���

�nr��j
1

Wkh wkuhh wd{ lqvwuxphqwv � > �@ dqg vj fdq vroyh wkh sureohp ri odfn ri
frpplwphqw/ lq wkh vhqvh wkdw wkh ydoxhv iru v> �> � dqg Ye duh wkh vdph
zlwk rswlpdo wd{hv lq wkh frpplwphqw dqg qr frpplwphqw fdvh1 Lq erwk
fdvhv zh �qg wkdw wudlqlqj h�ruw � pd{lpl}hv wkh wrwdo vxusoxv ri d pdwfk
s+�,|�.+4�s+�,,|f�f�1 Lq wkh frpplwphqw fdvh zh vhh wklv e| vxevwlwxwlqj
wkh rswlpdo ydoxh #� @ 3 lq sursrvlwlrq 8 lqwr htxdwlrq +<,1 Lq wkh qr
frpplwphqw fdvh wkh uhvxow iroorzv iurp vxevwlwxwlqj #�� @ � +4� �, lqwr
htxdwlrq +54,1 Wkh uhdvrq zk| wkh jryhuqphqw uhyhqxh uhtxluhphqw grhv
qrw d�hfw wkh ydoxh ri wkh vxusoxv �| � f� lv djdlq surgxfwlrq h!flhqf|1 Li
�qdqflqj j zrxog glvwruw �/ lw lqgluhfwo| uhgxfhv wljkwqhvv +dqg vhdufk v,
e| uhgxflqj wkh ydoxh ri wkh pdwfk1 Dv dujxhg deryh/ wkh ghpdqg vlgh ri
wkh oderxu pdunhw fdqqrw ehdu wkh exughq ri wd{dwlrq ehfdxvh ri wkh iuhh
hqwu| frqglwlrq1 Vlqfh wkh exughq ri wd{dwlrq idoov rq wkh oderxu vxsso| vlgh
dq|zd|/ lw lv pruh h!flhqw wr wd{ v gluhfwo| dqg ohdyh � dqg � dw wkh wkhlu
h!flhqw ohyho udwkhu wkdq glvwruwlqj � dqg wkhuhe| � dqg v dv zhoo1

Jlyhq wklv rswlpdo ydoxh ri �|�f�/ wkh txhvwlrq lv krz wklv vxusoxv qhw ri
jryhuqphqw h{shqglwxuh/ �|� f�� }

r6Ew� / lv glvwulexwhg ryhu zrunhuv/ Ye/ dqg
�upv/ Me1 Wklv glvwulexwlrq wkhq d�hfwv v dqg �1 Wkh lqvwuxphqwv � dqg �@
duh xvhg wr dfklhyh wklv glvwulexwlrq1 +S�2, dqg +S��2,pdnh fohdu wkdw Ye lv
fkrvhq wr pd{lpl}h vhdufk v ru htxlydohqwo| zhoiduh +46,1 Wkh zd| wr gr wklv
lv wr jlyh zrunhuv wkhlu Krvlrv vkduh � ri vxusoxv �|�f� plqxv wkh jryhuqphqw
h{shqglwxuh uhtxluhphqw shu pdwfk }

r6Ew� 1 Wkxv Ye @ � +�| � f�, � }
r6Ew� 1

Wkh uhdvrq zk| zrunhuv ehdu wkh lqflghqfh ri j frpsohwho| lv +djdlq, wkdw
�upv hduq }hur +h{shfwhg, sur�wv dqg khqfh fdqqrw ehdu dq| lqflghqfh dw
doo1 Wkh ydoxh ri Ye lq wkh qr frpplwphqw fdvh fruuhvsrqgv wr wkh ydoxh lq
sursrvlwlrq 8 +lll, iru wkh frpplwphqw fdvh1 Khqfh Ye> v dqg � duh wkh vdph
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lq wkh frpplwphqw dqg qr frpplwphqw fdvh1 Krzhyhu/ wkh ydoxhv ri wkh
wd{ lqvwuxphqwv gl�hu lq wkh wzr fdvhv1

Wkh lqwxlwlrq iru wkh wd{ uhvxowv lv wkh iroorzlqj1 Wkh prgho zlwkrxw
frpplwphqw frqwdlqv wzr dgglwlrqdo glvwruwlrqv frpsduhg wr wkh frpplw0
phqw fdvh1 Iluvw/ wudlqlqj lv wrr orz lq wkh qr0frpplwphqw fdvh gxh wr wkh
krog0xs sureohp1 Lqghhg/ wkh vrfldo ehqh�wv ri wudlqlqj h{fhhg wkh sulydwh
ehqh�wv iru wkh zrunhu vr wkdw wkh sulydwh rxwfrph |lhogv wrr olwwoh lqfhq0
wlyhv iru wudlqlqj1 Lq wkh frpplwphqw fdvh/ wudlqlqj lv glvwruwhg rqo| li lw
lv wd{hg rq d qhw edvlv1 Sursrvlwlrq ; uhyhdov wkdw wkh krog0xs sureohp
fdq eh doohyldwhg lq wkh qr frpplwphqw fdvh e| vhwwlqj wkh wudlqlqj vxevlg|
deryh wkh pdujlqdo zdjh wd{/ wkdw lv wudlqlqj lv vxevlgl}hg rq d qhw edvlv
+# ? 3,1 Lq sduwlfxodu/ wkh qhw vxevlg| rq wudlqlqj vkrxog udlvh wkh uhwxuq
wr wudlqlqj iru wkh zrunhu vr wkdw wkh pdujlqdo frvwv dqg ehqh�wv frlqflgh1
Wklv fdoov iru d qhw vxevlg| htxdo wr 4� �/ l1h1 wkh vkduh ri wkh ehqh�wv ri
wudlqlqj wkdw  rz wr wkh �up lqvwhdg ri wkh zrunhu1 Wkh vhfrqg glvwruwlrq
gxh wr wkh odfn ri frpplwphqw lq zdjh edujdlqlqj dsshduv ehfdxvh wudlqlqj
frvwv gr qrw uhgxfh wkh vxusoxv iurp d pdwfk wr wkh �up1 Dffruglqjo|/ lw glv0
wruwv oderxu0pdunhw wljkwqhvv1 Frpsduhg wr wkh frpplwphqw fdvh/ wklv fdoov
iru d kljkhu dyhudjh wd{ dqg d orzhu pdujlqdo wd{ lq rughu wr uhglvwulexwh
vxusoxv iurp wkh �up wr wkh zrunhu1 Lqwxlwlyho|/ uhglvwulexwlqj wkh vxusoxv
fuhdwhv wkh uljkw lqfhqwlyhv iru vhdufk dqg ydfdqf| fuhdwlrq e| htxdwlqj wkh
pdujlqdo sulydwh ehqh�wv zlwk wkh fruuhvsrqglqj pdujlqdo surgxfwlylwlhv lq
wkh pdwfklqj surfhvv1

Li zh vwduw iurp dq duelwudu| wd{ v|vwhp/ wkh lqwurgxfwlrq ri dq HLWF
lv wkxv pruh olnho| wr lpsuryh zhoiduh lq dq hfrqrp| fkdudfwhul}hg e| frp0
plwphqw rq wkh oderxu pdunhw wkdq lq dq hfrqrp| zlwkrxw frpplwphqw1
Lqwhusuhwlqj wkh XV hfrqrp| dv ehlqj fkdudfwhul}hg e| ohvv frpplwphqw
wkdq wkh hfrqrplhv rq wkh Hxurshdq frqwlqhqw/ zh frqfoxgh wkdw dq HLWF
lq Hxursh zrxog eh pruh dwwudfwlyh wkdq lq wkh XV1 Lq wkh XV/ d qxpehu ri
hfrqrplvwv douhdg| frqvlghu wkh HLWF dv d vxffhvvixo lqvwuxphqw wr vwlpx0
odwh sduwlflsdwlrq1 Lqghhg/ Hlvvd dqg Olhepdqq +4<<8, �qg wkdw wkh HLWF
vljql�fdqwo| udlvhv wkh sduwlflsdwlrq ri zrphq zlwk fkloguhq1 Ixuwkhupruh/
wkh dgyhuvh lqfhqwlyh h�hfwv ri kljk pdujlqdo wd{hv rq krxuv zrunhg duh
irxqg wr eh qhjoljleoh1

7 Frqfoxglqj uhpdunv

Wklv sdshu irupdol}hv wkh wudgh0r� ehwzhhq oderxu0pdunhw sduwlflsdwlrq dqg
wudlqlqj lq d prgho ri vhdufk rq wkh oderxu pdunhw1 Lq sduwlfxodu/ lw looxv0
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wudwhv wkh rswlpdo wd{ vwuxfwxuh lq wkh suhvhqfh ri wkuhh glvwruwlrqv/ qdpho|
d wudlqlqj glvwruwlrq/ d sxeolf uhyhqxh uhtxluhphqw wkdw kdv wr eh �qdqfhg
e| glvwruwlrqdu| wd{hv/ dqg d krog0xs sureohp wkdw dulvhv ehfdxvh �upv
dqg zrunhuv fdqqrw suh0frpplw wr wkh uhwxuq wr vhdufk dqg ydfdqflhv1 Zh
duh deoh wr ghulyh dqdo|wlfdo uhvxowv ehfdxvh zh xvh d vlpsol�hg/ vwdwlf uhs0
uhvhqwdwlrq ri wkh vhdufk prgho lq wkh wudglwlrq ri Slvvdulghv +4<<3, dqg
Pruhqvhq dqg Slvvdulghv +4<<<,1 Dowkrxjk rxu dssurdfk fdswxuhv vrph lp0
sruwdqw ihdwxuhv ri wkhvh g|qdplf prghov/ lw pd| dovr kdyh vrph olplwdwlrqv1
Lq sduwlfxodu/ vlqfh zh ljqruh g|qdplfv/ rxu uhvxowv vkrxog eh lqwhusuhwhg
dv vwhdg|0vwdwh vroxwlrqv1 Hvshfldoo| iru kxpdq fdslwdo irupdwlrq/ wklv pd|
eh wrr vlpsolvwlf/ dowkrxjk zh eholhyh wkdw rxu prgho fdswxuhv wkh pdlq
lqfhqwlyh h�hfwv ri wudlqlqj1 Dq lpsruwdqw dvvxpswlrq lq rxu prgho lv wkdw
wd{ srolflhv kdyh qr lpsolfdwlrqv iru wkh idoo edfn srvlwlrq ri zrunhuv dqg
�upv/ zklfk dozd|v kdyh d ydoxh htxdo wr }hur1 Li wkhvh ydoxhv zhuh srvlwlyh/
zklfk lv wkh fdvh lq d g|qdplf prgho ri vhdufk/ wd{hv zrxog kdyh d gl�huhqw
lpsdfw rq oderxu0pdunhw ghflvlrqv/ lqfoxglqj wkh wudlqlqj ghflvlrq1 Wklv
w|sh ri dqdo|vlv pd| eh ohiw iru ixwxuh uhvhdufk/ exw lw vhhpv xqolnho| wkdw
rqh zrxog eh deoh wr ghulyh dqdo|wlfdo vroxwlrqv iurp vxfk d prgho1

Uhihuhqfhv

Dfhprjox/ G1 dqg U1 Vklphu/ +4<<<,/ Krogxsv dqg h!flhqf| zlwk vhdufk
iulfwlrqv/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ Yro1 73 +qr1 7,/ ;5:0;7<1

Eodqfkdug/ R1M1 dqg S1D1 Gldprqg/ +4<;<,/ Wkh Ehyhulgjh fxuyh/ Eurrn0
lqjv Sdshuv rq Hfrqrplf Dfwlylw| 4/ 40931

Errqh/ M1/ dqg D1O1 Eryhqehuj/ +4<<<,/ Rswlpdo wd{dwlrq lq vhdufk prg0
hov/ plphr1

Ervnlq/ P1/ +4<:8,/ Qrwhv rq wkh wd{ wuhdwphqw ri kxpdq fdslwdo/ QEHU
zrunlqj sdshu qr1 4491

Eryhqehuj/ D1O1 hq F1 ydq Hzlmn/ +4<<:,/ Surjuhvvlyh wd{hv/ htxlw|/ dqg
kxpdq fdslwdo dffxpxodwlrq lq dq hqgrjhqrxv jurzwk prgho zlwk ryhuods0
slqj jhqhudwlrqv/ Mrxuqdo ri Sxeolf Hfrqrplfv 97/ 48604:<1

Eryhqehuj/ D1O1/ M1M1 Judd dqg dqg U1D1 gh Prrlm/ +5333,/ Wd{ uhirup
dqg wkh Gxwfk oderu pdunhw= dq dssolhg jhqhudo htxloleulxp dssurdfk/ Mrxu0
qdo ri Sxeolf Hfrqrplfv +iruwkfrplqj,1

Eurhuvpd/ O1 dqg M1F1 ydq Rxuv +4<<<,/ Mre vhdufkhuv/ mre pdwfkhv dqg
wkh hodvwlflw| ri pdwfklqj/ Oderxu Hfrqrplfv/ 9/ ::0<61

Gldprqg/ S1D1 dqg M1D1 Pluuohhv/ +4<:4,/ Rswlpdo wd{dwlrq dqg sxeolf
surgxfwlrq= L1 Surgxfwlrq h!flhqf|/ Dphulfdq Hfrqrplf Uhylhz 94/ ;05:1

Gxsru/ E1/ O1 Orfkqhu/ F1 Wdehu dqg P1E1 Zlwwhnlqg/ +4<<9,/ Kxpdq
fdslwdo dqg wd{hv= vrph h�hfwv ri wd{hv rq vfkrrolqj dqg wudlqlqj/ Dphulfdq
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Hfrqrplf Uhylhz ;9 +Sdshuv dqg Surfhhglqjv,/ 67306791
Hlvvd/ Q1 dqg M1E1 Olhepdq/ +4<<8,/ Oderu vxsso| uhvsrqvh wr wkh hduqhg

lqfrph wd{ fuhglw/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 444/ ss1 938096:1
Kdyhpdq/ U1/ +4<<9,/ Uhgxflqj sryhuw| zkloh lqfuhdvlqj hpsor|phqw= d

sulphu rq dowhuqdwlyh vwudwhjlhv dqg d eoxhsulqw1 RHFG Hfrqrplf Vwxglhv
Qr1 59/ Sdulv1

Khfnpdq/ M1M1/ O1 Orfkqhu dqg F1 Wdehu/ +4<<<,/ Kxpdq fdslwdo irupd0
wlrq dqg jhqhudo htxloleulxp wuhdwphqw h�hfwv= d vwxg| ri wd{ dqg wxlwlrq
srolf|/ Ilvfdo Vwxglhv/ ss 580731

Krvlrv/ D1M1/ +4<<3,/ Rq wkh h!flhqf| ri pdwfklqj dqg uhodwhg prghov
ri vhdufk dqg xqhpsor|phqw/ Uhylhz ri Hfrqrplf Vwxglhv 8:/ 5:<05<;1

Pruwhqvhq/ G1W1 dqg F1D1 Slvvdulghv/ +4<<;,/ Wd{hv/ Vxevlglhv dqg Htxl0
oleulxp Oderu Pdunhw Rxwfrphv/ plphr1

Pruwhqvhq/ G1W1 dqg F1D1 Slvvdulghv/ +4<<<,/ Qhz ghyhorsphqwv lq prg0
hov ri vhdufk lq wkh oderu pdunhw/ iruwkfrplqj lq wkh Kdqgerrn ri Oderu
Hfrqrplfv1

Slvvdulghv/ F1D1/ +4<<3,/ Htxloleulxp Xqhpsor|phqw/ Eodfnzhoo1
Slvvdulghv/ F1D/ +4<<<,/ Wkh lpsdfw ri hpsor|phqw wd{ fxwv rq xqhp0

sor|phqw dqg zdjhv> Wkh uroh ri xqhpsor|phqw ehqh�wv dqg wd{ vwuxfwxuh/
Hxurshdq Hfrqrplf Uhylhz 75/ Qr14/ 48804;61

Vqrzhu/ G1M/ dqg J1 gh od Ghkhvd/ +4<<9,/ Xqhpsor|phqw srolf|= Jry0
huqphqw rswlrqv iru wkh Oderxu Pdunhw1 FHSU dqg Fdpeulgjh Xqlyhuvlw|
Suhvv/ Fdpeulgjh1

Vûuhqvhq/ S1E1/ 4<<:1 Sxeolf �qdqfh vroxwlrqv wr wkh Hxurshdq xqhp0
sor|phqw sureohp1 Hfrqrplf Srolf|/ 55405841

Vûuhqvhq/ S1E1 hq V1E1 Qlhovhq/ +4<<:,/ Rq wkh rswlpdolw| ri wkh Qruglf
v|vwhp ri gxdo lqfrph wd{dwlrq/ Mrxuqdo ri Sxeolf Hfrqrplfv 96/ 644065<1

Whxolqjv/ F1Q1 dqg M1 Kduwrj/ +4<<;,/ Frusrudwlvp ru frpshwlwlrq= dq
lqwhuqdwlrqdo frpsdulvrq ri oderxu pdunhw vwuxfwxuhv/ dqg wkhlu lpsdfw rq
zdjh irupdwlrq/ Fdpeulgjh Xqlyhuvlw| Suhvv1

Wurvwho/ S1D1/ +4<<6,/ Wkh h�hfw ri wd{dwlrq rq kxpdq fdslwdo/ Mrxuqdo
ri Srolwlfdo Hfrqrp| 5/ 65:06831

Dsshqgl{

Wklv dsshqgl{ frqwdlqv wkh surriv ri wkh uhvxowv lq wklv sdshu1

Surri ri Ohppd 4
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Wkh �uvw rughu frqglwlrqv iru v> � dqg � lq pd{lpl}lqj zhoiduh +46, duh
uhvshfwlyho|

p+�,+�| � f�,� ��+v,� n� @ 3 +58,

p�+�, ^�| � f�`� n @ 3 +59,

s�+�,+|� � |f,� f @ 3 +5:,

zkhuh/ dv deryh/ �| @ s+�,|� . +4� s+�,,|f1 Uhzulwlqj htxdwlrq +59, dv

+4� �,+�| � f�, @
n�

p+�,
+5;,

Vxevwlwxwlqj wklv lqwr +58, |lhogv

��+v, @
�

4� �
n� +5<,

+l, Frpsdulqj +5:,/ +5;, dqg +5<, wr wkh sulydwh rxwfrph lq htxdwlrqv
+;,/ +<, dqg +45, vkrzv wkdw wkh sulydwh dqg vrfldo rxwfrphv frlqflgh li
� @ vj @ �@ @ 3 dqg � @ �1

+ll, Frpsdulqj +5<, zlwk +;, vkrzv wkdw iru jlyhq �/ � A 3 lpsolhv wkdw
wkh sulydwh v lv orzhu wkdq wkh vrfldoo| rswlpdo v1 Ixuwkhu/ +45, wrjhwkhu
zlwk # � 3> �@ � 3 lpsolhv wkdw sulydwh � grhv qrw h{fhhg vrfldoo| rswlpdo
�1 Wklv lpsolhv wkdw v lq +;, grhv qrw h{fhhg v lq +5<,1

+lll, Wkh h�hfw rq wudlqlqj iroorzv lpphgldwho| iurp +<, dqg +5:,1 Vlqfh
wkh ydoxh ri � lq +5:, pd{lpl}hv �|� f�/ lw iroorzv iurp +5;, dqg +45, +zlwk
wkh dvvxpswlrq wkdw �@ � 3, wkdw sulydwh � lv ehorz vrfldoo| rswlpdo �1

+ly, � @ vj @ 3 lpsolhv wkdw # @ 3 dqg khqfh erwk sulydwh dqg vrfldoo|
rswlpdo � pd{lpl}h �| � f�1 Qrz frpsdulqj htxdwlrqv +5;, dqg +45, vkrzv
wkdw �@ ? 3 lpsolhv wkdw � lv kljkhu lq sulydwh rxwfrph wkdq lq vrfldo rswl0
pxp1 Frpsdulqj +5<, dqg +;, vkrzv wkdw wkh kljkhu sulydwh � lpsolhv wkdw
sulydwh vhdufk v lv kljkhu wkdq vrfldoo| rswlpdo vhdufk1

+y, Wkh h�hfwv ri � 9@ � duh dv iroorzv1 Iluvw/ qrwh wkdw � lv xqd�hfwhg
e| � lq wkh sulydwh rxwfrph +<,1 Vhfrqg/ wkh h�hfw ri � rq � fdq eh ghulyhg
iurp +45, dv

g�

g�
@
�4

�

�

4� �
? 3

+yl, Xvlqj wklv lq htxdwlrq +;, wr �qg wkh h�hfw ri � rq v |lhogv

gv

g�
@

n�

���+v,

4

+4� �,2

�
4�

�

�

��
A 3 li � ? �

? 3 li � A �
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Khqfh v lv dozd|v wrr orz li � 9@ �1 THG

Surri ri Ohppd 5
Lw lv urxwlqh wr yhuli| wkdw � > vj dqg �@ vdwlvi|lqj

4 . � @
�

4� �

4� �

�

�@ @
� � �

4� �
+�| � f�,

vj @ �

pdnh wkh sulydwh rxwfrph lq +;,/ +45, dqg +<, htxlydohqw wr wkh vrfldo
rxwfrph lq +5<,/ +5;, dqg +5:,1 Wr fkhfn exgjhw edodqfh zh vkrz wkdw
�+s+�,z� . +4� s+�,,zf, . �@ �

rj
�nrj

f� @ 3 dv iroorzv

�+s+�,z� . +4� s+�,,zf, . �@ �
vjf�

4 . vj
@ �Ye . �@ . #f�

@
�

4 . �
�+�| � f� � �@, . �@

@ +�| � f�,

�
� � �

4� �

�
4�

� � �

4� �

�
.

� � �

4� �

�

@ 3

zkhuh wkh �uvw htxdolw| iroorzv iurp +6,/ wkh vhfrqg htxdolw| iurp # @ 3
dqg +8, dqg wkh wklug htxdolw| iroorzv iurp wkh h{suhvvlrqv iru � dqg �@
deryh1 THG

Surri ri sursrvlwlrq 6
Xvlqj wkh h{suhvvlrqv iru wkh ydoxh ri d pdwfk iru wkh zrunhu dqg wkh

�up +8, dqg +9,/ zh zulwh

+4 . �,Ye . Me @ ^�| � �@ � +4 . #,f�`

Xvlqj wklv h{suhvvlrq wr holplqdwh �| � f� iurp +46,/ zh zulwh zhoiduh dv

vp+�,^�Ye . �@ . #f�` . v^p+�,Ye �
�+v,

v
` . vp+�,^Me �

n�

p+�,
`

Xvlqj +4, dqg +5, dqg wkh jryhuqphqw exgjhw frqvwudlqw +4:,/ zh fdq
zulwh zhoiduh dv iroorzv

j . v^��+v,�
�+v,

v
`
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Khqfh/ zhoiduh lv ghwhuplqhg e| sxeolf h{shqglwxuhv/ wkh qhw vxusoxv
iurp vhdufk dqg wkh qhw vxusoxv iurp ydfdqflhv +zklfk htxdov }hur,1 Vlqfh
zh h{soruh rqo| edodqfhg exgjhw uhirupv +gj @ 3,/ wkh fkdqjh lq zhoiduh
fdq eh zulwwhq dv

v���+v,gv

Ehfdxvh ���+v, A 3 iru hdfk v � 3/ zhoiduh pd{lpl}dwlrq lv htxlydohqw wr
pd{lpl}dwlrq ri vhdufk1 Qrwh wkdw wklv krogv wuxh iru erwk wkh fdvh zlwk
dqg zlwkrxw frpplwphqw +vhh ehorz,1 THG

Surri ri ohppd 7
Orj olqhdul}lqj htxdwlrqv +;,/ +<, dqg +45, |lhogv

3
C %r �4 3

3 �^�| � �@ � +4 . #,f�` 3
3 3 %j

4
D
3
C �v

��
��

4
D @

3
C ���
��@��@ � +4 . #,�f+�� � �vj,

�+�� � �vj,

4
D

+63,

zkhuh %r �
���Er�r
��Er� > %j � �

R��Ej�j
R�Ej� > �� �

_�
�n� dqg �vj �

_rj
�nrj

1

Xvlqj htxdwlrq +:,/ jryhuqphqw exgjhw frqvwudlqw +4:, fdq eh zulwwhq
dv

j @ vp+�, +�Ye . #f� . �@,

@ v
�

4 . �

�

4� �
n� . vp+�,#f� . vp+�,�@

Khqfh

gj @ p+�,v

�
�

4 . �

�

4� �

n�

p+�,
. +4� �,+#f� . �@,

�
�� . j�v. vp+�,#f��� .

vp+�,

�
4

4 . �

�

4� �

n�

p+�,
. �f+4 . #,

�
�� . vp+�,�@��@ � vp+�,f�+4 . #,�vj

Xvlqj gj @ 3 zh jhw

�@��@ . �f+4 . #,+�� � �vj, @ �
4

4 . �

�

4� �

n�

p+�,
�� .

�
�

4 . �

�

4� �

n�

p+�,
. +4� �,+#f� . �@,

�
+���, .

j

p+�,v

4

%r
+��� . ��, . #f�

+�� � �vj,

%j
+64,

5:



ru htxlydohqwo|/ xvlqj htxdwlrqv +:, dqg +4:, wr jdwkhu wkh whup �/

��� @

�
4

4 . �

�

4� �

n�

p+�,
�

j

p+�,v

4

%r

�
�� �

#f�

%j
+�� � �vj,

zkhuh

� � �+�| � f�,�
j

p+�,v
+4 .

4

%r
,

Xvlqj wkh �uvw urz ri +63,/ zh �qg wkh iroorzlqj uhgxfhg irup iru vhdufk

%r��v @ +^� � �`+�| � f�, . +4� �,+�@ . #f�,, �� �
#f�

%j
+�� � �vj,

THG

Surri ri sursrvlwlrq 8
Sursrvlwlrq 6 vd|v wkdw pd{lpl}lqj zhoiduh vxemhfw wr +;,/+<,/+45, dqg

+4:, lv htxlydohqw wr pd{lpl}lqj vhdufk vxemhfw wr wkhvh irxu htxdwlrqv1 Wkh
uhgxfhg irup lq +4;, wdnhv wkhvh irxu htxdwlrqv douhdg| lqwr dffrxqw1 Wr
�qg wkh vrfldoo| rswlpdo wd{hv/ zh qhhg +rqo|, wr vroyh _r

_�
@ 3 dqg _r

_rj
@ 31

Iurp +4;,/ lw iroorzv lpphgldwho| wkdw _r
_rj

@ 3 li dqg rqo| li �Sj
0j

@ 3/ wkdw lv

# @ 3/ ru htxlydohqwo| � @ vj1 Xvlqj wklv lq wkh �uvw rughu frqglwlrq _r
_�

@ 3
|lhogv

+� � �,+�| � f�, . +4� �,�@ @ 3

ru htxlydohqwo|

�@ @
� � �

4� �
+�| � f�,

Qrwh wkdw wkhvh h{suhvvlrqv iru # dqg �@ duh lqghshqghqw ri wkh ohyho ri j1
Lq rwkhu zrugv/ rqo| � lv d�hfwhg e| wkh ohyho ri j1

+l, dqg +ll, iroorz lpphgldwho| iurp # @ 3 dqg �@ @
#3q
�3q +�| � f�,1

+lll, Qrwlqj wkdw wkh wrwdo vxusoxv �| � f� lv glylghg dprqj hpsor|hg
zrunhuv/ �upv dqg wkh jryhuqphqw/ zh fdq zulwh

Ye . Me .
j

vp+�,
@ �| � f�

5;



ru htxlydohqwo|

Ye @ �| � f� � Me �
j

vp+�,

@ �| � f� � +4� �,

�
�| � f� �

� � �

4� �
+�| � f�,

�
�

j

vp+�,

@ �+�| � f�,�
j

vp+�,

zkhuh wkh vhfrqg htxdolw| iroorzv iurp htxdwlrq +9, dqg wkh h{suhvvlrqv iru
rswlpdo wd{hv # @ 3 dqg �@ @

#3q
�3q +�| � f�,1 THG

Surri ri sursrvlwlrq 9
Wkh uhgxfhg irup +4;, lv ghulyhg xqghu wkh dvvxpswlrq wkdw fkdqjhv lq

� +dqg vj, duh r�vhw e| fkdqjhv lq �@ wr nhhs d edodqfhg exgjhw iru wkh jry0
huqphqw1 Lq sduwlfxodu/ wklv iroorzv iurp wkh gj @ 3 dvvxpswlrq lq htxdwlrq
+64, deryh1 Wkh uhvxowv +l,/ +ll, dqg +lll, iroorz lpphgldwho| iurp htxdwlrq
+4;,1 THG

Surri ri sursrvlwlrq :
Lw lv vwudljkwiruzdug wr yhuli| wkdw wkh surri ri sursrvlwlrq 6 dovr dssolhv

lq wkh qr frpplwphqw fdvh1 Khqfh +S���, lv htxlydohqw wr

pd{
�c�@crj

v

vxemhfw wr +54,/+56,/+57,/+4<, dqg +53,

THG

Surri ri sursrvlwlrq ;
Lqvwhdg ri pd{lpl}lqj zlwk uhvshfw wr � > �@ dqg vj/ zh ghwhuplqh �uvw wkh

zdjh ohyho zf dqg wkh zdjh gl�huhqwldo� � z��zf zklfk pd{lpl}h v1 Iurp
wkhvh zh ghulyh wkh fruuhvsrqglqj rswlpdo ydoxhv ri wkh wd{ lqvwuxphqwv � > �@
dqg vj1

Zh zulwh rswlpl}dwlrq surjudp +S��2, dv

pd{
�fc{

ivj vxemhfw wr

��+v, @ p+�, +zf . s+�,�� f�,

n�

p+�,
@ |f �zf . s +�, +|� � |f ��,�

j

vp+�,

s�+�, @
f

�

5<



zkhuh wkh wkuhh htxdwlrqv ghwhuplqlqj v> � dqg � iroorz iurp +53,/ +54,/ +56,
dqg +57,1 Olqhdul}lqj wkhvh wkuhh htxdwlrqv lq v> �> �>zf dqg � |lhogv3

EC
���+v, � +4� �, ��+v,�

w
3

� }
r26Ew�

�
w

�
� &w
6Ew� � +4� �, �j

�
s�+�, +|� � |f ��,

3 3 s��+�,

4
FD
3
C gv

g�

g�

4
D

@

3
C p+�, ^gzf . s+�,g�`

�gzf � s+�,g�
3S
{2g�

4
D

zkhuh �j � }
r6Ew� 1 Gh�qlqj ghw dv wkh ghwhuplqdqw ri wkh pdwul{ dw wkh ohiw

kdqg vlgh/ zh �qg

ghw @
s��+�,��+v,

v�

�
�%r

n�

p+�,
� +4� �, �j +4 . %r,

�

Xvlqj Fudphu*v uxoh wr ghwhuplqh gv |lhogv

gv @
4

ghw

�
p+�, ^gzf . s+�,g�` s��+�,

4

�

�
�

n�

p+�,
� +4� �, �j

�
.

.+4� �,
��+v,

�

�
s��+�, ^�gzf � s +�, g�` .

f

�2
s� +�, +|� � |f ��, g�

��

Khqfh

gv

gzf
@

s��+�,

� ghw

�
p+�,

�
�

n�

p+�,
� +4� �, �j

�
� +4� �,��+v,

�

Xvlqj ��+v, @ p +�,Ye lq
_r
_�f

@ 3 |lhogv

Ye @
�

4� �

n�

p+�,
� �j

ru htxlydohqwo|

Ye @ � +�| � f�,� �j

Ixuwkhu/ _r
_{ @ 3 |lhogv/ lq d vlplodu zd|/

p +�, s�� +�, s +�,
4

�

�
�

n�

p+�,
� +4� �, �j

�

� +4� �, ��+v,
s��+�,s+�,

�
.

f

�2
s� +�, +|� � |f ��,

@ 3
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ru htxlydohqwo| � @ |� � |f1 Khqfh lq wkh qr frpplwphqw fdvh zh �qg
s� +�, @ S

{ @ S
+�3+f

= Wkdw lv/ � lv dw lwv vrfldoo| rswlpdo ohyho1 Ixuwkhu/
wkh h{suhvvlrq iru wkh lqflghqfh Ye @ � +�| � f�, � �j lv wkh vdph dv lq wkh
frpplwphqw fdvh +vhh sursrvlwlrq 8 +lll,,1

Qrz zh wxuq wr wkh sureohp ri ghwhuplqlqj wkh ydoxhv ri wkh wd{ lqvwux0
phqwv lq wkh frpplwphqw dqg qr frpplwphqw fdvh1 Sursrvlwlrq 8 lpsolhv
wkdw #� @ 31 Khqfh lw iroorzv iurp +<, wkdw wkh sulydwh �� lq wkh frpplw0
phqw fdvh vdwlv�hv s�+�, @ S

+�3+f
1 Wkxv zh �qg ��� @ �� 1 Ohw � ghqrwh

wklv ydoxh � � ��� @ �� 1 Zkhuhdv #� @ 3 dfklhyhv wklv ydoxh ri � lq wkh
frpplwphqw fdvh/ htxdwlrq +54, lpsolhv wkdw #�� @ �+4� �,1

Lq wkh frpplwphqw fdvh/ htxdwlrqv +4,/ +5, dqg sursrvlwlrq 8 +lll, lpso|

��+v�, @ p+��,Y �
e

n��

p+��,
@ �| � f� � Y �

e �
j

v�p+��,

Y �
e @ �+�| � f�,�

j

v�p+��,

zkhuh �|� @ �|�� @ �| � s+�,|� . +4� s+�,,|f1
Iru wkh qr frpplwphqw fdvh zh �qg=

��+v��, @ p+���,Y ��
e

n���

p+���,
@ �| � f� � Y ��

e �
j

v��p+���,

Y ��
e @ �+�| � f�,�

j

v��p+���,

Frpsdulqj wkh htxdwlrqv iru v� > �� dqg Y �
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Abstract

This paper develops a model of search on the labour market with training. The model

reveals how the tax system can restore the social optimum if the Hosios condition is not

satisfied in the private equilibrium. Furthermore, the effects are explored of a

second-best reform from a specific tax per job to a marginal wage tax, when a given

amount of public revenue has to be raised. We find that (i) a marginal wage tax is less

distortionary to raise revenue than is a specific tax per job, provided that training is not

distorted initially; (ii) this conclusion may reverse in the presence of training

distortions; (iii) marginal wage taxes are less distortionary in economies characterized

by commitment in wage bargaining, such as the European labour market. Hence, tax

reforms that reduce the tax burden per job and raise the marginal wage tax, such as an

EITC or a negative income tax, are more attractive in Europe than in the US.


