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1 Introduction

In Neuts (1979), the versatile Markovian point process (VMPP) is introduced. This is a rich class of
point processes which contains many familiar arrival processes as very special cases. In each case, arrivals
are allowed to occur in batches where different types of arrivals can have different batch size distribution.
In Lucantoni et al (1990) the terms MAP (Markovian Arrival Process) and BMAP (Batch Markovian
Arrival process) are introduced to describe the VMPP by simpler notation. Later, it was realized that the
VMPP and BMAP are equivalent process (Lucantoni 1990, and Lucantoni 1991). The BMAP includes as
special cases both phase type renewal processes (which include the Erlang and hyperexponential renewal
process) and non-renewal processes such as the Markov modulated Poisson process (MMPP) and many
other processes in the applied probability literature. In particular, the MAP is a BMAP with all batch sizes
equal to one. The different processes obtained from the BMAP are reviewed in Neuts (1979).

The BMAP may be defined as a two-dimensional Markov process {J(t), N(t)}, where J(¢t) is an un-
derlying continuous time Markov process and N(t) is a count process. When J(t) jumps from one state
to another, N(f) may vary or not: at some transitions that we will call effective transitions, an arrival of
batch size k is produced and N(t) increases by k, for some value of k larger than 1. There exist another
transitions, called transient transitions in which although the chain varies, the count process remains the
same. The holding times at every state are exponentially distributed but the time between arrivals are not;

they are sum of r exponentials, where r is the number of transient transitions until the arrival occurs.

The idea of a BMAP is to keep the tractability of the Poisson arrival process but significantly gener-
alizes it in ways to allow the inclusion of dependent interarrival times, non-exponential interarrival-time
distributions, and correlated batch sizes. This makes the BMAP a more effective and powerful traffic model
than the simple or batch Poisson process: it is able to capture dependence and correlation, one of the main
features in Internet-related data. Several works where the BMAP is used in the modeling of teletraffic data
can be found: Heffes (1980), Heffes and Lucantoni (1986), Nielsen (2000), Heyman and Lucantoni (2003),
Klemm et al (2003), and Scott and Smyth (2003). When fitting a BMAP model to real data, only arrival
times and batch sizes of arrivals (arrival times of packets and their lengths, in the teletraffic context), are
observable. All state changes in the underlying Markov chain are not observable and thus, cannot be derived

from measured trace data (Klemm et al, 2003).

The BMAP can be understood as a generalization of Hidden Markov process (HMP). The Hidden



Markov processes are discrete-time bivariate parametric processes, characterized by an underlying finite-state
homogeneous Markov chain (not observable) which determines the values of a second process (observable).
This second process is formed by a sequence of conditionally independent random variables, given the values
of the Markov chain. At any given time, the distribution of each random variable depends on the Markov
chain only through its value at that time. For a detail study of Hidden Markov models we refer the reader
to Ephraim and Merhav (2002). In BMAPs there exists an underlying Markov process controlling both
the time between transitions and the number of arrivals (or batch sizes) at each transition. The observable

sequence would be in this case, a bivariate process: time between transitions and batch sizes.

When dealing with inference for HMPs it is very common to encounter identifiability problems. These
occur when different set of parameters give rise to the same probability distribution. Identifiability conditions
for HMPs are studied in Leroux (1992) and Rydén (1994). The particular case of MMPP was undertaken
by Rydén (1996). The result was that a MMPP is identifiable, up to state permutations, if and only if all

Poisson rates are distinct.

In this work, we study identifiability conditions for the MAP with two and three states, denoted by
MAP, and M APs, and delineate conditions for the general M AP,,. We define identifiability in terms of

the observable process, which will be called Effective Markovian Arrival process and E-MAP.

The paper is organized as follows. In Section 2 a theoretical background of the Markovian Arrival
process, definitions and key properties are briefly reviewed. In Section 3, the Effective Markovian Arrival
process or E-MAP is defined and some of its properties are illustrated. Section 4 deals with the concept of
identifiability for MAPs, in terms of equivalence between E-MAPs. We define when a MAP is identifiable
and derive some results from the definition. In Section 5 study in depth the case for the MAPy and give
conditions under which the process is identifiable. We also extend the results to the MAPj3. In Section 6

we provide conclusions and delineate some possible directions for future research.

2 The Markovian Arrival process

Let us consider an irreducible continuous Markov chain J(¢) with state space S = {1,...,m} and generator
matrix D. The process N(t) represents the cumulate number of arrivals in (0,¢]. A MAP process behaves
as follows: the initial state ¢y € S is given by an initial probability vector v and at the end of a sojourn time

in a transient state ¢, exponentially distributed with parameter A; > 0, there are two possible cases for state



transitions. With probability p;;1 the MAP enters state j € S and a single arrival occurs. The selection of
state j, which may be the same j = 4, is uniquely determined by p;;1. On the other hand, with probability
pijo the MAP enters state j without arrivals, this time j # ¢. If we define the matrices Py, and Py as those
containing elements p;jo (piio = 0) and p;;1, respectively, then the MAP process is characterized by the set
{a, N\, Py, P1}, where A = (A1,...,\p,) and P = Py + P, is the stochastic matrix that determines the state
changes either an arrival has been occurred or has not. We therefore have, for 1 < i < m,

m m
Z Pijo + me =1 (2.1)
=1

=15
It may be convenient to represent the evolution of the system in terms of a sequence of matrices { Dy, D1 },
by letting (Do)ii = —Xi, (Do)ij = Aipijo, 1 < i, j < m, j # i and (D1)ij = Aipij1, 1 < 4,5 < m. This
definition implies that Do+ D1 = D is the infinitesimal generator of the underlying Markov chain. Intuitively,

we think of Dy as governing transitions that do not generate arrivals, and D7 as the rate of single arrivals.

The matrix Dy has strictly negative diagonal elements, nonnegative offdiagonal elements, row sums less
that or equal to zero and it is assumed to be nonsingular. In other words, Dy is a stable matrix (all of its
eigenvalues have negative real parts). This implies that the interarrival times are finite with probability one

(see Lemma 2.2.1 of Neuts, 1981) and that the arrival process does not terminate.

Let 7 be the stationary probability vector of the Markov process with generator D, i.e, 7 satisfies
D=0, || =1, (2.2)

where |x| denotes the sum of values of vector x. Thus, the component 7; for j = 1,...,m, represents the
stationary probability that the arrival process is in state j. The stationary arrival rate of the process is
defined as

N = wDje,

where e is a column vector of 1’s. The reciprocal 1/A* is the mean interarrival time in the stationary MAP.

Let T} denote the time to the first arrival in a MAP with parameter matrices {a, Dy, D1}. Then the

probability distribution of T} is given by
Fr,(t) = a(I — ') (—=Dg)"'Dye, fort>0, (2.3)

or

Fr,(t) = a(I — ') (—Dg)7 L, fort >0, (2.4)



where
A1 (1 =2 i ple)
I A2 (1 - 2j¢2 p2j0)
Am (1 — Z#m pmjo)

By taking o« = m, F(:) becomes the distribution function for the stationary version. If instead, a =
(wD1e)~tmwDy, F(-) becomes the distribution function of the time between two successive arrivals in the

stationary version, denoted by T

3 The Effective M AP process or E-MAP

In practice, the MAP can be used to fit data where only arrivals times are observed. Thus, the state
changes and holding exponentially times are not observable. This fact leads us to define a new process, the

observable process in a MAP, which we will call Effective Markovian Arrival Process or E-MAP.

The E-MAP process behaves at the following way: at the end of a sojourn time in a transient state 4,

(which is distributed as a sum of exponential distributions, the first one with rate \;) there are m possible

cases for state transitions: with probability pl*j, for 7 = 1,...,m, an arrival occurs and the process is
instantaneously restarted in state j. The selection of state j € {1,...,m} is uniquely determined by p;-*j.

The probabilities pfj depend on the MAPs probabilities p;jo,pij1 in the sense

A A

m m m
~ =
Pi; =Pt + D _Pijnobit + Y D PijiPjrjsoPipg1 + - =
#i J1F1J2# N

o m m m
S D PinDia0 - - Djr1e0Ping (3.1)

r=0j1#ija#j1  Jr#ir—1

And
m
Zp:jl =1, forall 1<i<m.
j=1

The existing relationship (3.1) between transition probabilities of MAPs and E-MAPs can be also stated



in a matricial way,
[o¢]
P =Y PP, (3.2)
r=0

where r represents the possible number of transient transitions in the MAP. Thus, P* represents the tran-
sition probabilities in a F-MAP, where at each transition, an arrival occurs. The stationary distribution

associated to matrix P* will be denote by ¢,
oP* =¢, |o|=1. (3.3)

In a MAP we will assume that an effective arrival is always produced with probability 1. So, given an

initial state 1,

Tlggopgi =1, forsome j€{l,...,m},
where pg% is the probability of an effective transition (with a single arrival) from state ¢ to state j, after r

non-effective or transient transitions.

Because of that,
lim pglo) =0, forall je{l,...,m}
n—oo
or

lim P =0, forallje{l,....,m},

n—oo

which is a necessary and sufficient condition to

o0
Y R =(I-P)" (34)
r=0
Because of (3.4), (3.2) can be stated as,
P*=(I-DP)'P,. (3.5)
Let us consider a transition in the E-MA P, starting in state i. Let us define, for every i = 1,...,m, the

random variable H; = holding time in state i. This can be written as a sum of exponential variables,
Hi=& +...+&n,, where & ~ Exp(\;), (3.6)

and N; is the random variable expressing number of non-effective transitions from i to the next arrival.
Moreover,

EnlIn—1 =7 ~ Exp(};), forn>1.



The probability function for N; is
P(N; =r)=¢&PyPie forn>0
and
P(N; = 0) = & Pre,
where &; is a zeros row vector with a single 1 in the ith position and e is a column vector of 1’s. Then, the
expected value for V; is given by

E(N;) = Znﬁipgple =& <ZnPSL_1> Pie =& [(I - Ry)?] ! Pe.

n=1 n=1

We found that variable H; can be expressed in terms of the rest of (H;);.;. This yields to the definition

of H; as a mixture:

& >ty Pijt
&+ Hy Pi10
Hi=4 &+ Hiy Di,i—1,0 (3.7)
&+ Hipq Di i+1,0
gi + Hm Pimo
Let us denote by ¢m,(s) the moment generating function of H;, for i = 1,...,m. Then from (3.7),
m m
ou,(s) =Y pipe,(s)+ > pijope (s)pm,(s) (3.8)
j=1 j=Lg

In order to express (3.8) in a matricial way, let the column vector € be defined as
E=(&,....&n),

such that every & ~ Exp();).

Let H be defined as

thus the matricial expression of (3.8) is



where
©e,(8) 0 0
YH; (8)
. 0 () 0 0
SDH(S) = ) A€(s) = )
©H,, (3)
0 0 0 e, (5)
and
> je1Pijt 1 =3 i P1jo
SPI pr— S pu— .
Zgnzl Pmj1 1- Zj;éi Pmjo

We would like to point out that given a MAP defined by {a, A, Py, P1 }, then there exist a single E-MAP
associated to it, say {a, X, P*}, where P* = (I — Py)~'P;. However, given a E-MAP {c, X\, P*}, there are
multiple MAPs which have this E-MAP associated to them: it is possible to find many combinations of
matrices {Py, P;} such that P* = (I — Py)~'Py.

4 ldentifiability of MAP

Given a set of parameters {a, A, Py, P1 } characterizing a MAP process, we assume that only observe an
effective MAP process, that is, times at which effective arrivals occur. If inference is done given the real
data, one would try to recover the original MAP parameters. But, sometimes different estimates from the
original can be obtained, say {«, /N\, ]30, ]31} Our purpose is to know if both give rise to the same probability

distribution in the MAP. Let us define the random variable
T,,= holding time in the (n — 1)th transition in a E-MAP.

Equivalently, the variable T;, also represents the time between the (n — 1)th and nth arrival in a MAP.

Definition 4.1. Two E-MAPs {«a, A, P*} and {«, X, ﬁ*} are equivalent if

i~

where £ mean equality in distribution.



Definition 4.2. Two MAPs {a, A\, Py, P1 } and {a, ;\, B, 151} are equivalent if and only if the corresponding
E-MAP processes {a, A, P*} and {a, ;\,15*} are equivalent.

Definition 4.3. We will say that a MAP {a, A, Py, P;} with corresponding E-MAP process {a, X, P*} is
identifiable if there does not exist a different E-MAP {a, X, ﬁ*} equivalent to {a, A, P*}.

Next we study conditions under which (4.1) holds. First, let us compute the moment generating function

of Tl,

m m
ori(s) = Y oupn,(s)) v}
i—1 j=1

m
= Zai(pHi (S)
i=1
= apn(s)
As a result, condition (4.1) with n = 1 is, MAP processes to be equivalent is:
ovpr(s)=dipgg(s). Vs.
In general, for any n, the moment generating function of 7,11 is
P () = Zain @Hi(s)zp:j
i=1 j=1
= a(n)(pH(S)’

where

a®™ = (.. alm) = aP®, (4.2)
represents the initial probability vector after n transitions.

In order to prove that two MAPs are equivalent it is necessary to verify ’infinite’ equalities:
apu(s) = apg(s), Vs (4.3)
aPou(s) = alfjv*cpﬁ(s), Vs (4.4)
a(P*)2pu(s) = a(P9)2pg(s), Vs

a(P)ou(s) = a(P*)"pg(s), Vs

In next section we will derive necessary and sufficient conditions under which (4.3), (4.4), etc, hold.



4.1 Necessary and Sufficient conditions for identifiability

In this section we give equivalent conditions to
a(P)"pu(s)=a(P)"pg(s), Vs, ¥n>0, (4.6)
Let us define the matrix ® = (¢;...; ¢) that is, where each row is the stationary distribution ¢ defined
in (3.3).

Result 1: If & = ¢, & = ¢ and apn(s)=apg, Vs, then the identifiability condition (4.6) holds.

Proof:

Condition (4.6) when n = 0 holds by assumption. When, n > 1, (4.6) also is verified because ¢ = ¢(P*)",
and (}5 = (}515*, for all n .

Result 2: If two MAPs are equivalent, then

dou(s)=dpg(s), Vs.

Proof:
We assume a(P*)"cpH(s):&(]’;*)”cpﬁ, Vs,and Vn > 0. Then, lim,_,o(P*)" = (P*)*>° = ®. In the limit,

a(P*)*pn(s)=a(P*)pg(s)

or

dom(s)=dpg(s). O

Result 3: If a = (}5 and condition (4.6) holds, then a = ¢.
Proof:
From (4.6) when n = 0, app(s)=dpu(s), Vs. From (4.6) when n — 0o, ¢ou(s)=¢¢mu(s), Vs. Thus,

apu(s)=dpu(s).



Equivalently,

a1pm, (8) + ... ampm,, (8)=¢10m,(5) + ... + dmen,, (),

equivalent to
(a1 = d1)em, (s) + ... + (am — dm)en,, (s) = 0,

for all s. This implies that a = ¢. [

Result 4: If two MAPs are equivalent, then

ol — &) — P ' ou(s)=a (1 - Zﬁ) (I - 13*) T on(s), V.

Proof:

Summing up all equivalence conditions (4.6) for all n > 0,
all + P 4. 4+ (P)" 4 ...+ ®ou(s)=all + P* +...+ (P)" +...+ ®lpg(s), Vs.

But
I+P 4. +(P)V"+...=(I-®)I-P)",

which proves the result. [
Result 5: If conditions (4.3) and (4.4) hold, and P* = (P*)2 and P* = (P*)2, then condition (4.6) holds.

Proof:
Condition (4.6) will also hold for n > 2 because if P* = (P*)2, then P* = (P*)", ¥n > 2. O

Result 6: If conditions (4.3) and (4.4) hold, and aP*(P* — I) = &P*(P* — I) = 0, then the two MAPs
are equivalent.

Proof: The proof is straightforward using that if aP* = a(P*)?, then aP* = a(P*)", Vn > 2. O

5 Identifiability for the two-states MAP or MAP,

In this section we consider the MAP with two states, which will be denoted MAP5 and study identifiability

conditions for equivalence between two MAPss. The process will be determined by the initial probability

10



vector, & = (, 1 — «), the exponential holding times rates A = (A1, A2), and matrices Py and P; given by

0  pi2o P11 Pi21
Py = P =
p210 O D211 P221

where p;;o and p;;1 denote the probability of visiting j from ¢ without arrivals and with a single arrival,

respectively.

The corresponding E-MA P9 process will be determined by {a, A, P*}, where in this case,

P — Ph1 DPlio
P31 p§2

and thus, the stationary probability vector is given by

P31
=2 5.1
? 1 —piy + 05 (5.1)

The existing relationship between the stationary probability ¢, and 7, the stationary probability in a

MAP defined in (2.2) is shown in next result. This implies Corolary (5.2), which will be used to illustrate

graphical examples in the following sections.

Proposition 5.1. Let ¢ be the stationary probability associated to the transition matrix P* in a E-MAPs
and let  be the stationary probability defined in (2.2) in a MAPsy. Then,

¢ = (ﬂ'Dle)_lﬂ'Dl.

Proof: Because P* = (I — Py)~'Py, the stationary probability ¢ = (4,1 — ¢), can be also expressed as

b= D211 + P111P210
(1 = p120p210) — P111 — P211P120 + P211 + P111P210

In addition, @ = (m,1 — ) verifies,

B A2(pa211 + p210)
mw = .
X2 (p211 + p210) + A1 (1 — p111)

From (2.1), and expressing D; in terms of P, it is easy to calculate (wDie) 'mwD; and see that this is

effectively, equal to ¢p. [

Corollary 5.2. Given a MAP, characterized by {a, A, Py, P;} where oo = ¢, then the distribution function
of T1, time to the first arrival, coincides with the distribution function of T, time between two arrivals in

the stationary version.

11



Proof: Because of the definition (2.3) and if & = (wDye)~'mwD;, F(-) becomes the distribution function

of the time between two successive arrivals in the stationary version, denoted by 7. [J

Next results, concerning the stationary probability ¢, will also be used later.

Lemma 5.3. Let x = (x1,x2) denote a probability vector, x # ¢. Then, xP* = ¢ if and only if P* = ®,

the matriz with every row is equal to ¢.

Proof:

Let us first assume that P* = ®,
¢ P2
¢1 P2

pPr=
Then, since |x| = 1, xP* = ¢, Vx.
Let us suppose that x # ¢, verifies xP* = ¢. Then,

r1ph + (L —21)p5 = ¢,

op;1 +(1—9)p3y = ¢

where the second equation comes from the fact that ¢ is the stationary probability associated to P*. The

system can be solved to find

PI1 = Ps1 = ¢ U

Lemma 5.4. Let P* be the transition probability matriz with vector of stationary probabilities ¢. If all the

rows of P* are equal, then P* = ®.

Proof:

The proof is straightforward once the equation ¢P* = ¢ is solved, where

pi1 1—0p7
P* _ 11 11 ) 0

pi1 1—ph

*(n)

The elements of (P*)", which appear in (4.6), will be noted by pj; , and thus

*(")

(n)
at =apfy —ps )+ s

12



where

a(P)" = (o™, 1—a™).

5.1 First condition for equivalence

In Section 4 we defined when two MAP, are equivalent, in terms of the distribution of T}, and T, n, the
interarrival times of the associated F-MAPys processes. In this section we study conditions under which
Ty 4 Tl, for a given set of parameters {x, A, Py, P; } determining the distribution of T;. In other words, we

find values {x, ;\, B, 151} such that
xpu(s)=xpg(s), Vs (5.2)

for fixed values {x, A, Py, P1}. In the case of two-states, condition (5.2) can be alternatively expressed as

z10m, (8) + 2201, (s)=T105 () + Tapg, (s), Vs (5.3)

where x = (21,1 — 1) and from (3.8),

o () = (1= p120)pe (5) + pr2oge, ()@, (), (5.4)

oy (s) = (1 —=p210)pe,(s) + p210ve, (8)em, (5),

where it is known that for the exponential distribution g, (s) = A;/(A; — s). It can be easily seen that the

solution to (5.4) is

wi ()=(1 = pr20) e (s) + Proowe, (5)pm, (),

where
(1 — p210)pe, () + (1 — p12o)p210we; (5)pe, (5)
1 — pi2op210@e, (5)pe, (s)

P, (5)=
An easy computation shows

(1 — p210) e, (s) + (1 — p1ao)p210@e; (5)pe, (s)
1 — p12op210@s, (8)we, (8)
21(1 — p120) e, (5) + (1 — 21)(1 — p210)@e, () + [T1(P120 — P210) + P210(1 — P120)] Pe, (5) e, (5)
1 — p120p210¥s; (8)pe, (5)
[£1A1(p120 — 1) + A2 (21 + p210 — 1 — z1p210)]s + A1 A2(1 — pr2op210)
(A1 = 5)(A2 — 5) — p120p210A1 A2

xpH(s) = 21(1 —p12o)we (s) + [z1p120908, (5) + (1 — 21)]

Thus, xpp(s) can be expressed as

( ) a1 s + do
XpH(S) = 57—,
¥H 82 + dls + do

13



where

a1 = z1Ai(pi20 — 1) + Aa(z1 + p21o — 1 — z1p210),
dy = —()\1 + )\2),
do = AA2(1 — pr2op210)-

It can be seen that d; is a function of A, dy depends on A and Py, and finally a; depends on all parameters

x, A and Py. For clarity, we will sometimes express a; as (a1),, to indicate which the initial probability is.

Since the elements of P; are not involved in the parameters a1, d; and dp, then solving (5.2) will imply

just finding the values of {x, by ]50}, assuming {x, A, Py} are fixed.

Next, we show some results concerning the form of function x¢p(s).

Lemma 5.5. The values aq,d; and dg verify the constraints,
di <0, 0<dp<AAe, a1 <0.

Proof:

The first and second constraints are straightforward given the definitions of d; and dg. To prove the last

one, a1 < 0, we express a; as

a1 = z1[A1(p120 — 1)] + (1 — z1)[A2(p210 — 1)]. (5.5)

Since x1, p120, and poyg are probabilities and A1, Ay > 0, both terms are negative, so the sum is. [J

Proposition 5.6. An arrival in a MAPs is produced with probability 1 if and only if a; < 0.

Proof:
By Lemma (5.5) a; < 0. Let us study the case a; = 0, or from (5.5),
z1A1(p120 — 1) = —(1 — 1) A2(p210 — 1)
As the first expression is negative, and the second is positive, this is equivalent to
z1A1(p120 — 1) = (1 — 21)A2(p210 — 1) = 0,

14



if and only if

x1=0 and po9g=1, or
pi2o =1 and pigp=1, or

P120 = 1 and r1 = 1.

In all cases, either pi1og = 1 or pa1g = 1. If p1og = 1, then p111 = p121 = 0 (similarly, if pe1p = 1) and thus if
the initial state is ¢ = 1, lim,_ o pg) # 1 which is in contradiction with the fact that an effective arrival is

always produced with probability 1. O

From now on, we will assume that a; is a strictly negative value.

Proposition 5.7. The variable Ty, time to the first arrival in a MAPs, or time until the first transition
in a E-MAPs, can be expressed as a mixture of two exponential variables with rates given by the roots of
s2+dis+dy.

Proof:

The moment generating function of T, time to the first arrival can be expressed as,

( ) ( ) ais +d0
S) =X S =
< vH 52 + dls + d()

_ dy+airy n do+airy 1o

ri(ro—ri)ri—s  ro(ri—re)re—s
T T9
= N + D2 )
rn —S Tg — S

where 71,79 are the roots of s + dis + dy and it can be easily shown that p; + p2 = 1. It follows that, T} is

a mixture of exponentials with rates 71,79,

d
fr). =

T, =
! 5( ) _ _dotairs
r2), P2 = T2(r1—12)

We would like to point out that there exist cases, where p; < 0 or py < 0, for instance if A = [20,100],
P120 = 0.9, D210 = 0.1, and r1 = 0.99, then P120 = —0.177.
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Let us continue deriving conditions under which (5.2) holds,

xpu(s) = Xpg(s), Vs if and only if,
d a5+ dq
% = M, Vs if and only if,
S +d13+d0 32+d13+d0
ars® + (do + ardy)s? + (ardo + dody)s + dody = @15° + (do + ardy)s® + (@rdo + dody)s + dodo, V.

Therefore, condition (5.2) holds if and only if

a, = ai (5.6)
do +ardy = do+ardy (5.7)
a1d~0 + d(](% = ‘aidy + C?(]dl (5.8)

Equation (5.6) can be expressed as the equation of a line, in terms of the initial probability vectors, x

and X:
By + fiFr + 6 =0, (5.9)

where,

Br = Ai(pi2o — 1) + X2(1 — p210), (5.10)
B = M1 —prao) + Aa(Paro — 1),

ﬁ — )\2(])210 — 1) - )\2(5210 - 1)

The system (5.6)-(5.8) is a three-equations linear system with unknowns, a;, Jg, 671, where the augmented

matrix is

d(] d1 — ai —do | 0
The first equation is isolated, and thus a; = ay. For the last two rows, we use the Gaussian elimination

method:

1 —aq ‘ d() — dlal 1 —aq ’ d() — dlal

di—a1 —do | —doay 0 —do+ai(di—a1) | di[—do+ ai(di —ar)]
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If

—do+a1(dy —a1) #0 (5.11)
the solutions is unique:
61 = a (5.12)
d = do (5.13)
d = di. (5.14)

However, if —dy + a1(dy — a1) = 0, there are infinite solutions:

?il = a (5.15)

dy = aydi+do—aydy, dy €R™ (5.16)
Next results establishes the relationship between the uniqueness of solution in the system (5.6)-(5.8) and
the roots of polynomials P(s) and Q(s), where xpu(s) = P(s)/Q(s).
Proposition 5.8. The system of equations (5.6)-(5.8) has got infinite solutions if and only if the polynomials
P(s) = a15 +dg and Q(s) = s> + dys + dy share the root r = —dg/ay.
Proof:

Let us first prove the right to left implication. Let us suppose that r is a root of Q(s). Then Q(s) =

(s — r)(s — r2), where (because of the relation between the roots of a second-order polynomial and its

coefficients)
di = —(T‘ + 7"2),
do = TTr9

This implies, given the known value of r that ro = —aj which implies dy = —(r+r3) = a1 +do/a; and thus,
a% + dy

dy = if and only if

aj
—dp + al(dl — al) =0,

the condition under which the system (5.6)-(5.8) has got infinite solutions.

17



Let us now prove the left to right implication. Assume both P(s) and Q(s) do not share any root. Then,
Q(s) = (s—r1)(s—1r2), where r1 # r and ry # r. This implies that a1 # —ry and a; # —r9. To see this, let
us consider the situation where a; = —ry. Then, r = dy/r1, or equivalently, dy = rry. But since, dy = 173,
we would obtain r = 9 which yields a contradiction with the initial assumption r # ry. To see ay # —ry we
would proceed similarly. As a; # —r1 and a1 # —72, then, (a3 +71)(a1 +72) # 0 or a2+ (r1+r2)a; +rire # 0,

which is equivalent to expression (5.11), which implies a unique solution for (5.6)-(5.8). O

Corollary 5.9. If P(s) and Q(s) share the root r = —dy/ay, then the other root of Q(s) is ro = —ay, and
thus,

Q(s) = (s+do/a1)(s + a1).

Proof:

The condition so that the rank is 2 is
a% —diaq +dy =0,
equivalent to

—Q(—al) =0. ]

5.1.1 Examples

Next, we present numerical examples of MAPss verifying (5.2).

1. Consider a MAP9 with parameters {1, A1, A2,p120,p210} = {0.504,0.5,20,0.3,0.3}. In this case,
ay = —7.1204, dy = —20.5 and dy = 9.1 Polynomials P(s) and @Q(s) do not share any root, and thus,
system (5.6)-(5.8) has got a single solution a3 = ay, Jl =d;, C% = dpy. Next MAPss are examples such
that (5.2) holds:

(a) {T1, A1, A2, Pr2o, D210} = {0.366,0.5,20,0.2,0.45}.
(b) {F1, A1, A2, P120, Do} = {0.0884,1,19.5,0.888, 0.6}.
(¢) {F1, M1, N2, P1oo, Pato} = {0.0029,1.2,19.3,0.9636, 0.63}.

(d) {F1, A1, A2, P120, Do} = {0.201,.8,19.7,0.7683,0.55}.
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Figure 1: CDF of 77 in the examples 1 and 2.

Notice that although the solution is unique in terms of a, 671, Jg, there exist more than one MAP (only
three equations for five unknowns forming a non-linear system equation) verifying the first condition

of equivalence.

. Consider a MAPs with parameters {x1, A1, A2, p120, 210} = {0.9924,0.5,20,0.3,0.3}. In this case,
a; = —0.454, d; = —20.5 and dp = 9.1. Polynomials P(s) and Q(s) share the root r = 20.04, and
thus, system (5.6)-(5.8) has got infinite solutions ay, Jl, do. Next MAPss are examples such that (5.2)
holds:

(2) {1, A1, A2, P20, Boro} = {0.9945,0.5, 12,0.1266, 0.7}

(b) {Z1, A1, A2, Br2o, Poro} = {0.963,0.5,12,0.8861, 0.1}

(c) {1, M1, A2, Pi2o, Paro} = {0.6644, 5,10,0.9644, 0.9}

(d) {Z1, M1, A2, Pi2o, Paro} = {0.905,1,8,0.7924, 0.65}.

() {F1, M, A2, P120, P10} = {0.5702, 30,40, 0.9936, 0.98}.

It can be easily seen that each pair of values, characterizing the random variable, T3, time to the first arrival,

give rise to the same distribution function, Fr, (¢) defined in (2.3). Figure 1 depicts the distribution function

of Ty for the previous examples. ¢
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5.2 Stationary case

We have shown in Result 2 that
Pou(s)=pog(s), Vs (5.17)

is a necessary condition for equivalence of two given MAPs, where ¢ and (75 are the stationary distributions
associated to matrices P* and 15*, respectively. According to the definition of P*, P* = (I — Py)~'Py, the
value of ¢ will be determined by Py and P;. On the other hand, we have seen that g (s) just depends on
A and Py (respectively, (75 and @g(s))-

In the future sections we will consider next problem:
Given two MAPss characterized by values {\, Py, P} and {;\, B, ﬁl}, such that the stationary

equivalence condition (5.17) holds, find initial probabilities a and o, so that the MAPss are

equivalent, according to (4.6):

a(P*)"pu(s)=a(P*)"pg(s), Vs, ¥n>0

Since we assume (5.17) holds, then {(75, X, ﬁo} is a solution of the equations system (5.6)-(5.8), given the

values {¢, A, Py}. Thus, one of next two events happens:

(a) The values {¢, A, Py} make the system (5.6)-(5.8) to have only one solution (if and only if the numerator

and denominator of ¢ (s) do not share any root).

(b) The values {¢, A\, Py} make the system (5.6)-(5.8) to have infinite solutions (or the numerator and

denominator of ¢p(s) share the root).

However, in both cases, the equation (a1)s = (a1) ; must hold. From (5.9), this is equivalent to

Bro+ b6+ 5 =0,
where (3, El, B were defined in (5.10).

In next section we will solve the previously stated problem, in terms of the division (a) and (b). Our

results will also depend on the facts that P* = ® and P* =& or not, and if 81 =0 or El = 0 or not.
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5.3 Main results

In this section we show identifiability results for the MAP>. Given two MAPss characterized by different
sets of parameters, we find initial probabilities, such that if the stationary equivalence condition (5.17) holds,

then they are equivalent according to our equivalence definition, from Section 3.

Our proofs will be based mainly on the fact that xpu(s) = Xpg(s), for all s, is equivalent to solve the
system of linear equations (5.6)-(5.8), where (a1), = (a1)z (a line equation) needs to be solved whatever the

system has a single or infinite equations.

According to our empirical experience, in most MAPss it is found that 31 # 0, the system (5.6)-(5.8)
has got a unique result (because usually —dy + a1(d; — a1) # 0) and P* is different from ®. This leads us
to state the first result, a Theorem that provides a general criterion, in terms of initial probabilities, under
which two MAPss are equivalent. The following Lemmas and Propositions are valid only for special forms

of /1 and P~.

For every obtained result, we present an illustrative example.

Theorem 5.10 (General Result for m = 2.). Let {a,)\,Pg,Pl},{&,X, ﬁo,ﬁl} define two MAPsys, with
corresponding E-MAPys {a, X, P*} and {a, X, ﬁ*}, where ¢ and (}5 are the stationary probabilities associated

to P* and P*. Assume,

(i) 1 # 0, and 1 # 0,

(ii) P*+ & or P* + &.
Then, the MAPsys {a, N\, Py, P1 }, {, X,ﬁo,ﬁl} are equivalent if and only if
1. pom(s)=ppg(s), Vs and
2. (a, &) = (¢, ).
Proof:

1. 1 and 2— Equivalence.

Let us first assume that both 7 and 2 hold. We want to prove equivalence given by (4.6). As
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(a,x) = (¢, 55) and given that ¢@H(S):(7§g0ﬁ(s), Vs, then all equivalence conditions (4.6) hold because
aP* = ¢P* = ¢ and aP* = ¢pP* = ¢.

. Equivalence — 1 and 2.

Given equivalence of two given MAPss, Result 2 implies 1. Let us deduce 2 from equivalence; as

q’)cpH(s):a‘)cpﬁ(s), Vs, then the pair (¢, 5) verifies equation (5.9) (or (a1)s = (61)5),
B+ fré + 6 = 0.

Because of equivalence, apg(s)=apg(s), Vs, and thus the pair (a, @) also satisfies (5.9),
Bia+ B+ B =0.

Both equations imply,
P16+ o = Pra + Bid,

or equivalently, using (5.1),

2 3 2 ~
o T A, O (5.18)

Because of equivalence, condition (4.6) holds for all n > 0. Taking n = 1 yields to

P P P 1) |, 7 ~1)
B + B =~ — = (1" 4 frat, (5.19)
1 —pf +p5 1 —pf; + D5

where we know that

oV = a(pt; — p31) + phi, aV = a(pt; — P5y) + By,
and thus we need to solve for («a, @) in the next systems of linear equations

>~ P51 > P
Bra+ b = B + O ———= (5.20)
1 —ph; +p5 1 —pi; + D5

2 ~ pgl * A ]5;1 ~
Bi(pTy — pa)e+ PPl —pa)a = B (*-p >+ﬁ1 <f—p
11 21 11 21 1— pi(l +p§1 21 1— p)fl + p§1 21 ) >

whose coefficient matrix is
B1 B
Dy = _
Bi(pi1 — p31) Bi(pT — P51)

It can be easily seen that @ = ¢ and a = c?) solves the system. We need to determine the uniqueness
of this solution. But this comes from the fact that 81,3 # 0 and Lemma (5.4): as P* # ® or P* £ ®,

then p7; — p3; # 0 or pj; — p3; # 0. In consequence the rank of Cy is 2.0J
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The theorem shows that under general conditions, two MA Pss equivalent in the limit, will be equivalent, if

and only if the initial probabilities are, in fact, the stationary ones.

Example 5.1.
Consider the MAP5 defined by

{1, A2, 1205 D210, P111, D121, D211, P221 } = {0.5,20,0.3,0.3,0.6148, 0.0852, 0.0886, 0.6114 }

and initial probability a=¢ = 0.504. In this case,

0.7048 0.2952
0.3 0.7

Consider another MAP5 with parameters
{Xl,Xg,ﬁlgo,]’5210,]’5111,]'5121,]'5211,5221} = {0.8,19.7,0.7683,0.55,0.0513,0.1804, 0.0873, 0.3627}

and initial probability a=¢ = 0.201. In this case,

~ 0.21 0.79 ~
P = #

*
|
i

0.2 0.8

It can be seen that 8, = 13.65 # 0 and B = —8.6796 # 0 and ¢ppp(s) = (zgpﬁ(s), for all s, that is 5,
X and P, solves the system (5.6)-(5.8) given the values of ¢, XA and Py. We are thus in the assumptions of
Theorem (5.10). This assures us the processes are equivalent, as Figure 2, which depicts the CDF of the

time between two arrivals in the stationary version for both M AP;s, shows. ¢
Next proposition is similar to Theorem (5.10), but for the case where P* = ® and P =&. In addition,
it assumes that {¢, A\, Py} determines a single-solution-system (5.6)-(5.8).

Proposition 5.11. Let {a, A\, Py, P1 }, {a, X Dy, Py} define two MAPss, with corresponding E-MAP,s {o, X, P*}

and {a, X, ]3*}, where ¢ and (z are the stationary probabilities associated to P* and P*. Assume,

(i) the set {¢, N, Py} makes the system (5.6)-(5.8) to have only one solution,
(ii) BL#0, and B # 0,
(iii)) P* =& and P* = ®.
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Figure 2: CDF of T, time until next arrival in the stationary version, in the example 5.1. As a = ¢, then

= T, (similarly, T4 Tvl), and thus T < T a7l 1.

Then, the MAPys {a, X, Py, P1 },{c, X,ﬁo,ﬁl} are equivalent if and only if

1. qbgoH(s):aﬁgoﬁ(s), Vs and

2. (o, @) verifies equation (5.2):
Gra+ Ba+ B =0.

Proof: We assume the system (5.6)-(5.8) has only one solution when the initial probability is ¢. This
implies that the values {¢, X, Py} solve (a1)p = (51)5, and the values {X, Py} solve dy = dy and dgy = do.

1. 1 and 2— Equivalence.

Let us first assume that both 7 and 2 hold. We want to prove equivalence given by (4.6).

We use the fact that (5.6)-(5.8) has only one solution when the initial probability is ¢. By 1, the

values {X, ﬁo} make dy = c?l and dy = d~0, which do not depend on initial probabilities. So, if a and

a are such that they satisfy G1a + Bia+ 8 =0 or (equivalently, (a1)o = (a1)g), then {a, X,JBO} will

solve the (new) system (5.6)-(5.8) (now depending on a’s and not on ¢’s), and thus,
apn(s)=dipg(s), V.

From Lemma (5.3), since P* = ® and Pr=3 then, aP* = ¢ and aP* = q~§, and then all equivalence
conditions (4.6) hold from 1.
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2. Equivalence — 1 and 2.

Given equivalence of two given MAPss, Result 2 implies 1. Because of equivalence, (a1)o = (a1)a,
and thus,
Bra+/ha+s=0 0O

Example 5.2.
Consider the MAP5 be defined by

{1, A2, 1205 D210, P111, D121, D211, P221 } = {0.5,20,0.3,0.3,0.3528, 0.3472, 0.3528, 0.3472}

and stationarity probability ¢ = 0.504. In this case,

0.504 0.496
P* = =&.
0.504 0.496

Consider another MA Py with parameters
{1, X2, Pr20, P10, Prit, Prat, P, Peor } = {0.8,19.7,0.7683, 0.55,0.0466, 0.1851,0.0905, 0.3595}

and stationarity probability ¢ = 0.201. Then,

~ 0.201 0.799 ~
P* = =&.
0.201 0.799

In this case, 3 = 13.65 # 0 and 8 = —8.6796 # 0, 8 = —5.135 and dpu(s) = (ngﬁ(s), for all s, that is
5, X and Py solves the system (5.6)-(5.8) given the values of ¢, XA and Fy. We are thus, in the assumptions

of Proposition (5.11) which assures that given « and & such that (5.2):
Bra+ ha+p =0,

then, the MAPss with these initial probabilities are equivalent. Several pairs of values (a, &) were found to

verify the former equation, shown in Table 1.

Figure 3 depicts the distribution function of T3, time to the first arrival, when (a,a) = (0.4398,0.1)
(solid line) and («, @) = (0.8849,0.8) (dotted line). The distribution of 73 is not the same that of T', time

between two consecutive arrivals in the stationary version. That is because, the initial probabilities are
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o | 04398 0.5034 0.5670 0.6305 0.6941 0.7577 0.8213 0.8849 0.9485
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Table 1: Different initial M AP, probabilities verifying (5.2)

Figure 3: CDF of T} in the example 5.2. The solid line is for (o, @) = (0.4398,0.1) and the dotted line is
for (a, @) = (0.8849,0.8). Here, as o # ¢, then Frp, (t) # Fr(t) (similarly, Fi () # Fz(t)) -

different from the stationary ones. However, all the M A Pss with the initial probabilities given by Table 1,

possess the same distribution for 7, which was actually the same that was depicted in Figure 2.0

Next result applies in the case where the system (5.6)-(5.8) has got infinite solutions when the initial
probability is ¢. In addition, we also need to impose that the system (5.6)-(5.8) has got infinite solutions

when the initial probability is ae. However, it is valid whatever the form of P* and P*.

We would like to remark that the fact that initial probabilities are involved in equation (5.16) will prevent

a and & from taking values different from the stationary probabilities, as will be seen in the proof.

Proposition 5.12. Let {a, A\, Py, P1 }, {a, XDy, Py} define two MAPss, with corresponding E-MAPas {o, X, P*}

and {a, ;\, ﬁ*}, where ¢ and 55 are the stationary probabilities associated to P* and P*. Assume,

(i) the set {¢p, X, Py} makes the system (5.6)-(5.8) to have infinite solutions,
(ii) the set {a, A\, Py} makes the system (5.6)-(5.8) to have infinite solutions,
(iii) By # 0, and By # 0.
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Then, the MAPsys {a, N\, Py, P1 }, {, X,ﬁo,ﬁl} are equivalent if and only if
1. ¢ou(s) = ppg(s), Vs and

2. (a, @) = (¢, ).

Proof:

We assume the system (5.6)-(5.8) has infinite solutions when the initial probability is ¢. This implies
{;;v‘), ;\,]50} solves (a1)y = (61)5 and dy = aydy + do — aydq, for dy € R™.

1. 1 and 2— Equivalence.

The proof is the same that it was for Theorem (5.10).

2. Equivalence — 1 and 2.

Given equivalence of two given MA Pss, Result 2 implies 1.

The values {¢, X, Py} and {¢, A, Py} verify equations (5.15) and (5.16),

(@) = (@); < Bo+Bo+B=0, (5.21)

dg = (a1)¢((51 — dl) + dp. (5.22)
By assumption, the values {a, A, Py} and {e, A, ]50} also verify equations (5.15) and (5.16), that is,

(a)a = (@)a & Patha+p=0, (5.23)

do = (a1)al(dy —dy)+ do, (5.24)

where, d, dl,cjo and do are the same in both equations (5.22) and (5.24), because they just depend
on A\, X, Py and Fy. Since (5.22) and (5.24) are linear in ¢ (and a), we solve for a in (5.24) and get

o = ¢. Then, in (5.23) we solve for & and because of (5.21) we obtain & = ¢.

Example 5.3.
Consider all the MAPss where

{1, A2, p120, p210} = {0.5,20,0.3,0.3}
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and initial probability equal to the stationary one a=¢ = 0.9924. It can be seen that these values makes

the system (5.6)-(5.8) to have infinite solutions.
Consider now all the MA Pys with parameters

{\1, X2, P120, Paro} = {5,10,0.9644,0.9}

and initial probability a=¢ = 0.201. It can be also seen that these values solve the equations (5.6)-(5.8) given
the previous {1, A2, p120, P210}. Thus, we can apply Proposition (5.12) to deduce that they are equivalent.
Figure 4 shows the distribution function of T, which is the same for both sets of MAPss.

0.9r

0.81

0.7r

0.6r

F L)

0.5r

0.41

0.3

0.21

0.1r

Figure 4: CDF of T, time until next arrival in the stationary version, in the example 5.3. As a = ¢, then

= T (similarly, T4 Tvl), and thus T < T 74l 1.

Next results apply in the specific cases where any of or both parameters 5, and 51 defined in (5.10) are

Z€ero.

Lemma 5.13. Let us assume that a M AP,, defined by {a, A, Py, P1 } verifies 1 = 0 or equivalently,
A1(p120 — 1) + A2(1 — pa1o) = 0.
Then,
1. The system (5.6)-(5.8) defined by {a, N, Py, P1} has got infinite solutions, and
2. xpp(s) =x¢g(s), for all s, and for all probability vectors x and X.
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Proof:

Let us first prove implication 1. Under the assumption $; = 0 it can be seen that

ar = Az2(pa1o — 1).
We need to prove dy — ai(dy — a1) = 0, or substituting dy, a; and d; by their values,
A1 A2(1 — pr2opa1o) + A2(p21o — 1)[A2(p21i0 — 1) + A1+ A2 =0, <<=
A A2p210(1 — p120) + A3p210(p210 — 1) = 0.
As Ai(p120 — 1) = A2(p210 — 1), we get
At Aapa1o(1 — p120) + A2p210(p120 — 1) = 0,
which proves part 1.

Part 2 is deduced from the fact that if 8; = 0, then a; does not depend on the initial probability, x. [
Proposition 5.14. Let {a, A, Py, P;} and {a7x7]307131} determine two MAPys, where 31 = B = 0, that
18

A(1 = pi2o) = Ao(1 —p21o),  and  Ai(1 — Biao) = Aa(1 — Paro)-
Then, they are equivalent if and only if
xpu(s)=Xpg(s), Vs,
for any initial probability vectors x, X.
Proof:

The basic argument in this proof will be that if 31 = 0, then a3 = \2(p210 — 1) will not depend on initial

probabilities (similarly for ay).

If the given MAPs are equivalent, then apn(s)=apg(s), Vs. As f = El = 0, by part 2 in Lemma

(5.13), apnu(s) = xpu(s), and apg(s) = Xpg(s), whatever the initial probabilities x, and X are. Thus,
xpr(s)=Xpg(s),
for any initial probability vectors x, X.
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FL0

Figure 5: CDF of T in the example 5.4. By Lemma (5.13), T 4 T (similarly, 7L Tvl), and thus T 2 T 4

TLT,.

On the other hand, if xpx(s)=Xpg(s), Vs, then the equation system (5.6)-(5.8) is satisfied. Since in this
case, it does not depend on initial probabilities, the system will also be solved if any other initial probability

vectors a and & (and a(™, &™) Vn) are used. Thus, equivalence conditions (4.6) hold O.

Example 5.4.

Let two M APys have parameters { A1, A2, p120, P210} = {2, 10,0.25,0.85}, and {Xl, X2,5120,§210}:{2.5, 6,0.4,0.75}.
These values imply 31 = 51 = 0 and solve the equations (5.6)-(5.8), for all initial probabilities. Then, the

two M APss are equivalents. Figure 5 depicts the distribution function of the time between two arrivals in

the former M AP,s. Because of Lemma (5.13), it also represents the distribution function of the time until

the first arrival, whatever the initial probability is. ¢

Proposition 5.15. Let {a, A\, Py, P }, {«, B, ]51} define two MA Pys, with corresponding E-MAPss {c, X\, P*}
and {a, X, ﬁ*}, where ¢ and (75 are the stationary probabilities associated to P* and P*. Assume that Bl =0.
Then, the MAPss {a, A\, Py, P }, {, X, B, ﬁl} are equivalent if and only if

1. ¢ppu(s)=xpg(s), Vs, whatever the initial probability vector X is, and
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Firstly, given equivalence of two given MAPss, Result 2 implies qbng(S):(?bgpﬁ(s), Vs. Since 31 = 0, we
know from Lemma (5.13) that the value gbgoﬁ(s) does not depend on ¢, and thus aﬁgoﬁ(s) = Xpg(s), for

any initial probability vector X. This proves part 1.

In addition, because qbgoH(s):aﬁgpﬁ(s), and 3, = 0, equation (5.2) implies

prp = —p.

We will prove now that a = ¢. The processes are assumed to be equivalent and thus apn(s)=apg(s), Vs,

or equivalently, (o, @) also satisfy (5.2),
pra=—0.
Last two equations imply o = ¢ and part 2 is proven.

On the other hand, let us prove that ¢ppu(s)=Xpg(s), Vs, VX, and a = ¢ implies equivalence. Condition
(4.6) holds for n = 0 because & = ¢ and by Lemma (5.13), Xpg(s) = apg(s), for all X and a. The following
conditions for n > 0 also hold applying the same reasoning and o = ¢ = a™_ Vn. Thus, the processes are

equivalent.

Equivalent to Proposition (5.15) we find,

Proposition 5.16. Let {a, A\, Py, P1 }, {a, XDy, Py} define two MAPss, with corresponding E-MAPys {o, X, P*}
and {a, /N\, ]5*}, where ¢ and (z are the stationary probabilities associated to P* and P*. Assume that 61 =0.
Then, the MAPss {a, A\, Py, P }, {, X, B, ﬁl} are equivalent if and only if

1. xcpH(s):;;v‘)cpﬁ(s), Vs, whatever the initial probability vector x is, and

2. &=do.
Example 5.5.
Let a set of MAPss have parameters {1, A2, p120, P210} = {2,4,0.3125,0.5} and initial probability equal to

the stationary one, @ = ¢ = 0.8.

On the other hand, let another set of MAPss has {X17X2,5120,5210}2{2.5,6,0.4, 0.75}, which implies
Bl = 0. Then, all MAPys with parameters {1, A2, p120, 0210} = {2,4,0.3125,0.5} and o = ¢ = 0.8 will be
equivalent to all MAPss with parameters {Xl,XQ,ﬁlgo,ﬁglo}:{Z& 6,0.4,0.75}.
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Figure 6: In solid line, CDF of T" in the example 5.5; as o« = ¢, then T' 4 T1. In dotted line, the CDF of T
d
when o« = 0.1. Since v # ¢, T1 # T.

Figure 6 depicts in solid line the distribution function of the time between two arrivals (or again, the
time until the first arrival) in the previous MAPss. The dotted line represents the distribution function of

the time until the first arrival in the first MAPs when o # 0.8, in this case a = 0.1.

As a summary, we illustrate in Table 2, the possible situations that can be found when comparing two
MAP3s, and the value of the initial probabilities («, &) such that, if apn (s)=apg(s), Vs then, both MAPs

are equivalent.

5.4 Extension to MAP;

In this section, following the undertaken methodology for the MAP; we will derive results equivalent to
Theorem (5.10) and Proposition (5.11) for the MAP3 case. The parameters that define a MAP3 are the
vector of initial probabilities, given by a = (aq, a2, 1 — a3 — a2), the exponential rates, A = (A1, A2, A3) and

matrices Py and P,

0 pi2 pi3 D111 P121 P13l
Fo=1pn 0 pas | Pr| par poar posi
p31 p32 O D311 D321 D331
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P~ P~ 0G1 51 Solution to (5.6)4,(5.7),(5.8) Result (o, @)
£® - 40 #0 - Theorem (5.10) (6,9)
S £® 40 #£0 ; Theorem (5.10) (¢, )
P F 0 #0 unique Prop. (5.11) Bia+ g+ B8=0 (*)
S .20 £0 infinite Prop. (5.12) (¢, 0)
i - 0 0 - Prop. (5.14) (,7)
i - £0 0 - Prop. (5.15) (0,°)
] i 0 #£0 _ Prop. (5.16) (-, 0)

Table 2: Possible situations when comparing two MAPss in terms of the probability matrices P*, ]3*,
parameters 3, 31 and type of system (5.6)-(5.8) characterized by {¢, A, Py}. The corresponding Result and
the values of initial probabilities, such that if apm(s)=awg(s), Vs, then equivalence is obtained, are also

given. In the case (*), the condition (5.17) is also necessary for equivalence.

The corresponding E-MAPg3 process will be characterized by {a, A\, P*} where,

Pi1 pfz pfs
pPr= P51 Piy P |
P31 Dia Dis

with associated stationary probability vector ¢.

5.4.1 First condition for equivalence

In this section we will find values for {X, X, Py} such that
xpu(s)=xpg(s), Vs (5.25)

for fixed values {x, A, Py}.

In the case of 3-states, condition (5.25) can be alternatively expressed as

198, (8) + 201, (s) + (1 — @1 — 2)m, (s)=T197, (s) + Tapg, (s) + (1 — 1 — Z2)pp,(s), Vs
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where

o (s) = (1 —p12—p13)pe, () + prawe, (5)pm, (s) + p13we, (8) 0, (5), (5.26)
0, (s) = (1 —pa1 — p23)@e,(8) + P21, (5)pm, (5) + p23pe, (8) @, (5),
QDHS(S) = (1 — P31 _p32)9083(8) +p319083(8)90H1 (8) +p329083(8)90H2(8)

Solving the equations system (5.26) it can be seen that

2
ass” + a1s + do
xpm(s) = (5.27)

where

d(s) = —83 + d282 + dls + do,

and

do = M+ X+ Az,

di = p21AapiaAl — A3A1 — A2 A3 + P31 A3p13 AT + Pasp3aAad3z — Ao,

do = AMA2A3(1 — p31p12pes — P31P13 — P21P12 — P21P13P32 — P23P32)-
In addition,
az = Mzi(1—pi2 —p13) + Aexa(1 — pa1 — p23) + A3(1 + x1p31 + z1ps2 + Taps1 + Taps2 — 1 + T2 — P31 — P32),
a1 = A3A1 — A3w2A1 — A3T1 A2 — Az 32 +

A3T1A2p31 + A3T1A1P32 + A3T1 A 1P31P12 — A3Aap3apa1 — A3A1p31p12 +
A3TaA1P31013 + T1 A1 A2 + A3z A1 p3ipi2 +
A3ToA2p3ap21 + TaAo A1 + A3xT1A2p3apa3 — P31 A3p13AL +

A3T1A2p32D21 — A3Aap31 + A3zaAapsr +

+ o+ o+ 4+ o+

A3T2A1P32 — T2A2A3P23P31 — T1A1 A2P12P21 —
— X2 A1P21D13 — T2 A2 A1P21P12 — T2A2A1P23 —
—  @2A2A3p21 — T1A1A2P13 — T1A1A3P12 — T1A1A3P13P32 —

—  X1A1A2p12D23 — P23P32A2A3 + A2 3.
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According to (5.27),

xpu(s) = Xeg(s), Vs if and only if,
azs? + ais + do U052 +ays + do . .
3 5 = = = —, Vs if and only if|
—8% +dps® +dis + do —53 4+ dos? + dys + dy
cast +e3sd Feastdesteg = 0, Vs (5.28)
where
c4 az — az
c3 ay — agdy — @y + dads,
Co do — alcjg - CLQ(% - (jo + ?ildg + agdl
c1 dody + a1dy + aady — dody — ardy — agdy
Co dody + aydy — dody — ardy

Equation (5.28) holds for all s if and only if ¢4 = c3 =ca =¢1 =¢9 =0, or,

as? = a2
ayp — a2d2 = ?il — anQ
do — a1d2 — a2d1 = do — aldg — anl

dody + ardy + agdy = doda + ardy + agdy

Elv()dl +a1dy = doglvl + alcz)

As it happened in the case where m = 2, we obtain a linear equations system with the same number of

equations and unknowns (ay, ag, dy, di, d2), where the coefficient matrix is

a; — d1 d(] 0 —d(] 0

ap—dy a1 do —di —dy

C3 = 1 as a1 —ds —di . (5.29)
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If the rank of Cj is 5, then the solution is unique:

Notice that only equations (5.30) and (5.31) involve the initial probabilities, x, X.

expressed as,

where

(respectively, as,ay)

B
b
B2

v

7

V2

as = ag
a = a
do = do
d = dy
dy = dy

B+ By + Pawa — B — B1F1 — s = 0,

¥+ mx1+Yer —v -7 —Nnr1 = 0,

az = [+ 5191+ Pogpo,

ap = y+7P1+ 7202

A3(1 — p31 — p32),

A1(L = p13 — p12) + As(p31 +p3s2 — 1),

A2(1 = pa1 — pa3) + Az(p31 +p32 — 1),

A1A3(p32 + p12ps1 + p3ip13 — 1) + A2A3(p31 + paips2 + pasps2 — 1),
A1A2(p1ap2s + P13 + prapar — 1) +

AoA3(1 — paspaa — p21p32 — P31) +

AMA2(piep21 + P23 + pispar — 1) +

(
(
(
A1A3(p12 + p13ps2 — P31p12 — P32),
(
A2A3(p21 — p3ap21 + pasps1 — p31) +
(

MA3(1 — p3g — p31p12 — P31P13)s

(respectively E) El)g% ?7 %17 ?2)
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5.4.2 Main results

In order to introduce the general results for the three states case, m = 3, we need to define matrix Ds,

which plays the role of matrix Ds, in the proof of Theorem (5.10),

B By B Do
/ !l o
Y12 1 2
oY M e
where
81 = Bilply — p51) + B2(pla — P32), (5.38)
By = Pi(ps — p51) + B2(p52 — p32),
Y = m@h —pi) + 72l — i),
Yo = (P31 — Pi1) +72(P32 — Pi2),

respectively, 5{, Bé, 75 and 7.

Theorem 5.17 (General Result for m = 3). Let {a,)\,Po,Pl},{&,/N\,JBO,]Sl} define two MAPss, with
corresponding E-MAPss {a, X, P*} and {a, X, ﬁ*}, where ¢ and (75 are the stationary probabilities associated

to P* and P*. Assume,

(i) Bi#0, Bo# 0,71 #0, 72 #0, 1 #0, B #0, 1 #0, 71 #0,

(ii) the rank of Ds is 4,
Then, the MAPsys {a, N\, Py, P1 }, {, X,ﬁo,ﬁl} are equivalent if and only if

1. qbgoH(s):aﬁgoﬁ(s), Vs and

2. (o, &) = (¢, ).

Condition (3) implies that the initial probabilities appear in equations (5.30) and (5.31)) and is equivalent
to #1 # 0 and El # 0 for the 2-states case. We have to point out that conditions (i) and (7i) in Theorem
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(5.10) implied rank(D2) = 2. However, it not so straightforward to prove the same for the 3-states case,

and thus we have substituted condition P* # & or P* # ® by rank(Ds) = 4.

Proof:

1. 1 and 2— Equivalence.

The proof is the same that it was for Theorem (5.10).

2. Equivalence — 1 and 2.

Because of equivalence, cupp (s) = app(s), for all s, needs to hold, which implies, that both o and &

satisfy (5.35) and (5.36)
B+ Biay + faag — B — frdy — fhds = 0, (5.39)
Y+mar+ e —y —7ar —yar = 0.
Moreover because of 1, ¢ and q~§ also satisfy (5.35) and (5.36), and thus,
Bign + Bada + Bion + Pode = Bran + Baaa + Bidy + Fadia
Vg1 + Yade + F1d1 + Fade = M1+ Y209 + F1d1 + Fado

Since a), aV given by

aV = aP*, aV) = apr*,

must also verify a(Mpgy(s) = &(l)gpﬁ(s), for all s, then we get a 4 linear equations system where the

unknowns are aq, asg, a1 and as,

Brai + Boas + B161 + Bads = P161 + Pada + P161 + Fada (5.40)
Bral” + poal) + Bral) + Bal) = Bign + Bade + Bid1 + ot

Yo+ 202 + 101+ Fole = 11 + 262 + F101 + Fada
nat? + 908 + 71800 + 588 = o1 + 7200 + T1d1 + Fad

~ ~ 1 1 .
The unknowns are actually a1, as, a7 and as because, ozg ), and ozg ) can be expressed in terms of ag

and aw, (respectively agl)y and &gl))7

1
O‘g ) = a1(pf1 — p31) + a2(p31 — p31) + P31,

1
O‘é ) = a1(pla — P32) + a2(p3e — P32) + P32
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It is clear that a = ¢ and a = q~§ solves system (5.40), which can be alternatively written as,

Bron + Poag + B1@y + Padia = [ign + Podba + Big + Bacha (5.41)
By + Byag + Blan + Phds = Bi(d1 — phy) + Ba(da — phs) + Bi(dr — Dy1) + Ba(2 — Pho)
MO+ Y200 + F181 4+ Fols = Y11 + Yad2 + 101 + Fado

Va1 + Va0 + a1+ Fodz = Y1(d1 — pi1) +v2(d2 — P3a) + F1(d1 — P31) + F2(d2 — P3a),

where 1, 55, 7} and ~4 were defined in (5.38). The coefficient matrix associated to system (5.41) is
Ds. By assumption, the rank is complete, thus the solution to (5.40) is unique, and &« = ¢ and a = q~§

O

Finally, we present the result equivalent to Proposition (5.11), whose proof follows the same lines that

that of Proposition (5.11).

Proposition 5.18. Let {a, A\, Py, P }, {«, B, ﬁl} define two MAPss, with corresponding E-MAPss {c, X\, P*}

and {a, ;\, ﬁ*}, where ¢ and q~§ are the stationary probabilities associated to P* and P*. Assume,

(i) the set {¢, A\, Py} makes that rank(Cs) =5,
(ii) BL#0, fa#0, N#0,72#0, 1 £0, B2 #0, 71 #0, 1 #0,
(iii) P* =& and P* = ®.
Then, the MAPss {a, X, Py, P1 },{c, X,ﬁo,ﬁl} are equivalent if and only if
1. pou(s)=ppg(s), Vs and
2. (o, @) verifies equation (5.39):

B+ Broan + Beag — B — B1ay — fada = 0,

v+ 701+ o -y —ma -y = 0.
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5.4.3 General MAP,,

Here, we delineate some remarks concerning the general case the M AP with m states or MAP,,. For the
general case with m states, the system to be solved for the first condition of equivalence, xpm(s) = Xpg(s),

is

U154+ ...+ ais+ dy B ?im_lsm_1+...—|—fils+go
(=1)ms™ +dpo1s™ ot dis+tdo (=1)s™ 4 dpy_y 5™+ L+ dys + do
m—1

which becomes a linear system of 2m — 1 (because of the product of s x s™) equations and 2m — 1

unknowns ay,—1,...,01,dn_1, - - . ,671, (%. This will define a coefficient matrix C,, similar to (5.29) that, if

has maximum rank, then the solution to the system is unique:
a; =a;, fori=1,...,m—1, anddj:cjj, for j=0,...,m—1,

where only the values of a; and a; will depend on initial probabilities. The (m — 1) equations a; = a; wi
1l be expressed as (m — 1) hyperplanes equations, like (5.9) and (5.39), whose coefficients (01,..., Bm-1),
(Y15 s Ym=1), (01,--+,0m—1), etc... will be likely different from 0. Actually, Theorem (5.17) can be gener-
alized assuming as hypothesis that the set of these coefficients are different from zero, and the rank of D,,

is maximum, where D,, is the matrix equivalent to (5.37) of order (2m — 2) x (2m — 2).

If P* =& and P* = 5, then in order to generalize Proposition (5.18), it will be necessary to assume
that C), has maximum rank and the set of coefficients (01, ..., Bm-1), (Y15 sYm=1)s (01,--+,0m—1), etc...

are different from zero.

6 Conclusions

In this work we have discussed when two Markovian Arrival processes or MAPs are equivalent, in the sense
that they share the same probability function, for the variable time between one arrival and the next one.
The MAP can be understood as a Hidden Markov process which very commonly present identifiability

problems.

Since in most of applications, the MAP is not entirely observed, a new process, the observable MAP can
be defined. It is named Effective Arrival Process and noted E-MAP. We have derived some probabilistic
results concerning the E-MAP, such us, the transition probability matrix P* and the moment generating
function of the holding times, which is not exponentially distributed but distributed like a sum of exponential

variables.
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We have defined when a MAP process is identifiable in terms of the associated F-MAP, and present

some results derived from this definition.

The main contribution of this paper is the undertaken depth study for the case of MA Pss, the two-states
MAP. We have derived expressions for the moment generating function of 17, MAPss must solve in order
to be equivalent. The MAP5 is not identifiable, and depending on its parameters we show how to find other
MAPss equivalent. We have shown the important role that the matrix Fy, concerning transitions with no
arrivals, and the stationary probability ¢ associated to the E-MAP5, play in the identifiability problem,

whereas matrix P; turns out to be less important. We have illustrated our results with numerical examples.

The general result for MAP,s presented in the work, stating which conditions must be hold by two
M AP; to be equivalent, has been extended for the 3-states MAP or MAP3 and briefly commented for the

general case MAP3.

In our future work we plan to develop in detail the results for the general case MAP,, We also hope
to address the identifiability problem for the general case of MAP, the Batch Markovian Arrival process or

BMAP, where arrivals are allow to occur in batches.

References

[1] Ephraim, Y., and N. Merhav, (2002). Hidden Markov Processes, IEEE Transactions on information
theory, 48(6), 1518-1569.

[2] Heffes, H., (1980). A class of data traffic processes—covariance function characterization and related

queueing results, Bell Syst. Tech. J., 59(6), 897-929.

[3] Heffes, H., and D.M. Lucantoni, (1986). A Markov modulated characterization of packetized voice and

data traffic and related statistical multiplexer performance, IEEE J. Select. Areas Commun, 4, 856-868.

[4] Heyman, D.P., and D. Lucantoni, (2003). Modeling multiple IP traffic streams with rate limits,
IEEE/ACM Transactions on networking, 11(6), 948-958.

[5] Klemm, A., C. Lindemann and M. Lohmann, (2003). Modeling IP traffic using the batch markovian

arrival process, Performance Evaluation, 54(2), 49-173.

41



[6] Leroux, B.G., (1992). Maximum-likelihood estimation for hidden Markov models, Stochastic Processes
Their Applic, 40, 127-143.

[7] Lucantoni, D., (1991). New results on the single server queue with a batch Markovian arrival process,

Stochastic Models, 7, 1-46.

[8] Lucantoni, D., K.S. Meier-Hellstern and M.F. Neuts, (1990). A single-server queue with server vacations

and a class of nonrenewal arrival processes, Adv. in Appl. Prob., 22, 676-705.
[9] Neuts, M.F., (1979). A versatile Markovian point process, J. App. Prob, 16, 764-779.

[10] Neuts, M.F., (1981). Matrix-Geometric solutions in stochastic models: An algorithmic approach. Bal-

timore: The Johns Hopkins University Press.

[11] Nielsen, B.F. (2000). Modeling long-range dependent and heavy-tailed phenomena by matrix analytic
methods. In Advances in Algorithmic methods for Stochastic Models, G. Latouche and P. Taylor editors,
pages 265—278. Notable Publications, 2000.

[12] Rydén, T., (1994). Consistency and asymptotically normal parameter estimates for hidden Markov
models, Ann. Statisti, 22(4), 1884-1895.

[13] Rydén, T., (1996). On identifiability and order of continous-time aggregated Markov chains, Markov-
modulated Poisson processes, and phase-type distributions, J. Appl. Probab, 33, 640-653.

[14] Scott, S., and P. Smyth, (2003). The Markov Modulated Poisson process and Markov Poisson cascade
with applications to web traffic data. In Bayarri, M., Berger, J., Bernardo, J., Dawid, A., Heckerman, D.,
Smith, A., West, M. (Ed.), Bayesian Statistics, 7, 671-680. London: Oxford University Press.

42



