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1. TIntroduction

The rational expectations apprcach to modelling expectations seeks to
impose on it the rigors of rational behavior. Muth (1961, p. 317) stated
that this would require that economic agents' "expectations . . . are
essentially the same as the predictions of the relevant economic theory" and
"tend to be distributed . . . about the predictions of the theory." 1In
macreoeceonomic applicatioms, this is followed by modelling the expectations of
a.rational representative economic agent as the predictions of the analyst's
model. Under the assumption that this is the true model of the system, the
agent's prediction errors will be free of systematic componments. 1 will refer
to expectations that satisfy this condition as "RE." 1n the course of the
articulation of this approach, it has come to be regarded as irrational to
forecast using any prediction method other than that mandated by the underlying
model. The explanation for this is that the errors so generated will contain
systematic components, the exploitation of which will increase profits (cf.
Barro and Fischer (1976, p. 162)).

Rationality is more usually characterized by the optimal use of given
resources. Many authors have pointed out that RE can be reconciled with this
conventional definition only at the cost of assuming individuals to be endowed
with accurate and exhaustive information on the economy.1 In the absence of
an account of how people acquire this information, RE comes preciously close
to perfect foresight. On the other hand, there are problems with using the
conventional definition unmodified in any way. The drawback of pursuing this
line too far is that it can be employed to justify the rationality of any
expectations scheme, on the grounds that the individual steadfastly
believes it to predict the best, irrespective of its performance. Between

these two extremes, there lies the informal idea that ratiomal people will



attempt to learn how to predict as well as possible. They may be regarded
as experimenting with a particular model until it proves to be inadequate, at
which time they modify it or reject it in faver cof another.2

This paper seeks to formalize these loose ideas, and to examine their
implications for empirical modelling of expectations. It is concerned with
the content of rational behavior for an individual who attempts to learn the
true model. The representative individual is assumed te adopt a particular
model for forecasting at a given date. Ignorant of whether it is the true

‘model or not, at each subsequent date! he or she subjects the experience of
using it to statistical tests that examine whether the model commits systematic
mistakes. For as long as the model does not reveal the presence of systematic
errors, it 1s said to be unfalsified and to generate unfalsified expectatiomns,
Once systematic errors are detected, the model is sald to be falsified. It
bears stressing that it is quite possible that the forecast errors of an
unfalsified model contain systematic mistakes. However, the crucial point is
not whether systematic portions of errors exist, but whether they can be
detected on the basis of available information.

Whether it is rational to use an unfalsified model depends again on the
alternatives available to the individual. Many models may be unfalsified at
a point in time. The problem arises of distinguishing among them using some
other criterion, for example, one that chooses the model with minimum past or
expected squared forecast errors.3 Such a criterion may also rank falsified
models above unfalsified ones. Consequently, caution has to be exercised
before it is concluded that an agent will use a particular unfalsified model.
However, there is an unambiguous relationship between falsified models and
both RE and conventional ratiomality. Subject to the fallibility of the

testing procedures employed {(i.e., the possibility of committing a Type I



error) a falsified model cannot qualify as RE, since the model exhibits
systematic errors., Similarly, as the agent has perceived the presence of
these errors, they constitute a part of available information, and suggest
to the agent that the model can be bettered. Thus, a falsified model also
runs afoul of the conditions required for conventional rationality. In
short, unfalsifiedness is a necessary but insufficient condition for RE and
conventional rationality.

The relationship between unfalsifiedness and the two concepts of
raticnality is exploited in this paper to examine how various empirical
expectations proxies would have fared in the hands of rational economic
agents. Since unfalsifiedness is a necessary condition for RE and conventional
rationality, any legitimate proxy for rational expectations {(in either sense)
mist remain unfalsified for the duration of any interval in which it is to be
employed.

In order to lmpart substance to the concept of unfalsified expectations,
it is necessary to have a theory of how agents come to perceive the systematic
mistakes of their forecasting models and of what they do with this information.
This is the subject of the next section, where the concept of the model used
by the representative agent and the assumptions surrounding it are discussed.
It i1s assumed that, at a particular historical date, the agent adopts an
economic specification that is used to forecast. As experience of using the
forecasting method accumulates, the agent is assumed to subject these data to
statistical tests. The null hypotheses of the tests describe certain properties
of non-systematic errors. Thus, the agent tests each period to see if the
accumulated errors are serially correlated, orthogonal to the predictions, and
have a zero mean. TFor as long as these hypotheses remain unrejected, the model

is unfalsified, and no evidence has been assembled that it is not RE or rational



in the conventional sense.

The following two sections apply this framework in two types of model
of expectation formation that have been prominent in the empirical literature: adaptive
expectations and RE models. Over the last decade, the accepted practice for
constructing empirical proxies for RE has been to take the fitted portion of
a least squares projection of the variable to be forecast on the predetermined
variables in the system. I shall refer to data so constructed as "empirical
RE." Under the maintained hypothesis that the model (i.e., the list of
predetermined variables) is correctly specified, this provides an efficient
estimate of RE, given the available data. However, there is no guarantee that
the maintained hypothesis is correct. This hypothesis is the null hypothesis
of the falsification tests.4

Adaptive expectations models were early casualties of the RE approach.
They were ruled out because their use amounted "to supposing that the public's
method of forming expectations of inflation was very irrational in the sense
of being widely inconsistent with the actual inflation process" (Sargent, 1971,
P, 724). Sargent's criticism does not necessarily imply that the public had,
at the time, sufficient information to substantiate the supposed inadequacy
of adaptive expectations in tracking the inflation process. Thus, while an
arbitrarily chosen adaptive expectations mechanism may, in generzl, be irrational
in Muth's sense, because it implies that the public believes the inflation
process to differ from that which actually generates it, it is not automatically
falsified at a given point in time by data generated by that process.

These two types of models are described in section 3. Certain econometric
problems which have to be surmounted before the falsification tests can be
applied to empirical RE data are also dealt with in this section. The

following section examines the performance in falsification tests of examples



of these models in forecasting the quarterly rates of change of the GNP
deflator and the money supply (Ml}. 1In general, the empirical RE models fare
badly, often experiencing early, persistent and summary rejections of at least
one of the falsification tests. The evidence of systematic errors thus
assembled implies that they cannot be considered legitimate measures of RE,
and, subsequent to the date of their falsification, their use for forecasting
would not be raticnal in the conventional sense. In comparison, more "naive™
models fare better, some of them passing all falsification tests in each
period in the sample.

Two principal implicaﬁions of the-paper are discussed in the final
section. First, the results of falsification tests entail that RE has been
mismeasuredrin empirical tests of the major propositions of the new classical
economics, and the deleterious effects of this mismeasurement on inference
are briefly mentioned. Second, the failure of economists' models to survive
the falsification tests suggests that learning needs to be introduced
explicitly into accounts of ratiomal expectations. The falsification
framework sugpgests that learning involves the forecaster in experimentation
with a sequence of models, each of which is used to forecast until it is
falsified. However, it does not seem that the "choice" or "discovery" of new
models is amenable to an analysis based on rational behavior. Hence, the
principle of rationality does not provide a complete guide to modelling

expectations.

2. Falsification Tests

The forecasting behavior of economic agents is typically characterized
by attributing to them a model of the variable they are supposed to predict.

The perspective of this paper augments this description by assuming that



economic agents also carry out falsification tests, to ascertain whether the
model with which they have been endowed commits systematic mistakes. This
section makes explicit the nature of the forecasting equations attributed to
agents, and of the falsification tests they are assumed to carry out on them.
In addition to offering a positive description of learning behavior, this
framework supplies a means by which a researcher can check whether a model

he or she wishes to attribute to agents satisfies the conditions for RE or
conventional rationality. To accomplish this, the investigator must replicate
the falsification tests carried out by agents. The next section deals with
this topic.

In pursuit of concreteness, I consider the activities of a stylized
economic agent, of female gender, referred to as a "forecaster,” who is
concerned with making "efficient" use of available information in predicting
the variable y with a one-period forecast horizon.6 The forecaster is assumed
to be endowed with a model of y. Her information set for predicting Yy, ome
period in advance comprises available data om the variables in the model,
denoted "Xt." (This does not imply that X, necessarily contains any data
realized at t.) It also contains numerical values of the parameters of the
model, denoted by "y". All models considered in the sequel are linear in the
variables, and the coefficients used by the forecaster do not vary over time.

The typical model, m, may therefore be written:
m m m
(1 Ve = XtY + e

Thus; the forecast from model m, denoted yf, will be X?Ym (Xm is the list of
. m
variables in model m), and the associated forecast error will be et.
The forecaster's behavior in theoretical RE models falls under the

rubric of this description. Here, Ym is the coefficient of the "population



projection"7 of v on Xm, which includes all predetermined variables in the
semi-reduced form equation for y. The error, em, is accordingly guaranteed
to be white noise.8 Empirical RE models can also be characterized in this
framework. The investigator again specifies a l1ist of variable Xm that are
supposed to account for the observed historical wvariation in y. However,

in contrast to the theoretical RE case, the errors are not guaranteed to be
white noiseg, since the investigator cannot be sure that X" includes all
variables in the semi-reduced form for y. The investigator, while ignorant
of "the" wvalue of Ym, assumes that it is known to the forecaster. This 1is

an unambiguous assumption in the case where Xm is exhaustive, and ™ is in-
deed white noise, However, when the investigator omits variables capturing
parameter shifts or structural changes, there is no unique value of the pop-
ulation projection coefficient. 1Its wvalue depends on the way in which limits
are taken. In order to illustrate this problem, it will be useful to intro-
duce a simple example to which I will return subsequently. Suppose y follows

the process:
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where u, is a white noise series. The investigator, however, attributes to
m
the forecaster a model in which y is projected only on a constant, so Xt =1
. . . m .
for all t. Thus, the finite sample projection coefficient of ¥y on X dis

simply the sample mean

y
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and it is simple to see that, for example,



5 if t, fixed, t >
u

3) Ym - plim ;m _4dif e, g, > ® at the same rate

3 if tg fixed, t, >
u

Which of these values of Ym is used is somewhat arbitrary. One may
make an argument for Ym = 3 as follows. In the theoretical RE case, one
justification for endowing the forecaster with the population projection
coefficient is that, if the m&del has always been in a rational expectations
equilibrium, the value of the population coefficeint can be inferred by
observing correlations on infinite samples of past data. Note that, if this
argument is extended to the case of an appropriately misspecified empifical RE
model, the doubly infinite vectors of forecasts and errors will not be ortho-
gonal. These two vectors will be orthogomnal if Ym = 4, but this is not the
value that the forecaster could have inferred from regressions on the in-
finite past data set. The case where Ym = 5 is unsatisfactory for similar
reasons. In the sequel, Ym is understood as the population coefficient
computed on an infinite sample of past data, which results in the value 3
in the example.

The example also illustrates that (whichever interpretation of Ym is chosen)
the errors will not be white noise, since, in this case, the mean of the error
changes over time. Thus, if " is misspecified, it will not be rational in the
RE sense for the forecaster to use that ﬁodel, nor will it be rational in the
conventional sense for her to use it once the misspecification has been discovered.
The falsification tests carried out by the forecaster enable her to check whether

(continued) use of the model is rational.

TIf the forecaster starts to use the model at date 0, at the end of the

T-th period (T > 0) she has available a history of the forecast errors of m,

1
summarized by the vector

_ _ m
) - (Els"'sET)



The falsification tests exaﬁine whether the accumulated data on em evidences
the presence of systematic components.

Systematic errors will occur when (1) is misspecified, either because
variables are omitted or coefficients change over time. (By a suitable
redefinition of terms, both of these cases can be subsumed under the case of
omitted variables, but it will be useful to keep them separate.) In general,

the forecaster may consider the correlation of 1§$ with indicators of

structural changes or with available data on variables suspected to be

relevant. Each model or historical period may suggest a different set of .-
such variables. For practical purposes, it would be useful to develop_a
single battery of tests applicable to all models. Those described below use

only l§¥ and the corresponding history of forecasts,

m=(m m)
12y T WYy

However, they are likely to detect in the errors the presence of the systematic
components that are symptomatic of the misspecifications described above.

As macroeconomic time series are typically highly autocorrelated, the
presence of omitted variables in the forecast errors should be revealed by an
examination of their serial dependence. The most comprehensive (and mechanical)
method of accomplishing this is by the use of "Q-statistic" (Box and Pierce

{1970), Ljung and Box (1978)):

T2 m -1
() Qp = ™T + 2) | 8 ((g) (T - k)
T k=1

where 6i(l§;b ig the estimate of O s the k-~th autocorrelation of the deviation
of .€" from its mean vector. Box and Pierce show that, under the null

1-T

hypothesis
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(5 R, :

the distribution of QT may be approximated by a chi-square distribution.ll'12

Since the computation of the Q-statistic examines the serial dependence of
the deviation of 1E¥ from its mean vector, it will not detect deviations of

the mean error from zero. The forecaster is assumed to examine for presence

of this systematic component by testing

(6) M, : Ee =0
against

m
M, : Ee #0

by use of a simple t test, which has T - 1 degrees of freedom when the test
is run at time T.
A final test examines the correlation between errors and predictions.

At the end of each pericd, T, the forecaster runs the OLS regression:

m m _
e €, = O + Byt + N, t=1,...,T

at the end of period T, which generates the estimates ¢ B She then tests

T’ "T°

the hypothesis

(® 0, : [%,8] = [0,0]

against the altermative

0, : [a,B] # [0,0]

1

This is accomplished by computing F_,, the F-statistic under 00, and referring
it to an F(2,T -2) distribution. The test thus examines, each period,

whether m satisfies the conditions that its forecast errors have zerc mean



11

and are orthogonal to the forecasts. This condition is imposed on empirical
RE proxies by the least squares regression procedure used to construct them.
While testing this orthogonality condition may thus be regarded as a test of
the empirical RE restriction, the motivation for the orthogonality test in
fact lies in its potential for detecting parameter shifts in the RE context.
The operation of the orthogonality test in the case of empirical RE

models can be seen by considering the example (2), in which Ym is taken ro

be 3, hence y? = 3, for all t. Then the forecast error is

£ <
(9) c® o v fort <t

u, + 2 for t > t,
Thus, as t increases past to’ the correlation of the forecasts and errors
becomes more marked, and would eventually be detected by a forecaster who
ran orthogonality tests on the successively larger samples, 15? , 122,
T=1, 2, ... Subsequent to the date which the forecaster could falisfy
the model in this way, it could not be maintained that use of the model to
forecast would be consistent with RE or conventional rationalityl3.

To recapitulate, the forecaster is assumed to be endowed at T = 0 with
a forecasting equation. To forecast Ve she combines the vector of
observations on X? with Ym, which is the population regression coefficient
of yt on Xm. At each date T, she also carries out tests of the hypotheses

t

00, RO and MO. These are necessary conditions for €™ to be white noise. While



these tests were discussed in the context of (empirical) RE models, they can
also be applied to "ad hoc" models attributed to the forecaster by an
investigator.

It is thus proposed that the forecaster's behavior be modelled by
the outcomes of the tests of RO’ MO and 00 at each date T. Given that the
forecaster employs these classical statistical tests, her decision variable
is the probability of a Type I error, c. Ideally, the critical values for
each test are to be selected so that the probability of rejecting the true
model in the set of all tests at all dates (suitably discounted) taken as
a whole is Ot.l4 These critical values would then take into account tﬁe
sequential nature of the testing procedure. Unfortunately, the difficulties
in designing sequential tests for all but the simplest of cases render this
problem intractable for the statistics examined in this paper.15 Therefore,
it is well to state the procedure used here. The_three tests are treated
each period as if thev were independent, and each test is repeated each
period at the same significance level. This amounts to ignoring the fact that
the survival of the model up to any date is conditional on its having passed
the tests to which it was subjected prior to that date. The results reported
below examine tests at the 5% and 1% levels of significance. While
probabilities of Type I error are usually employed in the econometrics
literature, their use in repeated tests lacks a rigorous justification.

The consequences of using these significance levels in the orthogenality
test may be analyzed from a Bayesian standpoint, following the approach of
Leamer (1978, Ch. 4). The classical decision rule instructs the forecaster
to reject the null hypothesis when FT exceeds the 1% or 57 critical value for
a sample of size T. An alternative (strict) rule is ome that instructs the

forecaster to discard the null hypothesis if the posterior odds are less
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favorable to it than the prior odds. Since the odds ratio is a function of

the sums of squared residuals from the restricted and unrestricted regressions,
this rule can be translated into a critical value for FT. The decisions it
entalls can then be compared with those of the classical rule. For samples
smaller than 130 observations, the 1% classical strategy is more favorable

and the 5% classical strategy less favorable to the null hypothesis than this
"Bayesian" rule. The 1% critical wvalue will tolerate small, steady deteriorations
in the odds in favor of the null hypothesis. Conversely, a 5% critical wvalue
reguires the odds to improve each period. This suggests it is most advisable

to focus attention on tests at the 1% level, at least as far as the

. . 16
orthogonality test is concermned.

3. Econometric Considerations

The previous section optlined the activities of a rational forecaster
that determine when she will not use a particular medel for forecasting. The
purpose of this section is to demonstrate how the investigator may replicate
the forecaster's behavior and so ascertain whether the model is admissible as
a proxy for the expectations of rational agents. The analysis is limited

to two types of expectations models, adaptive expectations and RE models.

(i) Empirical RE proxies

Over the last decade, the practice for specifying expectations variables
has followed the approach used in Sargent (1973). The investigator specifies
a list of variables, X, and postulates that the rational forecast of y is
given by the expectation of Yo conditional con KT' The expectation attributed

to the forecaster is thus the population projection of y on X:

(10) yy = XY



where y is the appropriate population projection coefficient. To be consistent
with the notation of the last section, X and Yy should have the superscript "r,
to indicate that they belong to the model r. This is dropped in this section

for simplicity. Although the forecaster is assumed to know Yy, the investigator

does not know it, and has to estimate it, in order to create an empirical proxy

for yr. This is usually accomplished by regressing y on X over the sample avail-

able to the investigator, say t = 1,...,5, and yields the OLS estimate Bg- The

. . 1 L ; 17
investigator's proxy for y is then given by

r

(11) yp(8) = yg = yp(5).

The corresponding forecast error proxy is demneoted:
T
(12) ) eT(S) - YT - yT(S)'

Given the information available to the investigator, and the belief that
the model is correctly specified,‘gS is regarded as an efficient estimate of v,
and so y;(S) and eT(S) are the best approximations the investigator can make to
y; and g respectively. However they are not useful for reconstructing the
forecaster's falsification tests, which will contribute towards determining
whether the forecaster would actually use the investigator's model. To see
this, consider first the investigator's attempt to replicate the orthogonality
test carried out at T = 5. Equation (7) shows that this involves projecting
1gS(S) on a constant vector and lz;(s). These are precisely the residual and
fitted vectors from the investigator's regression of y on X (using the sample
1,...,5). Hence, they are orthogonal by construction, and the residual vector

-~

will be orthogonal to a constant vecter, if X includes ome. Hence, aS and BS

will be identically zero, as will the test statistic, FS' Thus, using this

method, the investigator will never infer that at S the forecaster would reject

the orthogonality hypothesis,

14



irrespective of the actual performance of the forecasts (10). This result

r

is purely an artifact of the way the investigator's proxies, 13g

(8) and

= {5), are constructad. The same problems occur, mutatis mutandis, with
the mean test. The serial correlation test is not affected, as the QLS
procedure does not constrain the autocorrelation of 1gS(S).

Other difficulties arise if 1t 1s attempted to replicate orthogonality
tests occurring at T > 5 using eXxpectations proxies constructed on the basis

of gg:

IX;(S) = (Xlgs’ s ’ngsa cos ’XTgS)
(13)

].ET(S) = (Yl _xsgss .. ’YS _ngsi . ’yT _XTgS)
The forecast error is given by:

T
(14) er(8) = X (v - Bg) + €

where €T is white neoise under the assumption that (1) is the true model. The
correlation of XTgS and (14), which is examined by the orthogonality test,
depends on the variance of 8g> which is fixed as T + », Moreover, as long as
the X's have a non-zero mean, that of eT(S) will be nen-zero, and as long as
the X's are serially correlated, eT(S) will be serially correlated. Hence,
one would expect all three tests to yield rejections, even when the
forecaster's model is correct. The source of these rejections is the error
in the investigator's estimate of the parameter values used by the forecaster,
which is measured by Bg ~ Y, a nugber that is in general non-zero, and fixed
as T + ». Thus, the problem with falsification tests based on the empirical

RE proxies e(5) and yr(S) is that their results are sensitive to the sample

used by the investigator. TFrom the point of view of modelling the forecaster's

15



falsification tests, the terminal date of this sample is arbitrary.
An alternative approach, which is pursued in this paper, is to use the

following proxies for y;+1 and Ergr’

(13) Yet1 = ¥pp8y

(16) ere1 = Y141 T V41 T Fpar (Y - o8p) FEqy T =0,1,...

Foilowing Brown, Durbin and Evans (1975), I shall call the e variables
"recursive residuals' and shall adopt the term "recursive forecasts" for y.
The varlables defined in (15) and (16} .result from running the regressioﬁiof_
vy on X using data from periods 1 through T, and forecasting one period ahead.
This procedure is to be carried out for each period T. The recursive
residuals and forecasts differ from the corresponding variables defined in

{13), because the estimator of Yy is recomputed each period, rather than just

at S. The recursive forecast for T + 1 is constructed using Bp» the estimate

of vy based on the sample 1,...,T.

The replications of the forecaster's falsifications tests undertaken in

the next section will be based on the recursive forecasts and residuals. The
latter must be transformed if tests designed for i.i.d. random variables are
to be applied to them. In the case where the XT's are fixed in repeated

samples, it may be shown that el

T+1 has a zero mean and is not serially

correlated at any lag. The variance is given by

e oL 22 2 o -1,
Var(eq, ) = Ochp, Ay = (14 xp (X)) "xp )

where X is the last row of XT+1 (cf. for example Brown, Durbin and Evans

+1

(1975)). The variance of € thus differs from that of e by a correction

T+1 T+1

that takes into account the fact that ¥y is estimated each period. The

quantities

16
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w = A-l~r
T+ °T ®T+1

will be independently and identically distributed under the forecaster's null

18
hypothesis, that (1) is the true model,

The wvariables ?t and ét which are used by the investigator, differ from
the corresponding yi and Et used by the forecaster because the former has to
estimate the parameter of the model. The corresponding sequences of tests
and

based on will also differ as T, the end date of the

- ” r
1Zr 1Sy 11 15t
investigator's sample, increases. To see this, consider again the example
(2), (3) where Ym = 3, Thus, the empirical RE model which the investigator
hypothesises to be used by the forecaster implies that yz = 3 and Et is given

by equation (9)., As T + =, the sample covariance between the elements of

yr and

17 IET tends to 6, and so the forecaster would continue to reject the

orthogonality hypothesis, However, as T + ®, the investigator's estimator
81 tends to 5, since it results from samples in which observations of the form
yt =5+ u dominate those of the form Y, =3 + U, which are present only in

the initial finite segment of the data. Hence, from (16), Et tends to -2 + €
which is u from (9). This is orthogonal to the forecast (15), which tends

to 5. Consequently, while the investigator's orthogonality and mean tests may
evidence rejections early on, as T + ® the test statistics will tend back to
insignificance.

This example suggests that structural changes not accounted for by the
investigator's model may be present when the orthogonality test statistics
first rise and then fall as the sample size grows. It can also be shown that
this test statistic will tend to zero if the model omits only non-stationary
variables., Thus, if the test statistic evidences persistent rejections as

the sample size becomes large, one must suspect that it may be the result of

repeated structural changes or some other form of pertinent non-stationarity.



18

So far, the analysis has proceeded under the assumption that the
forecaster knows the population projection coefficient, y. This assumption
is used widely in the RE literature, but there is no economic reason why the
forecaster's information should include this knowledge. Some authors, for
example. Sheffrin (1979), have proposed that the forecaster estimates vy each
period. Under this assumption, the recursive forecasts and residuals describe
the behavior of the forecaster (assuming she adopted the model at T = 0),.
Consequently, the investigator's falsification tests are exactly those the

forecaster would carry out.

(ii) Adaptive expectations

When expectations are assumed to be adaptive, the investigator attributes
to the forecaster expectations governed by the following equation, in which

a .
"y represents the adaptive forecast:

(17 Yrep = Ap + (1= Nyp . 0 <A<l

While the parameter X may, in principle, vary over time, I consider only the
case where the value of A is fixed for the duration of the model's use.zo If
the fixed value of A is also attributed to the forecaster, then the
investigator can reconstruct exactly the time series of expectations and
replicate exaétly the falsification tests carried out at each date.2l This
is done in the next section for different values of Y and different starting

dates.
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4, FEmpirical Results

In this section, the falsification tests described above are applied to
various proxies for expectations of the quarterly growth rates of the GNP
deflator and the money supply (M1). Expectations of these variables have
appeared in a large number of articles on inflation and on tests of the policy
neutrality hypothesis.

In order to simulate the forecaster's falsification tests of a
particular expectations mechanism, one first specifies its date of initial
adoption and generates the time series of forecasts and errors to be used in-
the tests. For adaptive expectations, the parameter A is fixed for the
duration of the simulation run; for empirical RE models, the parameters are
reestimated each period. For each period in the sample, the accumulated
history of forecasting is then subjected to the falsification tests.

The output of a simulation is a quarterly time series of test statistics

for each of the three tests. The patterns of these time series are of
interest in their own right but are too voluminous to present in full.
Instead, the charts that follow exhibit certain qualitative features of the
behavior of each model. For each period, they illustrate whether the model
passed a given test at the 5% significance level, failed at that level but
passed at the 1% level, or failed at the 1% level (and hence at the 5% level
as well). This permits one to address the question of how long a model would
have survived as unfalsified in the hands of a rational person. Since the
significance levels have not been derived from the optimization problem of

the forecaster, one must be cautious about concluding that failure of a test
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will result in immediate rejection of the model. Rather, one would expect
that the model would not be maintained in the face of persistent rejectioms.
The charts also exhibit the length of the pericds for which each model fails

falsification tests.

(i) GNP deflator

Three different methods of forecasting the rate of change of the GNP
deflator were examined. Four simulations were runm on the adaptive expectatioms
model, in which X was set for the duration at 0.2, 0.4, 0.6, and 0.8
respectively. Two empirical RE specifications that have been used in_teéﬁé
of the nmeutrality hypothesis were also subjected to the testing procedure.22
One is that used by Mishkin (1983), who forms his RE proxy by regressing the
quarterly inflation rate of the GNP deflator on a‘constant and four lagged
values each of the dependent variable, the Treasury bill rate, and the
quarterly growth rate of M2. Mishkin chose these variables from a set of
eleven macroeconomic series by an informal stepwise search procedure that
seeks to include only variables whose coefficients are statistically
significantly different from zero.zg

The other RE method for forecasting inflation is derived from an
equation used by Sargent (1976). He regresses the logarithm of the level of
the GNP deflator on a comnstant, a time trend, three seasonal dummies and four
lagged values each of the dependent variables, straight-time manufacturing
wages, the labor force participation rate and the unemployment rate.24 This
delivers a forecast of the log of the price level, which was converted into
an inflation forecast by subtracting the lagged value of the log of the
deflator.

The summary results of the simulatioms, where 1951.I is the date for

25
which the first forecast is made, are given in Chart 1. The table shows
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indicates that the test is passed
at the 5% level
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: (no line) indicates that the
test is failed at the 1%
level

L vertical bar indicates the
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that only one model passes every test at the 17 significance level, that is,
adaptive expectations when A = 0.2. At the 5% level, this model fails the
serial correlation and mean tests for two brief periods: 1978.1V-1980.I in the

first case, and 1966-67 in the second.

Generally, the performance of the adaptive models worsens as A increases.

The time paths of the test‘statistics are similar In shape. Their wvalues are
generally higher and their movements more pronounced for larger wvalues of A,
although this may not be evident from the c:hart.26 In most tests, the problem
period is centered at about 1966, although its range expands dramaticallyAés

A increases. TFor example, when A = 0.4, rejections at the 1% level are firs?
encountered in 1963.IV and last until 1969.1I. The‘corresponding range is
1959.1-1974.1 for X = 0.6 and 1957.1 through the late 1970's for A = 0.8.

From this, it may be concluded that if one were to consider modelling
expectations from 1951 adaptively with, say, A = 0.4, it would have to be
assumed that the forecaster is prepared to ignore evidence of systematic
errors for six years. Alternatively, one could model expectations as starting

with this model in the 1950's and switching to some other model at or after

the beginning of 1963. These remarks apply, mutatis mutandis, to the results

for A = 0.6 and A = 0.8, On the other hand, the results support the
proposition that, were the forecaster to commence forecasting using an
adaptive model with the parameter XA set at 0.2, by the 1980's she would have
accumulated scant evidence of the model's inadequacy. Again, other criteria
may indicate that another model should be used in preference to this one.
Furthermore, no reasons have been advanced explaining why the forecaster would
adopt such a model in 1951.

The performance of Mishkin's and Sargent's proxies is considerably worse

than that of the adaptive expectations models for which A < 0.6. While the
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mean and orthogonality tests cross their critical values in the early 1960's,
as they do for adaptive expectations, subsequently they rise gently on average.
In contrast, the corresponding statistics for the adaptive models return to
insignificance by the early 1970's. In view of the discussion of the last
section, these results for the regression based models suggest that they fail
to capture the non-stationarity that is apparently present in the series.
Had the process been s£ationary, or experienced only one structural change,
the continual updating of estimates should have caused the test statistics to
tend to insignificance in large samples. The serial correlation statistic for-
Mishkin's model has a profile similar to those for adaptive expectations. /
However, that computed for Sargent's model is markedly different, largely
remaining between 50 and 60, moving below the 1% critical wvalue of 32.0 only
in one quarter of 1968. In the face of these results, it is difficult to
maintain the view that a rational forecaster would persist in using either
of these models beyond the mid 1960'5.27

The poor performance of the sophisticated RE models, and the contrasting
results for adaptive models, are surprising in view of the criticism that
proponents of the RE approach have levelled at ad hoc forecasting methods such
as adaptive expectations (cf., for example, Sargent (1971)). One possible
explanation of the results is that adaptive expectation in fact constitutes
a "correct” model, in the sense that its errors are white noise.
Eliminating the forecasts from (17) yields the following relationship

between Ve and the forecast errors:

(18) vy, =V +€_ - (1 - Xe

t-1 t t-1

J

If the errors are white noise, equation (17) says that Y. admits of an

ARIMA(0,1,1) representation with parameter (1 - R).28 In this case, adaptive



expectations with the correct value of A should pass the falsification tests.
Two points are of interest here. First, examination of the autocorrelation
and partial autocorrelation functions of the rate of change of the GNP
deflator indeed suggests an ARIMA(0,1,1) model for the périod. However, when
this model is fitted to the data, tﬁe resulting estimate of 1 - A is 0.41,
with a standard error of .08. This suggests a 95% confidence interval for A
of .59 £ .16, Values of X in this range turned in mediocre or bad performances
in the falsification tests. Second, the fact that the price variable admits
of this representation does not explain why the empirical RE proxies faréd)so
dismally. Both of these models include distributed lags of the debendent |
variable, and so may be regarded as low-order autoregressive approximations
to (18).2°

A second possibility is that the empirical RE proxies are "better”
models, in the sense that they have a lower standard error than the adaptive
models. However, because there is less noise in the empirical RE forecast

errors, the systematic components are more easily detectable.30

To examine
this possibility, the squared one-step ahead forecast errors were cumulated

each year for each model, starting in 1958.IV, the date of the first test of

Sargent's model. The cumulated sums were 1.5 to 2 times larger at all dates
for the empirical RE models than for the adaptive models. This indicates
that "noise" in the adaptive expectations errors does mot account for their
performance.

A further anomalous finding is the date at which the first rejection
of a model occurs. For the adaptive model (with the exception of » = 0.2)
rejections at the 5% level first appear in the mid 1950's, with those at the
1% level coming in the early 1960's. For the empirical RE proxies, the

corresponding dates are 1960-1962. It is not customary to associate

23



difficulties in forecastiﬁg inflation with the pre-1968 era, when the inflation
rate was in the range 0.9%4 - 3.47%. Rather, one would expect problems to occur
during the 1970's, when the inflation rate increased steadily each year.

Under these circumstances, adaptive expectations of inflation consistently
underpredict. Hence, one would expect to see the adaptive models fail the
orthogonality and mean tests. However, for A < 0.6, these tésts are passed

at the 1% level from 1974 onwards. These results may occur because the 1970's
are outweighed by the experience of the 1950's and 1960's. During those
decades, the inflation rate appeared roughly to fluctuate around a constant
mean. Such a process is adequately modelled (in terms of the mean forecast
error) by adaptive expectations. While plausible, this attempt at explanation
only compounds the problems of accounting for the behavior of the empirical

RE proxies in the face of the changing nature of inflarion. Again, one would
expect them to perform no worse than adaptive expectations, to which they
approximate. Furthermore, the regression coefficients are reestimated each
period, which permits some accommodation of changes in the underlying

parameters of the price process.

(ii) Monev supplv (M1)

In addition to adaptive expectations proxies, three other models of the
growth of the money supply were considered. The results most favorable to
the policy neutrality hypothesis came from the approach of Barro, whose
examination of quarterly data i1s given in Barro and Rush (1980). Their
forecasting equation regresses the quarterly growth rate of M1 on a constant,
six lagged values of the dependent variable, three lagged values of log
(U/(1 - U)), where U is the unemplovment rate, and a variable that measures

the contemporaneous ratio of real federal government expenditure to its
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"normal value. A&ditional lags of these variables proved insignificant
(Barre and Rush (1980, p. 33)).

A subset of their regressors is employed by Sheffrin (1979). On the
basis of identification and estimation of a univariate ARIMA model over the
period 1952.IV-1975.11I, Sheffrin found the money growth process to be AR{2)
with a non-zero mean. Consequently, his model contains a constant term and
two lagged values of the money growth rate.

The third model of this type that is examined is used by Mishkin (1983).
On the basis of the search method used for the GNP deflator equation, Mishkin
regresses the money growth rate om a constant and four lagged values éach of. -
the dependent variable, the average Treasury bill rate, and the high employment
federal budget surplus.

Because of the wide wvariation in the starting dates of the empirical
studies from which the models are drawn, simulations were run starting with
Barro's and Mishkin's initial dates (1941.I and 1954.1I respectively) as well
as 1948.1II. The latter is the earliest date that permits the use of data
series each constructed from only one source, rather than spliced together
from a variety of sources. As the data required for Mishkin's model are not
available prior to 1947.1, no simulation of this model could be run for the
starting date of 1941.1.

The results for the earliest starting date are not illustrated, but
their story is simple enough to recount. In general, all the models fail the
orthogonality and serial correlation tests by the end of the 1960's., Having
crossed the eritical values, they rise monotonically throughout the rest of
the period. Performance in the mean test is markedly different. Barro's
model and adaptive expectations for 0.4 < A < 0.8 pass the test at the 1%

level for the entire period. Sheffrin's and the remaining adaptive



expectations model fall marginally during the 1950's and 1960's, but
subsequently return to insignificance. Notwithstanding this result, it is
apparent that none of the models examined would have survived in the hands of
a rational forecaster, were it adopted in 194].

The performance of the estimaﬁed models is considerably improved when
the starting date is set at 1948.II1 (see Chart II). In particular, Sheffrin's
model passes all tests at the 1% level, and problems develop only at the 5%
level in the late 1970's. The test statistics for this model are everywhere
markedly lower than for Barro's and Mishkin's models. Of these two, Barre's
appears to fare the best. Even at the 1% level, however, this model fails at
least one test during the periods 1960-65 and 1968-74, leading one to doubt
that it would have been retained for forecasting for the entire period. Om
the other hand, it returms to insignificance at the end of the period. The
major problem with Mishkin's model is that it fails the orthogonality test for
the entire period.

The results for the adaptive models with A = C.4 and A = 0.8, which are
representative, are also shown in Chart II. As A increases, performance in
the orthoéonality test generally deteriorates, while the results for the
serial correlation test improve. By 1967 all models have.experienced a
rejection in at least one test at the 1% level. Beyond this date, therefore,
they cannot be considered legitimate proxies for rational expectations of the
money growth rate.

The above pattern of test statistics for adaptive expectations becomes
more pronounced when the starting date is moved to 1954.I: the F-statistics
for the orthogonality test generally fall, while the Q-statistics are
generally higher than for the earlier date. Since, for A = 0.6, the serial

correlation test is soundly rejected even at the 1% level subsequent to 1960,
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these ﬁodels must again be dismissed as legitimate reasures of rational
expectations, The model in which A = 0.8 survives the serial correlation test
until 1968. |

The results for the empirical RE models for the starting date of 1954.T1
are given in Chart III. In comparison with Chart II, the pg;formance of
Mishkin's model improves, while that of Sheffrin's deteriorates. Barro's
model performs better in the orthogonality tests, but considerably worse in
the serial correlation tests. Their results are similar to those for the
A =.0.8 adaptive model. It is difficult to judge which model is the best; -
but this is not really at issue. Each model experiences prolonged préblems “
at least one test at the 1% level. Hence, none of them can be regarded as an
adequate proxy for rational expectations of the money growth rate.

Again, it is difficult to reconcile these results with the "

stylized
facts" of the money growth data over the postwar period. For the period
1948.1-1979.1V, the series appeared to be characterized adequately by an AR(1l)
process with coefficient of 0.68 and a mean of 0.41. The adaptive expectations

forecast and error are then both stationary ARMA(2,1) processes, whose white

noise error is the one from the univariate representation of the money growth

process. 33 In this representation, the forecast error has a zero mean, which
may explain performance in the mean test for A < 0.4, but not for larger
values of A, When 0 < X < 1 and the autoregressive coefficient is 0.68, the
forecast error cannot be made to approximate white noise. Thus, one would
expect the adaptive expectations models to fail the serial correlation test.
This is so, except for the case A = 0.8, whose performance in this test is
similar to that of the empirical RE models. The correlation between the
contemporaneous forecast and forecast error should be large if the money

growth process is AR(l). Consequently, the orthogonality test should exhibit
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rejections. However, these occur oniy for larger values of A.

The empirital RE models exhibit a puzzle similar to those experienced
in the case of the GNP deflator. Barro's and Mishkin's models include the
univariate model as a special case, and yet they fail the falsification tests
summarily.B& For the two later starting dates, each of the empirical RE
models experiences problems with a pa;ticular test. For Barro's model it is
the serial correlation test. Orthogonality is a problem for Mishkin's model,
while Sheffrin's fits the mean test for the sample commencing in 1954.T.
Barro's model evidences rejections of these tests in the early 1960's and. -
subsequently returns to insignificance. Failure of the orthogonality and
mean test is taken as evidence of non-statiomarity in the process. The
results suggest that there may have been a discrete shift in the money growth
process in the early 1960's. However, the principal increase in the money
growth rate took place in the 1970's. Rejections of the orthogonality and
mean tests do occur in this decade for Mishkin's and Sheffrin’s models,
However, the results of the orthogonality test for Mishkin's model also
suggest that the change in the process may have occurred earlier. Clearly,
these results suggest that money growth is not adequately modelled by a

process with unchanging coefficients.

5. Conclusion

The tests carried out above vield information on two closely related
properties of proposed measures of expectatioms. First, if the expectations
series fails the tests, there is prima facie evidence that it does not come
from the true model. Second, since the test results that yield this
information are computable on the basis of the historical data assumed

available to economic agents, rationality of their expectations, and
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a fortiori RE, would demand thdt they not persist in using the model. The
implications of the results of these tests for the rational expectations
approach are the subject of this sectiom.

The application of the testing framework to proposed empirical RE
proxies indicate@ that they did not satisfy the necessary conditions, as the
one-step ahead prediction errors did not exhibit the properties of white noise
variables. None of these models passes the serial correlation tests for the
duration of the periods examined and, in particular, they are frequently found
not to be orthogonal to the predictions. Thus, the orthogonality of predictions
and errors of empirical RE models over the sample period of their estimation-
must be regarded as an artifact of the ordinary least squares procedure used
in the literature to construct them and can maintain no claim to reflect the
validity of the assumed model. The advantage of using recursive residuals is
that they permit one to examine the prediction performance of a model during
the sample period over which it has been estimated in empirical RE studies.
Thus unconstrained, the models reveal that they would have been rejected by
rational agents during these sample periods. For example, most empirical RE
models experience problems during the 1960's.

One interpretation of this result is that the empirical RE models

measure rational expectations (in the sense of use of the true model) with an

error. The falsification tests suggest that, in general, this error will be
serially correlated. Frydman and Rappoport (1984) examine the effects of
this mismeasurement on inferences concerning three central tenets of new
classical macroeccnomics. These are the hypotheses that anticipated monetary
policy is neutral and that expectations are rational in the sense of RE, and
Lucas' proposition relating the variance of nominal demand to the slope of

the observed "output-inflation tradeoff.” The particular type of measurement



30

error found here in empirical RE models is shown to render crucial parameter
estimators inconsistent. This, Iin turn, implies that the test statistics

derived from them are uninterpretable.

In contrast to the results for the large empirical RE models, for each
of the two series examined, there is a simple model that passes all tests.
In the case of the GNP deflator, this is the adaptive expectations model with
% = 0.2, Sheffrin's autoregressive proxy of the Ml growth rate passes all
tests when the starting date is 1948,II1, although it fails orthogonality and
mean tests in the 1970's, when the starting date is 1954.I1. These results
may suggest that a low-order time series process correctly measures Rﬁ. In
order to be tractable, such a model would involve parameters that are constant
over time. However, if the true model has this property it becomes impossible
to comprehend the large sample failures of the orthogonality and mean tests
experienced by empirical RE models. The continual updating of parameter
estimates involved in computing recursive residuals should cause the
orthogonality and mean tests to be passed when the sample size is large. In
addition, it is not possible to reconcile the performance of the empirical
RE models with that of the simple ones examined above. If the parameters are
constant, the models with more regressors should perform no worse, except possibly
in small samples. Thus, the results of this paper should not be interpreted
as advocating particular parsimonious models as proxies for ratiomal
expectations, even though these models are not diagnosed inadequate on the
basis of the available information. Rather, the results suggest that the
large models do not improve upon the simple omnes.

It becomes feasible to understand these results only 1f non-stationarity
of the processes in question is entertained. 1In particular, one would expect

the money growth process to change over time as the Fed changes the direction
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and priorities of its monetafy policy. The most obvious piece of informal
evidencé on this point is that tﬁe mean of the money growth rate appears to
7have sﬁifted substantially over the postwar period. In the 1950's it was
approximately 2.47% per annum, while in the following decades it averaged 3.87%
and 6.67% respectively.

Thus far, the falsification framework has been employed as a tool for
-diagnosing the lifespan of a forecasting model in the hands of a ratiomal
forecaster. The falsification tests attributed to the forecaster can also be
regarded as an aspect of her attempts to learn the true model, This leamming
process would involve the forecaster adopting a particular model at a’point "
in time, and using it to forecast until it failed the falgification tests.
Then these steps would be repeated with another model. The expectations of a
rational agent over a period of historical time would thus be characterized
by the predictions of a series of differeqt models. At any point when a
particular model was used, it would not have evidenced systematic mistakes.
Transitions between models would reflect that the old model had experienced
systematic errors.

Such a process is often discussed briefly and informally as the
motivation for modelling expectations by RE. Thus, for example, Begg (1983)
and Cyert and DeGroot (1974) both suggest that a rational agent will not
persist in using a false model, due to the nature of its forecast errors.

They conclude from this that the correct wav to model rational expectations
is by use of the true model. Implicitly, they invoke the assuﬁption that
agents will learn the specification of the true model. 1In order to support
this conclusion, a formal model of learning is required,.

The account of learning behavior normally employved in economics involves

the specification of a model with parameters whose numerical values are
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unknown by the agent. Wirth the accretion of information, the agent updates
his or her'prior distribution on the parameters. Under certain regularity
conditions (DeGroot (1970, Ch. 10)), and if the true model is contained in the
support of the prior, the posterior distribution collapses on tﬁe parameter
values of the true model as the sample grows. Some models of this type
suggest that agents will learn the true model over time.36

The crucial assumption in this account is that the true model is a
special case of the set of possible models entertained at the outset by the
agent. Under this circumstance, learning is, in effect, modelled as a precess
of elimination. The framework of this paper suggests another importaﬁt aspebt
of the process of learning, which must be formalized. The forecaster must
first discover the model with which she is endowed in the Bayesian learning
studies mentioned above. In general, one must assume that the forecaster
commences with a ”fglse" model (in the sense that it does not contain the true
one as a special case), whose inadequacy is eventually revealed by falsification
tests, The rules which the rational forecaster would follow to select a new
model must now be specified. The forecaster has information only on the
inadequacy of the o0ld model. This does not suggest which model it will be
fruitful to use in the future. Once a new model is adopted, the forecaster
may then act rationally with respect to that modei.37 But no theory of the
rational way to discover a new model is apparent.

This hiatus of rational behavior in the transition between models has
precedents both in the methodology of science and in economic theory. The
economic theory of the firm shows how it can maximize profits subject to a
given technology. It does not provide an account of how the rational firm
may best discover a mew technology. Popper's work on scientific methodology

advocates that the current theory be subjected to attempts to falsify its
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predictions. It does not suggest how a new ﬁheory may be developed, Popper
does not encourage one to believe that a theory of ﬁhe rational discovery of
models will be possible. He expresses the view that "there is no such thing
as a logical method of having new ideas .‘. . every discovery contains 'an
irrational element' or 'a creative intuition'" (1932, p. 32). A complete
model of learning thus involves some behavior that cannot be readily explained
by resorting to rationality. The forecaster's choice of a model is in part
arbitrary.

It is apparent that one cannot conclude that ratiomal people will learn
the true model over time. One is at liberty to assume that people Eggi the
true model, but this assumption cannot be defended by appealing to rational
behavior. As a consequence, rationality alone cannot account for the way
people form their expectations. This is determined in part by their "choice"
of a model (i.e., by the models they have discovered), which lies outside the
purview of rational behavior. To define what constitutes rational expectations
at any date is thus a tricky and difficult matter, because it involves an
assumption about the models known to agents. Firm statements can be made only

about those models that are ruled out because they have been falsified.
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Data Sources

The dataz used to reconstruct the empirical RE proxies followed the
instructicns given in the relevant articles. Unless otherwise stated, all
data were taken from the Citibase Economic Data Base. Sargent (1976) describes
the data sources and construction of his eguation in footnotes 15 and 22 of his
article. Mishkin's data are described on p.115 of his article. The series
employed for M1l for all except Barro's model are from the 1980 revision, as
stored on Citibase. Barro and Rush (1980) provide the series that they used
in Tabkle 2.3 on pp. 40-46 of their article, and this series is,used.as'thé
Vdependeﬁt variable in falsification tests of thelr model. (This series is
based on an earlier revision.} The 1966.III and 1966.IV observations appeared
to have been reversed in the table; these were corrected in the empirical work
in this paper. Simulations of Barro's model on the data from the 1980 revision
did not yield gqualitatively different results. In order to construct the real
federal government expenditure variable, it was necessary to find a measure
for the quarterly (GNP) price deflator for the years 1941-194¢ inclusive. This
was taken from the data appendix to Gordon (1982), supplied by the author. The
interpeclation procedure used is deséribed on p-1114 of Gordon's article.

Data for the adartive expectations proxies after 1947.1 was taken from
Citibase. 1In order to construct the series for money growth expectations from
1941.I, forty initial values starting in 1931.I were used. This data was taken,

following Barro and Bush, from Friedman and Schwartz (1970, Table 2).
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Footnotes

1. An early criticism of RE was that it endowed agents with too wmuch
information. This is voiced, for example, by Shiller (1978), B. Friedman
(1979, p. 26) and Meltzer (1981, p. 3). Frydman and Phelps (1983) provide a
more detailed discussion of the relationship between the cptimization problems
dealt with in microeconomics and the concept of ratiogality implicit in RE.

2. The elements of such a procedure are often cutlined in informal
discussions that seek to justify modelling rational expectations as use of
the true model. Cf., for example, Begg {1983, p. 61), and Cvert and DeGroot
(1974, p. 524).

3. Model selection criteria based on the expected sum of squared
forecast errors are discussed in Amemiya (1980).

4, Falsification tests are obviously not the only vehicle for testing
the adequacy of a model. The investigator may alse use the entire data sample
available to carry out Chow tests, or to examine the serial correlation of the
residuals from a regression using this sample. These approaches are
complementary to the one used in this paper, which has the added interpretation
of constituting a description of a part of the agent's learning process.

5. Another casualty has been the use of reported forecasts, such as the
Livingston data. A number of authors have tested this series for rationality
in Muth's sense, yielding mixed but largely negative results. Cf., for
example, Turnovsky (1970), Pesando (1975), Mullineaux (1978). It does not
follow from these results that Livingston's forecasters persisted in using a
model that had been falsified. 1In order to demonstrate irrationality in this
sense, it is necessary to show that, after a certain date, it was possible to

discern that the forecast error had a particular systematic structure and



that, subsequently, this systematic component persisted in the errors. This
would show that the systematic components were discoverable on the basis of
available information, but not exploited.

6. The problem considered is thus that of the representative economic
agent modelled in econometric investigations of RE.

7. The population projection coefficient is the probability limit of
the coefficient in the least squares regression of y on X, and the population
projection is the corresponding fitted value.

8. TFor example, Sargent and Wallace (1976, p. 177) model the RE of the
log of the money supply (mt) by assuming that the monetary authority uses thé
feedback rule B, = th_l + Neo» where N is serially uncorrelated and
uncorrelated with et—l’ "a set of observations on variables dated t - 1 and
earlier." et—l is assumed to be the information set held by the representative
agent, whose (rational) forecast is consequently modelled by the population

projection of m,_ on 8 that is, g0

-1 Hence, the assumptions of the

t-1°
analysis guarantee that the forecast error will be white ncise.  If necessary,

the white noise property of M, can be assured by iIncluding its lagged wvalues
t-1°

9. It should be noted that the condition that the errors are white
noise is necessary but not sufficient for them tc be devoild of systematic
components. For example, in the case of stationary stochastic processes, the
univariate Wold representation has white noise errors, but the variance of
these is larger than the varlance of the white noise errors that result from
a higher dimensiocnal Wold representation. The reduction in variance comes
from the extra explanatory power of the variables in the multivariate

representation. Frydman and Rappoport {(1984) provide an example.
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10. In this paper, it will be convenient to adopt the following
norational conventions: Zj stands for the value of Z at date j, and 15'
~ stands for the vector of observations on Z dated i through j inclusive. Thus,
12y = @ganeenZy).

11. The correct degrees of freedom for this distribution depend on the

number of parameters used to estimate the ARMA model for E? (if any) contained

in equation (1). Full details are provided by Box and Jenkins (1970, p. 394).

12. Ljung and Box (1978) demonétrate that, with a 5% significance-
level, the power of the Q-statistic can be well below 50% in samples of 100,
unless the true and estimated models differ greatly. Davies and Newbold (1979)
come to a similar conclusion after examining a wider class of underlying models
to which an autoregressive specification is fit. They also find a marked
improvement for samples of 200. Ljung and Box and Davies, Triggs and Newbold
(1977) also indicate that the Xz approximation understates the variance of @
when the null hypothesis is true. When M = 20, the magnitude of the
understatement is 35% for samples of 100, and 17.5% for samples of 200. Thus,
the Q-statistic will reject the null hypothesis with greater frequency than

the chosen level of significance.

13. It should also be noted that the orthogonality test described above
will not be successful in detecting all kinds of parameter shifts. For
instance, if in (2) the intercept were to alternate between 3 and 5
successive periods, the orthogonality test would have zero power in samples of

even size and asymptotically zero power in samples with an odd number of

ohservations.
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14, For the cases where the test Stati:s,tic is the mean forecast error
or the mean squared forecast error, Brown, Durbin and Evans (1975) develop
procedures for a finite number of observations that have this property.

15, A discussion of the problems of sequential testing of point against
composite hypotheses is given in Wetherill (1975, Ch. 4). The problem is
further compounded in the current cése by the need for a statistic to test
the tﬁree hypotheses jointly at each point in time. |

16. For more complete details, the reader is referred to the original
working paper associated with this study (Rappoport, 1983).

17. The 5 in parentheses in expressions such as y;(s) signifieé that
the variable is constructed with the estimate Bg» based on the sample running

from 1,...,5.

18. Here, is it necessary to consider the fact that the X's will
generally include lagged dependent variables. Exact resultsg on the
distributions of & cannot be derived easily, and the correction to be
administered to the forecast errors will, in general, depend on the true wvalue
of Y. TFollowing Fuller (1976, pp. 382-84), an asymptotic approximation may
be made. The degree of approximation is the same as that used by Box and
Pierce (1970, pp. 1512-15) in deriving the distribution oi the Q-statistic.

In the present case, it amounts, in finite samples, to ignofing the error that
arises from estimating v, and yields the result that, asymptotically, E;+1

T . . : .
and eyl have the same distribution. This suggests that no variance

correction need be applied to the recursive residuals, in order to replicate
the information in the underlying e’'s. (The reader is referred to Rappoport

(1983) for a more complete account.) There does not appear to be any clear

. r
choice between using w
& T+1

T+1 and using e

in the case where the X variables

include lagged values of the dependent variable. The procedure followed here



is to use the former except where the model contains only lagged values of the
dependent variable. The two distributions computed above differ only in their
variance terms. Since A% is of the order of {1 + 1/T), this difference is
negligible in large samples. However, one cannot infer from this that the
outcome of the fests would be the same were the true distribution of e;+1

under the null hypothesis used. The results would depend on the covarlances

of the recursive residuals, which will be non-zero in general.

19. Brown, Durbin and Evans (1975) and Dufour {1982) have advocated
using the recursive residuals te test for structural change in the standard

regression context. This context describes the problem facing the forecaster

when she is ignorant of y. {See below.)

20. The case in which the forecaster estimates A each period is not
pursued here because ¢f the computational complexity inveolved in the
estimation of moving average models.

21, It is also necessary that an initial value of expectations be
given in order that (9) can be applied recursivély. The choice of an arbitrary
initial value contaminates the values used for subsequent forecasts to an
extent that varies inversely with A. In order to avoid this pfoblem, the
approach taken here was to construct the expectations series by initializing
it at a date prior to that of the first observation that would be psed in
calculating the test statistics (i.e., the data at which T = 0). 1In the
following analysis, expectations were initialized at the earliest date of
reliable data. In the case where least data were available, yilﬁ was set
equal to Y_1g" As a result, the error in the value of yg constructed
recursively from this initial value using (9) with A = 0.2 is 1.2% of the

difference between the postulated and the unknown "actual" value of yilﬁ'
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22. The sources and construction of the data used are described in the
Appendix.

23. Cf. Mishkin (1983, p. 155). His sample period is 1954.I-1976.1V.

24, sSargent's sample period is 1952.II-1973.IIT1. A similar model, with
mOTe Tegressors, is used in Sargent (1973).

25, As these forecast and errors are generated from an estimated
equation, it is necessary to accumulate some degrees of freedom. The procedure
followed is to let data accumulate from the data for which T = 0. When T is
sufficiently large to allow 10 degrees of freedom for the estimation of the
equation that generates the RE proxy, the equation is estimated and tﬁe first
error generated. Thus, for example, Sargent's model contains 21 regressors,
so the first forecast does not occur until T = 32, i.e., 1958.IV. This
generates one observation for the orthogonality and mean tests. Three degrees
of freedom are permitted to accumulate before the first orthogonality test is
run. Since this test involves the estimation of two parameters, five
observations are required, and the first orthogonality test is thus run in
1959.IV. Since Mishkin's model has only 13 regressors, the date of the first
orthogonality test is 1957.IV. The serial correlation test is run on 20 sample
autocorrelations. Thus, at least 20 are observations on forecast are errors
required. Hence, for Sargent's model, the date of the first autocorrelation
test is 1963.IV, and for Mishkin's 1961.IV. The adaptive proxies do not
require any parameters to be estimated. Hence, the first expectation and error
will be dated 1951.I, and the first orthogonality test will occur in 1952.T.
Similarly, the first autocorrelation test will be run when 21 observations have
accumulated, that is, in 1955.1II. Thus, at any glven date, the tests rum on

adaptive proxies examine longer series of data than those rum on the empirical

RE proxies.
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26; For example, in the case of the orthogonality test, each model
attains its maximum value in 1967. In ascending order of X, these maxima are
3.1, 6.4, 10.5, and 15.7. At this date, the 57 critical value of the F
distribution is 3.14, and the 1% wvalue is 4,95.

27. It should be stressed that, whereas the first test of the adaptive
models is carried out in 1952, the regression-based models are not subjected
to falsification tests until 1958 (Mishkin) or 1959 (Sargent). This is
because the data of the 1950's is used to estimate the parameters of the model,
The forecasts from these years would thus be of the "within sample” vgriéff
discussed in the last section, which are not amenable to falsification tests.

28. This property of adaptive expectations was first ncted by Muth (1960).

29. TFor example, Mishkin's model includes four lags of the inflation
rate. The coefficient of the fifth lag (obtained by inverting the polynomial
in (16)) is - (1 = D% + (1 - A)7. For the estimated ARIMA model (A = 0.412),
the implied value of this coefficient is -.015.

30. I am grateful to an anonymous referee for this suggestionm.

31. Again, the fact that, for these models, tests do not begin until
the late 1950's should be borne in mind.

32. The sample period used by Barro and Rush is 1941.I1-1978.1.

33. Say Y, = ¢ + Byt—l + u., where v is the momey growth rate and u, is

white noise. Then ya = (1 - BL)_l

(1 - (1 - MDTALES + u) and
2= -enta - a-nnTta - D,

34. Again, this may occur because the complicated models may have lower
error variances that make systematic components easier to detect. As with the
GNP deflator, the cumulated sums of squared forecast errors were examined for

each model, for the 194B.1I starting date. Sheffrin's model always performed

better than Mishkin's according to this criterion. (Mishkin's model azlsco



always exhibited a higher cumulated sum than the A = 0.8 adaptive model.)
Barro's model bettered Sheffrin's only in the last three quaéters of 1979, 1In
general, its performance was very erratic. Its cumulated sum of squared errors
was higher tham that of the A = 0.8 adaptive model for more than half of the
dates in the sample. -Thus, examination of a crude alternative statistic does
not lead one to qualify the results of the falsification tests.

35. The dominance of these models over proxies that include more
regressors is perhaps surprising. The choice of right-hand side variables
for empirical RE proxies was often motivated by informal specification séarches
based on long samples. For example, Mishkin (1983, p. 21) rationalizéd his '
model specification procedure in terms of Granger causality, i.e., he used a
vector autoregressive model. The list of regressors in empirical RE studies
is often chosen by appeal to F-tests of the hypothesis that the coefficients
of a set of variables are equal to zero (cf. Mishkin (1983), Barrc (1977)).
It may be thought that these tests may result in the inclusion of more
regressors than would be warranted by a loss function based on prediction
performance. Amemiya (1980) derives model selection criteria designed to
minimize the expected squared prediction error, which penalize less parsimonious

models. He shows that these rule in favor of the less parsimoniocus model when

the F-statistiec is larger than 2, TFor two-tailed t-tests of single coefficients,

the 5% critical value is above 1.96 (irrespective of degrees of freedom)
implylng an F-value of 3.84, and, for an F-test of a zero restriction on a group
of four coefficients, the corresponding critical value is no less than 2,37.
Thus, if the procedures used by Mishkin and Barro favor the larger model, then
50 do the model selection criteria.

36. A survey of these models is given by Blume, Bray and Easley (1982).
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37. This account is reminiscent of Simon's concept of "bounded
rationality." The complexity of the préblems facing the decision-maker is
beyond his or her psychological capacity. The decision-maker is thus compelled
"to construct a simplified model of the real situation in order to deal with
it. He behaves rationally with respect to this model, and such behavior is not
even approximately rational with respect to the real world™ (1957, p. 199).
Unlike Simon's treatment, the discussion of learning behavior here does not
preclude the agent from ever learning the true model due to its complexity,

although it obviously suggests that the barriers to successful completiorn of

this endeavor may lead one to Simon's position.





