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Prqrwrqh Jdphv zlwk Srvlwlyh Vslooryhuv4

Grxjodv Jdoh
Ghsduwphqw ri Hfrqrplfv

Qhz \run Xqlyhuvlw|
59< Phufhu Vwuhhw

Qhz \run/ Q\ 43336

Pd| 4<<:> uhylvhg Rfwrehu 4<<;1
M1H1O Fodvvl�fdwlrq= F:6/ K74

Nh|zrugv= prqrwrqh jdphv/ srvlwlyh vslooryhuv/ h!flhqf|/
vxejdph shuihfw htxloleulxp/ yroxqwdu| frqwulexwlrq jdphv1

4Hduolhu yhuvlrqv ri wklv sdshu zhuh suhvhqwhg lq vhplqduv dw Qhz \run Xql0
yhuvlw| dqg wkh Orqgrq Vfkrro ri Hfrqrplfv dqg dw wkh Qruwkzhvwhuq Xqlyhuvlw|
Vxpphu Zrunvkrs +Plfurhfrqrplfv Zhhn,/ zkhuh sduwlflsdqwv pdgh pdq| xvhixo
frpphqwv1 L dp sduwlfxoduo| lqghewhg wr Ere Urvhqwkdo iru uhdglqj wkh sdshu dqg
wr Vwhyhq Pdwwkhzv iru srlqwlqj rxw wkh uhohydqfh ri klv rzq zrun1 Wkh �qdq0
fldo vxssruw ri wkh Qdwlrqdo Vflhqfh Irxqgdwlrq/ xqghu judqwv VEU <7554<7 dqg
VEU <;43<45/ dqg wkh F1 Y1 Vwduu Fhqwhu iru Dssolhg Hfrqrplfv duh judwhixoo|
dfnqrzohgjhg1



Devwudfw

D prqrwrqh jdph lv d uhshdwhg jdph lq zklfk dfwlrq vhwv duh sduwldoo| ru0
ghuhg dqg sod|huv* dfwlrqv ryhu wlph duh qrq0ghfuhdvlqj zlwk uhvshfw wr wkh
sduwldo rughu1 Wkhvh jdphv uhsuhvhqw d ydulhw| ri vwudwhjlf vlwxdwlrqv lq zklfk
sod|huv duh deoh wr frpplw wr fhuwdlq ohyhov ri dfwlrq1



4 Lqwurgxfwlrq
Frruglqdwlrq jdphv uhsuhvhqw dq lpsruwdqw fodvv ri h{dpsohv wkdw vkrz krz
lqglylgxdoo| udwlrqdo ehkdylru pd| ohdg wr froohfwlyho| vxerswlpdo rxwfrphv/
hyhq zkhq hfrqrplf djhqwv kdyh frpprq lqwhuhvwv1 Jdph wkhrulvwv duh lq0
whuhvwhg lq wkhvh jdphv ehfdxvh ri wkhlu vxusulvlqj ghsduwxuh iurp froohfwlyh
udwlrqdolw|1 Pdfurhfrqrplvwv duh lqwhuhvwhg lq wkhvh jdphv ehfdxvh wkh|
surylgh d sdudgljp iru pdfurhfrqrplf pdunhw idloxuhv1

D idploldu h{dpsoh ri d frruglqdwlrq jdph lv wkh 2 � 2 jdph ghslfwhg
ehorz1

u -
A E2c 2� Efc f�
� Efc f� E�c ��

Iru hdfk vwudwhj| sur�oh/ wkh wzr sod|huv* sd|r�v duh lghqwlfdo vr wkh| kdyh
frpsohwho| doljqhg lqwhuhvwv1 Krzhyhu/ wkhuh duh wzr/ Sduhwr0udqnhg htxl0
oleuld/ +Wrs/ Ohiw, dqg +Erwwrp/ Uljkw,1 Wkh idfw wkdw udwlrqdo sod|huv fdq
hqg xs fkrrvlqj +Erwwrp/ Uljkw, ghvslwh wkhlu frpprq lqwhuhvw lq fkrrv0
lqj +Wrs/Ohiw, vxjjhvwv d vxusulvlqj olplwdwlrq ri wkh srzhu ri udwlrqdolw| wr
jxdudqwhh vdwlvidfwru| rxwfrphv1

Qrz wkh h{lvwhqfh ri pxowlsoh/ Sduhwr0udqnhg htxloleuld lq wkh vwdwlf jdph
grhv qrw jxdudqwhh wkdw d edg htxloleulxp zloo eh sod|hg1 Lq idfw/ lw fdq
eh dujxhg wkdw wkh ehvw +Sduhwr0grplqdqw, htxloleulxp zloo eh irfdo lq wkh
vhqvh ri Vfkhoolqj dqg khqfh zloo eh fkrvhq e| udwlrqdo sod|huv1 Rqh zd|
ri pdnlqj wklv nlqg dujxphqw pruh frpshoolqj lv wr fdvw wkh jdph lq d
g|qdplf iudphzrun lq zklfk rqh fdq h{solflwo| dqdo|}h wkh sod|huv* dwwhpsw
wr �frruglqdwh� rq dq h!flhqw htxloleulxp ri wkh frruglqdwlrq jdph1

Vhyhudo vwxglhv kdyh wdnhq wklv dssurdfk1 Dxpdq dqg Vrulq +4<;<, vwxg0
lhg wkh uhshdwhg sod| ri wzr0shuvrq frruglqdwlrq jdphv zkhq sod|huv kdg
�qlwh phpru| dqg zhuh xqfhuwdlq derxw wkh udwlrqdolw| ri wkhlu rssrqhqwv1
Wkh| vkrzhg wkdw wkh Sduhwr0grplqdqw rxwfrph zrxog eh sod|hg lq wkh orqj
uxq zlwk kljk suredelolw|1 Odjxqr� dqg Pdwvxl +4<<:, vwxglhg wkh uhshdwhg
sod| ri ?0shuvrq frruglqdwlrq jdphv xqghu wkh dvvxpswlrq wkdw wkh sod|huv
frxog rqo| fkdqjh wkhlu vwudwhjlhv dw wlphv wkdw zhuh lqghshqghqwo| dqg h{0
srqhqwldoo| glvwulexwhg1 Khuh wrr wkh Sduhwr0grplqdqw rxwfrph lv revhuyhg
zlwk kljk suredelolw| lq wkh orqj uxq1 Jdoh +4<<8, vwxglhg d jdph ri wlplqj
dqg ghod| lq zklfk sod|huv kdg wr ghflgh zkhq wr wr h{sorlw dq lqyhvwphqw
rswlrq/ wkh uhwxuqv wr zklfk ghshqghg rq wkh qxpehu ri rwkhu sod|huv zkr
fkrvh wr lqyhvw1 Wklv zdv d g|qdplf yhuvlrq ri d vwdwlf frruglqdwlrq jdph/
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exw qrw d uhshdwhg jdph1 Wkhuh duh pdq| htxloleuld lq wklv jdph/ exw Jdoh
vkrzhg wkdw zkhq wkh shulrg ohqjwk ehfdph ydqlvklqjo| vkruw/ doo htxloleulxp
rxwfrphv frqyhujhg wr wkh xqltxh Sduhwr0grplqdqw rxwfrph1

Lq doo ri wkhvh vwxglhv/ wkh g|qdplf vwuxfwxuh dgghg wr wkh vwdwlf frrugl0
qdwlrq jdph ixqgdphqwdoo| fkdqjhv wkh dqdo|vlv dqg surylghv dq h{sodqdwlrq
ri zk| wkh Sduhwr0grplqdqw htxloleulxp vkrxog eh vhohfwhg1 Wkh dlp ri wkh
suhvhqw sdshu lv wr h{whqg dqg foduli| wkh dqdo|vlv lq Jdoh +4<<8,1 Lq Jdoh*v
prgho/ lqyhvwphqw lv luuhyhuvleoh dqg sod|huv fdq rqo| lqyhvw rqfh/ vr rqfh d
sod|hu kdv lqyhvwhg kh lv frpplwwhg wr wkdw ghflvlrq iruhyhu1 Dw dq| vwdjh ri
wkh g|qdplf jdph/ wkh frqwlqxdwlrq vxejdphv lv frpsohwho| fkdudfwhul}hg e|
wkh qxpehu ri sod|huv zkr kdyh douhdg| lqyhvwhg1 Vr vxejdphv duh rughuhg
lq d qdwxudo zd| dqg zh fdq dqdo|}h wkh g|qdplf jdph e| xvlqj edfnzdug
lqgxfwlrq rq wkh rughuhg idplo| ri vxejdphv1 Wkh ghflvlrq wr lqyhvw wudqv0
irupv d vxejdph lqwr wkh qh{w vxejdph1 Rqfh hqrxjk sod|huv kdyh lqyhvwhg/
lw ehfrphv d grplqdqw vwudwhj| iru wkh uhpdlqlqj sod|huv wr lqyhvw1 Xvlqj
edfnzdug lqgxfwlrq/ rqh fdq vkrz wkdw wkhuh lv d olplw rq wkh ghod| wkdw fdq
h{lvw ehwzhhq vxffhvvlyh rughuhg vxejdphv/ vlqfh lw zloo dozd|v eh lq vrph0
rqh*v lqwhuhvw wr suhflslwdwh wkh qh{w vxejdph/ dqwlflsdwlqj wkdw vrphrqh hovh
zloo suhflslwdwh wkh qh{w/ 111/ xqwlo lqyhvwphqw ehfrphv sur�wdeoh1

Wkh prgho lq Jdoh +4<<8, lv yhu| vshfldo exw wkh luuhyhuvlelolw| vwuxfwxuh/
zklfk lv uhvsrqvleoh iru wkh rswlpdolw| surshuwlhv ri wkh g|qdplf frruglqdwlrq
jdph/ kdv d pxfk zlghu dssolfdelolw|1 Wr vwxg| wkh uroh ri luuhyhuvlelolw| lq
jhqhudo/ d jhqhudo fodvv ri jdphv zlwk d prqrwrqh vwuxfwxuh lv lqwurgxfhg lq
Vhfwlrq 41 Wkhvh duh fdoohgprqrwrqh jdphv1 D prqrwrqh jdph lv gh�qhg e|
d rqh0vkrw/ ?0sod|hu jdph K wrjhwkhu zlwk dq luuhyhuvlelolw| vwuxfwxuh1 Wkh
vwudwhj| vhw ri sod|hu � lv ghqrwhg e| f� dqg lv hqgrzhg zlwk vrph sduwldo
rughulqj ��1 Wkh rughulqj lv h{whqghg lq wkh qdwxudo zd| wr wkh vwudwhj|
sur�ohv f ' �?

�'�f�1 Wkhq wkh jdph K lv sod|hg uhshdwhgo| ryhu wlph/
vxemhfw wr wkh iroorzlqj wzr frqvwudlqwv1

� Vhtxhqwldo Pryhv= Dw hdfk gdwh | rqo| rqh ri wkh sod|huv � lv doorzhg
wr fkdqjh klv vwudwhj|1 Wkh rwkhu sod|huv uhwdlq wkhlu vwudwhj| iurp wkh
suhylrxv shulrg1

� Prqrwrqlflw|= Li sod|hu � lv doorzhg wr fkdqjh klv vwudwhj| dw gdwh |
wkhq kh pxvw fkrrvh %�� �� %�/ zkhuh %� lv klv suhylrxv vwudwhj|1

Erwk uhvwulfwlrqv duh lpsruwdqw1 Wkh idfw wkdw rqo| rqh sod|hu pryhv dw d
wlph lpsolhv wkdw prqrwrqh jdphv duh jdphv ri shuihfw lqirupdwlrq +frpsduh
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Odjxqr� dqg Pdwvxl +4<<:,,1 Wklv reylrxvo| jlyhv edfnzdug lqgxfwlrq d
eljjhu uroh/ wkrxjk lw lv qrw qhfhvvdu| lq wkh jdph vwxglhg lq Jdoh +4<<8,1
Wkh prqrwrqlflw| uhvwulfwlrq lv wkh hvvhqwldo luuhyhuvlelolw| frqglwlrq1

Hyhq zlwkrxw wkh prqrwrqlflw| dvvxpswlrq/ wkh dvvxpswlrq wkdw sod|huv
pryh rqh dw d wlph fdq hqvxuh h!flhqf| lq fhuwdlq vshfldo fdvhv1 Lq Vhfwlrq
5 zh vwxg| wkh fodvv ri jdphv zlwk frpprq suhihuhqfhv1 D jdph K kdv
frpprq suhihuhqfhv li hdfk sod|hu kdv d sd|r� ixqfwlrq �� G f $ + dqg
�� ' �� iru doo �c � ' �c ���c ?1 Frruglqdwlrq jdphv duh d vshfldo fdvh ri jdphv
zlwk frpprq suhihuhqfhv1

Zlwk frpprq suhihuhqfhv dqg rqh sod|hu prylqj dw d wlph/ d uhshdwhg
jdph lv olnh d g|qdplf surjudpplqj sureohp1 Dw dq| gdwh/ wkh sod|hu zkr
lv doorzhg wr pryh fkrrvhv d vwudwhj| wr pd{lpl}h wkh frpprq sd|r� dqwlf0
lsdwlqj wkdw doo ixwxuh sod|huv zloo gr wkh vdph1 Wklv vrxqgv mxvw olnh vroylqj
d g|qdplf surjudp/ vr lw lv qrw wrr vxusulvlqj wkdw wkh rxwfrph lv rswlpdo
lq wkh olplw dv wkh shulrg ohqjwk ehfrphv ydqlvklqjo| vpdoo1 Qrqhwkhohvv/ lw
srlqwv wr vrph lpsruwdqw ihdwxuhv ri wkhvh jdphv1 Wkh �iron wkhruhp� idlov
wr krog ehfdxvh ri wkh odfn ri vlpxowdqhrxv pryhv1 Li wkhuh zhuh vlpxowdqh0
rxv pryhv/ hyhu| Qdvk htxloleulxp zrxog eh d vxejdph shuihfw htxloleulxp1
Glvfrxqwlqj lv dovr qhfhvvdu|1 Li sod|huv duh qrw dw ohdvw voljkwo| lpsdwlhqw/
lw lv hdv| wr surylgh frxqwhuh{dpsohv1

Wkh jdphv vwxglhg e| Dgpdwl dqg Shuu| +4<<4, dqg Jdoh +4<<8, gr qrw
kdyh frpprq suhihuhqfhv1 Lq wkh frqwulexwlrq jdph/ hyhu| sod|hu zrxog
olnh wkh rwkhu sod|huv wr pdnh odujhu frqwulexwlrqv dqg klv rzq frqwulexwlrq
wr eh uhgxfhg1 Lq wkh lqyhvwphqw jdph/ qr sod|hu zdqwv wr lqyhvw ehiruh
wkh plqlpxp djjuhjdwh lqyhvwphqw qhhghg wr hqvxuh sur�wdelolw| kdv ehhq
uhdfkhg1 Frqvhtxhqwo|/ lq dq dv|pphwulf htxloleulxp/ lq zklfk vrph sod|huv
lqyhvw ehiruh rwkhuv/ wkh hduo| lqyhvwruv zrxog olnh wr vzlwfk sodfhv zlwk
wkh odwhu lqyhvwruv1 Iru wkhvh jdphv/ wkh luuhyhuvlelolw| dvvxpswlrq sod|v dq
lpsruwdqw uroh1

Lq Vhfwlrq 6/ zh orrn dw prqrwrqh jdphv wkdw vdwlvi| srvlwlyh vslooryhuv1 D
jdph K kdv +vwulfwo|, srvlwlyh vslooryhuv li dq lqfuhdvh lq rqh sod|hu*v vwudwhj|
+lqfuhdvhv, grhv qrw ghfuhdvh wkh sd|r�v ri doo wkh rwkhu sod|huv1 Wklv lv wuxh
ri wkh frqwulexwlrq jdph dqg wkh lqyhvwphqw jdph1 Lw lv dovr wuxh ri pdq|
frruglqdwlrq jdphv1 Wkhq zh fkdudfwhul}h wkh vxejdph shuihfw htxloleulxp
rxwfrphv ri prqrwrqh jdphv zlwk srvlwlyh vslooryhuv1

Djdlq lw lv srvvleoh wr vkrz wkdw vhtxhqwldo pryhv dqg prqrwrqlflw| lpso|
rswlpdolw|/ dw ohdvw lq wkh vhqvh wkdw wkh vhw ri vxejdph shuihfw htxloleulxp
rxwfrphv lqfoxghv d odujh qxpehu ri Sduhwr0h!flhqw rxwfrphv1 Wkhvh duh
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qrw wkh rqo| rxwfrphv wkdw fdq eh vxssruwhg e| htxloleulxp sod|/ exw wkh
idfw wkdw wkh| fdq eh vxssruwhg dw doo zlwk wkh olplwhg sxqlvkphqwv doorzhg
e| prqrwrqlflw| lv vxusulvlqj1

Wkh vwuxfwxuh ri wkhvh htxloleuld lv txlwh gl�huhqw iurp wkrvh ri uhshdwhg
jdphv1 Lq sduwlfxodu/ wkhuh lv qr dqdorjxh ri wkh �iron wkhruhp�1 Lqvwhdg/
wkh vxejdph shuihfw htxloleulxp rxwfrphv duh suhflvho| wkh dssurdfkdeoh
rxwfrphv/ zkhuh dq rxwfrph lv gh�qhg wr eh dssurdfkdeoh li lw lv wkh olplw ri
d qrq0ghfuhdvlqj vhtxhqfh dorqj zklfk qr sod|hu fdq hyhu jxdudqwhh klpvhoi
pruh wkdq wkh sd|r� kh uhfhlyhv dw wkh ghvluhg rxwfrph1 Lq Vhfwlrq 7 zh
surylgh vx!flhqw frqglwlrqv iru dq rxwfrph wr eh dssurdfkdeoh1 Dq rxwfrph
lv vwurqjo| plqlpdo li lw lv lpsrvvleoh iru dq| frdolwlrq wr jxdudqwhh hdfk ri
lwv phpehuv dw ohdvw dv kljk d sd|r� e| fkrrvlqj vpdoohu vwudwhjlhv/ zkloh
hyhu| phpehu ri wkh frxqwhu0frdolwlrq fkrrvhv wkh plqlpdo vwudwhj|1 Wklv
frqglwlrq vrxqgv d elw olnh wkh gh�qlwlrq ri wkh fruh ri K dqg wkhuh lv lqghhg
d idplo| uhvhpeohqfh1 Zkdw wklv pdnhv fohdu lv wkdw h{wuhph glvwulexwlrqv
ri xwlolw| zloo eh uxohg rxw dv vxejdph shuihfw htxloleuld/ hyhq wkrxjk wkh|
pd| eh h!flhqw1 Lq sduwlfxodu/ d sod|hu fdq w|slfdoo| eh vxuh ri grlqj ehwwhu
wkdq klv vhfxulw| ohyho lq dq| VSH/ vr wkh vhw ri VSH sd|r�v lq d prqrwrqh
jdph lv vpdoohu wkdq wkh VSH sd|r�v ri d uhshdwhg jdph1

Fkdudfwhul}lqj wkh vhw ri rwkhu VSH rxwfrphv lv pruh gl!fxow/ exw zh
fdq dw ohdvw vd| wkdw wkh vhw ri sxuh Qdvk htxloleulxp rxwfrphv ri wkh jdph
K lv dozd|v frqwdlqhg lq wkh vhw ri VSH rxwfrphv1 Wkh Qdvk surshuw| lp0
phgldwho| lpsolhv vwurqj plqlpdolw| lq jdphv zlwk srvlwlyh vslooryhuv1

Wkh uhvxowv rewdlqhg vr idu reylrxvo| ohdyh d juhdw ghdo xqvdlg1 Wklv
vkrxog qrw eh vxusulvlqj zkhq zh uhfdoo wkdw vrph vshfldo vwuxfwxuh lv uhtxluhg
wr hqvxuh wkdw prqrwrqlflw| uhvwulfwv wkh vhw ri htxloleuld1 Ixuwkhupruh/ lw
lv wrr pxfk wr krsh wkdw prqrwrqlflw| dozd|v hqvxuhv h!flhqw rxwfrphv1
Vr lw zloo qrw eh srvvleoh wr ghgxfh lqwhuhvwlqj fkdudfwhul}dwlrq wkhruhpv
iru prqrwrqh jdphv lq jhqhudo1 Vrph uhvwulfwlrqv duh qhhghg li zh duh wr
kdyh dq| krsh ri rewdlqlqj srvlwlyh uhvxowv1 Rq wkh rwkhu kdqg/ wkh pruh
hfrqrplf vwuxfwxuh zh duh suhsduhg wr exlog lqwr wkhvh jdphv/ wkh pruh
lqwhuhvwlqj uhvxowv zh pd| krsh wr ghulyh1 Wklv suholplqdu| vwxg| vxjjhvwv
wkdw ixwxuh uhvhdufk rq prqrwrqh jdphv pd| suryh wr eh yhu| iuxlwixo lqghhg1
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5 Prqrwrqh Jdphv

514 Wkh Jdph

D prqrwrqh jdph gl�huv iurp dq ruglqdu| uhshdwhg jdph lq wzr uhvshfwv1
Iluvw/ wkh sod|huv* vwudwhjlhv duh qrqghfuhdvlqj ryhu wlph1 Vhfrqgo|/ wkh sod|0
huv pryh rqh dw d wlph dffruglqj wr dq h{rjhqrxvo| vshfl�hg rughu1 Wkhvh
uhvwulfwlrqv wudqvirup zkdw zrxog kdyh ehhq d uhshdwhg jdph lqwr d vwr0
fkdvwlf jdph1 Wkh vwdwh ri wkh jdph/ zklfk xqltxho| gh�qhv wkh vxejdph/
frqvlvwv ri wkh gdwh dqg wkh sur�oh ri vwudwhjlhv wkdw zhuh fkrvhq lq wkh odvw
shulrg

Wkh gh�qlwlrq ri wkh prqrwrqh jdph ehjlqv zlwk dq ?0sod|hu vwdjh jdph
K frqvlvwlqj ri d vhw ri sod|huv

� ' i�c ���c ?jc
d vhw ri vwudwhj| sur�ohv

f ' f� � ����f?c

dqg d sd|r� ixqfwlrq sod|hu �*v sd|r� ixqfwlrq lv ghqrwhg e|

� G f $ +?�

Wkh sd|r� ixqfwlrq �E%� � E��E%�c ���c �?E%�� vshfl�hv d sd|r� ��E%� iru hdfk
sod|hu �1

Wkh prqrwrqh jdph lv sod|hg dw d frxqwdeoh qxpehu ri gdwhv | ' �c 2c ���1
Wkh rughu ri sod| lv d vhtxhqfh Z ' iZ|j"|'� wkdw vshfl�hv wkh lghqwlw| ri
wkh sod|hu � ' Z| zkr lv wr pryh dw gdwh |1 Iru h{dpsoh/ zh frxog dvvxph
wkdw sod|huv wdnh wxuqv dffruglqj wr wkhlu lqgh{ �= �uvw sod|hu � pryhv/ wkhq
sod|hu 2 pryhv/ dqg vr rq xqwlo doo wkh sod|huv kdyh pryhg rqfh1 Wkhq wkh|
ehjlq djdlq zlwk sod|hu �/ sod|hu 2/ dqg vr rq lqgh�qlwho|1 Lq wkdw fdvh/ Z lv
gh�qhg e| Z| ' |4L_?c iru dq| |1 Wkh rqh uhvwulfwlrq qhhghg rq wkh rughu
ri sod| lv wkdw hyhu| sod|hu pryhv vx!flhqwo| riwhq= iru vrph 0 : f dqg dq|
gdwh A � ? dqg dq| sod|hu �/

ri� � | � A mZ| ' �j � 0A�

Wkh vwudwhj| vhwv f� duh dvvxphg wr eh vxevhwv ri vrph �qlwh0glphqvlrqdo
Hxfolghdq vsdfh +�1 Hdfk vwudwhj| vhw lv jlyhq wkh xvxdo sduwldo rughulqj dqg
wkh vhw ri vwudwhj| sur�ohv lv rughuhg lq wkh reylrxv zd|/

%� � % +, %�� � %�c;��
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Wkh vhw ri vwudwhj| sur�ohv lv dvvxphg wr eh frpsuhkhqvlyh lq wkh vhqvh wkdw
iru dq| %c %� 5 +?�/

d% 5 f dqg %� � %o ', %� 5 f1

Wkhuh lv dvvxphg wr eh dq h{rjhqrxvo| jlyhq lqlwldo vwdwh %f 5 f1 Vlqfh wkh
vwudwhj| sur�ohv duh frpsuhkhqvlyh/ e| d vlpsoh wudqvodwlrq ri wkh vwudwhj|
vhwv zh fdq vhw wkh lqlwldo vwdwh zh fdq dvvxph zlwkrxw orvv ri jhqhudolw| wkdw
wkh lqlwldo vwdwh ri wkh jdph lv %f ' f dqg wkh vhw ri vwudwhjlhv dydlodeoh wr
sod|hu � lv f� ' +�

n1
Ohw �EK� ghqrwh wkh prqrwrqh jdph gh�qhg lq wklv zd|1

515 Htxloleulxp

D ihdvleoh sdwk iru �EK� lv d qrq0ghfuhdvlqj vhtxhqfh i%|j"|'� vdwlvi|lqj wkh
rughu0ri0sod| uhvwulfwlrqv wkdw iru hyhu| � dqg |

� 9' Z| ', %�|n� ' %�|�

Wkh lqirupdwlrqv vhwv ri wkh jdph frqvlvw ri wkh �qlwh lqlwldo vhjphqwv ri
ihdvleoh sdwkv1 Ohw M eh wkh vhw ri lqirupdwlrq vhwv dqg ohw M� � M eh wkh
vhw ri lqirupdwlrq vhwv dw zklfk sod|hu � frqwurov wkh sod|1 D vwudwhj| iru
sod|hu � lq �EK� lv d ixqfwlrq s� G M� $ f zlwk wkh surshuw| wkdw iru hdfk
lqirupdwlrq vhw � 5 M� wkh iroorzlqj wzr frqglwlrqv duh vdwlv�hg=

+l, %|n� ' s�E�� � %|

+ll, %�|n� ' s��E�� ' %�|c ;� 9' �c

zkhuh � ' E%�c ���c %|� 1 Ohw 8� ghqrwh wkh vhw ri ihdvleoh vwudwhjlhv iru sod|hu
� dqg ohw 8 ' 8� � ���� 8?1

Iru dq| ?0wxsoh ri ihdvleoh vwudwhjlhv s ' Es�c ���c s?� 5 8 wkhuh lv d xqltxh
htxloleulxp sdwk i%|j gh�qhg uhfxuvlyho| e| sxwwlqj

%� ' sZ�Ef�

%|n� ' sZ|E%|�c;| : ��

Wkh sd|r� wr sod|hu � lv ghqrwhg e| L�Es�1 Wkh sd|r�v fdq eh vshfl�hg lq
ydulrxv zd|v1 Wkhuh duh wzr fdvhv wkdw duh ri sduwlfxodu lqwhuhvw/ zlwk dqg
zlwkrxw glvfrxqwlqj1 Zlwkrxw glvfrxqwlqj/ sd|r�v duh gh�qhg e|

L�Es� ' *�4 �?u
|<"

��E%|��

9



Lq wkh fdvh zlwk glvfrxqwlqj/ zh dvvxph wkhuh lv d frpprq glvfrxqw idfwru
f 	 q 	 � dqg wkh sd|r�v duh gh�qhg e|

L�Es� ' E�� q�
"[
|'�

q|3���E%|��

D prqrwrqh jdph lv d jdph ri frpsohwh lqirupdwlrq dqg shuihfw uh0
fdoo1 Wkhuhiruh zh dqdo|}h wkh vxejdph shuihfw htxloleuld ri wkh jdph1 Ohw
�|EKc %� ghqrwh wkh prqrwrqh jdph ehjlqqlqj dw gdwh | zlwk lqlwldo vwdwh %/
wkdw lv/ wkh vwdjh0jdph vwudwhjlhv duh uhvwulfwhg wr wkh vhw i%� � %j dqg wkh
rughu ri sod| lv iZ|c Z|n�c ���j1 D vxejdph shuihfw htxloleulxp lv d vwudwhj| sur0
�oh s 5 8 vxfk wkdw iru dq| klvwru| � ' E%�c ���c %|3�� 5 M/ wkh frqwlqxdwlrq
vwudwhjlhv s m� frqvwlwxwh d Qdvk htxloleulxp ri �|EKc %|3��1

6 Jdphv zlwk Frpprq Suhihuhqfhv
Odjxqr� dqg Pdwvxl +4<<:, vwxg| uhshdwhg frruglqdwlrq jdphv xqghu wkh dv0
vxpswlrq wkdw sod|huv fdq rqo| fkdqjh wkhlu vwudwhjlhv dw h{rjhqrxv/ udqgrp
lqwhuydov1 Wklv dvvxpswlrq ri lqhuwld lpsolhv wkdw zkhqhyhu dq lqglylgxdo
sod|hu kdv wkh rssruwxqlw| wr fkdqjh klv vwudwhj|/ kh fdq dvvxph wkdw doo wkh
rwkhu sod|huv zloo krog wkhlu vwudwhjlhv frqvwdqw iru vrph frqvlghudeoh wlph1
Kh dovr dqwlflsdwhv wkh h�hfw wkdw klv fkrlfh zloo kdyh rq wkh qh{w sod|hu wr
kdyh dq rssruwxqlw| wr fkdqjh klv vwudwhj|1 Lq wklv frqwh{w/ vxejdph shuihfw
htxloleulxp lpsolhv wkdw hyhqwxdoo| wkh| pxvw doo frruglqdwh rq wkh Sduhwr
grplqdqw htxloleulxp1

Wkh �uvw h{dpsoh zh frqvlghu lv d jdph zlwk frpprq suhihuhqfhv1 Iru0
pdoo|/ d vwdjh jdph K kdv frpprq suhihuhqfhv li �� ' � iru � ' �c ���c ?1 Wklv
lv d voljkw jhqhudol}dwlrq ri wkh idploldu frruglqdwlrq jdph/ lq zklfk sod|huv
kdyh frpprq suhihuhqfhv dqg/ lq dgglwlrq/ suhihu wkh gldjrqdo rxwfrphv wr
doo rwkhuv1 Hyhq lq wkh yhu| vshfldo fdvh ri frruglqdwlrq jdphv/ wkhuh pd| eh
pxowlsoh htxloleuld/ vrph ri zklfk duh Sduhwr0suhihuuhg wr rwkhuv1 Iurp wklv lw
lv fohdu wkdw frpprq suhihuhqfhv gr qrw jxdudqwhh jrrg rxwfrphv1 Qrqhwkh0
ohvv/ iru prqrwrqh jdphv edvhg rq vwdjh jdphv zlwk frpprq suhihuhqfhv/
wkh uhvxowv duh txlwh gl�huhqw= lq wkh olplw/ dv wkh glvfrxqw udwh ehfrphv ydq0
lvklqjo| vpdoo/ doo vxejdph shuihfw htxloleulxp rxwfrphv duh dssur{lpdwho|
Sduhwr0h!flhqw1

Wkh uhdvrq kdv qrwklqj wr gr zlwk wkh prqrwrqlflw| uhvwulfwlrqv/ exw
vlpso| wkh idfw wkdw vhtxhqwldo ghflvlrq pdnlqj e| wkh sod|huv wudqvirupv d
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vwudwhjlf jdph lqwr d pd{lpl}dwlrq sureohp1 Lw vkrxog eh qrwhg wkdw wkh
olplwlqj uhvxow grhv qrw krog lq wkh olplw/ zkhuh wkhuh lv qr glvfrxqwlqj1 Lq
wklv vhqvh/ d vpdoo dprxqw ri glvfrxqwlqj dfwv dv d uh�qhphqw ri wkh vxejdph
shuihfw htxloleulxp1

Ohw �|EKc %c q� ghqrwh wkh prqrwrqh vxejdph edvhg rq wkh vwdjh jdph
K wkdw ehjlqv dw gdwh | zlwk lqlwldo vwdwh %1 Qrwh wkdw wkh vxejdph gl�huv
iurp �EKc %c q� ehfdxvh wkh rughu ri sod| lv jlyhq e| EZ|c Z|n�c ����1 Ohw �|E%�
ghqrwh wkh lq�pxp ri wkh sd|r�v iurp dq| vxejdph shuihfw htxloleulxp ri
wkh vxejdph �|EKc %�1 Zh dvvxph wkdw � lv erxqghg rq f dqg khqfh �|E%�
lv erxqghg iru hyhu| | dqg %1

�|E%� � t�TiE�� q��E%�� n q�|n�E%
�� G %� 5 7|E%�j

' t�TiE�� q��E%�� n q t�TiE�� q��E%��� n q�|n2E%
��� G %�� 5 7|n�E%

��j G %� 5 7|E%�j
' t�TiE�� q��E%�� n E�� q�q�E%��� n q2�|n2E%

��� G %�� 5 7|n�E%
��c %� 5 7|E%�j

dqg vr iruwk/ zkhuh 7|E%� � i%� 5 7E%� G %�� ' %�c;� 9' Z|j dqg 7E%� � i%� 5
fm%� � %j�1 Iurp wklv zh kdyh

�|E%� ' E�� q� t�Ti
"[
&'f

q&�E%|n&� G %|n& 5 7|n&E%|n&3��c ;&( %|3� ' %j�

Li � srvvhvvhv d pd{lpxp rq f/ vd| %W/ dqg % � %W/ wkhq wkhuh h{lvwv d
vhtxhqfh i%|n&j"&'f vxfk wkdw %|3� ' %c %|n& 5 7|n&E%|n&3�� iru & ' fc �c ���c
dqg %| ' %W iru doo exw d �{hg/ �qlwh qxpehu ri gdwhv1 Iurp wklv lw iroorzv
wkdw *�4q<� �|E%� ' �E%W� iru doo | dqg %W1

Wkhruhp 4 +Odjxqr�0Pdwvxl, Ohw K ' E�cfc �� eh d vwdjh jdph zlwk frp0
prq suhihuhqfhv dqg vxssrvh wkdw � srvvhvvhv d pd{lpxp dw %W1 Wkhq iru
dq| lqlwldo vwdwh % � %W dqg gdwh |/

*�4
q<�

�|E%( q� ' �E%W�c

zkhuh �|E%( q� lv wkh lq�pxp ri wkh sd|r�v iurp wkh vxejdph shuihfw htxloleuld
ri wkh prqrwrqh jdph �|EKc %c q�1

Dowkrxjk wkh surri uhvshfwv wkh prqrwrqlflw| frqglwlrqv ri wkh jdph/
wkh| duh qrw xvhg dw dq| srlqw wr rewdlq wkh uhvxow1 Vr wkh wkhruhp krogv
iru dq| g|qdplf jdph ri wklv irup/ hyhq zlwkrxw wkh frqvwudlqw wkdw wkh
vwdwhv pxvw eh qrq0ghfuhdvlqj ryhu wlph1 Wklv vkrzv wkdw lw lv rqo| wkh
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vhtxhqwldo ghflvlrq pdnlqj/ wrjhwkhu zlwk d srvlwlyh exw ydqlvklqj dprxqw
ri glvfrxqwlqj/ wkdw hqvxuhv rswlpdolw| lq wkh olplw1

Dq h{dpsoh vkrzv wkdw wkh uhvxow idlov li wkhuh lv qr glvfrxqwlqj1 Vxssrvh
wkhuh duh wzr sod|huv � ' �c 2 zlwk vwudwhj| vhwv f� ' dfc 2o dqg sd|r�v

�E%� ' �E4@ i%�c %2�� ��2�

Fohduo| wkh pd{lpxp ri �E%� lv f dqg |hw zlwkrxw glvfrxqwlqj wkh rxwfrph
% ' E2c 2� fdq eh vxssruwhg dv d vxejdph shuihfw htxloleulxp1 Wr vhh wklv/
frqvlghu wkh vwudwhjlhv wkdw uhtxluh hdfk sod|hu wr vhw %� ' 2/ li kh kdv qrw
douhdg| grqh vr/ dw hdfk gdwh zkhq kh kdv wkh fkdqfh wr pryh1 Hdfk sod|hu/
dqwlflsdwlqj wkdw klv rssrqhqw zloo fkrrvh wkh pd{lpxp dfwlrq dqg hqvxuh
d ixwxuh sd|r� ri �� zloo �qg lw rswlpdo wr iroorz wkh vwudwhj| ghvfulehg1

Glvfrxqwlqj pdnhv d gl�huhqfh wr wklv dqdo|vlv/ ehfdxvh hyhq li wkh sod|hu
dqwlflsdwhv d srru rxwfrph lq wkh ixwxuh/ kh zrxog vwloo olnh wr srvwsrqh lw dv
orqj dv srvvleoh1 Li erwk sod|huv gr wklv/ wkh| hqg xs frrshudwlqj lqgh�qlwho|1

^Wkh frpprq suhihuhqfh jdph lv pxfk vlpsohu wkdq wkh Odjxqr�0Pdwvxl
jdph/ exw wkhuh lv d vwurqj idplo| uhvhpeohqfh ehwzhhq wkh wzr1 Wkh jdph
dqdo|}hg e| Jdoh +4<<8, lv txlwh gl�huhqw/ ehfdxvh sod|huv gr qrw kdyh frp0
prq suhihuhqfhv1 Wkh ? sod|huv hdfk kdyh wr ghflgh zkhq wr h{sorlw dq
lqyhvwphqw rswlrq1 Wkh vl}h ri wkh lqyhvwphqw lv �{hg dqg wkh lqyhvwphqw
fdq rqo| eh pdgh rqfh vr h�hfwlyho| wkh sod|huv duh ghflglqj wr lqyhvw dw gdwh
|/ zkhuh | ' 4 fruuhvsrqgv wr zdlwlqj iruhyhu1 Lqyhvwphqw lqyroyhv d �{hg
frvw S lqfxuuhg dw wkh gdwh wkh lqyhvwphqw lv pdgh dqg d vwuhdp ri uhyhqxhv
diwhu wkh lqyhvwphqw lv pdgh1 Wkh uhyhqxh lq hdfk shulrg ghshqgv rq wkh
qxpehu ri ri sod|huv zkr kdyh lqyhvwhg wr gdwh1 Lqyhvwphqw lv dvvxphg wr
eh vrfldoo| ghvludeoh dqg sod|huv duh lpsdwlhqw/ vr wkh xqltxh Sduhwr0h!flhqw
rxwfrph lv wkh rqh lq zklfk doo sod|huv lqyhvw dw wkh �uvw gdwh1

Wkhuh duh pdq| htxloleuld dqg/ vlqfh sod|huv glvfrxqw wkh ixwxuh/ dq|
ghod| lq lqyhvwphqw lv lqh!flhqw1 Krzhyhu/ dv wkh shulrg ohqjwk ehfrphv
ydqlvklqjo| vkruw +wkh glvfrxqw idfwru frqyhujhv wr �,/ doo vxejdph shuihfw
htxloleulxp rxwfrphv frqyhujh wr wkh Sduhwr0h!flhqw rxwfrph1

Ehfdxvh ri wkh luuhyhuvlelolw| ri lqyhvwphqw/ vxejdphv fdq eh jurxshg
lqwr htxlydohqfh fodvvhv ri vwudwhjlfdoo| htxlydohqw jdphv dffruglqj wr wkh
qxpehu ri sod|huv zkr kdyh douhdg| lqyhvwhg1 Wkhuh lv d qdwxudo rughulqj rq
wkhvh htxlydohqfh fodvvhv/ vlqfh vxejdphv zlwk pruh lqyhvwhg sod|huv iroorz
wkrvh zlwk ohvv1 Li wkh qxpehu ri lqyhvwhg sod|huv lv odujh hqrxjk/ lw lv d grp0
lqdqw vwudwhj| iru doo wr lqyhvw1 Wkh hqwluh jdph fdq eh dqdo|}hg e| edfnzdug
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lqgxfwlrq/ vwduwlqj zlwk wkh grplqdqfh vroydeoh vxejdphv dqg zrunlqj edfn0
zdugv wr wkh suhfhglqj vxejdphv1 Wklv edfnzdug lqgxfwlrq dujxphqw fdq
eh xvhg wr h{whqg wkh dqdo|vlv ri jdphv zlwk frpprq suhihuhqfhv wr jdphv
zlwk grplqdqfh vroydeoh vxejdphv/ exw prqrwrqlflw| sod|v d uroh khuh wkdw
lv qrw irxqg lq wkh jdphv zlwk frpprq suhihuhqfhv1`

7 Jdphv zlwk Srvlwlyh Vslooryhuv
Lq wklv vhfwlrq zh h{dplqh prqrwrqh jdphv lq zklfk hdfk sod|hu*v sd|r�
lv prqrwrqlfdoo| qrq0ghfuhdvlqj lq wkh dfwlrqv ri rwkhu sod|huv1 Iroorz0
lqj Frrshu dqg Mrkq +4<;;,/ zh vd| wkdw d vwdjh jdph K h{klelwv srvlwlyh
vslooryhuv li/ iru dq| sod|hu � dqg dq| %3�c %

�

3� 5 f3�/

��E%�c %3�� � ��E%�c %
�

3�� li %3� � %�
3�c iru dq| %� 5 f��

Dqdorjrxvo|/ K lv vdlg wr h{klelw vwulfwo| srvlwlyh vslooryhuv li/ iru dq| sod|hu
� dqg dq| %3�c %

�

3� 5 f3�/

��E%�c %3�� : ��E%�c %
�

3�� li %3� : %�
3�c iru dq| %� 5 f��

Wkh dvvxpswlrq ri srvlwlyh vslooryhuv lv pdlqwdlqhg wkurxjkrxw wkh uhvw ri wklv
vhfwlrq1 Wkh vwdjh jdph K lv dovr dvvxphg wr vdwlvi| wkh iroorzlqj uhjxodulw|
dvvxpswlrqv=

� Wkh vhw ri lqglylgxdoo| udwlrqdo dfwlrqv iru sod|hu � lv erxqghg= iru
vrph odujh qxpehu & dqg dq| % 5 fc

��E%�c %3�� � ��Ef� li n%�n : &�

� Iru hdfk sod|hu �/ wkh sd|r� ixqfwlrq �� lv dvvxphg wr eh frqwlqxrxv
rq +�

n1

H{dpsoh 5 Dq h{dpsoh ri d jdph zlwk vwulfwo| srvlwlyh vslooryhuv lv wkh
sxeolf jrrgv frqwulexwlrq jdph1 Hdfk ri wkh sod|huv � ' �c ���c ? frqwulexwhv
dq dprxqw %� � f ri wkh qxphudluh jrrg iru wkh surylvlrq ri d sxeolf jrrg1
Wkh wrwdo dprxqw ri wkh sxeolf jrrg surgxfhg lv + ' sE

S
� %��/ zkhuh sE�� lv

d frqwlqxrxv dqg lqfuhdvlqj surgxfwlrq ixqfwlrq1 Hdfk sod|hu � kdv d xwlolw|
ixqfwlrq `�E+c6��/ zkhuh + lv sod|hu �*v frqvxpswlrq ri wkh sxeolf jrrg dqg
6� ' 76� � %� lv klv frqvxpswlrq ri wkh qxphudluh jrrg1 `�E�� lv dvvxphg
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wr eh frqwlqxrxv dqg lqfuhdvlqj lq erwk dujxphqwv1 Wkhq wkh sd|r� ixqfwlrq
fdq eh gh�qhg e| sxwwlqj

��E%� ' `�E+c 76� � %��c

zkhuh + ' sE
S

� %��1 Lw lv fohdu wkdw wkh sd|r� ixqfwlrq ��E�� gh�qhg lq wklv
zd| lv frqwlqxrxv dqg h{klelwv vwulfwo| srvlwlyh vslooryhuv1

Dgpdwl dqg Shuu| +4<<4, vwxg| d vlplodu jdph lq zklfk wzr sod|huv pdnh
vxffhvvlyh frqwulexwlrqv wr wkh surgxfwlrq ri d sxeolf jrrg1 Wkh sxeolf jrrg
lv dvvxphg wr eh vrfldoo| ghvludeoh dqg kdv d �{hg frvw g1 Wkh sod|huv
pdnh frqwulexwlrqv dowhuqdwho|/ ehjlqqlqj zlwk sod|hu 4 lq shulrg 41 Wkh
frqwulexwlrqv duh vxqn +qrq0uhfryhudeoh, dqg sod|huv lqfxu wkh frvw ri hdfk
frqwulexwlrq dw wkh gdwh lw lv pdgh1 Wkh sxeolf jrrg lv surgxfhg dqg wkh
sod|huv hqmr| wkh ehqh�w ri lw dv vrrq dv wkh frqwulexwlrqv wrwdo g1 Sod|huv
duh lpsdwlhqw dqg glvfrxqw wkh ixwxuh xvlqj d frpprq glvfrxqw idfwru f 	
B 	 �1 Dgpdwl dqg Shuu| vkrz wkdw xqghu fhuwdlq frqglwlrqv wkhuh lv dq
hvvhqwldoo| xqltxh htxloleulxp1 Wkh htxloleulxp pd| eh lqh!flhqw= lq wkh
fdvh ri olqhdu frvwv/ wkh surmhfw lv frpsohwhg li dqg rqo| li hdfk sod|hu zrxog
�qg lw rswlpdo wr frpsohwh wkh surmhfw li kh zhuh wkh rqo| sod|hu1 Wklv
frqglwlrq lv uhvwulfwlyh1 Wkh oxpslqhvv ri wkh surmhfw lv fuxfldo khuh1 Dv
zh vkdoo vhh/ li wkh sxeolf jrrg lv shuihfwo| glylvleoh/ lw pd| eh srvvleoh wr
vxssruw Sduhwr0h!flhqw htxloleuld xqghu zhdnhu frqglwlrqv1

Dqrwkhu vrxufh ri lqh!flhqf| lq wkh Dgpdwl0Shuu| prgho frphv iurp
ghod| lq frpsohwlqj wkh surmhfw= vlqfh sod|huv glvfrxqw wkh ixwxuh/ wkhuh lv d
orvv ri xwlolw| zkhqhyhu wkh surmhfw lv qrw frpsohwhg dw wkh hduolhvw srvvleoh
gdwh1 Krzhyhu/ lq wkh fdvh zkhuh wkh surmhfw lv frpsohwhg/ lw fdq eh vkrzq
wkdw dv wkh shulrg ohqjwk frqyhujhv wr }hur +wkh glvfrxqw idfwru frqyhujhv wr
�, wkh xqltxh vxejdph shuihfw htxloleulxp rxwfrph frqyhujhv wr wkh Sduhwr0
grplqdqw rxwfrph1 Lq rwkhu zrugv/ wkhuh lv yluwxdoo| qr ghod|1

Pdu{ dqg Pdwwkhzv +4<<:, h{whqg wkh prgho ri Dgpdwl dqg Shuu| +4<<4,
dqg surylgh d wkrurxjk lqyhvwljdwlrq ri d qxpehu ri lqwhuhvwlqj srlqwv1 Lq
sduwlfxodu/ wkh| vxjjhvw wkdw vlpxowdqhrxv pryhv pd| lpsuryh h!flhqf| e|
dgplwwlqj htxloleuld lq zklfk wkh sxeolf surmhfw fdq eh surylghg hyhq wkrxjk
qhlwkhu ri wkh sod|huv zrxog eh zloolqj wr surylgh lw lqglylgxdoo|1 Lq d vlpxo0
wdqhrxv pryh jdph/ hdfk sod|hu lv lq h�hfw zloolqj wr surylgh sduw ri wkh frvw
rq wkh dvvxpswlrq +ydolgdwhg lq htxloleulxp, wkdw wkh rwkhu sod|hu lv surylg0
lqj wkh uhvw1 Wklv udlvhv wkh txhvwlrq ri htxloleulxp urexvwqhvv= li sod|huv
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duh xqdeoh wr frruglqdwh wkhlu pryhv shuihfwo|/ wkh h!flhqw htxloleulxp pd|
glvdsshdu/ ohdylqj rqo| wkh vhtxhqwldo pryh htxloleulxp1

Lq d jdph zlwk srvlwlyh vslooryhuv/ wkh zruvw wkuhdw wkdw sod|huv � 9' � fdq
pdnh djdlqvw sod|hu � lv wr pdlqwdlq wkhlu fxuuhqw dfwlrqv1 Vxssrvh wkdw wkh
fxuuhqw vwdwh ri wkh jdph lv % 5 f1 Sod|hu �*v uhvhuydwlrq ohyho dw wkh fxuuhqw
vwdwh % lv gh�qhg wr eh wkh ehvw sd|r� wkdw sod|hu � fdq jxdudqwhh e| klv
rzq dfwlrqv lq dq| vlqjoh shulrg1 Wkh uhvhuydwlrq ohyho lv ghqrwhg e| �W� E%�
dqg gh�qhg e| sxwwlqj

�W� E%� ' t�T
%�

�
Mf�

i��E%��c %3��m%�� � %�j�

Zh qrwh zlwkrxw surri wkdw �W� vdwlv�hv wkh vdph surshuwlhv dv ��1

Ohppd 6 �W� G f $ + lv d zhoo gh�qhg/ frqwlqxrxv ixqfwlrq1 Lw lv qrq0
lqfuhdvlqj lq %� dqg qrq0ghfuhdvlqj lq %� iru � 9' �1 Li K h{klelwv vwulfwo|
srvlwlyh vslooryhuv/ wkhq �W� lv lqfuhdvlqj lq %� iru doo � 9' �1

Kdylqj uhdfkhg d vwdwh % sod|hu � fdq dozd|v jxdudqwhh klpvhoi dw ohdvw �W� E%�
lq wkh frqwlqxdwlrq jdph/ vr lq wkh orqj uxq �W� lv d ehwwhu phdvxuh ri klv
zhoiduh lq vwdwh %1 Lq wkh vhtxho/ zh xvh �W� lq sodfh ri wkh sd|r� ixqfwlrq ��
lq dqdo|}lqj wkh jdph �EK�1

D vdwldwlrq srlqw lv d vwdwh % 5 f vxfk wkdw �WE%� ' �E%�1 Vdwldwlrq
srlqwv sod| d uroh vrphzkdw olnh Qdvk htxloleuld lq wkh dqdo|vlv ri prqrwrqh
jdphv1 Rqfh d vdwldwlrq srlqw kdv ehhq uhdfkhg/ qr sod|hu fdq pdnh klpvhoi
ehwwhu r� e| xqlodwhudoo| ghyldwlqj1 Khqfh lw lv d vxejdph shuihfw htxloleulxp
wr uhpdlq dw d vdwldwlrq srlqw iruhyhu1

Ohw %f eh wkh vwdwxv txr dqg ohw % 5 7E%f� � i% 5 fm% � %fj1 Wkh vwdwh
% lv dssurdfkdeoh lq 7E%f� li wkhuh h{lvwv d ihdvleoh sdwk i%|j"|'� vwduwlqj dw
%f vxfk wkdw +d, �W� E%

|� � ��E%�/ iru hyhu| � dqg |/ dqg +e, %| $ % dv | $ 41
Qrwh wkdw li % lv dssurdfkdeoh lq 7E%f�/ wkhq wkh frqwlqxlw| ri �W lpsolhv

wkdw �WE%� � �E%�1 Vlqfh �WE%� � �E%�/ lw iroorzv wkdw dq| dssurdfkdeoh
vwdwh lv d vdwldwlrq srlqw1

Dq htxloleulxp rxwfrph ri wkh jdph�|EKc %� lv wkh olplw ri dq htxloleulxp
sdwk iru vrph VSH ri�|EKc %�1 Wkh pdlq uhvxow ri wklv vhfwlrq lv wr vkrz wkdw
wkh dssurdfkdeoh vwdwhv duh suhflvho| wkh htxloleulxp rxwfrphv ri d prqrwrqh
jdph zlwk srvlwlyh vslooryhuv1

Wkhruhp 7 Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ iru dq| lqlwldo vwdwh %/ d
vwdwh %� 5 7E%� lv dq htxloleulxp rxwfrph ri �|EKc %� li dqg rqo| li %� lv
dssurdfkdeoh lq 7E%�1
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Ehiruh dwwhpswlqj wkh surri ri wkh wkhruhp/ lw zloo eh khosixo wr suryh
wkh iroorzlqj vlpsohu uhvxow1

Ohppd 8 Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ iru dq| vwdwh % wkhuh h{lvwv
d vwdwh %� 5 7E%� wkdw lv dssurdfkdeoh lq 7E%�1

Surri1 Wkh surri lv frqvwuxfwlyh1 Fkrrvh d ihdvleoh vhtxhqfh ri vwdwhv
i%|j"|'� wr vdwlvi| wkh iroorzlqj frqglwlrqv=

%| 5 @h}4@ i�ZE|�E%�� G %� 5 7ZE|�E%|3��j�

Lq rwkhu zrugv/ dw hdfk gdwh | ohw wkh sod|hu ZE|� zkr frqwurov wkh sod| dw
wkdw gdwh fkrrvh d p|rslf ehvw uhvsrqvh wr wkh fxuuhqw vwdwh/ vxemhfw wr
wkh frqglwlrq wkdw vwdwhv eh qrq0ghfuhdvlqj1 Wkh ihdvleoh sdwk i%|j"|'� lv
qrq0ghfuhdvlqj e| frqvwuxfwlrq dqg erxqghg ehfdxvh �E%|� � �Ef� uhtxluhv
n%�|n � & iru vrph & dqg doo E�c |�1 Vr wkhuh h{lvwv d olplw srlqw %W vxfk
wkdw %| $ %W1 Dovr/ i�E%|�j"|'� lv qrq0ghfuhdvlqj ehfdxvh wkhuh duh srv0
lwlyh vslooryhuv dqg wkh sod|hu zkr pryhv fkrrvhv d ehvw uhvsrqvh1 Wkdw
lv/ ��E%|� � ��E%|3�� iru � 9' ZE|� ehfdxvh %| � %|3� dqg %�| ' %�|3� dqg
��E%|� ' �W� E%|3�� � ��E%|3�� iru � ' ZE|�1 Vlqfh i�E%|�j"|'� lv qrq0ghfuhdvlqj
dqg �W� E%|� ' ��E%|3�� lq�qlwho| riwhq/ iru hdfk �/ lw iroorzv wkdw �WE%|� � �E%W�
iru doo |1 Lq rwkhu zrugv/ li �W� E%|� : ��E%

W� iru vrph � dqg |/ wkhuh zrxog eh
d odwhu gdwh |� : | dw zklfk � ' ZE|�� jhwv wr pryh dqg wkhq

��E%|�� ' �W� E%|�3�� � �W� E%|� : ��E%
W�c

d frqwudglfwlrq ri zkdw kdv douhdg| ehhq suryhg1 Wklv frpsohwhv wkh surri
wkdw %W lv dssurdfkdeoh lq 7E%�1

Wkh lpsruwdqfh ri wklv ohppd lv wkdw lw doorzv xv wr vkrz wkdw fhuwdlq
vwdwhv wkdw zh zdqw wr xvh dv sxqlvkphqwv duh dovr dssurdfkdeoh1

Ohppd 9 Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ iru dq| vwdwh % dqg dq| sod|hu
� wkhuh h{lvwv d vwdwh %� 5 7E%� wkdw lv dssurdfkdeoh lq 7E%� dqg vdwlv�hv
��E%

�� ' �W� E%
��1 Lq rwkhu zrugv/ zh fdq xvh %� wr krog �*v sd|r� grzq wr klv

uhvhuydwlrq ohyho lq wkh vxejdph �EKc %�1

Surri1 Iru dq| lqlwldo vwdwh % dqg dq| %�� 5 7�E%�/ ohw lE%��� ghqrwh wkh
+qrq0hpsw|, vhw ri dssurdfkdeoh rxwfrphv lq 7E%3�c %

�

��1 Lw lv hdv| wr vhh
wkdw l G f $ f lv xsshu khpl0frqwlqxrxv dqg wkdw �E%��� ' t�Ti��E%�� G
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%� 5 lE%���j lv xsshu vhpl0frqwlqxrxv1 Wkh vhw i%�� 5 7�E%� G �E%� � �W� E%�j
lv qrq0hpsw| ehfdxvh �E%� � �W� E%� e| frqvwuxfwlrq> erxqghg ehfdxvh wkh
vhw ri lqglylgxdoo| udwlrqdo vwdwhv lv erxqghg> dqg forvhg ehfdxvh � lv xsshu
vhpl0frqwlqxrxv1 Wkhuh h{lvwv d pd{lpdo hohphqw %f� lq wklv frpsdfw vhw dqg
lw fohduo| vdwlv�hv �E%f� � ' �W� E%�1 Wr vhh wklv/ vxssrvh wr wkh frqwudu| wkdw
�E%f� � : �W� E%�1 Wkhq e| x1v1f1 wkhuh h{lvwv %�� : %f� vxfk wkdw �E%��� : �W� E%�/
d frqwudglfwlrq1 Zh kdyh qrz vkrzq wkdw wkhuh h{lvwv dq dssurdfkdeoh vwdwh
%� lq 7E%3�c %

f
� � vxfk wkdw �E%�� ' �W� E%�1

Qrz zh fdq vkrz wkdw %� lv dssurdfkdeoh lq 7E%� dv iroorzv1 Frqvwuxfw
d ihdvleoh sdwk i%|j"|'� e| sxwwlqj

%| ' %c | ' �c ���c & � �

zkhuh & lv wkh �uvw gdwh dw zklfk � ' ZE|�/ sxwwlqj

%& ' E%3�c %
f
� �

dqg sxwwlqj
%| ' %�|3&

iru | : &/ zkhuh i%�|j"|'� lv wkh ihdvleoh sdwk e| zklfk %� lv dssurdfkdeoh lq
7E%3�c %

f
� �1 Wkh sdwk vr frqvwuxfwhg kdv doo wkh uhtxluhg surshuwlhv/ vr %� lv

dssurdfkdeoh lq 7E%�1
Qrz zh duh uhdg| wr suryh wkh wkhruhp1 Vxssrvh wkdw % lv dq htxloleulxp

rxwfrph1 Wkhq wkhuh h{lvwv dq htxloleulxp sdwk i%|j frqyhujlqj wr %1 Wr
vkrz wkdw % lv dssurdfkdeoh/ zh rqo| qhhg wr vkrz wkdw �W� E%|� � ��E%� iru
hyhu| | dqg �1 Vxssrvh wr wkh frqwudu| wkdw �W� E%|� : ��E%�1 Wkhq dw wkh
qh{w gdwh |� zkhq � jhwv wr pryh/ �W� E%|�� : ��E%� vlqfh i%|j lv qrq0ghfuhdvlqj
dqg vr lv �W� 1 Wkhq dw wklv gdwh sod|hu � fdq gr ehwwhu wkdq klv htxloleulxp
sd|r� vlqfh kh fdq dwwdlq d vwdwh %� vxfk wkdw ��E%

�� : ��E%� ' L�Es� '
*�4 �?u|<" ��E%

|�1 Zkdwhyhu kdsshqv diwhu wklv klv sd|r� fdqqrw eh orzhu
wkdq ��E%

�� vlqfh rwkhu sod|huv fdqqrw uhgxfh wkhlu vwudwhjlhv dqg wkhuh duh
srvlwlyh vslooryhuv1

Wr suryh wkh frqyhuvh zh dvvxph wkdw % lv dq dssurdfkdeoh vwdwh dqg frq0
vwuxfw d VSH1 Wkh htxloleulxp sdwk frqvlvwv ri d ihdvleoh sdwk i%|j frqyhujlqj
wr %1 Vxssrvh wkdw dw vrph gdwh |/ sod|hu � ghyldwhv wr d vwdwh %�|1 Iurp wkdw
prphqw rq wkh sod| vzlwfkhv wr vrph wdujhw vwdwh %�/ vd|/ zklfk lv dssurdfk0
deoh iurp %�| dqg |lhogv d sd|r� wr � htxdo wr �W� E%

�

|� � �W� E%|3�� � ��E%�1 Lq
rwkhu zrugv/ wkh sod| iroorzv d ihdvleoh sdwk dssurdfklqj %�1 Li wkhuh lv d
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ixuwkhu ghyldwlrq/ lw lv ghdow zlwk lq d vlplodu zd|1 D frpsohwh vwudwhj| iru
doo sod|huv lv frqvwuxfwhg lq wklv zd| dqg wkh uhvxow lv fohduo| d VSH vlqfh qr
ghyldwlrq zloo hyhu hduq wkh sod|hu pruh wkdq klv uhvhuydwlrq xwlolw|/ zklfk lq
wxuq grhv qrw h{fhhg wkh xwlolw| ri %1

8 Dssurdfkdelolw|
Dowkrxjk dssurdfkdelolw| surylghv xv zlwk zkdw zh qhhg wr fkdudfwhul}h
vxejdph0shuihfw htxloleulxp rxwfrphv/ lw grhv qrw surylgh xv zlwk d fulwhulrq
vwdwhg lq whupv ri wkh sulplwlyhv ri wkh prgho1 Lq wklv vhfwlrq/ vx!flhqw
frqglwlrqv wkdw duh dw ohdvw pruh forvho| uhodwhg wr wkh sulplwlyhv ri wkh
prgho duh h{soruhg1

D vwdwh % lv vdlg wr eh orfdoo| dssurdfkdeoh li/ iru dq| 0 : f/ wkhuh h{lvwv
dqrwkhu ihdvleoh vwdwh 7% � % zlwklq d glvwdqfh 0 ri % dqg srvvhvvlqj wkh
surshuwlhv wkdw �E7%� � �E%� dqg ��E7%� 	 ��E%� iru vrph �1 D vwdwh % lv
srvlwlyh li %� : f iru doo � dqg plqlpdo li lw lv srvlwlyh dqg wkhuh grhv qrw
h{lvw d vwdwh %� 	 % vxfk wkdw �WE%�� � �WE%�1

Ohppd : Li %W lv d plqlpdo vdwldwlrq srlqw/ wkhq %W lv orfdoo| dssurdfkdeoh1

Surri1 Il{ vrph vpdoo qxpehu f 	 0 	 � dqg hdfk � gh�qh %� e| sxwwlqj

%�� '

+
E�� 0�%W� li � ' �
%W� li � 9' ��

Vlqfh %W lv plqlpdo dqg %� 	 %W/ iru hdfk �/ � �E%
�� 	 ��E%

W� iru vrph �1
Iru �{hg 0/ ohw

g ' fri%� G � ' �c ���c ?j
dqg ohw

�� ' i% 5 gm�W� E%� � �W� E%
W�j1

Vlqfh �W lv frqwlqxrxv dqg g lv forvhg/ �� lv forvhg iru hyhu| �1 Wkh idfw wkdw
%W lv plqlpdo lpsolhv wkdw _��� ' >1

Iru dq| % 5 g ohw }�E%� ghqrwh wkh glvwdqfh ehwzhhq % dqg ��/ wkdw lv/

}�E%� ' 4�?
%�M��

n%� %�n�
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Zlwkrxw orvv ri jhqhudolw| zh fdq lghqwli| g zlwk wkh xqlw vlpsoh{ i| �
fmS� |� ' �j dqg wkhq zh fdq gh�qh d pdsslqj A iurp g wr lwvhoi e| sxwwlqj

A�E%� '
}�E%�S
� }�E%�

1

Fohduo|/ A lv frqwlqxrxv ehfdxvh }� lv frqwlqxrxv dqg A lv zhoo gh�qhg ehfdxvh
_��� ' > lpsolhv wkdw

S
� }�E%� : f iru hyhu| % 5 g1 Wkh frqglwlrqv ri

Eurxzhu*v �{hg srlqw wkhruhp duh vdwlv�hg/ vr wkhuh h{lvwv d srlqw 7% 5 g
vxfk wkdw A E7%� ' 7%1 Ohw U ' i� ' �c ���c ?m 7%� : fj ' i� ' �c ���c ?m }�E%� : fj1
Uhfdoolqj wkdw }�E%� : f lpsolhv wkdw % *5 ��/ zh kdyh wkdw �W� E7%� 	 �W� E%

W�
iru doo � 5 U1 Iru doo � *5 U zh kdyh 7% 	 %W dqg 7%� ' %W� vr srvlwlyh vslooryhuv
lpsolhv wkdw �W� E7%� � �W� E%

W�1 Wkhq 7% lv wkh uhtxluhg vwdwh dqg vlqfh 0 lv
duelwudu|/ %W lv orfdoo| dssurdfkdeoh1

Wkh uroh ri wkh surshuw| ri orfdo dssurdfkdelolw| lv wr hqvxuh wkdw zh fdq
jhw vrph urrp wr pdqhxyhu qhdu wr wkh wdujhw vwdwh %W1 E| prylqj wr %W/
dw ohdvw rqh ri wkh frqvwudlqwv �W� E7%� � �W� E%

W� lv vwulfwo| vdwlv�hg dqg vr zh
fdq uhgxfh 7%� d vpdoo dprxqw zlwkrxw ylrodwlqj dq| ri wkh rwkhu frqvwudlqwv1
Wkh qh{w vhw ri surshuwlhv hqvxuhv wkdw wklv surfhvv fdq eh frqwlqxhg zlwkrxw
jhwwlqj �vwxfn�1

D srvlwlyh vdwldwlrq srlqw %W lv vdlg wr eh vwurqjo| plqlpdo li wkhuh grhv
qrw h{lvw d vwdwh f 	 % 	 %W vxfk wkdw iru hyhu| �

%� : f , �W� E%� � �W� E%
W��

Vwurqj plqlpdolw| reylrxvo| lpsolhv plqlpdolw|1

Ohppd ; Li %W lv d vwurqjo| plqlpdo vdwldwlrq srlqw/ wkhq %W lv dssurdfkdeoh
lq 7Ef�1

Surri1 Iurp wkh suhylrxv ohppd/ %W lv fohduo| orfdoo| dssurdfkdeoh/ vr
iru dq| vpdoo 0 : f wkhuh h{lvwv 7% 	 %W vxfk wkdw 7% lv 00forvh wr %W dqg
�WE7%� 	 �WE%W�1

Frqvwuxfw d vhtxhqfh i%&jlq wkh iroorzlqj zd|1 Fkrrvh %� ' 7% dqg iru
hdfk & ' �c 2c ��� fkrrvh %&n� vr wkdw=

+d, %& � %&n� 5 ~�c <�
+e, %&n� � %&

+f, �W� E%
&n�� � �W� E%

W�c ;�

49



dqg +g, n%& � %&n�n lv d pd{lpxp vxemhfw wr wkh frqvwudlqwv +d,0+f,1
Fohduo|/ wkhuh lv d +srvvleo| qrq0xqltxh, zd| ri frqwlqxlqj wkh vhtxhqfh

dw hdfk vwhs1 Ixuwkhupruh/ dv orqj dv %& 9' f/ zh pxvw kdyh %&n� 9' %&

ehfdxvh wkh idfw wkdw % lv vwurqjo| plqlpdo lpsolhv wkdw �W� E%
&� 	 �W� E%

W� iru
vrph � vxfk wkdw %&� : f iru hdfk &1 Wkhq wkh vhtxhqfh %& pxvw uhdfk f lq
d �qlwh qxpehu ri vwhsv1 Li qrw/ zh fdq frqwlqxh wkh vhtxhqfh lqgh�qlwho|
dqg/ e| frpsdfwqhvv/ wkhuh h{lvwv d vxevhtxhqfh frqyhujlqj wr d olplw srlqw
%"/ vd|1 Zlwk d voljkw dexvh ri qrwdwlrq/ ohw i%&j ghqrwh wkh vxevhtxhqfh
wkdw frqyhujhv wr %"1 Vlqfh n%& � %&n�n $ f dorqj wklv vxevhtxhqfh/ lq
wkh olplw zh kdyh �WE%"� ' �WE%W�/ frqwudglfwlqj wkh plqlpdolw| ri %1 Wklv
frqwudglfwlrq lpsolhv wkdw %& ' f iru vrph �qlwh &1

Zkdw zh kdyh vkrzq vr idu lv wkdw iru dq| fkrlfh ri 7% zh kdyh d qrq0
ghfuhdvlqj vhtxhqfh i%&jg&'� zlwk %g ' 7% dqg �WE%&� � �E%� iru hyhu| &1
+Qrwh wkdw wkh rughulqj ri wkh vhtxhqfh kdv ehhq uhyhuvhg,1 Qrz vxssrvh wkdw
zh wdnh d vhtxhqfh i7%?j"?'� ri wdujhw vwdwhv frqyhujlqj wr % dqg ghqrwh wkh
fruuhvsrqglqj dssurdfklqj vhtxhqfhv e| ii%?&jg?

&'�j"?'�1 Xvlqj wkh vwdqgdug
gldjrqdol}dwlrq surfhgxuh/ zh fdq vhohfw d vhtxhqfh i%�j"�'� vxfk wkdw %� lv
d olplw srlqw ri i%?�j/ iru hdfk �{hg � dqg %� $ % dv � $ 41 Wkhq i%�j lv
wkh uhtxluhg vhtxhqfh1

814 D Sxeolf Jrrgv H{dpsoh

Wr looxvwudwh wkh lghd ri uhvwulfwlrqv lpsolhg e| wkh frqfhsw ri dssurdfkdelolw|/
zh fdq frqvlghu dq h{dpsoh ri wkh sxeolf jrrgv frqwulexwlrq jdph lqwurgxfhg
hduolhu1 Wkh surgxfwlrq whfkqrorj| iru sxeolf jrrgv h{klelwv frqvwdqw uhwxuqv
wr vfdoh= rqh xqlw ri oderu surgxfhv rqh xqlw ri wkh sxeolf jrrg1 Wkhuh duh
? sod|huv dqg sod|hu �*v sd|r� ixqfwlrq lv

��E%� � @
?[
�'�

%� � �

2
E%��

2c

zkhuh %� lv sod|hu �*v surgxfwlrq ri wkh sxeolf jrrg dqg
S

� %� lv wkh wrwdo
surgxfwlrq ri wkh sxeolf jrrg1

Vlqfh wkh sd|r� ixqfwlrqv duh frqfdyh/ wkh Sduhwr0h!flhqw rxwfrphv ri
wkh jdph fdq eh fkdudfwhul}hg dv vroxwlrqv wr d sureohp ri pd{lpl}lqj wkh
zhljkwhg vxp ri wkh lqglylgxdo sod|huv* sd|r�v1 Dq dgplvvleoh vhw ri zhljkwv
lv ghqrwhg e| wkh yhfwru b ' Eb�c ���c b?�/ zkhuh b� : f iru hdfk � dqg

S
� b� '

�1 Zh fdq ljqruh wkh srvvlelolw| wkdw b� ' f ehfdxvh wkdw zrxog lpso|
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%� ' 41 Wkhq dq rxwfrph % ' E%�c ���c %?� lv Sduhwr0h!flhqw li dqg rqo| li lw
vroyhv wkh iroorzlqj sureohp=

4@ 
%

?[
�'�

b�

3
C@

?[
�'�

%� � �

2
E%��

2

4
D � +4,

iru vrph srvlwlyh vhw ri zhljkwv b1 Wkh �uvw0rughu frqglwlrqv iru wkh pd{l0
pl}dwlrq sureohp duh qhfhvvdu| dqg vx!flhqw=

@
?[
�'�

b� � b�%� � f dqg

3
C@

?[
�'�

b� � b�%�

4
D%� ' fc ;��

Vlqfh
S?

�'� b� ' �/ wkh �uvw0rughu frqglwlrqv duh htxlydohqw wr %� ' @*b�
iru hdfk �1 Vlqfh wkh �uvw0rughu frqglwlrqv duh qhfhvvdu| dqg vx!flhqw/ dq
rxwfrph % lv Sduhwr h!flhqw li dqg rqo| li lw vdwlv�hv

%� ' @*b�c ;�c
iru vrph srvlwlyh zhljkwv vxpplqj wr rqh1

Iru dq| dgplvvleoh vhw ri zhljkwv b ' Eb�c ���c b?�/ wkh xwlolw| ri sod|hu �
dw wkh vroxwlrq wr +4, fdq eh zulwwhq dv

�W� Eb� '
?[
�'�

@2

b�
� �

2

�
@

b�

�2

Wkh vdph jhqhudo irupxod dssolhv wr dq| frdolwlrq ri sod|huv/ li zh pdnh
wkh dssursuldwh dgmxvwphqwv iru wkh qxpehu ri sod|huv/ rq wkh dvvxpswlrq
wkdw wkh frxqwhu frdolwlrq frqwulexwhv qrwklqj1 D frdolwlrq lv dq| qrq0hpsw|
vhw ri sod|huv 7 � � � i�c ���c ?j dqg dq dgplvvleoh vhw ri zhljkwv iru wklv
frdolwlrq lv d yhfwru b vxfk wkdw b� : f iru doo � dqg

S
�M7 b� ' �1 Wkh

frxqwhu frdolwlrq frqvlvwv ri sod|huv lq �q7 dqg zh dvvxph dq rxwfrph lv
dwwdlqdeoh iru 7 li %� ' f iru doo � 5 �q71 Dq rxwfrph lv h!flhqw iru 7 li lw
lv dwwdlqdeoh iru 7 dqg wkhuh lv qr rwkhu dwwdlqdeoh rxwfrph iru 7 wkdw pdnhv
vrph phpehuv ri 7 ehwwhu r� zlwkrxw pdnlqj rwkhu phpehuv ri 7 zruvh
r�1 E| wkh hduolhu uhdvrqlqj/ dq rxwfrph % lv h!flhqw iru 7 li dqg rqo| li lw
pd{lpl}hv d zhljkwhg vxp ri sd|r�v ri sod|huv lq 7 iru vrph dgplvvleoh vhw
ri zhljkwv1 Vxssrvh wkdw b lv dq dgplvvleoh vhw ri zhljkwv1 Wkhq wkh h!flhqw
sd|r� iru sod|hu � lq wkh frdolwlrq 7 lv
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Lq sduwlfxodu/ iru d vlqjohwrq frdolwlrq i�j wkhuh lv d xqltxh h!flhqw rxwfrph/
zklfk lv wkh uhvxow ri pd{lpl}lqj @%� � �

2
E%��

21 Wkh vroxwlrq lv wr sxw %� ' @
dqg wkh uhvxowlqj sd|r� lv @2 � �

2
@2 ' �

2
@21 Wklv lv wkh lqglylgxdo sod|hu*v

vhfxulw| ohyho dqg dq| htxloleulxp rxwfrph pxvw jlyh klp dw ohdvw wklv pxfk1
D frdolwlrq 7 fdq lpsuryh rq dq rxwfrph % li wkhuh h{lvwv dq dgplvvleoh

vhw ri zhljkwv b iru 7 vxfk wkdw �W� Eb(7� : ��E%� iru hyhu| � 5 71 D ihdvleoh
rxwfrph % ehorqjv wr wkh fruh ri wkh jdph li wkhuh grhv qrw d frdolwlrq wkdw
fdq lpsuryh rq %1

Wkh fruh lv qrq0hpsw| ehfdxvh lw frqwdlqv wkh htxdo wuhdwphqw rxwfrph/
wkh rxwfrph wkdw jlyhv hdfk sod|hu wkh vdph sd|r�1 Sxwwlqj b� ' �*? iru
hdfk �/ wkh htxdo wuhdwphqw rxwfrph |lhogv d xwlolw| ri
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Iru dq| 60phpehu frdolwlrq 7/ wkh htxdo wuhdwphqw rxwfrph zlwk qr frqwul0
exwlrqv e| wkh frxqwhu frdolwlrq zrxog |lhog d vpdoohu sd|r�
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iru doo � 5 71 Iru dq| rwkhu 70dgplvvleoh zhljkwv b/
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Vr iru dq| rwkhu zhljkwv/ dw ohdvw rqh phpehu ri wkh frdolwlrq grhv qr ehw0
whu wkdq wkh htxdo wuhdwphqw rxwfrph iru wkh frdolwlrq 7/ zklfk lv vwulfwo|
zruvh wkdq wkh htxdo wuhdwphqw rxwfrph iru wkh judqg frdolwlrq � 1 Wkxv/ qr
frdolwlrq fdq lpsuryh rq wkh htxdo wuhdwphqw rxwfrph vr wkh htxdo wuhdwphqw
rxwfrph ehorqjv wr wkh fruh1

Dq| fruh rxwfrph lv fohduo| vwurqjo| plqlpdo dqg khqfh dssurdfkdeoh1
Lq jhqhudo/ wkh fruh surshuw| lv vwurqjhu wkdq vwurqj plqlpdolw| ehfdxvh
vwurqj plqlpdolw| uhtxluhv wkdw dq �lpsuryhphqw� eh pdgh e| uhgxflqj wkh
vwudwhjlhv ri wkh frdolwlrq phpehuv1 Lq wklv h{dpsoh/ zh duh lqwhuhvwhg lq
wkh h!flhqw rxwfrphv dqg lw wxuqv rxw wkdw li dq h!flhqw doorfdwlrq fdq eh
lpsuryhg rq e| d frdolwlrq/ wkhq lw fdq eh lpsuryhg rq e| uhgxflqj wkh
vwudwhjlhv ri wkh frdolwlrq phpehuv1 Vr wkh h!flhqw rxwfrphv wkdw duh qrw
dssurdfkdeoh duh qrw fruh rxwfrphv hlwkhu1

Lw lv hdv| wr vhh wkdw qrw doo h!flhqw rxwfrphv duh dssurdfkdeoh1 Zh kdyh
douhdg| qrwhg wkdw dq dssurdfkdeoh rxwfrph pxvw eh lqglylgxdoo| udwlrqdo
dqg wklv lpsolhv wkdw sod|hu � fdqqrw uhfhlyh d sd|r� orzhu wkdq �

2
@21

Lq uhshdwhg jdphv/ wkh lqglylgxdo udwlrqdolw| frqvwudlqw lv wkh rqo| rqh
wkdw qhhgv wr eh vdwlv�hg1 Wkh Iron Wkhruhp whoov xv wkdw dq| lqglylgxdoo|
udwlrqdo sd|r� yhfwru fdq eh vxssruwhg e| d vxejdph shuihfw htxloleulxp1
E| frpsdulvrq zlwk iron0wkhruhp w|sh uhvxowv/ wkh vhw ri dssurdfkdeoh dqg
khqfh htxloleulxp rxwfrphv lv vpdoohu lq prqrwrqh jdphv1 Wdnh/ iru h{dpsoh/
? ' � dqg frqvlghu rxwfrph fruuhvsrqglqj wr wkh zhljkwv b� ' b2 ' 0 dqg
b� ' ��201 D vlqjoh sod|hu fdq dfklhyh �

2
@2/ vr lqglylgxdo udwlrqdolw| uhtxluhv

wkdw
�W� E0c 0c �� 20� � �

2
@2�

Krzhyhu/ d frdolwlrq ri sod|huv � dqg 2 fdq gr hyhq ehwwhu1 Zlwk qr khos
iurp sod|hu �/ wkh| fdq dfklhyh �W� E�*2(7� '

�
2
@222 ' 2@2/ vr frdolwlrq i�c 2j

lpsrvhv wkh frqvwudlqw
�W� E0c 0c �� 20� � 2@2
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