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A bstyact

In the prdblem ofgotimal t&xatian in an econany with Ebarand cpirtal the
gotimal solutionvwhen e goammattan ammitioassguence ofex ratiess atta b
e taxo apital totead ozeroin the Imit with all the tex burden an Boar: Itis
well knonn, honewer; that this solitian is time inaoEistent; so ifthe commitmant
poneris notperfect; this saaod besttax plbn will notbe sustaineble.

W emadeleplidtly e tade @ betineen the astofrevsing the explben, ad
te bere. tofthe reisian. A s a result Wwhen camnmitmentis notpassible both
e Imitax rate ad the steedy state pital are dic erentfrom thar bek in the
saaod bestsolution. L imitiaxes an Gpitalmay bestrictly pas tive; butitmay alko
be the e that the anly sustainebe plan hes subsidies o pital T he subsidies
inducean overacaamulation oficepital whidh beaomes acommitmantdeviae ecarnst
revisias ofthe tax pin. Jaumal of Eaonamicl ierature Clssi..caian rumbers,
H 21, C73.

KeyW ads 0 ptimal T axes, Canmitment; |ncantive Campatibi ity



1 Inoductan

INn a aampetitive econany Where Ggpirtal and Boar are ussd 1o produce autput
a benevdiat govramrmeant dhocsss a seguaae of ax ratess an these o Bdars
rying 1O maxamize the Fetime utiity of a represaiative agant Indang soitis
dng in the standard madcek In the erature (sse orirstanae [8] [1] ar[2]),
twoastants. Fistithes 1o alictin eedh pariad a . >&d exoggasly gven
amaunt I'tmay use tothis purmpcse the revaue fram bads tosmooth the colllectian
of eavre oaertime butthe oaall paymaits hae o be ..nencd through Bax
abction. Seaod sinee the econany is anpetitnve 1t hes O attidpate that
e public will adjust thar daas 1o the dosan B&x plen by gotimizng tar
aasumptian plans BkNg pricss and t&es as gven. Sinee the taxes will dhange
e magnal returmrs an the Bcas, & Wil hae adstarive e ect, Wnidh will
indue oer ad aboe te bss ofincme an et daxy bss. T he plbn daen
uderthese tno astrants is Galled the ssaaod besst tax pln. T his is the dynamic
varsian of the ganeral prdolen of gotimal texatiaon in a ampetitive econany. or
arvenvsel iress[19

T he prdblam in the sstup e have just desaribed hes been studied at bngth
bath fiom the thearetical and empirical pdrnt ofviend  In partiaular ae resulit
stancs auttorits smpldty shapness ad rostness in the Imit the gotimal
Bx rate on pital iname is zerg ad all the ax burden is an Bbar: W e will
reer 1 this as the ChambeyJudd resulit (see the pgpars by these 10 authars
quoted aboe). 1N Bt the seopaae oftax rates hes abangbang Eature epital
is spically txed madamally in the ..i1st perias, ad then t&xes are shifted an
Boar: Soin te .. ristphess Wwhen the pital stok is a gven guantity, distortian
is minimized by texdng the stodk Bdor (GGpirald) ; In the seaad pheses whare the
distortie e ects on Gpitalvwauld be geat;, taes prosdeinaantive toacaumulatiaon
and shiftentirely an Boar-

Itis abo well knonn honever; that the seaod best tax plen is ime inan
sisent the goammeatw il hae inctive to dange the annaunced pln in te
interestof tre rIepresanative agaithimself at Eter periads? T he resson Tor this
inastistency is dear: in the early periacs itis qotimal b anounae bwvtax ratess
an cpiral in the TUture In ader 1o pranote acumulation. W hen the future be
ames presat, honever; and pirtal hes bean acoumulaied  ithbeaomes anveniait
O dothe gopasite and tax epital (Wth nodistartinve e et) ratherthen toimpcse
dstoticary e an Bba: Sg unkss the govammant hes sone commitmantt
ponerto bind itselfto impkenatt, atany fture date the pln ithss annauncd
inthevary .. 1stperiad the plbenwillnotbe aedibke. Sud acommitmantponeris
honeverhardly acaptabke in this extame fom. Inamare reesaneblke fomulatian
e goammattis anare thata dange in plas may hae asts Toreampke fron

1See Tr eampk [5]ar [15] Several recait papers ([187] [ [7]af! ) teat the gotimal
taxation pradblem in the aontext ofendagenaus gronth.
2 Faran early disassian of time inaonsistency see Kydliand and P rescott[127]
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te pant ofview ofits onn aedbility T his asderatias ad thee asts ae
not. honever; presatin the madek we have relened toadoe

In this pgperwe tEle the pantohvewthat the castrantofFime cosistacy
shauld be @ken into acocount, and epliatly modelld. (Farsame related warkk see
[314] [14] [13] ar[20 ) T his is acoomplished by impasing a third costrantan
e dace oftte goremmeant the tax plan hes o satisky the addiiaal risstrician
thatin any pariad the uti ity that the rpresaiatine eacaitw ilhane, fram thatfld
pantawvads accoding 1o the aanaunaad plan, mustbe at ksstes e a6 the
utiity he wauld dene if the goaemmatt diangss its plas, no matier how this
isdae W e reEerto this astantass an ineantve ampatib ity astant ad
denoke the tax plas that satisky ites asiseattpls. 1N partiauler; in same of
aurfomultias belon we e the extiame Gee in nidh after a deviation the
goaemmaithses a ampkete kss of agedibiity. fram that pantan the publicwill
assume that It annot cammirt 1 any pdicy wnidh is not simply the periad by
periad maxamizatian of autput T his egui ibrium Tolloaing a revisian of the tax
plbn determines exdogenacsly a devation valbe vwhidh may in particauler depad
an the\ale dfthe cpital and other assets at the manattofdeviation.

N anv asder acan the prdblem of dessigiing the gotimal s, ad Toas
in partaulbr an the steedy state in the equi ibrium with the gotimal t&es. A s
mentianed aboe the ChambeyJudd result el s thatin the imit the &x rate
o cpralinammeiszera T harelore the time inaasistency ofthe solutian is mast
extrane pradsely at steedy state When the tax an pital is snalksst ad the
incntive 1 revise the pln in ader o riee the ecoany of dstorticary Boar
e the lrgsst T his seams © Uk aut the praonise of any bbwtax an pial
in the Br fUtlre because itis a nanaedibke pranise. B ut aan the anly qotimal
sobLitian be an inaeese in the tax rate an piral?

Further retectian will show this aandlsian is notdoviasly tite A n dnange
in the X rate an pital may orirstance reduce the acomulation rate ad the
steedy state bel of pirtal; ad this in twm migt reduce the utiity perperiad
1O the rIpresatative acait at the steedy state. T harelare in the dace of the
sustanebke gotimal tax rake in the fruture the pbning goaemmentwi il hae
10 asider hov the el of steedy state Gpital will adjust o the dic erant tax
plks, ad howv the vale of the tho direrant otias, stidkiing O the annauncd
pbn aormadfing it daenge es aaseguenE. Clearly amae deta Bd aabysis is
neassary; and this willl be found in this paper-

I'tmay be asurprise then thattthe gotimal tax pdicy may hae Gpiral subsidies
inthe Imit as weshowvinssctias 4.1, 4.2, and viacalbrated examples in sectian
423 This is sumprising because evan ifthe public doss not belleve a pramise of
azero pial B in the TUture itmay neverthelesss ..nd the pranise ofa future
Gpital subsidy aedbE the reeson T this is that, axae implematied the steedy
state gpial stodk waul be higer; ad this would reduce the incative of the
goammatttodaeviate fram its pranise. In sudh asgtuation apaitive inantnve to

3Judd [10 Jdisausses howsuasidies to Gapital atasteady state can be gotimal underaomitment
iTthare are imperctly ampetitive markets distorting th econamy.
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acumulte induass ahigh el ofepital; both the uti ity perperiocd and thevalle
fran deviatinginaesse, butthe .. Istgons with Gpitalmare then thesscod  urtil
teplbnbaeoomes sustainebke. T he hiderbvel ofpital hes aeated anendogenas
anmitmantcavice thatmakes the revisian ofthe tax aadtical an that bwel of
oial oo astly anparad 1o the valle of aattinuing with the annaunasd plen.
T he eaonamy hes then reeded a evel ofegu ibrium in oeracamulation.

W e may now procsed with a detal d presantation.

2 TheO ptimal Taatian P rdbkEm

INn this sectian we will set up the prdolem 1o stiudy the best sustaineble t&es in
e presaxe oFfgoammattbads. T he elbematis oftte vedor (G L kg bgW ¢ o
represat respectinvely asumptian, Bbar;, Gpital bads, the wage rate net of
Boataes ad the retum an assets netof s allattime t

T he utiity ofthe represaiative ecaitis gven by

X o
U ivlo):
€0
T he govermmant’s prdblam is 1o maxamize the aganit’s utiity butitmustset

Boarand epital Bax raes so as 1o asate enaudh revale .. nance a stream of
epadturss equal o6 ineedh paeriad wnidhisexapasad. . >xed Taesa bk
barare the dir eraaz betnean the marg nal product Bbarandw ; and Gpital taees
are the disr erance betnean the margnal product of spital and r T he productian
Ttncianis f(kL):W eassume

A ssumptian 1l T he fUnction uis anae inaeesing dis erentisble; te UNAoN
v is annex inaessingad drerenticble; 2 (0;1). The incion T is axxaeg
homageos of dagee ae.

T he govarmmant aan buy ar sell baxdks o the public with rate of retum r;
whidh is the same a5 the rake of retum an gpital W e impase Nno aastiarnts an
e quantity ofgoaermmattbands, whidh Gan be paaitive arnecatine in pindpke
e goaemmaitan beanetddbotorarasdtor. H oneverwe restrictthe netretum
anpitalintheinitial periad tobenan necatine 1y _ 0 2 T his rsstriction prevents
te goammeantiron &xingk atahidh enouch rate toinduce the publictobormowv
frlan itan anantsue datt o ..nance all Uture goammatt epadturss fron
inerestpaymats aloe. Sudh asdtenevwaud aad dstaricaery taes, butwould
abo require a e anaunt ofnecatinve bads and uneaaptebke bek oftexatiaon
ofte irebsticinitial epital |tis standad in the gotimal texation eralure to
ruke autsudh a solutian © the prdblem by banding fram belowvatherr, , arly
adb.

40 Faourse zaro is dnosen Torsimplidty. A nother lonerbaund may alko da

6



T he prdolEn of the govremMmait tharelore is 1o set X riaies Tor the Uture ©
maxmize the utiity of the represantative agent;, subject 1 generaling su¢ dat
reaile  osr it epadturss. T he prdolem ean be omulatied in the man
ner of Chemkey arJudd where the govermmeant daosss the sequence ofhvediars
(G Lg ksbgw ¢ rog tosatisly tre .. ristader aditias of the agent, proaded
thee are sut dattoyied the agent’s gotimum, and tomestits oAn evaLe an
strants. A swe disassad in the inraductian, the solutian of this prdolem is time
incoststait

21 TheO ptmal CasistenitT axatian

W ethareiae fomulbie the prablem dicerantly. W e investicaie the besttaes that
e goammaitcan anaunce orthe Uture subject o the astranttatitwll
nobwantto deviake fram its anounamatt H ere“best’ is agan usd in thesase
ofmaxamizing the utiity of the agant, subject 1O gerating sue dattrevale to
OerepadturesG .

To de.re this pradblem we must spedfy what the aasaquencss of deviating
fran avnounad e willbe Fareampk ae assguenae éan be te ks of
reputatian orthe govammatt, wnidh leecs the public o epectmaxamal pital
Bes in eay paiad in the TUture with the result that savings are reducd. In
each periad then the govermmatt must aampare the bae. ts ofF devating whidh
allons the goammmatt  impae brher dstaoticary Boa taes in that periad
with the asts of deviating that ames fram loner future ssvincs rates and bner
discunted utiity Tor the egaits. T harelore we impase an govarmmant’s prabkem
an inaative ampatibi ity costrant ateadh Liture periad aattinung with the
anauncd tax paicy mustyied tothe agantadiscounted uti ity thattis at ksstas
hich as the discounted uti ity thatthe agatwi ll dotain ifthe govarmmantdeviatess
in any way from its annaunaad pdlioy.

W ewll startby spedfing a gneral Tunctical Tom o the valle of deviation
that degpends an the vallies ofbads and Gepital atthe begnning of the periad. A
sped..ceampk where in respaee 1o a deviation by the goammeant the agais
epectmaxdmal taxes an Gpirtal in Uture periacs and therefare stap investing Wl
be analyzed in sectian 4.2 belbon

Tosummarize the aastrant impcsed an the govermmaitby the .. iIst ader
aditias oftre agatare gven, reedh = 152 =5 by

W@ iviL9= 0 1)
W@ i re:tG)=0: 2)
T he budgetaastrantofthe agaitis gven by

ike1 ibe1t rdlet b+ Wibem G 23
and the econany-wice Essibi ity aastrantgven by
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ket G+ C i f(kglo=0: 24
T he addiiaal equatias eressing the govremrmeantbudgst arstrantare au
tonatically satis. e ifthe prevas equatias are satis..ed; sowe igae them.
| etthevale ofdeviation at-time the gven by V P (g by: we assume thattthis
Unctian is div erentieble in both variebks. T he incantive aampattibi ity aastraints
are eresssd by the inequaliies.

X .
UR VL) VP (kab) 25)

€ti

Toreay 1= (;1; :::T hel agangan ofthe govarmmat’s pradblm is thereloe

"L 1 VLot L (D i e RG 1))
+1 Wl ® 1 VALY)+ ket G+ G jFlgLy) )
Pl o wbet 6 G TOSL ben) - @9
l=l i tl_ﬁl L(Q) IV(Li) IVD(klbl)

with respect o (G L s ks bs W ¢ s Tragvenpairk ;b .

Thevedor (L 1 ¢ e - 99 IS the vedtor of multipliers assodated with the
st ader adtias Tor the qotimization prdblem of the agent; the Essibility
arstraints and budget arstiants; the <9 elamatts are the multipliers assodated
wrth the incalve costrarnts.

T he maxddmad in the prdblem (2.6 abowe is nctaae even vhen tre in
antive astrant ae igaed. T his bk of aaxaity is wellknonn o arise in
e standardd Tomulatias of the gotimal texation Herature under committnat
T herefore the daracterizatiaon resuls thatare dotained yied anly necsssary aon
dtas Torptmalt. Foreampk the wellknonn result due o Chamkey ad
Judd staes that ifan gotimal solition anvargss toasteedy stale then the Gpr-
al e assymptotically go o zera this resultiolions directly fran the .. iIstader
aoditias. 0 uranalysis ofthe bestsustaineble tax pragram gven belovw il abo
prmarily ked 10 resuls thatare dotainad fron the necsssary aodiias.

W e nowvtum o the .. istaderandtas forthe prdoben gvenby 2.6. The
aodiias gvan belbwmusthod ateedh €= 1;2 22T he .. istaderaaditan wth
respect 10 ke Tor the govermmeant’s prcdblem is:

ikl T gt »rei e gld) = < TW2 (kg by
where fic (gL = 2940 v D (b = -89 : T his aoncition ean abo be
epressd a6 .

Oet Dei fcsld)= ¢ "V20eb) i ™ it Tq1 2.7
T he.. rstaderadition with respet o G is:

WD vi,giret W+ AD+ = i (o) W@ 238)
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vhere ve ce.ne (O ), = ﬁlc’i_“i:Tre...rStacbrcrrdﬁmV\im respect o
bg rew ¢ L+ respectively are

g1t P s c’t_”VbD(kﬁ'bt); 29)
whereV P (kgbg = L-debo;

1.6 U@+ »(ket DY+ -¢= 0; (2.10)

1&,?(@) + »d = 0; 2.11)

Ot "dWei Ll ) i1 L0 i (o W@)we= ~F5(°)vLo (12)

and where f (kgL = 27¢E-2: T he abowe eguatias, together with the initial
aditias ad ttarsversality adtias de.rne te system obestudied. Toaa
hze the prgperties ofthis system we .. 1Ist tum 1o the steedy state.

3 TheStesdyState

W e..ristnote thatbwhen incatinve astrants are igxaed  the Cham ey Judd resullc
that the gotimal pirtal 1&es ata steedy state are zero ollons immediately from
te .. istadar aodtiaon o) gpital In Bctin this e the equatian 2.7 aboe
simpl..es @

= -

(R (P § AT CHEN) LR L B13)

B utatsteedy state the mulipliers ». ad ™  are astait (see the disassian after
te eguation (56 in the gopadx) hence the aboe equatian implies r = i,
wvhidh is the ChamieyJudd result® . T he remaining steedy state equatias are

WO ci.gir+ 1)+ WG+ "= 1 (°9) N9 @149

i1 + »t_ r= ot_ ! VbD (K b) (3.15)
i a1 O+ »kt D+ - o= @19
LG+ » L = 0 @17

Gt "W i FLleL) i M) i (ot Wwe= 1= )AL  (318)

® Faran interesting analysis of the dynamics of redistributive taxation around asteedy state
inaspadal e s=e(11]




w9 i vAL) = 0 @1)

r=1 (320)
kt & 6 jFf@sL)=0 321)
ikt bh+wlL=c 322)

In addtan, ifthe incantive aastrantis bindingwe akohave

Qi)' UFkL)i6 iR ivL) iVP(kb=0 (323

INnthose Gsss iInvinidh theinaantive castrainttis nothindingwe hae the Cham ey
Judd codition stated aboe

“il- fio (kL) (329
N anvusing eguatias (3.19), (321) ad ( 322), we dotan

fkL) iG ik= (ril)k+ b+ (RFkL) i6 i ) VL)L
wvhidh Gan be wnitien, ulsing ecuatian (320) as:

= -

6=Ff0L)ib il i "ki(XfkL)+ G ik)VALL  (325)

T his equatian éan be sohed Tor (K L) ; ifb is gvan ather in anjunctian with
(329 inthe e wthautinaative aastrants, arin anjuncicnwith (323) when
incntive astrant are \en ino acoountad are binding 1N both Gesss itis
dear that all the steedy state \vablbes Will depend an b; ad therefare indirectly
an bath by ad k £ T o analyze this dependence elidtly;, we must aasicer the

ST he degpendance of steedy state \vables an initial aonditias When gpermment bads are
presantis well knonn, and is disassad in Chambey [1] T he inftial valbe of gpermmeant bads
make a dic erence beaLee the anaunt of evae that the govaermmeait nescs O rase with dis
torticay e in ader o ..nene it epaediturss dgpends an is TUitlure eaues, thatis i
reaLe steem resuling fram its inftial bad pasition. | ofe of curse that Tor pasltive revarnues
e go.emattmustbe a netaeditor; and mustbuy bads initially, whidh is hichly unirealistic
T herefore a bner (N paitinve) Imitan inftial goeemmaitbads aran upper baund an the
.Istpeariad tax e whidh anmaunts 1o the same, are reesaebke assumptias. A s disassad in
Chamky [1]ad [2]honeer; ifthare is abinding Imitan the .. 1stperiad ax ratg the goem
metwi il not...nd itgotimal b acamulate assets in susaquatperiacs by buying bands fran the
publictothe pantof.. nrenangall its eenditures by interest aollctias. T he rees is thatthe
s after the inftial pariad are distoricnary, and there is a ttade @ betnwean distarting Boar
and pital markets early on versus distorting them Eteran. 4 s Chamlbey shons, generally Bbar
taxes will atince 1o be paaitive at the steedy state even in an econamy wWith bads, proded
thareis abinding Imita .. istpariad taes.
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.Istaderadtas thatgpoply totheinitial periad ad sole Torthe steedy state
vales In anjunaian with them.  In the gopaxdix we showv hovwe can soke Tor
the steedy state \ales in this mamer; gven inftial anditias (k ;). W ede.ne

D e.niianl Letx(b) = (r®);w D); cb); k();L()) be a soltian of te a&
tas (3.19), (3.20), (3.21), (3.22), ad (3.23). W e rer © x(b) a5 a addcae
Inantive astanad skeedy staie.

A s matianed aboe the steedy state \alle ofb must be determinad in con
Juction with inftial aonditias (g ; by ); as shoan in the gppadix

Equatiaon (3.25) can be uissd o sohe TorL in 'ams of (b; K); and in an econ
any withautbads in terms ofk aloe. T he souion TorL. honever may notbe
unige as the spedal cess disassad in the Olloning secias demastiaie. In
sudh situatias itw il be necsssary 1 determine whidh of the solutias TorL in
equatian (325 ) is the qotimizing ae. T his Gan be dae by deddng whidh of
tevarias solutias of L vieks the higeststeedy state \vales, gvan by the .. 1st
tem in equatian (323). T he solLitian of ecuatian (323) itselifhonevermay hae
mulipke solutias in (K b), rpresanting the intersectias of the \alle of defectian
with the valbe of aontinuation along the gotimal sollition. T herefare the varias
ambinatias of steedy state \alLes, evalLated at the gopropriate L (K b); hae o
be cnparaed in ader to determine the gotimal staticnary soliian. T his will ako
deteminewhnether; atthe qotimal steedy state satisfing the incaentive castrants
the retums © pial will be teed arsubsidized. T he nextssction will i lLstiatke
thearias passibi kties in spedal Gsss.

D etermining the gotimal steedy state fran anag the passibke steedy state
solutias eboe an be adhieved thraugh drect caomparisas. A mae aavtical
gopraadh is 1 sobhe Tor the assadated | agange mulipliers and dedk whether
they satisty the goprapriaie Kumn T uderandtias. |1n partiaular;, foraurprdo
bn gven aboe the multipliars assodated with the incantive compatibi ity an
straints thatis the multipliers gven by the sequene L , mustbe pasitive ad
summabE . In the propasitian 1 bebby we provide a aadiian 1 assure this.
De.rne

1+a- EiF _ 1
EiFiD ligk
whae
()] [()]
_u(gc, _v (L)L
3 H\G -, vV )L
/“C L?(Q 1/4L VO(L) ’ (3-26
00 3VD 'M 1 A 5 1 1 il
ir 3
D _ge_ VK1 ar 2o (D) gy a0 @2ny
EiF (i arwul.+ %9 Wt ) cC

I ore predsely they mustbe aottained in the dual space of ™1, which aotairs ™!, the space
of summebke sequenass.

11



Mm@+ %)w i fi (el
= -
and were tre dboe epressias 5 and |l ; are evallaied at steedy state
vables. T he Olloning pragpasitian is proed in the gppendix

P rgpasitian 1 Suppose traex(b) is a soltion 1 te govermmeantts prdokbem (2.6
fran infial caditias (kb); b); tatis, itis a steedy stake soltian for te prdokem
gvanby(2.6. Thenl+ a2 (0; '); warea is evaleted atx(b):

In the spadal Gses disassed in the next sectian, we W ll dadk whether the
aoditan gven by Bnma (1) holcs in ader o ik aut staticery solutias to
equatian (323) that are not qotimal staticaery solitias for the prdolem gven
aboein (2.9

4 Incantive Canpatibke Steedy States

W ehave nowvall the elanents nesdaed todnaradierize the setohnaative compatible
steedy staes; in partiaulbr we W ll inessticaie whether cpital will be t2eed or
subsidized at the gotimal incantive arstraned steedy statss. Farsmpliaty, we
wi ll startby Toassing an the Gese ofan econamy wthautbads. W egve apartial
dnaracteyization of steedy states in Bnmal ad in the propaaitian 2. W e dotain
ashapeardaraderizatian in P ripasitian 3 Torthe Gase ofa inearuti ity Tonction.
W e then use the Nnecsssary aodiias implied by thel agange muliplars, gven
in Enmal, © ke aitsone steedy states ad idatify the goimal aes. T hese
resuls are in the thoprpaeitias 4 ad 5. Finally we proade aspad..cafmily
of eampks where the gotimal solLiion 1o the govaermmatt prdblem éan hae an
incantive anstraned steedy state solutian atwhidh epital is subsidized. Tabke
1 at the ad of this sactian shons, in a paametrizad and Glibrated fmily of
eanpks howv gpital e ad sussides an vay with the aunature of the
production Tunction and the Boarsupply ebestiaty. T abke?2 presatts anotherEmily
ofeanpks, with astrictly anae utiiity findian, and ida . es the steedy state
writh a gpital subsidy as the qotimal ae Torequi ibrum trgjeciaries agnating
doe it In the OlloAIng e assume a strangervarsian ofassumption 2:

A SSLrnpﬁmZ V(O): 0 andim V({L): 1:

T he procdure 1o determinre the steedy staiss is the Olloning T ake any \valle
k ofthe pital stodk and aasideritas a passible andidate 1o be asteedy state
vale. T hatis asdarthe steedy state equatias (i.e. eguatias (429), (4.9)
and (4.31) bebn) atthatvale ofk. T hesolution ofthese equatias determines the
valbe of casumption and Ebar;, ad therekae of the utiity of the representatinve
aasumer; atthatsteady state; this determines aftuncian W (K), vhidhis thevalle
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perperiad 1 the rpresatative asumerin an econany whidn maintairs kas the
steedy state \al g atthe aompetitive ecu ibrium where the tax an pital income
is zerg and axaugh ax revaLe is ganerated o pay TorG .

I o EtV P (K be the vale of devation at k. 4 nesssary aondiian or k
10 be an incantive caompatibke steedy state vale is that the total Tuture utifty
08, isatksstes lage sV P (). Sothe candidate qotimal steedy states Torthe
aastranad prdblEen are gven by the intersectian of the o aunes desaibed by
VP ad (1V.V )"

T he analysis oFan econany with baxds will be a stradtiorvard madi...Galian
ofthe analyais ofthis sectiat the equatiaon (4.30) thatollons shauld be replecd

in the analysis of the steedy state of an economy with bads, by the ecuatian 8

Kit+ b( it 1)+ wL=FlL) §6 (4.28)

T he steedy state vales of (L ; gw), Tora..>ed steedy state \valle of the cepital
stok are determinaed by the three equatia s

k+ & G = F(kL) @29)
Kit+ wL = f(kL) §6 4.30)
Wow = vAL) 4.31)

T his system of three eguatias determines the \valles of the three unknonrs
(L; cw); this solution honewer is generallly notunige. L etus disass the setof
solutias. Fistwe redue the system o the singe equation in theaniabEe L :

viL)L
Wf(kL) ikiG)
\oe et (k0) = Kil+ 6 andim s, O(kL) = 1 freay k sote
eoLatian (4.32) hes a (possibly enpty) aampact set of solutias. W e denote by
L:(K ad L, (K repectively the smallksst and lxgsstsolutian of (4.22). By thdr
de.niiax

K it+

i fkL)+ 6 “0(L)=0 42)

OL(kLi(®) -0 -0 (kL (K): 4.3
L etnowv g be the steedy state \alle of the epital stodk in the ese of aom
mitment; as we know this is the valle determined in the system (4.29), ( 4.90),
(4.31) aok pls the aadtan of zaro tax an gpital T his steedy state willl be
asteedy state of the prablem withautconmitmentifand oy if %) v P (k).
ITnot. the steedy state of the costraned prdoleam will be |f|te<|sls meoﬁhe
intersectias of the tho aines; Etws daoke itby K. (See Figure 1 vhere we use
VR T 8K enbek ak )

$See aSedtian 5.1 in the gppandix and ako Tootnote 3.
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V(K)
— VB

K1 Kg K2

Figae 1: k; is time incosistat

Fagurel illstrates thatperturbatias of parametars ofthe system may dange
the intersedtias ofV (K) adV P (K) ; withautneasesssari ly danging the gualitita
e nature oftre resulls. Fareampk itthe \valle ofdeviation ware tobe higer
because the trust of the public in the govemmant o stidk 1 its amnmitments
auld mae essily and quiddly restaed affer a deviatian, the \vale of deviatiaon
waulhV P (K waul shiftup. T he o passible inaantive compatible steedy states
waukd moegoart the bnerae recuinngahigercapital tex ratevin Etrehider
ae requinng a hider apital suosdy. 4 s lbhng as the intexsectias ofV (K) ad
VP (K are ttaswarsal the tho incantive aompatibke steedy states Whidh are dis
tnct fram the cammitment steedy state waud be rdoust o paerturbatias. W e
urther eplae hov the incative aampatibke steedy states dhange with vanas
parameters in ssctian 4.2 forsane spaed..crumencaleampks (see T abkl ad 2).

Impliatdiz eratiation ofequation (4.32) g\wes.

Leanmmal Intermgan k _ Kk, LL,(K - Ly(k); L; is a deasssing functian;
fic(kL; () - ' and i (4L, (P is deessing

L etus immediately noke an implication ofthis:

P ropasitian 2 Suppose tatk te arstiained epital sodk K is lrger ten K:
ten pial is susidzad atte seedy ste K.

0 faaurse ve hae o shov thata situatian as desaibed In the prapcsiian 2
may in tBctoaur: T his is dae the nextsection. W e begn with asmpke Gse of
inearutilty ad Turther shapen P rpaaitian 2.
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41 L ireaxrU tility

In ganeral the solition o the .. iIstaderaditias Torthe prdolem ofgotimal ime
asistent i&es may notbe unige ad in partiaular may yield mae then ae
equi ibrium soluitian forthe Ebarsupply. Bvaluiating and aconparing the mulipke
soitias o analtically idntify the gotimal ae may be quite inttactebke. Far
this reeen, e now riesstrict aur atientian 1o the eese ofuti ity Tunctias neaxrin
asunptian, whare (9 = c In Bcta majar simpl..catian acaurs in this Gse
te dae of the equilibrium quaentity of Boaris the lagesst solution of the .. 1st
aderadtias, baoth atsteedy state and atany pantan the gotimal path. T he
eanpks in the subssouat ssctian invoMing subsidies 1o Gpirtal honeverwill be
aastructed with nearas well ss nant nearuti ity Unctias.

Taeawypar(ks Ly, adsst(this is impassd by the Inearuti ity and the... st
arder aondition ofthe aga) re= ~ 1] itis essy O see that there are still many
pcssible equiibium guantities Tor Ebar: H onever; ifne Et kgL G rewy; &=
0;1; 22y be the gotimal path, then Tor any t L is the lgest solution of the
ecLatian inL gven by.

ke 11+ VL)L + G § FlgL)= 0 439

In et ifwe EBEtTaray tthe daac ofkg ke 1 ; re be gven the et that the path
is gotimal implies that the \vale L  is asolutian of

maxf(keLl) iv(L) iC ike:

abj. OF(kgL) i VALL §6 ke 1= 0: 4.3%)

\ oavtael; - L, beaty thwosoutias ofthe eboe astrantgven by equatiaon
(4.35). T hedirerencz in the uti ity gven by the tnoddas isequal ovAL, L, §
v(L;) i VAL)L: + v(L1):0 urddm thatl «is the lagsstsolution of the eguation
4.34 Hllons fiom the Bt thatthe Tnctian vL)L § v(L) is strictly inaessing.

L etL, (k) denole the lagsst soluiion of (4.35). Itnowv olbns that at the
steedy state the qotimaldae of BbarisL; (K) Torawy k A Bothe BEnmal hes
asttaxger\vasian as olons.

Lenma?2 The tncian L, is inaessingin te g K - kK, and daaessingin
te g k _ kK ; e Tunction 1k (4L, (P i ! is daessingearynree.

T he prodfis straghtioovnad, ad basad an the analysis ofthe system ofdic er
ential equatias gvinglL; ad fc j ! as afndion ofk | oe that thenks ©
this Bnma the steedy state taxes an Gpital income are ampketely daracierized
P rgpasitian 3 IThe skeedy sae \vale K is lager ten kg, ten piaalis sub
sidzd; ifon te atary K is smalker ten kg, ten pialis arad
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W e aan novtum 1 the analysis ofthe necsssary aadiian (4.36. A swehae
s, anecsssary aanditian Torasteedy state ofthe acastranaed prdolEm, when the
incntive compatibi ity caastrants are binding is thattthe mulipliers camputed in
e pravias ssction are paitive and sunmabke. |n pariaulbarthe codiiaon that

1+a20; 1Y) 439

hes tObe satis.ed. T he Olloningl enma relies this aadiian 1 the skpes of
VP adW (K :

Lenma3 1. IFV2 (K - Wo(k) ,tenl+a2@; D) ifandaifV 2 (K -
2. 1V PR W ten1+ a2(0; ") ifadalyifv LK) _

P roof. R edll thatin the presatcese

e Lo o VEOL( (L) i

1§R’ VP2 i o,
where©, = 0, (kL, (K);sottatl+ a2 (0; '} ifad alyif

VELL(Fc (kL) i 'Y
Vi i_il)©L(1 i)

-1:

N onvuse the Bctthat

W _ —yr, VEOL( (L) i 1Y)
1§ oOLli )

1O darive aurandlsian in both Geses.

P rgpasitian 4 1 Fe ceection \vale ©inction V P is strictly ancaae, and

(k)

VP - = [kik];

tenitarotietece tatl + a2 (0; ') bohatk andk ;ie itanotke
tathoh are qpimal seedy stekes. (SeeFigre 1, wereV (9 ~ 48 )

| otein Ectthaty 2 (k) _ "% adv P (k) - L. Aon te bima3
ifl+ a2 (@; ') atk tenVv? (I@) il adteetreV2l () > il owv
Enma3 agginimplies thatl+ a @(0; '1) ath. T he agumentin the other e
is identical
Lemmad 1. IfK _ k, adV2 ) - L ten1+ a2(;#):

2. IFK - kg, andV 2 (K) _ LD ten1+ a20;" ):
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P roof Casiderl. By Bbmmas3 itsut ass o shovthat
W({kc) —il.

1i

and gven the eplidtfom of Y Oi(‘fa) itabosut as o shovthat

1

kL) i ™ -

©L i
B utatl, (K) fion Erma3wehaetatf (kL) i ' -0, ado (KL, (K _
0. Thepraofof? is smilar:

W e aonduce that

P rgoasitian 5 In te sitation of prgpositian 4, iflg _ Kk, ten te only ant
strainad steedy state Wniidh sais..es te necsssary aandirtion forgomaltyis k .

42 Subsidies O Cepital

In this section we analyze eanpks in whidy at the aastraned steedy state
satisfing .. iIstader aanditias, Ggprtal is subsidized atthe qotimal costraned
Bx pkn. W e wse agpad..c \ale of devialion essadated with inedsamabke Ioss
of reputatiar ace a goemmentdevates, agats eqoect Gpital 1o be taxed at
maxmal rates atall future periocs ad therekae donotsae. T his is an extrame
“punishma’, ad thereioe the mcst lkely 1 deter deviation. || ilder Tams
where the bss of igputatian and aon. danae is Empaary, arwhere epedtalias
switch 1o higer rather then maximal tax rates, can abo be analyzed alog the
inss ofthe exampke belon
W e begn with aspedal exampke with Inear utiity, Where

UO= ovL)= JL'; @37
and the production finctian is
f(kL)= A@®k+ BL + 2L 4.3)

L aterwe aasideramae ganeral om, with nan inear utiliy, as in eguatian
43 . T hoe eanpls shauld make dear that the Gpital subsidy resulits do not
depad an the nearity ofthe uti ity TONAtiaon.

Hae A® = 1 j"(®, vweare " is aantinuos strictly inaessing Tonction,
wth " (0) = 0. The praducian fundian therebre is a wadited aerace of a
anpaait inearin gpital and a standard Cdob D auges productiaon funcion.
T his spea.. catian will be ussiull O astruct parametric exanples in Sectian 4.2.

Ittwill be dearfram the disaussian thattolons that the essartial feadure of the
eanpk is notthe Cdob D augies Tam, but the fect that the margnal product of
Gpital ges in.nity as the Gpirtal stodk goes o zera
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Thetwottndias W (K) adV P (K are de.ned as in the previass sectian. In
partiaularthe valLe of deection V P hes o companants. the valle fiom the .. 1st
peariad whidh dgpaxdks an k ad the vale fian the Tolloning periads, whidh is
aastatindpaxdatofk . W edaote by LP (K ad LY (K respectively the
gotimal Bbar ddas for deviation and for e vallbe of W . || oe thetW () =
VP @0)adthatlV (@)= LP () :T he Olloning Enmaesteblishes thattr2> ()
the skppe of W (K) beaomes lager then e skpe of VP (K) as k! 0 -1l oe ako
fan te bhmathatthaereis adiscotinuty at2 = (:

L emmab 1. A s ktencs 2 te dr erence ketneen te dermatne ofW  term
adteVP tam bomes, r™ > @; in.niely lge and positve Oray 2> 0 :
I oeformally. rany . .>ed2> 0 ad > 0, andawyrnumierl |, tereisavale
k(Z;M ) such tetforallvales ofk Ess ten et te deerenczis lrgertenhl .

2. For2= (), te dverene etnen te cerivative of W adV P tends, as k
nds Oz O astrictly necatine \ale.

T he proofof this Enmalis relecaied 1o the gopadix. T he Bnma esteblishes
thatwhen2> 0 and™ > @ wvehae I o [(L i )W 1V, K> 0, thatis
theskpeof(l § )W isstrictly bwgerthen theskpe ofV P atk= 0. H onever
if < 1, tentheftndin (1 § )W may agan intersect the Tncian V P at
paitive \vales ofk; soforvables ofkwhere (1 § )W (K < VP (K), k caanot
besustained as asteedy statke. A time inaasistacy pradblbEn arisss ifthe gotimal
ChambyJudd steedy state Tor kg Bl within sudh aregan; and the bestinaantive
ampatibke steedy state annot ke in this egan. Casderfreanpk astuatian
as depicted in Figure2 bebvy vhere (L § )W (K< VP (K rk2 (ki k), ad
k 2 (k:; k). T henextprpaatian thatfolloas directly fram Bnma4 esteblishes
thatboth k and k areviebke andidates Torthe gotimal steedy state.

P ripasition 6Forioh k= k andk= k, wehael+ a2 (Q; ).

In the Tolloning sectian we presantsame Galibrated examples illustrate howv
the bestsustainebke steedy states may have apirtal iaves arcepital subsidies.

Sarel umenal BEanpks

T o geta betier sase ofthe e ects ofincaaTive aastrants an the tax rates and of
how these er ects vary With parametars, We resort 1o amputatias fora parame

trized mily oFeampks. W e abo madify the uti ity TUnaian (see euatian 4.37)

W albwthe inerse BEbarsupply ekstidty, e, 1 beaome a parameter:

1

US VL= ; f/c@” Pl “43)

W eintially set?: = (; sothatthe utility ofFcasumptian is neax. Tode.ne
the production EndionwesetAR) = ~ ! §z2;wharez= 1;r = 78;B = 3ad
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® = 0 3 :W esetthredscautEctrat = ( 95 and the gpammmatepadtues
atG = 2 A hider2z arahigerz both inaesse the relatvewaditofthe nan inear
(Cdob D augies) partofthe production function relatine o its inearpart

In anumberofcesss itiurs autthere are 4 potential caastranad steedy states
thatis inersssctias ofW (Q=(L i ) andV P(K); atk= 0;k; ki ke:W (Q=(L i ) i
VP (K is paitive an 0 ; k), necative an (; k), paiitive an (K ; ke) and necattive
apntrk> k (sse FHgue 2). In other ess as the inadian V (K) shifts doan
fOrcartain parametrizatias, the anly aastrained steedy states areatk, and ks -°

Tabk 1l ad Figae 2 bebw illstrate howv the aastranad t&xes dicer fran
e e uder anmitment Torvarias \vales of the inverse Bbar ekstiaty ¢
ad 1or the paraneter 2 wnidh is a messure of the aunature of the productian
TUnctian (ss2 eguatian 4.3). In geeral pital is &ad at the steedy state kg
whik itis subsidized at steedy state k - T he tax (subsidy) rates at andidate
steedy statss k ad k are gquite dose 10 ; tosaome exiantdue O the nearutiity
of casumptian ad the ainast inearity of the productiaon functian. A s epectied
honeverthese soad . catias abogaerate substantial dic erenass in thesteedy state
Gpital stods atlk; k ad k2 W e note that ss the aunature of the productian
TUnctian is inaessad fran 2 = 090001 ©2= 09025 fora gwen \ale ofethe
subsidy rate akk inaessss WnlE the X rate at k. gaerally dedines. itseams
thatwhen the incantive aostraints bind and k; cannotbe sustained in the Imit
mare anature in the production Tndian &vars bnertaxes (arhighersuosidies)
o epital Intams ofFgure 2 this conespads to a reltinve shiftin bath vV (K)
andV P (K sothatboth k and k inassse. 0 n the atherhand as Bbarbeoomes
mare inebstic thatis as e is inaessad Tora.>ad?, k dedinsswhike K inaessss
(s=Tabk1). Thesaneis tiue or e ranosﬁ— anol—‘L whidh determine
e margnal products of epital teﬁmercbdresvhlelheiaterlrneeees In
tems ofFFgure 2 this rietects a reltne donnvward shiftin the incianV (K):W e
abo dosene fran T abk 1 thatas Boarsupply beaomes mae inekbstic the epital
subsidies atk inaesse the BEbar taxes nesded 1o .. nance a Gpital subsidy are
Iss distorianary when the Boarsupply is mare ingkstic. H onever; sine ik ad
L_?k?) cedine with e whi e the margnal pracuct of epital atk is abhays . xed at
~ il pital taxes atk mustgoup as Ebarsupply beaomes mare inekstic

InspeclingTabbl belon o Turther dosenatias enate FHisttar fe =
052=09025gadfrfe=01452= 0902 a?=09025gwehaek < k :tis
mears that there would be pital subsidies atall ofthe pasitive candidate steedly
statss ki ; k and kg:H oneverin these asss itis dear ttatV (K) > V P (K) atlg; so
thatk; is unaastrained and éan be sustained. Seaod in FHgure 2, the candidate
steedy state kg is goparat Buttx2= (09025 whene gessfran 1 10115 the
doeranaeW (K= i ) iV (KP shifis donn sothatk ad ks getdose merge
and disgppear; as aboindicated in the Tabk 1. T henl enma 3 implies that the
steedy state soltian mustbe ki, even thaudh kg > k. InfectbBnma 3 indicates

ole thatunkess A is ligrthen | j 3V (Q esentually skpes doan as the margnal
praduct of epital beaomes small and a high valle of kbecomes harder to sustain.
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VoK)

V(K

Fgure?2: Il ulipk Steedy States

thatwhenk < kg < k, thendatherk ark safis..es the necssary aondiias, but
inthiscetaeisnok :

e ]| 2 |k [ k [k |[L&)|L(G)|LG)|[TAX(K)|TAX () |
1.15 | 00001 || L0001 | 00001 | 605 | 1.658 | 1.656 | 1.636 00391 | -.00005
115 | 001 | 0087 | 0087 | 101 | 1.683| 1.GB1 | 16828 | 0083 | -.00215
115 | 002 | 1000 | 0236 | 244 | 1.688 | 1.6B6| 15228 | 0068 | -.00401
115 | 0025 | 1043| 04 | - |1.68% | 1.G8) | — | 00502 =

1.00 | 00001 || 0046 .0002 | 5.7 | 2.0000 | 2.0000 | 19995 | .00817 - 00004
100 | 001 | .1053| .0128 | 8.5 | 2.0005 | 2.0003| 19827 | .00704 - 00212
100 | 002 | .1199 | 0340 | 132 | 20011 | 2.0009 | 19471 | .0054 -003 3
100 | 0025 || .1250 | 04&8 | 17.7 | 20013 | 2.0012 | 19077 | .00474 - 00482

500 | 00001 || 165 | 00024 | 46| 7461 | 746l | 74680 | .003L7 - 00003
500 001 || 33| 1736| 53 | 71468 | 7467 | 7486 001a&8 - 00186
500 | 002 || 4477 | A8 | &3 | 714G7 | 14G7 | 74519 00003 - 00342
500 0025 || 4a88 | SI33 | @ | 7487 | 14AB6 74474 -00074 | -.00417
450 | 00001 || .2129 | 000 | 43 | 9.8283|98283|983B2| .00271 - 00003
A0 | 001 || 5179 | 028 | 50 | 9837|9836 98245 | 00095 - 00175
A0 | 002 || 5895 | 702 | 5.6|98333|983%|98207| -0006 | -0031
A0 | 0025 || .@47 | 1.073 | 59 | 98346 9834 | 98181 | -.0015 -0030

| TABLE1 |
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Inallthe Gses disaussad aboewvwere kg 2 (i ; k); bothk andk arepoterttial
steedy state caandidates. the andiicngvenby Emmadl, that(l+ a) 2 0; 1);is
satis..ed atboth ofthem. T he questiaon arisss therefare as 1o whidh ofthe steedy
stales, gvensareinitialaadtas is the gotimalae axddwhetherasteedy state
writh a gpital subsidy an everbe qotimal Itis passibe to astructeanpks
shovthat a subsidized steedy state an indeed be gotimal Casiderforeamnpke
a cee Torvhidh the unaostrained (ChemieyJudd) steedy state kg is belowy but
abitrarily doe 1 the aastranad steedy state k. Casider the gotimal path
uderammitmetstartingdose ok ; say atk ; andwhidhaovergs kg dearly
itdominates other Eesible patts. Y etits vale will novbe atbittarily doe toa
pathwhidh stays atlks with asubsidy, and whidh satis..es the incaantive castraints.
T his mears thatthe castranad path atk w il albo dominate other feesibe patts
anaging o k - B ebwwe astructan eampke i lustrating this possibiit, W e
settheparanetersasOllons @ = 031; = 095B = 36 = 2;r= 78,2= 0905
=02 ade=05.W e Etthe parameterz in the de.niian ofFARR) vary. | ole
thatin this Gse the utiity oFcosumptian is strictly axae sined > (- Tabke
2 illLstrates howv ss e \ary z the gotimal steedy state under commitment;. kg,
gopraades ik fram belbbwad atssss it

Lz [k |k [k [LA) L)L) [TAX(K)[TAX(K)]

05000 | 047| 1573| 1&8 | 2433 | 2436 21500 | .00522 -.00419
01023 5382 | 2042 | 531|233 24371 | 2302 | 00729 - 000001
0.1000 | 556 | 2046 5.365| 2.3772 | 24317 | 23N 6| 0070 000023
| TABLE?2 |

AsdonninTebke?, Torz= 01023 ky ad k arevay doe. A s we deareese
z onards( 1, kg acssss k - T harefae aesibke path whidh starss atlks and steys
there with a subsidy gerneraies a\ale thatis atbitranly dose 1 the vale aofFan
gotimal path underconmitmant | ote abo thatatz = 0 1; althaugh there seams
tobeapatie taxatboth k and k ; the aanmitmentsteedy state kg exasas i ;
sothatin fctlky @anbe sustained becaseV (k) > V P (k)

W ecan aboeplaethe respase ofthe aastraned steedy states todaengss in
wvhidh messuress the aunature of the uti ity oFcrsumption. Inaessing¥ INaeesss
k ad deaessss ki, whidh is ecuinalent o a donnvward shiftoffthe tincian vV (K)
reltive oV P (K), whidh results in an inaeese in taxes at kg and an inaesse in
subsidies atk . Furtherinaessss in¥ evantually resultin the disgppearance oflg
as itmags with kg; ad ki remairs as the anly pasitive acastranad steedy state.
A n analogous situation dotairns Torinaesesss inz.

43 Cgoital as CanmitmeritD evae

L etus summarize the analysis ofthis SImple madel presentied aboe. T he cmmie
mentsteedy statke k; may not be sustaineble and &l in betnean tho sustanebke
steedy states. ae steady state is hider then the aammitmant steedy state kg,
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with necative t&es (subsidies) an pirtal; the saaad is bner; with pasitive taes
o oial

T he el g cannatbe maintained because the pramise of long run zero tax an
il is notaedibEe; ad this in tum hgppas because the tEmptation O revert
patet=esis tostrag 0 ntheotherhand the pranise atthe high steedy
state of g run negatie s is aedblke. T his may saud paradodal T he
reesan T this is simply that epital subsidies gve the goprpriate incantine o
acaumulate ahiderbwel ofepital | s pitalinaessss beyad k; bath thevale
of W andlhevaleofVD inaesse; they dg honever; at dic erent rates, so that
e\enlualy isaboeV P. | o thatat this higher cpital stodk the margnal
pchtcf(labafierdstolrum and furtrermare Boarsupply is bner; due the
paitive waalth e ect; then itwoul be atky underaammitment (See BEnmal.)
T he ae time achatage of &g the exdisting Gpital stodk aka higer rate in
adertoaad the dstaricary Boa-t&aes is no lbngerwartwvhi e So subsidies
10 pital beaome aedibE in the log run becase they aeate a bel of pital
hich enaudh towark as an endogenass aammitmatdevice egcanstdefection.

5 A ppaxix
51 T heintal pencd
T be .. istader aditias o the goammatts prdblEm in the infial periad are

gven by.
W@ + Twog+ W@+ 7y = 0 (.40)
it = T VY (k) (.41)
s+ )+ -p=0 G.4)
1@+ »Lo = 0 G643

O+ "Wy 1k Lo)) ilovm)(l—o) i(ot H@)w, = 0 G449

wo @) i VAL = 0 (6.45)
W) i nHe=1 (649

k+ @+ 6 if(k;Lo)=0 G40
ik ibh+tnk+b)+rwl = 6®)
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Equation 6.8) smph..es o

i+ Qe+ b))+ (WF(k;L)+ 6 i k) VALY Lo = ;L) i G4)

W e bagn with the Gse withaut inaaitive astrants. Histwe sohe Tor te
steedy state \vales in anjunctian with the aodiias for the inftial periad we
& therefre put <% egual O zera | ole thatgven bithe valless of k and L are
determined from (323) ad ( 324): all other steedy state \aicblks incduding
steedy state asumptian, Gan be determinaed uniguely from these. To determine
b note ran G469 thatsine r = 1; weabohae¢= ¢~ c taeis anpkte
aasumptian smoothing due 1o the presance of bads that vielding a astait
retum r fran treinrtial periad avards. | ovaosidarthe transition o the steedy
staie in ae siep: thatis Etthe variables atian tharsteedy state \valle in periad
ae W emustdeadk ofcourse thatthis is asistattwth asnoothed casumptian
belthatis paitive. [Twe putr, toits minnmunm valbe whidhmay bezexroarr, iy
ten teeguatias 6.45), 6 47) ad (G.4), tetherwith steedy state eoLatias
(B21), (329 ad (325), determire fw;Ly;b; kL ; @; where the usubsaipted
\ariablkes ripresat the steedy state \vabes. U nigqueness of acourse is not assuredl.
\ ote thatputtingr, it minimum requires -, tobenanzerg whidh fran (6.42)
requires »; 1o be nonzero and abo fran (3.15) requires »; 1o be nanzero Tor all
L I, is zzrohoneer; itimplies thatr, is interior; and thatenaudh revaLes 1o
..nence all future goemMmattepadtures Gan be generated withaut texding initial
pitalatthe maxdimum rate. 1taboimplies thatfture Eoortaxes mustbe zara!?
In the Gse where govermmantbads are notallboned »; = 0 does notimply that
»¢= 0 because equatian (3.15), the ... iIstadaraondition with respect o bas, is
no Ibnger gpplicabE. In this s ik Bx evauess fron pital are sud dait
tOomestG in the initial periad in future periccs Boartaxes an still be pasitive
because the goaemmMmatt ot rely an interest fraon seling bads o the public
Toadd dstarting incantives Torsaing the govammentmust tax Ebartomest
is epadturess NG after the inftial periad.

SaMng Tor steedy state \vales When inaantive aaostrants are binding eactly
paralEk the procedure aboe exdaptthatChambey Judd codtion gven by ecea
1o (329) is replcd by the eguatian (3.23), whidh spad.. es that the incaTive
aostrants binding

10T his can be seen, wWhen aastraints are notbinding and ° & are zerg fiam the ©lloning In
equatian 5.53 we can substuitute or” . fram equatian 5.52 and sobe Tor», &8

= iU ¢l D WD
U@ L DT WO G Wt %icE (il O

Charly » =0 implies thatf; (4l © i we=0 orthat Bbartaxes are zera
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52 Themulapliers

W estll hae o shov that the steedy state ek thathave been aomputed satisty
theallnecsssary aaditias assodated with themultipliers and thatcthemulipliers
areoftre anrectsigs. W here multipesteedy state solLitias are found allysane
may satisty all these necsssavy andiias. W e nowv tum tharefore 1 soMing Tor
tevales ofttel agange mulipliers an the gotimal trajectary. T he analysis thak
ollons willaboprovce apraofofFEnmal. W estartwithoutmakiing steedy state
assumptias.

W ebegn by soMngtor® sad | ; fran equatias (2.10) ad (2.11) adwe
suostitue INOT, ¢ § , g1t T WO W edotain abko using ecuatian (2.3 ):

Cel.giler 1o9= Lm SCkert bes) i L;E;)(mm b+ wie (550)

Usang(29) ad (2.2) aboewe hae

»E 1

¢ + ot_”VbD(kﬁ'bt)_ ¢ + ot_”VbD(kﬁ'bt)

de) We | U@ | We WGy re &P
W enweanwite wising (5.50) ad (5.51), the equation 28) s
3ot—i1g,o oy
oot @+ ot W@ b (Kb (Kest bea) it eE) Q)
W®

(552)

SoMng 6.52) Ir Q@+ ~(ad wing (2.1) and (2.11), we anwite (2.12) a5
(»t+ RULACTD) +,V@f';f§’t+l%@avt G53)

TIVO(b) (eat be e
d”(c;) (i) (er* Do), oy s

W@
= TIEE) LY
or
Ot 1)(W§lfL(kl3L1)) - G549
= i hde vt T TV (kebo (et bt)(CE)'l > We

N awwdiMvding (2.7) by (6.54) we gt
(rei ficely) _ T VPGt T it Ta
Weifilelo)  preGiavet hwe itde VP (eb) (ker+ bm)(CE)'l

(6-35)
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W e an now simplify equatian (5.55) ad sole it Tor », at steedy state \ales.
Far this pumpce we must evalate | + 4, iNnasteedy state. W e an sohe
equatian (6.52) Tor” ; e .. 1Istdir erenas and using equatian (29), and the ct
that r = 1; we Gaan dotain the lloning ecuatiat

- -

1+t

1 ¢ 41 A
- 3 = - L?{QC k+ b D30 —jE&l _o_it, o jt
= /“C))tl»nl + LE(Q ' p V 51 i + LQ(Qt

=3 - =3

k _ .
= /40 c>t it VbD+ 3/40 b VD oﬁl il ic>t it + LRQC} it
= A A A A 1A _ 1

o jt D 3 k+b oﬁl -

= Tt LRQ'F Vb he 14 P o il (556
t

Usang (.56 weean eqress (555) e

33 3 3 3 C

(ifOely) | % TVO0D i T WO VP He1r P g1
W ifi(sl)) G+ w) f%w YL (k+ b (gt
(G57)
N awwsoMing (56.57) Tor» e et
3 3 »t3: c;t_itE - T (5-58) 1
e KD i WO VP Holr NP E- il Wei fisL))
iw Gt %) T i fe(sL)
- 3/4C = D, il
o ¢ & D@ G50)

NoleihatiteeqoressumEaboecaoerdsm Zai ; which we will ke O be

egqualtoaastant say (1 + a) -W ewllcbndstralemstobeitecasebebm
W estare equatian (5.58). Substituting ™  fran (5.52) into (5.54)

3

IS e WO i (kL) &)
o |1VD k+
+ @ frdici @ Ko LKC) ¢ )AA W ifi(klL))
o |1VD k
+))t/4LW+3/4@)ﬂV++@LRQ RS (+b) w =0
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3 3

>>ct)i 1+ . 't(°° )t L9(<) (U fL(KL)) ¢.a)
o |1VD +
+ @» gt @dp(() T & )AAfL(KL)+ »dhw =0
SoMngtor» e have:
oot Tt CaE) WoWw i fukL)+ fLkLYice "VD (k+ b) (@'
© @+ %ow i@ i %f(kL))
¢.Q)
Using (5.58) equatian (5.) beaomes::
b= 1+ VNEE), D+ 5 VE = S VE .S
where
_ HoWw i f(sL))
T @ oW 1 A iR (L) &
_ fikL)icVy (k+ b(FH!
REEN IR A AT 6%
adE isas de.ned praviashly. | avsinae
31+ Titea) = 1+ ity ST it
equation (6.6 bexones:
31+ STt STy it Dy iR = S AE G.®

| ote honeverthat ata steedy state we can novaompute the multipliers <, ' *:

— i = —jl —j l,l.1 D ﬂ
c?t it = 1+ ci g4 :::oﬁl |(ﬁ ) - - (5-6)
E;ijD jF
= 1+ O_Il+ {e ) i(ﬁz) + o i(ﬁl)
! T EiDiFﬂ E ;D jF
M ESF o —iwn.  EiF 't
EjDjF © EijDijF °

g\here° anbetdenasunit, < = 1:W e@En abodekwetherthe epressian

Sa ; gpearinginthece. rmmovahdﬁV\Bsusedlnltecbn\anmcf° it
abo.e |sgrcbedagfrslantasvxehadassuned Using equatian 6.6) we aan
aompute jt_ = EL2IE ;whidhis indeed aorstartata steedy state.
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A tasteedy stale tharelar itis dearthatE will be aastant 1tolons that
» . Willhae the samesigg as <, 1™ Itako Olbns that <, ' "mustbe of aostant
sign which requiires that (S5 . 0 : Furthermare we musthave < **baunded
and anveargng tozarosine thel agrange multipliers mustbe in summabke whidh
equires that S5 < 710 e nowinvestigate condiias underwhidh 0 <
ebtr < T attesesdystle |ovEtl+ a T £l Thaefre for
< 't aboe 1 be banded and summabke we hae shonn that we must hae
1+ a2@; "):This proes P rpasition 1 used in the text

In partiaubr Tor the se of a utiity TUncian that is near in caasumptian
¢ = 0), arwhidh the results ofsecion 4 are besad teepressanftrl + a Gan
be furthersimpl..ed. Insudhaes 1+ a ~ =Eif- eanbewitienas:

EijFiD

@+ % )w ifi (kelo) _ .

@+ %W TF (L) w1 ific (gl VoG i "
(¢.68)

INn sectian 4, where we Toas an the Gse of utiity near in csumptian we
use the dboe epressan trl + a o daradienize the gotimal steedy stales.

P roofofl enmab:

P roofofl. D eoielL,® andLY respectively the eqpi brium valLe of Bbarfor
deviation and Torthevale W . LP is determined as Ollons. fiam the go.emment
budget astrant, settingr = 0, aombining the tho damatives 1o getbak the
production foncion, and uising tre ectthatw = L, weget

1+a=

G = F(L) jL’:

ForL"V : fiom the gp.ammeatt budget aastiaing, setling the taxes an cpital
tOzeg
G =BL+ 21 jOKLL® L7:

W henk= 0 the tho\vales of Bbarare the sane daoted by
LQ)= 1=2[B + B? §46))]
Ao the impliatiinaian theoram,

1LP A+ (L=
ik~ "B+20 ij0)<L) jIL

LY 2B §O)L=REI®
ik ~ "B+2 j0P(eL) §IL-

T hbevabLes 1o the t\o progams ae

BL@)iG i@2)L0)]

VPM®= f(kL®) i6 i1=22(L° WY + 1=
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Ci)''W®=Ci )'f&LY)ikit6 il=2"®Y:

Soifwe nowvaompute the EImitofthe diz eranae betinean the skpes the tnoquen
tties ass K ek tbhzerg we et

— . B iLQ)
Ind i DRPCIAMIGE ki-noli =R + IL0) 5 B

Ty -r C 10k

W era,eusedﬂeﬁctlhatﬂerano s Ends Ol asskteds tozara A BO
as disassd lalervxeraelguediteAle:m in the numeratar of the eressian
forLP: this is conectwhen 2 is nan zerq because the otherterms (Whidh become
in.Nte) doninale W han > @, gven the solution of L(0) gven ebog the
quatity I (Wi § V,2)(K) is dearly pasitivg and tencs oin.nity as k tands
tozao. T his aodudss the proofofthe .. istpant

P roofFof2. Set? = ( in the éboe amputatias, ad getthat

i)W iVOM®= i@ iLONC. o

K10 2LQO) 1 B)

T heinturian is again dear: the am A whidh is added tothe inaeese in Ebar
supply in theV P case is daominatied when 2 is non zero by the other geirns, whidh
are all muliplied by 2. W hen honever 2 is zaro this is the only tam, because
e reltive gan Torasumption beaomes zaro in the Imit(since the ineerterms
el an bath sides), LYY bedomes zerg vwhiE L stays pasitive and makes V P
better: T his aandudes the prook
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