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A bstract

Intheproblemofoptimaltaxationinaneconomywithlaborandcapital, the
optimalsolutionwhenthegovernmentcancommittoasequenceoftaxratesentails
thetaxoncapitaltotendtozerointhelimit, withallthetaxburdenonlabor. Itis
wellknown, however, thatthissolutionistimeinconsistent;soifthecommitment
powerisnotperfect, thissecondbesttaxplanwillnotbesustainable.

W emodelexplicitlythetrade-o¤ betweenthecostofrevisingthetaxplan, and
thebene…toftherevision. A s aresult, whencommitmentis notpossible, both
thelimittaxrateandthesteadystatecapitalaredi¤erentfromtheirlevelsinthe
secondbestsolution. L imittaxesoncapitalmaybestrictlypositive;butitmayalso
bethecasethattheonlysustainableplanhassubsidiestocapital. T hesubsidies
induceanoveraccumulationofcapital, whichbecomesacommitmentdeviceagainst
revisionsofthetaxplan. JournalofEconomicL iteratureClassi…cationnumbers:
H 21, C7 3.

KeyW ords: O ptimalTaxes, Commitment, IncentiveCompatibility.
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1 Introduction

In acompetitiveeconomywherecapitalandlaborareusedtoproduceoutput,
abenevolentgovernmentchooses a sequenceoftaxrates on thesetwofactors,
tryingtomaximizethelifetimeutilityofarepresentativeagent. Indoingsoitis
facing, inthestandardmodels intheliterature(seeforinstance[8], [1], or[2]),
twoconstraints. Firstithas tocollectineachperioda…xed, exogenouslygiven,
amount. Itmayusetothispurposetherevenuefrombondstosmooththecollection
ofrevenueovertime: buttheoverallpayments havetobe…nancedthroughtax
collection. Second, sincethe economy is competitive, ithas toanticipatethat
thepublicwilladjusttheirchoices tothechosen tax plan, byoptimizingtheir
consumptionplans takingprices andtaxes asgiven. Sincethetaxeswillchange
themarginalreturnsonthefactors, taxeswillhaveadistortivee¤ect, whichwill
induce, overandabovethe loss ofincome, an e¢ciency loss. T he plan chosen
underthesetwoconstraintsiscalledthesecondbesttaxplan. T hisisthedynamic
versionofthegeneralproblem ofoptimaltaxationinacompetitiveeconomy: for
areviewseeM irlees [16].

T heproblem inthesetupwehavejustdescribedhas beenstudiedatlength,
bothfrom thetheoreticalandempiricalpointofview.1 In particularoneresult
standsoutforits simplicity, sharpness, androbustness: inthelimit, theoptimal
taxrateoncapitalincome is zero, andallthetaxburden is on labor. W ewill
refertothis as theChamley-Judd result(seethe papers bythese twoauthors
quotedabove). Infactthesequenceoftaxrateshasabang-bangfeature: capital
is typicallytaxedmaximally in the…rstperiods, and thentaxes areshiftedon
labor. Sointhe…rstphase, whenthecapitalstockisagivenquantity, distortion
isminimizedbytaxingthestockfactor(capital);inthesecondphase, wherethe
distortivee¤ectsoncapitalwouldbegreat, taxesprovideincentivetoaccumulation,
andshiftentirelyonlabor.

Itis alsowellknown, however, thatthesecondbesttaxplan is time incon-
sistent: thegovernmentwillhaveincentivetochangetheannouncedplan, inthe
interestoftherepresentativeagenthimself, atlaterperiods.2 T hereasonforthis
inconstistencyisclear: intheearlyperiodsitisoptimaltoannouncelowtaxrates
oncapitalinthefuture, inordertopromoteaccumulation. W henthefuturebe-
comespresent, however, andcapitalhasbeenaccumulated, itbecomesconvenient
todotheoppositeandtaxcapital(withnodistortivee¤ect)ratherthantoimpose
distortionarytaxes on labor. So, unless thegovernmenthas somecommitment
powertobinditselftoimplement, atanyfuturedate, theplanithasannounced
inthevery…rstperiod, theplanwillnotbecredible. Suchacommitmentpoweris
howeverhardlyacceptableinthisextremeform. Inamorereasonableformulation,
thegovernmentisawarethatachangeinplansmayhavecosts, forexamplefrom

1See forexample [5]or[15]. Severalrecentpapers ( [18], [6], [7 ]or[9 ]) treattheoptimal
taxationproblem inthecontextofendogenousgrowth.

2Foranearlydiscussionoftime-inconsistencyseeKydlandandPrescott[12].
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thepointofviewofits owncredibility. T his considerations andthesecosts are
not, however, presentinthemodelswehavereferredtoabove.

Inthispaperwetakethepointofviewthattheconstraintoftimeconsistency
shouldbetakenintoaccount, andexplicitlymodelled. (Forsomerelatedworksee
[3],[4], [14], [13], or[20]) T his is accomplishedbyimposingathirdconstrainton
thechoiceofthegovernment: thetaxplanhastosatisfytheadditionalrestriction
thatinanyperiodtheutilitythattherepresentativeagentwillhave, fromthat[19 ]
pointonwards, accordingtotheannouncedplan, mustbeatleastas largeasthe
utilityhewouldderive ifthegovernmentchanges its plans, nomatterhowthis
is done. W erefertothis constraintas an incentivecompatibilityconstraint, and
denotethetaxplans thatsatisfyitasconsistentplans. Inparticular, insomeof
ourformulations below, wetaketheextremecaseinwhichafteradeviationthe
governmenthasacompletelossofcredibility: from thatpointonthepublicwill
assumethatitcannotcommittoanypolicywhich is notsimplytheperiodby
periodmaximizationofoutput. T his equilibrium followingarevisionofthetax
plandetermines endogenouslyadeviationvalue, whichmayinparticulardepend
onthevalueofthecapitalandotherassetsatthemomentofdeviation.

N owconsideragain the problem ofdesigningthe optimaltaxes, and focus
inparticularonthesteadystate in theequilibrium withtheoptimaltaxes. A s
mentionedabove, theChamley-Juddresulttellsus thatinthelimitthetaxrate
oncapitalincomeiszero. T herefore, thetimeinconsistencyofthesolutionismost
extreme precisely atsteady state, when thetaxon capitalis smallestand the
incentivetorevisetheplaninordertorelievetheeconomyofdistortionarylabor
taxes, thelargest. T his seems toruleoutthepromiseofanylowtaxoncapital
inthefarfuture, becauseitisanon-crediblepromise. Butcantheonlyoptimal
solutionbeanincreaseinthetaxrateoncapital?

Furtherre‡ectionwillshowthis conclusion is notobviouslytrue. A nchange
inthetaxrateoncapitalmayforinstancereducetheaccumulationrateandthe
steadystatelevelofcapital;andthis inturnmightreducetheutilityperperiod
totherepresentativeagentatthe steady state. T herefore in thechoiceofthe
sustainableoptimaltaxrateinthefarfuture, theplanninggovernmentwillhave
toconsiderhowthelevelofsteadystatecapitalwilladjusttothedi¤erenttax
plans, andhowthevalueofthetwodi¤erentoptions, stickingtotheannounced
planormodifyingit, changeasaconsequence. Clearlyamoredetailedanalysis is
necessary, andthiswillbefoundinthispaper.

Itmaybeasurprisethenthattheoptimaltaxpolicymayhavecapitalsubsidies
inthelimit, asweshowinsections4.1, 4.2, andviacalibratedexamples insection
4.2.3 T his is surprisingbecauseeven ifthepublicdoes notbelieveapromiseof
azerocapitaltaxinthefuture, itmaynevertheless …ndthepromiseofafuture
capitalsubsidycredible: thereasonforthis is that, onceimplementedthesteady
statecapitalstockwould behigher, andthis would reducethe incentiveofthe
governmenttodeviatefrom itspromise. Insuchasituationapositiveincentiveto

3Judd[10]discusseshowsubsidiestocapitalatasteadystatecanbeoptimalundercomitment
ifthereareimperfectlycompetitivemarketsdistortingtheconomy.
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accumulateinducesahighlevelofcapital;boththeutilityperperiodandthevalue
fromdeviatingincrease, butthe…rstgrowswithcapitalmorethanthesecond, until
theplanbecomessustainable. T hehigherlevelofcapitalhascreatedanendogenous
commitmentdevicethatmakestherevisionofthetax, conditionalonthatlevelof
capital, toocostlycomparedtothevalueofcontinuingwiththeannouncedplan.
T heeconomyhasthenreachedalevelofequilibrium inover-accumulation.

W emaynowproceedwithadetailedpresentation.

2 TheO ptimalTaxationProblem
Inthis sectionwewillsetup theproblem tostudythebestsustainabletaxes in
thepresenceofgovernmentbonds. T heelementsofthevector(ct;Lt;kt;bt;wt;rt)
representrespectively consumption, labor, capital, bonds, thewage ratenetof
labortaxesandthereturnonassetsnetoftaxes, allattimet.

T heutilityoftherepresentativeagentisgivenby:

1X

t= 0
¯t(u(ct)¡v(Lt)):

T hegovernment’s problem is tomaximizetheagent’s utility, butitmustset
laborandcapitaltaxrates soastocreateenoughrevenueto…nanceastream of
expendituresequaltoG ineachperiod, whichisexogenousand…xed. Taxesonla-
borarethedi¤erencebetweenthemarginalproductlaborandw;andcapitaltaxes
arethedi¤erencebetweenthemarginalproductofcapitaland r:T heproduction
functionisf(k;L):W eassume:

A ssumption1 Thefunctionuis concave, increasing, di¤ erentiable;thefunction
v is convex, increasinganddi¤ erentiable;¯ 2 (0 ;1). Thefunction f is concave,
homogeneousofdegreeone.

T hegovernmentcan buy orsellbonds tothepublicwith rateofreturn r;
which isthesameas therateofreturnoncapital. W eimposenoconstraintson
thequantityofgovernmentbonds, whichcanbepositiveornegative: inprinciple
thegovernmentcanbeanetdebtororcreditor. H oweverwerestrictthenetreturn
oncapitalintheinitialperiodtobenon-negative: r0 ¸0:4 T hisrestrictionprevents
thegovernmentfromtaxingk0 atahighenoughratetoinducethepublictoborrow
from itanamountsu¢cientto…nanceallfuturegovernmentexpenditures from
interestpaymentsalone. Suchaschemewouldavoiddistortionarytaxes, butwould
alsorequirealargeamountofnegativebondsandunacceptablelevelsoftaxation
oftheinelasticinitialcapital. Itis standardintheoptimaltaxationliteratureto
ruleoutsuchasolutiontotheproblem byboundingfrom beloweitherr0 , orb0
andb.

4O fcoursezeroischosenforsimplicity. A notherlowerboundmayalsodo.
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T heproblem ofthegovernmentthereforeis tosettaxrates forthefutureto
maximizetheutilityoftherepresentativeagent, subjecttogeneratingsu¢cient
revenuetocoverits expenditures. T heproblem canbeformulated in theman-
nerofChamleyorJudd, wherethegovernmentchooses thesequenceofvectors
f(ct;Lt;kt;bt;wt;rt)tg tosatisfythe…rstorderconditions oftheagent, provided
thesearesu¢cienttoyieldtheagent’soptimum, andtomeetitsownrevenuecon-
straints. A swediscussedintheintroduction, thesolutionofthisproblem istime
inconstistent.

2.1 TheO ptimalConsistentTaxation
W ethereforeformulatetheproblemdi¤erently. W einvestigatethebesttaxesthat
thegovernmentcanannounceforthefuture, subjecttotheconstraintthatitwill
notwanttodeviatefrom itsannouncement. H ere“best” isagainusedinthesense
ofmaximizingtheutilityoftheagent, subjecttogeneratingsu¢cientrevenueto
coverexpenditures G .

Tode…nethis problem wemustspecifywhattheconsequences ofdeviating
from announcedtaxeswillbe. Forexample, oneconsequencecanbetheloss of
reputationforthegovernment, whichleadsthepublictoexpectmaximalcapital
taxes ineveryperiod inthefuture, withtheresultthatsavings arereduced. In
eachperiodthenthegovernmentmustcomparethebene…ts ofdeviating, which
allows thegovernmenttoimposelowerdistortionarylabortaxes inthatperiod,
withthecostsofdeviatingthatcomes from lowerfuturesavings rates andlower
discountedutilityfortheagents. T hereforeweimposeongovernment’s problem
an incentive-compatibilityconstraint: ateachfutureperiod, continuingwiththe
announcedtaxpolicymustyieldtotheagentadiscountedutilitythatisatleastas
highasthediscountedutilitythattheagentwillobtainifthegovernmentdeviates
inanywayfrom itsannouncedpolicy.

W ewillstartbyspecifyingageneralfunctionalformforthevalueofdeviation
thatdependsonthevaluesofbondsandcapitalatthebeginningoftheperiod. A
speci…cexample, whereinresponsetoadeviationbythegovernmenttheagents
expectmaximaltaxesoncapitalinfutureperiodsandthereforestopinvesting, will
beanalyzedinsection4.2 below.

Tosummarize, theconstraints imposedonthegovernmentbythe…rstorder
conditionsoftheagentaregiven, foreacht= 1;2 :::; by:

wtu0(ct)¡v0(Lt) = 0 (2.1)

u0(ct)¡¯rt+ 1u0(ct+ 1) = 0: (2.2)

T hebudgetconstraintoftheagentisgivenby:

¡kt+ 1¡bt+ 1 + rt(kt+ bt)+ wtLt= ct (2.3)

andtheeconomy-widefeasibilityconstraintgivenby:
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kt+ 1 + ct+ G ¡f(kt;Lt) = 0: (2.4)

T headditionalequationsexpressingthegovernmentbudgetconstraintareau-
tomaticallysatis…edifthepreviousequationsaresatis…ed;soweignorethem.

L etthevalueofdeviationattimetbegivenbyV D(kt;bt): weassumethatthis
functionisdi¤erentiableinbothvariables. T heincentivecompatibilityconstraints
areexpressedbytheinequalities:

1X

t= i
¯t¡i(u(ct)¡v(Lt))¸V D(ki;bi) (2.5)

foreveryi= 0 ;1;:::T heL agrangianofthegovernment’sproblem istherefore:
P 1

t= 0 ¯
t[u(ct)¡v(Lt)+ ¸t(u0(ct)¡¯rt+ 1u0(ct+ 1))

+ ¹t(wtu0(ct)¡v0(Lt))+ ´t(kt+ 1 + ct+ G ¡f(kt;Lt))
+ »t(rt(kt+ bt)+ wtLt+ G ¡f(kt;Lt)¡bt+ 1)+ ·trt]
+

P 1
i= 1°i

³P 1
t= i¯

t¡i
³
u(ct)¡v(Lt)¡V D(ki;bi)

´́
(2.6)

withrespectto(ct;Lt;kt;bt;wt;rt)t, foragivenpairk0 ;b0 .
T hevectorf(̧ t;¹t;´t;»t;·t)tg is thevectorofmultipliers associatedwiththe

…rstorderconditions fortheoptimization problem ofthe agent, the feasibility
constraintsandbudgetconstraints;the°0ielementsarethemultipliersassociated
withtheincentiveconstraints.

T hemaximandintheproblem (2.6) aboveis notconcave, evenwhenthein-
centiveconstraints are ignored. T his lackofconcavity is well-knowntoarise in
thestandardformulations oftheoptimaltaxationliteratureundercommitment.
T hereforethecharacterizationresultsthatareobtainedyieldonlynecessarycon-
ditions foroptimality. Forexample, thewell-knownresultduetoChamleyand
Juddstatesthatifanoptimalsolutionconvergestoasteadystate, thenthecapi-
taltaxesasymptoticallygotozero: thisresultfollowsdirectlyfromthe…rstorder
conditions. O uranalysisofthebestsustainabletaxprogramgivenbelowwillalso
primarilyleadtoresultsthatareobtainedfromthenecessaryconditions.

W enowturntothe…rstorderconditionsfortheproblemgivenby(2.6). T he
conditionsgivenbelowmustholdateacht= 1;2 :::T he…rstorderconditionwith
respecttoktforthegovernment’sproblem is:

¡́ tfK (kt;Lt)+ ¯¡1´t¡1 + »t(rt¡fK (kt;Lt)) = °t̄
¡tV D

k (kt;bt)

wherefK (kt;Lt) = @f(kt;Lt)
@k and V D

k (kt;bt) =
V D(kt;bt)

@k :T his conditioncanalsobe
expressedas :

(»t+ ´t)(rt¡fK (kt;Lt)) = °t̄
¡tV D

k (kt;bt)¡¯¡1
³
¡́ t+ ´t¡1

´
(2.7 )

T he…rstorderconditionwithrespecttoctis:

u00(ct)(̧ t¡¸t¡1rt+ ¹twt)+ u0(ct)+ ´t= ¡̄ ¡t(°¤̄ )tu
0(ct) (2.8)
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wherewede…ne(°¤̄ )t=
Pt

i= 1°ī
t¡i:T he…rstorderconditionwithrespectto

bt;rt;wt;Ltrespectivelyare:

¡»t¡1 + »t̄ rt= °t̄
¡tV D

b (kt;bt); (2.9 )

whereV D
b (kt;bt) =

V D(kt;bt)
@b ;

¡̧ t¡1u0(ct)+ »t(kt+ bt)+ ·t= 0 ; (2.10)

¹tu
0(ct)+ »tLt= 0 ; (2.11)

(»t+ ´t)(wt¡fL(kt;Lt))¡¹tv
00(Lt)¡(́ t+ u0(ct))wt= ¯¡t(°¤̄ )tv

0(Lt) (2.12)

andwhere fL(kt;Lt) = @f(kt;Lt)
@L : T heaboveequations, togetherwiththe initial

conditionsandtransversalityconditions, de…nethesystemtobestudied. Toana-
lyzethepropertiesofthis systemwe…rstturntothesteadystate.

3 TheSteadyState
W e…rstnotethatwhenincentiveconstraintsareignored, theChamley-Juddresult
thattheoptimalcapitaltaxesatasteadystatearezerofollows immediatelyfrom
the…rstorderconditiononcapital. In factin this casetheequation 2.7 above
simpli…esto:

(»t+ ´t)(rt¡fK (kt;Lt)) = ¡̄ ¡1
³
¡́ t+ ´t¡1

´
: (3.13)

B utatsteadystatethemultipliers »tand´tareconstant(seethediscussionafter
theequation (5.56) in theappendix) hencetheaboveequation implies r = fK ,
whichistheChamley-Juddresult.5. T heremainingsteadystateequationsare:

u00(c)(̧ t¡¸t¡1r + ¹tw )+ u0(c)+ ´t= ¡̄ ¡t(°¤̄ )tu
0(c) (3.14)

¡»t¡1 + »t̄ r = °t̄
¡tV D

b (k;b) (3.15)

¡̧ t¡1u0(c)+ »t(k+ b)+ ·t= 0 (3.16)

¹tu
0(c)+ »tL = 0 (3.17 )

(»t+ ´t)(w ¡fL(k;L))¡¹tv
00(L)¡(́ t+ u0(c))wt= ¯¡t(°¤̄ )tv

0(L) (3.18)
5Foraninterestinganalysisofthedynamicsofredistributivetaxationaroundasteadystate

inaspecialcase, see[11].
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wu0(c)¡v0(L) = 0 (3.19 )

¯r = 1 (3.20)

k+ c+ G ¡f(k;L) = 0 (3.21)

(r¡1)(k+ b)+ wL = c (3.22)

Inaddition, iftheincentiveconstraintisbindingwealsohave,

(1¡¯)¡1 (u(f(k;L)¡G ¡k)¡v(L))¡V D(k;b) = 0 (3.23)

InthosecasesinwhichtheincentiveconstraintisnotbindingwehavetheChamley-
Juddconditionstatedabove:

¯¡1 = fK (k;L) (3.24)

N owusingequations(3.19 ), (3.21) and( 3.22), weobtain:

f(k;L)¡G ¡k= (r¡1)(k+ b)+ (u0(f(k;L)¡G ¡k))¡1 v0(L)L

whichcanbewritten, usingequation(3.20) as:

G = f(k;L)¡b
³
¯¡1¡1

´
¡¯¡1k¡(u0(f(k;L)+ G ¡k))¡1 v0(L)L (3.25)

T his equation canbesolvedfor(k;L); ifb is given, eitherin conjunctionwith
(3.24)inthecasewithoutincentiveconstraints, orinconjunctionwith(3.23)when
incentiveconstraints aretaken intoaccountandarebinding. Inbothcases itis
clearthatallthesteady statevalues willdependon b; and therefore indirectly
onboth b0 andk0:6Toanalyzethis dependenceexplicitly, wemustconsiderthe

6T he dependence ofsteady state values on initialconditions when governmentbonds are
presentiswell-known, and is discussed inChamley [1]. Theinitialvalueofgovernmentbonds
makeadi¤erencebecausetheamountofrevenuethatthegovernmentneeds toraisewithdis-
tortionarytaxes inorderto…nanceits expenditures dependson its futurerevenues, thatis its
revenuesteam resultingfrom its initialbondposition. N oteofcoursethatforpositiverevenues
thegovermentmustbeanetcreditor, andmustbuybonds initially, which ishighlyunrealistic.
T hereforealower(non-positive) limiton initialgovernmentbonds, oranupperboundonthe
…rstperiodtaxrate, whichammountstothesame, arereasonableassumptions. A s discussedin
Chamley[1]and[2]however, ifthereisabindinglimitonthe…rstperiodtaxrate, thegovern-
mentwillnot…nditoptimaltoaccumulateassetsinsusequentperiodsbybuyingbondsfromthe
publictothepointof…nancingallitsexpendituresbyinterestcollections. T hereasonisthatthe
taxesaftertheinitialperiodaredistortionary, andthereis atrade-o¤ betweendistortinglabor
andcapitalmarketsearlyonversusdistortingthemlateron. A sChamleyshows, generallylabor
taxeswillcontinuetobepositiveatthesteadystateeveninaneconomywithbonds, provided
thereisabindinglimiton…rstperiodtaxes.
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…rst-orderconditionsthatapplytotheinitialperiod, andsolveforthesteadystate
values inconjunctionwiththem. Intheappendixweshowhowwecansolvefor
thesteadystatevalues inthismanner, giveninitialconditions (k0 ;b0 ). W ede…ne:

D e…nition1 L etx(b) = (r(b);w (b);c(b);k(b);L(b)) be a solution ofthe equa-
tions (3.19 ), (3.20), (3.21), ( 3.22), and(3.23). W erefertox(b) asacandidate
incentive-constrainedsteadystate.

A s mentionedabove, thesteadystatevalueofbmustbedetermined incon-
junctionwithinitialconditions (k0 ;b0 );asshownintheappendix.

Equation(3.25) canbeusedtosolveforL intermsof(b;k); andinanecon-
omywithoutbonds intermsofkalone. T hesolutionforL howevermaynotbe
unique, as thespecialcases discussed in thefollowingsections demonstrate. In
such situations itwillbenecessarytodeterminewhichofthesolutions forL in
equation (3.25 ) is theoptimizingone. T his canbedonebycheckingwhichof
thevarioussolutionsofL yieldsthehigheststeadystatevalues, givenbythe…rst
term inequation(3.23). T hesolutionofequation(3.23) itselfhowevermayhave
multiplesolutions in(k;b), representingtheintersectionsofthevalueofdefection
withthevalueofcontinuationalongtheoptimalsolution. T hereforethevarious
combinationsofsteadystatevalues, evaluatedattheappropriateL(k;b);haveto
becomparedinordertodeterminetheoptimalstationarysolution. T hiswillalso
determinewhether, attheoptimalsteadystatesatisfyingtheincentiveconstraints,
thereturnstocapitalwillbetaxedorsubsidized. T henextsectionwillillustrate
thevariouspossibilities inspecialcases.

D eterminingtheoptimalsteady statefrom amongthepossible steady state
solutions abovecanbeachievedthroughdirectcomparisons. A moreanalytical
approach is tosolvefortheassociated L agrangemultipliers and checkwhether
theysatisfytheappropriateKuhn-Tuckerconditions. Inparticular, forourprob-
lem givenabove, themultipliers associatedwiththeincentivecompatibilitycon-
straints, thatisthemultipliersgivenbythesequencef°g1i , mustbepositiveand
summable7 . In theproposition 1 below, weprovideacondition toassurethis.
D e…ne:

1 + a ´ E¡F
E¡F ¡D

=
1

1¡ D
E¡F

where

¾c´
u00(c)c
u0(c)

;¾L ´
v00(L)L
v0(L)

; (3.26)

D
E¡F

=

0
@
0
@

³
V D
k ¡r

´
M

(fK ¡r)wu0(¾L + ¾c)

1
A +

Ã
¾cV D

b (k+ b)
u0(¾c+ ¾L)c

!
(1 + ¾L)

1
A
¡1

; (3.27 )

7 M orepreciselytheymustbecontainedinthedualspaceof 1̀ , whichcontains 1̀ , thespace
ofsummablesequences.
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M ´(1 + ¾L)w ¡fL (kt;Lt)

andwheretheaboveexpressions,
³

D
E¡F

´
and M ; areevaluated atsteady state

values. T hefollowingpropositionisprovedintheappendix:

Proposition1 Supposethatx(b) isasolutiontothegovernment’sproblem (2.6)
from initialconditions (k(b);b);thatis, itisasteadystatesolutionfortheproblem
givenby(2.6). Then 1 + a 2 (0 ;¯¡1);wherea is evaluatedatx(b):

In thespecialcases discussed in thenextsection, wewillcheckwhetherthe
conditiongiven bylemma(1) holds in ordertoruleoutstationarysolutions to
equation (3.23) thatarenotoptimalstationarysolutions fortheproblem given
abovein(2.6)

4 IncentiveCompatibleSteadyStates
W ehavenowalltheelementsneededtocharacterizethesetofincentivecompatible
steadystates; in particularwewillinvestigatewhethercapitalwillbetaxedor
subsidizedattheoptimalincentiveconstrainedsteadystates. Forsimplicity, we
willstartbyfocussingonthecaseofaneconomywithoutbonds. W egiveapartial
characterizationofsteadystates inlemma1 andintheproposition2. W eobtain
asharpercharacterizationinProposition3forthecaseofalinearutilityfunction.
W ethenusethenecessaryconditions impliedbytheL agrangemultipliers, given
inlemma1, toruleoutsomesteadystatesandidentifytheoptimalones. T hese
resultsareinthetwopropositions4and5. Finally, weprovideaspeci…cafamily
ofexampleswheretheoptimalsolutiontothegovernmentproblem canhavean
incentiveconstrainedsteadystatesolutionatwhichcapitalis subsidized. Table
1 atthe end ofthis section shows, in a parametrized and calibrated familyof
examples, howcapitaltaxes and subsidies can vary with the curvature ofthe
productionfunctionandthelaborsupplyelasticity. Table2 presentsanotherfamily
ofexamples, withastrictlyconcaveutilityfunction, andidenti…esthesteadystate
withacapitalsubsidyastheoptimalone, forequilibrium trajectoriesoriginating
closetoit. Inthefollowingweassumeastrongerversionofassumption2:

A ssumption2 v(0 ) = 0 andlimL!1 v0(L) = 1 :

T heproceduretodeterminethesteadystates isthefollowing. Takeanyvalue
kofthecapitalstock, andconsideritasapossiblecandidatetobeasteadystate
value. T hatis, considerthesteadystateequations (i.e. equations (4.29 ), (4.30)
and(4.31)below)atthatvalueofk. T hesolutionoftheseequationsdeterminesthe
valueofconsumptionandlabor, andthereforeoftheutilityoftherepresentative
consumer, atthatsteadystate;thisdeterminesafunctionW (k), whichisthevalue
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perperiodtotherepresentativeconsumerinaneconomywhichmaintainskasthe
steadystatevalue, atthecompetitiveequilibriumwherethetaxoncapitalincome
iszero, andenoughtaxrevenueisgeneratedtopayforG .

N owletV D(k) bethevalueofdeviation atk. A necessarycondition fork
tobean incentivecompatiblesteadystatevalue is thatthetotalfutureutility,
W (k)
(1¡¯), isatleastaslargeas V D(k). Sothecandidateoptimalsteadystatesforthe
constrainedproblem aregivenbytheintersectionofthetwocurves describedby
V D and W

(1¡¯).

T heanalysisofaneconomywithbondswillbeastraightforwardmodi…cation
oftheanalysisofthissection: theequation(4.30)thatfollowsshouldbereplaced,
intheanalysisofthesteadystateofaneconomywithbonds, bytheequation 8

k̄ ¡1 + b(̄ ¡1¡1)+ wL = f(k;L)¡G (4.28)

T hesteadystatevaluesof(L;c;w ), fora…xedsteadystatevalueofthecapital
stock, aredeterminedbythethreeequations:

k+ c+ G = f(k;L) (4.29 )

k̄ ¡1 + w L = f(k;L)¡G (4.30)

u0(c)w = v0(L) (4.31)

T his system ofthreeequations determines thevalues ofthethreeunknowns
(L;c;w );this solutionhoweveris generallynotunique. L etus discuss thesetof
solutions. FirstwereducethesystemtothesingleequationinthevariableL:

k̄ ¡1 +
v0(L)L

u0(f(k;L)¡k¡G )
¡f(k;L)+ G ´© (k;L) = 0 (4.32)

N otethat© (k;0 ) = k̄ ¡1 + G andlimL! 1 © (k;L) = 1 foreveryk; sothe
equation (4.32) has a(possiblyempty) compactsetofsolutions. W edenoteby
L1(k) andL 2 (k) respectivelythesmallestandlargestsolutionof(4.32). Bytheir
de…nition:

© L(k;L1(k))·0 ·© L(k;L 2 (k)): (4.33)

L etnowkg bethesteadystatevalueofthecapitalstockinthecaseofcom-
mitment;asweknow, this is thevaluedetermined inthesystem (4.29 ), ( 4.30),
(4.31) above, plus theconditionofzerotaxoncapital. T his steadystatewillbe
asteadystateoftheproblemwithoutcommitmentifandonlyifW (kg)

(1¡¯) ¸V D(kg).
Ifnot, thesteadystateoftheconstrainedproblem willbe, ifitexists, oneofthe
intersectionsofthetwocurves;letusdenoteitbyk¤. (SeeFigure1 whereweuse
V (k)´ W (k)

(1¡¯);k
¤canbek1 ork2 :)

8 SeeaSection5.1 intheappendix, andalsofootnote3.
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V(k)

VD(k)

Figure1: kg istime-inconsistent

Figure1 illustratesthatperturbationsofparametersofthesystemmaychange
theintersectionsofV (k) andV D (k);withoutnecessarilychangingthequalitita-
tivenatureoftheresults. Forexample, ifthevalueofdeviationweretobehigher
becausethetrustofthe public in the governmenttosticktoits commitments
couldmoreeasilyandquicklyrestored afteradeviation, thevalueofdeviation
wouldV D (k)wouldshiftup. T hetwopossibleincentivecompatiblesteadystates
wouldmoveapart, theloweronerequiringahighercapitaltaxratewhilethehigher
onerequiringahighercapitalsubsidy. A s longas theintersectionsofV (k) and
V D (k) aretransversal, thetwoincentivecompatiblesteadystateswhicharedis-
tinctfrom thecommitmentsteadystatewouldberobusttoperturbations. W e
furtherexplorehowthe incentivecompatible steadystates changewith various
parametersinsection4.2 forsomespeci…cnumericalexamples(seeTable1 and2).

Implicitdi¤erentiationofequation(4.32)gives:

L emma1 In the region k¸ kg, L 2 (k) · L 2 (kg); L 2 is a decreasingfunction;
fK (k;L 2 (k))·¯¡1;andfK (¢;L 2 (¢)) isdecreasing.

L etus immediatelynoteanimplicationofthis:

Proposition2 Suppose thatthe constrained capitalstockk¤ is largerthan kg:
thencapitalis subsidized atthesteadystatek¤.

O fcoursewehavetoshowthatasituationasdescribed intheproposition2
mayinfactoccur. T his is donethenextsection. W ebeginwithasimplecaseof
linearutilty, andfurthersharpenProposition2.
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4.1 L inearU tility
Ingeneralthesolutiontothe…rstorderconditionsfortheproblemofoptimaltime-
consistenttaxesmaynotbeunique, and inparticularmayyieldmorethanone
equilibrium solutionforthelaborsupply. Evaluatingandcomparingthemultiple
solutions toanalytically identifytheoptimalonemaybequite intractable. For
thisreason, wenowrestrictourattentiontothecaseofutilityfunctionslinearin
consumption, whereu(c) = c:In factamajorsimpli…cationoccurs inthis case:
thechoiceoftheequilibrium quantityoflaboris thelargestsolutionofthe…rst
orderconditions, bothatsteadystateandatanypointontheoptimalpath. T he
examples inthesubsequentsectioninvolvingsubsidiestocapitalhoweverwillbe
constructedwithlinearaswellasnon-linearutilityfunctions.

Takeanypair(kt;Lt), andset(thisisimposedbythelinearutilityandthe…rst
orderconditionoftheagent) rt= ¯¡1;itis easytoseethattherearestillmany
possibleequilibrium quantitiesforlabor. H owever, ifweletf(kt;Lt;ct;rt;wt);t=
0 ;1;:::g be theoptimalpath, then forany t, Lt is the largestsolution ofthe
equationinL givenby:

kt̄ ¡1 + v0(L)L + G ¡f(kt;L) = 0 (4.34)

Infact, ifweletforanytthechoiceofkt;kt+ 1;rtbegiven, thefactthatthepath
isoptimalimpliesthatthevalueLtisasolutionof:

max
L

f(kt;L)¡v(L)¡G ¡kt+ 1

subj. tof(kt;L)¡v0(L)L¡G ¡kt̄ ¡1 = 0: (4.35)

N owtakeL1 ·L 2 beanytwosolutionsoftheaboveconstraintgivenbyequation
(4.35). T hedi¤erenceintheutilitygivenbythetwochoicesisequaltov0(L 2 )L 2 ¡
v(L 2 )¡v0(L1)L1 + v(L1):O urclaimthatLtisthelargestsolutionoftheequation
4.34followsfromthefactthatthefunctionv0(L)L¡v(L) isstrictlyincreasing.

L etL 2 (kt) denotethe largestsolution of(4.35). Itnowfollows thatatthe
steadystatetheoptimalchoiceoflaborisL 2 (k) foranyk. A lsothelemma1 has
astrongerversion, asfollows.

L emma2 Thefunction L 2 is increasingintheregionk·kg, anddecreasingin
theregionk¸kg;thefunctionfK (¢;L 2 (¢))¡¯¡1 is decreasingeverywhere.

T heproofisstraightforward, andbasedontheanalysisofthesystemofdi¤er-
entialequationsgivingL 2 andfK ¡¯¡1 asafunctionofk. N otethatthanksto
thislemmathesteadystatetaxesoncapitalincomearecompletelycharacterized:

Proposition3 Ifthesteadystatevaluek¤ is largerthankg , thencapitalis sub-
sidized;ifonthecontraryk¤ is smallerthankg, thencapitalis taxed.
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W ecannowturntotheanalysisofthenecessarycondition(4.36). A swehave
seen, anecessaryconditionforasteadystateoftheconstrainedproblem, whenthe
incentivecompatibilityconstraintsarebinding, isthatthemultiplierscomputedin
theprevioussectionarepositiveandsummable. Inparticulartheconditionthat

1 + a 2 (0 ;¯¡1) (4.36)

has tobesatis…ed. T hefollowingL emmarelates this conditiontotheslopes of
V D (k)andW (k):

L emma3 1. IfV D
k (k)·W 0(k)

1¡¯ , then1 + a 2 (0 ;¯¡1) ifandonlyifV D
k (k)·¯¡1:

2. IfV D
k (k)¸W 0(k)

1¡¯ , then 1 + a 2 (0 ;¯¡1) ifandonlyifV D
k (k)¸¯¡1:

Proof. R ecallthatinthepresentcase:

1 + a =
1

1¡R
;R ´v00(L)L(fK (k;L)¡¯¡1)

(V D
k ¡¯¡1)© L

where© L = © L(k;L 2 (k));sothat1 + a 2 (0 ;¯¡1) ifandonlyif

v00(L)L(fK (k;L)¡¯¡1)
(V D

k ¡¯¡1)© L(1¡¯)
·1:

N owusethefactthat

W 0(k)
1¡¯

= ¯¡1 +
v00(L)L(fK (k;L)¡¯¡1)

© L(1¡¯)

toderiveourconclusioninbothcases.

Proposition4 IfthedefectionvaluefunctionV D is strictlyconcave, and

fk:V D(k)·W (k)
1¡¯

g = [k1;k2 ];

thenitcannotbethecasethat1 + a 2 (0 ;¯¡1) bothatk1 andk2 ;i.e. itcannotbe
thatbothareoptimalsteadystates. (SeeFigure1, whereV (k)´ W (k)

(1¡¯) )

N oteinfactthatV D
k (k2 )¸ W 0(k2 )

1¡¯ and V D
k (k1)· W 0(k1)

1¡¯ . From thelemma3,
if1 + a 2 (0 ;¯¡1) atk2 then V D

k (k2 )¸¯¡1, andthereforeV D
k (k1) > ¯¡1. N ow

lemma3againimpliesthat1 + a 62(0 ;¯¡1)atk1. T heargumentintheothercase
is identical.

L emma4 1. Ifk¤¸kg, andV D
k (k¤)·W 0(k¤)

1¡¯ , then 1 + a 2 (0 ;¯¡1):
2. Ifk¤·kg, andV D

k (k¤)¸W 0(k¤)
1¡¯ , then 1 + a 2 (0 ;¯¡1):
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Proof.Consider1. B ylemma3itsu¢cestoshowthat

W 0(k¤)
1¡¯

·¯¡1;

andgiventheexplicitformofW 0(k¤)
1¡¯ italsosu¢cestoshowthat

fK (k;L)¡¯¡1

© L
·0:

B utatL 2 (k)fromlemma3wehavethatfK (k;L)¡̄ ¡1 ·0 , and© L(k;L 2 (k)¸
0 . T heproofof2 is similar.

W econcludethat:

Proposition5 In thesituation ofproposition 4, ifkg ¸k2 , then theonlycon-
strainedsteadystatewhichsatis…es thenecessaryconditionforoptimalityisk2 .

4.2 SubsidiestoCapital
In this section we analyze examples in which, atthe constrained steady state
satisfying…rst-orderconditions, capitalis subsidizedattheoptimal, constrained,
taxplan. W euseaspeci…cvalueofdeviationassociatedwith irredeemableloss
ofreputation: onceagovernmentdeviates, agents expectcapitaltobetaxedat
maximalratesatallfutureperiodsandthereforedonotsave. T his isanextreme
“punishment”, and therefore themostlikely todeterdeviation. M ilderforms,
wheretheloss ofreputationandcon…denceis temporary, orwhereexpectations
switchtohigherratherthanmaximaltaxrates, canalsobeanalyzedalongthe
linesoftheexamplebelow.

W ebeginwithaspecialexamplewithlinearutility, where:

u(c) = c;v(L) =
1
2
L 2 ; (4.37 )

andtheproductionfunctionis

f(k;L) = A(²)k+ B L + ²k®L1¡®: (4.38)

L aterweconsideramoregeneralform, withnon-linearutility, as inequation
4.39 . T hoseexamples shouldmakeclearthatthecapitalsubsidyresults donot
dependonthelinearityoftheutilityfunction.

H ereA(²) = 1
¯ ¡' (²), where ' is acontinuous strictly increasingfunction,

with ' (0 ) = 0 . T he production function therefore is aweighted averageofa
componentlinearin capitalandastandardCobb-D ouglas production function.
T his speci…cationwillbeusefultoconstructparametricexamples inSection4.2.

Itwillbeclearfromthediscussionthatfollowsthattheessentialfeatureofthe
exampleisnottheCobb-D ouglasform, butthefactthatthemarginalproductof
capitalgoestoin…nityasthecapitalstockgoestozero.
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T hetwofunctionsW (k)andV D (k) arede…nedas intheprevioussection. In
particularthevalueofdefectionV D hastwocomponents: thevaluefromthe…rst
period, whichdepends onk, andthevaluefrom thefollowingperiods, which is
aconstantindependentofk . W edenotebyLD (k) andLW (k) respectivelythe
optimallaborchoices fordeviationandforthevalueofW . N otethatW (0 ) =
V D (0 )andthatLW (0 ) = LD (0 ):T hefollowinglemmaestablishesthatfor² > 0 ;
theslopeofW (k) becomes largerthantheslopeofV D (k) ask ! 0:N otealso
fromthelemmathatthereisadiscontinuityat² = 0:

L emma5 1. A sktendstozero, thedi¤ erencebetweenthederivativeofW term
andthe V D term becomes, for¯ > ® ; in…nitelylargeandpositiveforany² > 0:
M oreformally: forany…xed² > 0 and¯ > ® , andanynumberM , thereisavalue
k(²;M ) suchthatforallvaluesofklessthanthat, thedi¤ erenceislargerthanM .

2. For² = 0 , thedi¤ erencebetweenthederivativeofW andV D tends, as k
tendstozero, toastrictlynegativevalue.

T heproofofthislemmaisrelegatedtotheappendix. T helemmaestablishes
thatwhen² > 0 and¯ > ® wehavelimk! 0 [((1¡¯)¡1W k(k)¡V D

k (k)]> 0 , thatis
theslopeof(1¡¯)¡1W isstrictlylargerthantheslopeofV D atk= 0 . H owever
if¯ < 1, thenthefunction (1¡¯)¡1W mayagain intersectthefunction V D at
positivevaluesofk;soforvaluesofkwhere(1¡¯)¡1W (k) < V D (k), kcannot
besustainedasasteadystate. A time-inconsistencyproblemarises iftheoptimal
Chamley-Juddsteadystateforkg fallswithinsucharegion;andthebestincentive
compatiblesteadystatecannotlieinthisregion. Considerforexampleasituation
asdepictedinFigure2 below, where(1¡¯)¡1W (k)< V D (k)fork2 (k1;k2 ), and
kg 2 (k1;k2 ). T henextproposition, thatfollowsdirectlyfromlemma4establishes
thatbothk1 andk2 areviablecandidatesfortheoptimalsteadystate.

Proposition6Forbothk= k1 andk= k2 , wehave1 + a 2 (0 ;¯¡1).

Inthefollowingsectionwepresentsomecalibratedexamplestoillustratehow
thebestsustainablesteadystatesmayhavecapitaltaxesorcapitalsubsidies.

SomeN umericalExamples

Togetabettersenseofthee¤ectsofincentiveconstraintsonthetaxratesandof
howthesee¤ectsvarywithparameters, weresorttocomputations foraparame-
trizedfamilyofexamples. W ealsomodifytheutilityfunction(seeequation4.37 )
toallowtheinverselaborsupplyelasticity, e, tobecomeaparameter:

u(c)¡v(L) =
1

1¡¾
c(1¡¾)¡ 1

1 + e
L1+ e; (4.39 )

W e initiallyset¾ = 0 ; sothattheutilityofconsumptionis linear. Tode…ne
theproductionfunctionwesetA(²) = ¯¡1¡z ²r;where z = 1; r = 7=8; B = 3and
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® = 0:34:W esetthediscountfactorat¯ = 0:95andthegovernmentexpenditures
atG = 2 :A higher²orahigherz bothincreasetherelativeweightofthenon-linear
(Cobb-D ouglas) partoftheproductionfunctionrelativetoitslinearpart.

Inanumberofcasesitturnsoutthereare4potentialconstrainedsteadystates,
thatisintersectionsofW (k)=(1¡̄ )andV D(k);atk= 0 ;k1;k2 ;k3:W (k)=(1¡̄ )¡
V D(k) ispositiveon(0 ;k1), negativeon(k1;k2 ), positiveon(k2 ;k3) andnegative
againfork> k3 (seeFigure2). Inothercases, asthefunction V (k) shiftsdown
forcertainparametrizations, theonlyconstrainedsteadystatesareatk1 andk2:9

Table 1 andFigure 2 belowillustratehowtheconstrained taxes di¤erfrom
thetaxes undercommitmentforvarious values ofthe inverselaborelasticity e;
andfortheparameter² which is ameasureofthecurvatureoftheproduction
function (seeequation 4.38). In generalcapitalis taxed atthesteady statek1
while itis subsidized atsteady statek2 : T he tax (subsidy) rates atcandidate
steadystatesk1 andk2 arequitecloseto0 ;tosomeextentduetothelinearutility
ofconsumptionandthealmostlinearityoftheproductionfunction. A s expected
howeverthesespeci…cationsalsogeneratesubstantialdi¤erencesinthesteadystate
capitalstocks atk1;k2 andkg:W enotethatas thecurvatureoftheproduction
function is increasedfrom ² = 0:0 0 0 0 1 to² = 0:0 0 2 5 foragivenvalueofe;the
subsidyrateatk2 increaseswhilethetaxrateatk1 generallydeclines: itseems
thatwhentheincentiveconstraintsbindandkg cannotbesustainedinthelimit,
morecurvatureintheproductionfunctionfavorslowertaxes(orhighersubsidies)
tocapital. IntermsofFigure2 this corresponds toarelativeshiftinboth V (k)
andV D(k) sothatbothk1 andk2 increase. O ntheotherhandaslaborbecomes
moreinelastic, thatisas e is increasedfora…xed², k1 declineswhilek2 increases
(see Table1 ). T hesameis truefortheratios k1

L(k1)
and k2

L(k2 )
whichdetermine

themarginalproductsofcapital: theformerdeclineswhilethelatterincreases. In
termsofFigure2 thisre‡ectsarelativedownwardshiftinthefunctionV (k):W e
alsoobservefrom Table1 thataslaborsupplybecomesmoreinelastic, thecapital
subsidies atk2 increase: thelabortaxes neededto…nanceacapitalsubsidyare
lessdistortionarywhenthelaborsupplyismoreinelastic. H owever, sincek1 and
k1

L(k1)
declinewith e;whilethemarginalproductofcapitalatkg is always …xedat

¯¡1, capitaltaxesatk1 mustgoupaslaborsupplybecomesmoreinelastic.
InspectingTable 1 below, twofurtherobservations emerge. Firstforfe =

0:5; ² = 0:0 0 2 5gandforfe = 0:4 5; ² = 0:0 0 2 or² = 0:0 0 2 5gwehavekg < k1 :this
meansthattherewouldbecapitalsubsidiesatallofthepositivecandidatesteady
statesk1; k2 andk3:H oweverinthesecasesitisclearthatV (k) > V D (k)atkg; so
thatkg isunconstrainedandcanbesustained. Second, inFigure2, thecandidate
steadystatek3 is apparent. B utfor² = 0:0 0 2 5, when e goesfrom 1 to1:15; the
di¤erenceW (k)=(1¡¯)¡V (k)D shiftsdown, sothatk2 andk3 getclose, merge
anddisappear, asalsoindicatedintheTable1. T hen L emma3 implies thatthe
steadystatesolutionmustbek1, eventhoughkg > k1. Infactlemma3 indicates

9 N ote thatunless A(²)is largerthan 1 ¡¯;V (k)eventually slopes down as themarginal
productofcapitalbecomessmallandahighvalueofkbecomeshardertosustain.
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Figure2: M ultipleSteadyStates

thatwhenk1 < kg < k2 , theneitherk1 ork2 satis…esthenecessaryconditions, but
inthiscasethereisnok2 :

e ² kg k1 k2 L(kg) L(k1) L(k2 ) TAX (k1) TAX (k2 )
1.15 .00001 .0001 .00001 6.05 1.667 8 1.667 8 1.667 6 .009 9 1 -.00005
1.15 .001 .008 7 .008 7 10.1 1.6683 1.6681 1.6428 .00839 -.00215
1.15 .002 .1000 .0236 24.4 1.6688 1.6686 1.5228 .00669 -.00401
1.15 .0025 .1043 .0324 — 1.6689 1.6689 — .0059 2 —
1.00 .00001 .0046 .0002 5.7 2.0000 2.0000 1.9 9 9 5 .00817 -.00004
1.00 .001 .1053 .0128 8.5 2.0005 2.0003 1.9 827 .007 04 -.00212
1.00 .002 .119 9 .0340 13.2 2.0011 2.0009 1.9 47 1 .00549 -.0039 3
1.00 .0025 .1250 .0464 17 .7 2.0013 2.0012 1.9 07 7 .0047 4 -.00482
.500 .00001 .1665 .00024 4.6 7 .4641 7 .4641 7 .4640 .00317 -.00003
.500 .001 .39 33 .17 36 5.3 7 .4658 7 .4657 7 .4586 .00164 -.00186
.500 .002 .447 7 .4428 6.3 7 .467 7 7 .467 7 7 .4519 .00003 -.00342
.500 .0025 .4668 .59 33 6.9 7 .468 7 7 .4686 7 .447 4 -.0007 4 -.00417
.450 .00001 .2129 .00039 4.3 9 .8283 9 .8283 9 .8382 .0027 1 -.00003
.450 .001 .517 9 .3028 5.0 9 .8307 9 .8306 9 .8245 .0009 5 -.0017 5
.450 .002 .589 5 .7 9 02 5.6 9 .8333 9 .8332 9 .8207 -.0006 -.00321
.450 .0025 .6147 1.07 3 5.9 9 .8346 9 .8342 9 .8181 -.0015 -.0039 0

TA B L E1

20



Inallthecasesdiscussedabovewherekg 2 (k1;k2 );bothk1 andk2 arepotential
steadystatecandidates: theconditiongivenbylemma1, that(1+ a)2 (0 ;¯¡1); is
satis…edatbothofthem. Thequestionarisesthereforeastowhichofthesteady
states, givensomeinitialconditions, istheoptimalone, andwhetherasteadystate
withacapitalsubsidycaneverbeoptimal. Itispossibletoconstructexamplesto
showthatasubsidizedsteadystatecanindeedbeoptimal. Considerforexample
acaseforwhichtheunconstrained(Chamley-Judd) steadystatekg isbelow, but
arbitrarilyclosetotheconstrained steady statek2 . Considertheoptimalpath
undercommitmentstartingclosetokg;sayatk2 ;andwhichconvergestokg :clearly
itdominatesotherfeasiblepaths. Yetits valuewillnowbearbitrarilyclosetoa
pathwhichstaysatk2 withasubsidy, andwhichsatis…estheincentiveconstraints.
T hismeansthattheconstrainedpathatk2 willalsodominateotherfeasiblepaths
convergingtok1:B elowweconstructanexampleillustratingthis possibility. W e
settheparametersasfollows: ® = 0:34 ;¯ = 0:95;B = 3;G = 2 ;r = 7=8, ² = 0:0 0 5,
¾ = 0:2 and e = 0:5 . W elettheparameterz inthede…nitionofA(²)vary. N ote
thatinthiscasetheutilityofconsumptionis strictlyconcave, since¾ > 0:Table
2 illustrates howaswevary z theoptimalsteadystateundercommitment, kg,
approachesk2 frombelowandcrosses it.

z kg k1 k2 L(kg) L(k1) L(k2 ) TAX (k1) TAX (k2 )
0.5000 0.49 7 .157 3 16.28 2.433 2.436 2.1500 .00522 -.00419
0.1023 5.382 .2042 5.39 1 2.37 9 3 2.437 1 2.37 9 2 .007 29 -.000001
0.1000 5.565 .2046 5.366 2.37 7 2 2.4317 2.37 9 6 .007 30 .000023

TA B L E2

A s showninTable2, forz = 0:10 2 3; kg andk2 areveryclose. A swedecrease
z towards 0:1, kg crossesk2:T hereforeafeasiblepathwhichstartsatk2 andstays
therewithasubsidygenerates avaluethatis arbitrarilyclosetothevalueofan
optimalpathundercommitment. N otealsothatatz = 0:1;althoughthereseems
tobeapositivetaxatbothk1 andk2 ;thecommitmentsteadystatekg exceedsk2 ;
sothatinfactkg canbesustainedbecauseV (kg) > V D(kg):

W ecanalsoexploretheresponseoftheconstrainedsteadystatestochangesin¾
whichmeasuresthecurvatureoftheutilityofconsumption. Increasing¾ increases
k2 anddecreasesk1, whichisequivalenttoadownwardshiftofthefunctionV (k)
relativetoV D(k), whichresults inan increaseintaxes atk1 andan increasein
subsidiesatk2 . Furtherincreasesin¾ eventuallyresultinthedisappearanceofk2
asitmergeswithk3;andk1 remainsastheonlypositiveconstrainedsteadystate.
A nanalogoussituationobtainsforincreases in z .

4.3 CapitalasCommitmentD evice
L etussummarizetheanalysisofthissimplemodelpresentedabove. T hecommit-
mentsteadystatekg maynotbesustainableandfallinbetweentwosustainable
steadystates: onesteadystate is higherthanthecommitmentsteadystatekg,
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withnegativetaxes(subsidies)oncapital;thesecondislower, withpositivetaxes
oncapital.

T helevelkg cannotbemaintainedbecausethepromiseoflongrunzerotaxon
capitalisnotcredible;andthis inturnhappensbecausethetemptationtorevert
topositivetaxesistoostrong. O ntheotherhand, thepromise, atthehighsteady
state, oflong-runnegative taxes is credible. T his maysoundparadoxical. T he
reason forthis is simplythatcapitalsubsidies givetheappropriate incentiveto
accumulateahigherlevelofcapital. A scapitalincreasesbeyondkg boththevalue
ofW andthevalueofV D increase;theydo, however, atdi¤erentrates, sothat
eventually W

(1¡¯) isaboveV
D. N otethatatthishighercapitalstockthemarginal

productoflabortendstoincrease, andfurthermorelaborsupplyislower, duethe
positivewealthe¤ect, thanitwouldbeatkg undercommitment. (Seelemma1.)
T heonetimeadvantageoftaxingtheexistingcapitalstockatahigherrate in
ordertoavoidthedistortionarylabortaxes isnolongerworthwhile. Sosubsidies
tocapitalbecomecredibleinthelongrunbecausetheycreatealevelofcapital
highenoughtoworkasanendogenouscommitmentdeviceagainstdefection.

5 A ppendix
5.1 Theinitialperiod
T he…rstorderconditions forthegovernment’s problem intheinitialperiodare
givenby:

u00(c0 )f̧ 0 + ¹ 0w 0g+ u0(c0 )+ ´0 = 0 (5.40)

¡»0 + »1¯r1 = °1¯
¡1V D

b (k1;b1) (5.41)

»0 (k0 + b0 )+ · 0 = 0 (5.42)

¹ 0u
0(c0)+ »0L0 = 0 (5.43)

(»0 + ´0 )(w 0 ¡fL(k0 ;L0 ))¡¹ 0 v
00(L0 )¡(́ 0 + u0(c0 ))w 0 = 0 (5.44)

w 0u0(c0 )¡v0(L0 ) = 0 (5.45)

u0(c0 )¡¯ r1u0(c1) = 0 (5.46)

k1 + c0 + G ¡f(k0 ;L 0) = 0 (5.47 )

¡k1¡b1 + r0 (k0 + b0)+ w 0L0 = c0 (5.48)
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Equation(5.48) simpli…esto:

¡b1 + r0 (k0 + b0)+
³
(u0(f(k0 ;L0 )+ G ¡k1))

¡1 v0(L 0)
´
L 0 = f(k0 ;L0 )¡G (5.49 )

W ebeginwiththecasewithoutincentiveconstraints. Firstwesolveforthe
steadystatevalues in conjunctionwiththeconditions forthe initialperiod: we
canthereforeput°0is equaltozero. N otethatgiven b;thevaluesofkandL are
determined from (3.23) and ( 3.24): allothersteady state variables, including
steadystateconsumption, canbedetermineduniquelyfrom these. Todetermine
bnotefrom (5.46) thatsince¯r = 1;wealsohavec0 = c1 ´c: thereiscomplete
consumption smoothingdue tothe presence ofbonds thatyieldingaconstant
returnr fromtheinitialperiodonwards. N owconsiderthetransitiontothesteady
stateinonestep: thatisletthevariablesattaintheirsteadystatevalueinperiod
one. W emustcheckofcoursethatthisisconsistentwithasmoothedconsumption
levelthatispositive. Ifweputr0 toitsminimumvalue, whichmaybezeroorrmin;
thentheequations (5.45), (5.47 ) and(5.49 ), togetherwithsteadystateequations
(3.21), (3.24) and (3.25), determinefw 0 ;L0 ;b;k;L;cg; wheretheunsubscripted
variables representthesteadystatevalues. U niqueness ofcourseis notassured.
N otethatputtingr0 toitsminimumrequires· 0 tobenon-zero, whichfrom(5.42)
requires »0 tobenon-zeroandalsofrom (3.15) requires »itobenon-zeroforall
i. If»0 is zerohowever, itimpliesthatr0 is interior, andthatenoughrevenuesto
…nanceallfuturegovernmentexpenditurescanbegeneratedwithouttaxinginitial
capitalatthemaximumrate. Italsoimpliesthatfuturelabortaxesmustbezero.10
Inthecasewheregovernmentbondsarenotallowed, »0 = 0 doesnotimplythat
»t= 0 becauseequation(3.15), the…rstorderconditionwithrespecttobonds, is
nolongerapplicable. Inthis case, whiletaxrevenues from capitalaresu¢cient
tomeetG intheinitialperiod, infutureperiods labortaxescanstillbepositive
becausethegovernmentcannotrelyoninterestfrom sellingbonds tothepublic.
Toavoiddistortingincentivesforsaving, thegovernmentmusttaxlabortomeet
itsexpendituresonG aftertheinitialperiod.

Solvingforsteadystatevalueswhenincentiveconstraintsarebindingexactly
parallelstheprocedureabove, exceptthatChamley-Juddconditiongivenbyequa-
tion (3.24) is replacedbytheequation (3.23), which speci…es thatthe incentive
constraintsbinding.

10T hiscanbeseen, whenconstraintsarenotbindingand ° 0isarezero, from thefollowing: In
equation5.53wecansubstuitutefor´t from equation5.52 andsolvefor»tas:

»t=
¡u0(ct)(fL (kt;L t)¡wt)

¡(fL (kt;L t)¡wt)+ (¾L wt+ ¾cfL (kt;;L t))

Clearly»t=0 impliesthatfL (kt;L t)¡wt=0 orthatlabortaxesarezero.
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5.2 Themultipliers
W estillhavetoshowthatthesteadystatelevelsthathavebeencomputedsatisfy
theallnecessaryconditionsassociatedwiththemultipliers, andthatthemultipliers
areofthecorrectsigns. W heremultiplesteadystatesolutionsarefound, onlysome
maysatisfyallthesenecessaryconditions. W enowturnthereforetosolvingfor
thevaluesoftheL agrangemultipliersontheoptimaltrajectory. T heanalysisthat
followswillalsoprovideaproofoflemma1. W estartwithoutmakingsteadystate
assumptions.

W ebeginbysolvingfor¹tand ¸t¡1 from equations (2.10) and(2.11) andwe
substituteintof̧ t¡¸t¡1rt+ ¹twtg:W eobtain, alsousingequation(2.3):

(̧ t¡¸t¡1rt+ ¹twt) =
»t+ 1

u0(ct+ 1)
(kt+ 1 + bt+ 1)¡

»t
u0(ct)

(rt(kt+ bt)+ wtLt) (5.50)

U sing(2.9 ) and(2.2) abovewehave:

»t+ 1
u0(ct+ 1)

=
»t

u0(ct)
+
°t̄

¡tV D
b (kt;bt)

u0(ct)
=

»t
u0(ct)

+
°t̄

¡tV D
b (kt;bt)

u0(ct+ 1)¯rt+ 1
(5.51)

W enowcanwrite, using(5.50) and(5.51), theequation(2.8) as:

¾c»t+ u0(ct)+ ´t+
u00(ct)

³
°t̄

¡tV D
b (kt;bt)

´
(kt+ 1 + bt+ 1)

u0(ct)
= ¡̄ ¡t(°¤̄ )tu

0(ct)

(5.52)
Solving(5.52) foru0(ct)+ ´tandusing(2.1) and(2.11), wecanwrite(2.12) as

(»t+ ´t)(wt¡fL(kt;Lt))+
v00(Lt)Lt»t
u0(ct)

+ ¾c»twt (5.53)

+

0
@u00(ct)

³
°t̄

¡tV D
b (kt;bt)

´
(kt+ 1 + bt+ 1)

u0(ct)

1
A wt+ ¯¡t(°¤̄ )tu

0(ct)wt

= ¯¡t(°¤̄ )tv
0(Lt)

or:

(»t+ ´t)(wt¡fL(kt;Lt)) (5.54)
= ¡¾cwt

³
»t+

³
°t̄

¡tV D
b (kt;bt)

´
(kt+ bt)(ct)¡1

´
¡»t¾Lwt

N owdividing(2.7 ) by(5.54)weget:

(rt¡fK (kt;Lt))
(wt¡fL(kt;Lt))

=
°t̄

¡tV D
k (kt;bt)+ ¯¡1

³
¡́ t+ ´t¡1

´

¡»t(¾cwt+ ¾Lwt)¡¾cwt

³³
°t̄

¡tV D
b (kt;bt)

´
(kt+ 1 + bt+ 1)(ct)¡1

´

(5.55)
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W e can nowsimplify equation (5.55) and solve itfor»tatsteadystatevalues.
Forthis purposewemustevaluate ¡́ t+ ´t¡1 in asteadystate. W ecan solve
equation(5.52) for´t; take…rstdi¤erencesandusingequation(2.9 ), andthefact
that¯r = 1;wecanobtainthefollowingequation:

¡́ t+ ´t¡1

= ¾c
³
»t¡»t¡1

´
+

Ã
u00(c)c
u0(c)

! Ã
k+ b
c

!
V D
b

³
°t¡1¯

¡t+ 1¡°t̄
¡t́ + u0(c)°t̄

¡t

= ¾c
³
°t̄

¡t́ V D
b + ¾c

Ã
k+ b
c

!
V D
b

³
°t¡1¯

¡t+ 1¡°t̄
¡t́ + u0(c)°t̄

¡t

=
³
°t̄

¡t́
Ã
u0(c)+ V D

b

Ã
¾c

Ã
1 +

Ã
k+ b
c

! Ã
°t¡1¯
°t

¡1
! ! ! !

(5.56)

U sing(5.56)wecanexpress(5.55) as:

(r¡fK (k;L))
(w ¡fL(k;L))

=
°t̄

¡t
³
V D
k (k;b)¡¯¡1

³³
u0(c)+ V D

b

³
¾c

³
1 +

³
k+ b
c

´³
°t¡1¯
°t

¡1
´́ ´́ ´́

¡»t(¾cw + ¾Lw )¡¾cw
³³
°t̄

¡tV D
b

´
(k+ b)(c)¡1

´

(5.57 )
N owsolving(5.57 ) for»tweget:

»t= °t̄
¡tE (5.58)

E =

0
@

³
V D
k (k;b)¡¯¡1

³³
u0(c)+ V D

b

³
¾c

³
1 +

³
k+ b
c

´³
°t¡1¯
°t

¡1
´́ ´́ ´́

(wt¡fL(k;L))

¡w (¾c+ ¾L)
³
¯¡1¡fK (k;L)

´
1
A

¡ ¾c
(¾c+ ¾L)

³
V D
b

´
(k+ b)(ct)¡1 (5.59 )

N otethattheexpressionE abovedepends on
³
°t¡1¯
°t

´
; whichwewilltaketobe

equaltoaconstant, say(1 + a):W ewilldemonstratethistobethecasebelow.
W estoreequation(5.58). Substituting´tfrom (5.52) into(5.54)

¡
³
1 + ¯¡t(°¤̄ )t

´
u0(c)(w ¡fL(k;L)) (5.60)

+

0
@»t¡»t¾c¡

0
@
u00(c)

³
°t̄

¡tV D
b

´
(k+ b)

u0(c)

1
A
1
A (w ¡fL(k;L))

+ »t¾Lw + ¾c»tw + +

0
@
u00(c)

³
°t̄

¡tV D
b

´
(k+ b)

u0(c)

1
A w = 0

or
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³
»t¡

³
1 + ¯¡t(°¤̄ )t

´
u0(c)

´
(w ¡fL(k;L)) (5.61)

+

0
@»t¾c+

0
@
u00(c)

³
°t̄

¡tV D
b

´
(k+ b)

u0(c)

1
A
1
A fL(k;L)+ »t¾Lw = 0

Solvingfor»twehave:

»t=

³
1 + ¯¡t(°¤̄ )t

´
u0(c)(w ¡fL(k;L))+ fL(k;L)¾c

³
°t̄

¡tV D
b

´
(k+ b)(c)¡1

((1 + ¾L)w ¡(1¡¾c)fL(k;L))
(5.62)

U sing(5.58) equation(5.62) becomes :

»t=
³
1 + ¯¡t(°¤̄ )t

´
D + °t̄

¡tF = °t̄
¡tE (5.63)

where:

D =
u0(c)(w ¡fL(k;L))

((1 + ¾L)w ¡(1¡¾c)fL(k;L))
(5.64)

F =
fL(k;L)¾c

³
V D
b

´
(k+ b)(c)¡1

((1 + ¾L)w ¡(1¡¾c)fL(k;L))
(5.65)

andE isasde…nedpreviously. N owsince
³
1 + ¯¡t(°¤̄ )t

´
= 1 + °1¯

¡1 + °2 ¯
¡2 + ::::°t̄

¡t

equation(5.63)becomes:
³
1 + °1¯

¡1 + °2 ¯
¡2 + ::::°t̄

¡t́ D + °t̄
¡tF = °t̄

¡tE (5.66)

N otehoweverthatatasteadystatewecannowcomputethemultipliers°t̄
¡t:

°t̄
¡t =

³
1 + °1¯

¡1 + :::°t¡1¯
¡(t¡1)

´µ D
E¡D¡F

¶
(5.67 )

=
³
1 + °1¯

¡1 + :::°t¡2 ¯
¡(t¡2 )

´µ D
E¡D¡F

¶
+ °t¡1¯

¡(t¡1)
µ D
E¡D¡F

¶

=
µ E¡F
E¡D¡F

¶
°t¡1¯

¡(t¡1) =
µ E¡F
E¡D¡F

¶t

°0

where°0 canbetakenasunity: °0 = 1:W ecanalsocheckwhethertheexpression³
°t¡1¯
°t

´
;appearinginthede…nitionofEwhichwasusedinthederivationof°t̄

¡t

above, is indeed aconstantas wehadassumed. U singequation (5.67 ) wecan
compute

³
°t¡1¯
°t

´
=

³
E¡D¡F
E¡F

´
;whichis indeedconstantatasteadystate.
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A tasteadystate, therefore, itisclearthatE willbeconstant. Itfollowsthat
»twillhavethesamesignas°t̄

¡t:Italsofollowsthat°t̄
¡tmustbeofconstant

sign, whichrequiresthat
³

E¡F
E¡D¡F

´
¸0:Furthermorewemusthave°t̄

¡tbounded
andconvergingtozerosincetheL agrangemultipliersmustbeinsummable, which
requires that

³
E¡F

E¡D¡F

´
< ¯¡1:W enowinvestigateconditions underwhich 0 <³

E¡F
E¡D¡F

´
< ¯¡1 atthe steady state. N owlet1 + a ´ E¡F

E¡F¡D . T hereforefor
°t̄

¡tabove tobebounded and summable, we have shown thatwemusthave
1 + a 2 (0 ;¯¡1):T hisprovesProposition1 usedinthetext.

In particularforthecaseofautilityfunction thatis linearin consumption
(¾ = 0 ), onwhichtheresultsofsection4arebased, theexpressionfor1 + a can
befurthersimpli…ed. Insuchcases 1 + a´ E¡F

E¡F¡D canbewrittenas :

1 + a =
((1 + ¾L)w ¡fL (kt;Lt))

((1 + ¾L)w ¡fL (kt;Lt))+ ¾Lw
³
¯¡1¡fK (kt;Lt)

´³
V D
k (kt:bt)¡¯¡1

¡́1

(5.68)
In section4, wherewefocus onthecaseofutilitylinearinconsumption, we

usetheaboveexpressionfor1 + a tocharacterizetheoptimalsteadystates.
ProofofL emma5:
Proofof1. D enoteLD andLW respectivelytheequilibriumvalueoflaborfor

deviationandforthevalueW . LD isdeterminedasfollows: fromthegovernment
budgetconstraint, settingr = 0 , combiningthetwoderivatives togetbackthe
productionfunction, andusingthefactthatw = L, weget:

G = f(k;L)¡L 2 :

ForLW : from thegovernmentbudgetconstraint, settingthetaxesoncapital
tozero,

G = B L + ²(1¡® )k®L(1¡®)¡L 2 :

W henk= 0 thetwovaluesoflaborarethesame, denotedby

L(0 ) = 1=2 [B + (B 2 ¡4 G )(1=2 )]

Fromtheimplicitfunctiontheorem,

d LD

d k
= ¡ A+ ²®(L=k)(1¡®)

B + ²(1¡® )(k=L)® ¡2 L
and

d LW

d k
= ¡ ²®(1¡® )(L=k)(1¡®)

B + ²(1¡®)2 (k=L)® ¡2 L:

T hevaluesforthetwoprogramsare:

V D(k) = f(k;LD)¡G ¡1=2 (LD(k))2 +
¯

1¡¯
[B L 2 (0 )¡G ¡(1=2 )L 2 (0 )2 ]
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and

(1¡¯)¡1W (k) = (1¡¯)¡1[f(k;LW )¡k¡G ¡1=2 (LW (k))2 ]:

Soifwenowcomputethelimitofthedi¤erencebetweentheslopesthetwoquan-
titiesasktendstozero, weget:

lim
k! 0

(1¡¯)¡1Wk(k)¡V D
k (k) = lim

k! 0
²®
1¡¯

(L=k)(1¡®)[¯ +
B ¡L(0 )
2 L(0 )¡B

(̄ ¡® )]:

W ehaveusedthefactthattheratio LW
LD tends to1 asktends tozero. A lso

asdiscussedlaterwehaveignoredtheA term inthenumeratoroftheexpression
forLD: this iscorrectwhen² isnon-zero, becausetheotherterms(whichbecome
in…nite) dominate. W hen ¯ > ® , given the solution ofL(0 ) given above, the
quantitylimk! 0 (Wk¡V D

k )(k) is clearlypositive, andtendstoin…nityasktends
tozero. T hisconcludestheproofofthe…rstpoint.

Proofof2. Set² = 0 intheabovecomputations, andgetthat:

lim
k! 0

((1¡¯)¡1Wk¡V D
k )(k) = ¡(B ¡L(0 ))(

A
2 L(0 )¡B

):

T heintuitionisagainclear: thetermAwhichisaddedtotheincreaseinlabor
supplyintheV D caseisdominatedwhen ² is nonzerobytheothergains, which
areallmultiplied by ². W hen however² is zerothis is theonlyterm, because
therelativegainforconsumptionbecomeszerointhelimit(sincethelinearterms
cancelonbothsides), LW

k becomes zero, whileLD stays positiveandmakes V D

better. T hisconcludestheproof.
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