
ECONOMIC RESEARCH REPORTS

C.V. STARR CENTER
FOR APPLIED ECONOMICS

NEW YORK UNIVERSITY
FACULTY OF ARTS AND SCIENCE

DEPARTMENT OF ECONOMICS
WASHINGTON SQUARE

NEW YORK, NY 10003-6687

Sorting and Long-Run Inequality

By

Raquel Fernandez
and

Richard Rogerson

RR# 99-22 December 1999

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Research Papers in Economics

https://core.ac.uk/display/6636471?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


Vruwlqj dqg Orqj0Uxq Lqhtxdolw|

Udtxho Ihuqäqgh}
Qhz \run Xqlyhuvlw|
FHSU dqg QEHU

Ulfkdug Urjhuvrq
Xqlyhuvlw| ri Shqqv|oydqld

Vhswhpehu 4<<<
Wklv Yhuvlrq= Ghfhpehu 4<<<

Devwudfw

Pdq| vrfldo frpphqwdwruv kdyh udlvhg frqfhuqv ryhu wkh srvvlelolw| wkdw
lqfuhdvhg vruwlqj lq vrflhw| fdq ohdg wr juhdwhu lqhtxdolw|1 Wr lqyhvwljdwh
wklv/ zh frqvwuxfw d g|qdplf prgho ri lqwhujhqhudwlrqdo hgxfdwlrq dftxl0
vlwlrq/ ihuwlolw| dqg pdulwdo vruwlqj dqg sdudphwhul}h wkh vwhdg| vwdwh wr
pdwfk vhyhudo edvlf hpslulfdo ?qglqjv1 Frqwudu| wr Nuhphu*v +4<<:, ?qg0
lqjv ri d edvlfdoo| lqvljql?fdqw lpsdfw ri vruwlqj rq lqhtxdolw|/ zh frqfoxgh
wkdw lqfuhdvhg pdulwdo vruwlqj zloo vljql?fdqwo| lqfuhdvh lqfrph lqhtxdolw|1
Wkuhh idfwruv duh fhqwudo wr rxu ?qglqjv= d qhjdwlyh fruuhodwlrq ehwzhhq
ihuwlolw| dqg hgxfdwlrq/ d ghfuhdvlqj pdujlqdo h>hfw ri sduhqwdo hgxfdwlrq
rq fkloguhq*v |hduv ri hgxfdwlrq/ dqg zdjhv wkdw duh vhqvlwlyh wr wkh uhodwlyh
vxsso| ri vnloohg zrunhuv1

Zh wkdqn Plfkdho Nuhphu/ Qh}lk Jxqhu/ Mrkq Nqrzohv/ Ylfwru Ulrv0
Uxoo/ dqg sduwlflsdqwv dw wkh QEHU Vxpphu Lqvwlwxwh Lqhtxdolw|Zrunvkrs/
ODFHD/ Odwlq Dphulfdq Hfrqrphwulf Vrflhw| Phhwlqjv/ VLWH dqg VHG
Frqihuhqfh/ dqg vhplqdu sduwlflsdqwv dw Q\X/ Urfkhvwhu/ Xqlyhuvlw| ri
Shqqv|oydqld/ Vrxwkdpswrq Xqlyhuvlw|/ Zduzlfn/ OVH/ dqg wkh Erdug ri
Jryhuqruv iru yhu| khosixo frpphqwv1 Zh wkdqn Gdq Ohy| iru klv uhvhdufk
dvvlvwdqfh1 Wkh dxwkruv judwhixoo| dfnqrzhgjh vxssruw iurp wkh QVI dqg
wkh ?uvw dxwkru dovr wkdqnv wkh FY Vwduu Fhqwhu iru ?qdqfldo vxssruw1



41 Lqwurgxfwlrq

Pdq| vrfldo frpphqwdwruv fodlp wkdw Dphulfdq vrflhw| lv ehfrplqj pruh vwudw0
l?hg/ lq wkh vhqvh wkdw lqglylgxdov duh whqglqj wr lqwhudfw pruh zlwk rwkhuv zkr
duh vlplodu wr wkhpvhoyhv/ dqg ohvv zlwk rwkhuv zkr duh gl>huhqw1 Wkhvh lqwhu0
dfwlrqv lqfoxgh zkr rqh zrunv zlwk/ zkr rqh pduulhv/ zkr rqh jrhv wr vfkrro
zlwk/ dqg zkr rqh kdv dv qhljkeruv14 Wkxv/ lqfuhdvhg vwudwl?fdwlrq ru vruwlqj
pd| wdnh sodfh dorqj wkh glphqvlrqv ri vnloov/ lqfrph/ hgxfdwlrq/ dswlwxgh/ udfh
dqg hwkqlflw|1

Zk| pljkw lqfuhdvhg vruwlqj pdwwhuB Lw kdv ehhq k|srwkhvl}hg wkdw lqfuhdvhg
vruwlqj pd| uhgxfh uhglvwulexwlrq/ lqfuhdvh qhjdwlyh dfwlylwlhv vxfk dv fulph/ ru
uhgxfh srvlwlyh shhu h>hfwv lq vfkrro1 Vrph revhuyhuv +h1j1 Zlovrq +4<;:, dqg Uh0
lfk +4<<4,, kdyh dujxhg wkdw lqfuhdvhg vruwlqj pd| kdyh vljql?fdqw frqvhtxhqfhv
iru wkh ghjuhh ri lqhtxdolw| lq vrflhw|/ zlwk pruh vruwlqj ohdglqj wr juhdwhu lq0
htxdolw|1 D uhfhqw dqg suryrfdwlyh sdshu e| Nuhphu +4<<:,/ krzhyhu/ dujxhv wkdw
wkh txdqwlwdwlyh h>hfwv ri hyhq yhu| odujh lqfuhdvhv lq vruwlqj8zkhwkhu pdulwdo
ru uhvlghqwldo8duh olnho| wr eh qhjoljleoh/ dw ohdvw dv frqfhuqv wkh glvwulexwlrq ri
lqfrph dqg hgxfdwlrq1

Wkh remhfwlyh ri wklv sdshu lv wr lqyhvwljdwh lq juhdwhu ghswk wkh h>hfwv ri
lqfuhdvhg pdulwdo vruwlqj rq lqhtxdolw|1 Lq rughu wr gr vr/ zh h{dplqh d prgho
ri lqwhujhqhudwlrqdo hgxfdwlrq dftxlvlwlrq dqg pdulwdo vruwlqj dqg sdudphwhul}h
lw wr pdwfk vhyhudo edvlf hpslulfdo ?qglqjv1 Zh ?qg wkdw lqfuhdvhg vruwlqj pd|
vljql?fdqwo| lqfuhdvh lqfrph lqhtxdolw|1

Rxu prgho lv yhu| vlpsoh1 Lqglylgxdov duh hlwkhu vnloohg +froohjh hgxfdwhg, ru
xqvnloohg +kljk0vfkrro hgxfdwhg,1 Wkh| phhw/ pduu| dqg kdyh fkloguhq1 Xqdeoh wr
eruurz djdlqvw ixwxuh kxpdq fdslwdo/ idplolhv ghflgh krz pdq| ri wkhlu fkloguhq
wr vhqg wr froohjh edvhg rq wkhlu idplo| lqfrph/ wkhlu fkloguhq*v delolwlhv/ dqg wkh
h{shfwhg zdjh gl>huhqwldo iru vnloohg uhodwlyh wr xqvnloohg oderu1 Wkh glvwulexwlrq
ri hgxfdwlrq ghwhuplqhv zdjhv/ dqg wrjhwkhu wkh| ghwhuplqh wkh glvwulexwlrq ri

4Zkhwkhu vwudwl?fdwlrq ru zkdw zh zloo jhqhudoo| fdoo 3vruwlqj4 kdv dfwxdoo| lqfuhdvhg lv d
vhsdudwh txhvwlrq dqg rqh wkdw zh zloo qrw lqyhvwljdwh khuh1 Nuhphu dqg Pdvnlq +4<<9, suhvhqw
vrph hylghqfh lq vxssruw ri wkh dujxphqw wkdw vruwlqj e| vnloo ohyho lq wkh zrunsodfh kdv lq0
fuhdvhg1 Hylghqfh rq pdulwdo vruwlqj dsshduv pl{hg1 Edvhg rq |hduv ri vfkrrolqj/ wkh hylghqfh
ohdgv wr wkh frqfoxvlrq wkdw vruwlqj kdv qrw lqfuhdvhg> krzhyhu/ wkh ghfuhdvhg suredelolw| wkdw
fhuwdlq hgxfdwlrqdo eduulhuv zloo eh furvvhg +h1j1 kljk vfkrro judgxdwh pduulhg wr froohjh judg0
xdwh,/ vxjjhvwv juhdwhu vruwlqj +Pduh 4<<4,1 Vruwlqj dw wkh qhljkerukrrg ohyho dsshduv qrw wr
kdyh lqfuhdvhg +Nuhphu 4<<:,/ zkhuhdv dqqhfgrwdo hylghqfh ri lqfuhdvhg wudfnlqj lq vfkrrov dqg
wkh surolihudwlrq ri pdjqhw vfkrrov vxjjhvwv wkdw vruwlqj lq vfkrrov pd| eh lqfuhdvlqj1
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lqfrph1 Zh vroyh iru wkh vwhdg| vwdwhv ri wkh g|qdplf prgho> shukdsv qrw vxu0
sulvlqjo|/ wkh h{lvwhqfh ri eruurzlqj frqvwudlqwv jhqhudwhv pxowlsoh vwhdg| vwdwhv1

Wkh ghjuhh ri vruwlqj lq wklv prgho lv uh hfwhg lq wkh iudfwlrq ri wkh srsxodwlrq
wkdw jhwv shuihfwo| +dv rssrvhg wr udqgrpo|, pdwfkhg zlwk d pduuldjh sduwqhu1
Dq lqfuhdvh lq wkh ghjuhh ri vruwlqj fdq/ lq wkhru|/ hlwkhu lqfuhdvh ru ghfuhdvh
wkh vnloohg iudfwlrq ri wkh srsxodwlrq/ ghshqglqj rq d qxpehu ri idfwruv wkdw zh
glvfxvv lq rxu dqdo|vlv1 Lq rxu fdoleudwhg prgho zh ?qg wkdw li pdulwdo vruwlqj
lqfuhdvhv/ wkhq d vpdoohu iudfwlrq ri fkloguhq zloo ehfrph vnloohg1 Wklv gulyhv
grzq zdjhv iru xqvnloohg zrunhuv dqg lqfuhdvhv wkrvh ri vnloohg zrunhuv dqg dovr
lqfuhdvhv wkh ghjuhh ri zdjh lqhtxdolw|1 Li dv d uhvxow ri orzhu zdjhv/ eruurzlqj
frqvwudlqwv ehfrph wljkwhu iru orz0lqfrph idplolhv/ wkh h>hfw rq zdjh lqhtxdolw|
lv ixuwkhu pdjql?hg1

Frqwudvwlqj rxu ?qglqjv zlwk wkdw ri Nuhphu*v/ zh ?qg wkuhh idfwruv/ doo de0
vhqw lq Nuhphu*v dqdo|vlv +dqg/ zh dujxh/ suhvhqw lq wkh gdwd,/ wr eh fhqwudo wr
rxu uhvxowv1 Lq sduwlfxodu/ d qhjdwlyh fruuhodwlrq ehwzhhq ihuwlolw| dqg hgxfdwlrq/
d ghfuhdvlqj pdujlqdo h>hfw ri sduhqwdo hgxfdwlrq rq fkloguhq*v |hduv ri hgxfd0
wlrq/ dqg d surfhvv ri zdjh ghwhuplqdwlrq wkdw lv vhqvlwlyh wr wkh uhodwlyh vxsso|
ri vnloohg wr xqvnloohg zrunhuv doo frqwulexwh wr rxu txdolwdwlyh dqg txdqwlwdwlyh
frqfoxvlrqv1

Lq dgglwlrq wr wkh sdshu e| Nuhphu/ rxu zrun lv uhodwhg wr vhyhudo rwkhuv lq
wkh olwhudwxuh1 Ehqderx +4<<9d,/ Fdxfxww +4<<:,/ Frrshu +4<<:,/ Gxuodxi +4<<8,/
Hssoh dqg Urpdqr +4<<9, dqg Ihuqdqgh} dqg Urjhuvrq +4<<9/ 4<<:, h{dplqh wkh
h>hfwv ri qhljkerukrrg dqg vfkrro vruwlqj jhqhudwhg hlwkhu hqgrjhqrxvo| e| hgx0
fdwlrq srolflhv ru h{rjhqrxvo| yld lqfuhdvhg qhljkerukrrg vwudwl?fdwlrq1 Edqhumhh
dqg Qhzpdq +4<<6,/ Ehqderx +4<<9e,/ Ihuqdqgh} dqg Urjhuvrq +4<<;,/ Jdoru
dqg ]hlud +4<<6,/ Orxu| +4<;4,/ dqg Omxqjylvw +4<<6, h{dplqh wkh h>hfwv ri wkh
h{lvwhqfh ri eruurzlqj frqvwudlqwv rq wkh g|qdplf hyroxwlrq ri wkh hfrqrp| dqg
lqfrph lqhtxdolw|1 Wkh h>hfwv ri hqgrjhqrxv ihuwlolw| rq lqfrph glvwulexwlrq +dqg
ylfh yhuvd, kdyh uhfhqwo| ehhq wkh vxemhfw ri dqdo|vlv lq Gdkdq dqg Wvlggrq
+4<<;,/ Juhhqzrrg/ Jxqhu/ dqg Nqrzohv +4<<<,/ dqg Nuhphu dqg Fkhq +4<<<,
dprqj rwkhuv1

Wkh rxwolqh ri wkh sdshu iroorzv1 Lq wkh qh{w vhfwlrq zh ghvfuleh wkh prgho
dqg lwv vwhdg| vwdwhv1 Lq vhfwlrq 6 zh dqdo|}h wkh h>hfwv ri fkdqjhv lq vruwlqj1
Lq vhfwlrq 7 zh xvh gdwd wr sdudphwhul}h wkh prgho/ dqg lq vhfwlrq 8 zh xvh rxu
sdudphwhul}hg prgho wr dvvhvv wkh h>hfwv ri d odujh lqfuhdvh lq vruwlqj1 Vhfwlrq 9
uhylhzv Nuhphu*v dqdo|vlv dqg frqwudvwv lw zlwk rxu rzq1 Vhfwlrq : h{dplqhv wkh
urexvwqhvv ri rxu uhvxowv wr dowhuqdwlyh sdudphwhul}dwlrqv dqg Vhfwlrq ; frqfoxghv1
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51 Wkh Prgho

Wr h{dplqh wkh h>hfwv ri pdulwdo vruwlqj rq wkh surfhvv ri lqwhujhqhudwlrqdo hgx0
fdwlrq wudqvplvvlrq dqg lqfrph lqhtxdolw| uhtxluhv d g|qdplf prgho wkdw lqfru0
srudwhv pduuldjh/ ihuwlolw|/ hgxfdwlrq dqg wkh ghwhuplqdwlrq ri lqfrph1 Wkh lqwhu0
dfwlrq ri wkhvh idfwruv hdvlo| |lhogv d qrq0wudfwdeoh prgho +vhh Juhhqzrrg/ Jxqhu
dqg Nqrzohv +4<<<, iru d frpsxwdwlrqdo dssurdfk wr wklv sureohp, vr/ zkhuhyhu
srvvleoh/ zh fkrrvh wr prgho wkhvh ghflvlrqv lq dv vlpsoh d zd| dv srvvleoh/ nhhs0
lqj pdq| hohphqwv h{rjhqrxv +lq sduwlfxodu ihuwlolw| dqg pduuldjh ghflvlrqv, lq
rughu wr kljkoljkw wkh lqwhudfwlrqv wkdw duh fhqwudo wr rxu dqdo|vlv15

Wkh vwru| rxu prgho whoov lv d vlpsoh rqh1 Lq hdfk shulrg wkh dgxow srsxodwlrq
lv fkdudfwhul}hg e| d glvwulexwlrq ri hgxfdwlrq ru vnloo ohyhov1 Zh dvvxph wkdw
lqglylgxdov duh hlwkhu vnloohg ru xqvnloohg dqg wkdw d frpshwlwlyh oderu pdunhw
ghwhuplqhv wkh uhodwlyh zdjhv ri wkhvh zrunhuv1 Wkhvh lqglylgxdov phhw dqg pduu|/
zlwk wkhlu pduuldjh sduwqhuv ghwhuplqhg yld dq h{rjhqrxv pdwfklqj surfhvv wkdw
h{klelwv srvlwlyh dvvruwdwlyh pdwfklqj1 Frxsohv kdyh fkloguhq dqg/ edvhg rq wkh
qxpehu ri fkloguhq/ wkhlu dswlwxghv/ idplo| lqfrph/ dqg h{shfwhg zdjhv/ wkh|
ghflgh wkh hgxfdwlrq ohyhov ri wkhlu fkloguhq1 Wklv jhqhudwhv wkh qh{w jhqhudwlrq*v
glvwulexwlrq ri hgxfdwlrq +vnloo ohyhov,1 D pruh irupdo ghvfulswlrq iroorzv1

Pduuldjhv

Frqvlghu d srsxodwlrq dw wlph | zkrvh qxpehu lv jlyhq e| ?| dqg vrph glylvlrq
ri wkdw srsxodwlrq lqwr vnloohg zrunhuv/ ?r|/ dqg xqvnloohg zrunhuv/ ?ü|/ zkhuh=

?| ' ?r| n ?ü| +514,

Iru rxu sxusrvhv/ vnloo ohyhov zloo eh v|qrq|prxv zlwk dq hgxfdwlrqdo dwwdlqphqw1
Doo froohjh0hgxfdwhg zrunhuv duh vnloohg +r,> doo rwkhuv duh xqvnloohg +ü,1

Hdfk lqglylgxdo lv pdwfkhg zlwk dqrwkhu/ uhvxowlqj lq d 3pduuldjh4 dffruglqj
wr wkh iroorzlqj phfkdqlfdo surfhvv1 Lq rughu wr fdswxuh wkh ghjuhh ri vruwlqj lq
wkh hfrqrp|/ zh doorz vrph iudfwlrq ri pduuldjhv/ vd| w/ wr eh shuihfwo| pdwfkhg/
l1h1/ d vnloohg zrunhu pduulhv dqrwkhu vnloohg zrunhu ru dq xqvnloohg zrunhu pduulhv
dqrwkhu xqvnloohg zrunhu1 Wkh uhpdlqlqj iudfwlrq ri wkh srsxodwlrq lv pdwfkhg lq
d udqgrp idvklrq1 Wkxv pduuldjhv zloo ehorqj wr rqh ri wkuhh fdwhjrulhv= vnloohg
pduulhv vnloohg +ghqrwhg e| û iru kljk w|sh,/ vnloohg pduulhv xqvnloohg +ghqrwhg e|
6 iru pl{hg ru plggoh w|sh,/ dqg xqvnloohg pduulhv xqvnloohg +ghqrwhg e| , iru

5Dv zh dujxh lq wkh frqfoxvlrq/ zh eholhyh wkdw prvw sodxvleoh zd|v ri hqgrjhql}lqj ihuwlolw|
dqg pdulwdo ghflvlrqv zloo uhlqirufh rxu frqfoxvlrqv1
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orz w|sh,1 Wkhvh fdwhjrulhv zloo dovr fruuhvsrqg wr wkh uhodwlyh srvlwlrq ri frxsohv
lq wkh lqfrph glvwulexwlrq1

Jlyhq wkh ghjuhh ri dvvruwdwlyh pdwfklqj w dqg wkh glvwulexwlrq ri wkh srsxod0
wlrq dw wlph | lqwr vnloohg dqg xqvnloohg/ wkh wrwdo qxpehu ri kljk w|sh pduuldjhv
dw wlph |/ û|/ lv jlyhq e|=

û| ' bû|
?|
2

zkhuh

bû| ì wq| n E�ý wäq2| +515,

dqg q lv wkh udwlr ri vnloohg zrunhuv lq wkh srsxodwlrq/ l1h1/

q| '
?r|
?|

+516,

Wkh qxpehu ri pduuldjhv wkdw duh ri wkh plggoh w|sh dw wlph | lv jlyhq e|

6| ' b6|
?|
2

zkhuh

b6| ì 2E�ý wäq|E�ý q|ä +517,

zkhuhdv wkh qxpehu wkdw duh orz w|sh lv jlyhq e|=

,| ' b,|
?|
2

zkhuh
b,| ì wE�ý q|ä n E�ý wäE�ý q|ä2 +518,

Ri frxuvh/ bû| n b6| n b,| ' � dqg û| n6| n ,| '
?|
2
1

Fkloguhq

Ihuwlolw| xqgrxewhgo| ghshqgv rq sduhqwdo hgxfdwlrq/ lqfrph/ fxowxuh dqg
whfkqrorj| dprqj rwkhu wklqjv1 Zh vlpsoli| pdwwhuv e| dvvxplqj wkdw ihuwlo0
lw| lv ghwhuplqhg hqwluho| e| wkh hgxfdwlrqdo edfnjurxqgv ri wkh sduhqwv1 Wkxv/
ihuwlolw| lv rqo| d ixqfwlrq ri pduuldjh w|sh dqg fdq eh ghqrwhg e| sæ/ æ ' ûc6/
ru , +vr wkdw doo idplolhv ri pduuldjh w|sh æ kdyh wkh vdph qxpehu ri fkloguhq,16

6Lw zrxog qrw eh gl!fxow wr uhod{ wklv dvvxpswlrq/ exw wklv zrxog r>hu olwwoh dgglwlrqdo
lqvljkw1
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D fklog fdq eh ri wzr 3dswlwxgh4 w|shv zklfk zh ghqrwh e| hlwkhu kljk ru orz/
wkh vljql?fdqfh ri zklfk zloo eh pdgh fohdu vkruwo|1 Wkh suredelolw| wkdw d jlyhq
fklog lv ri kljk dswlwxgh/ òæ/ æ ' ûc6c , lv doorzhg wr gl>hu dfurvv idplo| w|shv
exw qrw dfurvv idplolhv zlwklq wkh vdph fdwhjru|17 Uhdol}dwlrqv duh lqghshqghqw
dfurvv fkloguhq1 Wkh suredelolw|/ wkhuhiruh/ wkdw d idplo| zlwk d wrwdo qxpehu ri
fkloguhq sæ kdv ? é sæ fkloguhq ri kljk dswlwxgh lv ò?æ E�ýòæäsæ3?

í
sæ
?

ì
zkhuh

í
sæ
?

ì
lv

wkh elqrpldo frh!flhqw +htxdo wr wkh qxpehu ri frpelqdwlrqv ri sæ wklqjv wdnhq
? dw d wlph,1

Hgxfdwlrq

D idplo|*v ghflvlrq wr vhqg d fklog rq wr froohjh lv ghwhuplqhg e| wkh fklog*v
dswlwxgh/ idplo| lqfrph/ dqg h{shfwhg zdjhv1 Li d fklog zlwk kljk dswlwxgh rewdlqv
d froohjh hgxfdwlrq/ zh dvvxph vkh uhfhlyhv rqh xqlw ri vnloohg kxpdq fdslwdo/
zkhuhdv d orz dswlwxgh fklog zkr jrhv rq wr froohjh lv dvvxphg wr rewdlq }hur
xqlwv ri vnloohg kxpdq fdslwdo18 Wkh txdqwlw| ri xqvnloohg kxpdq fdslwdo wkdw d
fklog rewdlqv lv dvvxphg wr eh lqghshqghqw ri khu dswlwxgh ohyho/ l1h1/ doo lqglylgxdov
zkr rewdlq rqo| d kljk0vfkrro hgxfdwlrq kdyh wkh vdph ohyho ri kxpdq fdslwdo1
Wkh dswlwxgh +dqg hgxfdwlrq, ri d fklog lv dvvxphg wr eh shuihfwo| revhuydeoh wr
doo1

Zh dvvxph wkdw wkh frvw ri vhqglqj d fklog wr kljk vfkrro lv }hur zkhuhdv d
srvlwlyh +frqvwdqw, frvw/ D/ pxvw eh lqfxuuhg ehiruh rewdlqlqj d kljkhu hgxfdwlrq1
Wr uhqghu wkh ghflvlrq ri zkhwkhu wr vhqg d fklog wr froohjh dv vlpsoh dv srvvleoh/
zh dvvxph wkdw/ vxemhfw wr rewdlqlqj d plqlpxp shu fdslwd frqvxpswlrq ohyho ri
S/ d idplo| zrxog dozd|v ghvluh wr vhqg d kljk0dswlwxgh fklog wr froohjh li wkh qhw
uhwxuq iurp grlqj vr/ çr ý D/ h{fhhghg wkh uhwxuq iurp kljk vfkrro/ çü1 Pruh
irupdoo|/ li d idplo| ri w|sh æ zlwk ? kljk dswlwxgh fkloguhq vhqgv o é ? ri wkhp
rq wr froohjh/ dqg kdv shu fdslwd frqvxpswlrq htxdo wr Sc zh dvvxph wkh| uhfhlyh
xwlolw|

7Lq wklv vhqvh shukdsv wkh whup dswlwxgh lv d plvqrphu vlqfh/ vwulfwo| vshdnlqj lw lv qrw
jhqhwlfdoo| ghwhuplqhg +rwkhuzlvh zh zrxog kdyh wr nhhs wudfn ri zkhwkhu d frxsoh lqfoxghg
3/ 4/ ru 5 kljk0dswlwxgh lqglylgxdov,1 Lw lv ehvw wkrxjkw ri dv d kljk ru d orz delolw| wr rewdlq
pdunhwdeoh vnloov iurp froohjh1 Wklv delolw| lv dvvxphg wr ghshqg rq sduhqwdo hgxfdwlrq dqg
khqfh gl>huv dfurvv idplo| w|shv1

8Zh frxog hdvlo| dvvxph wkdw d orz dswlwxgh fklog hqgv xs zlwk * ? 4 xqlwv ri vnloohg kxpdq
fdslwdo1 Wklv zrxog pxowlso| wkh qxpehu ri srwhqwldo vwhdg| vwdwhv zh kdyh wr h{dplqh exw qrw
dgg dq| qhz idfwru ri lqwhuhvw wr rxu dqdo|vlv1

9



Læ '

;?= ESý Sä iru S ÷ S

ESý Sä n o
E2nsæä

çr n
Esæ3oä
E2nsæä

çü/ rwkhuzlvh
+519,

zkhuh çr dqg çü duh qh{w shulrg*v zdjhv iru vnloohg dqg xqvnloohg zrunhuv uhvshf0
wlyho|19

Zdjhv

Zh dvvxph d frqvwdqw uhwxuqv wr vfdoh djjuhjdwh surgxfwlrq ixqfwlrq jlyhq
e|=

8 E?rc ?üä ' ?ü8 E?r*?üc �ä ì ?ü8 E q

�ý q c �ä ì ?üsEqä +51:,

s â : fc s ââ ÷ f

Dvvxplqj d frpshwlwlyh oderu pdunhw/ lw iroorzv wkdw zdjhv duh ghwhuplqhg rqo|
e| wkh ydoxh ri q=

çrEqä ' E�ý qä2s âEqä dqg çüEqä ' sEqäý qE�ý qäs âEqä +51;,

zkhuh wkh dvvxpswlrqv lq +51:, lpso| wkdw vnloohg zdjhv duh ghfuhdvlqj lq wkh udwlr
ri vnloohg wr xqvnloohg zrunhuv dqg wkh rssrvlwh iru xqvnloohg zdjhv1 Qrwh wkdw qr
idplo| zrxog zdqw wr vhqg wkhlu fklog wr froohjh li wkh iudfwlrq ri vnloohg zrunhuv
h{fhhgv q/ zkhuh q lv gh?qhg e|=

çrEqä ' çüEqä n D +51<,

Zh dvvxph khqfhiruwk wkdw q lv vwulfwo| srvlwlyh1Qrwh/ ixuwkhupruh/ wkdw q zrxog

eh wkh iudfwlrq ri wkh srsxodwlrq wkdw zrxog dwwhqg froohjh li wkhuh zhuh qr eruurz0
lqj frqvwudlqwv dqg/ rq djjuhjdwh/ wkh iudfwlrq ri kljk dswlwxgh fkloguhq h{fhhghg
q1
Exgjhw Frqvwudlqwv

Wkh xwlolw| pd{lpl}dwlrq sureohp ri d idplo| ri w|sh æ zlwk ? kljk0dswlwxgh
fkloguhq lv jlyhq e| wkh pd{lpl}dwlrq ri Læ dv vshfl?hg lq +519, vxemhfw wr d
exgjhw frqvwudlqw1 Qrwh wkdw lq wkh devhqfh ri dq| lpshglphqwv wr eruurzlqj
djdlqvw ixwxuh lqfrph/ doo kljk0dswlwxgh fkloguhq zrxog dwwhqg froohjh dv orqj dv

9Zh xvh wklv olqhdu xwlolw| ixqfwlrq iru vlpsolflw| rqo|> zh frxog vshfli| d frqfdyh xwlolw|
ixqfwlrq1 Lw zrxog eh htxdoo| vlpsoh wr lqfrusrudwh glvfrxqwlqj ri fkloguhq*v ixwxuh lqfrph ru
gl>huhqwldo zhljkwv rq idplo| phpehuv* frqvxpswlrqv1

:



q ÷ q lq wkh vxevhtxhqw shulrg1 Zlwk eruurzlqj frqvwudlqwv/ krzhyhu/ krxvhkrog
lqfrph lv dq lpsruwdqw ghwhuplqdqw ri wkh qxpehu ri fkloguhq wkdw d idplo| fdq
d>rug wr vhqg wr froohjh1

Lq zkdw iroorzv/ zh dvvxph wkdw idplolhv duh xqdeoh wr dffhvv fuhglw ru lq0
vxudqfh pdunhwv1: Iru lqwhusuhwdwlrqdo sxusrvhv/ krzhyhu/ zh wklqn wkdw lw lv
lpsruwdqw wr qrwh wkdw wkhvh eruurzlqj frqvwudlqwv qhhg qrw eh wkrxjkw ri dv
frqvwudlqlqj gluhfwo| wkh fdsdflw| ri d idplo| wr vhqg d fklog wr froohjh +zklfk lv
ghedwdeoh dv vrph froohjhv duh forvh wr iuhh,1; Lqvwhdg/ lq d ulfkhu prgho wkh lqdelo0
lw| wr eruurz djdlqvw d fklog*v ixwxuh lqfrph frxog vhuyh wr frqvwudlq d idplo|*v
uhvlghqwldo fkrlfh dqg frqvhtxhqwo| wkh txdolw| ri wkh kljk vfkrro wkhlu fkloguhq
fdq dwwhqg1 Wklv zrxog wkhq d>hfw erwk wkh dprxqw ri kxpdq fdslwdo rewdlqhg
iurp kljk vfkrro dwwhqgdqfh dqg wkh suredelolw| wkdw wkh fklog dwwhqgv froohjh1

Wkxv xwlolw| pd{lpl}dwlrq lv vxemhfw wr d krxvhkrog0lqfrph exgjhw frqvwudlqw=

E2 n sæäSn oD é UæEqä +5143,

f é o é ?

zkhuh

UæEqä '

;A?A=
2çrEqä iru æ ' û
çrEqä n çüEqä iru æ ' 6
2çüEqä iru æ ' ,

+5144,

Qrwh wkdw d kljkhu iudfwlrq ri vnloohg zrunhuv lpsolhv orzhu zdjhv iru vnloohg
zrunhuv dqg kljkhu rqhv iru xqvnloohg zrunhuv1 Khqfh/ dq lqfuhdvh lq q lpsolhv
wljkwhu exgjhw frqvwudlqwv iru kljk0w|sh idplolhv dqg orrvhu rqhv iru orz0w|sh idp0
lolhv1 Zkhwkhu wkh exgjhw frqvwudlqw iru plggoh0w|sh idplolhv lv orrvhqhg ru wljkw0
hqhg ghshqgv rq zkhwkhu wkh lqfuhdvh lq wkh zdjh ri xqvnloohg zrunhuv lv juhdwhu

:Lw lv/ ri frxuvh/ qrw qhfhvvdu| wr vkxw grzq fdslwdo pdunhwv dowrjhwkhu lq rughu wr rewdlq
wkh uhvxow zh ghvluh9wkdw wkh pd{lpxp qxpehu ri fkloguhq d idplo| fdq d>rug wr vhqg wr
froohjh lv d ixqfwlrq ri idplo| lqfrph1 Lw lv vlpsoh wr zulwh grzq plfur0irxqgdwlrqv +h1j1/
prudo kd}dug ru lpshuihfw hqirufhphqw whfkqrorj|, iru wklv ru ohvv h{wuhph dvvxpswlrqv +vhh/
iru h{dpsoh/ Omxqjylvw +4<<6,/ Edqhumhh dqg Qhzpdq +4<<6,/ ru Jdoru dqg ]hlud +4<<6,,1 Qrwh
dovr wkdw idplolhv zrxog zdqw wr srro ulvn vlqfh wkh qxpehu ri kljk dswlwxgh fkloguhq hdfk kdv
lv vwrfkdvwlf1

;Dowkrxjk/ ri frxuvh/ wkhuh duh vxevlvwhqfh frvwv wr eh phw/ hwf1 Lqghhg Ehkupdq/ Sroodn/ dqg
Wdxepdq +4<;<, dujxh wkdw xqhtxdo dffhvv wr ?qdqflqj iru froohjh fdq khos h{sodlq gl>huhqfhv
lq hgxfdwlrqdo dwwdlqphqw1

;



wkdq wkh dffrpsdq|lqj ghfuhdvh lq vnloohg zdjhv/ l1h1/ rq zkhwkhu ?r ý ?ü lv srv0
lwlyh1

5141 Vwhdg| Vwdwhv

Lw lv vwudljkwiruzdug wr vkrz wkdw li q| lv wkh iudfwlrq ri wkh srsxodwlrq wkdw lv
vnloohg lq shulrg |c wkhq qh{w shulrg*v ydoxh ri q lv xqltxho| ghwhuplqhg1 Wkh
g|qdplf hyroxwlrq ri wklv hfrqrp| zloo ri frxuvh ghshqg rq wkh ihuwlolw| ri hdfk
idplo| w|sh/ wkh iudfwlrq ri fkloguhq ri hdfk w|sh wkdw duh ri kljk dswlwxgh/ zdjhv/
plqlpxp uhtxluhg frqvxpswlrq/ dqg wkh frvw ri froohjh1

Wkrxjk wkh hfrqrp| zloo iroorz d xqltxh sdwk vwduwlqj iurp dq| lqlwldo frq0
glwlrq/ lq jhqhudo wklv hfrqrp| pd| kdyh pxowlsoh vwhdg| vwdwhv1 Wr vhh zk| wklv
lv wkh fdvh/ qrwh wkdw wkh iudfwlrq ri vnloohg zrunhuv lq wkh hfrqrp| ghwhuplqhv
wkh lqfrph ohyho iru hdfk pduuldjh w|sh/ zklfk lq wxuq ghwhuplqhv zkr fdq d>rug
wr dwwhqg froohjh1 D kljkhu iudfwlrq ri vnloohg zrunhuv lpsolhv d kljkhu zdjh iru
xqvnloohg zrunhuv/ wkhuhe| wljkwhqlqj frqvwudlqwv iru kljk0w|sh idplolhv/ orrvhqlqj
frqvwudlqwv iru orz0w|sh idplolhv dqg kdylqj dq dpeljxrxv h>hfw iru plggoh0w|sh
idplolhv1 Wkxv/ d orz lqlwldo sursruwlrq ri vnloohg zrunhuv fdq eh uhlqiruflqj li dv
d frqvhtxhqfh ri orz xqvnloohg zdjhv d odujh iudfwlrq ri idplolhv ?qg wkhpvhoyhv
frqvwudlqhg1 Vlploduo|/ d kljk lqlwldo sursruwlrq ri vnloohg zrunhuv fdq eh uhlqiruf0
lqj li dv d frqvhtxhqfh ri kljk xqvnloohg zdjhv d vpdoo iudfwlrq ri idplolhv ?qg
wkhpvhoyhv frqvwudlqhg1 Wklv srvlwlyh ihhgedfn h>hfw fdq jlyh ulvh wr pxowlsoh
vwhdg| vwdwhv1

Ilqglqj wkh srwhqwldo vwhdg|0vwdwhv ri wkh v|vwhp lv vlpsoh1 Vxssrvh wkdw
idplolhv ri w|sh æ fdq d>rug wr vhqg d pd{lpxp ri 5æ fkloguhq wr froohjh +dqg
?qg lw ghvludeoh wr gr vr,1 Wr vroyh iru wkh iudfwlrq ri wkhlu fkloguhq wkdw w|sh æ
idplolhv zloo vhqg wr froohjh lq djjuhjdwh/ KæE5æä/ uhtxluhv ?qglqj wkh glvwulexwlrq
ri kljk0dswlwxgh fkloguhq ryhu w|sh æ idplolhv dqg hydoxdwlqj zklfk ri wkhvh duh
frqvwudlqhg1 Lq sduwlfxodu/ zh qhhg wr fdofxodwh
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+5145,

zkhuh wkh ?uvw vxppdwlrq ?qgv wkh iudfwlrq ri fkloguhq wkdw jr wr froohjh iurp
idplolhv ri w|sh m wkdw duh qrw frqvwudlqhg +dv wkh qxpehu ri kljk0dswlwxgh nlgv
wkh| kdyh lv ohvv wkdq 5æ, dqg wkh vhfrqg vxppdwlrq grhv wkh vdph iru frqvwudlqhg
idplolhv ri w|sh æ1

<



Zh fdq qrz vroyh iru wkh srwhqwldo vwhdg| vwdwhv ri wkh v|vwhp e| h{dplqlqj
wkh ?{hg srlqw jhqhudwhg e| wkh g|qdplf v|vwhp ghvfulehg lq htxdwlrq +5146,
ehorz iru hdfk srvvleoh yhfwru ri 3 ' E5ûc 56c 5,ä vxfk wkdw 5æ é sæ ;æ1 Khqfh wkh
srwhqwldo vwhdg| vwdwhv ri wkh hfrqrp|/ eq/ duh wkh vroxwlrqv wr=

q|n�Ewä '
?r|n�
?|n�

'

S
æ
KæE5æäsæbæ|Eq|( wäS
æ
sæbæ|Eq|( wä

+5146,

vxfk wkdw q|n� ' q| ' eq1
Ri frxuvh/ qrw doo wkhvh srwhqwldo vwhdg|0vwdwhv zloo eh dfwxdo vwhdg| vwdwhv1

Iluvw/ sduhqwv pxvw zlvk wr vhqg wkhlu fkloguhq wr froohjh/ l1h1/ eq é qé Vhfrqg/ d
fkrlfh ri 3 fruuhvsrqgv wr dq dvvxpswlrq derxw wkh h{whqw wr zklfk eruurzlqj
frqvwudlqwv elqg/ l1h1/ derxw wkh pd{lpxp qxpehu ri fkloguhq hdfk idplo| w|sh
fdq d>rug wr vhqg wr froohjh1 Lq htxloleulxp wkh dvvxphg ydoxh ri 3 pxvw lq idfw
eh frqvlvwhqw zlwk wkh idplo| exgjhw frqvwudlqwv lpsolhg e| wkh vwhdg|0vwdwh ohyhov
ri vnloohg dqg xqvnloohg zdjhv fruuhvsrqglqj wr wkh ydoxh ri eq1 Khqfh/ 3 dqg eq
pxvw mrlqwo| vdwlvi|/ ;æ=

E2 n sæäSn 5æD é UæEeqä +5147,

dqg hlwkhu ri wkh htxdwlrqv ehorz=

E2 n sæäSn E5æ n �äD : UæEeqä +5148,

ru 5æ ' sæ

Ixuwkhupruh/ zh zloo uhvwulfw rxu dwwhqwlrq wr orfdoo| vwdeoh vwhdg| vwdwhv/ vr dq
dgglwlrqdo frqvwudlqw wr eh phw lv Yq|n�

Yq|
m

q|'eq÷ �1
61 Fkdqjhv lq Vruwlqj

Krz zloo d fkdqjh lq wkh ghjuhh ri vruwlqj +l1h1/ lq wkh ohyho ri w, d>hfw wkh vwhdg|0
vwdwh ohyho ri qB Lq dqvzhulqj wklv txhvwlrq lw lv xvhixo wr glvwlqjxlvk wzr fdvhv= rqh
lq zklfk wkh fkdqjh lq vruwlqj grhv qrw d>hfw wkh pd{lpxp qxpehu ri fkloguhq
dq| idplo| w|sh fdq d>rug wr vhqg wr froohjh dqg wkh rwkhu lq zklfk lw grhv1 Lq
wkh ?uvw fdvh zkdw zh zloo fdoo wkh 3elqglqjqhvv4 ri eruurzlqj frqvwudlqwv lv qrw
d>hfwhg> lq wkh vhfrqg fdvh lw lv1<

<Lq d prgho zlwk d frqwlqxrxv lqfrph glvwulexwlrq/ wkhuh zrxog dozd|v eh d fkdqjh lq wkh
elqglqjqhvv ri eruurzlqj frqvwudlqwv iru vrph idplolhv +dv orqj dv vrph ri wkhp zhuh frqvwudlqhg
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Dvvxph lqlwldoo| wkdw wkh elqglqjqhvv ri frqvwudlqwv lv qrw d>hfwhg +l1h1/ dv0
vxplqj wkdw 3 grhv qrw fkdqjh dqg khqfh wkdw wkh Kæ*v duh frqvwdqw,1 Xvlqj wkh
lpsolflw ixqfwlrq uxoh rq +5146, |lhogv=

_eq
_w
'
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YbæEeq(wä
Yw

EKæ ý eqä
S
æ
sæbæEeq( wä nS
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sæ
YbæEeqä
Yeq Eeq ý Kæä +614,

Wdnlqj wkh ghulydwlyhv ri wkh bæ*v +jlyhq e| +515,/ +517, dqg +518,,/ hydoxdwlqj
dw q ' eq/ dqg vxevwlwxwlqj lqwr wkh h{suhvvlrq deryh |lhogv=

_eq
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Eeq ý Kæä1 Lw lv hdv| wr vkrz wkdw orfdo

vwdelolw| uhtxluhv=
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lpso|lqj wkdw ( lv srvlwlyh1
Qrwh wkdw rqh zd| wr wklqn derxw zkdw dq lqfuhdvh lq vruwlqj grhv lv wkdw iru

hyhu| wzr plggoh0w|sh pduuldjhv lw ghvwur|v/ lw fuhdwhv rqh kljk dqg rqh orz0w|sh
pduuldjh1 Zlwk wklv lq plqg/ qrwh wkdw dq lqwhusuhwdwlrq ri +615, lv wkdw lqfuhdvhg
vruwlqj lqfuhdvhv wkh vwhdg|0vwdwh iudfwlrq ri wkh srsxodwlrq wkdw dwwhqgv froohjh
li wkh uhvxow ri vxevwlwxwlqj wzr plggoh w|shv e| rqh kljk dqg rqh orz w|sh rq qhw
lqfuhdvhv wkh qxpehu ri fkloguhq wkdw dwwhqg froohjh e| pruh wkdq zkdw zrxog
uhvxow iurp wkdw vdph vxevwlwxwlrq dqg doo wkuhh w|shv vhqglqj d iudfwlrq eq ri wkhlu
fkloguhq wr froohjh1

lq wkh lqlwldo htxloleulxp,1 Wkxv wklv vhfrqg fkdqqho zrxog dozd|v eh suhvhqw1 Lq rxu glvfuhwh
prgho/ zkhwkhu frqvwudlqwv ehfrph pruh elqglqj ghshqgv rq wkh frvw ri froohjh uhodwlyh wr
idplo| lqfrph1 Wkxv/ vpdoo fkdqjhv lq vruwlqj pd| qrw d>hfw wkh h{whqw wr zklfk idplolhv duh
frqvwudlqhg1
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Lw lv hdv| wr hydoxdwh +614, ru +615, lq d ihz vshfldo lqvwdqfhv1 Frqvlghu ?uvw wkh
fdvh zkhuh wkh Kæ*v duh frqvwdqw dfurvv idplo| w|shv/ l1h1/ Kæ ' Kc ;æ1 Wkhq/ e|
+5146,/ eq ' K/ dqg d fkdqjh lq wkh ghjuhh ri vruwlqj kdv qr h>hfw rq wkh hfrqrp|
+h1j1/ li doo idplo| w|shv vhqg 43( ri wkhlu fkloguhq wr froohjh/ wkh vwhdg|0vwdwh
iudfwlrq ri wkh srsxodwlrq wkdw dwwhqgv froohjh lv 43(/ luuhvshfwlyh ri wkh ghjuhh
ri vruwlqj,1

Qh{w frqvlghu wkh fdvh zkhuh wkh Kæ*v duh qrw lghqwlfdo exw zkhuh ihuwlolw| lv
frqvwdqw dfurvv idplo| w|shv/ l1h1/ sæ ' s 1 Lq vxfk fdvh wkh vljq ri +614, lv jlyhq
e| wkh vljq ri KûnK,ý 2K61 Wkh lqwxlwlrq ehklqg wklv lv vlpsoh jlyhq wkh hduolhu
revhuydwlrq= Vlqfh ihuwlolw| lv wkh vdph dfurvv idplo| w|shv/ wkh h>hfw ri lqfuhdvhg
vruwlqj ghshqgv rq zkhwkhu wkh iudfwlrq ri fkloguhq vhqw wr froohjh rq dyhudjh e|
wzr plggoh0w|sh pduuldjhv +2K6, lv vpdoohu wkdq wkh frpelqhg iudfwlrq ri fkloguhq
wkdw jr wr froohjh rq dyhudjh lq rqh kljk dqg rqh orz w|sh idplo| +Kû n K,,1

Dqrwkhu fdvh iru zklfk lw lv uhodwlyho| hdv| wr ghulyh dq h{suhvvlrq lv iru zkhq
Kû n K, ý 2K6 ' f dqg sû n s, ý 2s6 ' f1 Lq wklv fdvh/ diwhu pdqlsxodwlqj +615,/
lw lv hdv| wr vhh wkdw wkh vljq ri wkh h>hfw ri dq lqfuhdvh lq w lv jlyhq e| wkh
vljq ri EKû ý K,äEsû ý s,ä1 Wklv lv dq lqwhuhvwlqj fdvh vlqfh lw lpsolhv wkdw li erwk
ihuwlolw| dqg wkh suredelolw| ri dwwhqglqj froohjh duh olqhdu lq sduhqwv* dyhudjh
|hduv ri hgxfdwlrq/ wkh h>hfw ri lqfuhdvhg vruwlqj lv wr ghfuhdvh wkh iudfwlrq ri
wkh srsxodwlrq wkdw dwwhqgv froohjh li fkloguhq ri kljk0w|sh sduhqwv kdyh d juhdwhu
suredelolw| ri dwwhqglqj froohjh dqg li wkh ihuwlolw| ri orz0w|sh sduhqwv lv juhdwhu
wkdq wkdw ri kljk w|shv1

Odvwo|/ lw lv xvhixo wr qrwh iurp +615, wkdw d vx!flhqw frqglwlrq iru lqfuhdvhg
vruwlqj wr lpsdfw qhjdwlyho| rq eq lv iru sûKûý2s6K6ns,K, é f dqg sûns6ý2s, è
f +zlwk dw ohdvw rqh lqhtxdolw| vwulfw,1 Wkh ?uvw h{suhvvlrq fdswxuhv zkhwkhu wkh
qxpehu ri fkloguhq wkdw rq dyhudjh dwwhqg froohjh lv lqfuhdvhg ru ghfuhdvhg e|
vxevwlwxwlqj wzr 6 frxsohv e| dq û dqg dq ,1 Wkxv/ lw lqglfdwhv e| krz pxfk wkh
srsxodwlrq wkdw dwwhqgv froohjh zrxog lqfuhdvh jlyhq wklv vxevwlwxwlrq1 Wkh vhfrqg
h{suhvvlrq fdswxuhv wkh dprxqw e| zklfk wkh srsxodwlrq dv d zkroh lv lqfuhdvhg ru
ghfuhdvhg e| vxevwlwxwlqj wzr 6 frxsohv e| dq û dqg dq ,1 Reylrxvo|/ d ghfuhdvh
lq wkh srsxodwlrq dwwhqglqj froohjh zloo/ fhwhulv sdulexv/ vhuyh wr uhgxfh eqc dv zloo
dq lqfuhdvh lq wkh ryhudoo srsxodwlrq +vlqfh lw gloxwhv ixuwkhu wkh jdlq2orvv ri wkh
?uvw whup,1 Dv zh vkdoo vhh ixuwkhu rq/ rxu sdudphwhul}dwlrq lpsolhv wkdw erwk
lqhtxdolwlhv krog vwulfwo| dqg khqfh wkdw lqfuhdvhv lq vruwlqj ghfuhdvh wkh iudfwlrq
ri wkh srsxodwlrq wkdw jrhv wr froohjh1

Dv phqwlrqhg suhylrxvo|/ wkh ghjuhh ri vruwlqj fdq dovr d>hfw wkh vwhdg|0vwdwh
ohyho ri eq yld lwv h>hfw rq wkh wljkwqhvv ri eruurzlqj frqvwudlqwv1 Wr vhh wklv/
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vxssrvh wkdw/ nhhslqj 3 frqvwdqw dv ehiruh/ dq lqfuhdvh lq w ghfuhdvhv eq1 Wklv
vpdoohu sursruwlrq ri vnloohg zrunhuv lv dvvrfldwhg zlwk orzhu xqvnloohg zdjhv dqg
kljkhu vnloohg zdjhv1 Wkh fkdqjh lq zdjhv zloo lqfuhdvh idplo| lqfrph iru kljk
w|shv dqg ghfuhdvh lw iru orz w|shv/ dqg wkxv pd| ohdg wr ohvv elqglqj frqvwudlqwv
iru wkh ?uvw jurxs dqg wljkwhu rqhv iru wkh vhfrqg1 Vkrxog wklv kdsshq/ wkh ruljlqdo
htxloleulxp ydoxhv ri wkh 5æ*v dqg khqfh ri wkh Kæ*v zrxog qr orqjhu eh ihdvleoh
dqg eq zloo idoo hyhq ixuwkhu1 Wkdw lv/ d fkdqjh lq wkh ghjuhh ri vruwlqj fdq d>hfw
wkh ihdvlelolw| +lq vwhdg|0vwdwh htxloleulxp, ri gl>huhqw ydoxhv ri 31

71 Sdudphwhul}lqj wkh Prgho

Lq wklv vhfwlrq zh sdudphwhul}h rxu prgho1 Zh fkrrvh sdudphwhuv vr wkdw wkh
furvv0vhfwlrq gdwd jhqhudwhg lq d vwhdg| vwdwh ri wkh prgho duh frqvlvwhqw zlwk
vlplodu furvv0vhfwlrq uhodwlrqvklsv wkdw krog lq dfwxdo XV gdwd1 Wklv hqvxuhv wkdw
wkh uhgxfhg0irup uhodwlrqvklsv lpsolhg e| wklv vwhdg| vwdwh ri wkh prgho duh 3uhd0
vrqdeoh41

Uhfdoo wkdw lq wkh prgho wkhuh duh wkuhh w|shv ri pduuldjhv8kljk/ plggoh dqg
orz8zklfk gl>hu lq erwk wkh dyhudjh hgxfdwlrq dqg wkh dyhudjh lqfrph ri wkh
frxsoh1 Hdfk w|sh ri pduuldjh æ lv ixuwkhu fkdudfwhul}hg e| wzr qxpehuv= sæ/ wkh
qxpehu ri fkloguhq shu frxsoh/ dqg òæ/ wkh iudfwlrq ri nlgv +rq dyhudjh, iurp wkdw
pduuldjh w|sh wkdw kdyh wkh dswlwxgh wr ehqh?w iurp vnloo dftxlvlwlrq1 Wkhvh wzr
sur?ohv duh fhqwudo wr rxu dqdo|vlv/ vr pxfk ri rxu glvfxvvlrq zloo irfxv rq wkhp1

Ihuwlolw|

Lw lv hpslulfdoo| zhoo0hvwdeolvkhg wkdw ihuwlolw| udwhv duh qhjdwlyho| fruuhodwhg
zlwk erwk lqfrph dqg hgxfdwlrq1 Hyhq iru wkh XV/ wkh pdjqlwxgh ri wkhvh gl>hu0
hqfhv duh idluo| odujh/ hvshfldoo| ehwzhhq wkh orzhu dqg xsshu hqg ri wkh glvwulex0
wlrqv1 Iru h{dpsoh/ xvlqj gdwd iurp wkh FSV iru 4<<8/ +Wdeoh 436 iurp wkh 4<<:
Vwdwlvwlfdo Devwudfw ri wkh XV, wkh furvv0vhfwlrqdo ihuwlolw| udwh iru zrphq djhg
48077 lv urxjko| rqh dqg d kdoi wlphv odujhu lq wkh orzhvw txduwloh ri wkh krxvh0
krog lqfrph glvwulexwlrq wkdq lw lv iru wkh wrs txduwloh ri wkh krxvhkrog lqfrph
glvwulexwlrq143 Vlplodu pdjqlwxghv duh irxqg lq wkh uhodwlrqvkls ehwzhhq sduhqwdo
hgxfdwlrq dqg ihuwlolw|1 Xvlqj gdwd iurp wkh SVLG zh ?qg wkdw frxsohv lq zklfk

43Ri frxuvh/ dqqxdo lqfrph phdvxuhv gr qrw qhfhvvdulo| uh hfw zkhuh d krxvhkrog olhv lq wkh
glvwulexwlrq ri olihwlph lqfrph1 Dq dowhuqdwlyh frpsdulvrq xvlqj olihwlph lqfrph lv frpsxwhg
e| Nqrzohv +4<<<, xvlqj SVLG gdwd1 Klv qxpehuv lqglfdwh wkdw ihuwlolw| lq wkh orzhvw txlqwloh
lv urxjko| rqh dqg d kdoi wlphv wkdw iru wkh kljkhvw txlqwloh1
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qhlwkhu sduhqw ?qlvkhg kljk vfkrro +urxjko| wkh erwwrp ?iwk ri wkh hgxfdwlrq
glvwulexwlrq, kdyh dssur{lpdwho| 418 wlphv wkh qxpehu ri fkloguhq +5198 yhuvxv
41;5, dv gr frxsohv lq zklfk erwk sduhqwv kdyh dw ohdvw vrph froohjh +urxjko|
wkh wrs ?iwk ri wkh vdpsoh,144 Wkh uhodwlrqvkls lv qrw olqhdu/ krzhyhu1 Frxsohv
lq zklfk erwk sduhqwv kdyh kljk0vfkrro hgxfdwlrqv kdyh rqo| pdujlqdoo| kljkhu
ihuwlolw| +41;;, wkdq gr frxsohv lq zklfk erwk sduhqwv kdyh froohjh ghjuhhv +41:<,1

Wkh hylghqfh deryh vxjjhvwv prghoolqj wkh ihuwlolw| ri orz0w|sh frxsohv dv 418
wlphv wkdw ri kljk0w|sh frxsohv/ zklfk lv zkdw zh hohfw wr gr145 Zh fkrrvh ihuwlolw|
udwhv ri 2c 2/ dqg ô iru kljk/ plggoh dqg orz w|shv uhvshfwlyho| iru rxu ehqfkpdun
prgho146 Dv zloo eh vhhq ixuwkhu rq/ wklv fkrlfh |lhogv d vwhdg| vwdwh lq zklfk
orz0w|sh pduuldjhv frqvwlwxwh urxjko| 58( ri wkh srsxodwlrq dqg khqfh uhsuhvhqw
wkh erwwrp txduwloh ri erwk wkh lqfrph dqg hgxfdwlrq glvwulexwlrq1 Wkxv/ wklv
sdudphwhul}dwlrq jhqhudwhv wkh idfwv flwhg deryh dv zhoo dv uhvshfwlqj wkh idfw
wkdw ihuwlolw| gl>huhqwldov ehfrph idluo| vpdoo rxwvlgh wkh erwwrp txduwloh ri wkh
glvwulexwlrq1 Qrqhwkhohvv/ zh dovr fduu| rxw d vhqvlwlylw| dqdo|vlv wr rxu fkrlfh
ri ihuwlolw| sur?oh1 Dv zh uhsruw/ hyhq devwudfwlqj frpsohwho| iurp dq| ihuwlolw|
gl>huhqfhv zh vwloo rewdlq odujh txdqwlwdwlyh h>hfwv uhvxowlqj iurp fkdqjhv lq wkh
ghjuhh ri vruwlqj1

Dswlwxgh

Zh kdyh qr gluhfw phdvxuh ri wkh iudfwlrq ri fkloguhq iurp pduuldjhv ri gl>hu0
hqw w|shv wkdw kdyh dq dswlwxgh iru vnloo dftxlvlwlrq1 Wkh SVLG/ krzhyhu/ frqwdlqv
gdwd rq wkh uhodwlrqvkls ehwzhhq wkh hgxfdwlrqdo dwwdlqphqwv ri sduhqwv dqg wkhlu
fkloguhq1 Zh fuhdwh d vdpsoh e| vhohfwlqj doo lqglylgxdov ryhu 58 lq wkh 4<<6 SVLG
zkrvh sduhqwv zhuh lq wkh SVLG lq 4<9;1 Iru wkh sxusrvhv ri wklv h{huflvh zh vsolw
wklv vdpsoh lqwr vnloo fdwhjrulhv e| frxqwlqj doo lqglylgxdov zlwk kljk vfkrro ru
ehorz dv xqvnloohg/ dqg doo lqglylgxdov zlwk vrph froohjh ru deryh dv vnloohg1 Zh
?qg wkdw wkh iudfwlrq ri fkloguhq iurp kljk0w|sh idplolhv wkdw ehfrph vnloohg lv éH�c
zkhuhdv wkh ydoxhv iru plggoh dqg orz0w|sh idplolhv duh éSô dqg éôf uhvshfwlyho|1

44Vrph vwxglhv dujxh wkdw pdwhuqdo hgxfdwlrq lv d pruh lpsruwdqw ghwhuplqdqw ri ihuwlolw|
wkdq lv dyhudjh sduhqwdo hgxfdwlrq1 Djdlq/ xvlqj gdwd iurp wkh SVLG zh ?qg wkdw ihuwlolw| udwhv
ri zrphq zlwk ohvv wkdq kljk vfkrro/ kljk vfkrro dqg vrph froohjh dqg deryh duh 6=9> 5=< dqg
5=8 uhvshfwlyho|1 Rqfh djdlq/ wkh udwlr ri wrs wr erwwrp lv derxw 4=81

45Lq pdnlqj wklv fkrlfh wkhuh lv dq lpsolflw dvvxpswlrq wkdw uhfhqwo| hgxfdwhg frkruwv/ zklfk
kdyh urxjko| 88( ri wkhlu phpehuv jrlqj eh|rqg kljk vfkrro/ zloo kdyh d glvwulexwlrq ri ihuwlolw|
dfurvv txduwlohv wkdw uhvhpeohv wkrvh ri roghu frkruwv1

46Dv zh kdyh fkrvhq wr prgho doo idplolhv ri wkh vdph w|sh dv kdylqj wkh vdph qxpehu ri
fkloguhq/ zh duh uhvwulfwhg wr lqwhjhu fkrlfhv iru rxu ihuwlolw| udwhv1 Lw zrxog eh hdv| wr prgli|
wklv exw zh fkrvh qrw wr vr vr dv lw zrxog lqwurgxfh frqvlghudeo| pruh qrwdwlrq1
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Wkxv/ lq wkh vwhdg| vwdwh ri rxu prgho wkh Kæ*v pxvw pdwfk wkhvh ydoxhv1
Dv lv hylghqw iurp htxdwlrq +5145,/ Kæ lv d ixqfwlrq ri òæ dqg 5æ1 Wkxv/ wkh

suredelolw| wkdw d fklog iurp d sduwlfxodu pduuldjh w|sh lv ri kljk dswlwxgh +l1h1/ wkh
òæ, fdq eh ghgxfhg iurp wkh ydoxh ri Kæ lq frqmxqfwlrq zlwk dq dvvxpswlrq derxw
wkh pd{lpxp qxpehu ri fkloguhq wkdw idplo| w|sh fdq d>rug wr vhqg wr froohjh
+l1h1/ wkh 5æ, lq wkh vwhdg| vwdwh1 Wdeoh 4 looxvwudwhv wklv pdsslqj e| vkrzlqj
wkh ydoxhv ri wkh òæ*v lpsolhg e| ydulrxv dvvxpswlrqv uhjduglqj wkh wljkwqhvv ri
eruurzlqj frqvwudlqwv vxemhfw wr wkh frqvwudlqw wkdw hdfk Eòæ c 5æä sdlu |lhog wkh
djjuhjdwh Kæ irxqg lq wkh gdwd1

Wkh ?uvw froxpq ri Wdeoh 4 fruuhvsrqgv wr d fdvh lq zklfk qr rqh lv frqvwudlqhg9
doo kljk0dswlwxgh fkloguhq ehfrph vnloohg1 Lq wklv fdvh wkh ydoxhv ri Kæ*v dqg òæ*v
pxvw frlqflgh1 Wkh vhfrqg froxpq dvvxphv wkdw rqo| orz0w|sh idplolhv duh frq0
vwudlqhg dqg wkdw wkhvh fdq d>rug wr vhqg dw prvw wzr nlgv wr froohjh1 Odvwo|/ wkh
wklug froxpq dvvxphv wkdw orz0w|sh idplolhv fdq d>rug wr vhqg rqo| rqh fklog wr
froohjh147

Wdeoh 4
Dswlwxgh Sur?ohv Xqghu Ydulrxv Vfhqdulrv

Dswlwxgh 5û ' 56 ' 2c 5, ' ô 5û ' 56 ' 5, ' 2 5û ' 56 ' 2c 5, ' �
òû 1;4 1;4 1;4
ò6 196 196 196
ò, 163 164 166

Rxu dqdo|vlv/ iru wkh prvw sduw/ lv lqghshqghqw ri zklfk ri wkhvh vfhqdulrv
zh wdnh wr uhsuhvhqw wkh vwhdg| vwdwh1 Li wkh pd{lpxp qxpehu ri fkloguhq wkdw
gl>huhqw idplo| w|shv fdq d>rug wr vhqg wr froohjh uhpdlqv xqfkdqjhg zkhq wkh
ghjuhh ri vruwlqj lqfuhdvhv/ wkhq dv htxdwlrq +615, lqglfdwhv/ wkh h>hfw ri vruwlqj
ghshqgv rqo| rq wkh Kæ*v zklfk duh jlyhq e| wkh gdwd> wkh pl{ ri òæ*v dqg 3 xvhg
wr jhqhudwh wkhp lv luuhohydqw1 Lw lv rqo| zkhq zh doorz wkh htxloleulxp vwhdg|0
vwdwh ydoxh ri 3 wr eh d>hfwhg e| wkh lqfuhdvhg ghjuhh ri vruwlqj wkdw wkh h{dfw
vshfl?fdwlrq pljkw pdwwhu1 Exw hyhq lq wkdw fdvh doo wkdw pdwwhuv wr rxu uhvxowv/

47 Qrwh wkdw rxu ehqfkpdun vshfl?fdwlrq grhv qrw doorz xv wr frqvlghu wkh fdvh ri hlwkhu k ru
p w|sh idplolhv ehlqj frqvwudlqhg +ru pruh jhqhudoo| wkdw doo yduldwlrq dfurvv idplo| w|shv lv d
uhvxow ri eruurzlqj frqvwudlqwv,/ vlqfh wkh dvvxpswlrq wkdw kljk dqg plggoh idplolhv kdyh wzr
nlgv lpsolhv wkdw dq| frqvwudlqw zrxog kdyh ohvv wkdq 83( ri wkhp dwwhqglqj froohjh1 Vlqfh lq
wkh gdwd pruh wkdq 83( ri fkloguhq iurp wkhvh idplo| w|shv dwwhqg froohjh/ wklv rswlrq lv qrw
ihdvleoh1 Rqh zd| wr jhw durxqg wklv zrxog eh wr dvvxph +pruh uhdolvwlfdoo|, wkdw wkh qxpehu
ri fkloguhq d idplo| kdv lv gudzq iurp d glvwulexwlrq wkdw gl>huv dffruglqj wr idplo| w|sh1
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dv zloo eh vhhq lq wkh qh{w vhfwlrq/ lv wkdw wkhuh eh d odujh jurxs ri lqglylgxdov
wkdw duh d>hfwhg e| d wljkwhqlqj ri wkh eruurzlqj frqvwudlqwv1

Zh fkrrvh wkh vhfrqg froxpq ri wkh wdeoh iru rxu ehqfkpdun vshfl?fdwlrq>
l1h1/ zh dvvxph wkdw eruurzlqj frqvwudlqwv gr qrw d>hfw plggoh dqg kljk pduuldjh
w|shv/ exw wkdw orz w|shv duh deoh wr vhqg dw prvw wzr ri wkhlu nlgv wr froohjh1 Wklv
lv dfwxdoo| d uhodwlyho| plog frqvwudlqw1 Vlqfh rqo| idplolhv zkr kdyh wkuhh kljk0
dswlwxgh fkloguhq duh frqvwudlqhg/ wklv lpsolhv wkdw rqo| ôI ri orz0w|sh idplolhv duh
d>hfwhg e| wkh eruurzlqj frqvwudlqwv lq wkh vwhdg| vwdwh1 Ri frxuvh/ dv rxwolqhg
lq wkh suhylrxv vhfwlrq/ lw lv qhfhvvdu| wr fkhfn wkdw rxu dvvxpswlrqv rq fuhglw
frqvwudlqwv duh frqvlvwhqw zlwk zdjhv/ frqvxpswlrq uhtxluhphqwv dqg wkh frvw ri
vnloo dftxlvlwlrq1 Zh ohdyh wklv iru odwhu lq wkh dqdo|vlv1

Vruwlqj
Qh{w zh dvvljq d ydoxh wr wc wkh iudfwlrq ri pduuldjhv zklfk lqyroyh shuihfw vruw0

lqj1 Lq rxu prgho wklv lv wkh fruuhodwlrq ehwzhhq wkh hgxfdwlrq ohyhov ri vsrxvhv1
Zh xvh rxu vdpsoh iurp wkh SVLG wr rewdlq dq hvwlpdwh ri wklv fruuhodwlrq iru
wkh XV/ |lhoglqj w ' éS1

Vwhdg|0Vwdwh Ghwhuplqdwlrq ri q
Jlyhq wkh ydoxhv dvvljqhg wkxv idu zh fdq vroyh iru eq + wkh iudfwlrq ri srsxodwlrq

wkdw jrhv wr froohjh lq wkh vwhdg| vwdwh,1 Grlqj vr/ zh rewdlq eq ' éDD 1 Wklv wxuqv
rxw wr eh d forvh pdwfk zlwk wkh gdwd1 Dffruglqj wr gdwd iurp wkh FSV iru 4<<9/
dprqj lqglylgxdov djhg 58067/ urxjko| DDI kdyh dw ohdvw vrph froohjh1 Pruhryhu/
wklv iudfwlrq lv edvlfdoo| wkh vdph iru wkrvh lqglylgxdov djhg ôDýee dqg eDýDe148
Zh wdnh wklv dv dq lqglfdwlrq wkdw wkh lpsolfdwlrqv ri rxu sdudphwhul}hg prgho
iru hgxfdwlrqdo dwwdlqphqw lq wkh vwhdg| vwdwh duh uhdvrqdeoh1

Surgxfwlrq Ixqfwlrq
Lw uhpdlqv wr vshfli| wkh surgxfwlrq ixqfwlrq1 Zh fkrrvh d frqvwdqw hodvwlflw|

ri vxevwlwxwlrq surgxfwlrq ixqfwlrq=

+ ' ødK?4r n E�ý Kä?4üo
�
4

Qrwh wkdw wkh udwlr ri vnloohg wr xqvnloohg zrunhuv fdq eh zulwwhq dv q
�3q c dqg wkdw

wkh uhodwlyh zdjh ri vnloohg wr xqvnloohg zrunhuv lv jlyhq e| çr
çü
' K

�3KE
q
�3q ä

43�é Dv
lv zhoo nqrzq/ wkh udwlr ri vnloohg wr xqvnloohg zdjhv kdv ydulhg frqvlghudeo| ryhu
wkh odvw 63 |hduv lq wkh XV149 Uhfdoo wkdw rxu wzr vnloo jurxsv duh wkrvh zlwk dw

48Vrxufh= Vwdwlvwlfdo Devwudfw ri wkh XV/ 4<<:/ Wdeoh 5781
49Vhh/ h1j1/ Ndw} dqg Pxusk| +4<<5,1

49



ohdvw vrph froohjh dqg wkrvh zlwk kljk vfkrro ru ohvv1 Edvhg rq wkh gdwd lq Ndw}
dqg Pxusk| +4<<5,/ zh pdwfk d udwlr ri �éb iru rxu ehqfkpdun fdvh1 Wklv ydoxh
lv dw wkh xsshu hqg ri zkdw kdv ehhq revhuyhg lq wkh XV/ vr lq rxu urexvwqhvv
fkhfn zh uhgr rxu dqdo|vlv dvvxplqj d udwlr ri 417 dqg ?qg wkdw lw kdv qr lpsdfw
rq rxu uhvxowv1

Wkhuh lv d olwhudwxuh wkdw dwwhpswv wr hvwlpdwh wkh ghjuhh ri vxevwlwxwdelolw|
ehwzhhq vnloohg dqg xqvnloohg oderu wkdw zh fdq xvh wr surylgh dq hvwlpdwh iru 4é
Wklv olwhudwxuh vxjjhvwv wkdw d uhdvrqdeoh hodvwlflw| ri vxevwlwxwlrq lv �éD/ zklfk
lpsolhv 4 ' éôô14: Xvlqj wklv ydoxh ri 4 dqg pdwfklqj wkh deryh0phqwlrqhg ydoxh
iru wkh vnloo suhplxp lpsolhv K ' éSHSD1 Dv zh zloo vhh vkruwo|/ wkh hodvwlflw|
ri vxevwlwxwlrq lv d nh| sdudphwhu iru rxu dqdo|vlv9li zh xvh d ydoxh wkdw lv
vxevwdqwldoo| odujhu/ lw ehfrphv pxfk kdughu iru rxu prgho wr jhqhudwh odujh h>hfwv
iurp fkdqjhv lq vruwlqj1 Odvwo|/ iru hdvh ri lqwhusuhwdwlrq ri rxu uhvxowv/ zh fkrrvh
d ydoxh ri D wr vfdoh vwhdg|0vwdwh xqvnloohg zdjhv wr vrph 3uhdvrqdeoh4 ydoxh/
zklfk zh vhw wr eh ôfc fff1 Wklv lv sxuho| dq lvvxh ri qrupdol}dwlrq14;

Rwkhu Surshuwlhv ri wkh Vwhdg| Vwdwh

Kdylqj dvvljqhg sdudphwhu ydoxhv/ zh fdq vroyh iru wkh vwhdg| vwdwh lq zklfk
hgxfdwlrqdo dwwdlqphqw lv glfwdwhg e| wkh revhuyhg ydoxhv ri wkh Kæ*v dv glvfxvvhg
suhylrxvo|1 Zh qrz uhsruw vrph dgglwlrqdo surshuwlhv ri wklv vwhdg| vwdwh1 Wkh
prgho surgxfhv d glvwulexwlrq iru lqglylgxdo lqfrph/ zlwk pdvv dw wzr srlqwv/
fruuhvsrqglqj wr wkh vnloohg dqg xqvnloohg zdjh udwhv1 Wkh vwdqgdug ghyldwlrq ri
orj lqfrph lq wkh vwhdg| vwdwh htxdov éô21 Glvwulexwlrqv ri dqqxdo lqfrph lq wkh
XV w|slfdoo| lpso| d ydoxh ri durxqg éS iru wklv ?jxuh1 Dowhuqdwlyho|/ wkh olihwlph
lqfrph glvwulexwlrq jhqhudwhg e| Ixoohuwrq dqg Urjhuv +4<<6, xvlqj SVLG gdwd
|lhogv d ydoxh durxqg ée1 Vlqfh zh duh uho|lqj hqwluho| rq wkh vnloo suhplxp wr
jhqhudwh rxu yduldwlrq lq lqfrph lw lv qrw vxusulvlqj wkdw zh surgxfh ohvv yduldwlrq
wkdq lv irxqg lq wkh gdwd1

Odvwo|/ zh fdq dovr frpsxwh wkh vwdqgdug ghyldwlrq dqg phdq ri wkh hgxfd0
wlrqdo dwwdlqphqw glvwulexwlrq1 Zh dvvxph wkdw d kljk0vfkrro hgxfdwlrq fruuh0
vsrqgv wr e ' ��éô dqg d froohjh hgxfdwlrq fruuhvsrqgv wr e ' �Déf/ rxu fkrlfh
ri qxpehuv jlyhq e| wkh dyhudjh hgxfdwlrqdo dwwdlqphqwv ri fkloguhq zlwk kljk
vfkrro ru ohvv dqg wkrvh zlwk froohjh ru pruh lq rxu SVLG vdpsoh1 Wkh uhvxowlqj
vwdqgdug ghyldwlrq dqg phdq ri wkh vwhdg| vwdwh hgxfdwlrqdo dwwdlqphqw glvwul0

4:Vhh Nuxvhoo hw do1 +4<<:, dqg wkh uhihuhqfhv wkhuhlq iru pruh ghwdlo1
4;Lw lv qrw fohdu zkdw wkh 3ehvw4 qrupdol}dwlrq lv/ vlqfh lq rxu prgho wkhvh duh olihwlph hduqlqjv1

Uhvfdolqj ri wklv yduldeoh/ ri frxuvh lpsolhv wkdw wkh sdudphwhuv çf dqg æ qhhg wr eh vfdohg
dffruglqjo| dv zhoo1
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exwlrq duh htxdo wr 41;7/ dqg 46161 Iru rxu vdpsoh ri fkloguhq iurp wkh SVLG
wkh fruuhvsrqglqj ydoxhv duh 5189 dqg 451<1 Jlyhq rxu uhvwulfwlrq wr wzr ohyhov
ri hgxfdwlrq lw lv qrw vxusulvlqj wkdw zh jhqhudwh ohvv yduldwlrq wkdq wkh gdwd1
Wkh idfw wkdw rxu phdq lv vrphzkdw kljkhu lv uhodwhg wr wkh idfw wkdw lw lv wkh
vwhdg|0vwdwh ydoxh1 Hyhq li uhfhqw frkruwv kdyh kdg uhodwlyho| frqvwdqw hgxfd0
wlrqdo dwwdlqphqwv/ dyhudjh hgxfdwlrqdo dwwdlqphqw frqwlqxhv wr lqfuhdvh dv roghu
jhqhudwlrqv duh uhsodfhg zlwk |rxqjhu jhqhudwlrqv1

81 Wkh H>hfwv ri Lqfuhdvhg Vruwlqj

Zh qrz xvh wkh sdudphwhul}hg prgho wr dvvhvv wkh h>hfwv dvvrfldwhg zlwk dq
h{rjhqrxv lqfuhdvh lq wkh ghjuhh ri vruwlqj lq wkh pduuldjh pdunhw1 Rxu remhfwlyh
lv wr h{dplqh zkhwkhu wkh frqfhuq wkdw vrph zulwhuv kdyh h{suhvvhg9qdpho|/ wkdw
lqfuhdvhg vruwlqj zloo ohdg wr lqfuhdvhg lqhtxdolw|9kdv dq| vljql?fdqw txdqwlwdwlyh
vxssruw +lq frqwudvw zlwk Nuhphu*v ?qglqjv,1 Wr wklv hqg/ zh frqvlghu d odujh
fkdqjh lq wkh ghjuhh ri vruwlqj= iurp w ' éS wr w ' éb14<

Wdeoh 5 glvsod|v wkh pdlq uhvxowv1 Wkh ?uvw froxpq jlyhv wkh ydoxhv iru wkh
ruljlqdo vwhdg| vwdwh +l1h1/ w ' éS,1 Wkh vhfrqg froxpq vkrzv zkdw wkh vwhdg|
vwdwh zrxog orrn olnh li w zhuh wr lqfuhdvh wr éb dqg wkh wljkwqhvv ri eruurzlqj
frqvwudlqwv zhuh xqfkdqjhg +l1h1/ doo kljk0dswlwxgh fkloguhq iurp plggoh dqg kljk0
w|sh idplolhv frxog d>rug wr dwwhqg froohjh exw dprqj orz0w|sh idplolhv dw prvw
wzr fkloguhq shu krxvhkrog frxog eh vhqw wr froohjh,1 Wkh wklug froxpq uhsruwv
wkh qhz vwhdg|0vwdwh ydoxhv hqvxlqj iurp wkh w fkdqjh/ exw dvvxphv wkdw wkh zdjh
fkdqjh dvvrfldwhg zlwk wklv lqfuhdvh wljkwhqv frqvwudlqwv iru orz0w|sh idplolhv wr
wkh srlqw wkdw wkh| fdq d>rug wr vhqg dw prvw rqh ri wkhlu fkloguhq wr froohjh153

Ehorz zh glvfxvv hdfk fdvh lq wxuq1

4<Qrwh wkdw Nuhphu +4<<:, dovr frqvlghuv d odujh fkdqjh lq wkh ghjuhh ri vruwlqj1
53Odwhu lq wklv vhfwlrq zh vkrz wkdw wklv rxwfrph lv frqvlvwhqw zlwk fkrlfhv iru çf dqg æ=
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Fdvh 4= Vhw ri Eruurzlqj Frqvwudlqhg Lqglylgxdov Uhpdlqv Frqvwdqw
Zh ehjlq e| frpsdulqj wkh ?uvw wzr froxpqv1 Wklv dprxqwv wr h{dplqlqj wkh

h>hfwv ri lqfuhdvhg vruwlqj kroglqj wkh sdwwhuq ri froohjh dwwhqgdqfh ?{hg1 Wkh
?uvw wkuhh urzv uhsruw wkh phdq/ vwdqgdug ghyldwlrq/ dqg frh!flhqw ri yduldwlrq
iru wkh vwhdg|0vwdwh glvwulexwlrq ri hgxfdwlrqdo dwwdlqphqw1 Wkh h>hfw ri wkh
lqfuhdvh lq vruwlqj lv wr fdxvh d vpdoo ghfuhdvh lq wkh phdq ri wkh glvwulexwlrq
+ohvv wkdq rqh shufhqw,/ dq hyhq vpdoohu lqfuhdvh lq wkh vwdqgdug ghyldwlrq +ohvv
wkdq rqh kdoi ri rqh shufhqw, dqg d urxjko| rqh shufhqw lqfuhdvh lq wkh frh!flhqw
ri yduldwlrq154

Wkh ghfuhdvh lq phdq hgxfdwlrqdo dwwdlqphqw uhvxowv iurp wkh ghfuhdvh lq wkh
iudfwlrq ri wkh srsxodwlrq wkdw jrhv wr froohjh> wkh irxuwk urz vkrzv wkdw wkh
iudfwlrq ri wkh srsxodwlrq wkdw ehfrphv vnloohg idoov wr 85( lq wkh qhz vwhdg|
vwdwh1 Lw lv lpsruwdqw wr xqghuvfruh wkdw wklv idoo lq q lpsolhv d ghfuhdvh lq wkh
udwlr ri vnloohg wr xqvnloohg zrunhuv ri doprvw �ôI/ dv vkrzq lq urz D1 Dv wkh
qh{w urz lqglfdwhv/ wklv fkdqjh lq uhodwlyh oderu vxsso| lqgxfhv dq lqfuhdvh lq wkh
vnloo suhplxp ri �fI155 Wkh qh{w wr odvw urz vkrzv wkdw wkh vwdqgdug ghyldwlrq
ri wkh orj lqfrph glvwulexwlrq lqfuhdvhv e| derxw �DI1

54Qrwh wkdw vlqfh rxu hgxfdwlrqdo dwwdlqphqw glvwulexwlrq lv ryhu wzr ohyhov/ lwv yduldqfh lv
pd{lpl}hg zkhq wkh srsxodwlrq lv hyhqo| glvwulexwhg dfurvv wkhp1 Khqfh/ zkhwkhu d fkdqjh
lq eñ uhvxowv lq dq lqfuhdvh ru ghfuhdvh lq wkh vwdqgdug ghyldwlrq ri hgxfdwlrq ghshqgv hqwluho|
xsrq zkhwkhu wkh vwduwlqj ydoxh zdv deryh ru ehorz 181 Kdylqj vdlg wklv/ zh wklqn wkdw zkdw lv
prvw uhohydqw wr qrwlfh lv wkdw wkh fkdqjh lq wkh vwdqgdug ghyldwlrq lv yhu| vpdoo/ udwkhu wkdq
wkh gluhfwlrq lq zklfk lw fkdqjhv1

55Uhfdoo wkdw wkh hodvwlflw| ri vxevwlwxwlrq lq wkh surgxfwlrq ixqfwlrq lv 418/ zklfk lpsolhv
wkdw wkh shufhqw fkdqjh lq qv@qx zloo eh 418 wlphv dv odujh dv wkh shufhqw fkdqjh lq zv@zx
iru vpdoo fkdqjhv1 Iru odujh fkdqjhv wklv h{suhvvlrq frqwlqxhv wr krog h{dfwo| lq orjv/ exw rqo|
dsur{lpdwho| lq udwlrv1
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Fdvh 5= Vhw ri Eruurzlqj Frqvwudlqhg Lqglylgxdov Fkdqjhv

Lq wkh fdvh deryh zh dvvxphg wkdw eruurzlqj frqvwudlqwv glg qrw ehfrph pruh
elqglqj dv d uhvxow ri wkh lqfuhdvh lq wkh ghjuhh ri vruwlqj1 Dv vkrzq lq urz :/ wklv
uhvxowhg lq d ghfuhdvh lq wkh zdjh ri xqvnloohg zrunhuv e| doprvw '5333/ dqg khqfh
d ghfuhdvh lq orz0w|sh idplo| lqfrph ri doprvw '73331 Wklv zdjh ghfuhdvh pdnhv
lw srvvleoh wkdw orz0w|sh idplolhv zloo eh deoh wr vhqg ihzhu fkloguhq wr froohjh wkdq
suhylrxvo| dqg khqfh wkdw wkh htxloleulxp vwhdg|0vwdwh ydoxh ri 3 xvhg lq froxpq
wzr lv qr orqjhu d ihdvleoh rqh1 Frqvhtxhqwo|/ lq wkh wklug froxpq zh dvvxph
wkdw dv d uhvxow ri wkh w lqfuhdvh/ lq wkh qhz vwhdg| vwdwh orz0w|sh idplolhv fdq
d>rug wr vhqg d pd{lpxp ri rqh fklog wr froohjh/ udwkhu wkdq wzr1 Wklv frqvwudlqw
d>hfwv idplolhv zlwk wzr dqg wkuhh kljk0dswlwxgh fkloguhq +uhvshfwlyho| 53 dqg 6
shufhqw ri orz0w|sh idplolhv dssur{lpdwho|,/ fdxvlqj wkh iudfwlrq ri fkloguhq iurp
orz0w|sh pduuldjhv wkdw jr wr froohjh wr gurs iurp éôf wr é22 +dv lqglfdwhg e| wkh
uhsruwhg ydoxhv ri K,,1 Wkxv/ wkh qhz vwhdg|0vwdwh htxloleulxp lv qrz jlyhq e|eq ' ée2 +dqg wkh htxloleulxp vkrzq lq wkh vhfrqg froxpq lv holplqdwhg vlqfh dw
q ' éD2/ 5, vkrxog htxdo rqh udwkhu wkdq wzr,1

Dv wkh wdeoh vkrzv/ wkh wljkwhqlqj ri eruurzlqj frqvwudlqwv kdv d gudpdwlf
h>hfw rq krz wkh w lqfuhdvh d>hfwv wkh lqfrph glvwulexwlrq1 Lq sduwlfxodu/ dowkrxjk
wkh fkdqjh lq wkh phdq ohyho ri hgxfdwlrq lv vwloo uhodwlyho| vpdoo +d elw xqghu 7(,/
wklv pdvnv d gudpdwlf fkdqjh lq wkh iudfwlrq ri wkh srsxodwlrq wkdw jrhv wr froohjh
zklfk idoov e| e2I lpso|lqj d gurs ri pruh wkdq ef ùI lq wkh udwlr ri vnloohg wr
xqvnloohg zrunhuv1 Wkh vnloo suhplxp +çr*çüä dovr lqfuhdvhv e| pruh wkdq efIc
wr 2é.D/ dqg wkh vwdqgdug ghyldwlrq ri glvwulexwlrq ri orj lqfrph lqfuhdvhv e| pruh
wkdq DfI$

Zh qh{w yhuli| wkdw wkh vwuxfwxudo fkdqjh lq froohjh dwwhqgdqfh ghflvlrqv lv
d ihdvleoh htxloleulxp rxwfrph1 Dv glvfxvvhg lq Vhfwlrq 6/ wklv uhtxluhv vkrzlqj
wkdw fhuwdlq lqhtxdolwlhv duh vdwlv?hg1 Lq zkdw iroorzv ohw çüEeqðä eh wkh xqvnloohg
zdjh udwh zkhq wkh htxloleulxp ydoxh ri vnloohg wr xqvnloohg zrunhuv/ eq/ lv jlyhq
lq froxpq ð ri Wdeoh 51

Iru froxpq 4 wr uhsuhvhqw dq htxloleulxp vwhdg| vwdwh/ lw pxvw eh wkdw w|sh ,
idplolhv fdq vhqg wzr exw qrw wkuhh fkloguhq wr froohjh1 Wklv uhtxluhv +l, 2DnD7S ÷
2çüEeq�ä ÷ ôD n D7S 156 Iru wkh doorfdwlrqv lq froxpq 5 wr eh lqihdvleoh ehfdxvh dw
wkrvh zdjhv ,0w|sh idplolhv fdqqrw d>rug wr vhqg wzr fkloguhq wr froohjh/ uhtxluhv
+ll, 2D n D7S : 2çüEeq2äé Odvwo|/ wr hqvxuh wkdw wkh rxwfrph lq froxpq 6 lv dq
htxloleulxp uhtxluhv fkhfnlqj wkdw lw doorzv w|sh , idplolhv wr vhqg rqh fklog dqg

56Ri frxuvh/ li orz0w|sh idplolhv fdq d>rug wr vhqg wzr fkloguhq wr froohjh/ vr fdq kljkhu0w|sh
idplolhv1
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w|sh 6 idplolhv wr vhqg wzr wr froohjh1 Wkdw lv/ lw uhtxluhv +lll, D n D7S ÷ 2çüEeqôä
dqg +ly, 2Dne7S ÷ çüEeqôänçrEeqôä1 Lqhtxdolwlhv +ll, dqg +lll, lpso| D : 2EçüEeq2äý
çüEeqôää/ vr wkdw D : bc ef2 jlyhq wkh qxpehuv lq Wdeoh 51 Wkhuh duh pdq|
frpelqdwlrqv ri D dqg 7S wkdw vdwlvi| wkhvh lqhtxdolwlhv1 Iru h{dpsoh/ D ' ��c fff/
dqg 7S ' .c fff1 D odvw lqhtxdolw| wr fkhfn lv wkdw kljk0delolw| lqglylgxdov suhihu
wr jr wr froohjh ryhu kljk vfkrro1 Lw lv hdv| wr yhuli| wkdw wklv lv lqghhg wkh fdvh1

Zh gr qrw dwwdfk wrr pxfk vljql?fdqfh wr wkh pdjqlwxghv ri D dqg 7S1 Wkh
vlpsoh fkrlfhv wkdw zh pdgh derxw xwlolw| ixqfwlrqv dqg wkh idfw wkdw zh devwudfw
iurp olih0f|foh lqfrph g|qdplfv dqg wkh wlplqj ri froohjh dwwhqgdqfh pdnh xv
uhoxfwdqw wr gr vr dv grhv rxu xqzloolqjqhvv wr lqwhusuhw wkh eruurzlqj frqvwudlqwv
olwhudoo| dv wkh delolw| wr d>rug froohjh1 Wkh pdlq srlqw ri wkh deryh sdudjudsk lv
wr hvwdeolvk wkh orjlfdo frqvlvwhqf| ri rxu dujxphqw wkdw wkh fkdqjh lq vruwlqj fdq
ohdg wr d fkdqjh lq wkh h{whqw wr zklfk fuhglw frqvwudlqwv elqg1 Lw lv shukdsv qrw
vxusulvlqj wkdw wklv fdq eh grqh/ jlyhq wkdw zh kdyh qrw lpsrvhg dq| glvflsolqh
rq rxu fkrlfhv ri 7S dqg D157

91 Glvfxvvlrq dqg Frpsdulvrq Zlwk Nuhphu

Wr vxppdul}h wkh pdlq uhvxow ri wkh suhfhglqj vhfwlrq/ zh ?qg lq rxu fdoleudwhg
prgho wkdw d odujh lqfuhdvh lq wkh ghjuhh ri vruwlqj pd| eh h{shfwhg wr surgxfh
vxevwdqwldo fkdqjhv lq lqhtxdolw|1 Wklv lv wuxh lqghshqghqwo| ri zkhwkhu rqh eh0
olhyhv wkdw eruurzlqj frqvwudlqwv sod| dq| uroh lq wkh hfrqrp|/ dv wkh uhvxowv lq
froxpq wzr ri Wdeoh 5 ghprqvwudwh1 Wkhvh h>hfwv duh vljql?fdqwo| pdjql?hg li
eruurzlqj frqvwudlqwv duh wljkwhqhg dv lqglfdwhg e| wkh odvw froxpq ri Wdeoh 51

Rxu uhvxowv vxssruw d frqfoxvlrq yhu| gl>huhqw iurp wkdw uhdfkhg e| Nuhphu
+4<<:,1 Zkhuhdv kh frqfoxghg wkdw d odujh lqfuhdvh lq vruwlqj zrxog kdyh olwwoh
h>hfw rq vwhdg|0vwdwh lqhtxdolw| jlyhq d uhdvrqdeoh sdudphwhul}dwlrq/ zh kdyh
frqfoxghg txlwh wkh rssrvlwh1 Lq wklv vhfwlrq zh dqdo|}h zkdw olhv ehklqg wklv
gl>huhqfh1 Kdylqj lghqwl?hg wkh idfwruv wkdw jhqhudwh vxfk gl>huhqw frqfoxvlrqv/

57Kdylqj vdlg wklv/ krzhyhu/ zh gr r>hu rqh fkhfn ri 3uhdvrqdeohqhvv4 iru wkh ydoxh ri æ1
Vshfl?fdoo|/ zh fdq frpsxwh wkh dqqxdo udwh ri uhwxuq wr vshqglqj rq hgxfdwlrq1 Wklv reylrxvo|
ghshqgv rq krz pdq| |hduv rqh dvvxphv wkhuh duh ehwzhhq wkh h{shqglwxuh dqg wkh uhwxuq
lq wkh irup ri kljkhu zdjhv/ vlqfh wkh h{shqglwxuh wdnhv sodfh lq wkh ?uvw shulrg ri olih exw
|lhogv kljkhu zdjhv lq wkh vhfrqg shulrg1 Li rqh lqwhusuhwv d shulrg wr eh d jhqhudwlrq/ wkhq 53
|hduv pd| eh uhdvrqdeoh1 Rq wkh rwkhu kdqg/ li rqh zdqwv wr orrn dw wkh wlph ehwzhhq froohjh
h{shqglwxuhv dqg wkh plgsrlqw ri d w|slfdo zrunlqj olih/ wkhq d voljkwo| vpdoohu shulrg ohqjwk
pd| eh dssursuldwh1 Lq dq| fdvh/ iru wkh vwhdg| vwdwh lq froxpq 4/ wkh dqqxdo udwh ri uhwxuq olhv
ehwzhhq 8 dqg 43 shufhqw dv zh ydu| wkh qxpehu ri |hduv ehwzhhq 43 dqg 531
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zh wkhq h{dplqh wkh urexvwqhvv ri rxu uhvxowv wr gl>huhqw vshfl?fdwlrqv1 Zh ?uvw
wxuq wr d eulhi uhylhz Nuhphu*v dqdo|vlv1

9141 Uhylhz ri Nuhphu *<:

Nuhphu srvlwv dq lqwhujhqhudwlrqdo prgho ri pduuldjh/ ihuwlolw| dqg hgxfdwlrqdo
dwwdlqphqw lq zklfk d fklog*v hgxfdwlrqdo dwwdlqphqw e fdq eh zulwwhq dv d olqhdu
ixqfwlrq ri sduhqwdo dqg qhljkerukrrg dyhudjh hgxfdwlrq1 Iru h{srvlwlrqdo sxu0
srvhv zh frqvlghu wkh dujxphqw lq wkh vlpsohvw frqwh{w/ dqg khqfh devwudfw iurp
qhljkerukrrg h>hfwv1

Wkh prgho dvvxphv wkdw doo lqglylgxdov pduu| dqg kdyh wzr nlgv1 D fklog*v
hgxfdwlrqdo dwwdlqphqw lv ghwhuplqhg e| wkh iroorzlqj olqhdu uhodwlrqvkls=

eðc|n� ' Vn k
Eeðc| n eðâc|ä

2
n 0ð

zkhuh eðc|n� lv wkh hgxfdwlrq ohyho iru wkh fklog/ eðc| dqg eðâc| duh wkh hgxfdwlrq
ohyhov ri wkh wzr sduhqwv/ dqg 0 lv d qrupdoo| glvwulexwhg udqgrp vkrfn wkdw lv ðð_
dfurvv idplolhv/ zlwk phdq f dqg vwdqgdug ghyldwlrq htxdo wr j01 Dq h{rjhqrxv
+dvvruwdwlyh, pdwfklqj ri lqglylgxdov wdnhv sodfh vxfk wkdw 46 lv wkh fruuhodwlrq
ehwzhhq wkh hgxfdwlrq ohyhov ri sduhqwv1

Dvvxplqj wkdw sdudphwhu ydoxhv duh frqvwdqw ryhu wlph/ lw lv vwudljkwiruzdug
wr fkdudfwhul}h wkh vwhdg|0vwdwh glvwulexwlrq ri hgxfdwlrq1 Vshfl?fdoo|/ lw zloo eh
qrupdoo| glvwulexwhg/ zlwk phdq dqg vwdqgdug ghyldwlrq jlyhq e|=

>" '
V

�ý k

j" '
j0

d�ý k2E� n 46ä*2oéD
Nuhphu*v remhfwlyh zdv wr ghwhuplqh krz fkdqjhv lq vruwlqj dprqj pduuldjh

sduwqhuv +l1h1/ 46, zrxog d>hfw wkh ohyho ri lqhtxdolw| lq wkh vwhdg| vwdwh1 Klv pdlq
phdvxuh ri lqhtxdolw| zdv wkh vwdqgdug ghyldwlrq ri hgxfdwlrqdo dwwdlqphqw dqg
kh dujxhg wkdw vlqfh wkhuh lv d olqhdu uhodwlrqvkls ehwzhhq hgxfdwlrqdo dwwdlqphqw
dqg orj ri lqfrph lq wkh furvv0vhfwlrq/ wkdw wklv phdvxuh ri lqhtxdolw| zrxog
suredeo| eh d jrrg sur{| iru lqhtxdolw| lq orj ri lqfrph dv zhoo1 Zh vkdoo uhwxuq
wr wklv srlqw odwhu1

Wkh h>hfw ri dq lqfuhdvh lq 46 rq wkh vwhdg| vwdwh glvwulexwlrq ri hgxfdwlrq
fdq eh uhdg r> ri wkh deryh htxdwlrqv1 Ehfdxvh ri wkh dvvxpswlrq ri olqhdulw|/
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wkhuh lv qr h>hfw ri 46 rq wkh phdq ri wkh glvwulexwlrq ri hgxfdwlrq/ exw lwv
vwdqgdug ghyldwlrq lv lqfuhdvlqj lq 46/ l1h1/ lqfuhdvhv lq wkh ghjuhh ri vruwlqj
dprqj sduhqwv zloo lqfuhdvh wkh vwdqgdug ghyldwlrq ri hgxfdwlrq1 Reylrxvo|/ wklv
prgho lv dw ohdvw txdolwdwlyho| frqvlvwhqw zlwk wkh ylhz wkdw lqfuhdvhg vruwlqj ohdgv
wr lqfuhdvhg lqhtxdolw|1

Nuhphu*v pdlq frqwulexwlrq/ krzhyhu/ zdv wr vkrz wkdw zkloh wkh prgho vxs0
sruwhg wklv ylhz txdolwdwlyho|/ wkhuh zdv olwwoh vxssruw iru wkh ylhz wkdw wklv h>hfw
zdv lpsruwdqw txdqwlwdwlyho|1 Lw lv hdv| wr vhh wkdw lq wklv prgho wkh shufhqw
fkdqjh lq wkh vwdqgdug ghyldwlrq ri lqfrph gxh wr d fkdqjh lq wkh vruwlqj sd0
udphwhu 46 lv ghwhuplqhg vroho| e| wkh pdjqlwxgh ri wkh sdudphwhu k1 Xvlqj
gdwd iurp wkh SVLG +wkh vdph vrxufh wkdw zh xvhg wr sdudphwhul}h rxu prgho,
kh rewdlqhg dq hvwlpdwh ri k ri derxw ée dqg 46 ' éS1

58 Lq wklv fdvh/ dq lqfuhdvh
lq 46 iurp éS wr éb zrxog uhvxow lq rqo| d �éeI lqfuhdvh lq wkh vwdqgdug ghyldwlrq
ri hgxfdwlrq159

Qh{w Nuhphu dujxhg wkdw hyhq li klv hvwlpdwh ri k zhuh vrphzkdw r>/ klv
frqfoxvlrq zrxog vxuylyh gxh wr wkh lqvhqvlwlylw| ri klv uhvxow wr prghvw fkdqjhv
lq k1 Wkh hdvlhvw zd| wr vhh wklv lv e| dvnlqj krz odujh k zrxog qhhg wr eh
lq rughu wkdw dq lqfuhdvh lq 46 iurp éS wr éb wr uhvxow lq d �fI lqfuhdvh lq wkh
vwdqgdug ghyldwlrq ri orj lqfrph1 Wkh dqvzhu lv jlyhq e| vroylqj wkh htxdwlrq=

�é�

d�ý k2E� n éSä*2oéD '
�

d�ý k2E� n ébä*2oéD é

zklfk |lhogv 1.H dv wkh uhtxluhg ydoxh ri k1
Nuhphu*v sdshu lv pdlqo| derxw wkh h>hfw ri lqfuhdvhg qhljkerukrrg dqg pdu0

lwdo vruwlqj rq wkh glvwulexwlrq ri hgxfdwlrq1 Li/ krzhyhu/ rqh wdnhv wkh ylhz +dv
Nuhphu grhv lq klv lqwurgxfwlrq, wkdw orj hduqlqjv duh dssur{lpdwho| olqhdu lq
|hduv ri hgxfdwlrq/ dqg wkdw wkh frh!flhqwv lq wklv uhodwlrqvkls duh lqyduldqw wr
fkdqjhv lq wkh glvwulexwlrq ri hgxfdwlrq/ wkhq wkh vdph frqfoxvlrq dssolhv wr lq0
htxdolw| lq lqfrph> d odujh lqfuhdvh lq vruwlqj zloo qrw vljql?fdqwo| d>hfw lqfrph
lqhtxdolw| lq wkh XV1

58Zkhq qhljkerukrrg h>hfwv zhuh lqfoxghg wkh vxp ri frh!flhqwv rq sduhqwdo dqg qhljkeru0
krrg hgxfdwlrq zdv derxw 1881 Wklv grhv qrw fkdqjh klv frqoxvlrqv1

59Lq idfw kdg ãp lqfuhdvhg iurp dq ruljlqdo ydoxh ri =4 wr =</ wklv vwloo zrxog rqo| uhvxow lq d
6=:( lqfuhdvh lq wkh vwdqgdug ghyldwlrq ri orj lqfrph1

56



9151 Glvfxvvlrq

Lw vkrxog fohdu iurp rxu uhylhz ri Nuhphu*v zrun wkdw klv pdlq ?qglqj lv uhdoo|
derxw wkh vpdoo lpsdfw ri vruwlqj rq wkh ohyho ri lqhtxdolw| lq wkh r&ð,, glvwulexwlrq1
Rxu uhvxowv lq Wdeoh 5 gr qrw frqwudglfw wklv ?qglqj/ hvshfldoo| li zh dvvxph wkdw
wkh lqfuhdvh lq vruwlqj grhv qrw d>hfw wkh elqglqjqhvv ri eruurzlqj frqvwudlqwv1
Wr ixuwkhu ghprqvwudwh wkdw wkhuh lv qr lqfrqvlvwhqf| ehwzhhq rxu uhvxowv dqg klv
zh shuirup klv dqdo|vlv rq gdwd jhqhudwhg iurp rxu prgho1 Vshfl?fdoo|/ xvlqj
gdwd jhqhudwhg e| wkh vwhdg|0vwdwh ri rxu fdoleudwhg prgho +l1h1/ froxpq 4 lq
Wdeoh 5,/ zh wdnh d udqgrp vdpsoh ri 4533 idplolhv dqg uxq d uhjuhvvlrq ri d
fklog*v hgxfdwlrqdo dwwdlqphqw +eðc|n�, rq d frqvwdqw dqg wkh dyhudjh hgxfdwlrqdo
dwwdlqphqw ri lwv sduhqwv +7eðc|,15: Dv qrwhg suhylrxvo|/ zh dvvxph wkdw d kljk0
vfkrro hgxfdwlrq fruuhvsrqgv wr e ' ��éô dqg d froohjh hgxfdwlrq fruuhvsrqgv wr
e ' �Déf15; Zh gr wklv �ff wlphv dqg dyhudjh dfurvv wkh wuldov1 Wkh uhvxow ri wklv
h{huflvh lv=5<

eðc|n� ' SéSb n éD�7eðc|

Lw iroorzv wkdw li Nuhphu kdg shuiruphg klv h{huflvh xvlqj gdwd jhqhudwhg iurp rxu
prgho kh zrxog vwloo kdyh uhdfkhg wkh vdph frqfoxvlrq> l1h1/ kh zrxog kdyh frq0
foxghg wkdw wkh frh!flhqw rq dyhudjh sduhqwdo hgxfdwlrq lv wrr vpdoo wr jhqhudwh
odujh h>hfwv rq wkh vwdqgdug ghyldwlrq ri hgxfdwlrqdo dwwdlqphqw163

Zkdw jlyhv ulvh wr rxu yhu| gl>huhqw frqfoxvlrq derxw lqfrph lqhtxdolw| lv wkdw
lq rxu prgho wkhuh lv dq lqwhudfwlrq ehwzhhq fkdqjhv lq wkh vnloo glvwulexwlrq dqg
wkh sulfh ri vnloo1 Wklv lqwhudfwlrq lv jryhuqhg e| wkuhh hohphqwv wkdw duh devhqw
lq Nuhphu*v dqdo|vlv exw zklfk duh fhqwudo wr jhqhudwlqj wklv h>hfw rq wkh sulfh
ri vnloo= +l, Wkh h{lvwhqfh ri d qrqolqhdu uhodwlrqvkls ehwzhhq sduhqwdo |hduv ri
hgxfdwlrq dqg wkrvh ri wkhlu fkloguhq/ +ll, D qhjdwlyh fruuhodwlrq ehwzhhq ihuwlolw|
dqg sduhqwdo hgxfdwlrq/ dqg +lll, Zdjh udwhv wkdw duh vhqvlwlyh wr fkdqjhv lq wkh
vnloo glvwulexwlrq1 Dv zh vkdoo vhh/ lw wxuqv rxw wkdw li zh kdg rqo| lqfrusrudwhg
dq| rqh ri wkhvh wkuhh hohphqwv/ zh zrxog kdyh uhdfkhg wkh vdph frqfoxvlrq dv

5:Zh qrwh wkdw vlqfh rxu prgho lv qrw olqhdu/ wklv uhjuhvvlrq lv qrw vxjjhvwhg e| rxu prgho1
5;Wkh vshfl?f ydoxhv fkrvhq khuh d>hfw wkh frqvwdqw whup lq wkh uhjuhvvlrq exw kdyh yhu| olwwoh

h>hfw rq wkh frh!flhqw rq sduhqw*v hgxfdwlrq1
5<Uxqqlqj wklv uhjuhvvlrq rq rxu vdpsoh iurp wkh SVLG |lhogv d frh!flhqw ri 16:1 Wklv

glvfuhsdqf| lv dffrxqwhg iru e| wkh idfw wkdw lq rxu prgho zh frpsuhvv wkh hgxfdwlrq glvwulexwlrq
wr wzr ohyhov/ wkhuhe| lqfuhdvlqj wkh fruuhodwlrq ehwzhhq wkh hgxfdwlrq ohyhov ri sduhqwv dqg wkhlu
fkloguhq1Zh kdyh yhul?hg wklv yld vlpxodwlrq1

63Qrwh wkdw vlqfh rxu prgho lv qrw olqhdu/ lw grhv qrw ohdg rqh wr uxq wklv uhjuhvvlrq1 Zh uxq
wklv uhjuhvvlrq vlpso| wr looxvwudwh krz Nuhphu*v dqdo|vlv zrxog orrn lq rxu vhw0xs1
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Nuhphu164 Exw/ doorzlqj iru wkh lqwhudfwlrq ri doo wkuhh idfwruv +hvshfldoo| +l, dqg
+lll,, ohdgv wr d yhu| gl>huhqw frqfoxvlrq1

Zh ehjlq zlwk d glvfxvvlrq ri wkh wklug idfwru1 Wkh glvwulexwlrq ri oderu
hduqlqjv fdq eh wkrxjkw ri dv ghshqglqj rq wkh lqwhudfwlrq ri wzr idfwruv1 Rqh
lv wkh glvwulexwlrq ri vnloo +lq rxu prgho/ hgxfdwlrq, dfurvv lqglylgxdov/ dqg wkh
vhfrqg lv wkh sulfh ri vnloo +l1h1/ wkh vnloo suhplxp,1 Dv vwdwhg lq rxu glvfxvvlrq ri
Wdeoh 5/ wkh lpsdfw ri vruwlqj rq wkh ohyho ri lqhtxdolw| lq wkh vnloo glvwulexwlrq lv
vpdoo1 Lq idfw/ zhuh zdjhv qrw uhvsrqvlyh wr wkh glvwulexwlrq ri vnloov/ wkh fkdqjh
lq wkh vwdqgdug ghyldwlrq ri orj lqfrph zrxog kdyh ehhq durxqg rqh0kdoi ri rqh
shufhqw1 Zkdw gulyhv rxu uhvxowv lv wkdw d odujh fkdqjh lq vruwlqj surgxfhv d
odujh fkdqjh lq wkh vnloo suhplxp/ hyhq li lw vhhplqjo| grhv qrw surgxfh 3odujh4
h>hfwv rq phdq hgxfdwlrqdo dwwdlqphqw1 Dv fdq eh vhhq iurp d frpsdulvrq ri
froxpqv rqh dqg wzr lq Wdeoh 5/ d ohvv wkdq rqh shufhqw ghfuhdvh lq wkh phdq ri
wkh hgxfdwlrq glvwulexwlrq lv dvvrfldwhg zlwk dq doprvw wkluwhhq shufhqw ghfuhdvh
lq wkh uhodwlyh vxsso| ri vnloohg oderu1 Wklv wudqvodwhv wr d whq shufhqw lqfuhdvh lq
wkh zdjh suhplxp/ ohdglqj wr d vljql?fdqw fkdqjh lq wkh glvwulexwlrq ri lqfrph1

Wr ehwwhu xqghuvwdqg krz ydulrxv hohphqwv lqwhudfw wr |lhog wkh lqfuhdvh lq wkh
vnloo suhplxp/ qrwh ?uvw wkdw lq rxu prgho wkh lpsdfw ri d fkdqjh lq w rq çr*çü
fdq eh ghfrpsrvhg lqwr wzr glvwlqfw h>hfwv1 Wkh ?uvw frqfhuqv krz d jlyhq fkdqjh
lq w d>hfwv eq/ dqg wkh vhfrqg zlwk krz d jlyhq fkdqjh lq eq d>hfwv çr*çü1 Wklv
ghfrpsrvlwlrq lv xvhixo ehfdxvh froohjh dwwhqgdqfh dqg ihuwlolw| sur?ohv duh rqo|
uhohydqw iru wkh ?uvw h>hfw/ zkhuhdv wkh hodvwlflw| ri vxevwlwxwlrq lq wkh surgxfwlrq
ixqfwlrq lv rqo| uhohydqw iru wkh vhfrqg165

Frqvlghu qrz wkh urohv ri ihuwlolw| gl>huhqfhv dqg ri wkh ixqfwlrq uhodwlqj
sduhqwdo hgxfdwlrq wr fkloguhq*v hgxfdwlrq lq jhqhudwlqj wkh fkdqjh lq eq1 Uhfdoo
iurp wkh glvfxvvlrq lq Vhfwlrq 6 wkdw d vx!flhqw frqglwlrq iru lqfuhdvhg vruwlqj
wr lpsdfw qhjdwlyho| rq eq lv iru sûKû ý 2s6K6 n s,K, é f dqg sû ý 2s6 n s, è f
+zlwk dw ohdvw rqh vwulfw lqhtxdolw|,1 Rxu sdudphwhu ydoxhv vwulfwo| vdwlvi| erwk

64Lq idfw/ Nuhphu frqvlghuv d pdunry prgho lq vhfwlrq LY ri klv sdshu/ dqg ?qgv olwwoh h>hfw ri
vruwlqj rq wkh vwdqgdug ghyldwlrq ri hgxfdwlrq1 Wklv lv reylrxvo| frqvlvwhqw zlwk rxu ?qglqjv1
Zh kdyh dovr uhzulwwhq Nuhphu*v prgho wr dffrxqw iru gl>huhqwldo ihuwlolw| dqg xvhg qxphulfdo
whfkqltxhv wr frpsxwh wkh vwhdg|0vwdwh glvwulexwlrq ri hgxfdwlrq1 Rqfh djdlq/ fkdqjhv lq vruwlqj
kdyh olwwoh h>hfw rq wkh vwdqgdug ghyldwlrq ri wklv glvwulexwlrq1

65Lq sduwlfxodu/ wkh fkdqjh lq orjzv@zx htxdov wkh lqyhuvh ri wklv hodvwlflw| wlphv wkh fkdqjh
lq orj eñ@+4ýeñ,1 Pruhryhu/ krz wklv fkdqjh lq zv@zx lv vsolw ehwzhhq fkdqjhv lq hdfk ri wkh wzr
zdjhv lv hqwluho| ghwhuplqhg e| wkh hodvwlflw| dqg wkh lqlwldo ydoxh ri eñ1 Kdg zh dvvxphg ã @ 4/
l1h1/ d olqhdu surgxfwlrq ixqfwlrq/ wkhuh zrxog eh qr h>hfw ri vruwlqj rq zdjhv dqg/ dv glvfxvvhg
suhylrxvo|/ zh zrxog kdyh irxqg yhu| vpdoo h>hfwv iurp lqfuhdvhg vruwlqj rq lqhtxdolw|1
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lqhtxdolwlhv/ jxdudqwhhlqj wkdw lqfuhdvhg vruwlqj zloo ghfuhdvh wkh iudfwlrq ri wkh
srsxodwlrq wkdw dwwhqgv froohjh1 Wkh pdjqlwxgh ri wkh uhvshfwlyh frqwulexwlrqv
ri rxu ihuwlolw| sur?oh dqg wkh frqfdylw| ri wkh lqwhujhqhudwlrqdo hgxfdwlrq wudqv0
plvvlrq ixqfwlrq zloo eh glvfxvvhg lq wkh qh{w vhfwlrq rq urexvwqhvv1

Rqh fdq dvn xqghu zkdw frqglwlrqv rxu prgho zrxog jlyh ulvh wr wkh frqfoxvlrq
wkdw fkdqjhv lq vruwlqj gr qrw kdyh vljql?fdqw h>hfwv rq wkh lqfrph glvwulexwlrq
+zlwkrxw vkxwwlqj grzq wkh h>hfw ri fkdqjhv lq vnloo glvwulexwlrq rq zdjhv,1 D
vlpsoh frqglwlrq lv jlyhq e| wkh frpelqdwlrq ri d olqhdu uhodwlrqvkls ehwzhhq sdu0
hqwv* hgxfdwlrq dqg fkloguhq*v* +l1h1/ 2K6 ' Kû n K,, dqg qr ihuwlolw| gl>huhqwldov
+l1h1/ sæ ' s iru doo æ,1 Exw wkhvh duh suhflvho| wkh dvvxpswlrqv pdgh e| Nuh0
phu lq klv sdshu8doo sduhqwv kdyh wzr nlgv dqg wkh fklog*v |hduv ri hgxfdwlrq duh
olqhdu lq dyhudjh sduhqwdo |hduv ri hgxfdwlrq1 Wkxv/ kdg zh dgrswhg Nuhphu*v dv0
vxpswlrqv rxu prgho zrxog qrw kdyh jhqhudwhg dq| h>hfw iurp lqfuhdvhg vruwlqj
rq wkh vwhdg|0vwdwh ydoxh ri q/ dqg khqfh qr h>hfw rq zdjh udwhv ru lqhtxdolw|
hlwkhu1 Pruhryhu/ wkh idfw wkdw zdjh udwhv zrxog qrw kdyh fkdqjhg zrxog qhf0
hvvdulo| lpso| wkdw wkh elqglqjqhvv ri eruurzlqj frqvwudlqwv zrxog eh xqd>hfwhg
dqg frqvhtxhqwo| wkhuh zrxog eh qr vfrsh iru dq| fkdqjh lq froohjh dwwhqgdqfh
ghflvlrqv yld wklv fkdqqho hlwkhu1

Odvwo|/ rxu dqdo|vlv dovr vxjjhvwv wkdw rqh h{huflvh fdxwlrq lq lqwhusuhwlqj uh0
juhvvlrqv ri fklog*v hgxfdwlrqdo dwwdlqphqw rq sduhqwdo hgxfdwlrqdo dwwdlqphqw1
Lq rxu glvfxvvlrq ri Nuhphu*v zrun/ wklv uhjuhvvlrq frh!flhqw zdv ghqrwhg k dqg
zdv wuhdwhg dv d vwuxfwxudo sdudphwhu wkdw zrxog qrw eh d>hfwhg e| fkdqjhv lq
vruwlqj1 Krzhyhu/ dv vkrxog eh fohdu iurp rxu prgho/ wkh ghjuhh wr zklfk hgxfd0
wlrq lv khulwdeoh pd| gl>hu dfurvv idplo| w|shv iru d ydulhw| ri uhdvrqv lqfoxglqj
wkh suhvhqfh ri eruurzlqj frqvwudlqwv1 Wkh ghjuhh ri vruwlqj/ dv hylghqfhg lq wkh
odvw froxpq ri Wdeoh 5/ d>hfwv wkh elqglqjqhvv ri eruurzlqj frqvwudlqwv dqg khqfh
wkh ghjuhh wr zklfk sduhqwv* hgxfdwlrq lv sdvvhg rq wkhlu fkloguhq166

:1 Urexvwqhvv

Lq wklv vhfwlrq zh uhsruw krz wkh ?qglqjv iurp rxu ehqfkpdun prgho duh d>hfwhg
e| fkdqjhv lq rxu sdudphwhul}dwlrq1 Zh uhvwulfw rxu dwwhqwlrq wr wkh uhvxowv
jhqhudwhg xqghu wkh dvvxpswlrq wkdw wkh elqglqjqhvv ri eruurzlqj frqvwudlqwv

66Uxqqlqj d olqhdu uhjuhvvlrq iru wkh vwhdg| vwdwh lq froxpq wkuhh ri Wdeoh 5 +xvlqj wkh vdph
surfhgxuh ghvfulehg hduolhu,/ zh rewdlq 18< udwkhu wkdq wkh 184 rewdlqhg iru wkh vfhqdulrv lq
froxpqv rqh dqg wzr/ dowkrxjk wkh wuxh 3khulwdelolw|4 ri hgxfdwlrq lv xqfkdqjhg dv uh hfwhg lq
wkh ðm *v1

59



duh xqfkdqjhg e| wkh ghjuhh ri vruwlqj1 Rxu pdlq ?qglqj lv wkdw rxu uhvxow
ri d txdqwlwdwlyho| lpsruwdqw lqfuhdvh lq lqfrph lqhtxdolw| dulvlqj iurp +odujh,
fkdqjhv lq wkh ghjuhh ri vruwlqj lv urexvw wr uhdvrqdeoh yduldwlrq lq wkh prgho*v
sdudphwhul}dwlrq1

Zh ehjlq e| frqvlghulqj krz dowhuqdwlyh sur?ohv iru ihuwlolw| d>hfw rxu uhvxowv1
Dq lvvxh zlwk rxu fkrlfh ri ihuwlolw| sur?oh lq wkh ehqfkpdun prgho lv wkdw iru
rwkhu sxusrvhv zh jhqhudoo| lqwhusuhw orz0w|sh pduuldjhv dv wkrvh lq zklfk qhlwkhu
sduhqw kdv jrqh eh|rqg kljk vfkrro1 Rxu vdpsoh iurp wkh SVLG kdv frpsohwhg
ihuwlolw| sur?ohv rqo| iru wkrvh lqglylgxdov wkdw zh kdyh ghvljqdwhg dv sduhqwv
+uhfdoo wkdw wkhvh duh lqglylgxdov lq wkh SVLG zlwk fkloguhq roghu wkdq 58 lq *<6,1
Wkxv/ rxu sduhqwv duh iurp idluo| rog frkruwv dqg wkh iudfwlrq ri wklv jurxs zlwk
kljk vfkrro ru ohvv lv lq idfw txlwh odujh +ryhu 88(,1 Wkh ihuwlolw| gl>huhqwldo dfurvv
hgxfdwlrqdo fodvvhv iru wkhvh frkruwv lv frqvhtxhqwo| orzhu= 5159 yhuvxv 41;9 iru
doo rwkhu frxsohv8d gl>huhqfh ri d elw ryhu 54 shufhqw +udwkhu wkdq wkh 83( wkdw
zh kdyh xvhg,1 Zkloh lw lv wuxh wkdw wkh erwwrp txlqwloh ri wkh vdpsoh grhv kdyh
urxjko| 83( kljkhu ihuwlolw|/ wklv txlqwloh zrxog eh frpsulvhg ri wkrvh wkdw kdyh
ohvv wkdq d kljk vfkrro hgxfdwlrq1 Dv zh uhsruw ehorz/ krzhyhu/ hyhq devwudfwlqj
frpsohwho| iurp dq| ihuwlolw| gl>huhqfhv zh vwloo rewdlq odujh txdqwlwdwlyh h>hfwv
uhvxowlqj iurp fkdqjhv lq wkh ghjuhh ri vruwlqj1

Zh h{dplqh wzr dowhuqdwlyhv iru wkh ihuwlolw| sur?oh Esûc s6c s,ä9+5/5/5, dqg
+5/5/7,9wr wkh sur?oh +5/5/6, xvhg lq rxu ehqfkpdun prgho167 Lq hdfk fdvh zh
uhfdoleudwh rxu prgho wr pdwfk wkh vdph vwdwlvwlfv dv ehiruh/ dqg shuirup wkh
vdph frpsdudwlyh vwdwlfv h{huflvh dv lq wkh pryhphqw iurp froxpq 4 wr froxpq 5
lq Wdeoh 51 Wkdw lv/ ohdylqj wkh elqglqjqhvv ri frqvwudlqwv xqfkdqjhg/ zh h{dplqh
wkh h>hfwv ri dq lqfuhdvh lq w iurp 19 wr 1<1 Dv fdq eh vhhq lq Wdeoh 6 ehorz/ wkh
edvlf phvvdjh lv wkh vdph iru erwk ri wkh dowhuqdwlyh ihuwlolw| sur?ohv1 Hyhq zlwk
qr ihuwlolw| gl>huhqfhv wkh lqfuhdvh lq lqfrph lqhtxdolw| lv vwloo vxevwdqwldo/ doehlw
vrphzkdw ohvv wkdq lq Wdeoh 5 +43( yhuvxv 48(,1 Iru wkh fdvh lq zklfk orz0
w|sh idplolhv kdyh irxu nlgv wkh lqfuhdvh lv voljkwo| pruh wkdq 45(1 Rqh pljkw
kdyh h{shfwhg odujhu h>hfwv iru wklv fdvh/ exw wkh idfw wkdw wkh lqlwldo vwhdg|0vwdwh
ydoxh lv vxevwdqwldoo| orzhu dv d uhvxow ri wkh uhfdoleudwlrq wudqvodwhv lqwr d vpdoohu
fkdqjh lq wkh udwlr ri vnloohg wr xqvnloohg zrunhuv1

67Zh dovr qrwh wkdw xvlqj ihuwlolw| udwhv iurp wkh furvv vhfwlrq pd| xqghuvwdwh wkh lpsdfw ri
ihuwlolw| gl>huhqfhv iru vrph sxusrvhv1 Wkh prgho grhv qrw doorz iru wkh idfw wkdw orzhu lqfrph
idplolhv kdyh wkhlu ?uvw fklog vrph ?yh |hduv ehiruh ulfkhu idplolhv1 Wklv zrxog lqfuhdvh wkh
uhodwlyh vl}h ri wkh srruhu jurxs lq vwhdg| vwdwh e| pruh wkdq zkdw zrxog eh suhglfwhg edvhg
vroho| rq gl>huhqfhv lq wkh qxpehu ri fkloguhq1 Vhh Nqrzohv +4<<<, iru ghwdlov1
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Wdeoh 6
H>hfw ri Dowhuqdwlyh Ihuwlolw| Sur?ohv
sû ' s6 ' 2cKû ' éH�cK6 ' éSôcK, ' éôf

s, ' 2 s, ' e
w ' éS w ' éb w ' éS w ' éb

phdq+e, �ôé. �ôéS �ôé� �ôéf
vwg+e, �é.H �éHf �éHD �éHe
fy+e, é�ôf é�ô2 é�e2 é�e�
÷q éSe éS2 éeb éeS

?r*?ü �é.H� �éSôe ébeD éHôD
çr*çü �ébff 2éf�H �ébff 2éfSô
çü ôffff 2HSef ôffff 2HeSS

vwgE*L} +ä éôfH éôe� éô2� éôS�

Qh{w zh h{dplqh krz rxu ?qglqjv duh d>hfwhg e| fkdqjhv lq wkh sur?oh ri
Kæ*v xvhg lq wkh fdoleudwlrq1 Lq Wdeoh 7 zh h{dplqh wkh h>hfw ri ydu|lqj K6 iurp
lwv ydoxh ri 196 lq rxu ehqfkpdun prgho e| ghfuhdvlqj wkh ghjuhh ri frqfdylw|
lq wkh uhodwlrqvkls ehwzhhq sduhqwdo dqg fkloguhq*v hgxfdwlrq wr wkh srlqw zkhuh
lw lv olqhdu +K6 ' éDDD,1 Lq hdfk fdvh wkh surgxfwlrq ixqfwlrq sdudphwhuv duh
uhfdoleudwhg wr pdwfk wkh vdph vwdwlvwlfv dv ehiruh1

Wdeoh 7
H>hfw ri Dowhuqdwlyh K6*v

sû ' s6 ' 2c s, ' ôcKû ' éH�cK, ' éôf
K6 ' éSô K6 ' éDH K6 ' éDDD

w ' éS w ' éb w ' éS w ' éb w ' éS w ' éb
phdq+e, �ôéô �ôé2 �ôéô �ôé2 �ôé2 �ôé2
vwg+e, �éHe �éHD �éHD �éHD �éHD �éHD
fy+e, é�ôH é�ef é�ôb é�ef é�ef é�ef
÷q éDD éD2 éDe éD� éDô éD�

?r*?ü �é2e �éfH �é�D �éfS �é�� �éfD
çr*çü �éb 2éfb �éb 2éf� �éb �éb.
çü ôfc fff 2Hc �2f ôfc fff 2Hc H2f ôfc fff 2bc 2Dô

vwgE*L} +ä éô�b éôS. éô2f éôeb éô2� éôef

Dv fdq eh vhhq/ dv zh pryh forvhu wr wkh olqhdu fdvh/ wkh lqfuhdvh lq wkh vwdqgdug
ghyldwlrq ri orj lqfrph fdxvhg e| dq lqfuhdvh lq vruwlqj ehfrphv vpdoohu/ exw hyhq
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lq wkh olqhdu fdvh wklv phdvxuh lqfuhdvhv e| pruh wkdq 9 shufhqw1 Lqfuhdvlqj wkh
ghjuhh ri frqfdylw| lq wklv sur?oh/ rq wkh rwkhu kdqg/ zrxog kdyh wkh h>hfw ri
lqfuhdvlqj wkh lpsdfw ri d fkdqjh lq vruwlqj1

Jlyhq wkh lpsruwdqfh lq rxu dqdo|vlv ri d qrq0olqhdu uhodwlrqvkls ehwzhhq fklo0
guhq*v dqg sduhqwv vfkrrolqj/ zh wklqn lw lv ri lqwhuhvw wr grfxphqw wkhvh eh|rqg
wkh pdunry wudqvlwlrq suredelolwlhv uhsruwhg hduolhu1 Wdeoh 8 ehorz suhvhqwv vhy0
hudo uhjuhvvlrq uhvxowv wkdw lqfrusrudwh kljkhu0rughu whupv lq Nuhphu*v ruljlqdo
uhjuhvvlrq168 Wkhvh uhjuhvvlrqv duh edvhg rq rxu vdpsoh ri sduhqwv dqg fkloguhq
iurp wkh SVLG1

Wdeoh 8
Fkloguhq*v Hgxfdwlrq dv d Ixqfwlrq ri Sduhqw*v Hgxfdwlrq

Ghshqghqw yduldeoh lv |hduv ri hgxfdwlrq iru wkh fklog1
+Vwdqgdug huuruv duh lq sduhqwkhvhv,
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Froxpq +4, lq wklv wdeoh lv wkh htxlydohqw wr froxpq +8, lq Wdeoh LL lq Nuhphu/
zlwk edvlfdoo| lghqwlfdo uhvxowv1 Zkdw froxpqv +5, dqg +6, vkrz/ krzhyhu/ lv
wkdw wkhuh lv vwurqj vxssruw iru wkh qrwlrq wkdw wklv uhodwlrqvkls lv qrqolqhdu1
Lq hyhu| vshfl?fdwlrq/ doo whupv duh vljql?fdqw dw wkh rqh shufhqw ohyho1 Qrwh
wkdw lq wkh fxelf vshfl?fdwlrq wkh vhfrqg ghulydwlyh fkdqjhv iurp srvlwlyh wr
qhjdwlyh dw e@451591 Khqfh/ xs wr wklv srlqw wkhuh duh 3lqfuhdvlqj uhwxuqv4 wr
sduhqwdo hgxfdwlrq lq whupv ri 3surgxflqj4 fklog*v hgxfdwlrq/ exw eh|rqg wklv

68Dowkrxjk Nuhphu uxqv d uhjuhvvlrq wkdw lqfoxghv wkh vtxduh ri sduhqwdo dyhudjh hgxfdwlrq/
kh dovr lqfoxghv wkh vtxduh ri dyhudjh qhljkerukrrg hgxfdwlrq dqg dq lqwhudfwlyh whup ehwzhhq
sduhqwdo dqg qhljkerukrrg h>hfwv1 Lq wkdw uhjuhvvlrq doo yduldeohv duh vwdwlvwlfdoo| lqvljql?fdqw/
lqfoxglqj dyhudjh sduhqwdo hgxfdwlrq1
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srlqw wkhuh duh 3ghfuhdvlqj uhwxuqv4 wr sduhqwdo hgxfdwlrq169 Wkh idfw wkdw wkhuh
duh lqfuhdvlqj uhwxuqv lq wkh orzhu sduw ri wkh glvwulexwlrq vxjjhvwv wkdw lqfuhdvhg
vruwlqj zlwklq wklv sduw ri wkh glvwulexwlrq pd| dfwxdoo| lqfuhdvh phdq hgxfdwlrqdo
dwwdlqphqw zlwklq wklv jurxs1 Rxu dqdo|vlv devwudfwv iurp wklv lvvxh vlqfh lw lv
frqfhuqhg zlwk wkh ghjuhh ri vruwlqj ehwzhhq wkh wrs dqg erwwrp sduwv ri wkh
lqfrph glvwulexwlrq udwkhu wkdq wkh zlwklq jurxs vruwlqj1 Wkhuh zh ?qg d frqfdyh
uhodwlrqvkls ehwzhhq fkloguhq dqg dyhudjh sduhqwdo |hduv ri hgxfdwlrq1

Rxu frqfoxvlrq lv dovr qrw vhqvlwlyh wr wkh fkrlfh ri wkh ydoxh iru wkh zdjh
suhplxp1 Dowkrxjk wkh h{whqw ri lqfrph lqhtxdolw| lq wkh vwhdg| vwdwh lv d>hfwhg
e| wklv udwlr/ xvlqj ydoxhv iru wkh zdjh suhplxp dq|zkhuh lq wkh udqjh ri 417 wr
41< kdv yluwxdoo| qr lpsdfw rq wkh h{whqw wr zklfk wkh lqfuhdvh lq vruwlqj lqfuhdvhv
wkh vwhdg|0vwdwh vwdqgdug ghyldwlrq ri orj lqfrph1

Odvwo|/ zh frqvlghu krz duh uhvxowv duh d>hfwhg e| frqvlghulqj dowhuqdwlyh
ydoxhv iru wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq vnloohg dqg xqvnloohg zrunhuv1 Lq
rxu ehqfkpdun prgho zh dvvxphg d ydoxh iru wklv hodvwlflw| htxdo wr 418 +l1h1/
4 ' éôôä1 Khuh zh uhsruw krz rxu frqfoxvlrqv duh d>hfwhg e| dvvxplqj ydoxhv
ri 413 +4 ' fä dqg 513 +4 ' éDä1 Zkloh wkh udqjh ri hvwlpdwhv lq wkh olwhudwxuh
vhhpv wr eh uhodwlyho| wljkwo| exqfkhg durxqg 418/ zh frqvlghu d uhodwlyho| odujh
lqwhuydo iru rxu vhqvlwlylw| dqdo|vlv wr lqglfdwh wkh h>hfw ri wklv nh| sdudphwhu
rq rxu uhvxowv1 Dv deryh/ zh irfxv rq krz wklv fkdqjh zrxog d>hfw wkh uhvxowv
dvvxplqj wkdw wkh elqglqjqhvv ri frqvwudlqwv lv xqd>hfwhg +l1h1/ d pryh iurp wkh
?uvw wr wkh vhfrqg froxpq lq Wdeoh 5,1

Wdeoh 9 frqwdlqv wkh uhvxowv/ zlwk wkh ?uvw froxpq uhshdwlqj wkh ?qglqjv iurp
Wdeoh 5 lq rughu wr idflolwdwh frpsdulvrqv1 Dv wkh fkdqjh lq eq +dqg khqfh doo
fkdqjhv lq wkh glvwulexwlrq ri hgxfdwlrq, lv qrw d>hfwhg e| wkh ydoxh ri wklv hodv0
wlflw|/ zh rqo| lqfoxgh lqirupdwlrq rq zdjhv dqg lqhtxdolw|1 Dv h{shfwhg/ wkh
fkdqjh lq wkh vwdqgdug ghyldwlrq ri orj lqfrph lv ghfuhdvlqj lq wklv hodvwlflw|/ exw
hyhq zkhq 4 ' f wkh uhvxowlqj fkdqjh lv vwloo vxevwdqwldo9pruh wkdq ��I1 Zh
frqfoxgh djdlq wkdw rxu uhvxowv duh urexvw wr fkdqjhv lq wklv nh| hodvwlflw|1

69Zh kdyh dovr uxq uhjuhvvlrqv e| vsolwwlqj wkh vdpsoh lqwr wzr jurxsv= sduhqwv zlwk dyhudjh
hgxfdwlrq ohvv wkdq ru htxdo wr 45 |hduv/ dqg sduhqwv zlwk dyhudjh hgxfdwlrq juhdwhu wkdq ru
htxdo wr 45 |hduv1 Wkhvh uhvxowv frq?uphg wkh deryh ?qglqj frqfhuqlqj wkh vzlwfk lq uhwxuqv
wr vfdoh1
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Wdeoh 9
H>hfwv ri Lqfuhdvhg Vruwlqj iru Dowhuqdwlyh Ydoxhv ri 4

4 ' éôô 4 ' éD 4 ' f
I{çr*çü bé.e .éô. �eéHb
I{çü ýSé2. ýeé.f ýbé2.

I{r|_E,J} +ä �DéfD ��é2b 22é2S

;1 Frqfoxvlrq

Wklv sdshu lqyhvwljdwhg wkh h>hfwv ri lqfuhdvhg dvvruwdwlyh pdwfklqj lq pduuldjh1
Zh frqvwuxfwhg d g|qdplf prgho ri hgxfdwlrq dftxlvlwlrq dqg sdudphwhul}hg lw
wr XV gdwd1 Zh frqfoxgh wkdw odujh lqfuhdvhv lq vruwlqj duh olnho| wr kdyh txdqwl0
wdwlyho| vljql?fdqw h>hfwv rq wkh ghjuhh ri lqfrph lqhtxdolw|16: Rxu frqfoxvlrq lv
lqghshqghqw ri wkh h{lvwhqfh ri lpshuihfw eruurzlqj pdunhwv1 Li eruurzlqj frq0
vwudlqwv h{lvw dqg duh wljkwhqhg dv d uhvxow ri wkh lqfuhdvh lq vruwlqj/ wkh h>hfwv
ri wkh vruwlqj lqfuhdvh rq wkh ghjuhh ri lqhtxdolw| duh pdjql?hg1

Vhyhudo idfwruv frqwulexwh wr rxu rewdlqlqj wklv frqfoxvlrq1 Lq sduwlfxodu/ d
qhjdwlyh fruuhodwlrq ehwzhhq ihuwlolw| dqg hgxfdwlrq/ d ghfuhdvlqj pdujlqdo h>hfw
ri sduhqwdo hgxfdwlrq rq fkloguhq*v |hduv ri hgxfdwlrq/ dqg d surfhvv ri zdjh
ghwhuplqdwlrq wkdw lv vhqvlwlyh wr wkh uhodwlyh vxsso| ri vnloohg wr xqvnloohg zrunhuv
doo sod| d uroh lq rxu txdolwdwlyh dqg txdqwlwdwlyh dqdo|vlv1

Rxu prgho lqwhusuhwhg eruurzlqj frqvwudlqwv dv kljk0dswlwxgh lqglylgxdov xq0
deoh wr eruurz wr fryhu wkh frvw ri rewdlqlqj d froohjh hgxfdwlrq1 Zh gr qrw wdnh
wklv lqwhusuhwdwlrq olwhudoo|1 Dq dowhuqdwlyh irupxodwlrq zrxog eh wr dvvxph wkdw d
fklog*v dswlwxgh lv ghwhuplqhg mrlqwo| e| sduhqwdo hgxfdwlrqdo dwwdlqphqw dqg wkh
uhvrxufhv wkdw wkh| ghyrwh wr wkh fklog*v ghyhorsphqw +iru h{dpsoh wkh txdolw| ri
N045 hgxfdwlrq wkh fklog rewdlqv,1 Li sduhqwv duh xqdeoh wr eruurz djdlqvw wkhlu
fklog*v ixwxuh lqfrph wr surylgh wkhp zlwk juhdwhu vfkrrolqj uhvrxufhv/ sduhqwdo
lqfrph lv djdlq d idfwru ghwhuplqlqj lqyhvwphqw lq d fklog*v ixwxuh hgxfdwlrq1 Wklv
dowhuqdwlyh lqwhusuhwdwlrq grhv qrw uhtxluh eruurzlqj frqvwudlqwv wr eh rshudwlyh
dw wkh wlph d shuvrq ghflghv zkhwkhu wr dwwhqg froohjh1 Fkloguhq zkr jurz xs lq
srru idplolhv zloo eh ohvv olnho| wr dwwhqg froohjh/ qrw ehfdxvh wkh| fdqqrw rewdlq
d ordq wr ?qdqfh wkhlu froohjh hgxfdwlrq/ exw ehfdxvh wkh| kdyh kdg orzhu txdolw|
N045 hgxfdwlrqv dqg duh ohvv deoh wr ehqh?w iurp d froohjh hgxfdwlrq1

6:D uhfhqw vwxg| e| Gdkdq dqg Jdyluld +4<<<, xvlqj krxvhkrog vxuyh| gdwd iru vhyhudo Odwlq
Dphulfdq frxqwulhv ?qgv d srvlwlyh uhodwlrqvkls ehwzhhq vruwlqj dqg lqhtxdolw|1
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Wkh prgho zh frqvwuxfwhg dvvxphg iru vlpsolflw| wkdw erwk ihuwlolw| dqg wkh
pdwfklqj surfhvv zhuh h{rjhqrxvo| ghwhuplqhg1 Lw zrxog eh ri lqwhuhvw lq ixwxuh
zrun wr hqgrjhql}h wkhvh yduldeohv16; Li/ dv lv uhdvrqdeoh wr dvvxph/ orzhu idplo|
lqfrph ohdgv wr juhdwhu ihuwlolw| dqg juhdwhu zdjh gl>huhqwldov ohdg wr pruh h>ruw
wr pdwfk zlwk kljkhu0lqfrph lqglylgxdov/ zh frqmhfwxuh wkdw wkhvh zrxog vhuyh wr
uhlqirufh rxu frqfoxvlrqv16<

6;Ehfnhu +4<:6, lv wkh fodvvlf vwdwlf prgho ri pduuldjh1 Vhh/ iru h{dpsoh/ Exughww dqg Frohv
+4<<:, dqg Froh/ Pdlodwk/ dqg Srvwohzdlwh +4<<5, iru prghov wkdw hqgrjhql}h wkh ghjuhh ri pdu0
lwdo vruwlqj dqg Ihuqdqgh} dqg Jdol +4<<<, iru d prgho wkdw lqfrusrudwhv eruurzlqj frqvwudlqwv
lqwr wkh pdwfklqj surfhvv1

6<Vhh Ihuqdqgh} +4<<<, iru d prgho wkdw hqgrjhql}hv ihuwlolw| dqg vruwlqj1
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